Under review as a conference paper at ICLR 2026

SUBLINEAR ITERATIONS CAN SUFFICE EVEN FOR
DDPMS

Anonymous authors
Paper under double-blind review

ABSTRACT

SDE-based methods such as denoising diffusion probabilistic models (DDPMs)
have shown remarkable success in real-world sample generation tasks. Prior
analyses of DDPMs have been focused on the exponential Euler discretization,
showing guarantees that generally depend at least linearly on the dimension or
initial Fisher information. Inspired by works in log-concave sampling (Shen
& Lee, 2019), we analyze an integrator — the denoising diffusion randomized
midpoint method (DDRaM) — that leverages an additional randomized midpoint
to better approximate the SDE. Using a recently-developed analytic framework
called the “shifted composition rule”, we show that this algorithm enjoys favorable
discretization properties under appropriate smoothness assumptions, with sublinear
O(+/d) score evaluations needed to ensure convergence. This is the first sublinear
complexity bound for pure DDPM sampling — prior works which obtained such
bounds worked instead with ODE-based sampling and had to make modifications
to the sampler which deviate from how they are used in practice. We also provide
experimental validation of the advantages of our method, showing that it performs
well in practice with pre-trained image synthesis models.

1 INTRODUCTION

With the emergence of diffusion models (Sohl-Dickstein et al., 2015; Song & Ermon, 2019; Ho
et al., 2020; Song et al., 2021b) as the leading paradigm for generative modeling in image (Rombach
et al., 2022), video (Ho et al., 2022; Blattmann et al., 2023), and molecular generation (Geffner
et al., 2025a;b), a flurry of recent work has sought to place these models on rigorous footing using
mathematical insights from high-dimensional statistics and numerical analysis. An early finding in
this line of work was that, given sufficiently accurate score estimation, diffusion models can sample
from essentially any probability distribution in d dimensions in O(d) iterations (Chen et al., 2023c;
Lee et al., 2023; Benton et al., 2024; Conforti et al., 2025a).

Subsequently, there has been sustained interest in quantitatively tightening this bound. A number of
works (Chen et al., 2023b; Li et al., 2024b; Huang et al., 2025; Gupta et al., 2025; Jiao & Li, 2025; Li
& Jiao, 2025) have proven that for ODE-based diffusion samplers, i.e., DDIMs (Song et al., 2021a),
the lack of stochasticity enables the design and analysis of algorithms that only require a number of
iterations that is sublinear in d. Other works have tried circumventing O(d) complexity by instead
bounding the parallel complexity of diffusion-based sampling (Chen et al., 2024; Gupta et al., 2025;
Zhou & Sugiyama, 2025), or by showing that diffusion models can adapt to the intrinsic dimension
of the distribution (Li & Yan, 2024; Boffi et al., 2025; Liang et al., 2025; Tang & Yan, 2025), offering
speedups orthogonal to the original question of tightening the dimension dependence.

For this guiding question, however, remarkably the best known guarantee for SDE-based ditfusion
samplers, i.e., DDPMs (Ho et al., 2020), has remained O(d). In this work, we ask:

Can SDE-based diffusion sampling provably achieve sublinear complexity?

In practice, SDE-based sampling confers a number of advantages that make this question particularly
salient. In image generation, although DDIMs outperform DDPMs in the few-step regime, the
performance for the former quickly saturates while the performance for the latter continues to improve
as the number of steps increases; see, e.g., Karras et al. (2022, Figure 4) and Song et al. (2021b);
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Cao et al. (2023); Gonzalez et al. (2023); Nie et al. (2024); Deveney et al. (2025). This observation
has been borne out across a range of model scales: even for large-scale latent diffusions, properly
tuned SDE-based samplers often obtain higher performance than their deterministic counterparts (Ma
et al., 2024). Stochasticity of the sampling steps also plays a crucial rule in leading protein diffusion
models (Abramson et al., 2024; Geffner et al., 2025b) as a way to heuristically trade off between
diversity and designability. In stochastic optimal control-based approaches to steering diffusion
models (Domingo-Enrich et al., 2025), during fine-tuning it is necessary to work with an SDE-driven
base generative process, and the complexity of sampling enters not just at inference time, but during
the training of the control policy. Likewise, when using stochastic optimal control to transport a point
mass to some target measure (Havens et al., 2025), it is trivially necessary to use stochastic dynamics
to generate entropy.

So what would it take to break the O(d) barrier? Intuition from the log-concave sampling literature
suggests that doing so requires a more refined discretization scheme. One of the most powerful
such schemes emerging from that line of work is the randomized midpoint method (Shen & Lee,
2019), which forms the backbone of state-of-the-art bounds for log-concave sampling (Altschuler
& Chewi, 2024b; Altschuler et al., 2025). This method has also been used in several recent works
on ODE-based diffusion sampling (Gupta et al., 2025; Jiao & Li, 2025; Li & Jiao, 2025). To reap
the benefits of randomized discretization however, all of them crucially rely on the deterministic
nature of the sampling dynamics, combined with periodic injections of noise that are convenient
for establishing provable guarantees but which deviate significantly from how diffusion models are
implemented in practice. Indeed, it was explicitly listed as an unresolved challenge in the conclusion
of Jiao & Li (2025) to extend these analyses to pure DDPMs, and as we discuss in §4, this runs into a
surprising range of new obstacles.

1.1 CONTRIBUTIONS

In this work, we overcome these obstacles and answer our guiding question in the affirmative. We
craft a new analysis framework for DDPMs that successfully interfaces with the randomized midpoint
method, allowing us to break the O(d) barrier for SDE-based diffusion sampling. We first informally
state our main guarantee:

Theorem 1 (Informal, see Theorem 3). Let e > 0, and let w be a data distribution over R with
bounded second moment. Suppose we have estimates (s;) for its scores (V log ;) along the Ornstein—

Uhlenbeck process that are O(e)-accurate in L2(m;) and Ly-Lipschitz for Ly < (1 — e=2t)~1. Then,
there is a discretization of DDPM that samples from a distribution 7 that is £%-close in KL divergence

to a distribution TP that is e-close in Wy, to w, with no more than O(\/d /) sampling steps.

There are two main innovations over prior work. First, state-of-the-art guarantees for DDPMs (Benton
et al., 2024; Conforti et al., 2025a; Li & Yan, 2025) required O(d) sampling steps. Second, state-of-
the-art guarantees for DD/Ms that achieved sublinear complexity had to fundamentally modify the
sampling algorithm (see §1.2), whereas we simply work with the standard DDPM reverse process
used in practice, suitably discretized.

Our specific choice of discretization, the randomized midpoint method, has been employed in prior
work on DDIM sampling (Shen & Lee, 2019; Gupta et al., 2025; Jiao & Li, 2025; Li & Jiao, 2025), but
we provide the first analysis for DDPMs. Traditionally, the advantages of this choice of discretization
are clear at the level of coupling-based arguments that bound the W5 distance between the true
process and the sampler, but for general, non-log-concave distributions, such arguments cannot be
run for too long without incurring exponential blowups. Existing analyses in the diffusion setting
sidestep this by artificially injecting noise into the dynamics, allowing one to “restart” the coupling.
Unfortunately, without this trick, prior methods for analyzing DDPMs — which are rooted in TV /
KL-based analysis — seem to be fundamentally incompatible with randomized midpoint. To overcome
this, we build upon the shifted composition method (Altschuler & Chewi, 2024a), a powerful new
technique from the log-concave sampling literature that combines the advantages of coupling-based
W, analysis with those of information-theoretic TV / KL analysis. We defer a more comprehensive
overview of our techniques to §4.

On the smoothness assumption. The main caveat relative to the prior O(d) guarantees for DDPMs
is that we make a smoothness assumption. However, this assumption is weaker than what is made in
almost all previous papers on DDIMs that achieve sublinear complexity (Chen et al., 2023b; Gupta
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et al., 2025; Li & Jiao, 2025). Those works additionally required smoothness of the true scores, and
furthermore the assumed bound was independent of noise scale ¢, whereas our bound on L; becomes
increasingly weaker as ¢ — 0. The one exception is the recent result of Jiao & Li (2025) for DDIMs;
see §1.2 for discussion.

In the absence of any smoothness assumptions, it has remained a central open question in this literature
how to obtain sublinear complexity bounds with any score-based algorithm, even an ODE-based
one. This is well out of scope of this work, the focus of which is instead on bringing our theoretical
understanding of DDPMs closer to what is known for DDIMs.

1.2  COMPARISON TO PRIOR WORK

Below we describe relevant prior work in the theoretical study of diffusion models.

Discretization analyses for DDPMs. Early work on diffusion model theory focused on convergence
guarantees for DDPMs (Block et al., 2020; De Bortoli, 2022; Lee et al., 2022; Liu et al., 2022),
which culminated in the finding by Chen et al. (2023c); Lee et al. (2023) that they can sample from
essentially arbitrary distributions in polynomial time given L?-accurate score estimates. This was
subsequently refined by Chen et al. (2023a) and finally by Benton et al. (2024); Conforti et al. (2025a)
to show convergence in O(d/e?) iterations to a distribution that is 2-close in KL to a slight noising
of the data distribution. By Pinsker’s inequality, this implies e-closeness in TV, which Li & Yan
(2025) later showed could be obtained using only O(d/¢) iterations. With the exception of this last
work, which exploited a subtle recursive bound on the TV error, all prior works giving convergence
guarantees for general distributions relied on Girsanov’s theorem.

