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Abstract

Inverse weighting with an estimated propensity score is widely used by estimation methods in
causal inference to adjust for confounding bias. However, directly inverting propensity score esti-
mates can lead to instability, bias, and excessive variability due to large inverse weights, especially
when treatment overlap is limited. In this work, we propose a post-hoc calibration algorithm for
inverse propensity weights that generates well-calibrated, stabilized weights from user-supplied,
cross-fitted propensity score estimates. Our approach employs a variant of isotonic regression with
a loss function specifically tailored to the inverse propensity weights. Through theoretical analysis
and empirical studies, we demonstrate that isotonic calibration improves the performance of doubly
robust estimators of the average treatment effect.
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1. Introduction

1.1. Background

Estimation and inference tasks in causal inference often involve inverse weighting by an estimate of
the propensity score — the probability of receiving treatment given a set of covariates (Rosenbaum
and Rubin, 1983). This includes, for example, prominent methods for inference of counterfactual
means and average treatment effects such as inverse probability weighting IPW) (Rosenbaum and
Rubin, 1983) and doubly-robust estimation strategies like augmented inverse probability weighting
(Robins et al., 1994; Bang and Robins, 2005), targeted maximum likelihood estimation (van der
Laan and Rose, 2011), and double machine learning (Chernozhukov et al., 2018a). Despite their
wide usage and theoretical motivation, these approaches are prone to instability, bias, and excessive
variability induced by large inverse propensity weights, especially in settings with limited treatment
overlap (Wang et al., 2006; Crump et al., 2009; Petersen et al., 2012; Zhou et al., 2020). As a result,
there is a growing interest in developing robust methods to estimate inverse propensity weights,
aiming to mitigate the influence of extreme values in these weights. To address this issue, various
estimation strategies have been proposed, which can be broadly categorized into two groups: direct
and inversion-based methods.

Inversion methods aim to construct an improved estimator of inverse propensity weights by
applying post-hoc adjustments to an initial propensity score estimator before inverting it. One ad-
vantage of inversion methods is their convenience, as the initial propensity score estimator can be
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obtained using any off-the-shelf regression algorithm. Notable inversion methods include propen-
sity score truncation (or clipping) and propensity score trimming. Propensity score truncation con-
strains the estimated propensity scores within a range bounded away from 0 and 1 (Wang et al.,
2006; Bembom and van der Laan, 2008; Cole and Hernan, 2008; Petersen et al., 2012; Gruber et al.,
2022). Propensity score trimming is a related approach that involves excluding observations with
extreme propensity score weights, i.e., assigning them zero weight (Imbens, 2004; Crump et al.,
2009; Petersen et al., 2012). The choice of truncation or trimming threshold can be predetermined
or data-adaptive. Pre-specified thresholds, however, may yield inconsistent estimates of propensity
score weights, leading to biased estimations of treatment effects. To address this bias and improve
the reliability of inferences, data-adaptive methods for threshold selection, such as collaborative
targeted maximum likelihood estimation, have been proposed (Bembom and van der Laan, 2008; Ju
et al., 2019; Gruber et al., 2022). While inversion methods can lead to improved inference, they are
limited by the fact that even when the propensity score estimator is properly truncated or trimmed,
it may not serve as a good estimator of the true inverse propensity weights.

Direct learning methods improve upon inversion methods by using supervised statistical learn-
ing tools to directly estimate the inverse propensity weights through the optimization of a specif-
ically tailored objective function. Notable direct learning methods include entropy (Hainmueller,
2012) and covariate balancing weights (Imai and Ratkovic, 2014; Zubizarreta, 2015; Zhao, 2019;
Wang and Zubizarreta, 2020), minimax linear estimation (Hirshberg et al., 2019; Hirshberg and Wa-
ger, 2021), and automatic debiased machine learning (Chernozhukov et al., 2018b, 2021, 2022a,b;
Bruns-Smith et al., 2023). These approaches have been demonstrated, in simulations, to yield less
biased and more stable parameter estimates with improved confidence interval coverage compared
to inversion methods relying on propensity score estimation (Zhao, 2019; Chernozhukov et al.,
2021). Even so, when estimated using aggressive machine learning algorithms, such as neural net-
works or gradient-boosted trees, these inverse weights may still exhibit poor calibration (Guo et al.,
2017). Furthermore, the practical applicability of direct learning methods is hindered by their depen-
dence on nonstandard loss functions, which are not readily available in standard software packages
for machine learning. As a consequence of this limitation, direct methods may be employed in
conjunction with parametric models, which may lack the necessary flexibility to accurately estimate
inverse propensity weights. While some machine learning algorithms, such as xgboost gradient-
boosted trees (Chen and Guestrin, 2016) and neural networks (Pedregosa et al., 2011), provide
flexibility to accommodate customized loss functions, the extent of customization, scalability, and
numerical efficiency can vary among commonly used learning algorithms and software choices.

1.2. Contributions of this work

In this work, we introduce a distribution-free approach for calibrating inverse propensity weights
directly from user-supplied propensity score estimates. We propose a novel algorithm, isotonic cal-
ibrated inverse probability weighting (IC-IPW), which uses isotonic regression to transform cross-
fitted propensity score estimates into well-calibrated inverse propensity weights. Departing from
traditional inversion methods, IC-IPW learns an optimal monotone transformation of the propensity
score estimator through a variant of isotonic regression that minimizes a loss function tailored to the
inverse propensity score. This approach is computationally efficient, computable in linear time, and
easily implemented using standard isotonic regression software. It retains the flexibility and sim-
plicity of inversion-based estimation while providing robustness in settings with limited overlap.
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To demonstrate the advantages of IC-IPW, we examine its use with augmented inverse probabil-
ity weighted (AIPW) estimators for estimating the average treatment effect (ATE). We show that
IC-IPW can relax the conditions required for achieving asymptotic linearity and nonparametric ef-
ficiency of AIPW, while also improving empirical performance in terms of bias and coverage.

Our work contributes to the recent studies of Gutman et al. (2022), Deshpande and Kuleshov
(2023), and Ballinari and Bearth (2024) on the benefits of calibrated propensity score estimators for
causal inference applications. In their empirical study, Gutman et al. (2022) found Platt’s scaling
to be beneficial for calibrating propensity score estimators in causal inference. Additionally, Desh-
pande and Kuleshov (2023) propose using propensity score calibration in IPW and AIPW estimators
and provide theoretical guarantees for kernel density-based calibration using a log-likelihood loss.
Similarly, Ballinari and Bearth (2024) proposed using propensity score calibration within the dou-
ble machine learning framework to improve the finite-sample performance of ATE estimators. They
examined the empirical performance of various probability calibration procedures, including Platt’s
and temperature scaling and a form of isotonic calibration that differs from ours. Distribution-free
calibration guarantees for isotonic calibration of regression and conditional average treatment effect
functions were established in Van Der Laan et al. (2023). We build on this work by establishing
that distribution-free calibration guarantees for isotonic calibration can be extended to the inverse
propensity score based on a tailored loss function.

Our work differs from prior studies of propensity score calibration in several key aspects. First,
differing from prior work, we propose calibrating the inverse propensity score rather than the
propensity score itself and introduce a measure for balance-based calibration of inverse propensity
weights. This distinction is crucial because calibration methods developed for the propensity score
may not yield well-calibrated inverse propensity weights. In this sense, our work is closely related
to Deshpande and Kuleshov (2023), which considers calibrating propensity score estimates using
the chi-squared divergence loss. While the authors do not explicitly consider calibration of the in-
verse propensity score, the chi-squared divergence loss can be reformulated as a loss for the inverse
propensity score. Second, we propose a novel calibration procedure based on isotonic regression to
construct calibrated inverse propensity weights, which is free from tuning parameters. Furthermore,
we formally establish that our isotonic regression procedure provides distribution-free calibration
guarantees that impose no assumptions on the functional form of the data-generating distribution.
In contrast, Platt scaling approach of Gutman et al. (2022) relies on parametric assumptions, and the
kernel-smoothing method of Deshpande and Kuleshov (2023) depends on smoothness assumptions
and requires tuning of the kernel bandwidth parameter. Third, in the context of debiased machine
learning, we combine cross-fitting and calibration in a novel, data-efficient manner. Specifically, we
apply calibration once to cross-fitted propensity score estimators, unlike the approach of Ballinari
and Bearth (2024), which repeats the calibration step across multiple data splits.

In our companion paper on calibrated debiased machine learning (van der Laan et al., 2024b),
we establish the role of nuisance function calibration in constructing doubly robust asymptotically
linear estimators, thereby providing not only doubly robust consistency but also facilitating doubly
robust inference (e.g., confidence intervals and hypothesis tests). Notably, Theorem 4 in van der
Laan et al. (2024b) shows that [IPW estimators of linear functionals, such as the ATE, with weights
obtained using our proposed IC-IPW procedure are asymptotically linear, even when the initial
propensity score estimator is derived using flexible machine learning tools.

The outline of this manuscript is as follows. Our proposed IC-IPW algorithm is outlined in
Section 2 and its theory is presented in Section 3. In Section 3.1, we give calibration and mean
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square error guarantees for IC-IPW, and in Section 3.2 we theoretically illustrate the benefits of IC-
IPW for ATE estimation using AIPW estimator. Finally, Section 4 presents simulation experiments
to evaluate the estimator’s performance under different levels of overlap.

2. Methodology: stabilized inverse weighting via isotonic calibration

2.1. Notation

Suppose we observe n independent and identically distributed observations, O1, .. ., O,, of the data
structure O := (W, A,Y) drawn from a probability distribution Py. In this data structure, W € R?
is a vector of baseline covariates, A € A C R is a discrete treatment assignment taking values in A,
and Y € R is a bounded outcome. Without loss of generality, we assume {0,1} C .4, where {0}
represents a reference treatment level and {1} a treatment level of interest. For a given distribution
P and realization (a,w) of (A, W), we denote the (generalized) propensity score by wp(a | w) =
P(A = a | W = w) and the outcome regression by pp(a,w) = Ep[Y | A = a,W = w]. We
also denote the inverse propensity score by ap(a,w) := 1/7p(a | w) and the conditional average
treatment effect (CATE) function by 7p(w) = up(1, w) —pup(0,w). To simplify notation, we write
So for summaries Sp, of the true distribution Py. Throughout this text, for a function f, we use f~1
to denote the reciprocal function, defined pointwise as f~!(z) := ﬁ All essential suprema are
taken with respect to P (or its marginal distributions).

