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Abstract

We consider the problem of non-stationary reinforcement learning (RL) in the infinite-horizon
average-reward setting. We model it by a Markov Decision Process with time-varying rewards
and transition probabilities, with a variation budget of Ap. Existing non-stationary RL
algorithms focus on model-based and model-free value-based methods. Policy-based methods
despite their flexibility in practice are not theoretically well understood in non-stationary RL.
We propose and analyze the first model-free policy-based algorithm, Non-Stationary Natural
Actor-Critic (NS-NAC), a policy gradient method with knowledge of the variation budget, a
restart based exploration for change and a novel interpretation of learning rates as adapting
factors. Next, eliminating the requirement of apriori knowledge of variation budget Ay, we
present a bandit-over-RL based parameter-free algorithm BORL-NS-NAC. We present a
dynamic regret of O(|S|'/2|A|Y/2AYST5/6) for both algorithms under standard assumptions,
where T is the time horizon, and |S|, |A| are the sizes of the state and action spaces. The
regret analysis leverages a novel adaptation of the Lyapunov function analysis of NAC to
dynamic environments and characterizes the effects of simultaneous updates in policy, value
function estimate and changes in the environment.

1 Introduction

While Reinforcement Learning has traditionally been studied in stationary environments with time-invariant
rewards and state-transitions, this may not always be the case. Consider the examples of a carbon-aware
datacenter job scheduler that tracks the dynamic electricity prices and local weather patterns [I] and
recommendation systems with evolving user preferences [2]. Time-varying environments are also observed in
healthcare [3], ride-sharing [4], and multi-agent systems [5]. Motivated by these applications, we consider the
problem of non-stationary reinforcement learning, modeled by a Markov Decision Process with time-varying
rewards and transition probabilities, in the infinite horizon average reward setting. While many works
consider discounted rewards [3] [, [7], the more challenging average-reward setting is vital in problems where
the importance of rewards does not decay with time [8] [9] [I0] [IT]. The key challenges for an agent operating
in a dynamic environment are learning an optimal behavior policy that varies with the environment, devising
an efficient exploration strategy, and effectively incorporating the acquired information into its behavior.

Current algorithms designed for non-stationary MDPs in the average reward setting can be classified broadly
into model-based and model-free value-based methods. Model-based solutions incorporate sliding windows,
forgetting factors, and confidence interval management mechanisms into UCRL [12, 13} 14} [15]. Model-
free value-based methods assimilate restarts and optimism into Q-Learning [16] [17] and LSVT [I8| [19]. A
significant gap in literature is absence of model-free policy-based techniques for time-varying environments.
The inherent flexibility of policy-based algorithms makes them suitable for continuous state-action spaces,
efficient parameterization in high-dimensional state-action spaces, and enables effective exploration through
stochastic policy learning [20].
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Our Contributions. We tackle the problem of non-stationary reinforcement learning in the challenging
infinite-horizon average reward setting in the following manner.

1. We propose and analyze Non-Stationary Natural Actor-Critic (NS-NAC), a policy gradient method with
knowledge of the variation budget, a restart based exploration for change and a novel interpretation of
learning rates as adapting factors. To the best of our knowledge, this is the first model-free policy-based
method for time-varying environments.

2. We present a bandit-over-RL based parameter-free algorithm BORL-NS-NACthat eliminates the need for
knowing the variation budget Ar apriori.

3. We present a O (|S 11/2| A|V2 AN O T/ 6) dynamic regret bound for both algorithms under standard as-

sumptions where T' is the time horizon, A represents the variation budget of rewards and transition
probabilities, |S||.A| is the size of the state-action space and O(-) hides logarithmic factors. The regret
analysis leverages a novel adaptation of the Lyapunov function analysis of NAC to dynamic environments
and characterizes the effects of simultaneous updates in policy, value function estimate and changes in the
environment.

2 Related Work

Non-Stationary RL. Solutions to the non-stationary RL problem can be categorized into passive and
active methods. Active algorithms are designed to actively detect changes in the environment in contrast to
passive ones which implicitly adapt to new environments without distinct recognition of the change. While
we focus our attention on passive techniques with dynamic regret as the performance metric in this work, a
comprehensive survey can be found in [2I] and [22]. Model-based solutions in the infinite horizon average
reward setting incorporate into UCRL a sliding window or a forgetting factor for piecewise stationary MDPs
[14], variation aware restarts [I3] and a bandit based tuning of sliding window and confidence intervals [12]
for gradual or abrupt changes constrained by a variation budget.

