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Abstract

We identify and formalize a fundamental gradient descent phenomenon leading to
a learning proclivity in over-parameterized neural networks. Gradient Starvation
arises when cross-entropy loss is minimized by capturing only a subset of features
relevant for the task, despite the presence of other predictive features that fail to
be discovered. This work provides a theoretical explanation for the emergence of
such feature imbalances in neural networks. Using tools from Dynamical Systems
theory, we identify simple properties of learning dynamics during gradient descent
that lead to this imbalance, and prove that such a situation can be expected given
certain statistical structure in training data. Based on our proposed formalism,
we develop guarantees for a novel but simple regularization method aimed at
decoupling feature learning dynamics, improving accuracy and robustness in cases
hindered by gradient starvation. We illustrate our findings with simple and real-
world out-of-distribution (OOD) generalization experiments.

1 Introduction

In 1904, a horse named Hans attracted worldwide attention due to the belief that it was capable of
doing arithmetic calculations [81]. Its trainer would ask Hans a question, and Hans would reply
by tapping on the ground with its hoof. However, it was later revealed that the horse was only
noticing subtle but distinctive signals in its trainer’s unconscious behavior, unbeknown to him, and
not actually performing arithmetic. An analogous phenomenon has been noticed when training neural
networks [e.g. 85, 109, 54, 39, 17, 14, 37, 51, 107, 76, 48, 19, 61, 77]. In many cases, state-of-the-art
neural networks appear to focus on low-level superficial correlations, rather than more abstract and
robustly informative features of interest [16, 88, 40, 68, 30].

The rationale behind this phenomenon is well known by practitioners: given strongly-correlated and
fast-to-learn features in training data, gradient descent is biased towards learning them first. However,
the precise conditions leading to such learning dynamics, and how one might intervene to control
this feature imbalance are not entirely understood. Recent work aims at identifying the reasons
behind this phenomenon [97, 70, 22, 73, 51, 76, 100, 92, 83, 105, 42, 79, 4], while complementary
work quantifies resulting shortcomings, including poor generalization to out-of-distribution (OOD)
test data, reliance upon spurious correlations, and lack of robustness [30, 68, 77, 41, 63, 64, 9].
However most established work focuses on squared-error loss and its particularities, where results
do not readily generalize to other objective forms. This is especially problematic since for several
classification applications, cross-entropy is the loss function of choice, yielding very distinct learning
dynamics. In this paper, we argue that Gradient Starvation, first coined in [26], is a leading cause for
this feature imbalance in neural networks trained with cross-entropy, and propose a simple approach
to mitigate it.
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(b)
<latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit><latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit><latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit><latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit>

(c)
<latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit><latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit><latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit><latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit>

SD
<latexit sha1_base64="LMEcnfWFiJa1DXnZBUUvokXNuZo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkveizowWP96Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx9cxvP6HSPJGPZpJiENOh5BFn1Fjp/uGmX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn186JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseGUbQj+8surpFVzfc/172rVulvEUYJTOIML8OES6nALDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/ADPXjQ8=</latexit><latexit sha1_base64="LMEcnfWFiJa1DXnZBUUvokXNuZo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkveizowWP96Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx9cxvP6HSPJGPZpJiENOh5BFn1Fjp/uGmX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn186JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseGUbQj+8surpFVzfc/172rVulvEUYJTOIML8OES6nALDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/ADPXjQ8=</latexit><latexit sha1_base64="LMEcnfWFiJa1DXnZBUUvokXNuZo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkveizowWP96Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx9cxvP6HSPJGPZpJiENOh5BFn1Fjp/uGmX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn186JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseGUbQj+8surpFVzfc/172rVulvEUYJTOIML8OES6nALDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/ADPXjQ8=</latexit><latexit sha1_base64="LMEcnfWFiJa1DXnZBUUvokXNuZo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4CkkveizowWP96Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx9cxvP6HSPJGPZpJiENOh5BFn1Fjp/uGmX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn186JedWGZAoUbakIXP190ROY60ncWg7Y2pGetmbif953cxEV0HOZZoZlGyxKMoEMQmZvU0GXCEzYmIJZYrbWwkbUUWZseGUbQj+8surpFVzfc/172rVulvEUYJTOIML8OES6nALDWgCgwie4RXenLHz4rw7H4vWNaeYOYE/cD5/ADPXjQ8=</latexit>

�
<latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit><latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit><latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit><latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit>

�
<latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit><latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit><latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit><latexit sha1_base64="SDudSLLExnOpGuIs3RI9qzniJoo=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0hE0GNBDx4r2A9oQ9lsJ+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMirTHJpcSaU7ITMgRQJNFCihk2pgcSihHY5vZn77CbQRKnnASQpBzIaJiARnaKVW7xYksn615rneHHSV+AWpkQKNfvWrN1A8iyFBLpkxXd9LMciZRsElTCu9zEDK+JgNoWtpwmIwQT6/dkrPrDKgkdK2EqRz9fdEzmJjJnFoO2OGI7PszcT/vG6G0XWQiyTNEBK+WBRlkqKis9fpQGjgKCeWMK6FvZXyEdOMow2oYkPwl19eJa0L1/dc//6yVneLOMrkhJySc+KTK1Ind6RBmoSTR/JMXsmbo5wX5935WLSWnGLmmPyB8/kDWoiO6A==</latexit>

(a)
<latexit sha1_base64="OfAwKjgfHB6HEpyYLxyG8EgeXW4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Ob2d++4kpzRP5aCYpC2IcSh5xisZKDzW86FeqnuvNQVaJX5AqFGj0K1+9QUKzmElDBWrd9b3UBDkqw6lg03Iv0yxFOsYh61oqMWY6yOenTsm5VQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdBPkXKaZYZIuFkWZICYhs7/JgCtGjZhYglRxeyuhI1RIjU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmUBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A4KnjTY=</latexit><latexit sha1_base64="OfAwKjgfHB6HEpyYLxyG8EgeXW4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Ob2d++4kpzRP5aCYpC2IcSh5xisZKDzW86FeqnuvNQVaJX5AqFGj0K1+9QUKzmElDBWrd9b3UBDkqw6lg03Iv0yxFOsYh61oqMWY6yOenTsm5VQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdBPkXKaZYZIuFkWZICYhs7/JgCtGjZhYglRxeyuhI1RIjU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmUBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A4KnjTY=</latexit><latexit sha1_base64="OfAwKjgfHB6HEpyYLxyG8EgeXW4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Ob2d++4kpzRP5aCYpC2IcSh5xisZKDzW86FeqnuvNQVaJX5AqFGj0K1+9QUKzmElDBWrd9b3UBDkqw6lg03Iv0yxFOsYh61oqMWY6yOenTsm5VQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdBPkXKaZYZIuFkWZICYhs7/JgCtGjZhYglRxeyuhI1RIjU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmUBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A4KnjTY=</latexit><latexit sha1_base64="OfAwKjgfHB6HEpyYLxyG8EgeXW4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+nbX1jc2t7dJOeXdv/+CwcnTc0kmmKGvSRCSqE6JmgkvWNNwI1kkVwzgUrB2Ob2d++4kpzRP5aCYpC2IcSh5xisZKDzW86FeqnuvNQVaJX5AqFGj0K1+9QUKzmElDBWrd9b3UBDkqw6lg03Iv0yxFOsYh61oqMWY6yOenTsm5VQYkSpQtachc/T2RY6z1JA5tZ4xmpJe9mfif181MdBPkXKaZYZIuFkWZICYhs7/JgCtGjZhYglRxeyuhI1RIjU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmUBjCM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A4KnjTY=</latexit>

(b)
<latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit><latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit><latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit><latexit sha1_base64="rJ//PxHT4R/6Byh+rFHjqLDApSU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilh1p40a9UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0U2QC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8SlqXru+5/v1Vte4WcZTgFM6gBj5cQx3uoAFNYDCEZ3iFN0c6L86787FoXXOKmRP4A+fzB4QsjTc=</latexit>