There have also been a number of works on showing that DDPMs can adapt to low-dimensional
structure in the data (see, e.g., Huang et al. (2024); Li & Yan (2024); Potaptchik et al. (2024); Boffi
et al. (2025); Liang et al. (2025) and the references therein). These results show that d in the above
rates can effectively be replaced with some measure of the intrinsic dimension k of the distribution;
while this is technically “sublinear” in the dimension if & = o(d), our sublinear complexity holds even
if k = O(d). We leave as an interesting open question how to get o(k) rates using DDPMs. Finally,
we remark that there have been various works seeking to modify DDPMs to achieve accelerated rates
as a function of € (see, e.g., Li & Cai, 2024; Li et al., 2024a; Wu et al., 2024).

Discretization analyses for DDIMs. As mentioned above, all known diffusion-based sampling
guarantees achieving sublinear complexity are based on DDIM sampling. Chen et al. (2023b)
obtained the first sublinear complexity bound of O(L?v/d/¢) for ODE-based samplers under the
assumption that the true scores and the score estimates are L-Lipschitz. Their algorithm follows the
probability flow ODE but injects randomness by running an underdamped Langevin corrector at the
end of every time window of length O(1/L). We still refer to such samplers as ODE-based as the
randomness is far more intermittent than in a DDPM where Gaussian noise would be added after
every 1/poly(d)-sized step of the sampler. Nevertheless, this sampling algorithm is a significant
deviation from how DDIMs work in practice due to the need for underdamped Langevin correction.

Under the same assumptions, Gupta et al. (2025) slightly improved the dimension dependence. Li
& Jiao (2025) subsequently obtained dimension dependence of O(Ld'/?/c2/3) by replacing the
underdamped Langevin corrector with Gaussian noise, and with the same algorithmic template,
recently Jiao & Li (2025) achieved min(d, L'/3d?/3, Ld/3)/e*/3. For the L-dependent part of
their bound, they only require that the true score is locally Lipschitz with Lipschitz constant scaling
similarly to our L;. The main novelty of our result is that (1) we show the first sublinear bound
for SDEs, which answers an open question posed by Jiao & Li (2025) about analyzing randomized
midpoint for pure DDPM-based sampling, and (2) our algorithm simply runs the DDPM reverse
process, without any corrector steps. For samplers that purely run the probability flow ODE without
corrector steps, Li et al. (2024b); Huang et al. (2025) were the first to obtain polynomial convergence
bounds without dependence on smoothness, though the best known dimension dependence in this
setting is linear.

Randomized midpoint method in sampling. The randomized midpoint method was first
introduced by Shen & Lee (2019) in the context of log-concave sampling with Langevin Monte Carlo.
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A discussion of its use in that literature would take us too far afield, and we defer to the monograph
of Chewi (2025) for details. We mention, however, that besides the shifted composition method that
we apply, there is also a direct KL analysis of midpoint methods using anticipating Girsanov (Zhang,
2025), which however cannot achieve sharp rates. There is also a separate approach in Kandasamy &
Nagaraj (2024); see Altschuler & Chewi (2024b) for comparisons and discussion.

In the context of diffusion models, the randomized midpoint method has been incorporated into all
recent results on ODE-based sampling with sublinear complexity (Gupta et al., 2025; Jiao & Li,
2025; Li & Jiao, 2025). On the empirical front, Kandasamy & Nagaraj (2024); Gupta et al. (2025)
provided experimental evidence for the favorable scaling of randomized midpoint for diffusion-based
sampling.

2 PRELIMINARIES

Notation. We will use y to denote a standard Gaussian distribution over R¢. The notation a = O(b)
or a < b means that a < ¢b for an absolute constant ¢ (i.e., not depending on the dimension, accuracy,
or smoothness parameters), and similarly a = 2(b),a 2 b for a > ¢b. a = O(b) or a < b implies
a < b,a 2 b simultaneously. Finally, the notation O, 2, © means O, 2, © respectively up to extra
polylogarithmic factors in b.

Denoising diffusions. We introduce the formalism of denoising diffusion probabilistic models
(DDPMs). Let my € P(R?) denote the data distribution. The forward process is defined by evolving
7o along the Ornstein—Uhlenbeck (OU) semigroup, which describes the SDE

dX;” = —X;dt +V2dB;",  Xi ~m,  mo=law(X;), (0U)
where (By);>¢ is a standard Brownian motion. As is well-known by now, this equation admits a
time-reversal (with respect to an initial measure 7y and terminal time 7" € R, ) given by

AX; = {~X; +2Vlog ot (X)) dt + V2B, (rev-OU)
Y

where (B ):e[o,1) is another standard Brownian motion. If (rev-OU) is initialized with X5~ ~
7, then law(X[") = mp_y forall ¢t € [0,7]. As limp_, o mp = v, we can view (OU) as a
stochastic flow of 7 to a standard Gaussian, and conversely (rev-OU) as a mechanism for obtaining
samples from 7y when starting from a standard Gaussian measure, assuming access to the score
functions (V log ¢)¢c[o,7] or a suitable approximation. As we will generally be referring to (rev-OU)
throughout this work, we will omit the - in the notation with the reverse temporal direction being
assumed.

Algorithm. Standard means for approximating (rev-OU) assume that the user has access to a
process (s¢)¢cjo, 7] Where s; = V log 7; in a suitably strong sense. Simply substituting the estimator
into (rev-OU) does not define a practical algorithm as the resulting SDE remains non-linear and
hence does not admit a closed-form solution in general. Instead, one typically opts to discretize it
by an appropriate linearization, for instance the exponential integrator given below. This solves the
following SDE on [t, tx+1) for a sequence of interpolant times 0 =ty < t] <ty < ... <ty <T:

AXPE = [~ XPP 4257, (XEB)}dt + v2dB,. (EE)

For convenience, we have defined’s; := s; — V logy. Conditional on XECE, this SDE is linear, so we
can now compute an exact solution explicitly.

However, intuition from the field of log-concave sampling (Shen & Lee, 2019; Altschuler & Chewi,
2024b) suggests that a randomized midpoint discretization can significantly outperform the method

. . C . . . T—hy
above. Define a sequence of random variables 7, with distribution function fi,(7) = =, over

[0, hx]. Then, the algorithm produces a sequence of iterates X;¢ starting at X728 = X3 ~ y, as
follows: at step k for k € [N], for t € [tx_1, k),
t
X i e X (1 e B, ()4 VE [ e,
tk—1

th—1

. (RMD)
+2 (1 - e_h/k)FSVT*tkq*Tk (XtJ;_lJr‘rk) + \/5 C dBs,

th—1

alg . _—hy yalg
X =e "X E
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where hy, = t;, — tx_1 is the step-size in the k-th iteration. Note that the two random variables

te—1+Tk tk
=2 e AR, G=V2 [ e aB,

tk —1 tk -1
have an explicit distribution that can be easily simulated. See the lemma below.
Lemma 2. For each (&7, &) defined above, we have

+ 1— e—QTk eTk_hk _ e_(hk+Tk)
Eﬂ NN<O’ [ 1— e2m ©la),

where the missing entry is determined by symmetry.

The conditional means of (RMD) have simple closed forms, and so (RMD) corresponds to an easily
computable Gaussian kernel.

Algorithm 1: Randomized midpoint kernel P,jlg on [tx_1,tx]

Input: current state Xf,ig € RY; step hy, i= tg — tj,_1; score map s;(-).
1. Draw the randomized midpoint. Sample U ~ Unif(0, 1) and set

T = hi +log(1+ U (e — 1)) i.e., with density f(7) = 1_% on [0, h] .

2. Midpoint prediction for X;" , . Draw Z; ~ N(0, I;) and set the OU noise
& =+/1—e 2™ Z;. Then

—Tk | —TE\ Y |
Xtt_1+-rk =e€ Tkai.g_l + 2(1 —e€ Tk)sT*tk—l(Xtakg_l) +€k+

3. Full-step update for X} Iii .- Draw Z; ~ N(0, I) independent of Z; and set

& = 6Tk*hk§’;i‘ 4 \/1*62(7”*}”)22

Compute the score at the randomized time and update

Xta;ig = efthtallg71 +2 (1 - eihk)gT—tkf1—Tk (Xt—:,l—&-rk) + gk .

3 RESULTS

We first delineate the assumptions underlying our results. We begin with two relatively benign
conditions that are standard in the literature.

Assumption 1 (L? accurate estimator). Assume that for all ¢ € [0, T, we have

Exr [[|[Viogm — si|”] < &2

— ~—'score *°

Assumption 2 (Bounded second moment). Assume that the initial distribution has bounded second
moment

Er [[l-]7] <45 < 00.