In the episodic setting, model-free value based methods assimilate restarts and optimism into Q-Learning
[16], LSVI [I8] [19] and sliding window and optimistic confidence set based exploration into a value function
approximated learning [I7]. Further, in the episodic setting, [23] proposes strategically pausing learning as
an effective solution to non-stationarity with forecasts of the future. [24] proposed an algorithm agnostic
black-box approach that finds a non-stationary equivalent to optimal regret stationary MDP algorithms.
[12, [T6] also present parameter-free non-stationary RL algorithms that leverage the bandit-over-RL framework
to adaptively tune algorithm without knowledge of the variation budget. Further, [I6] presents an information
theoretic lower bound on the dynamic regret and [25] captures the complexity of updating value functions
with any change. We note the distinction between the scope of this work and the body of research on
adversarial MDPs which often allow for only changes in rewards, study the static regret and work with full
information feedback instead of bandit feedback. See Section [A] for a table of comparison of regret bounds.

Non-Stationary Bandits. A precursor to non-stationary RL, the multi-armed bandit problem with
time-varying rewards was first proposed in [26]. Solutions include UCB with a sliding window or a discounting
factor [26], UCB with adaptive blocks of exploration and exploitation [27], Restart-Exp3 [27], Thompson
Sampling with a discounting factor [28] and bandit based sliding window tuning [29]. Further, while most
existing works assume arbitrarily (constrained by variation budget) changing reward distributions, [30]
achieves an improved regret when the reward distributions change smoothly. Recent work by [3I] points
out ambiguities in the definition of non-stationary bandits and how the dynamic regret performance metric
causes over-exploration, and [32] proposes, predictive sampling, an algorithm that deprioritizes acquiring
information that loses usefulness quickly.

Policy Gradient Algorithms for Stationary RL. [33] presents the first finite time convergence of the
average reward two timescale Advantage Actor-Critic (A2C) to a stationary point. [34] further improved its
rate by leveraging a single timescale algorithm. Convergence to global optima of A2C was analyzed in [35] [36]
which use a two loop structure with the inner loop critic estimation. Further, [37] combines a mirror descent
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update with experience replay and characterized global convergence. Natural Policy Gradient (NPG) was
analyzed in the discounted reward case in [38] B9] and with entropy regularization in [40]. NPG in the average
reward setting with exact gradients was characterized in [41]. Most relevant to our work is the Natural Actor
Critic (NAC) analyzed for the discounted reward case in [42] and average reward setting with (compatible)
function approximation in [43].

3 Problem Setting

Notation. Standard typeface (e.g., s) denote scalars and bold typeface (e.g., r, A) denote vectors and
matrices. | - ||oo denotes the infinity norm and || - ||2 denotes the 2-norm of vectors and matrices. Given two
probability measures P and Q, drv (P, Q) = 1 [,,|P(dz) — Q(dx)| is the total variation distance between

P and Q, while Dkr,(P|Q) = [, P(dz)log SEZB is the KL-divergence. For two sequences {a,} and {b,},

a, = O(b,) represents the existence of an absolute constant C' such that a,, < Cb,. Further O is used to
hide logarithmic factors. |S| denotes the cardinality of a set S. Given a positive integer T', [T'] denotes the
set {0,1,2,--- , T —1}.

3.1 Preliminaries: Stationary RL

Markov Decision Process. Reinforcement learning tasks can be modeled as discrete-time Markov Decision
Processes (MDPs). An MDP is represented as M = (S, A,P,r) where S and A are, respectively, finite
sets of states and actions, P € RISIMIXISI is the transition probability matrix, with P(s’|s,a) € [0,1], for
5,5 € S,a € A, and r € RISIIM is the reward vector with individual entries {r(s,a)} bounded in magnitude
by constant Ug > 0. An agent in state s takes an action a ~ 7(-|s) according to a policy =, where for each
state s, 7(+|s) is a probability distribution over the action space. The agent then receives a reward r(s, a)
and transitions to the next state s’ ~ P(:|s,a). We denote the policy by w € RISIAI which concatenates
{7(:|s)}s. In a stationary MDP, the transition probabilities P and the rewards r are time-invariant.