(c)
<latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit><latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit><latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit><latexit sha1_base64="KQMlAAUhe8UPs/o1cVFeg90bxNQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0hE0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6Hnfztr6xubWdmmnvLu3f3BYOTpumSTTjDdZIhPdCanhUijeRIGSd1LNaRxK3g7HtzO//cS1EYl6xEnKg5gOlYgEo2ilhxq76FeqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa1L1/dc//6qWneLOEpwCmdQAx+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A4WxjTg=</latexit>re
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<latexit sha1_base64="2rvoPgjGzrLYdQbrr59lkGTfK5M=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJJe9Fj04rGC/YA2lM120i7d7IbdjRBC/StePCji1R/izX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u5W96v7B4dGxe3La1TJVFDpUcqn6IdHAmYCOYYZDP1FA4pBDL5zdFn7vEZRmUjyYLIEgJhPBIkaJsdLIrSnQiRQasJE4AmJSBSO37jW8BfA68UtSRyXaI/drOJY0jUEYyonWA99LTJATZRjlMK8OUw0JoTMygYGlgsSgg3xx/BxfWGWMI6lsCYMX6u+JnMRaZ3FoO2NipnrVK8T/vEFqousgZyJJDQi6XBSlvHi0SAKPmQJqeGYJoYrZWzGdEkWosXlVbQj+6svrpNts+F7Dv2/WWzdlHBV0hs7RJfLRFWqhO9RGHURRhp7RK3pznpwX5935WLZuOOVMDf2B8/kD4Q+U5Q==</latexit><latexit sha1_base64="2rvoPgjGzrLYdQbrr59lkGTfK5M=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJJe9Fj04rGC/YA2lM120i7d7IbdjRBC/StePCji1R/izX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u5W96v7B4dGxe3La1TJVFDpUcqn6IdHAmYCOYYZDP1FA4pBDL5zdFn7vEZRmUjyYLIEgJhPBIkaJsdLIrSnQiRQasJE4AmJSBSO37jW8BfA68UtSRyXaI/drOJY0jUEYyonWA99LTJATZRjlMK8OUw0JoTMygYGlgsSgg3xx/BxfWGWMI6lsCYMX6u+JnMRaZ3FoO2NipnrVK8T/vEFqousgZyJJDQi6XBSlvHi0SAKPmQJqeGYJoYrZWzGdEkWosXlVbQj+6svrpNts+F7Dv2/WWzdlHBV0hs7RJfLRFWqhO9RGHURRhp7RK3pznpwX5935WLZuOOVMDf2B8/kD4Q+U5Q==</latexit><latexit sha1_base64="2rvoPgjGzrLYdQbrr59lkGTfK5M=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJJe9Fj04rGC/YA2lM120i7d7IbdjRBC/StePCji1R/izX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u5W96v7B4dGxe3La1TJVFDpUcqn6IdHAmYCOYYZDP1FA4pBDL5zdFn7vEZRmUjyYLIEgJhPBIkaJsdLIrSnQiRQasJE4AmJSBSO37jW8BfA68UtSRyXaI/drOJY0jUEYyonWA99LTJATZRjlMK8OUw0JoTMygYGlgsSgg3xx/BxfWGWMI6lsCYMX6u+JnMRaZ3FoO2NipnrVK8T/vEFqousgZyJJDQi6XBSlvHi0SAKPmQJqeGYJoYrZWzGdEkWosXlVbQj+6svrpNts+F7Dv2/WWzdlHBV0hs7RJfLRFWqhO9RGHURRhp7RK3pznpwX5935WLZuOOVMDf2B8/kD4Q+U5Q==</latexit><latexit sha1_base64="2rvoPgjGzrLYdQbrr59lkGTfK5M=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJJe9Fj04rGC/YA2lM120i7d7IbdjRBC/StePCji1R/izX/jps1BWx8MPN6bYWZemHCmjed9OxubW9s7u5W96v7B4dGxe3La1TJVFDpUcqn6IdHAmYCOYYZDP1FA4pBDL5zdFn7vEZRmUjyYLIEgJhPBIkaJsdLIrSnQiRQasJE4AmJSBSO37jW8BfA68UtSRyXaI/drOJY0jUEYyonWA99LTJATZRjlMK8OUw0JoTMygYGlgsSgg3xx/BxfWGWMI6lsCYMX6u+JnMRaZ3FoO2NipnrVK8T/vEFqousgZyJJDQi6XBSlvHi0SAKPmQJqeGYJoYrZWzGdEkWosXlVbQj+6svrpNts+F7Dv2/WWzdlHBV0hs7RJfLRFWqhO9RGHURRhp7RK3pznpwX5935WLZuOOVMDf2B8/kD4Q+U5Q==</latexit>

iterations
<latexit sha1_base64="DTGBF0aUtd7jGf8x3MckBa7/bU4=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSXvRY9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3KY5aOsLCw/vzLAzb5AIro3rfjuljc2t7Z3ybmVv/+DwqHp80tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9HZR7z6h0jyWD2aWoB/RseQhZ9RY65EbVDnpYbXm1t1cZB28AmpQqDWsfg1GMUsjlIYJqnXfcxPjZ1QZzgTOK4NUY0LZlI6xb1HSCLWf5RvPyYV1RiSMlX3SkNz9PZHRSOtZFNjOiJqJXq0tzP9q/dSE137GZZIalGz5UZgKYmKyOJ+MuEJmxMwCZYrbXQmbUEWZDUJXbAje6snr0GnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGEh4hld4c7Tz4rw7H8vWklPMnMIfOZ8/A4GRHg==</latexit><latexit sha1_base64="DTGBF0aUtd7jGf8x3MckBa7/bU4=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSXvRY9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3KY5aOsLCw/vzLAzb5AIro3rfjuljc2t7Z3ybmVv/+DwqHp80tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9HZR7z6h0jyWD2aWoB/RseQhZ9RY65EbVDnpYbXm1t1cZB28AmpQqDWsfg1GMUsjlIYJqnXfcxPjZ1QZzgTOK4NUY0LZlI6xb1HSCLWf5RvPyYV1RiSMlX3SkNz9PZHRSOtZFNjOiJqJXq0tzP9q/dSE137GZZIalGz5UZgKYmKyOJ+MuEJmxMwCZYrbXQmbUEWZDUJXbAje6snr0GnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGEh4hld4c7Tz4rw7H8vWklPMnMIfOZ8/A4GRHg==</latexit><latexit sha1_base64="DTGBF0aUtd7jGf8x3MckBa7/bU4=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSXvRY9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3KY5aOsLCw/vzLAzb5AIro3rfjuljc2t7Z3ybmVv/+DwqHp80tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9HZR7z6h0jyWD2aWoB/RseQhZ9RY65EbVDnpYbXm1t1cZB28AmpQqDWsfg1GMUsjlIYJqnXfcxPjZ1QZzgTOK4NUY0LZlI6xb1HSCLWf5RvPyYV1RiSMlX3SkNz9PZHRSOtZFNjOiJqJXq0tzP9q/dSE137GZZIalGz5UZgKYmKyOJ+MuEJmxMwCZYrbXQmbUEWZDUJXbAje6snr0GnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGEh4hld4c7Tz4rw7H8vWklPMnMIfOZ8/A4GRHg==</latexit><latexit sha1_base64="DTGBF0aUtd7jGf8x3MckBa7/bU4=">AAAB8XicbZBNS8NAEIYn9avWr6pHL4tF8FSSXvRY9OKxgv3ANpTNdtIu3WzC7kYoof/CiwdFvPpvvPlv3KY5aOsLCw/vzLAzb5AIro3rfjuljc2t7Z3ybmVv/+DwqHp80tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9HZR7z6h0jyWD2aWoB/RseQhZ9RY65EbVDnpYbXm1t1cZB28AmpQqDWsfg1GMUsjlIYJqnXfcxPjZ1QZzgTOK4NUY0LZlI6xb1HSCLWf5RvPyYV1RiSMlX3SkNz9PZHRSOtZFNjOiJqJXq0tzP9q/dSE137GZZIalGz5UZgKYmKyOJ+MuEJmxMwCZYrbXQmbUEWZDUJXbAje6snr0GnUPbfu3TdqzZsijjKcwTlcggdX0IQ7aEEbGEh4hld4c7Tz4rw7H8vWklPMnMIfOZ8/A4GRHg==</latexit>

(d)
<latexit sha1_base64="56gJyIaRJK/92Y3IMa12kd7+Gsk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfb29pIle3vH7pwQQn6CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3879zhPXRiTqEScp92M6VCISjKKVHqrh5aBccWvuAmSdeDmpQI7moPzVDxOWxVwhk9SYnuem6E+pRsEkn5X6meEpZWM65D1LFY258aeLU2fkwiohiRJtSyFZqL8npjQ2ZhIHtjOmODKr3lz8z+tlGF37U6HSDLliy0VRJgkmZP43CYXmDOXEEsq0sLcSNqKaMrTplGwI3urL66Rdr3luzbuvVxo3eRxFOINzqIIHV9CAO2hCCxgM4Rle4c2Rzovz7nwsWwtOPnMKf+B8/gCMmo1L</latexit><latexit sha1_base64="56gJyIaRJK/92Y3IMa12kd7+Gsk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfb29pIle3vH7pwQQn6CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3879zhPXRiTqEScp92M6VCISjKKVHqrh5aBccWvuAmSdeDmpQI7moPzVDxOWxVwhk9SYnuem6E+pRsEkn5X6meEpZWM65D1LFY258aeLU2fkwiohiRJtSyFZqL8npjQ2ZhIHtjOmODKr3lz8z+tlGF37U6HSDLliy0VRJgkmZP43CYXmDOXEEsq0sLcSNqKaMrTplGwI3urL66Rdr3luzbuvVxo3eRxFOINzqIIHV9CAO2hCCxgM4Rle4c2Rzovz7nwsWwtOPnMKf+B8/gCMmo1L</latexit><latexit sha1_base64="56gJyIaRJK/92Y3IMa12kd7+Gsk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfb29pIle3vH7pwQQn6CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3879zhPXRiTqEScp92M6VCISjKKVHqrh5aBccWvuAmSdeDmpQI7moPzVDxOWxVwhk9SYnuem6E+pRsEkn5X6meEpZWM65D1LFY258aeLU2fkwiohiRJtSyFZqL8npjQ2ZhIHtjOmODKr3lz8z+tlGF37U6HSDLliy0VRJgkmZP43CYXmDOXEEsq0sLcSNqKaMrTplGwI3urL66Rdr3luzbuvVxo3eRxFOINzqIIHV9CAO2hCCxgM4Rle4c2Rzovz7nwsWwtOPnMKf+B8/gCMmo1L</latexit><latexit sha1_base64="56gJyIaRJK/92Y3IMa12kd7+Gsk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfb29pIle3vH7pwQQn6CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3879zhPXRiTqEScp92M6VCISjKKVHqrh5aBccWvuAmSdeDmpQI7moPzVDxOWxVwhk9SYnuem6E+pRsEkn5X6meEpZWM65D1LFY258aeLU2fkwiohiRJtSyFZqL8npjQ2ZhIHtjOmODKr3lz8z+tlGF37U6HSDLliy0VRJgkmZP43CYXmDOXEEsq0sLcSNqKaMrTplGwI3urL66Rdr3luzbuvVxo3eRxFOINzqIIHV9CAO2hCCxgM4Rle4c2Rzovz7nwsWwtOPnMKf+B8/gCMmo1L</latexit>
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Figure 1: Diagram illustrating the effect of gradient starvation in a simple 2-D classification task. (a) Data is not
linearly separable and the learned decision boundary is curved. (b) Data is linearly separable by a small margin
(∆ = 0.1). This small margin allows the network to discriminate confidently only along the horizontal axis and
ignore the vertical axis. (c) Data is linearly separable as in (b). However, with the proposed Spectral decoupling
(SD), a curved decision boundary with a large margin is learned. (d) Diagram shows the evolution of two of the
features (Eq. 4) of the dynamics in three cases shown as dotted, dashed and solid lines. Analysis: (dotted) vs
(dashed): Linear separability of the data results in an increase in z1 and a decrease (starvation) of z2. (dashed)
vs (solid): SD suppresses z1 and hence allows z2 to grow. Decision boundaries are averaged over ten runs. More
experiments with common regularization methods are provided in App. B.