2.2. Balance-based calibration for inverse propensity weights

For a treatment level ag € A, let m,(ap | -) be an arbitrary estimator of my(ap | -), obtained
using, for example, flexible statistical learning tools. Specifically, m,(ao | -) could be derived by
nonparametrically regressing the treatment indicator 1(A = ap) on covariates. Alternatively, we
could set 7, (ag | -) = a;, '(ag | -), where v, (ag | -) is an estimator of 7, ' (ag | -) obtained using
loss functions for inverse propensity weights (Zhao, 2019; Chernozhukov et al., 2021).

We say an estimator 7, *(ag | -) of the inverse propensity score function 7, *(aq | -) is perfectly
calibrated for covariate balance if, for all functions h : R — R in L2(F),

/(hown)(a0|w) {”0(‘“"“’) - 1} dPy(w) = 0.

7n(ao | w)

In words, a perfectly calibrated estimator 7, 1 (aq | -) achieves covariate balance, in the sense of Imai
and Ratkovic (2014) and Ben-Michael et al. (2021), within subgroups defined by levels of estimated
values of the propensity score. The estimator 7, (ag | -) is perfectly calibrated for covariate balance

if and only if Py-almost surely m,(ag | W) = 7(()‘10)(W, T ), wWhere, for any function 7, we define

the calibration function w — ’yéa())(w, ) == Eglmo(ao | W) | m(ag | W) = 7(ag | w)].
As a measure of deviation from perfect calibration, we consider the following y2-squared diver-

gence measure (Pearson, 1900) of calibration error for inverse propensity weights:

(ao) 2
CAL(QO)('H—_I) = / {%(M - 1} dPy(w). (1)

m(ag | w)

Intuitively, for an inverse propensity score estimator 7, ! (aq | -) that is well-calibrated in the sense
that CAL(%) (m,1) is small, a large inverse propensity weight should only be assigned to an indi-
vidual when the true propensity score mo(ag | -) is, on average, small among individuals with that
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weight. Consequently, in scenarios with limited overlap, a well-calibrated estimator should avoid
assigning excessively large weights to observations. Notably, Deshpande and Kuleshov (2023)
established that calibration with respect to this y?-divergence measure leads directly to smaller es-
timation errors for IPW and AIPW estimators of the ATE (see Lemma 3.3 and Theorem 3.5 of
Deshpande and Kuleshov (2023)). Therefore, developing calibration procedures that guarantee in-
verse propensity score estimators with small calibration error under this measure is of great interest
for causal inference.

We note that (1) differs from the ¢2-integrated calibration error for the propensity score, com-
monly used in probability calibration (Gupta and Ramdas, 2021), which is given by

[ Gta)w,m) — n(an | )} dPo(w). @)

Notably, a propensity score estimator 7, that is well-calibrated with respect to this calibration mea-
sure may not lead to well-calibrated inverse propensity weights in the sense of (1). This discrepancy
arises because the calibration error of (2) is insensitive to scenarios with limited overlap, where the
inverse propensity score 7, *(ag | w) may take large values. Distribution-free calibration guaran-
tees for isotonic calibration of regression functions (such as the propensity score) with respect to
this measure are a consequence of Van Der Laan et al. (2023).

2.3. Isotonic calibrated inverse probability weighting

In this section, we introduce our novel calibration algorithm, IC-IPW, which uses isotonic regression
to construct inverse propensity weights calibrated according to the definition in (1).

IC-IPW is motivated by the observation that inversion strategies, such as propensity score trun-
cation, commonly apply a nonincreasing monotone transformation to a propensity score estimator
7n(ap | ) to derive an inverse propensity score estimator. The simplest example of this is the esti-
mator 7, ! (ag | -), corresponding to the inversion map x ++ x~!. Another option is the truncated
estimator given by {(c, V. (ao | -)) A (1 —cp)} L, where ¢, € (0,1/2] is a possibly data-adaptive
threshold, corresponding to the transformation = — {(c, V ) A (1 — ¢,)} . The optimal nonin-
creasing transformation fflag )R - Rof mn(ap | -), which minimizes the mean squared error for

(w,a) = 1(a = ag)my *(ag | ), is given by

L) e a{;rgfmm Bo[1(A = ag){(8 o m) (a0 | W) — 75 (a0 | W)}?]
(S anti

= argmin Ey[1(A = ag) (0 o ) (ag | W)? = 2(0 o m,) (ag | W)].
0€ Fanti

Notably, the mapping (w, a) — f,(fo) omp(a | w) is a mean-squared optimal estimator of the inverse

propensity score (w,a) — 7, (a | w).

Our proposed IC-IPW estimator of 7 !(ag | -) is given by a(ag|-) = ( {a0) ) (ao | -)

for a data-dependent monotone nonincreasing transformation f,(lao) : R — R U {oo} obtained via

antitonic empirical risk minimization as:

n

fi%) € argmin >~ [1(A; = ag)(0 o m4)* (a0 | Wi) — 2(6 0 7n) (ao | Wi)], (3)
0€ Fanti i=1
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where Fanti '= {6 : R — R; 6 is monotone nonincreasing} denotes the space of antitonic func-
tions. We follow Groeneboom and Lopuhaa (1993) in taking the unique cadlag piecewise con-
stant solution to the antitonic regression problem, which only has jumps at observed values in
{mn(ag|W;) : i € [n]}. The loss function (0,a) — 1(a = ag)a(a | w)? — 2a(ag | w), used
in (3), has been applied for learning balancing weights (Zhao, 2019) as well as for estimating the
inverse propensity score (Chernozhukov et al., 2018b). However, to the best of our knowledge, this
loss function has not been previously utilized for isotonic regression or calibration purposes.

The function f,(lao) may take an infinite value when there exists a boundary observation i(1) €
[n] with 7, (ao | Wi(1)) = min;ep, {mn(ao | W;)} such that A;;y # ao. This is related to the fact that
isotonic regression can exhibit poor behavior at the boundary of the input space (Groeneboom and
Lopuhaa, 1993). In the context of causal inference and debiased machine learning, infinite weights
among observations ¢ with A; # ag are usually not problematic, as typically only observations in
the relevant treatment arm with A; = ag need to be reweighted using these weights. That is, only

estimates of {% : i € [n]} are required. Nonetheless, we can address this issue by applying a
(a0)

boundary correction that adaptively truncates f,(Lao) to lie within the range [1, by, |, where the data-
dependent truncation level is given by the largest finite value, bleo) = MaX;en]: A, =ao f,(la‘))(wn(ao |

W;)). This truncation level preserves the value of 1(A; = ap) {a0) (mn(ag | W;)) foralli € [n], while

ensuring that the weight estimates fﬁa“)(wn(ao | W;)) with A; # ag remain finite. Alternatively,
one can constrain the minimum number of observations in each constant segment of the antitonic
solution, ensuring that at least one treated observation lies in each level set of féao). We provide R
and Python code implementing both the truncation and this constraint in Appendix B, leveraging
a constrained implementation of isotonic regression in xgboost (Chen and Guestrin, 2016).

The first-order conditions characterizing the minimizing solution imply that the proposed esti-
mator o (ag | -) solves, for any map h : R U {oo} — R with h(oo) := 0, the covariate balancing
equation:

S (o) o | W) {1(As = ag)ai(a | W) — 1} =0. @
=1

Hence, the calibrated weight estimator o (ag | -) achieves exact empirical covariate balance within
levels of the estimated weights. Notably, by choosing h as a level set indicator, we can show that
N% > ier, 1(Ai = ao)aj(ag | Wi) = 1forallt € R, where Ny = Y 1" | 1(ey,(ao | W;) = t) and
I; = {i: a}(ap | W;) = t}. This indicates that the calibrated weight estimators are automatically
stabilized among level sets of the estimated weights (Robins et al., 2000). As a consequence, the
IC-IPW estimator is piecewise constant, where each unique value corresponds to the inverse of an
empirical mean over a subset of {1(A4; = ag),...,1(A4, = ap)}. Specifically, for each observation
index ip € [n], there exist endpoints ¢y < my that depend on the sample size n, such that

B mo — o + 1
Zfogrgmo 1(147,(7") = Cl())’

where (i(r) : r € [n]) is an appropriate permutation of [n].

ap(ao | Wi)

We can show that the antitonic transformation satisfies fT(Lao) =1/ g,(fO), where g§“°> is the
isotonic calibrator of the propensity score mp(ag | -) obtained via isotonic regression as:

gic) € argmin {14 = a0) = (60 ma)(ao | Xi)}* ©)
EFiso =1
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where Fiso := {6 : R — R; 6 is monotone nondecreasing} denotes the space of isotonic functions.
Thus, the optimization problem given by (3) can be computed via isotonic probability calibration
for mg(ag | ) using 1(A = ag) as the outcome (Niculescu-Mizil and Caruana, 2005). For a binary
treatment A € {0, 1}, it can be shown that 97(11) =1- 97(10) , such that a single isotonic regression
suffices to calibrate the propensity weights.