Average Reward and Value Functions. In this work, we consider the average reward setting, essential in
modeling problems where the importance of rewards does not decay with time [9] [IT]. The time averaged
reward of an ergodic Markov chain following policy 7 converges to

T-1
. Zt:() T(Shat)
T = Jimy SRR = Bt r(5,0)]
where d™F is the stationary distribution over states induced by policy 7 and transition probabilities P. The

relative state-value function defines overall reward accumulated when starting from state s as

VT(s) = lz (r(se, az) — J™) ‘so - s] ,

t=0

where the expectation is over the trajectory rolled out by a; ~ m(-|s¢) and s¢y1 ~ P(:|s¢, a¢). Similarly, the
relative state-action value function defines the overall reward accumulated by policy @ when starting from
state s and action a as

Q™ (s,a) :=E lz (r(s¢,ar) — J™) |so = s,a0 = a] .

t=0
Natural Actor-Critic. The goal of an agent is to find a policy that maximizes the average reward

7w =max J™ = max K, g=P () anr(|s) [7(5,0)] -
T T
Here, we consider the actor-critic class of policy-based algorithms. While actor-only methods are at a
disadvantage due to inefficient use of samples and high variance and critic-only methods are at a risk of the
divergence from the optimal policy, actor-critic methods provide the best of both worlds [33]. An actor-critic
algorithm learns the policy and the value function simultaneously by gradient methods. Further, the natural
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actor-critic leverages the second-order method of natural gradient to establish guarantees of global optimality
[44, [42]. The actor updates the policy g parameterized by 0 by performing a natural gradient ascent [45]
step

0+ 0+ BF,VJ™, where Fr,:= Eydme P (), ammo(-[s) [V logmg(als) (Vlog 71'9(CL|S))T} .

Fr, is called the Fisher Information matrix. The gradient of the average reward is given by the Policy
Gradient Theorem [20] Section 13.2] as

VI = Eqgmo P ()amme(-s) [Q7 (5,0)V1og me(als)] .

The critic enables an approximate policy gradient computation by estimating the Q-Value function Q™ (s, a)
using TD-learning as
Q(s,a) < Q(s,a) +afr(s,a) —n+Q(s',d') — Q(s,a)],

where s’ ~ P(:|s,a), a’ ~ 7(-|s"), and 7 is an estimate of the average reward J™.

3.2 Non-Stationary RL

In this work, we study reinforcement learning with time-varying environments. The MDP is modeled by a
sequence of environments M = {M; = (S, A, Py, 1)}, with time-varying rewards {r;} and transition
probabilities {P;}. At each time ¢, the agent in state s; takes action aq, receives a reward r:(s¢, at), and
transitions to the next state syy1 ~ Pi(|s¢,a¢). The cumulative change in the reward and transition
probabilities is quantified in terms of variation budgets Ap v and Apr as

T-1 T—1
ArrT = Z lrid1 — relloo, Apr = Z IPiy1 — Pilloo, Ar=Agpr+Apr. (1)
t=0 t=0

Note that while the overall budgets Ag 7, Ap may be used as inputs by the agent, the variations at a given
time ¢, ||rer1 — relloo and [|[Piy1 — Ptlloo, are unknown.

We denote the long-term average reward obtained by following policy 7r; in the environment M; by
Jtﬂt = Eswd""hpt(~),a~7r(~\s) [rt(87 a)] .
Further, the state and state-action value functions at time t are solutions to the Bellman equations
VT (s) =Y wlals)QF (s,a) and  QF'(s,a) =ri(s,a) = J + > Puls'|s,a) V7™ (s").
acA s'eS
The set of solutions to the Bellman equations above is Q7" = {Qf% + ¢1|Q7 % € E, ¢ € R} where E is the

subspace orthogonal to the all ones vector and Q' f; is the unique solutlon in E [40].