Here we summarize our contributions:
• We provide a theoretical framework to study the learning dynamics of linearized neural

networks trained with cross-entropy loss in a dual space.
• Using perturbation analysis, we formalize Gradient Starvation (GS) in view of the coupling

between the dynamics of orthogonal directions in the feature space (Thm. 2).
• We leverage our theory to introduce Spectral Decoupling (SD) (Eq. 17) and prove this

simple regularizer helps to decouple learning dynamics, mitigating GS.
• We support our findings with extensive empirical results on a variety of classification and

adversarial attack tasks. All code and experiment details available at GitHub repository.

In the rest of the paper, we first present a simple example to outline the consequences of GS. We then
present our theoretical results before outlining a number of numerical experiments. We close with a
review of related work followed by a discussion.

2 Gradient Starvation: A simple example

Consider a 2-D classification task with a training set consisting of two classes, as shown in Figure
1. A two-layer ReLU network with 500 hidden units is trained with cross-entropy loss for two
different arrangements of the training points. The difference between the two arrangements is that,
in one setting, the data is not linearly separable, but a slight shift makes it linearly separable in the
other setting. This small shift allows the network to achieve a negligible loss by only learning to
discriminate along the horizontal axis, ignoring the other. This contrasts with the other case, where
both features contribute to the learned classification boundary, which arguably matches the data
structure better. We observe that training longer or using different regularizers, including weight
decay [58], dropout [95], batch normalization [49], as well as changing the optimization algorithm
to Adam [56] or changing the network architecture or the coordinate system, do not encourage the
network to learn a curved decision boundary. (See App. B for more details.)

We argue that this occurs because cross-entropy loss leads to gradients “starved” of information
from vertical features. Simply put, when one feature is learned faster than the others, the gradient
contribution of examples containing that feature is diminished (i.e., they are correctly processed based
on that feature alone). This results in a lack of sufficient gradient signal, and hence prevents any
remaining features from being learned. This simple mechanism has potential consequences, which
we outline below.

2.1 Consequences of Gradient Starvation

Lack of robustness. In the example above, even in the right plot, the training loss is nearly zero,
and the network is very confident in its predictions. However, the decision boundary is located very
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close to the data points. This could lead to adversarial vulnerability as well as lack of robustness
when generalizing to out-of-distribution data.

Excessive invariance. GS could also result in neural networks that are invariant to task-relevant
changes in the input. In the example above, it is possible to obtain a data point with low probability
under the data distribution, but that would still be classified with high confidence.

Implicit regularization. One might argue that according to Occam’s razor, a simpler decision
boundary should generalize better. In fact, if both training and test sets share the same dominant
feature (in this example, the feature along the horizontal axis), GS naturally prevents the learning
of less dominant features that could otherwise result in overfitting. Therefore, depending on our
assumptions on the training and test distributions, GS could also act as an implicit regularizer. We
provide further discussion on the implicit regularization aspect of GS in Section 5.

3 Theoretical Results
In this section, we study the learning dynamics of neural networks trained with cross-entropy loss.
Particularly, we seek to decompose the learning dynamics along orthogonal directions in the feature
space of neural networks, to provide a formal definition of GS, and to derive a simple regularization
method to mitigate it. For analytical tractability, we make three key assumptions: (1) we study deep
networks in the Neural Tangent Kernel (NTK) regime, (2) we treat a binary classification task, (3)
we decompose the interaction between two features. In Section 4, we demonstrate our results hold
beyond these simplifying assumptions, for a wide range of practical settings. All derivation details
can be found in SM C.

3.1 Problem Setup and Gradient Starvation Definition
Let D = {X,y} denote a training set containing n datapoints with d dimensions, where, X =
[x1, ...,xn] ∈ Rn×d and their corresponding class label y ∈ {−1,+1}n. Also let ŷ(X) := f (L)(X) :
Rn×d → Rn represent the logits of an L-layer fully-connected neural network where each hidden
layer h(l)(x) ∈ Rdl is defined as follows,{

f (l)(xi) = W(l)h(l−1)(xi)

h(l)(xi) =
√

γ
dl
ξ(f (l)(xi))

, l ∈ {0, 1, ..., L}, (1)

in which W(l) ∈ Rdl×dl−1 is a weight matrix drawn from N (0, I) and γ is a scaling factor to ensure
that norm of each h(l−1) is preserved at initialization (See [28] for a formal treatment). The function
ξ(.) is also an element-wise non-linear activation function.

Let θ = concat
(
∪Ll=1 vec(W(l))

)
∈ Rm be the concatenation of all vectorized weight matrices with

m as the total number of parameters. In the NTK regime [52], in the limit of infinite width, the output
of the neural network can be approximated as a linear function of its parameters governed by the
neural tangent random feature (NTRF) matrix [23],

Φ (X,θ) =
∂ŷ (X,θ)

∂θ
∈ Rn×m. (2)

In the wide-width regime, the NTRF changes very little during training [62], and the output of
the neural network can be approximated by a first order Taylor expansion around the initialization
parameters θ0. Setting Φ0 ≡ Φ (X,θ0) and then, without loss of generality, centering parameters
and the output coordinates to their value at the initialization (θ0 and ŷ0), we get

ŷ (X,θ) = Φ0θ. (3)

Dominant directions in the feature space as well as the parameter space are given by principal
components of the NTRF matrix Φ0, which are the same as those of the NTK Gram matrix [106].
We therefore introduce the following definition.
Definition 1 (Features and Responses). Consider the singular value decomposition (SVD) of the
matrix YΦ0 = USVT , where Y = diag (y). The jth feature is given by (VT )j.. The strength
of jth feature is represented by sj = (S)jj . Also, (U).j contains the weights of this feature in all
examples. A neural network’s response to a feature j is given by zj where,

z := UTYŷ = SVTθ. (4)
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In Eq. 4, the response to feature j is the sum of the responses to every example in (Yŷ) multiplied by
the weight of the feature in that example (UT ). For example, if all elements of (U).j are positive, it
indicates a perfect correlation between this feature and class labels. We are now equipped to formally
define GS.
Definition 2 (Gradient Starvation). Recall the the model prescribed by Eq. 3. Let z∗j denote the
model’s response to feature j at training optimum θ∗1. Feature i starves the gradient for feature j
if dz∗j /d(s2i ) < 0.

This definition of GS implies that an increase in the strength of feature i has a detrimental effect on
the learning of feature j. We now derive conditions for which learning dynamics of system 3 suffer
from GS.

3.2 Training Dynamics
We consider the widely used ridge-regularized cross-entropy loss function,

L (θ) = 1 · log [1 + exp (−Yŷ)] +
λ

2
‖θ‖2, (5)

where 1 is a vector of size n with all its elements equal to 1. This vector form simply represents
a summation over all the elements of the vector it is multiplied to. λ ∈ [0,∞) denotes the weight
decay coefficient.

Direct minimization of this loss function using the gradient descent obeys coupled dynamics and
is difficult to treat directly [26]. To overcome this problem, we call on a variational approach that
leverages the Legendre transformation of the loss function. This allows tractable dynamics that can
directly incorporate rates of learning in different feature directions. Following [50], we note the
following inequality,

log [1 + exp (−Yŷ)] ≥ H(α)−α�Yŷ, (6)

where H(α) = − [α logα+ (1−α) log (1−α)] is Shannon’s binary entropy function, α ∈
(0, 1)n is a variational parameter defined for each training example, and � denotes the element-wise
vector product. Crucially, the equality holds when the maximum of r.h.s. w.r.t α is achieved at
α∗ = ∂L

∂(Yŷ)T
, which leads to the following optimization problem,

min
θ
L (θ) = min

θ
max
α

(
1 ·H(α)−αYŷ +

λ

2
‖θ‖2

)
, (7)

where the order of min and max can be swapped (see Lemma 3 of [50]). Since the neural network’s
output is approximated by a linear function of θ, the minimization can be performed analytically with
an critical value θ∗T = 1

λαYΦ0, given by a weighted sum of the training examples. This results in
the following maximization problem on the dual variable, i.e., minθ L (θ) is equivalent to,

min
θ
L (θ) = max

α

(
1 ·H(α)− 1

2λ
αYΦ0Φ

T
0 YTαT

)
. (8)

By applying continuous-time gradient ascent on this optimization problem, we derive an autonomous
differential equation for the evolution ofα, which can be written in terms of features (see Definition 1),

α̇ = η

(
− logα+ log (1−α)− 1

λ
αUS2UT

)
, (9)

where η is the learning rate (see SM C.1 for more details). For this dynamical system, we see that the
logarithm term acts as barriers that keep αi ∈ (0, 1). The other term depends on the matrix US2UT ,
which is positive definite, and thus pushes the system towards the origin and therefore drives learning.