Algorithm 1 Cross-fitted Isotonic-Calibrated Inverse Probability Weighting

Require: dataset D,, = {O; : i € [n]}, # of cross-fitting splits k, ag € A
1: partition D,, into datasets CV), ¢, ... c());

2: fors=1,2,...,J do
3 letj(i) = s foreachi € C¥);
4:  get initial estimator 7, s of 7y from & (s) = D, \C (),
5: end for
6: set 1) = 1/{cl' v g} where ¢ = min;c i a,—ap 95 (M j(i) (a0 | W;)) and g1 is

obtained using isotonic regression as

g € argmin Y {1(A; = ap) — (¢ 0 Ty o)) (a0 | Wi) 1.
(be]:iso i=1

7 setads (ag | ) = " (mnj(ao | -)) for each j € [J];

8: return weight functions {7, ;(ao | -) : j € [J]} and estimates {c, ;) (a0 | Wi) : 4 € [n]}

In causal inference using debiased and targeted machine learning, cross-fitting inverse propen-
sity weights is a common strategy to relax conditions on estimator complexity and mitigate over-
fitting (van der Laan et al., 2011; Chernozhukov et al., 2018a). Similarly, to ensure calibration
guarantees under weak conditions, we recommend applying cross-fitting when fitting the initial
propensity score estimator. Algorithm 1 outlines the procedure for IC-IPW with cross-fitting and
an adaptive truncation-based boundary correction. Specifically, it involves partitioning the available
data into J folds, where each fold computes an initial propensity score estimator 7, j(ag | -) using
only the data from the complementary folds. The resulting out-of-fold estimates from the k esti-
mators are then combined to obtain n propensity estimates for each observation. Akin to (5), these
out-of-fold estimates can be used to learn a single nonincreasing transformation fflao) R =R
such that { fﬁ“O) ompj(ao|-) : j € [J]} are isotonic calibrated cross-fitted estimators.

We note that the isotonic fitting step of Algorithm 1 is deliberately not cross-fitted so that all
available data are used to calibrate the inverse weight estimates. Using all available data for calibra-
tion typically improves performance and stability and, as we will show, does not harm the validity of
debiased machine learning estimators since the class of isotonic functions is Donsker. In the context
of AIPW estimation, Ballinari and Bearth (2024) do not follow this approach and instead calibrate
propensity scores using cross-fitted isotonic calibration. When predicted out-of-sample, estimated
weights in IPW and AIPW estimators obtained by naively inverting isotonic calibrated propensity
scores may have infinite values due to calibrated probabilities being equal to 0 or 1. Consequently,
as found experimentally by Ballinari and Bearth (2024), isotonic regression may produce infinite
weights when calibration is cross-fitted—a problem not encountered by our approach. We note that
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if cross-fitting is desired, this issue can be addressed using our data-adaptive truncation procedure,
as outlined in Algorithm 1.

3. Theoretical properties

3.1. Calibration and estimation error guarantees

We will now demonstrate that the y2-calibration error, as defined in Section 2.2, of our cross-fitted
IC-IPW estimators proposed in Algorithm 1 tends to zero at a fast rate. Furthermore, we will show
that IC-IPW generally improves the mean square error for the inverse propensity weights compared
to the uncalibrated cross-fitted weights. Consequently, in the pursuit of obtaining calibrated weight
estimates, IC-IPW typically does not harm the performance of the user-supplied weight estimators.

We will make use of the following conditions. For each j € [J], we denote the fold-specific
IC-IPW estimator «;, ; by the mapping (w,a) f,S“) o mp j(a | w), where fT(la) is the calibrator
obtained from Algorithm 1.

(C1) Estimator boundedness: There exists M < oo such that, forall j € [J], esssup,, ,, [T, j(a|w)| <
M with probability tending to one.

(C2) Positivity:  There exists 0 < n < 1 such that, for all j € [J], esssup,,, |a;, ;(a|w)| < nt

-1

and ess sup,, |7y Y(a|w)| < n~! with probability tending to one.

(C3) Limited boundary observations: #{i € [n] : A; # ap and 7, j;)(ao | Wi) < mingepn):a,—ao Tn,j(i) (a0 |
W)} = Op(n'/?).

(C4) Calibration function has finite total variation: There exists an M < oo such that, for all j €
[J].n € N, and ag € A, the function g0, : R — R, defined by g0, o7, ; = 76" (-, 70 ;).
has a total variation norm that is almost surely bounded by M.

The following theorem establishes bounds for the calibration error of the IC-IPW estimator, and its
proof follows from the empirical balancing property given by Equation (4).

Theorem 1 (Calibration error) Under Conditions C1-C4, for each ag € A, it holds
1
5 > CAL@)(af ;) = Oy (n~/%).
i=1

Theorem 1 provides distribution-free calibration guarantees for the IC-IPW estimator under
weak conditions. The calibration error tends to zero at the rate of n—2/3 irrespective of the smooth-
ness of the inverse propensity score or dimension of the covariate vector. Is it interesting to note
that IP weight estimators that are consistent in mean squared error are typically asymptotically cal-
ibrated. However, particularly in settings with high-dimensional covariates or nonsmooth inverse
propensity scores, the calibration error rate of such estimators can be arbitrarily slow.

Condition C1 is automatically satisfied when the initial propensity score estimator 7, ; takes
values in the range [0, 1]. Condition C2 is standard in causal inference and requires that all indi-
viduals have a positive probability of being assigned to either treatment or control. Condition C2
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also ensures that the calibrated inverse propensity weights are uniformly bounded with probabil-
ity approaching one, which holds as long as the truncation level ¢,, in Alg. 1 remains uniformly
bounded away from zero, a condition we expect to hold under C2. Condition C3 is a mild regularity
condition that we expect to be satisfied under C2, since, for a fixed function 7(ag | -), by prop-
erties of the minimum order statistic, minge(,). 4, —q, (@0 | Wi) should converge in probability
to essinfy, m(ap | w) at a rate of n=! when 7(ag | W) is a continuous random variable, or equal
essinf,, m(ag | w) with probability tending to one when it is discrete. Condition C4 excludes cases
in which the best possible predictor of the propensity score 7, given only the initial propensity
score estimator 7, ;, has pathological behavior, in that it has infinite variation norm as a (univariate)
mapping of 7, ;. We stress here that isotonic regression is used only as a tool for calibration, and
our theoretical guarantees do not require any monotonicity on components of the data-generating
mechanism — for example, vo(w, 7, ;) need not be monotone as a function of m,, ;(w).

The following theorem establishes that IC-IPW not only constructs calibrated weight estimates
but can also reduce the mean squared error of the inverse propensity weights compared to uncali-
brated cross-fitted weights. In the following, we define the optimal nondecreasing transformations
of the initial cross-fitted propensity score estimators as:

) aeAbe aguin Y [ {fDomlaluw) - ' (e]w) aPy(aw).
{f(a) G'EA}C}—ann ]E[J]

Theorem 2 (Mean square error) Assume Conditions CI1-C3 holds. As n — oo,

Z/{an]a\w noom”a\w}dPoaw Op(n~%3).
jel]

As a consequence, for any nondecreasing transformations { f (@) € Fonti s a € A},

7Z||an]—7ro 12 < Op( n=2/3) Z/{f o T j(alw) —my? a|w}dP0aw

JE [J]

An important implication of Theorem 2 is that the data-dependent transformations { féao) €
Fanti : ap € A} are nearly mean square error optimal among all nondecreasing transformations of
the propensity score estimators {7, j(ag | -) : ap € A}, up to an error term of O,(n~%/3). This
result suggests that the IC-IPW estimator performs at least as well as, and potentially better than,
T, } and its truncated variants.

3.2. Isotonic calibration and AIPW estimation of the ATE

In this section, we demonstrate the advantages of IC-IPW by examining isotonic-calibrated AIPW
estimators for the ATE (Robins et al., 1994; Bang and Robins, 2005), showing how IC-IPW poten-
tially relaxes the assumptions needed for asymptotic linearity and efficiency.

Let ju, ; and 7y, j, for j € [J], be initial cross-fitted estimators for the outcome regression
and the propensity score m. Let aj, ;, also indexed by j € [J], denote the cross-fitted IC-IPW
estimators of the inverse propensity score 7, ! obtained from Tnl,-- -, Tn,y via Algorithm 1. Our
cross-fitted IC-AIPW estimator for the ATE, 1o = E[1o(W)], is defined as

1

Yy, = o Z {Mn,j(i)(lv Wi) = tn gy (0, Wi) + 5i(f4i>0‘:;,j(i) (Ai | Wil{Ys = i) (Ai, W) 3|
i=1
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where j(i) = s if observation O; belongs to the training fold C*), and 01 (a) = 1(a = 1) —
{a = 0) fora € {0,1}. Let g : 0 = (w,a,y) = po(1l,w) — po(0,w) — Yo + {ié‘(’ﬁ;)) -
71(5?0731)) }y — po(a, w)) denote the Py-efficient influence function of the ATE parameter. The next

theorem establishes that IC-AIPW provides valid inference for the ATE.

(D1) Bounded estimator: [, j(A, W) is almost surely bounded with probability tending to one for
each j € [J].

(D2) Foreach ag € {0,1} and j € [J], the following hold:

(a) Consistency of oracle transformation: || f,%)) o jlao|-) — 5 (a0 |-)|lp, = 0p(1).
(b) Outcome regression rate: || ; — ol p, = 0p(n=4/5).

(¢) Doubly robust rate: ||fr(f8) ompj(ag|-) —Wal(ao ) 2o X || tonj — poll Py = op(n_l/Z).

Theorem 3 (Efficiency for ATE) Under Conditions C1-C2 and DI-D2, the IC-AIPW estimator
¥ satisfies ) = o + (P — Po)go + op(n_l/ %) and is, thus, regular, asymptotically linear, and

nonparametric efficient. As a consequence, \/n(\ — 1) N N(0, 03) with a3 == Varg[po(O)).

Conditions D2a and D2b ensure the consistency of o, ; and /i, ; as estimators. Notably, Con-
dition D2a only requires consistency of the best nondecreasing transformation of the initial inverse
propensity score estimators {7, ; : j € [J]}. On the other hand, D2b requires the outcome regres-

sion estimation rate to be faster than n~ /6. Condition D2c imposes a doubly robust rate condition
on the nuisance estimators, only requiring a rate for the best nondecreasing transformation of the
initial inverse propensity score estimators. By Theorem 2, D2b and D2c¢ together imply the standard
doubly robust rate condition ||, ; — || gy |l n,; — tollp, = 0p(n~'/?) for each j € [J]. Theorem
3 imposes weaker conditions compared to previous literature, as it allows the initial estimator of the
inverse propensity score to be incorrectly specified by an arbitrary monotone transformation.