Assumption 3 (Time-varying smoothness). For all ¢ € [0, T, the estimated score has a Lipschitz
constant bounded as follows: for all x,y € R4,

[[Se(2) = Se(y)|| < ﬁﬂxi;ftw

As discussed in §1.1, these assumptions are a strict subset of those used in almost all existing works
on diffusion-based sampling in sublinear complexity (Chen et al., 2023b; Gupta et al., 2025; Li &
Jiao, 2025), with the exception of the recent work of Jiao & Li (2025) for which a weaker local
Lipschitzness condition sufficed in place of Assumption 3. In Appendix B we provide examples of
distributions for which the true scores are singular at time O (i.e., not Lipschitz uniformly in time),
but which are covered by Assumption 3.
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Theorem 3 (Main result). Suppose that Assumptions 1, 2, and 3 hold. Then Algorithm I with a
decaying step size schedule can obtain a sample at time t  from a distribution 7 such that there is
another distribution 3PP with

KL(m*P || 7) S O((1 +1og {(1 V Bo) (d+M3)}) €2eore) W5 (7%, m0) S Elione

~

d+m32

2
€5core

fO}’ Escore € (0, 1], T = 10g

V 1 with no more than the following number of steps:

N - (I,

ESCOI‘E

Remark. In our analysis, we consider an algorithmic variant of (RMD) wherein each 7 is not
supported on hy, but rather on a truncation [0, gihx] where 1 — g, < 1 is suitably small. This does
not appreciably change the algorithm and is only done for technical convenience.

Although the nature of the guarantee may initially seem opaque (namely, the existence of an
“intermediate” measure 72PP"), we note that standard results in the literature only guarantee TV (or
KL) closeness to the early stopped distribution 75 for some § > 0.' The usual justification for this is
that s is close to 7y in W5 distance, when 9§ is small. This early stopping assumption is so prevalent
that it is often made with little fanfare, but we emphasize this point here to argue that our guarantee
(KL-close-to-Wa-close) is of the same nature.> We remark, however, that 72PP™* is constructed from
our proof technique and does not correspond to an early stopped distribution.

See Appendix A for more details on the step size schedules and proofs of the theorems.

4 TECHNICAL OVERVIEW

We first discuss the difficulties inherent in analyzing (RMD). The original analysis of Shen & Lee
(2019), which inspired almost all subsequent analyses of randomized midpoint, is based on a coupling
argument in W5. However, all state-of-the-art analyses for diffusion models work in TV or
KL. When we try to apply the former to the latter, we therefore arrive at a fundamental incongruity.
Indeed, W5 analyses of diffusion models often incur exponential accumulation of errors, unless overly
restrictive assumptions such as strong log-concavity are imposed on 7, e.g., Bruno et al. (2025);
Gao et al. (2025); Gao & Zhu (2025); Yu & Yu (2025). One way in which existing works achieving
sublinear complexity have circumvented this is to introduce corrector steps which periodically inject
randomness into the dynamics to essentially convert W5 bounds into KL bounds (Chen et al., 2023b;
Gupta et al., 2025; Jiao & Li, 2025; Li & Jiao, 2025). This is an option that we cannot afford in this
work, as our goal is to simply analyze a discretization of the vanilla DDPM reverse process without
further algorithmic modifications.

In light of this, how can we analyze randomized midpoint discretization in TV or KL? There are two
main challenges. The first is that standard approaches, such as Girsanov’s theorem, do not readily
apply to (RMD), because natural interpolations of (RMD) are not Markovian: the intermediate point
Xjk_ﬁm “sees into the future” for times ¢t < t5_1 + 7.

The second challenge is that the analysis should be fairly sharp in order to see a tangible benefit
from (RMD). Indeed, the intuition behind (RMD) is that the use of a randomized step size to define
X t—:—l 4, effectively “debiases” the algorithm. This is formalized via the notions of weak and strong
errors (Milstein & Tretyakov, 2021). Consider a single iteration on [t, tx+1), with the random

variables Xf k'i , and Xy, obtained by solving (RMD) and (rev-OU) respectively, from the same

initial condition ka"’g = X, = z. The weak and strong errors are defined as follows:

Weak error: IEX7E —EX, || < Eveax()
Strong error: ||Xflii1 — Xtoi 2 < Estrong () -

"Under Assumption 3, this is by necessity, since 7o could have singular support in which case TV closeness
to 7o is not possible.

*Moreover, it is sufficient to metrize weak convergence. In particular, it controls the bounded Lipschitz
distance; see, e.g., Chen et al. (2023c).
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These two notions loosely capture the squared “bias” and “variance” of the discretization scheme
at a single step. When the weak error is substantially smaller than the strong error—as is the
case for (RMD)—then one can prove improved discretization bounds, basically because stochastic
fluctuations cancel out 2 la the central limit theorem.? Unfortunately, as can be seen from the
definitions, the weak and strong errors are most easily controlled via coupling methods, which are
most easily handled in W.

In summary, we require an analysis framework that works in TV or KL, which is flexible enough
to handle discretizations without Markovian interpolations, and which can witness the benefits of
smaller weak errors.

Shifted composition. In the literature on log-concave sampling, in which the randomized midpoint
discretization first arose, obtaining KL guarantees was also a longstanding challenge until very
recently. A series of papers (Altschuler & Chewi, 2024a;b; Altschuler et al., 2025) has developed a
new framework, known as shifted composition, which satisfies our desiderata above. We therefore
aim to adapt it to the setting of diffusion models.

Briefly, the idea behind shifted composition is that in order to control the KL divergence between
two processes (taken to be the algorithm and the “ideal” process it approximates), we can introduce
a third process—called the auxiliary process—which is initialized at one of the two processes but
is shifted to hit the second process at a terminal time. The hitting condition ensures that the KL
divergence between the two original processes at the terminal time is controlled by the KL between
the first process and the auxiliary process. Due to the definition of the auxiliary process, this latter
KL can be controlled in terms of a distance recursion which incorporates the weak and strong errors.

Adaptation to diffusion models. Although shifted composition is well-suited for our needs, we
stress that there are additional technical challenges in the diffusion model setting. Namely, under
Assumption 3, the Lipschitz constant is changing with time; moreover, Theorem 3 uses a non-uniform
step size schedule. Accommodating these complications requires an extension of the original shifted
composition framework; see Appendix A for details.

5 EXPERIMENTS

In this section, we perform several experiments in image synthesis using pre-trained models from
the EDM codebase (Karras et al., 2022) and the EDM2 evaluation (Karras et al., 2024) to validate
and extend our theoretical predictions. We first conduct a baseline comparison demonstrating
that Algorithm 1 outperforms Euler—-Maruyama as well as the exponential Euler integrator applied
to (rev-OU), consistent with the prediction of Theorem 3. We then highlight some of the design
decisions that go into applying Algorithm 1 in practice, where state-of-the-art implementations use
stochastic processes distinct from the OU process considered in the theoretical portion of our work. In
this setting, we demonstrate how a tailored adaptation of DDRaM can outperform the Heun sampler
introduced in (Karras et al., 2022) even for deterministic ODE sampling.

Baseline comparison. We first compare Algorithm 1 to two common baselines—a standard Euler—
Maruyama sampler and the exponential Euler sampler. Specifically, Euler—-Maruyama reads

th = (1 - hk)th_71 + 2hy (ST_tk—l(th-—l) -+ thil) + \/2hy fk R fk ~ v iid., (EMD)

where the factor 2X;, | originates from the relative score to the standard Gaussian used in (rev-OU).
Here, we write (EMD) in terms of the non-relative score because this is what is available as a
pre-trained model. The exponential integrator is given by the analytic solution of (EE), which reads

th = eithtk71 +2 (1 - ei2hk) (sT_tk—l(th—l) + th—l) +vi1-= e 2hn &k »
&~y iid..

(EED)

We note that (EED) can be viewed as a subset of Algorithm 1 where we choose 7, = hy

deterministically, and where we take X;;il +r, as the next step X;, without an intermediate.

3A simple analogy is that the sum of NV i.i.d. random variables, each with mean p and standard deviation o,
has size roughly Ny + N /25 think of 1 as the weak error and o as the strong error.
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Figure 1: Qualitative baseline comparison. Listing from left to right, we show a qualitative
comparison between the Euler—Maruyama sampler (EMD), the Euler exponential integrator (EED),
and Algorithm 1 on the AFHQvV2 dataset (Choi et al., 2020). All samplers use 64 score function
evaluations (64 Euler integration steps, 32 midpoint steps) and leverage the EDM pre-trained
unconditional VP model from Karras et al. (2022) at 64 x 64 resolution over the OU process (rev-OU).
We fix the “VP” step size schedule of Song et al. (2021b) (Table 1 of Karras et al. (2022)) for all three
methods. Clearly Algorithm 1 attains the best visual performance, which we quantify in Figure 2.

Results for the comparison between Algorithm 1, (EMD)
and (EED) are shown in Figures 1 and 2 on the
AFHQV2 dataset (Choi et al., 2020). Visually and
quantitatively, Algorithm 1 performs best of the three.