When λ � s2k, where k is an index over the singular values, the linear term dominates Eq. 9, and
the fixed point is drawn closer towards the origin. Approximating dynamics with a first order Taylor
expansion around the origin of the second term in Eq. 9, we get

α̇ ≈ η
(
− logα− 1

λ
αU

(
S2 + λI

)
UT

)
, (10)

with stability given by the following theorem with proof in SM C.
1Training optimum refers to the solution to∇θL(θ) = 0.
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Theorem 1. Any fixed points of the system in Eq. 10 is attractive in the domain αi ∈ (0, 1).

At the fixed point α∗, corresponding to the optimum of Eq. 8, the feature response of the neural
network is given by,

z∗ =
1

λ
S2UTα∗T . (11)

See App. A for further discussions on the distinction between "feature space" and "parameter space".
Below, we study how the strength of one feature could impact the response of the network to another
feature which leads to GS.

3.3 Gradient Starvation Regime
In general, we do not expect to find an analytical solution for the dynamics of the coupled non-linear
dynamical system of Eq. 10. However, there are at least two cases where a decoupled form for
the dynamics allows to find an exact solution. We first introduce these cases and then study their
perturbation to outline general lessons.

1. If the matrix of singular values S2 is proportional to the identity: This is the case where all the
features have the same strength s2. The fixed points are then given by,

α∗
i =

λW(λ−1s2 + 1)

s2 + λ
, z∗j =

s2W(λ−1s2 + 1)

s2 + λ

∑
i

uij , (12)

whereW is the Lambert W function.
2. If the matrix U is a permutation matrix: This is the case in which each feature is associated with a
single example only. The fixed points are then given by,

α∗
i =

λW(λ−1s2i + 1)

s2i + λ
, z∗j =

s2iW(λ−1s2i + 1)

s2i + λ
. (13)

To study a minimal case of starvation, we consider a variation of case 2 with the following assumption
which implies that each feature is not associated with a single example anymore.
Lemma 1. Assume U is a perturbed identity matrix (a special case of a permutation matrix) in
which the off-diagonal elements are proportional to a small parameter δ > 0. Then, the fixed point of
the dynamical system in Eq. 10 can be approximated by,

α∗ = (1− log (α∗0))
[
A + diag

(
α∗0
−1
)]−1

, (14)

where A = λ−1U(S2 + λI)UT and α∗0 is the fixed point of the uncoupled system with δ = 0.

For sake of ease of derivations, we consider the two dimensional case where,

U =

(√
1− δ2 −δ
δ

√
1− δ2

)
, (15)

which is equivalent to a U matrix with two blocks of features with no intra-block coupling and δ
amount of inter-block coupling.
Theorem 2 (Gradient Starvation Regime). Consider a neural network in the linear regime, trained
under cross-entropy loss for a binary classification task. With definition 1, assuming coupling between
features 1 and 2 as in Eq. 15 and s21 > s22, we have,

dz∗2
ds21

< 0, (16)

which implies GS.
While Thm. 2 outlines conditions for GS in two dimensional feature space, we note that the same
rationale naturally extends to higher dimensions, where GS is defined pairwise over feature directions.
For a classification task, Thm. 2 indicates that gradient starvation occurs when the data admits
different feature strengths, and coupled learning dynamics. GS is thus naturally expected with
cross-entropy loss. Its detrimental effects however (as outlined in Sect. 2) arise in settings with large
discrepancies between feature strengths, along with network connectivity that couples these features’
directions. This phenomenon readily extends to multi-class settings, and we validate this case with
experiments in Sect. 4. Next, we introduce a simple regularizer that encourages feature decoupling,
thus mitigating GS by insulating strong features from weaker ones.
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3.4 Spectral Decoupling
By tracing back the equations of the previous section, one may realize that the term UTS2U in Eq. 9
is not diagonal in the general case, and consequently introduces coupling between αi’s and hence,
between the features zi’s. We would like to discourage solutions that couple features in this way. To
that end, we introduce a simple regularizer: Spectral Decoupling (SD). SD replaces the general L2
weight decay term in Eq. 5 with an L2 penalty exclusively on the network’s logits, yielding

L (θ) = 1 · log [1 + exp (−Yŷ)] +
λ

2
‖ŷ‖2. (17)

Repeating the same analysis steps taken above, but with SD instead of general L2 penalty, the critical
value for θ∗ becomes θ∗ = 1

λαY Φ0V S−2V T . This new expression for θ∗ results in the following
modification of Eq. 9,

α̇ = η

(
log

1−α
α

− 1

λ
αUS2S−2UT

)
= η

(
log

1−α
α

− 1

λ
α

)
, (18)

where as earlier, log and division are taken element-wise on the coordinates of α.

Note that in contrast to Eq. 9 the matrix multiplication involving U and S in Eq. 18 cancels out,
leaving αi independent of other αj 6=i’s. We point out this is true for any initial coupling, without
simplifying assumptions. Thus, a simple penalty on output weights promotes decoupled dynamics
across the dual parameter αi’s, which track learning dynamics of feature responses (see Eq. 7).
Together with Thm. 2, Eq. 18 suggests SD should mitigate GS and promote balanced learning
dynamics across features. We now verify this in numerical experiments. For further intuition, we
provide a simple experiment, summarized in Fig. 5, where directly visualizes the primal vs. the dual
dynamics as well as the effect of the proposed spectral decoupling method.

4 Experiments
The experiments presented here are designed to outline the presence of GS and its consequences,
as well as the efficacy of our proposed regularization method to alleviate them. Consequently, we
highlight that achieving state-of-the-art results is not the objective. For more details including the
scheme for hyper-parameter tuning, see App. B.

4.1 Two-Moon classification and the margin
Recall the simple 2-D classification task between red and blue data points in Fig. 1. Fig. 1 (c)
demonstrates the learned decision boundary when SD is used. SD leads to learning a curved decision
boundary with a larger margin in the input space. See App. B for additional details and experiments.

4.2 CIFAR classification and adversarial robustness
To study the classification margin in deeper networks, we conduct a classification experiment on
CIFAR-10, CIFAR-100, and CIFAR-2 (cats vs dogs of CIFAR-10) [57] using a convolutional network
with ReLU non-linearity. Unlike linear models, the margin to a non-linear decision boundary cannot
be computed analytically. Therefore, following the approach in [72], we use "the norm of input-
disturbance required to cross the decision boundary" as a proxy for the margin. The disturbance on
the input is computed by projected gradient descent (PGD) [84], a well-known adversarial attack.

Train* Test IID Test OOD†Dataset

Cifar-2

Method

w/o SD
w/  SD

 Accuracy (  std) for 10 runs.† ±

100.0%  0.0± 95.2%  0.12± 42.3%  3.0±
100.0%  0.0± 95.3%  0.17± 69.7%  2.9±
99.9%  0.01± 92.8%  0.15± 30.1%  2.1±
99.9%  0.01± 92.9%  0.16± 67.7%  1.5±

69.2%  0.29±99.7%  0.01± 14.3%  2.0±
70.5%  0.26±99.7%  0.02± 24.9%  1.9±

Cifar-10

Cifar-100

( =0.01)λ

( =0.01)λ

( =0.05)λ

w/o SD
w/  SD

w/o SD
w/  SD

Table 1: Table compares adversarial robustness of ERM
(vanilla cross-entropy) vs SD with a CNN trained on
CIFAR-2, 10, and 100 (setup of [72]). SD consistently
achieves a better OOD performance.

l1 norm of the disturbance applied
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<latexit sha1_base64="TrdTwpl0eJGw1bsHE7etGxTcQ34=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVy5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeuy6rlV775WqV/kcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+kgjN0=</latexit><latexit sha1_base64="TrdTwpl0eJGw1bsHE7etGxTcQ34=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVy5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeuy6rlV775WqV/kcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+kgjN0=</latexit><latexit sha1_base64="TrdTwpl0eJGw1bsHE7etGxTcQ34=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVy5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeuy6rlV775WqV/kcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+kgjN0=</latexit><latexit sha1_base64="TrdTwpl0eJGw1bsHE7etGxTcQ34=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvHisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVy5/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+aXTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jYZCM0ZyokllGlhbyVsRDVlaMMp2RC85ZdXSeuy6rlV775WqV/kcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD+kgjN0=</latexit>

80
<latexit sha1_base64="Muj2B2mWJFdswBb23qx8nVH0HW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBXssePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD3V3UK64VXcBsk68nFQgR3NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJ637GZZIalGy5KEwFMTGZv02GXCEzYmoJZYrbWwkbU0WZseGUbAje6svrpH1d9dyqd1+rNK7yOIpwBudwCR7cQAPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+wqjN8=</latexit><latexit sha1_base64="Muj2B2mWJFdswBb23qx8nVH0HW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBXssePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD3V3UK64VXcBsk68nFQgR3NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJ637GZZIalGy5KEwFMTGZv02GXCEzYmoJZYrbWwkbU0WZseGUbAje6svrpH1d9dyqd1+rNK7yOIpwBudwCR7cQAPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+wqjN8=</latexit><latexit sha1_base64="Muj2B2mWJFdswBb23qx8nVH0HW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBXssePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD3V3UK64VXcBsk68nFQgR3NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJ637GZZIalGy5KEwFMTGZv02GXCEzYmoJZYrbWwkbU0WZseGUbAje6svrpH1d9dyqd1+rNK7yOIpwBudwCR7cQAPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+wqjN8=</latexit><latexit sha1_base64="Muj2B2mWJFdswBb23qx8nVH0HW4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBXssePFYxX5AG8pmO2mXbjZhdyOU0H/gxYMiXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD3V3UK64VXcBsk68nFQgR3NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+trh0Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJ637GZZIalGy5KEwFMTGZv02GXCEzYmoJZYrbWwkbU0WZseGUbAje6svrpH1d9dyqd1+rNK7yOIpwBudwCR7cQAPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB+wqjN8=</latexit>