Dynamic Regret. The goal of the agent is to maximize the time-averaged reward ZtT:Bl ri(se,a)/T. We
measure performance using an equivalent metric called the dynamic regret defined as

T-1

Z Jtﬂ-f — Tt(8t7at)

t=0

Dyn-Reg(M,T) :=E ) (2)

where 7w} = arg max, JT is the optimal policy in the environment M; = (S, A, Py, r:) at time ¢. The optimal

average reward J; ' associated with 77 can be computed by solving the linear program described
in Section [D.4 The model of change and notion of dynamic regret considered here are standard in the
non-stationary RL literature [12], [47] 18] [16] [I7]. Note that it is more challenging to analyze and practical
than static regret, which compares the cumulative reward collected by an agent against that of a single
stationary optimal policy [48] [19].

Challenges due to Non-Stationarity. When running policy-gradient methods in stationary RL, the policy
evolves to efficiently learn a fixed environment (P,r). However, in non-stationary case, the environment
(P4, 1) also changes over time. Therefore, the agent chases a moving target, namely, the time-varying optimal
policy 7}, resulting in the following unique challenges.
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e Eaxplore-for-Change vs Ezxploit: The agent needs to explore more aggressively than in the stationary setting
to adapt to the changing dynamics. As an example, a sub-optimal action at the current timestep may
become optimal at a later timestep, necessitating re-exploration. This is in sharp contrast to stationary
RL, where sub-optimal actions are picked less often as time progresses.

o Forgetting Old Environments: The policy and value function estimates must evolve quickly lest they might
become irrelevant when the environment changes significantly. However, observations are noisy and the
agent needs to collect multiple samples to obtain confident estimates. Hence, an agent has to carefully
balance the rate of forgetting the old environment versus learning a new one.

4 Algorithm: NS-NAC

In this section, we present Non-Stationary Natural Actor-Critic (NS-NAC), a two-timescale natural policy
gradient method with a restart based exploration for change and step-sizes designed to carefully balance
the rate of forgetting the old environment and adapting to a new one. Note that we use the variation
budget Ar as an input to NS-NAC here. Since the variation budget may not always be known, we present a
parameter-free algorithm BORL-NS-NAC in Section [f] that does not require this.

Algorithm 1 Non-Stationary Natural Actor-Critic (NS-NAC)

1: Input time horizon T’; variation budgets Agr 7, Apr; projection radius Rg
: Set step-sizes of actor §, critic «, average reward 7 as function of Ar 7, Ap; number of restarts NV of
length H = L%J as function of Ag 7, Apr; time ¢t = 0; sg ~ some starting distribution
:forn=0,1,2,..., N—1do
Set policy m¢(als) = ﬁ, value function Q¢(s,a) = 0 Vs, a, average reward estimate n; =0

[\

3

4

5. Take action a; ~ m(+|st)

6: forh=0,1,2,...,H—1do

7 Observe reward r¢(s, at), next state s;1 ~ Pi(+|st, ar), take action azy1 ~ (| se41)
8 N1 < M+ (e, ar) — 1)

9

Qi+1(st,a¢) « Ry [Qi(st,ar) + a (re(se, a) — me + Qe(Se41, A1) — Qi (e, ar))]
¢ (als) exp(BQ¢(s,a))

10: me1(als) « D wrca me(a’|s) exp(BQe(s,a"))’ ve,a
11: tt+1

12:  end for

13: end for

The NS-NAC algorithm seeks to maximize the total reward received over the time horizon T, given the
variation budgets Ar v and Ap . At timestep ¢, 7, denotes the softmax parameterized tabular policy with
parameters 0, € RIS where m,(als) >0 Va € A and 3, m(als) =1 Vs € S and represented as

exp[at]s,a
Za’eA exp[@t]&a/

T —

7} = argmax, J;* is the optimal policy in the environment M;. The estimate of the tabular state-action
value function Q7" is denoted by Q; € RISIAL 5, denotes the estimate of the average reward JIE

NS-NAC divides total horizon T into N segments of length H = |T/N| each. At the beginning of each
segment, the algorithm restarts the NAC sub-routine (line , thereby ensuring that the algorithm sufficiently
explores for change. Next, at each time-step t = nH + h ¥n € [N], h € [H], the actor (slower timescale) takes
a natural gradient ascent step [38] towards optimal policy in environment M; as

mi(als) exp(BQ7 (s, a))
Y weam(a|s)exp(BQT (s,a’))