Beyond the OU process. Although theoretical works
uniformly analyze the OU process, practitioners often
prefer time and space reparametrizations for both training
and sampling. Examples of these include the “variance
preserving” (VP) and “variance exploding” (VE) SDEs
introduced by Song et al. (2021b), as well as the
continuous limit of the DDPM schedule (Ho et al., 2020)
suggested by Karras et al. (2022). It is a priori unclear
how to adapt Algorithm 1 to these settings, though we may
expect to attain similar practical gains to those seen on the
OU process given a suitable extension. In order to extend
to these new processes, we use a generalization of the
key idea behind Algorithm 1 to handle a time-dependent
scaling factor A(t), treating SDEs of the form

dX; = (Mt)X¢ + fo( X)) dt +g(t)dB;.  (SDE)

In (SDE), we have the flexibility to choose A(t) by
appropriate re-definition of f;, which leads to a family
of “randomized midpoint” methods parameterized by its
choice. The resulting discretization scheme depends on
various integrated quantities of A(¢). For example, the
choice A(t) = 0 generates the randomized midpoint with
Euler updates as opposed to the randomized midpoint
with exponential Euler updates considered in Algorithm 1.
Furthermore, when g(t) = 0, we notably recover a second-
order ODE solver as a special case of the SDE solver. We
provide further details in Appendix C.2.

Armed with this additional flexibility, we turn to the
concrete setting of Karras et al. (2022), which considers
a reparameterization of (SDE) of the form

A(t

X, ¢(t)

c(t)

solver
- @ EMD
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Figure 2: Quantitative baseline
comparison. Image quality measured by
FID (top) and FDpnov2 (bottom) versus
number of score function evaluations
(NFEs) for the (EMD), (EED),
and (RMD) methods run on the OU
process. Supporting Figure 1, (RMD)
obtains the best quantitative results.

- —Xt—<c<t>2zr<t>o<t>+ﬁ(t)o(tﬁc(t)?)éxxt)}dt+\/2ﬁ<t>o<t>c<t> dB,, (EDM)
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Figure 3: Quantitative results: ODE sampling. Image quality measured by Fréchet inception
distance (FID]) with number of score function evaluations (NFEs) for the Euler, Heun, and
randomized midpoint methods. Columns correspond to the VP, VE, and EDM processes (and
step size schedules). For n steps of the solver, Euler takes n NFEs, Heun takes 2n — 1 (since Karras
et al. (2022) run Euler on the last step to avoid the singularity at 0), and (RMD) takes 2n. As a result,
(RMD) has one more NFE than Euler and Heun in these plots. Figure 5 measures using FDpov2 on
the same images and shows similar results. Figure 6 shows the NFE curves on a shared y-axis.

where we have written §;(X;) := Vlog 7(X;/c(t); o(t)) for the (c, o)-parameterized score*. Note
that the VP SDE, VE SDE, and OU process can all be recovered with appropriate choices of ¢ and o.

We observe that for any choice of c and o, (EDM) will have: (1) a term with a time-dependent scaling
of X; (2) a time-scaling of the score; and (3) a noise term which is a time-dependent scaling of the
Wiener process (which is independent of X;). In our experiments, we mainly consider two natural
choices for A(t) such that the remaining drift of (EDM) is either a scaling of the score $; or the
relative score s;, with the time-dependent scaling of X integrated exactly (see Appendix C.2.2). Our
experiments suggest that A(¢) should be chosen so the remaining drift is written entirely in terms of
the score for the ODE and in terms of the relative score for the SDE. For our evaluations, we measure
the Fréchet inception distance (FID) and Fréchet distance in the DINOv2 (FDpnov2) latent space
(Oquab et al., 2024) as suggested by Stein et al. (2023); Karras et al. (2024) over a batch of 50k
generated samples. Results are shown in Figure 3 and Figure 5, respectively.

We test deterministic sampling (8(¢) = 0) on the AFHQv2 dataset (Choi et al., 2020) using the
pre-trained VP model from Karras et al. (2022) over the VP, VE, and EDM processes. As shown
in Figure 3 and Figure 5, we find that Algorithm 1 outperforms both the Euler and Heun samplers
at essentially every NFE for all three settings considered in Karras et al. (2022), highlighting
the advantages of DDRaM over widely-adopted diffusion solvers. We further note that DDRaM
empirically seems to be far more robust to the choice of noise scheduler compared to Euler and Heun,
where the NFE curves do not vary as much between processes. This is clearly seen in Figure 6.

6 CONCLUSION

In this paper, we have shown that stochastic diffusion model samplers can break the O(d) complexity
barrier given the right discretization and a natural Lipschitz assumption for the score estimator.
Empirically, we find the randomized midpoint performs well in a variety of settings, outperforming
both Euler and Heun for both stochastic SDE and deterministic ODE sampling. Several interesting
lines of exploration remain for future work. First, it may be possible to combine our analysis with
works that establish discretization guarantees depending only on the intrinsic dimension. Second,
it would be quite interesting if Assumptions 3 on the score estimator could be removed, thereby
providing an analysis under the minimal assumptions of Benton et al. (2024); Conforti et al. (2025a).
This may be challenging, as it seems incompatible with our proof technique. Another possible avenue
would be to replace our Lipschitz conditions with a relaxed Lipschitz condition, similarly to Jiao &
Li (2025), which would imply substantially better guarantees for Gaussian mixtures.

*Karras et al. (2022) uses s(t) for the scaling factor rather than ¢(t). To avoid clash with our notation for the
score, we opt to use c.
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A DEFERRED PROOFS

A.1 PRELIMINARY LEMMAS

Before proceeding, the following two generic lemmas will be useful in both regimes. Define

gl =E,_,[||Viog “T;-f I°] .-
We note that g2 = Fl(7r_4 || 7).

Lemma 4 (Magic lemma I, adapted from Conforti et al. (2025a, Lemma 5)). It holds that, letting
M3 = E,,[||-|?] be the initial second moment,

d
2 2
g S T2 M
The next lemma follows from a computation based on It6’s lemma.

Lemma 5 (Magic lemma II, adapted from Conforti et al. (2025a, Proof of Lemma 2)). It holds that,
for s < t, letting mp_s 7_4 be the joint law of the particle from (rev-OU) at times {s,t},

E(x. x)~mror i ||V 10g ”T (X,) — Vlog ”TY*S (X)) S - g

A.2 REVIEW OF THE SHIFTED COMPOSITION FRAMEWORK

The shifted composition framework for proving discretization bounds for Markov processes,
developed in the sequence of works Altschuler & Chewi (2024a;b); Altschuler et al. (2025), allows
for the translation of Wasserstein/coupling-based errors to KL guarantees. They also allow the user
to account for the difference between “weak” and “strong” errors. Suppose first that the following
assumptions hold.

Assumption 4 (Wasserstein regularity results). Suppose that we have a sequence of kernels (P, ), >0,
(pale )n>0 for which the following properties hold. Namely, for any n € N, let z,y € R?, and let

n

X ~ §,PYe Y ~ 0y Pr, yale ~ %Pf;'g be coupled. Then, for functions Eyecak; Estrong : R? —

n

R, constants L,~ > 0, assume that the following hold:

1. Weak error: [EY?8 —EY| < Eveax ().
2. Strong error: ||V — Y2 < Estrong () for some coupling of (Yale ).

3. Wasserstein Lipschitzness: || X2 — Y?2€| ;. < L|lz — y| for some coupling of
(Xalgvyalg).

4. Coupling: || X?'8 — 2z — (Y?'8 — y)||2 < v ||z — || for some coupling of (X8, Y2).
Without loss of generality in this work, assume L > 1.

Additionally, some conditions on the KL divergence are necessary to obtain guarantees.
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Assumption 5 (KL regularity). With the same notation as Assumption Assumption 4, assume that
the following holds: for a parameter ¢ > 0 and all n € N, KL(5, P28 || §,P2'8) < c ||z — y||>.

Then, the following guarantee holds.
log N
N ’
some measure TPP*°% and any initial measure m € P(RY) that, defining P,:Ig =Pp...p
pk Z:.Pl"'Pk,
KL(,R_approx H TrP]iflg) S c ({(L - 1)N v log N} £s2trong + (N - 1) (5\)2\/eak + ’YgSQtrong)) .

Furthermore, we have for N > 2L /(L — 1),

Lemma 6. Under Assumptions Assumption 4 and Assumption 5, if L > 1 + we have for

|
*¢ and

approx D c L c c
W22 (7‘[‘ PP 77TP]aV|g) 5 gsztrong + log(m) (5v2veak + ngtrong) .

Here, £ ong = MaXpe(N—1] B, p, [E2rong) and E .,y is similarly defined.

The proof of this theorem is accomplished by considering, if (Xta:"g) ke[N]s (Ye, )we[n are two
processes which are started at the same random variable X Slg =Y\ and which evolve according to
the kernels (P} 'e )ke[n] and (Py) ey respectively, a third random variable

\raux . \vaux . aux aux aux | \-aux

Ve =Ye, Y=Y, (Vi - YRY), YR~ PREL(YVE™,),

for an appropriate sequence of shifts (n,)ne(n), and then judiciously applying
Assumptions Assumption 4 and Assumption 5. Note that the framework above does not
account for the case where the constants vary between the different indices of the kernels k£ € N. This
is the cause of substantial difficulties in our analysis, and will be focal point of our technical efforts.