100
<latexit sha1_base64="dW/qxbFd9xi1zCSrltoa7LjJ3RQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFWBD0GvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFsZR+e4W19Y3NreJ2aWd3b/+gfHjUNEmmOTZ4IhPdDplBKRQ2rLAS26lGFocSW+Hodua3nlAbkahHO04xiNlAiUhwZp304FPaK1dolc5BVomfkwrkqPfKX91+wrMYleWSGdPxaWqDCdNWcInTUjczmDI+YgPsOKpYjCaYzE+dkjOn9EmUaFfKkrn6e2LCYmPGceg6Y2aHZtmbif95ncxGN8FEqDSzqPhiUZRJYhMy+5v0hUZu5dgRxrVwtxI+ZJpx69IpuRD85ZdXSfOy6tOqf39VqV3kcRThBE7hHHy4hhrcQR0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB0+djRI=</latexit><latexit sha1_base64="dW/qxbFd9xi1zCSrltoa7LjJ3RQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFWBD0GvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFsZR+e4W19Y3NreJ2aWd3b/+gfHjUNEmmOTZ4IhPdDplBKRQ2rLAS26lGFocSW+Hodua3nlAbkahHO04xiNlAiUhwZp304FPaK1dolc5BVomfkwrkqPfKX91+wrMYleWSGdPxaWqDCdNWcInTUjczmDI+YgPsOKpYjCaYzE+dkjOn9EmUaFfKkrn6e2LCYmPGceg6Y2aHZtmbif95ncxGN8FEqDSzqPhiUZRJYhMy+5v0hUZu5dgRxrVwtxI+ZJpx69IpuRD85ZdXSfOy6tOqf39VqV3kcRThBE7hHHy4hhrcQR0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB0+djRI=</latexit><latexit sha1_base64="dW/qxbFd9xi1zCSrltoa7LjJ3RQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFWBD0GvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFsZR+e4W19Y3NreJ2aWd3b/+gfHjUNEmmOTZ4IhPdDplBKRQ2rLAS26lGFocSW+Hodua3nlAbkahHO04xiNlAiUhwZp304FPaK1dolc5BVomfkwrkqPfKX91+wrMYleWSGdPxaWqDCdNWcInTUjczmDI+YgPsOKpYjCaYzE+dkjOn9EmUaFfKkrn6e2LCYmPGceg6Y2aHZtmbif95ncxGN8FEqDSzqPhiUZRJYhMy+5v0hUZu5dgRxrVwtxI+ZJpx69IpuRD85ZdXSfOy6tOqf39VqV3kcRThBE7hHHy4hhrcQR0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB0+djRI=</latexit><latexit sha1_base64="dW/qxbFd9xi1zCSrltoa7LjJ3RQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFWBD0GvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dYSqFsZR+e4W19Y3NreJ2aWd3b/+gfHjUNEmmOTZ4IhPdDplBKRQ2rLAS26lGFocSW+Hodua3nlAbkahHO04xiNlAiUhwZp304FPaK1dolc5BVomfkwrkqPfKX91+wrMYleWSGdPxaWqDCdNWcInTUjczmDI+YgPsOKpYjCaYzE+dkjOn9EmUaFfKkrn6e2LCYmPGceg6Y2aHZtmbif95ncxGN8FEqDSzqPhiUZRJYhMy+5v0hUZu5dgRxrVwtxI+ZJpx69IpuRD85ZdXSfOy6tOqf39VqV3kcRThBE7hHHy4hhrcQR0awGEAz/AKb570Xrx372PRWvDymWP4A+/zB0+djRI=</latexit>

0.2
<latexit sha1_base64="5HKzZgOmHle8iJatH350aWgjApQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkiKoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx7cxvP6HSPJGPZpJiENOh5BFn1FjpwXNr/UrVc705yCrxC1KFAo1+5as3SFgWozRMUK27vpeaIKfKcCZwWu5lGlPKxnSIXUsljVEH+fzUKTm3yoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nbEPwl19eJa2a63uuf39VrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb45wXpx352PRuuYUMyfwB87nD04VjRE=</latexit><latexit sha1_base64="5HKzZgOmHle8iJatH350aWgjApQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkiKoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx7cxvP6HSPJGPZpJiENOh5BFn1FjpwXNr/UrVc705yCrxC1KFAo1+5as3SFgWozRMUK27vpeaIKfKcCZwWu5lGlPKxnSIXUsljVEH+fzUKTm3yoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nbEPwl19eJa2a63uuf39VrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb45wXpx352PRuuYUMyfwB87nD04VjRE=</latexit><latexit sha1_base64="5HKzZgOmHle8iJatH350aWgjApQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkiKoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx7cxvP6HSPJGPZpJiENOh5BFn1FjpwXNr/UrVc705yCrxC1KFAo1+5as3SFgWozRMUK27vpeaIKfKcCZwWu5lGlPKxnSIXUsljVEH+fzUKTm3yoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nbEPwl19eJa2a63uuf39VrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb45wXpx352PRuuYUMyfwB87nD04VjRE=</latexit><latexit sha1_base64="5HKzZgOmHle8iJatH350aWgjApQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkiKoMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx7cxvP6HSPJGPZpJiENOh5BFn1FjpwXNr/UrVc705yCrxC1KFAo1+5as3SFgWozRMUK27vpeaIKfKcCZwWu5lGlPKxnSIXUsljVEH+fzUKTm3yoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nbEPwl19eJa2a63uuf39VrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb45wXpx352PRuuYUMyfwB87nD04VjRE=</latexit> 0.4

<latexit sha1_base64="PxU1Idvb1ebtRZ+V4J2KmCbsfJQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkikoMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa0r1/dc/75WrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1EdjRM=</latexit><latexit sha1_base64="PxU1Idvb1ebtRZ+V4J2KmCbsfJQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkikoMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa0r1/dc/75WrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1EdjRM=</latexit><latexit sha1_base64="PxU1Idvb1ebtRZ+V4J2KmCbsfJQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkikoMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa0r1/dc/75WrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1EdjRM=</latexit><latexit sha1_base64="PxU1Idvb1ebtRZ+V4J2KmCbsfJQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkikoMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfD6CbIhUoz5IotFkWZJJiQ2d9kIDRnKCeWUKaFvZWwEdWUoU2nbEPwl19eJa0r1/dc/75WrV8WcZTgFM7gAny4hjrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1EdjRM=</latexit>

0.6
<latexit sha1_base64="a91Bm4AnjOPLdQF+8kdduXfdNyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIioh4LXjxWtLbQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZRWVtfWN8qbla3tnd296v7Bo04yxbDJEpGodkg1Ci6xabgR2E4V0jgU2ApHN1O/9YRK80Q+mHGKQUwHkkecUWOle8+97FVrnuvNQJaJX5AaFGj0ql/dfsKyGKVhgmrd8b3UBDlVhjOBk0o305hSNqID7FgqaYw6yGenTsiJVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xicz0XWQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6FRuCv/jyMnk8d33P9e8uavWzIo4yHMExnIIPV1CHW2hAExgM4Ble4c0Rzovz7nzMW0tOMXMIf+B8/gBUJY0V</latexit><latexit sha1_base64="a91Bm4AnjOPLdQF+8kdduXfdNyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIioh4LXjxWtLbQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZRWVtfWN8qbla3tnd296v7Bo04yxbDJEpGodkg1Ci6xabgR2E4V0jgU2ApHN1O/9YRK80Q+mHGKQUwHkkecUWOle8+97FVrnuvNQJaJX5AaFGj0ql/dfsKyGKVhgmrd8b3UBDlVhjOBk0o305hSNqID7FgqaYw6yGenTsiJVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xicz0XWQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6FRuCv/jyMnk8d33P9e8uavWzIo4yHMExnIIPV1CHW2hAExgM4Ble4c0Rzovz7nzMW0tOMXMIf+B8/gBUJY0V</latexit><latexit sha1_base64="a91Bm4AnjOPLdQF+8kdduXfdNyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIioh4LXjxWtLbQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZRWVtfWN8qbla3tnd296v7Bo04yxbDJEpGodkg1Ci6xabgR2E4V0jgU2ApHN1O/9YRK80Q+mHGKQUwHkkecUWOle8+97FVrnuvNQJaJX5AaFGj0ql/dfsKyGKVhgmrd8b3UBDlVhjOBk0o305hSNqID7FgqaYw6yGenTsiJVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xicz0XWQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6FRuCv/jyMnk8d33P9e8uavWzIo4yHMExnIIPV1CHW2hAExgM4Ble4c0Rzovz7nzMW0tOMXMIf+B8/gBUJY0V</latexit><latexit sha1_base64="a91Bm4AnjOPLdQF+8kdduXfdNyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIioh4LXjxWtLbQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZRWVtfWN8qbla3tnd296v7Bo04yxbDJEpGodkg1Ci6xabgR2E4V0jgU2ApHN1O/9YRK80Q+mHGKQUwHkkecUWOle8+97FVrnuvNQJaJX5AaFGj0ql/dfsKyGKVhgmrd8b3UBDlVhjOBk0o305hSNqID7FgqaYw6yGenTsiJVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xicz0XWQc5lmBiWbL4oyQUxCpn+TPlfIjBhbQpni9lbChlRRZmw6FRuCv/jyMnk8d33P9e8uavWzIo4yHMExnIIPV1CHW2hAExgM4Ble4c0Rzovz7nzMW0tOMXMIf+B8/gBUJY0V</latexit>