In the absence of knowledge of the exact natural gradient, the actor uses an estimate of the value function to
update the policy with tabular softmax parameterization as in line [I0]

0;11 0+ 5F;:Es7a [QF(s,a)Viogmi(als)] =  my1(als) « Vs, a.
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The critic (faster timescale) estimates the tabular state-action value function of the current policy =, as
Q: using TD-Learning with step-size a (line @ The projection step in line |§| is defined as Ilg,, [x] :=
argminy < g, [[x = y|l2 (see Lemma [I| and following discussion on choice of Rq). Further, the average
reward estimate 7; is updated with step-size ~ (line . Using a two timescale technique with a > f,
NS-NAC thus enables the actor to chase the moving target 7} facilitated by the critic updates of the value
function estimates which adapt to the changed data distribution. In the stationary RL case, this change in
data distribution is induced solely by the evolving actor policy, while in non-stationary RL, the time-varying
environment (Py,ry) further exacerbates it. Further, as Theorem [1| suggests, a careful selection of the
step-sizes as a function of the variation budgets enables NS-NAC to balance the rate of forgetting the old
environment versus learning a new one.

Function Approzimation. While we consider the tabular formulation here for the ease of presentation,
NS-NAC can also be extended to the function approximation setting. Further details in Section [E]

5 Regret Analysis: NS-NAC

In this section, we set up notation and assumptions and establish an upper bound on the dynamic regret of
NS-NAC. We further present a sketch of the proof in Section

5.1 Assumptions

Notation. We denote an observation O; = (s¢, a¢, $¢41,a41). If d™P¢(.) is the stationary distribution
induced over the states, we define the matrices A(O,), A™+Pt € RISIMIXISIMAI a5

=1, if (s¢,a¢) # (St41,0611),7 = = (8¢, a¢)
A(Ot)i,j =41 if (stvat) # (3t+17at+1)7i = (st,at),j = (StJrlvatJrl)
0, else

ATP B, A(s.a,s'.a)].

(-),a~mi(-]s),s'~Py(-|s,a),a’ ~7i(-|s") [
If D™Pt = diag (d™*F*(s)m(als)) and 1 is the all ones vector, then the TD limiting point [42] satisfies
D™ P (1, — J7'1) + AT P QP = 0. (3)

Assumption 1 (Uniform Ergodicity, [33, 43]). A Markov chain generated by implementing policy 7 and
transition probabilities P is called uniformly ergodic, if there exists m > 0 and p € (0,1) such that

drv (P(S-,— € -|sg = s),d"’P) <mp" Vr>0,s€S,

where d™¥ is the stationary distribution induced over the states. We assume Markov chains induced by all
potential policies 7r; in all environments Py, ¢ € [T], are uniformly ergodic with parameters m, p. Further, if
7} denotes the optimal policy for the environment M; = (S, A, Py, r;), there exists C' > 0 such that

7, P,/
C = inf d (s)

st d™Pe(s)

Lemma 1 (Lemma 2, [46]). Under Assumptz'on for all potential policies 7y in all environments Py, t € [T,
A™oPt s negative semi-definite. Define its mazimum non-zero eigenvalue as —A\.

Assumption |1|is standard in literature [41} [33] [49]. Also note, we set the projection radius Rg = 2UpA "1 in

line |§| because || (A’”’Pf)Jr lo < A~! where t represents the pseudo-inverse.
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5.2 Bounds on Regret

Theorem 1. If Assumptz'on is satisfied, the step-sizes are chosen as 0 < a, 8,7 < 1/2 and number of
restarts as 0 < N < T in Algorithm[1], then we have

<o(3)ro(y[)o(2)+o(rv)

N cumulative change
effect of initialization in policy over horizon T 4

- - . - 1/352/3 1/3p2/3
+O(6T>+O(Tﬁ)+0(1/]\;T)+ O (TVa) +O(ATT)+0(AT\/§ +AT; )

cumulative change
error in average reward estimate at critic in critic estimates error due to non-stationarity

Dyn-Reg(M,T)

Z Jf *T’t(Sf,af)

where Ap = At + Apr, O(-) hides the constants and logarithmic dependence on the time horizon T.