4. Experiments

We evaluate the empirical performance of IC-IPW in semi-synthetic experiments to estimate the
ATE in scenarios with near positivity violations. Specifically, we assess the performance of AIPW
with weights obtained via IC-IPW against several competing methods: naive inversion, propensity
score trimming, Platt scaling, and direct learning approaches. Our analysis uses semi-synthetic data
from the ACIC-2017 competition (Hahn et al., 2019), with covariates from the Infant Health and
Development Program (Brooks-Gunn et al., 1992). Outcomes are generated from 32 distinct data-
generating processes, focusing on those indexed from 17 to 24, which feature uncorrelated errors.
Each process produces M = 250 replicated datasets, each containing n = 4302 samples.

For ATE estimation, we construct the IC-AIPW estimator using the calibrated inverse propen-
sity weights established by Algorithm 1. We implement two variants of propensity score trimming:
a deterministic method that truncates into [0.01,0.99], and an adaptive variant that learns the trun-
cation threshold to minimize an empirical risk criterion. For indirect learning methods, we estimate
cross-fitted propensity scores using gradient-boosted logistic regression in xgboost. The direct
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learning method estimates the inverse propensity score directly using xgboost and the loss func-
tion (0, ) — 1(a = ag)a(a | w)?—2a(ag | w). As a parametric calibration method, we implement
Platt scaling of the propensity scores as described in (Gutman et al., 2022). Moreover, we implement
the targeted maximum likelihood estimation (TMLE) and TMLE with isotonic calibrated inverse
probability weighting (IC-TMLE). Additional experimental details are given in Appendix A.3.

For each data-generating process, Table 1 and Table 2 (in Appendix A.3) display the Monte
Carlo estimates of the bias, standard error (SE), and root-mean-square error (RMSE), as well as 95%
confidence interval coverage. In Table 1, for data-generating processes (18, 20,22, 24), where the
overlap between the treatment arms is limited, we find that IC-IPW significantly reduces estimation
bias and RMSE, while substantially improving the accuracy of 95% coverage. For data-generating
processes (17,19, 21, 23), Table 2 in Appendix A.3 shows that, when overlap is less of an issue,
IC-IPW performs comparably to other estimation methods regarding bias, RMSE, and coverage,
with the direct learning method generally performing best.

Setting 18 Setting 20
Method Bias SE RMSE Cov.| Bias SE RMSE Cov.
Tnversion 0.17 0072 018 025| 017 013 022 056
Direct Learning | 0.18 0.072  0.19 0.4 | 021 013 024 0.70
Trimming 023 0039 024 000| 024 012 026 021
Adaptive Trim. | 0.17 0072  0.18 025| 017 013 022 056
Platt Scaling | 0.088 0.047  0.10 0.68 | 0.087 0.11 0.4 0.87
IC-ATPW 0.045 0056 0.072 0.95| 0035 0.7 0.8 0.92
TMLE 0.078 0062  0.10 066 | 0077 0.3  0.15 082
IC-TMLE 0.016 0053 0056 1.00 | 0.030 0.18 0.8 0.92
Dropping 020 0077 021 021| 020 0.3 024 053
Setting 22 Setting 24
Method Bias SE RMSE Cov.| Bias SE RMSE Cov.
Taversion 021 0087 022 018 022 013 025 053
Direct Learning | 0.13 0.081  0.14 0.62| 018 0.13 022 081
Trimming 027 0097 028 000| 029 0.4 030 0.16
Adaptive Trim. | 021 0087 022 0.18| 022 0.3 025 0.53
Platt Scaling 0.14 0087 0.4 032| 013 012 017 084
IC-ATPW 0097 0076 0.2 0790068 021 022 092
TMLE 0.12 0063 0.4 042| 012 0.14 018 074
IC-TMLE 0.039 0061 0.073 095|0.005 022 022 0.93
Dropping 023 0076 024 0.7 | 023 0.4 027 052

Table 1: Simulation results for estimating ATE using ACIC 2017 data with data-generating pro-
cesses where overlap between treatment arms is limited. Our method is in bold.

5. Conclusion

We propose a x2-divergence measure of calibration error for inverse propensity score estimators
and introduce a post-hoc algorithm that minimizes calibration error using isotonic regression with
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a tailored loss function for inverse propensity weights. We further emphasize the importance of
developing methods that calibrate the inverse propensity score directly, as calibrating the propen-
sity score may not yield well-calibrated inverse weights. While our primary focus is on isotonic
regression for calibration, this approach can be extended to alternative methods, such as parametric
scaling, histogram binning, kernel smoothing, and Venn-Abers calibration (Vovk and Petej, 2012;
van der Laan and Alaa, 2024, 2025). Additionally, although we emphasize the calibration of in-
verse propensity weights, this method can also be applied to general inverse probability weights,
including those used for handling missing data or censoring. Another interesting extension would
be to study the use of the efficient plug-in learning framework (van der Laan et al., 2024a) to de-
velop risk estimators that mitigate the poor boundary behavior of isotonic regression. Finally, as an
adaptive histogram regressor, isotonic calibration performs automatic binning of propensity score
estimates, which can be used to define subgroups with differing propensity scores for downstream
analysis, such as propensity score matching (Xu and Otsu, 2022). Exploring these applications is
an interesting direction for future work.
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Appendix A. Simulation studies
A.1. Implementation of the estimation

Code to replicate our simulation results are availableon ht tps: //drive.google.com/drive/
folders/1Lh4rmOvrMaaSzZVnlBtgur5bvodMUzudz.

In our simulation studies, we estimated the nuisance parameters (i.e., 19 and ) using the Super
Learner (van der Laan et al., 2007), an ensemble learning approach that utilizes cross-validation
to select the optimal combination of pre-specified prediction methods. This was implemented by
the R package s13 (Coyle et al., 2021). For the library of prediction methods, we employed a
stack of extreme gradient boosting (XGBoost) (Chen and Guestrin, 2016) learners with parameters
maximum depth € {1,2,3,4,5,6}, eta € {0.15,0.2,0.25, 0.3}, minimum child weight to be 5, and
max number of iterations to be 20. To perform the isotonic calibration step, we used either the R
function isoreg or a monotone 1-dimensional XGBoost with a customized loss function; both
methods yielded similar results so we only report the results obtained with the first approach.

We perform a (0.01,0.99) cutoff for the fixed trimming method. For the adaptive trimming
method, we employ a (¢, 1 — ¢;,) truncation with

Cp = argminz an, (A, W;)? — 2{0{”70(1, Wi) — an (0, Wz)},
c€l0,1/2]

2a—1
max{min{7my, (a|w),1—c},c}

and o, ¢(a, w) == is the truncated estimator of «v.

A.2. Performance metrics

We estimate the performance metrics as follows. For a ATE estimator 7, we use 7,, to denote its
estimated value on the m-th instantiated dataset {o,,;}7 ;. Also, we use 7,,, to denote the true
ATE of this data-generating process at each instantiated dataset, evaluated by averaging the true
CATE effect values at this dataset given in the ACIC data. That is, for each m € M, 7,, =
% Z?:l 70(Wm,i), Where 7y is the true CATE function. The Monte Carlo Bias, Standard Error and
RMSE are calculated as follows:

m=1
1 M
RMSE(%) = M Z (7A'm Tm)27
m=1
SE(#) := /RMSE(7)2 — Bias(7)2

whereas the Monte Cargo 95% coverage is defined by:

1 M .

C(7) :

where the {(Ln, @i ) }M_ ;s are the estimated 95% confidence lower bounds and upper bounds. For
CATE estimation, with a slight abuse of notations, for an arbitrary estimator 7(w), we the Monte
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Carlo RMSE is estimated as:

RMSE(7) = ﬁ 3> (Fwm) = mo(wm,))

For an arbitrary estimator &(w) of the inversed propensity weight function 7, ! (w), we estimate its
RMSE by

K n
RMSE(&) = niK Z Z (6(wm,) — Wal(wk7i))2v
k

=11=1

where we recall the time for iteration is X = 1000 and evaluation is done on a out-of-fold dataset.

A.3. Experimental results for additional settings

Setting 17 Setting 19
Method Bias SE RMSE Cov.| Bias SE RMSE Cov.
Inversion 0.0068 0.011 0.013 091 | 0.0082 0.051 0.052 0.96
Direct Learning | 0.0030 0.011  0.011 0.98 | 0.0024 0.056 0.056 0.96
Trimming 0.0068 0.011 0.013 091 | 0.0082 0.051 0.052 0.96

Adaptive Trim. | 0.0072 0.011  0.013 0.89 | 0.0091 0.051 0.052 0.96
Platt Scaling 0.0070 0.011  0.013 0.91 | 0.0083 0.051 0.052 0.96

IC-ATPW 00062 0011 0013 092 | 0.0068 0052 0052 0.95
TMLE 0.0058 0011 0012 093 | 00045 0054 0055 095
IC-TMLE 0.0071 0.010 0012 090 | 0.0050 0.053 0055 0.96
Dropping 0.0065 0011 0013 092 | 0.0060 0052 0053 0.94
Setting 21 Setting 23
Method Bias SE RMSE Cov.| Bias SE RMSE Cov.
Taversion 0.0067 0.013 0015 1.00] 0.0110 0.060 0.061 0.95
Direct Learning | 0.0046 0.013  0.014 1.00 | 0.0051 0061 0.062 0.97
Trimming 0.0067 0.013 0015 1.00 | 0.0110 0060 0061 0.95

Adaptive Trim. | 0.0070 0.013  0.015 1.00 | 0.0120 0.060  0.061 0.96
Platt Scaling 0.0069 0.013 0.015 1.00 | 0.0120 0.060 0.061 0.96

IC-AIPW 0.0063 0.013 0.015 1.00 | 0.0100 0.059 0.061 0.95
TMLE 0.0059 0.013 0.014 1.00 | 0.0078 0.060 0.062 0.96
IC-TMLE 0.0055 0.013 0.014 1.00 | 0.0082 0.060 0.062 0.95
Dropping 0.0060 0.013 0.015 1.00 | 0.0090 0.060 0.062 0.94

Table 2: Simulation results for estimating ATE using ACIC 2017 data with data-generating pro-
cesses where overlap between treatment arms is good. Our method is in bold.
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Appendix B. Implementation of IC-IPW

The following subsections provide R and Python code for constructing calibrates inverse prob-
ability weights using IC-IPW. Here, we implement isotonic regression using xgboost, allowing
control over the maximum tree depth and the minimum number of observations in each constant
segment of the isotonic regression fit.