0.8
<latexit sha1_base64="phB+ZycPiVYkKsMQualbv4g6UHU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkhEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBbkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTtiH4yy+vktaV63uuf39drV8WcZTgFM7gAny4gTrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1ctjRc=</latexit><latexit sha1_base64="phB+ZycPiVYkKsMQualbv4g6UHU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkhEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBbkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTtiH4yy+vktaV63uuf39drV8WcZTgFM7gAny4gTrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1ctjRc=</latexit><latexit sha1_base64="phB+ZycPiVYkKsMQualbv4g6UHU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkhEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBbkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTtiH4yy+vktaV63uuf39drV8WcZTgFM7gAny4gTrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1ctjRc=</latexit><latexit sha1_base64="phB+ZycPiVYkKsMQualbv4g6UHU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkhEsMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7dJOeXdv/+CwcnTcMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKD55b61eqnuvNQVaJX5AqFGj0K1+9QcKymCtkkhrT9b0Ug5xqFEzyabmXGZ5SNqZD3rVU0ZibIJ+fOiXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/XjfDqBbkQqUZcsUWi6JMEkzI7G8yEJozlBNLKNPC3krYiGrK0KZTtiH4yy+vktaV63uuf39drV8WcZTgFM7gAny4gTrcQQOawGAIz/AKb450Xpx352PRuuYUMyfwB87nD1ctjRc=</latexit>

1.0
<latexit sha1_base64="Hq/YHP7r+zqbAY+XX4NcmmCPgsc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+96/WrNc705yCrxC1KDAo1+9as3SFgWozRMUK27vpeaIKfKcCZwWullGlPKxnSIXUsljVEH+fzUKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nYkPwl19eJa1L1/dc//6qVr8o4ijDCZzCOfhwDXW4gwY0gcEQnuEV3hzhvDjvzseiteQUM8fwB87nD0yTjRA=</latexit><latexit sha1_base64="Hq/YHP7r+zqbAY+XX4NcmmCPgsc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+96/WrNc705yCrxC1KDAo1+9as3SFgWozRMUK27vpeaIKfKcCZwWullGlPKxnSIXUsljVEH+fzUKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nYkPwl19eJa1L1/dc//6qVr8o4ijDCZzCOfhwDXW4gwY0gcEQnuEV3hzhvDjvzseiteQUM8fwB87nD0yTjRA=</latexit><latexit sha1_base64="Hq/YHP7r+zqbAY+XX4NcmmCPgsc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+96/WrNc705yCrxC1KDAo1+9as3SFgWozRMUK27vpeaIKfKcCZwWullGlPKxnSIXUsljVEH+fzUKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nYkPwl19eJa1L1/dc//6qVr8o4ijDCZzCOfhwDXW4gwY0gcEQnuEV3hzhvDjvzseiteQUM8fwB87nD0yTjRA=</latexit><latexit sha1_base64="Hq/YHP7r+zqbAY+XX4NcmmCPgsc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSq4Np737ZTW1jc2t8rblZ3dvf2D6uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIfj25nffkKleSIfzSTFIKZDySPOqLHSg+96/WrNc705yCrxC1KDAo1+9as3SFgWozRMUK27vpeaIKfKcCZwWullGlPKxnSIXUsljVEH+fzUKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62YmuglyLtPMoGSLRVEmiEnI7G8y4AqZERNLKFPc3krYiCrKjE2nYkPwl19eJa1L1/dc//6qVr8o4ijDCZzCOfhwDXW4gwY0gcEQnuEV3hzhvDjvzseiteQUM8fwB87nD0yTjRA=</latexit>

Vanilla BCE
<latexit sha1_base64="Ciz/MAviHVuE68dsIkwaNpanX0s=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEErSix6LRfBYwX5AGspku2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ylsbG5t7xR3S3v7B4dH5eOTtkkyzXiLJTLR3RAMl0LxFgqUvJtqDnEoeSccN+Z+54lrIxL1iJOUBzEMlYgEA7SS3wYlpAR627jrlytu1V2ArhMvJxWSo9kvf/UGCctirpBJMMb33BSDKWgUTPJZqZcZngIbw5D7liqIuQmmi5Nn9MIqAxol2pZCulB/T0whNmYSh7YzBhyZVW8u/uf5GUY3wVSoNEOu2HJRlEmKCZ3/TwdCc4ZyYgkwLeytlI1AA0ObUsmG4K2+vE7atarnVr2HWqV+lcdRJGfknFwSj1yTOrknTdIijCTkmbySNwedF+fd+Vi2Fpx85pT8gfP5A0cgkIA=</latexit><latexit sha1_base64="Ciz/MAviHVuE68dsIkwaNpanX0s=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEErSix6LRfBYwX5AGspku2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ylsbG5t7xR3S3v7B4dH5eOTtkkyzXiLJTLR3RAMl0LxFgqUvJtqDnEoeSccN+Z+54lrIxL1iJOUBzEMlYgEA7SS3wYlpAR627jrlytu1V2ArhMvJxWSo9kvf/UGCctirpBJMMb33BSDKWgUTPJZqZcZngIbw5D7liqIuQmmi5Nn9MIqAxol2pZCulB/T0whNmYSh7YzBhyZVW8u/uf5GUY3wVSoNEOu2HJRlEmKCZ3/TwdCc4ZyYgkwLeytlI1AA0ObUsmG4K2+vE7atarnVr2HWqV+lcdRJGfknFwSj1yTOrknTdIijCTkmbySNwedF+fd+Vi2Fpx85pT8gfP5A0cgkIA=</latexit><latexit sha1_base64="Ciz/MAviHVuE68dsIkwaNpanX0s=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEErSix6LRfBYwX5AGspku2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ylsbG5t7xR3S3v7B4dH5eOTtkkyzXiLJTLR3RAMl0LxFgqUvJtqDnEoeSccN+Z+54lrIxL1iJOUBzEMlYgEA7SS3wYlpAR627jrlytu1V2ArhMvJxWSo9kvf/UGCctirpBJMMb33BSDKWgUTPJZqZcZngIbw5D7liqIuQmmi5Nn9MIqAxol2pZCulB/T0whNmYSh7YzBhyZVW8u/uf5GUY3wVSoNEOu2HJRlEmKCZ3/TwdCc4ZyYgkwLeytlI1AA0ObUsmG4K2+vE7atarnVr2HWqV+lcdRJGfknFwSj1yTOrknTdIijCTkmbySNwedF+fd+Vi2Fpx85pT8gfP5A0cgkIA=</latexit><latexit sha1_base64="Ciz/MAviHVuE68dsIkwaNpanX0s=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEErSix6LRfBYwX5AGspku2mXbjZhdyKU0p/hxYMiXv013vw3btsctPXBwOO9GWbmhakUBl332ylsbG5t7xR3S3v7B4dH5eOTtkkyzXiLJTLR3RAMl0LxFgqUvJtqDnEoeSccN+Z+54lrIxL1iJOUBzEMlYgEA7SS3wYlpAR627jrlytu1V2ArhMvJxWSo9kvf/UGCctirpBJMMb33BSDKWgUTPJZqZcZngIbw5D7liqIuQmmi5Nn9MIqAxol2pZCulB/T0whNmYSh7YzBhyZVW8u/uf5GUY3wVSoNEOu2HJRlEmKCZ3/TwdCc4ZyYgkwLeytlI1AA0ObUsmG4K2+vE7atarnVr2HWqV+lcdRJGfknFwSj1yTOrknTdIijCTkmbySNwedF+fd+Vi2Fpx85pT8gfP5A0cgkIA=</latexit>

SD
<latexit sha1_base64="AXipKjJ7bSrSctG6xHpQJHxGFwQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3Fz0G9OAxPvKAZAmzk95kyOzsMjMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp757SdUmsfy0UwS9CM6lDzkjBor3T/c9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+aXTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZm+TAVfIjJhYQpni9lbCRlRRZmw4JRuCt/zyKmnVqp5b9e5qlfpFHkcRTuAUzsGDS6jDLTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gAy8I0M</latexit><latexit sha1_base64="AXipKjJ7bSrSctG6xHpQJHxGFwQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3Fz0G9OAxPvKAZAmzk95kyOzsMjMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp757SdUmsfy0UwS9CM6lDzkjBor3T/c9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+aXTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZm+TAVfIjJhYQpni9lbCRlRRZmw4JRuCt/zyKmnVqp5b9e5qlfpFHkcRTuAUzsGDS6jDLTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gAy8I0M</latexit><latexit sha1_base64="AXipKjJ7bSrSctG6xHpQJHxGFwQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3Fz0G9OAxPvKAZAmzk95kyOzsMjMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp757SdUmsfy0UwS9CM6lDzkjBor3T/c9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+aXTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZm+TAVfIjJhYQpni9lbCRlRRZmw4JRuCt/zyKmnVqp5b9e5qlfpFHkcRTuAUzsGDS6jDLTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gAy8I0M</latexit><latexit sha1_base64="AXipKjJ7bSrSctG6xHpQJHxGFwQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoMgCGE3Fz0G9OAxPvKAZAmzk95kyOzsMjMrhCV/4MWDIl79I2/+jZNkD5pY0FBUddPdFSSCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp757SdUmsfy0UwS9CM6lDzkjBor3T/c9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+aXTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZm+TAVfIjJhYQpni9lbCRlRRZmw4JRuCt/zyKmnVqp5b9e5qlfpFHkcRTuAUzsGDS6jDLTSgCQxCeIZXeHPGzovz7nwsWgtOPnMMf+B8/gAy8I0M</latexit>