Choosing optimal o* = v* (T)l/3 B = (4r) Y2 ond N* = A;/6T1/6, the resulting regret (with explicit
dependence on the size of the state-action space |S|,|A|) is

Dyn-Reg(M,T) < O (|3\1/2|A|1/2A;/6T5/6) . (5)

We provide a sketch of the proof in Section [7] and the full proof in Section

Function Approximation. While we consider the tabular formulation here for the ease of presentation,
NS-NAC can also be extended to the function approximation setting. Further details of regret bounds are
presented in Section [E]

Effect of Non-Stationarity. The variation budget A represents the extent of non-stationarity of the
environment. In Theorem [I] as the variation budget increases, so do the optimal choice of step-sizes and
number of restarts, and the regret incurred . This observation is consistent with the intuition that in a
rapidly changing environment, the algorithm must adapt quickly and explore more (hence, larger step-sizes
and more restarts). However, as a result, the algorithm cannot exploit its current policy and value-function
estimates, which soon become outdated (hence, higher regret). Also, in environments with larger state/action
spaces, the agent requires proportionately more samples to detect changes and learn a good policy.

Theorem 2 ([I6], Proposition 1). For any learning algorithm, there exists a non-stationary MDP such that
the dynamic regret of the algorithm is at least Q(\S|1/3|A|1/3A;/3T2/3).

Gap between Bounds. To the best of our knowledge, this is the first bound on dynamic regret for
model-free policy-based algorithm in the infinite horizon average reward setting. Observe that the infinite
horizon setting (only one sample per environment available) is harder than the episodic setting (environment
remains stationary during the episode) and necessitates a single loop algorithm with the policy being updated
at every timestep. We conjecture that the gap between the bounds results from a slack in the analysis of the
underlying Natural Actor-Critic (NAC) algorithm. The best-known regret bounds for NAC for an infinite
horizon stationary MDP in the (compatible) function approximation setting with a two timescale algorithm
is O(T3/*) [42]. The analysis of the actor involves the norm of the critic estimation error [|Q; — QF*||
(Proposition [I)) whereas guarantees for critic establish a bound on norm-squared of the error ||Q; — QT *|?
(Proposition [2). This mismatch, which underlies the sub-optimality of the current best stationary infinite
horizon NAC analysis, is exacerbated in non-stationary environments resulting in the gap between the upper
and the lower bounds. [[] Note that this mismatch of the value function estimation error between the actor
and the critic doesn’t occur in the analysis of the model-based methods which use a Hoeffding style high
probability bounds.

IThe term characterizing the difference in value functions at consecutive timesteps | Q) " — Q7*| is the cause for the

t+1
bottleneck O ( 1/5T2/3 (\} + f)) term (see I4, I5, I¢ in Proposition .
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6 Unknown Variation Budgets: BORL-NS-NAC

NS-NAC required knowledge of the variation budget to achieve sub-linear regret by choosing the optimal
step-sizes and number of restarts as described in Theorem [I| which is not always possible in practice. To
overcome this limitation, in this section, we propose a parameter-free algorithm that adaptively learns the
variation budget when it is unknown a priori. Inspired by the bandit-over-RL (BORL) framework in [16], 12],
we present BORL-NS-NAC that does not require prior knowledge of the variation budget Ar yet achieves
sub-linear dynamic regret. Further, utilizing the EXP3.P analysis from [50], we present a regret upper bound.

Algorithm 2 Bandit-over-RL Non-Stationary Natural Actor-Critic (BORL-NS-NAC)

1: Input time horizon T', projection radius Rq

2: Initialize ug; = 0,po ; = ﬁ Vj € [[InT7], epoch length W

_ [InT] _ [InT] _ [In T7[In T
: Setf—095\/W,U— Wac_105\/%
:fori=0,1,...,|T/W] do
exp (ui ;)

5. Sample j; ~ p; where p; ; = (1 —() S exp (61) + [lnCﬂ

i/ ln 1/2 i/ LI 1/3 ji/lnT)\ 5/6
6:  Set step-sizes 3; = (M) L, =Y = (M) and restarts N; = W (LM)

>~ W

T T T
(i+1)W—1
7: Run NS-NAC (Algorithm [1f) for W time-steps and observe cumulative reward R; ;, = S (st ar)
t=iW