A.3 LOCAL ERROR ANALYSIS

We start by establishing local error estimates. When performing our analysis, we actually consider 7y
having the distribution function with density f(7) oc e” " for 7 € [0, ophy) for technical reasons.
In practice, the choice of g5, € (0, 1) makes little difference in the resulting bounds, and a more
streamlined proof would not require such a truncation. We leave the clarification of this detail to

future work. We define (f3;)se[o,r) to be an upper bound on the Lipschitz constant for s, given by
: Bo
e

We assume throughout that Bo > 1.

We first observe that (rev-OU) can be written

tr tr
X, =e X, |+ 2/ e! 7' Vlog m;‘t (Xy)dt + \/i/ e~ dB;.
tr—1

tp—1
Lemma 7 (Pointwise local errors). Consider a fixed iteration k € [N]. Under our previous
assumptions, we have the following weak error bound, where Xtalg(:z:) is from (RMD) with truncation,
and Xy, (x) from (rev-OU), conditional on Xf;%l = Xy, , = x and solving both equations over
te [tk_l,tk)fm” hy < 1:

t

th _
[EX3E) - EX @ S [ (P + e [ (G u(0) 4 (@) ds)

tr—1 tr—1

+(L—ox)?hi  sup  E[sr—o(X; (2))]?,
te[tp—1,tx]

where G (), Fi(x) are defined as

T —t

G2, (z) = E[||Vlog (X;(z)) — Vlog ”Ty‘s (X)),

Fi(2) = Elllsr—+(Xe(2)) = Viog mr—e(Xe(2))[|],
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fort € [ti_1,tg], starting from X, | = X2l

te, = . Also,

B tp—1+Tk
B[ X35(0) ~ Xoy @)I) S (B o)+ B E [ (G u(a) 4 B (o) ds)

tr—1

tk
+hk/ EG] | 4, 4(x)dt.

th—1

Proof. We will suppress the argument in X?'%(z), X;(z), X;" (z), considering always a fixed starting
point x. Note that for hy < 1,

t—hg t—hyg

e <1—gk 1

_ - ~ )
N ok

‘ e

fort € [0, pxhy). On the other hand, the maximum of % on [oxhi, hy) is bounded by at most a

e
constant times h,;l. It follows that, taking Xt“k”trc from (RMD) without truncation of the distribution
for 73, that

IE X7 —E X, || < |[E X —E X8| + |[E XM —E X, |

23

h
= H2(1 —e7h) E/ ET—tk,l—r(X:;,1+r) (
0

eT—hk

7'—hk.

_ T Aoy ) dTH
— e h A

1—e " fogk keT—hi dr

TT—tp—1—7 (

R
+ HQ IE/ (rseee (X, 10) = Viog Xiy ) e dTH
0

- 1— o exhie N hi ~ N
~ ]E”ST*tk—l*t(th,l—‘rt)Hdt+ EHST*tk—lft(thflth)Hdt
Ok 0 orh
tk- - tk
+/ ]E”ST_t(Xt) *VIOgﬂT_t(Xt)||dt+ﬂtk / EHX:_ *Xt”dt
tre—1 te—1

Now, we have

Bl - X = B[] [ (r-ns(a) = Viog T2 () ) 0 a |

Sh [ (Bllsr—t (@) - Viogmr_i, ()] (A1)
te—1

+ E[HVIog ”Ty‘s (X,) — Vlog %(gx)m) ds.

On the other hand,

tr 2
I ~ TT—t —t
X3 - X P S | [ Gt (X ) — Viog ™ (X0) e

th_1 Y

tr
< h / IV log m—o(X2) — 51— (Xer_yane) |2

te—1
+ B PR NXE e = X P
We then split the first term into
E[||Vlog mr—t(Xe) = sty —r (Xeo_ytn)IIP] S G (@) + FE i (2).
For the second term, we can reuse (A.1). This gives our desired bound. O

The following lemma follows from applying the Lipschitz property of the estimator, as well as the
bound (A.1) that we previously derived.
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Lemma 8 (Score estimator bounds). We have, for Xj (z) obtained from (RMD) conditional on
D fort € [ti—1,tk],

tp—1

E[[sr—(X," (@)[I*) < B?khk/ (G, (@) +Fi_ () ds

tr—1

+G7 (@) + Fi(z) + || Viog %@)HQ ,

Recall that the local errors (£5°*%)2, (£5"°"¢)? are simply the pointwise local errors from
Lemma Lemma 7, averaged over © ~ mp—y, ;.

Lemma 9 (Local errors). For all k € N, we have the following errors, taking 1 — oy, < hj, for some
power 1 > 2 at each step (treated as an absolute constant), with hy, < 1/;, always,

(a) Weak error:
(EX™)? S hiedore + B hi (g, — &1, ) + 1 gl

(b) Strong error:

(E7°"8)? < hiedeore + i (87, — 87, ) -

Note that the main difference between the two errors is the additional error term h3 (gfk — gfk_l) in
the strong error.

Proof. To bound these in expectation, assuming that X ~ 77_;, ,, we have from Lemma Lemma 5,

sup Exen,_, [G2,(X)<gl —gi .
tr—1<s<t<ty

Here, we note that ¢ — g7 is monotonically increasing along the Ornstein—-Uhlenbeck semigroup.
On the other hand,

sup EXNWT—tk,71 [F?(X)] /S Egcore .
te€[tr—1,tk]

Substituting these into Lemma Lemma 7, and using Lemma Lemma 8 concludes the proof. O

A.4 VERIFYING THE ASSUMPTIONS OF SHIFTED COMPOSITION

Next, we check the hypotheses of the shifted composition local error framework (see
Appendix Appendix A.2).

Lemma 10 (Properties of (RMD)). For all k € N, the Markov kernels P,jlg corresponding to (RMD)
satisfy the following properties, with the same definitions as Lemma Lemma 7. Let Y?'8 denote the
output of (RMD) starting from y. Assume that hy, < 1/, , and define py, :== By, .

(a) Wasserstein Lipschitzness: | X' — Y?'%|| ;> — ||z —y|| < pr |lz — vl
(b) Coupling: | X' — Y8 — (z —y)|| 12 < pr [lz — yl|-

(¢) Regularity: Let oy, € [0,1) be a parameter which is arbitrarily close to 1. Then, we have

2
= = ol

KL(8. PE® 11 6,P7%) S == log 7— -

Proof.

(a) This follows from (b).

17
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(b) Fixing 7 and synchronously coupling the Brownian motions, we have
|78 =Y — (& —y)|| < (1 —e ™) [|lz —y]|
+2(1 =) [Brs - (X5 ) = 57—t (Yl
S (1 _hk) H:E - yH + Q/Btk (1 - e_hk) ||th 1T tk 1+Tk||
As for the second term, we can bound it again via synchronous coupling:
”Xt—:fl-i—m th—: 14Tk H = He_Tk (.23 - y) +2 (1 - e_Tk) (ET—tk71(x) _ET_tk—l(y))H
S (L Brhw) lz =yl S llz —yll-

(c) We apply a familiar trick from Altschuler & Chewi (2024b) where we compute the
conditional KL given 7y, and then integrate. It is for this reason that we need to truncate our
random variable 75,. Condition on wy = {7y, (B¢)t<ty_,+r, ;- Then, we have

s P,j"ik =N(e e +2(1—e ™)y, r (X 10 ) 4 Gty (L— e 27Ty 1)
where
te—1+T7k
Cea = V2 e* " dB,.
th—1
Using the formula for the KL divergence between two Gaussians, we find
||€7hk ( ) +2 (1 —¢€ hk) (ST th—1—Tk (Xt+k 1+7'k) AS,T—tkfl—Tk (Y;-}:_ 1+7'k))||2
2(1— e 20m—w))
< 1 2 Btzkhz Y+ 2
SIS Ty y— = —yll PR yp— [ROSTE Sa

2
P
~ 1— e—2(hk—7'k)

< 1 and 7, € [0, gxhy] for some parameter g

~

Linearizing the denominator for Ay
approaching 1,

= — ylI?

~ oy -1
Taking expectations and using joint convexity, we find

KL(6, P2

|
ron || Oy Prie

k\wk)

KL((S Palg H 5 Palg) < ||$ — y”2 1
vk ik S T R

A.5 INTEGRAL COMPUTATIONS

Now, we need a bespoke version of the original local error recursion from Altschuler & Chewi (2024b)
which holds for the time-varying step sizes considered in this work. We consider the following step

size choice, which satisfies hy, < 1/f, .

hy, - Chéscore l’Ilil’l{LT _ tk} - _ Escore (1 . e—Q(T—tk)). (A2)

" G d+m)T bov/([d+1B)T

Here, C’h = 1is an absolute constant. Let us briefly justify this. When T — t; < 1/, then
. Otherwise, Ttk) = 1. We also select the shift

7750

L —TG

72<T ) T~ T t

where again () < 1.