PGD attack on Binary Cifar-10
<latexit sha1_base64="qvTyCR6ad9n9kCdWOXUGTrWW+yw=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdXPQYjKDHCOYBSQi9k9lkyOzsMtMrhJCTF3/FiwdFvPoN3vwbJ4+DRgsaiqpuuruCRAqDnvflZJaWV1bXsuu5jc2t7R13d69m4lQzXmWxjHUjAMOlULyKAiVvJJpDFEheDwbliV+/59qIWN3hMOHtCHpKhIIBWqnjHlauryggAhvQWNFLoUAPaVmEoM98r+PmvYI3Bf1L/DnJkzkqHfez1Y1ZGnGFTIIxTd9LsD0CjYJJPs61UsMTuwt6vGmpgoib9mj6xpgeW6VLw1jbUkin6s+JEUTGDKPAdkaAfbPoTcT/vGaK4UV7JFSSIldstihMJcWYTjKhXaE5Qzm0BJgW9lbK+qCBoU0uZ0PwF1/+S2rFgu8V/NtivnQ6jyNLDsgROSE+OSclckMqpEoYeSBP5IW8Oo/Os/PmvM9aM858Zp/8gvPxDai/lzw=</latexit><latexit sha1_base64="qvTyCR6ad9n9kCdWOXUGTrWW+yw=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdXPQYjKDHCOYBSQi9k9lkyOzsMtMrhJCTF3/FiwdFvPoN3vwbJ4+DRgsaiqpuuruCRAqDnvflZJaWV1bXsuu5jc2t7R13d69m4lQzXmWxjHUjAMOlULyKAiVvJJpDFEheDwbliV+/59qIWN3hMOHtCHpKhIIBWqnjHlauryggAhvQWNFLoUAPaVmEoM98r+PmvYI3Bf1L/DnJkzkqHfez1Y1ZGnGFTIIxTd9LsD0CjYJJPs61UsMTuwt6vGmpgoib9mj6xpgeW6VLw1jbUkin6s+JEUTGDKPAdkaAfbPoTcT/vGaK4UV7JFSSIldstihMJcWYTjKhXaE5Qzm0BJgW9lbK+qCBoU0uZ0PwF1/+S2rFgu8V/NtivnQ6jyNLDsgROSE+OSclckMqpEoYeSBP5IW8Oo/Os/PmvM9aM858Zp/8gvPxDai/lzw=</latexit><latexit sha1_base64="qvTyCR6ad9n9kCdWOXUGTrWW+yw=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdXPQYjKDHCOYBSQi9k9lkyOzsMtMrhJCTF3/FiwdFvPoN3vwbJ4+DRgsaiqpuuruCRAqDnvflZJaWV1bXsuu5jc2t7R13d69m4lQzXmWxjHUjAMOlULyKAiVvJJpDFEheDwbliV+/59qIWN3hMOHtCHpKhIIBWqnjHlauryggAhvQWNFLoUAPaVmEoM98r+PmvYI3Bf1L/DnJkzkqHfez1Y1ZGnGFTIIxTd9LsD0CjYJJPs61UsMTuwt6vGmpgoib9mj6xpgeW6VLw1jbUkin6s+JEUTGDKPAdkaAfbPoTcT/vGaK4UV7JFSSIldstihMJcWYTjKhXaE5Qzm0BJgW9lbK+qCBoU0uZ0PwF1/+S2rFgu8V/NtivnQ6jyNLDsgROSE+OSclckMqpEoYeSBP5IW8Oo/Os/PmvM9aM858Zp/8gvPxDai/lzw=</latexit><latexit sha1_base64="qvTyCR6ad9n9kCdWOXUGTrWW+yw=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdXPQYjKDHCOYBSQi9k9lkyOzsMtMrhJCTF3/FiwdFvPoN3vwbJ4+DRgsaiqpuuruCRAqDnvflZJaWV1bXsuu5jc2t7R13d69m4lQzXmWxjHUjAMOlULyKAiVvJJpDFEheDwbliV+/59qIWN3hMOHtCHpKhIIBWqnjHlauryggAhvQWNFLoUAPaVmEoM98r+PmvYI3Bf1L/DnJkzkqHfez1Y1ZGnGFTIIxTd9LsD0CjYJJPs61UsMTuwt6vGmpgoib9mj6xpgeW6VLw1jbUkin6s+JEUTGDKPAdkaAfbPoTcT/vGaK4UV7JFSSIldstihMJcWYTjKhXaE5Qzm0BJgW9lbK+qCBoU0uZ0PwF1/+S2rFgu8V/NtivnQ6jyNLDsgROSE+OSclckMqpEoYeSBP5IW8Oo/Os/PmvM9aM858Zp/8gvPxDai/lzw=</latexit>
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Figure 2: The plot shows the cumulative distribution
function (CDF) of the margin for the CIFAR-2 binary
classification. SD appears to improve the margin con-
siderably.
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Table 1 includes the results for IID (original test set) and OOD (perturbed test set by εPGD = 0.05).
Fig. 2 shows the percentange of mis-classifications as the norm of disturbance is increased for
the Cifar-2 dataset. This plot can be interpreted as the cumulative distribution function (CDF) of
the margin and hence a lower curve reads as a more robust network with a larger margin. This
experiment suggests that when trained with vanilla cross-entropy, even slight disturbances in the input
deteriorates the network’s classification accuracy. That is while spectral decoupling (SD) improves
the margin considerably. Importantly, this improvement in robustness does not seem to compromise
the noise-free test performance. It should also be highlighted that SD does not explicitly aim at
maximizing the margin and the observed improvement is in fact a by-product of decoupled learning
of latent features. See Section 5 for a discussion on why cross-entropy results in a poor margin while
being considered a max-margin classifier in the literature [94].

4.3 Colored MNIST with color bias
We conduct experiments on the Colored MNIST Dataset, proposed in [9]. The task is to predict
binary labels y = −1 for digits 0 to 4 and y = +1 for digits 5 to 9. A color channel (red, green) is
artificially added to each example to deliberately impose a spurious correlation between the color and
the label. The task has three environments:
• Training env. 1: Color is correlated with the labels with 0.9 probability.
• Training env. 2: Color is correlated with the labels with 0.8 probability.
• Testing env.: Color is correlated with the labels with 0.1 probability (0.9 reversely correlated).
Because of the opposite correlation between the color and the label in the test set, only learning to
classify based on color would be disastrous at testing. For this reason, Empirical Risk Minimization
(ERM) performs very poorly on the test set (23.7 % accuracy) as shown in Tab. 2.

Method Train Accuracy Test Accuracy
ERM (Vanilla Cross-Entropy) 91.1 % (±0.4) 23.7 % (±0.8)
REx [59] 71.5 % (±1.0) 68.7 % (±0.9)
IRM [9] 70.5 % (±0.6) 67.1 % (±1.4)
SD (this work) 70.0 % (±0.9) 68.4 % (±1.2)

Oracle - (grayscale images) 73.5 % (±0.2) 73.0 % (±0.4)
Random Guess 50 % 50 %

Table 2: Test accuracy on test examples of the Colored MNIST after training for 1k epochs. The standard
deviation over 10 runs is reported in parenthesis. ERM stands for the empirical risk minimization. Oracle is an
ERM trained on grayscale images. Note that due to 25 % label noise, a hypothetical optimum achieves 75 %
accuracy (the upper bound).

Invariant Risk Minimization (IRM) [9] on the other hand, performs well on the test set with (67.1 %
accuracy). However, IRM requires access to multiple (two in this case) separate training environments
with varying amount of spurious correlations. IRM uses the variance between environments as a
signal for learning to be “invariant” to spurious correlations. Risk Extrapolation (REx) [59] is a
related training method that encourages learning invariant representations. Similar to IRM, it requires
access to multiple training environments in order to quantify the concept of “invariance”.

SD achieves an accuracy of 68.4 %. Its performance is remarkable because unlike IRM and REx,
SD does not require access to multiple environments and yet performs well when trained on a single
environment (in this case the aggregation of both of the training environments).

A natural question that arises is “How does SD learn to ignore the color feature without having
access to multiple environments?” The short answer is that it does not! In fact, we argue that
SD learns the color feature but it also learns other predictive features, i.e., the digit shape features.
At test time, the predictions resulting from the shape features prevail over the color feature. To
validate this hypothesis, we study a trained model with each of these methods (ERM, IRM, SD)
on four variants of the test environment: 1) grayscale-digits: No color channel is provided and the
network should rely on shape features only. 2) colored-digits: Both color and digit are provided
however the color is negatively correlated (opposite of the training set) with the label. 3) grayscale-
blank: All images are grayscale and blank and hence do not provide any information. 4) colored-blank:
Digit features are removed and only the color feature is kept, also with reverse label compared to
training. Fig. 3 summarizes the results. For more discussions see SM B.

As a final remark, we should highlight that, by design, this task assumes access to the test environment
for hyperparameter tuning for all the reported methods. This is not a valid assumption in general, and
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Figure 3: Diagram comparing ERM, SD, and IRM on four different test environments on which we evaluate a
pre-trained model. Top and bottom rows show the accuracy and the entropy (inverse of confidence), respectively.
Analysis: Compare three values of 9.4 % , 9.4 % , and 49.6 % : Both ERM and SD have learned the color
feature but since it is inversely correlated with the label, when only the color feature is provided, as expected
both ERM and SD performs poorly. Now compare 0.00 and 0.41 : Although both ERM and SD have learned
the color feature, ERM is much more confident on its predictions (zero entropy). As a consequence, when
digit features are provided along with the color feature (colored-digit environment), ERM still performs poorly
( 23.9 % ) but SD achieves significantly better results ( 67.2 % ). IRM ignores the color feature altogether but it
requires access to multiple training environments.