. o+li—;.-R; j. /W
Update posterior as u;y1,; = u;,; + %”/
K2V

9: end for

BORL-NS-NAC works by leveraging the adversarial bandit framework to tune the variation budget dependent
parameters, i.e. step-sizes and number of restarts, in NS-NAC and hedges against changes in rewards and
transition probabilities. Algorithm [2| runs the EXP3.P algorithm [50] over [T/W] epochs with NS-NAC as a
sub-routine in each epoch. In each epoch, an arm of the bandit is pulled to choose the parameters of the
sub-routine and the cumulative rewards received are used to update the posterior. The space of all possible
parameters is discretized and the arms of the bandit are considered to be 7 = {70, 7%/UnT] 72/UnT) T},
In each epoch 4, arm j; is pulled/sampled from the distribution p; (line[5) as

exp (§uq,5) N ¢
>ojexp (§uiy) [T’

and step-sizes and number of restarts for the NS-NAC sub-routine as chosen as a function of j; as described
in line @ The cumulative reward R; ;, observed in epoch ¢ is used to update the posterior (line (8] as

o+ L=y, - Rij, /W
Dij '

pij = (1-0)

Uit1,j = Ui +

We now present an upper bound on the dynamic regret with the proof adapted from [16] [12] which present
parameter-free non-stationary model-free value-based and model-based algorithms respectively. While we

defer the proof to Section [F| we would like to highlight the additional cost of O ( W/InT - % incurred by

running the EXP3.P algorithm to hedge against the unknown variation budgets. Note that for the optimal
choice of parameters as discussed below, this additional regret term continues to be of the same order as the

other terms O (A%F/ 65/ 6) and hence BORL-NS-NAC continues have the same order of regret as NS-NAC.

Theorem 3. If Assumption is satisfied, the time horizon T is divided into epochs of length W = O(T2/3)
in Algorithm@ then we have for any j* € {0,1,--- , [InT|}

Dyn-Reg(M,T) < (9( lnT-VTV> +@(%)+@<VTM/T>+@<@T>+@(T\/E) (6)

N , N cumulative change
cost of hedging by EXP3.P effect of initialization in policy over horizon T




Under review as submission to TMLR

Ntw AW ~ [ AY/3p2/3 AL/372/3
+0 B—T +(9(T\/ )+(9 WVt O(T\/ ) +O< TT)+O - + = ;
N vat /’YT
—_——
cumulative change
error in average reward estimate at critic in critic estimates error due to non-stationarity

/11 1/3 F/n 1/2 4 n 5/6 -
where Ap = App + App, af =41 = (Lﬁ) Bt = (%) Nt =w (L;TJ) and O(")

hides constants and logarithmic dependence on time horizon T. Choosing optimal value of jT and resulting

1/3 1/2 .
optimal parameters as a* = v* = (A—TT) / , B = (AT—T) / and % = AST/GTl/G, we upper bound the regret as

Dyn-Reg(M,T) < O (|5\1/2|A|1/2A;/6T5/6) . (7)

7 Proof Sketch of Theorem [1]

We now present a sketch of the proof of Theorem [I| that presents an upper bound on regret of NS-NAC and
address the following theoretical challenges that non-stationarity poses. (a) Stationary environment NAC
analyses use the KL-divergence to the optimal policy as a Lyapunov function. What is an appropriate
function for dynamic environments where the optimal policy varies with time? (b) How do the simultaneously
varying environment and evolving policy affect the estimation of the average reward and state-action value
function? (¢) How do the time-varying transition probabilities affect the martingale-based argument used to
analyze the Markovian noise?

Regret Decomposition. We start by decomposing as

T-1
Dyn-Reg(M,T) =Y E[JF—Jr| 4 BT —nsua)] (8)

t=0

diff £ optimal TIo: .difference of actual versus
1, dHterence ol optimal versus instantaneous reward

actual average reward
where I; measures the performance difference between the average reward of the actual policy 7y at time ¢
relative to the optimal policy ;. The second term I» analyzes the gap between the average reward and the
actual rewards received due to the stochasticity of the Markovian sampling process.