The following proof is heavily based on the argument of Altschuler & Chewi (2024b). Although
we briefly describe the high-level idea in the subsequent proof, a detailed discussion of the shifted
composition framework is beyond the scope of this paper and we refer to Altschuler & Chewi (2024b).
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Lemma 11. Under Assumptions Assumption 1, Assumption 2, and Assumption 3, with the choice of
step-size given in (A.2) and for T > 1 and t € (T — %, T), there exists a probability measure 73

tN
such that
- e
aux alg (T ) 2 ﬁO V (d + M2)
s + —lo Escore 108 —————.
KL(m Y [l ey ) < KL(mr [ v) + S 8 eone (T — )
Furthermore, if we consider d3 = ||Y2* — Y, ||2, where Y2 ~ 13" and Y, ~ T, then

T—tyn\ €2
d2 5 ((T—tN)2+ ) score.
T 6()

Proof. The idea is to define an auxiliary process (Y;?"),<n with Y2 ~ 77, The auxiliary
process is defined as follows:

?Oaux ~ T, Y/;&i,ux — Y'te;ux +Mn (Y;ﬂ - Y;iux) 7 yaux szgrl(yaux ) )

tnt1

Here, n,, = j;t"_ T dt, and (Y})se[o, 7 denotes (rev-OU). In other words, the auxiliary process

follows the (RMD) algorithm (i.e., using an estimated score and time discretization), but we interleave
steps which shift the auxiliary process toward the true reverse process.

By the KL chain rule,
KL(m32 || 75) < KL(77 [|7) + Egromy KL(P2™ || P2E) |

where P2%%, P2!8 denote path measures started from z.

Define d? := E[||Y;2** — Y, ||?] and note that dy = 0. We compute the KL divergence between the
auxiliary process and the algorithm using the shifted composition technique and Lemma Lemma 10;
see Altschuler & Chewi (2024b, §3).

N n2d N 1
ux | Ic 2
By KL(P3 || P3%) S ; - ;hknkhd #log .-

The next step is to simplify the computation by approximating the sum by an integral, as was
done in Altschuler et al. (2025). In this proof, we reserve the mathtt font for continuous-time
interpolations of discrete quantities appeanng in this proof. Thus, d? interpolates d2, i.e., d? := dfn
where t, <t < t,41. Similarly, h, is defined similarly to hj in (A. 2) replacing t;, with t. Then,

tN 1
Epry KL(P2™ || P2) < / n?d? log = dt.
0 t

We next write down a recursion for d2. This is the usual local error recursion, see Altschuler & Chewi
(2024b, Lemma B.5).

dp < (L4 pn)® (1 —Ma)* df_y + 2(E7 + paE3") (1= ) dny + (£,7°78)2.

Here, we invoke Lemma Lemma 10, the conclusion of which involves hidden universal constants. By

redefining p,, (so that p,, = O( Btn hy)), we write the above recursion without any universal constants,
which simplifies the following computations.

Applying Young’s inequality on the middle term, we find that
(g;;veak + pngztrong)Z
(1 + pn) (1 - nn) - (1 + pn)2 (1 - nn)Q

To simplify the denominator, let us make the ansatz (which we will verify later) that p,,,n,, < 1 and
(14 pn) (1 —m,) < 1. This then yields the following recursion, noting that d3 = 0 is assumed:

@2 < (14 pu) (1=ma) d2_, +O( + (Erone)?).

- . Eweak)2 _
di S Z( H 1+ p] 1 —T]J)) ((n:p)k + (gztrong)g) .
k=1 j=k+1
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In such a case, given our choice of step size and shift, defining

p: < ﬂ h; = Cﬁ&stre (1- 6_2(T_t))
1— e 2(T—tx)’ Boy/(d+M3)T ’

so that naturally py = py,, e = he,, We can write

Bohtk - Escore
1—e 2000 = Jd+ M)T’

Nk — Pr X

under our choices as well. We indeed have (14 p,,) (1 —n,) < 1if we choose C,, to be a sufficiently
large absolute constant, and p,,,n, < 1.

Furthermore, define the following:

Escore (1 — 672(T7t)) Egcore (]‘ — 672(T*t))2

(Eitrong)2 = g?core > = 8tgt2,
° Boy/(d+M3)T B3 (d+M3)T
score (1 — —2T-1) 4 1-— —2(T—1))2
(Ezveak)2 — 62 Escore ( € ) Escore ( e ) 8tgt2 -

T Boy/(d+ )T B3 (d+13)212

These are obtained by taking the local errors from Lemma Lemma 9, dividing by a factor of hy
(which is helpful when converting from the summation to the integral approximation), and taking the
continuous-time interpolation. Here, the contribution from the ~7" term can be seen to be negligible,
taking > 4 sufficiently large and bounding g2 using Lemma Lemma 4. Note that the finite difference
gfk - gfkil converts into a derivative. Finally, we have for absolute constants ¢, ¢ that

n

IT @ +py) (=) SeXP( > (ehih %))

j=k+1 j=k+1 (1
. .
com(- [ ),
t

e 1 e—2(T—1)

so long as we choose C;, to be a sufficiently large absolute constant. We then substitute this into

t toee,B d+M2)T
df S,/ exp(—/ CCWBO d’l") ((E:trong)2+ ( + 2) (Ezveak)Q) dS
0

s 1 - e_Q(T_T) Escore

If we substitute in the definitions of E}'e2k, Eitmng ,

t t = 3 _ —2(T—s) 2 _ L —2(T—s))2
d? 5/ exp(—/ cc”lﬁO d’l“) (52 1 €~ + Escore (1 € ) 8sg§) ds
0 s

1 — ¢—2(T—r) score Bo ,5’3 (d + M%)T
B /t(e2(T—t) 1 % <52 1— e—~2(T—s) EgcoreN(]' _ 6—2(T—s))2 5 g2) N
0 eQ(T,S) o 1 score ﬂo 63 (d + M%)T s

Let us now simplify some of these integrals. First, for K = ¢C), Bo > 1, and using the change of
variables v = ¢=2(T=%) dy = 2vds,

t o e2(T—t) _ 1 Lo t
/ (72 = ) (1- e_Q(T_S))ds = (eQ(T_t) — I)K/ (wt=1)"Ko@wl-1)ds
o \e2(T=s) —1 0
o 2(T—1)

(2T 1)K v\ K-1
- 2 e—2T (1 - ’U) dv.
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Next, let w = /K,
e—2(T—t)
° voO\K-1 U K-t
[. & e-xf W)
e 50/ wiS(1-v)/(1—e~AT=1)<wi+l
1 1 K—1
. , v dv
"(1——e—2<T‘fU1<‘1;gg‘““(_l” ]£f<<1v»41e%T”><wf+l

o—2(K—1)(T—1)

1
= (1— e—2(T—t))K—1 Z wE-1)j

— e 2T D) 0 (w—1)

o—2(K—1)(T—t) o —2(T—t) —2(K—1)(T—t) (1 _ ,—2(T—t)
< Z 1—e <€ (1—e )
N K (1— e AT-1))K-1 wE=27 ~ K(l_e—Q(T—t))K—l
On the other hand, a naive bound is
e Koy fee_‘;T(T‘” oK1 do B e—2K(T—1)
2T (1 _ 11) L= (1 _ 672(T7t))K71 - K (1 _ 672(T7t))K71 ’

Using the naive bound for 7' — ¢ 2 1, and the refined bound for T — ¢ < 1, we obtain

eCy B —o(T—
/ ( 2(T t) _ 1 70(1 B e—Q(T—s)) ds < (1 —e 2(T t))2
0

e2(T—s) _ ﬁO
On the other hand, integrating by parts, letting
2(T—t 2Cnbo 2(T—t K
O P i R LR Gt )
’ e2(T—s) _ 1 (e2(T—s) — 1)K-2

which is increasing in s,

e2(T—1) _ 1 “gfo s , , t ,
/ (62(Tfs) ) (1—e” ( _S)) Osg5ds = f(t,1)g; — f(0,1) g5 — / 0sf(s,t) g5 ds
0 0

1
< f(t,t) g

Together with Lemma Lemma 4, it yields

tre(T=) _ 1 3™ 2AT—5)\2 5 2 2Tt 2 2(T—1)\2
A(gﬁt;jj) (1—e 2092 9,02ds S d(1—e 2Ty 4 M2 (1 — e 2(T71))2

Finally, this all implies that

2

d? S €score (1 — 672(T7t))2 2

£
_ + - score [d(l _ 672(T7t)) + M2 (1 _ 672(T7t))2] )
o B3 (d+w3)T i

Now, note that our bound on the KL divergence is given by

tN
1
Buer KLP2 | P20) < [ i log -
0

1 by d
< (g2 i
~ (Escore IOg hN) /0 (1 + (d+ M%)T (1 _ 6—2(T—t))) d
)

2T —1 )

1 1
< (&2 i _
~ (Escore log hN + T log eQ(T—tN) —1

Proof. [Proof of Theorem Theorem 3] Lemma Lemma 11 states that
€2 1 Bor/(d +¥2)T
aux alg T Escore 1 1 0 2 KL )
KL | 752) 5 (ERns T + 52 log ) log PV 4 K |

On the other hand, we have the following:
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(1) ForT —txy <1, we have
W22(7T0, WTftN) 5 Mg (T - tN)z + d (T - tN) .
(2) ViaLemma Lemma 11 again,
53(:01"9 T—1
WERE 1) S € (T — )2  Srene T2 E0).