B.1. R code

Function: isoreg_with_xgboost

Purpose: Fits isotonic regression using XGBoost.

Inputs:
- x: A vector or matrix of predictor variables.
- y: A vector of response variables.
- max_depth: Maximum depth of the trees in XGBoost (default = 15).
- min_child_weight: Minimum sum of instance weights (Hessian)

needed in a child node (default = 20).

Returns:
- A function that takes a new predictor variable x

and returns the model’s predicted values.

soreg_with_xgboost <- function(x, y, max_depth = 15, min_child _weight = 20)

# Create an XGBoost DMatrix object from the data

data <- xgboost::xgb.DMatrix (data = as.matrix(x), label = as.vector (y))

- = 3= FH = = o

# Set parameters for the monotonic XGBoost model
params = list (max_depth = max_depth,
min_child_weight = min_child_weight,

monotone_constraints = 1, # Enforce monotonic increase
eta = 1, gamma = O,
lambda = 0)

# Train the model with one boosting round

iso_fit <- xgboost::xgb.train(params = params,
data = data,
nrounds = 1)

# Prediction function for new data

fun <- function(x) {
data_pred <- xgboost::xgb.DMatrix(data = as.matrix(x))
pred <- predict (iso_fit, data_pred)
return (pred)

}

return (fun)
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# Function: calibrate_inverse_weights
# Purpose: Calibrates inverse weights using isotonic regression
with XGBoost for two propensity scores.

# Inputs:
# — A: Binary indicator variable.
# — pil: Cross—-fitted (pooled out-of-fold)
propensity score estimates for treatment group A = 1.
# - pi0: Cross—-fitted (pooled out-of-fold)

propensity score estimates for control group A = 0.
# Returns:

# - A list containing calibrated inverse weights for each group:
# — alphal_star: Calibrated inverse weights for A = 1.
# - alphaO_star: Calibrated inverse weights for A = 0.

calibrate_inverse_weights <- function (A, pil, pi0) {

# Calibrate pil using monotonic XGBoost
calibrator_pil <- isoreg_with_xgboost (pil, A)
pil_star <- calibrator_pil (pil)

# Set minimum truncation level for treated group
cl <- min(pil_star[A == 1])

pil_star = pmax (pil_star, cl)

alphal_star <- 1 / pil_star

# Calibrate pi0 using monotonic XGBoost
calibrator_pi0 <- isoreg_with_xgboost (pi0O, 1 - A)
piO_star <- calibrator_pi0 (pi0)

# Set minimum truncation level for control group
cO0 <= min(piO_star[A == 0])
pi0_star = pmax (piO_star, cO0)

alpha0O_star <- 1 / piO_star

# Return calibrated inverse weights for both groups
return (list (alphal_star = alphal_star, alphaO_star = alphaO_star))

B.2. Python code

import xgboost as xgb
import numpy as np
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Function: isoreg_with_xgboost
Purpose: Fits isotonic regression using XGBoost.
Inputs:

- x: A vector or matrix of predictor variables.
- y: A vector of response variables.
- max_depth: Maximum depth of the trees in XGBoost (default = 15).

— min_child_weight: Minimum sum of instance weights in constant segment.
Returns:

- A function that takes a new predictor variable x

returns the model’s predicted values.

isoreg_with_xgboost (x, y, max_depth=15, min_child_weight=20) :
# Create an XGBoost DMatrix object from the data

data = xgb.DMatrix (data=np.asarray(x), label=np.asarray(y))

# Set parameters for the monotonic XGBoost model

params = {
"max_depth’ : max_depth,
"min_child_weight’: min_child_weight,
"monotone_constraints’: "(1)", # Enforce monotonic increase
"eta’: 1,
"gamma’ : O,
"lambda’: 0

# Train the model with one boosting round
iso_fit = xgb.train(params=params, dtrain=data, num_boost_round=1)

# Prediction function for new data

def predict_fn(x):
data_pred = xgb.DMatrix (data=np.asarray (x))
pred = iso_fit.predict (data_pred)
return pred

return predict_fn

calibrate_inverse_weights (A, pil, pi0):

mman

Calibrates inverse weights using isotonic regression
with XGBoost for two propensity scores.

Args:

A (np.array): Binary indicator variable.
pil (np.array): Cross—-fitted (pooled out-of-fold)
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propensity score estimates for treatment group A = 1.
pi0 (np.array): Cross—-fitted (pooled out-of-fold)
propensity score estimates for control group A = 0.

Returns:
dict: A dictionary containing calibrated inverse weights for each group:
— alphal_star: Calibrated inverse weights for A = 1.
- alphaO_star: Calibrated inverse weights for A 0.

wnn

# Calibrate pil using monotonic XGBoost
calibrator_pil = isoreg_with_xgboost (pil, A)
pil_star = calibrator_pil (pil)

# Set minimum truncation level for treated group
cl = np.min(pil_star[A == 1])

pil_star = np.maximum(pil_star, cl)

alphal_star = 1 / pil_star

# Calibrate pi0 using monotonic XGBRoost
calibrator_pi0 = isoreg_with_xgboost (pi0O, 1 - A)
pi0_star = calibrator_pi0 (pi0)

# Set minimum truncation level for control group
cO0 = np.min(piO_star[A == 0])

pi0_star = np.maximum(piO_star, cO0)

alphaO_star = 1 / piO_star

# Return calibrated inverse weights for both groups
return {’alphal_star’: alphal_star, ’alphalO_star’: alphaO_star}

Appendix C. Notation and Lemmas

C.1. Notation

For a uniformly bounded function class F, let N (e, F, Ly(P)) denote the e—covering number
(van der Vaart and Wellner, 1996) of F with respect to Ly(P) and define the uniform entropy
integral of F by

6
76.7) = [ sup Viog N{e, 7. La(Q) de.
0 Q
where the supremum is taken over all discrete probability distributions Q.
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In the following, let ag € A be arbitrary, and let M > 0, C' > 0, and 77 > 0 be the constants asso-
ciated with conditions C1 and C2. We redefine Foni C {6 : [-M, M| — R; 6 is monotone nonincreasing }
to denote the family of nonincreasing functions on 7~ that are uniformly bounded by ~!. For a func-
tion f : [-M, M] — R, we denote its variation norm by || f||ry = |f(—M)| + f[—M,M] |df|. Let

]:%9) consist of all real-valued functions defined on [—M, M| with a sup-norm bounded by 1 and a
total variation norm uniformly bounded by 3M, where M is as described in condition C4. Addition-
ally, define F, (g.a0) . {6omy;(ao|-): 0 € Fanti} as the family of functions obtained by compos-

n,anti
ing nonincreasmg functions in Fne with 7, j(ao | -). Similarly, let Féjig{),) ={fom,j(ap|); 0 €

TV } represent the family of functions obtained by composing functions in .7-"} %) with Tn,j. Let
FU%) be the subset of {(w,a) + [1(a = ag)ala | w) — 1[r(a|w)ala | w) 1] : = €
]:7(131‘}\0/)7 aeFY ao)} such that the essential supremum ess sup,,, , |7(a | w)a(a|w)| < (C'+1) for

n,anti
C' as given in condition C2. Note that fé{ti;) is uniformly bounded by 2(C' + 1).

We will use the following empirical process notation: for a P—measurable function f, we
denote | f(o)dP(o) by Pf. We also let P, ; for j € [J] denote the empirical distribution of C ()
and, hence, wrlte P,;f = #|I | ZZGI f(O;) with Z; indexing observations of cY) ¢ D,. For
two quantities = and y, we use the expression x < y to mean that x is upper bounded by y times a
universal constant that may only depend on global constants that appear in Conditions C1-C4.

C.2. Lemmas
Recall from Algorithm 1 that o, ; = fr(Lao) o 7y ; for each j € [J]. Foreach § : R — R, we denote
the empirical risk by:

n

R (0) :=> [1(Ai = a9)(0 0 7, () (a0 | Wi) = 2(0 0 m, j5))(ao | Wi)}.
i=1
Let f(ao =1 / In %) be the untruncated antitonic empirical risk minimizer in Algorithm 1, and, for
each 0 € Fg4, define the truncated empirical risk R( a0) (0) as

S {70 (o iy (a0 | W) < 00} [1(Ai = a0) (0o j9)? (a0 | Wi)=2(00 7 55 (a0 | W3)].
=1

Lemma 4 (Near Risk Minimizer) Under CI1-C3, fr(lao) minimizes the truncated empirical risk,
(ao0)

satisfying f7(la0 € argminger, Rn‘f,m(e). Moreover, it is a near empirical risk minimizer of
the untruncated empirical risk in that, for each C < 0o, we have

R{(£{) = R)(0) < COp(n~27),
Jor every 6 € Fonti with ||0]|o < C.

Proof Since Fi, is a convex cone, the first-order conditions of the isotonic regression problem

(Groeneboom and Lopuhaa, 1993) defining g,(L a0) imply that g§“°> is the empirical risk minimizer if

and only if, for all § € Fi, the following condition holds:

7290%] (a0 | W) {1045 = a0) — gl (ma gy (a0 | W) } <0
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Now, for i € [n], note that the evaluation of the isotonic regression solution géa )(7Tn i (ao | Wi))
is an empirical mean of {1(Ay. = ag) : k € [n], gi™ (m ) (a0 | Wi)) = g5 (. sy (a0 | Wi)}

(Groeneboom and Lopuhaa, 1993). Consequently, géa )(ﬂ'n g (ao | Wi)) =0 implies that 1(A; =
ap) = 0, so the residual in the above expression is zero for boundary observations with a calibrated
propensity score of 0. Therefore, the previous display implies that

1 g ag a
=3~ Ul (o (a0 | W0)) > 0} (0o i) (ao | W) {1(Ai = ao) = g8 (ma iy (a0 | W) = 1} < 0.
=1

Noting that £ = 1/¢{™ and 6 is arbitrary, we conclude that f,** satisfies, for all 6 € Figo, the
following condition:

S U (0 (a0 | W) < 00} (B0 s) o | W) {1(A: = a0) ) (5o | W) — 1} < 0.