Figure 4: CelebA: blond vs dark hair classification.
The HairColor and the Gender are spuriously cor-
related which leads to poor OOD performance with
ERM, however SD significantly improves performance.
ERM’s worst group accuracy is significantly lower than
SD.

Method Average Acc. Worst Group Acc.

ERM 94.61 % (±0.67) 40.35 % (±1.68)

SD (this work) 91.64 % (±0.61) 83.24 % (±2.01)

LfF N/A 81.24 % (±1.38)

Group DRO∗ 91.76 % (±0.28) 87.78 % (±0.96)

Table 3: CelebA: blond vs dark hair classification
with spurious correlation. We report test performance
over ten runs. SD significantly improves upon ERM.
∗Group DRO [89] requires explicit information about
the spurious correlation. LfF [71] requires simultane-
ous training of two networks.

hence the results should be only interpreted as a probe that shows that SD could provide an important
level of control over what features are learned.

4.4 CelebA with gender bias
The CelebA dataset [65] contains 162k celebrity faces with binary attributes associated with each
image. Following the setup of [89], the task is to classify images with respect to their hair color into
two classes of blond or dark hair. However, the Gender ∈ {Male, Female} is spuriously correlated
with the HairColor ∈ {Blond, Dark} in the training data. The rarest group which is blond males
represents only 0.85 % of the training data (1387 out of 162k examples). We train a ResNet-50 model
[38] on this task. Tab. 3 summarizes the results and compares the performance of several methods. A
model with vanilla cross-entropy (ERM) appears to generalize well on average but fails to generalize
to the rarest group (blond males) which can be considered as “weakly" out-of-distribution (OOD).
Our proposed SD improves the performance more than twofold. It should be highlighted that for
this task, we use a variant of SD in which, λ2 ||ŷ − γ||22 is added to the original cross-entropy loss.
The hyper-parameters λ and γ are tuned separately for each class (a total of four hyper-parameters).
This variant of SD does provably decouple the dynamics too but appears to perform better than the
original SD in Eq. 17 in this task.

Other proposed methods presented in Tab. 3 also show significant improvements on the performance
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of the worst group accuracy. The recently proposed “Learning from failure” (LfF) [71] achieves
comparable results to SD, but it requires simultaneous training of two networks. Group DRO [89]
is another successful method for this task. However, unlike SD, Group DRO requires explicit
information about the spuriously correlated attributes. In most practical tasks, information about the
spurious correlations is not provided and, dependence on the spurious correlation goes unrecognized.2

5 Related Work and Discussion

Here, we discuss the related work. Due to space constraints, further discussions are in App. A.
On learning dynamics and Loss Choice. Several works including [90, 91, 1, 60] investigate the
dynamics of deep linear networks trained with squared-error loss. Different decompositions of the
learning process for neural networks have been used: [83, 104, 87, 105] study the learning in the
Fourier domain and show that low-frequency functions are learned earlier than high-frequency ones.
[90, 2, 32] provide closed-form equations for the dynamics of linear networks in terms of the principal
components of the input covariance matrix. More recently, with the introduction of neural tangent
kernel (NTK) [52, 62], a new line of research is to study the convergence properties of gradient
descent [e.g. 8, 69, 25, 29, 7, 44, 33, 110, 11, 99]. Among them, [12, 106, 18, 22] decompose the
learning process along the principal components of the NTK. The message in these works is that
the training process can be decomposed into independent learning dynamics along the orthogonal
directions.

Most of the studies mentioned above focus on the particular squared-error loss. For a linearized
network, the squared-error loss results in linear learning dynamics, which often admit an analytical
solution. However, the de-facto loss function for many of the practical applications of neural
networks is the cross-entropy. Using the cross-entropy as the loss function leads to significantly more
complicated and non-linear dynamics, even for a linear neural network. In this work, our focus was
the cross-entropy loss.

On reliance upon spurious correlations and robustness. In the context of robustness in neural
networks, state-of-the-art neural networks appear to naturally focus on low-level superficial correla-
tions rather than more abstract and robustly informative features of interest (e.g. [30]). As we argue
in this work, Gradient Starvation is likely an important factor contributing to this phenomenon and
can result in adversarial vulnerability. There is a rich research literature on adversarial attacks and
neural networks’ vulnerability [96, 34, 48, 67, 5, 47]. Interestingly, [73], [72] and [51] draw a similar
conclusion and argue that “an insufficiency of the cross-entropy loss” causes excessive invariances to
predictive features. Perhaps [92] is the closest to our work in which authors study the simplicity bias
(SB) in stochastic gradient descent. They demonstrate that neural networks exhibit extreme bias that
could lead to adversarial vulnerability.

On implicit bias. Despite being highly-overparameterized, modern neural networks seem to gener-
alize very well [108]. Modern neural networks generalize surprisingly well in numerous machine
tasks. This is despite the fact that neural networks typically contain orders of magnitude more
parameters than the number of examples in a training set and have sufficient capacity to fit a totally
randomized dataset perfectly [108]. The widespread explanation is that the gradient descent has a
form of implicit bias towards learning simpler functions that generalize better according to Occam’s
razor. Our exposition of GS reinforces this explanation. In essence, when training and test data
points are drawn from the same distribution, the top salient features are predictive in both sets. We
conjecture that in such a scenario, by not learning the less salient features, GS naturally protects the
network from overfitting.

The same phenomenon is referred to as implicit bias, implicit regularization, simplicity bias and
spectral bias in several works [83, 75, 36, 74, 70, 53, 94, 10, 13, 35, 82, 66].

As an active line of research, numerous studies have provided different explanations for this phe-
nomenon. For example, [70] justifies the implicit bias of neural networks by showing that stochastic
gradient descent learns simpler functions first. [15, 78] suggests that a form of implicit regularization
is induced by an alignment between NTK’s principal components and only a few task-relevant

2Recall that it took 3 years for the psychologist, Oskar Pfungst, to realize that Clever Hans was not capable
of doing any arithmetic.
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directions. Several other works such as [20, 35, 94, 25] recognize the convergence of gradient descent
to maximum-margin solution as the essential factor for the generalizability of neural networks. It
should be stressed that these work refer to the margin in the hidden space and not in the input space
as pointed out in [55]. Indeed, as observed in our experiments, the maximum-margin classifier in the
hidden space can be achieved at the expense of a small margin in the input space.

On Gradient Starvation and no free lunch theorem. The no free lunch theorem [93, 102] states
that “learning is impossible without making assumptions about training and test distributions”.
Perhaps, the most commonly used assumption of machine learning is the i.i.d. assumption [98], which
assumes that training and test data are identically distributed. However, in general, this assumption
might not hold, and in many practical applications, there are predictive features in the training set that
do not generalize to the test set. A natural question that arises is how to favor generalizable features
over spurious features? The most common approaches include data augmentation, controlling the
inductive biases, using regularizations, and more recently training using multiple environments.

Here, we would like to elaborate on an interesting thought experiment of [79]: Suppose a neural
network is provided with a chess book containing examples of chess games with the best movements
indicated by a red arrow. The network can take two approaches: 1) learn how to play chess, or 2)
learn just the red arrows. Either of these solutions results in zero training loss on the games in the
book while only the former is generalizable to new games. With no external knowledge, the network
typically learns the simpler solution.

Recent work aims to leverage the invariance principle across several environments to improve robust
learning. This is akin to present several chess books to a network, each with markings indicating the
best moves for different sets of games. In several studies [9, 59, 79, 3], methods are developed to
aggregate information from multiple training environments in a way that favors the generalizable
/ domain-agnostic / invariant solution. We argue that even with having access to only one training
environment, there is useful information in the training set that fails to be discovered due to Gradient
Starvation. The information on how to actually play chess is already available in any of the chess
books. Still, as soon as the network learns the red arrows, the network has no incentive for further
learning. Therefore, learning the red arrows is not an issue per se, but not learning to play chess is.

Gradient Starvation: friend or foe? Here, we would like to remind the reader that GS can have
both adverse and beneficial consequences. If the learned features are sufficient to generalize to the
test data, gradient starvation can be viewed as an implicit regularizer. Otherwise, Gradient Starvation
could have an unfavorable effect, which we observe empirically when some predictive features fail to
be learned. A better understanding and control of Gradient Starvation and its impact on generalization
offers promising avenues to address this issue with minimal assumptions. Indeed, our Spectral
Decoupling method requires an assumption about feature imbalance but not to pinpoint them exactly,
relying on modulated learning dynamics to achieve balance.

GS social impact Modern neural networks are being deployed extensively in numerous machine
learning tasks. Our models are used in critical applications such as autonomous driving, medical
prediction, and even justice system where human lives are at stake. However, neural networks appear
to base their predictions on superficial biases in the dataset. Unfortunately, biases in datasets could be
neglected and pose negative impacts on our society. In fact, our Celeb-A experiment is an example of
the existence of such a bias in the data. As shown in the paper, the gender-specific bias could lead to
a superficial high performance and is indeed very hard to detect. Our analysis, although mostly on
the theory side, could pave the path for researchers to build machine learning systems that are robust
to biases and helps towards fairness in our predictions.

6 Conclusion

In this paper, we formalized Gradient Starvation (GS) as a phenomenon that emerges when training
with cross-entropy loss in neural networks. By analyzing the dynamical system corresponding to the
learning process in a dual space, we showed that GS could slow down the learning of certain features,
even if they are present in the training set. We derived spectral decoupling (SD) regularization as a
possible remedy to GS.
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