(3) Lastly, since we use a Gaussian in place of 77 as the initial distribution, we need to pay the
additional factor
KL(mr | v) < e T(d+M3),
d++M3

2
EScore

using Chen et al. (2023a, Lemma 9). So we take 7' < log

2

R .
Thus, we should take 7" =< log de"’ V1, T —ty < Ssore 4 % This all implies that

€5core - d
W3 (139, m0) S Cteore s KLITE (| 118) = O (Zuore (1 +log* {Fo(d + ¥3)})) -

From our choice of step sizes, we note that this takes N steps with

o BT o UTRT L oA

Escore Escore T— tN

5SCOI‘G

B EXAMPLES SATISFYING ASSUMPTION ASSUMPTION 3

We provide some examples of distributions where Assumption Assumption 3 holds for the true scores,
i.e., for s; = V log 7;. The following examples all come from the literature on quantitative Lipschitz
estimates of Kim—Milman maps (i.e., flow map for the probability flow ODE) which were originally
used to establish log-Sobolev inequalities. For completeness, we provide derivations below.

* Log-concave measures. Let o o« exp(—V) with V2V = 0. Then, Assumption Assumption 3
holds with 5y < 1.

* Lipschitz perturbations of strongly log-concave measures. Let o < exp(—V — W), where V/
is a-strongly convex (a > 0) and W is L-Lipschitz. Then, Assumption Assumption 3 holds with

é() S L2/Oé V1.

* Semi-log-concave over compact sets. Let 7y < exp(—V') over a compact set with diameter at
most R, and such that V2V = ol for some o < 0. Then, Assumption Assumption 3 holds with
BO S 1v |0z|R2.

¢ Gaussian convolutions of compactly supported measures. Let 79 = v x N'(0, I), where v has
compact support, of diameter at most R. Then, Assumption Assumption 3 holds with Bo <1V R2

* Strongly log-concave outside a ball. Let 7y  exp(—V'), where V satisfies

o YV@) -VV(y)e—y) {a =B, lle—yll<R,
lz—y|=r lz — yll? ~ a, lz =yl > R,

for some «, 3, R > 0. Then, Assumption Assumption 3 holds with some constant BO depending
only on «, 3, and R.

We remark that in all of these examples except the first, the log-Sobolev constant of 7y scales
exponentially in 5y, whereas our convergence bounds only scale polynomially in 3y. This implies
that, given access to an accurate score estimator, diffusion models are far superior to standard MCMC
methods such as the Langevin diffusion.

We also provide one instance showing the failure of Assumption Assumption 3.

* Two point masses. Consider 7y = 1 Je, + % 0_e,, Where e; is the vector [1,0,...,0]. The
1_;7% I;— (1_6;,2;)2 eje/ SechQ(CSCQﬂ (e1,x)). Thus, along and

near the critical strip 1 = 0, the Hessian experiences blow-up at rate 1/t2 as t — 0. This shows
that there is no Sy that suffices for all values of 4core.

Hessian is —V?2 log m;(x) =

This reasoning can be generalized to other mixtures of point masses.
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B.1 PROOFS

Log-concave measures. Let T oc exp(—V) where V : RY — R is strongly log-concave. The
conditional distribution of X, given X, = zg is N (e txg, (1 — e=2!)1,). Using this, standard
calculations give that
Id 67216
— +
1—e2 ' (1—e 2)2

Now, the reverse conditional measure has the form

V2log () =

cov(Xy' | Xi7 =1x). (B.1)

—t,.012
y—e'x
7T0|t(x | y) o eXP(—l(l_e_QU) - V@")) )
so that
) e—2t ) e—2t

The Brascamp-Lieb inequality (Brascamp & Lieb, 1976) then allows us to bound the covariance by
the inverse of the matrix above. Thus, after some algebra,

Amax (v2 log %) = Amax(V2log m + 1) < 1.

The minimum eigenvalue can be lower bounded in (B.1) by taking the covariance to be zero, which
shows that 8y = 1 is sufficient.

Lipschitz perturbations of strongly log-concave measures. Next, suppose 7y  exp(—V — W),
where V' is a-strongly convex and W is L-Lipschitz. The previous example showed that
COVi, o,

2 T 1 ( e—ty )
log ™ — )
V- log Y et — 1 1—e 2 )

where
|z — yl? IIxH2)
— dx) .
0w o))
Following the argument of Brigati & Pedrotti (2025),

leova, , llop < (y/llcove, , [l + Wa(vry, 7ry)?

~ X — 2 A 2
o) oI Py

Using Brascamp—Lieb, the first term is bounded by

Vry(de) o exp(

where

1
<a—-14-—.
T

llcova, ,

On the other hand, by the T inequality and LSI,
W22(Vt,y7 Uty) < CESI(ﬂt»y) Fi(vey [l 7ty) -
The Fisher information is the expectation of the squared gradient norm of a L-Lipschitz function

(namely W), whereas we use Bakry—Emery to bound the log-Sobolev constant. This all yields the
bound on the covariance, for 7 = 1 — e~ 2;

1 n L )2
—14+1 a-1+1

Jeova,., Il < (

1 L 2
= (\/a e/l ate 1 e—zt))
( 1 ;62:2t + 2\/aezt/L(1 - ezt))2 S (v Lj) e

~ o e—2t
In particular, this implies the existence of an estimator in Assumption Assumption 3 with Bo <
1V L?/a.

<
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Semi-log-concave measures over compact sets. Let 9 o exp(—V') over a compact set with
diameter at most R, and such that V2V > al; for some a@ < 0. By (B.1) and (B.2), when
e 2 /(1—e™2) > —2aq, then Apax (V? log(m;/y)) < 1. On the other hand, when e =2t /(1 —e™2t) <
—2a, then

e 2t 5 —2aR?

max(VZilog =) < —— —_—.
Amax (V* log Y) (1_e22 " 51 e

Putting together the two cases, Bo < 1V |a|R?. This example and the next are taken from Mikulincer
& Shenfeld (2023; 2024).

Gaussian convolutions of compactly supported measures. Let mo = v x (0, I), where v has
compact support, of diameter at most 2. A similar computation to the above examples readily yields

V2 log i < R%?e7?],.
Y
Therefore, we can take 50 <1V R?

Strongly log-concave outside a ball. This example is taken from Conforti et al. (2025b). The
constant was not explicitly computed therein in terms of «, 3, and R.

C EXPERIMENTAL DETAILS

C.1 ADAPTING THE OU PROCESS TO THE EDM FRAMEWORK

Clearly (rev-OU) fits the general SDE (SDE) by taking A(t) = —1, f,(X;) = 2 Vlog(mr_/v)(X1),
and g(t) = /2. We wish to write (rev-OU) in terms of (EDM). The EDM forward process is defined
as X; = c(t) Xo + ¢(t) o(t) z while (OU) admits the closed-form solution X; = e ¢ X + By _. >

where B. denotes the Wiener process. By comparison, we read c(t) = e~ %, o(t) = Vet — 1.

Alternatively, we realize that the OU process is a special case of the VP SDE (Song et al., 2021b)
when Buin = ﬂmdx 2 (Bd ‘= Bmax — Bmin = 0) and read from Table 1 of Karras et al. (2022).

Matching /206(t) ) to /2, we find that 3(t) = (o(t) c(t))~2. Using the relationship between
the forward and reverse SDE (Karras et al., 2022, eq. (6)), we have recovered (OU) and (rev-OU).

It is helpful to remember that the score $;(X;) is internally implemented with denoising score
matching (Hyvérinen, 2005; Vincent, 2011) and admits the formula

6 () = 2/c()io(t) — z/c(t)
t () o(1)? :

(EDM-score)

where D(+; o) is a neural network denoiser trained to predict the unnoised = given x + oz, z ~ 7.
Writing (EDM) in terms of the score instead of the denoiser allows for a cleaner implementation
which is closer to the SDE, especially to implement our suggestions around the time scaling A(t).

C.2  VARIANTS OF THE RANDOMIZED MIDPOINT
Our starting point is the semi-linear SDE (SDE)
dXy = (M) Xe + fue(Xy)) dt + g(t) dB . (C.D
From the intuition that a linear SDE of the form dX L= )\( )X ¢ dt + g(t) d B; admits a closed-form
solution, we use the ODE integrating factor w(t) := exp(— ft ) as an ansatz. By It6’s rule,
d(w(t)Xt) = (dw(t)) X¢ + w(t) dX;
= =A@ w(t) Xy dt + w(t) [(AO)Xe + fe(Xe)) dt + g(t) dBy]
= w(t) fr(Xy) dt + w(t) g(t) dB;,
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where we have successfully removed the linear term. Integrating both sides from some starting time
to to tg + h, we have the integral representation

to+h to+h
Wlto + h) X1 4n — w(to) Xiy = / w(t) Fr(X0) dt + / w(t) g(X,) dB,

to to

_ w(to) foth (1) foth (1)
Xto+h = tho + /to wlto + 1) Je(X¢) dt + /to mg(Xt)dBt- (INT)

In order to approximate (INT) we perform a two-step discretization scheme. First, we draw a random
time 7 from the density proportional to ¢ — 1, 4, 4+#(t) w(t) which serves as our midpoint. Defining

Q) = f:o w, explicitly

w(t) .
7~ p(r) = { oFh)—0E0) * to <7 <to+h;
0, otherwise .