=1

In view of these first-order conditions, it follows that f}(lao) minimizes the empirical risk re-
stricted to observations with finite weights, that is,

flao) ¢ argmin R\ (0).

n,trunc
ee«ranti

Hence, R\ (f(ao)) R\ (0) < Oforall @ € Fypy;. Furthermore, since f1*) = 710 Apc0)

n,trunc n, trunc

where b 0 _ = MAaXefn]: A;—ao fn (7rn (i (ao | W;)) is the maximum finite value of ﬁ(fm), we know
that f5" (. ;1 (a0 | W)) 7% (mjciy (a0 | Wi)) for all  such that £ (7, 1) (a0 | Wi)) <

0. As a consequence, the same inequality holds for the truncated minimizer fy(f“)

n trunc(f(ao ) - (IO) (9) < Oforall § € Fupny;.

n ,trunc

However, we know that infinite weight estimates can only occur at the boundary observations #{i €
[n] = A; # ag and m,, ;i) (ao | Wi) < mingepa,— o0 T (a0 | Wi)} = 1/ and, by C3, there

are at most O, (n'/?) such observations. By C2, fn )(7['”7]- (i (ao | W;)) is almost surely uniformly
bounded for each 7 € [n], and, therefore,

R (flao)y — R(@0) () < CO,(n'/3 /n) = CO,(n2/3),

forall M < oo and 6 € Fangi With ||0]| < C.
|

Lemma 5 (Empirical Calibration) For calibrated predictors o, ;(ag | -) = féa") oy (ag | -)
indexed by j € [J] obtained using Algorithm 1, we have

fz [hoa i (a0 | W) {1(Ai = ao)aj, ;) (a0 | Wi) — 1} = MOy(n~%/?). (6)
for each M < 0o and every h € Fopti with ||h]|eo < M.
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Proof This proof follows from a modification of the argument used to establish Lemma C.1 in Van
Der Laan et al. (2023). For each g : R — R, denote the empirical least squares risk by

Z{l (goﬂ-n] z))(a0|W)}

Recall that f}f‘O) =1/ (c;ao) vV g,(Lao)), where g%ao) is obtained via

n

g’,(’LaO) 6 argminz {1(A’L = ao) (g (@] ’ﬂ'nj )(ao ’ W )} = argmin R?’L(g)
9E€Fiso i=1 9E€Fiso

((0)

The isotonic regression solution can be expressed as a piecewise-constant function, satisfying

(g4 o 1, )(ao\w)—bo+zbt (n,;(ag | w) > uy), foreach j € [J],
t=1

with T + 1 € N values determined by the coefficients {b;}_, and thresholds {u;}}_; (Barlow and
Brunk, 1972). By monotonicity of gﬁl 0), it must hold that by € Rand b, > O forallt € {1,...,T}.
(ao)

For any jump point u; of gy, ', we can always choose € € R with a small enough absolute value
such that

En(e) s x> gl®)(2) + el(x > ), foreachj e [J],

is an isotonic function in F;s,. In particular, this holds for any € such that |¢| < min{bt}thl.
Since g,(L %) is the minimizing isotonic solution and R, (£,(0)) = Ry(g (ao)), we have that

R, (&n(e)) > n(gﬁlao)) for all ¢ sufficiently close to zero. Thus since € — R, (&,(¢)) is differen-
tiable with a local minimum achieved at ¢ = 0, the derivative -2 ERu(&nle)) ‘E is zero. Computing
the derivative, we find that

n

> U jy(ao | We) = ue){1(4; = ag) — (g5 o m, jii)) (a0 | Wi)} = 0.
p

Since the jump point u; can be chosen arbitrarily, we can show that the same equation holds for
linear combinations of indicator functions of the form ay, ;(w) = 3"{_o bi1(mn (a0 | w) > ug).
That is,

Zan,](z)(Wl){l(AZ = aO) - (97(1@0) O Tn,j(i )(a(] ’ W)}

Let ay, ;(ag|-) :== 1/ (gﬁlao) o Ty, j)(ag | -) denote the untruncated isotonic calibrated weights.
Then, we have

an, (i) (Wi) { 1(Ai = ao) —{@}, (a0 w11 =o.
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Next, observe that, for any h : R U {oo} — R, the function h o a;, ; must take the form of ay j,

since a transformation of a step function preserves its jump points. Hence, we have with probability
tending to one,

n

Z [ho ay, i (ao | Wi)]{1(As = ag) — {a7, ;) (a0l Wi)}~} =0.

=1

In addition, since h : RU{co} — R is arbitrary, we have, by Condition C2, with probability tending
to one, for any i : R U {oco} — R with h(c0) := 0, that

n

> [hodr i (a0 | Wi)] {1(Az' = ao)a, (a0 | Wi) — 1} =0.
i=1

Next, observe, by definition of the truncation in Algorithm 1, that a, . @) (ag | W;) can only differ
from o7, ;) (ap | W;) for i € [n] such that A; # ag and gﬁfo)(wn(ag | W;)) = 0. Thus, by C3, the

two functions can only differ at most at Op(nl/ 3) observations. It follows from C2 that

> oo (o | Wi)] {I(Ai = ag)al, ;s (a0 | Wi) - 1} = MO,(n'/?),

n
=1

and, therefore,

Lemma 6 Under Condition C4, for all j € [J], the map gg(af’j), defined such that gS’(a’O,)(ﬂ'n,j(ao ]

7n -]
W) = éao)(W, a;*% j), has its total variation, Py-almost surely, bounded above by 3M, where M
is as specified in Condition C4.

Proof This proof follows from a modification of the argument used to establish Lemma C.3 in Van
Der Laan et al. (2023). Recall that afl’_jl (ap | w) = {97(1“0) o T j(ao | w)}~1, where g%ao) is an

isotonic step function defined in Algorithm 1. Therefore, 76“0)(- ol = (()ao)(-, gﬁfo) oy j(ag |

) n?j
)-
Note that the map g(*](a(’) such that géfsf’j) (0,5 (ap | w)) = yéao)(w, a, ;) is given by

7’”’7]
t > Eg[mo(ao | W) | g\ o7y ji(ag | W) = gla0)(t), D,].

n

Since gr(Lao) is nondecreasing and piecewise constant, we have, for any ¢ € R, that

Eg[mo(ao | W) | g o maj(ao | W) = g (t), Du] = Eo[mo(ao| W) | mnj(a0 | W) € By, D]
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for the set B; := {z ER: gV 0)( )= gr(lao)(t)}, where B; = {z € R: a(t) < z < b(t)} for some
endpoints a(t), b(t) € R. The law of total expectation further implies that

Eo[mo(ag | W) | (a0 | W) € Bi] = Eolgy); o mnj(ao | W) | T j(ao | W) € By ,

where g(() ) in C4 is such that g(() )A oy j(ao | W) = yo(W, mp j(ag | W)) Po-almost surely. By
(a ) (a0)

Condition C4 the function 9o.n is of bounded total variation. Heuristically, since ¢ — E[g0 nj ©

Tn,j(ao | W) |1y i(ag | W)] € Bt is obtained by locally averaging g(() n)j within the bins (B; : t),

its total variation should also be bounded. Up to notation, this proof follows from the proof of

Lemma C.3 in Van Der Laan et al. (2023). In particular, their proof establishes that ¢ +— E[g(()ag)J

*(ao)

Tn,j (ag | W) | 7n,j(ao |W) € B] and, therefore also gy, , has total Variation norm bounded above

by 3||g, n)j ||7v almost surely. The result then follows, noting that ||g0 njllTv < M by C4.
|

Appendix D. Proofs of Theorems
D.1. Proof of Theorem 1

For each j € [J] and any function i : R — R, we have, by the law of iterated expectations, that
/[hoa;j(aﬂw)}{l( = ap)ay, j(ap | w) —1}dP0 w,a)
:/[hoa (ag | w) ]{7(% afwl) ;j(ao [w) ) — 1}dPy(w
Choosing & such that h(a;, ;(w)) = fy(()ao) (w, oz;ﬁ;jl)a;‘l’j (w) — 1 in the above display, we find that
/ {6 (w, a5 =M s(ag | w) — 1}{1(A = ao)al (a0 | w) — 1}dPo(w,a)

= / {7((]“0)(10, a;k;jl)a;j(ao |w) — 1}2dP0(w). 7

By Lemma 5, we also have

J Z > {76 (W, i Mo, (a0 | Wy) — 1H{1(Ai = ao)ag, j(ag | Wi) — 1} = Oy(n™/%).

JG[J] iec()

Combining this with Equation (7), we obtain the identity

1
v > CAL@) (as, )

jE[J]
-5 /{ (a0 |w) — 1) dPy(w)
JG[J]
— Z / ’Y(()aO)(w,Of:le)a (ag |w) — IH d(Py — Py j)(w,a) + Op(n72/3) ’
JG[J]
3
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where (w, a) — f,(LZQ)(w, a) = {1(a = ag)a;, ;(a|w) — 1}.