We can use the plug-in estimator (2(tg + k) — Q(t0)) fto++ (Xtg+r)/w(to + h) to obtain an unbiased
estimate to the integral in the fashion of Monte Carlo quadrature. Unfortunately we do not know the
value of Xy -, necessitating a second approximation. We use an Euler scheme, assuming that the
function is constant on the interval and taking the left endpoint (which we do know). Thus, we have

to) Qlto +7) ok (1)
X, = w(io X _ X / ————¢g(X;)dB
Pt Wt +7) to w(to + 1) Joo(Xro) + to w(to + 1) 9(Xy)dBy,
w(to) Qto + h) /“*h w(t)
X =—— X —_ X ——— g(X;)dB;.
to+h W(to + h) to + W(to + h) ft0+7'( tD+T) + ' W(to ¥ h) g( t)d t

It remains to treat the noise terms. Define the stochastic process

Y; = /t %g(t’) dBy .

Clearly E[Y;] = 0 and

VarlVy] = E[Y’] = /t wlto + h)?

by an application of Itd’s rule. We will compute (£, &) ~ (Y3, 4+, Yzo+n) by conditional simulation.

Defining 7(t) = ftto (wg)?; if 2+ ~ y then &+ = [\/n(to + 7) — n(to)/w(to + 7)] 2 has the right
marginal distribution. Next, we perform the domain decomposition

bt (¢ toth (t
Yto+h = / WLg(t)dBth‘/ ¢g(t) dB,
to

(to+h) torr wW(to+h)
wlto +7) (77 w(t) /tﬁh w(t)
t)dB, + ——¢g(t)dB
w(to +h) Jy, w(to+ 1) 9(t) dB; torr W(to+h) 9(t) dB:
w(to+ 1) /t°+h w(t)
= Yio+r + —————¢g(t)dB,
T R S e R

and make use of the fact that the latter term is independent of Y3, and normally distributed with
mean 0 and variance ((tg + h) — n(ty + 7))/w(to + h)%. Thus, we can compute for z ~ 7y

independent of 2%, & = [w(to + 7)/w(to + h)] €T + [/ (n(to + h) — n(to + 7)) /w(to + h)] 2.

Putting everything together, we have the following generalization of Algorithm 1.

25



Under review as a conference paper at ICLR 2026

Algorithm 2: Generalized randomized midpoint kernel on [tg, t1]

Input: current state X;, € R%; step h := t; — to; drift f;(-); noise term g(-).
Input: scaling factor A(t); integrating factor w(t) := exp(— ﬂ; A); normalizing factor
Qt) = ftto w; inverse Q1 (+); noise factor n(t) == ftz (wg)?.
1. Draw the randomized midpoint. Sample U ~ Unif(0, 1) and set
T=Q"((1=U)Qto) + UQ(t1)) i.e., with density p(7) o< Lz 4, (t) w(t).
2. Midpoint prediction for X,' . Draw Z; ~ N(0, 1) and set the OU noise
&t = [/Into + 7)|/w(to + 7)] Z1. Then

w(to) Q(to + 7)
Xt = X
0 Sl 1) 0 T wlte +7)

3. Full-step update for X, . Draw Z5 ~ N(0, I;) independent of Z; and set

fto(Xto) + £+ :

_wlto+7) 4 VIn(t) —n(to +7)]
§= §T + Zy.
w(ty) w(ty)
Compute the score at the randomized time and update
w(to) Q(tl) +
Xy = X — (X .
ty w(tl) to T w(tl) fto-‘r ( t0+7)+€

Note that we take the absolute value in the computation of (£, &) so that Algorithm 2 is valid also in
reverse time (i.e., when t; < tg and h < 0).

For example, one concrete instantiation as mentioned in the main text is given by

Xt+k—1+7'k = th—l + Tk'ftk—l (th71) + noise, (RME)
X =Xy T hifon 147 (thfl"l"rk) + noise,

which corresponds to randomized midpoint without exponential Euler when A(¢) = 0.

C.2.1 IMPLEMENTATION DETAILS

The quantity w(t) is free up to multiplicative factor and 2(t), 7(¢) are free up to constants, assuming
they agree with each other. It sometimes convenient to arbitrarily base the integrals at g, i.e.
to compute Q(t) = f:o w(t) dt, resulting in definite integrals for the differences in integrated
quantities in Algorithm 2. When it is not possible to analytically integrate w, €2, or n or to invert
2, numerical quadrature and root finding can be used instead. We use scipy.integrate.quad
and scipy.optimize.root_scalar respectively for these tasks, from the SciPy library (Virtanen
et al., 2020). For quadrature it can help to signal discontinuities like Sipi, and Sy, With the points
argument. For root finding we use the "brentq" method with interval [tg, t1]. Although in principle
we could use a higher-order method like the "halley" method since 2 is twice differentiable with
derivatives Q' = w, Q" (t) = —A(t) w(t), in our settings we find both quadrature and root finding to
converge to near machine precision (=~ 10~*'~1071%) in a handful of iterations (< 10).

C.2.2 CONCRETE CHOICES OF SCALING FACTOR

Following (EDM), we see that in order for the drift to be a time-scaling of the score, it suffices to
take A(t) = ¢(¢)/c(t). For the drift to be a time-scaling of the relative score, we take

A(t) = ét) | ct)*6(t)o(t) N c(t)2B(t)o(t)? |

c(t) o2 02,

where o2 is the variance of the forward process at time 7', 7. We also consider a “network-adapted”
strategy (as opposed to the aforementioned “SDE-adapted”) strategy by expanding the score in terms
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of the denoiser (EDM-score) and collecting linear terms, resulting in A(t) = ¢(t)/c(t) + 5 (¢) /o (t).
We can also account for the skip connection in the denoiser itself, resulting in the choice of

A = S+ (1= canlt) 2.

where cqip(t) is the skip connection in the denoiser D(+; o) (see Table 1 of Karras et al. (2022)). In
particular, we consider cyip(t) = 03,/ (0(t)? + 03,,) fOr Tgan = 0.5.

In our experiments we use the relative score for the OU and VP processes, the non-relative score for
the EDM process, and the skip connection for the VE process.

C.3 STOCHASTIC SAMPLING

34 . 5.0 -
: : A
3.2t @ 45} :
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Jolicoeur-Martineau et al.
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Figure 4: Quantitative results: SDE sampling. Image quality as measured by FID| with number
of score function evaluations (NFEs) for unconditional CIFAR-10 with the VE (left panel) and VP
(right panel) models of Song et al. (2021b). “Deterministic” is the Heun ODE solver proposed
by Karras et al. (2022) (Algorithm 1). “EDM stochastic sampler” is the stochastic solver of Karras
et al. (2022) (Algorithm 2). “Original sampler” is Euler-Maruyama for VP and predictor-corrector for
VE, following Song et al. (2021b). “Jolicoeur-Martineau et al.” is the solver of Jolicoeur-Martineau
et al. (2021). Note that all data except for (RMD) is taken verbatim from Karras et al. (2022). In
particular, they take the minimum of three FID computations, which we do not do for (RMD).

We test stochastic sampling in the 32 x 32 unconditional CIFAR-10 dataset (Krizhevsky, 2009) with
both the VP and VE models of Song et al. (2021a), following the experiments of Karras et al. (2022).
Our results are shown in Figure 4. Although (RMD) is not state of the art, it achieves a competitive
FID, often in much fewer steps than comparable solvers (e.g. Euler-Maruyama and predictor-corrector
of Song et al. (2021b) and the second order solver of Jolicoeur-Martineau et al. (2021)).

All solvers seem to asymptote to a fixed FID with enough sampling steps; we find in preliminary
numerical experiments that the choice of noise coefficient 3(t) has a significant effect on the this FID.
We use the noise coefficient 3(t) = &(t)/o(t) that minimizes an upper bound on the KL divergence
(Ma et al. (2024), Section 2.4). This is also the implicit choice of Song et al. (2021a) and under this
choice the forward process of (EDM) does not contain the score, as noted by Karras et al. (2022).
One key advantage of this choice is that it is hyperparameter free, in contrast to the stochastic sampler
of Karras et al. (2022) which involves four hyperparameters all tuned with an expensive grid search.
For (RMD) we use these tuned parameters (Appendix E.2 “Stochastic sampling parameters” of Karras
et al. (2022)) verbatim. Indeed, we find that the tuned parameters systematically improve FID while
simultaneously degrading FDpnov2, suggesting overfitting to FID. We defer a detailed investigation
of the choice of noise coefficient and a “clean room” FDpnoy2 comparision to future work.
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C.4 ADDITIONAL FIGURES
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Figure 5: Image quality as measured by FDpnov2. Figure 3 uses the same generated images.
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Figure 6: A variant of Figure 3 with all methods and settings shown on the same scale.
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