We now use empirical process techniques to obtain a convergence rate for the left-hand side of
the above display. Our proof follows along the lines of the proof of Theorem 3 in Van Der Laan
et al. (2023). To this end, by definition of f1**) and C2, w ~ o, ;(ag|w) = f1* o myj(ag| w)
is a bounded monotone transformation of w — m,_j(ao | w) and falls in the random function class

]:r(f ;lotz Under C4 and Lemma 6, 7, ;(w) — %ao)(w’ oz:;jjl) has total variation norm bounded
(a0)

by 3K for some constant ' > 0. Hence, vy, (w, ay, j) falls almost surely in the random function
class féj’{f{}). We conclude, by definition, that (w, a) — fT(L?;) (w, a){’yéao) (w, " Hak(ag |w)—1}

n?j
falls in the function class féjfig).

n + 1. Denote the localized function class Fy, ;(6,) = {f € ].‘éjﬁ%) )l < J(n+1)d,}. Using

Holder’s inequality and Jensen’s inequality, Equation (8) implies

Recall the positivity constant 7 > 0 from Condition C2 and note that esssup, ,,| fr(ba;-’) (w)] <

1
52 < = sup  (Py — Poj)f 4 Op(n=2/3). 9)
J jer 1€Fns60)

where 62 = J 1 Z;-Izl il {'y(gao)(w, a*_l)a;“l’j (ap | w) — 1}2dP0(w) is the fold-averaged calibra-

n,j

tion error. We denote the first term on the right-hand side of (9) by £ >° jel) @n.j(0n), where

Gn,j(0) = sup (Po— Ppj)f.
fe€Fn,;(6)

and define the random variable

Zn — 52 _ = Z sup (P() - Pn,j)fﬂ
jG[J] fEfn,j((Sn)

where we note Z,, = O,(n~2/3) by (9).

Showing the asserted stochastic order, 62 = O, (n~2/3), is equivalent to showing for all € > 0,
we can find a 27 sufficiently large so that lim sup,,_, . P(nQ/ 362 > 2%) < e. To this end, we just
need to show lim,, ;oo P(n?/362 > 2%) = 0as S — co. Let K. < oo be such that Z,, < K.n~2/3
with probability at least 1 — . Define the event A := {nQ/ 352 € (28, 23+1]} for each s. From a
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peeling argument and Markov’s inequality, we find

P(n?/362 > 25) <

“U

(2/352>2SZ <Kn 2/3)+€

< ZP(zS+1 > n?362 > 2%, 7, < Kon™23) + ¢
= Z (A Z ¢n,] + ZmZ < K n 2/3>
s=5 JG (]
< P(A Zqﬁm] )+ Kon™ 2/3)+5
s=5 JG (]
< ZP( “HBgs < 62 < = Z i (n~1/32%5) +K5n_2/3> +e
]E[J
< Zp<n—2/325 <5 Z bn.j (n_1/32%1) + Kgn_2/3) L.
s=5§ Jjell]
s+1
< i T e B [ong(n P27 )]+ Ken2? .
= n—2/39s :

In view of the above display, we aim to bound the local modulus of continuity, Eg[¢y ;(d)] for a
fixed § > 0. Using that F (] i« ) is uniformly bounded and applying Theorem 2.1 in Van Der Vaart
and Wellner (2011) condltlonal on £Y), we find

7 (o, fffﬁi%)))

B160,(0) | E9) S 027 (6. 705)) (14 =2

n,Lip

We note that, conditional on £, ]-",(Ljfip) is a multivariate Lipschitz transformation of F; (J o)

and F, (,a0) Therefore, by Theorem 2.10.20 of van der Vaart and Wellner (1996), we have that

n,anti*

J(9, féjﬂ%)) < T, ]-'7(51?{),)) + J (8, ]-'ff;lotz) Since functions of bounded total variation can be
written as a difference of non-decreasing monotone functions, we have by the same theorem that
J (6, fr}avo)) < J (8, Fanti)- By the covering number bound for bounded monotone functions given
in Theorem 2.7.5 of van der Vaart and Wellner (1996), we have J (8, Fanti) < V6. We have by the

change-of-variables formula

0
(4,a0) (J,a _ _
\7(5 ‘Fn]arﬁ;] / Sup \/N 5 fnjan(i’,]? H ||Q) dE /0 Sgp \/N(67 ]:antb H : ||Qo7r’;j) d€ - j(67 J—"anti)a

. - 0
TG FI) = / sup /N (e FER - lg) de = [ sup NG Fuirv. - lgury) 2 = (6, Fvs
0 n,J

where, with a slight abuse of notation, @) o 7 ; is the push-forward probability measure for the
random variable 7, ; (a | W) conditional on ).
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We are now in a position to apply Theorem 3.2.5 of van der Vaart and Wellner (1996) to obtain
a rate of convergence for the fold-averaged calibration error §2. Returning to our previous bound
for B [¢,;(6) | £9)] and applying the law of total expectation, we conclude that

1 _ j(& ]:anti)
jZE d)?’b,] <n 1/2J(6’fanti><1+\/ﬁ(s2>’

J=1
where the right-hand side is non-random. This gives us

_ n _ s+1
J 1Eje[J] Eg [¢n,(n /325 )] < 9—3s/4
n—2/39s ~

since J (3, Fani) < V0. Our previous display implies that for any n € N,

2/3 2 s S—00
( o >2 <8+2238/4 - €.
s=S

Since ¢ > 0 was arbitrary, we conclude that P(n?/352 > 2) 520 0. Taking the limit on both
sides with respect to n gives us the desired result:

Z/{VO (w, g, j)an (@ w) _1} dPy(w) = Oy(n~2/%).

JG [J]

D.2. Proof of Theorem 2

The population risk function used to define the oracle transformations { féag) s ap € A} satisfies

Z/{f O7Tnja|w — Ty a|w}dP0aw

JE[J]
-2 Z/ = a0) {/1**) o 7 j(ag |w) = m " (a0| w)}*dPo(a, w).
ap€A je[J]

Since the oracle transformations are variation independent, we have for ag € A,

7)€ argmin Y [ 104 = a0){f om0 |0) = 5 ao | w)dPo(a,w)

ej:antl

i€l
—argmin Y [ 4% (a0, wi £)dPo(a, w) = argmin B ),
fe}-antl E[J] fe]:dntl

where, for each j € [J], we define the fold-specific loss function and the population risk

(a,w, f) =+ 09 (a,w; f) —{1 = ag) f © T j(ao | w)? = 2f o myj(ag W)} ;

f s R (f) = /E(ao) ag, w; f)dPy(a,w).
jelJl]
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We claim that Condition C2 implies esssup,, ,, | féag o 7 j(a|w)| < n~1. This holds because,

otherwise, we could truncate fT(Lag to lie in [—1/7n, 1/n] almost surely and obtain a monotone non-
increasing function with smaller population risk. To see this, note that, for any f € Fant,

Z/En] ag, w; f) dPy(a,w)

Je]
—Z/{l <Y+ 1061 > 1) (a, w; f) dPo(a,w)
JE]
- Z/ LA <7 {f o mnjlalw) — 75 (a0 | w)} dPo(a,w)
JeJ]
+Z/ = a0) 1(|f| > 1) {f 0 T j(a|w) — w3 (ao | w)}? dPo(a, w),
JeJ]

where the global minimizer over f of the left-hand side also minimizes the first term on the right-
hand side by C2, and the second term on the right-hand side also takes its minimal value (zero) for
any function f taking values in [—1/7, 1/n]. Thus, we also have fr(b?o e FL/n

anti *
For ag € A, denote (w,ag) — agf ;(ao|w) := f(ao o 7y j(ag |w). By the law of iterated
expectations, the excess risk satisfies for each j € [J]:

Pyt (f(00)) — Pyt?9) (790 (10)
— [ Tro(ao | w) {(a, (a0 | 0))? (@5 sa0 | )} ~ 2 {a s {a | w) ~ 0y (an | w)}] dPo(u)

:/[a;j(ao\w) — o (ag | w)] [mo(ao |w) {e, ;(ao |w) + ag ;(ao |w) } — 2] dPy(w). (11)

Observing that F,,; is a convex cone, then for all h € F, U1 the path {t — (1 — ) f(ao) + th :

anti’
t € [0, 1]} lies entirely in Fyyt; and passes through f (ao) at t = 0. Furthermore, since Condition C2
implies the derivative of the risk for every element i in the path is almost surely bounded, from the
mean value theorem for differentiation and dominated convergence theorem we obtain

RO (158 + (0= 18)) = R ()

lim

tl0 t
) [ 1A= a){(h = £58) o oo WD @ Fuglan | 0) = 75" 0| w)}dPo(a,w)
jEJ]

> 0.

Thus, the minimizing solutions {«g ; : j € [J]} corresponding to the population risk satisfy, for all
he FYM the inequality:

anti’

Z/{hom”(aohu)—ao] (ao | w)} {mo( ag | w)ag j(ag |w) — 1} dPy(w) < 0.
i€l
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Taking h such that o), ;(a|-) : w +— hom, ;(a|w) in the above display, Equation (11) implies that
the excess risk satisfies the following lower bound:

S AR (L) — Pt (£}

i€l

- Z/wo a0 w) [ a0 | w) — o, (a0 | )] APy o)
JE[J]

+ 3 [ ot w) = aj s(ao | w)] [2mo(ao | w)ei ao ) 2] dFufw)
JelJ]

> Z/WO ao]w)[ ay, j(ag |w) — aoj(ao\w)] dPy(w).
JEJ]

Now, we obtain an upper bound for the excess risk. By Lemma 4, the truncated empirical risk
(ao)

minimizer fp ~’ is a near empirical risk minimizer satisfying

Z {P 7]5( )(f( )) P " ao)(f(ao )} < Op(n72/3)'

jel]
Thus,
S R (fle0y - ST Rl (1))
j€lJ] JE[J]
_ Z {P€ n — Pyt (a0) f(ao) }+ Z {P g“O) f(ao) pn’jggl‘f;?)(fé"lg))}
JjelJ] i€l
= 2 AR U — Pastls (1))
i€l
< 32 (By= P {6 () = 670 ()} + Op(n™22),
jelJ]
where we used that ZJG[J]{Pnjéilag)( (o) _ p Jéga;’)( fno N} < 0,(n2/3).

Putting the lower and upper bounds together, we obtain the inequality:

S~ [ motao | ) [os (a0 | ) = a (a0 | )] dPy()

]E[J] (12)

< ST (P — Pap) L (l0)) — 600 (9N + 0y (n 7).
JjelJ]

Note, for each j € [J], that
165 = 65 ) S Nl a0 1) = @ogao )]

since oy, ;(ao | -) and a j(ap | -) are uniformly bounded by 1/7. Under C2, we have mo(ag | W) >
1 almost surely, thus,

€89 a0y — 6D (£EN P < (ags (a0 | w) — ao(ao | )|

<ot /ﬂo(ao | w) o, (a0 | w) — ag ;(ao | w)}QdPo(w).

2
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Hence, (12) implies

62 < 3 (Po— Pup) {LLD(£00) — 60 (fN 4 2, < 3 6L (60) + Zny (13)

i€l jel]

where Z,, is some random variable satisfying Z,, = Op(nfz/ 3). Here, we define

Z/WO ao | w) [ay, (a0 |w) — aO](a0|w)] dPy(w);

JelJ]
¢£:?)(5) = sup (Po— Ppnj)f;
fef<“°>-||f|\<cé
= {00(0) — €9 (02) : 01,00 € FLLD):

and C' > 0 is a sufficiently large constant depending only on J, M, and 7.
)

Almost surely, we know that the function class .7-"7(1?]9 is uniformly bounded and is a Lipschitz

(4,a0),1/n (4,a0),1/n
transformation of ]-"n ot X ]-'mamti

FUe) with 1 /n. By Theorem 2.10.20 of van der Vaart and Wellner (1996) and arguing as in the

n,anti
proof of Theorem 1, we have

, the product of function classes defined by truncating

TE.F) £ 7 (0. FEm) < 76, FIW) = (5, Fas) £ V5.

n,anti n,anti

Applying Theorem 2.1 in Van Der Vaart and Wellner (2011) conditional on £(), we then have for
each j € [J],

T (6, F
B[ ) 1£0] £ 02 5,5 (14 0288,

Arguing similarly as in the proof of Theorem 1, since the right-hand side above is upper-bounded
by a deterministic function of 7 (J, Fanti), we can show that the summation term satisfies

J (9, fanti))

DB 0] S 0T (6 Fan) (142

Proceeding exactly as in the proof of Theorem 1, we aim to show that lim,,_,~ P(nl/ 36, >
2%) — 0as S — oo. Let M, < oo be such that |Z,| < M.n~%/3 with probability at least 1 — €.
Denote the event A, = {r; 16, € (2, 25“]}. By a standard peeling argument and Markov’s
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inequality, we have for any rate {ry, }n>0,
P(r;ldn > 25) = P(r;lén > 2%1Z,| < Men_Q/?’) +e

o0
= ZP(25+1 > 116, > 25| Z,| < Men_2/3) +e€

s=S
= iP(AS 2 <1 ST 0 (00) + Zn, | Za| < Msn_z/?’) te
s=S T Jje[J] " ’ -

1

262 2 (ao) +1 —2/3

. P(rnQ f<on < 7 gm qbng (TnQ(S )) + M=% ) +e
J

1 a s _
(7’2225 < i Z qﬁgb,;)(rnZ( H)) + M.n 2/3) +e
JEJ]

ot

vl
|

IA
M8
~

©
Il
W0

o Z E[¢(aq)<r 2(s+1))] + M n—2/3
jelJ] ngj \"1m €
< Z;g 7292 +e

% o - J(T 2(s+1) F t') B
2s5,,—2 1/2 s+1 . n » < anti 2/3
< ESQ T, (n / j(rn2( ),fanm) (1 + ﬁr%?ﬂsﬂ) + M:n /3 +¢

+¢€

= 2s,,—2 1/2 1 rp20+D) 2/3
_9s _ _ T _
< ES 27%r % n rp206+D) (14 Jrr2 2240 + Mcn
—

o
< Z {2—23/37“53/2”—1/2 o288l 2_2sr52Man_2/3} Le
s=S

~1/3

Choosing r,, = n , the above implies

o0
lim P(r,'6, > 25) s Z % +e e
s=S

n—oo

Since ¢ > 0 was arbitrary, we conclude that for all ag € A, 6, = O,(n~'/3) and therefore
* * 2 —
5= 3 [ molaow)ag,s(ao | w) - aiy(an | w)] dPo(w) = Oyl ),
jel]
Summing the left-hand side over ag € A, we obtain
* * 2 —
> [ lanslalw) - ag(a w)]*dRoa,w) = 0,7,
j€lV]

as desired. The second inequality follows from the above display after applying Minkowski’s in-
equality and using that {ag ; : j € [J]} minimizes the fold-averaged mean square error distance
from «y over all monotone transformations of {m, j(ag|-) : j € [J],a0 € A}.
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Appendix E. Proof of Theorem 3
Denote the pseudo-outcome function:

lla=1) 1(a=0)
mo(1lw) 70| w)

X0 : 0= (w,a,y) — puo(l,w) — ue(0,w) + { }{y — pola,w)}.  (14)

Note ¢g = Eo[xo(O)]. For j € [J], let o — X, ;(0) denote the fold-specific estimator of the
pseudo-outcome X corresponding to the nuisance estimators o, ; and pp j of 7 Land p. We note

that ¢, = % > i X:w-(i)(Oi)
Adding and subtracting, we have the von Mises bias expansion:

J
* 1 *
Y — %o = i > Pujxi;— Poxo

j=1

J
1
(P PO j Z n,J = Xn J o Xnd

”M“

To establish the desired result, it suffices to show that (P, ; — Po)(x;,; — Xo) = op(n~1/2) and

Po(xp; — Xxo0) = 0p(n~1/2) for each j € [J]. In the following, we implicitly condition on
{O1,...,0,} in our expectations. To show the latter bound, note by applying the law of total
expectation and Holder’s inequality we get for each j € [J],

Py(Xn,; — xo0)
= Z (—1)M% B[ pin,j (a0, W) — po(ao, W) + 1(A = ag); ;(ao | W{Y = pinj(ao, W)}
ao€{0,1}
— 1(A = ag)my (ao |[W){Y — po(ao, W)}]

= Y (=) By (a0, W) = polao, W) + 1(A = ag)aj, j(ao | W){po(ao, W) — pn,j(ao, W)}]
ape{0,1}

= Y (D" E [{1(A = ag)aj j(ao | W) — 1}H{po(ao, W) — pn,j(ag, W)}]
ap€{0,1}

= Y (D" E[1(A = ao){ag (a0 | W) — 75 (a0 | W) Hpo(ao, W) — pin.j (a0, W)}]
ap€{0,1}

< Y Eo[mo(ao| W) {ag, j(ao | W) — 75 (ao | W)}Q] |120(@o, +) = #n,j(ao, )|l
ape{0,1}

Saorél{%xl}Ha ni(al) = (@l )| p, , lmoao, ) = pn,j(ao, )|l

By Theorem 2, we have

37 ek al ) = w5 Hal i S 0p(n ™) + 11 o maglal ) — mg tal i,

JE]

where fffg is the optimal nondecreasing calibration for the cross-fitted propensity score estimator.
Using symmetry and D2b and D2c, we conclude that Py(x;, ; — X0) = 0p(n~1/?), as desired.
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Next, we will show that £ {|(Pn7j — Po)(xp,; — X0)|] = o(n~'/2), which implies, by Markov’s
inequality, that (P, ; — Po)(x;,; — Xo0) = 0,(n~'/2). To this end, we denote the function class:

{0 = Mn,j(Lw) - :un,j(oaw) + {1(0'0 = 1)9 © Wn,j(l ’w) - l(aﬁ = 0)9 © Wn,j(o | w)}{y - Mn(a07w)}

= po(1,w) + p1o(0,w) — {1(ag = V)my (1] w) — L(ao = 0)mg ' (0 w) Hy — pro(ao, w)} : 0 € fiﬁt’?}

by G,;. Of note, G,, ; is deterministic conditional on the training set £ (). With probability tending
to one, we have by definition and C2, a7, ;(ag|-) = {a0) Tn,j(ao | -) where féao) € ]:;étnl Hence,
X, j—Xo € Gn,j with probability tending to one. Without loss of generality, we assume the event
Xpn.; — X0 € Gn j occurs. Since by Conditions D1 and D2b, we know that fio(a,w) is bounded
with probability tending to one for a € {0, 1}; combined with the analysis we did in the proof of
Theorem 1, we know that the function class Gy, ; is uniformly bounded with probability tending to
one, and therefore a Lipschitz transformation of ]:T(L] ‘Zﬁ)i’l/ T x ]-"7(3 ;ilot)iJ/ ",

An argument identical to the proof of Theorem 2 shows that’, under C1-C2, that J (6, Gn, ;) <
K+/§ for some fixed constant K > 0. Let §, := || Xn.j — Xollp; observe that by Minkowski’s
inequality and Holder’s inequality we have

—1

0, < i(ag, ) — - * D — . C
n_aofél&)ﬁ}\lun,g(ao ) — to(ao, )|l p +aofg§i<l}\|%,3(ao!) T (a0 |-)||RCy

+ e [ (@ | )i, (a0, ) — 75 (a0 | -) i, (a0, ) + 75 (a0 | ), (a0, ) — 5 (a0 | -)o(ao, )| p,

< max o (ag|-) — 75 Hao |- + ma (ag|+) — polao] - = 0,(1),
S o (ao ) = 7 (ao |+ max [ns(an] ) = polao )l = op(1)

where we used Conditions C2, D1-D2 and Theorem 2. Hence, we can find a deterministic sequence
en 4 0 such that §,, = 0,(e,). Without loss of generality, we can assume that 6,, < C's,, for some
fixed C' > 0, since this occurs with probability tending to one. Working on this event, we have

EG[[(Png = Po) (x5 — x0)]] SE{)‘[ sup |(Pn; —Po)g‘].
9€Gn 19l <Cen

Noting Gy, ; is uniformly bounded and that 7 (€n, gn,j) — 0 since J (1, gn,j) < 00, we can apply
Theorem 2.1 of Van Der Vaart and Wellner (2011) conditional on £ () to conclude that:

B [[(Pay = )3 = 0| 1€9) & 07020 (o0 ) (14 LE22)) = o,

where the right-hand side is nonrandom. Taking the expectation of both sides, we find
E3[|(Paj — Po)(x5,; — x0)|] = o(n™/?)

as desired. As the above bounds hold for all j € [J], we conclude 1) — 19 = (P, — Py)xo0 +
0,(n~1/2). Noting that xo — Pyxo is the efficient influence function of the ATE for a nonparametric
model, we also conclude that ¢/, is regular and efficient.
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