Actor (Proposition . We first bound [; in by adapting the Natural Policy Gradient analysis for
average-reward stationary MDPs in [41] to non-stationary environments. NPG in the stationary case is
analyzed by characterizing the drift of the policy towards the optimal policy using an appropriate Lyapunov
function. In non-stationary case we innovatively separate out and analyze the change in the environment
from the drift of the policy as follows. We start by dividing the total horizon 7" into N restarted segments of
length H each and split I; as

n=0 h=0

N—-1H-1
nH+h ﬂ'*H W*H TnH+h TnH+h TnH+h
§ : § : ( nH+h Jnﬁf ) + (Jnﬁ - JnH >+ (JnH - JnH+h )
avg. reward with same

optimal avg. reward . avg. reward 51 oS, N
policy in two environments

I3: .
3across two environments 4*sub-optimality

We benchmark policies learned in each segment n € [N] against the optimal average reward at the initial

timestep nH i.e. J: I’T}H . We bound I by mirror descent style analysis for each segment n with ¢ =
{nH,...,(n+1)H — 1} by the Lyapunov function adapted to non-stationarity as

Zd“nH’ w1 (5) Dicr, (1 (1) 704 (| 5)-

In addition, since NS-NAC does not have access to the exact value functions Q*, I also depends on the
critic estimation error ||Q7* — Q¢loo-

We analyze the change in the environment next. We bound I3, the difference in optimal average rewards
in two different environments, in terms of corresponding changes in the environment ||r,min — Cnmrl oo
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and [|Poain — Prulleo (Lemma by a clever use of the linear programming formulation of an MDP.
Similarly, we deftly bound I3, the difference in average rewards when following the same policy 7,z in two
different environments, in terms of the environment change (Lemma @ The number of restarts N balances
exploration-for-change and learning a good policy and we optimize it in Theorem [I| to minimize regret.

Critic (Proposition . We bound the critic estimation error ¥; = Ilg [Q; — Q7] E| for each restarted
segment n € [N] where t = {nH,...,(n+ 1)H — 1} by adapting the critic analysis used in stationary MDPs
[33, 42, [46] to non-stationary environments. If Oy = (8¢, as, St41, at41), we can decompose the error as

eall3 < (1= @)llel3 +ap [(r(On) = IT(O1) + A(O)QT") + (A(Or) = ATF") ]
Ig:error due to Markov noise
™ 1 T Tt41
+a (I7(0) =m(00)* 4+ e [QF = QT I3 +0?llre(0r) = ne(00) + A(O)Q3.  (9)

I7:avg. reward estimation error Is:value function drift Ig:variance term

Ig is the error induced by the Markovian noise which is analyzed leveraging the auxiliary Markov chain
described below. I7 describes the error due to an inaccurate estimation of the average reward which is
bounded below. Ig, the change in the true value function is caused by drifting policies and environments,
and can be neatly bounded in terms of the change in policy, rewards and transition probabilities (Lemma E[)
Finally, I1( is the variance term.

Bound on Markovian Noise. For each restarted segment n € [N], consider time indices (n + 1)H >
t > 7 > nH. Consider the auziliary Markov chain starting from s,_, constructed by conditioning on
]:tfr = {Stf‘r; Tt—7—1, Pth} and I'OHiIlg out by applylng 7Tt,-,—,17Pt,.,- as

71 Py - 71 . e o~ T—r—1 . Py 71 .
St—r — 2 Qt—7 — 7 St—741 — 7 Qt—741 7 S¢ ag St+1 Q1.

Recall that the original Markov chain is

71 Py

T 1 Py T
St—r — 2 Qt—7 — 7 St—r41 — 7 Qp—g41 —7 St — > At —7 St41 — 7 Q41

This enables us to characterize properties of original Markov chain compared to the auxiliary chain as
dryv(P(O; € | Fi_7), P(Oy € -|Fi_7)) where O; = (3, a4, 3¢41,d¢41). We do this by bounding the effects of
drifting policies and transition probabilities in the original chain and leveraging uniform ergodicity in the
auxiliary chain. While prior works use auxiliary Markov chains for stationary environments [49] 33 [43], ours
is the first adaptation to a non-stationary environment. Observe that the time-varying transition probabilities
P; add an extra layer of complexity, unlike the stationary case where only the policy changes over time.

Average Reward Estimation Error (Proposition . To bound I7 in @, i.e., the error in the average
reward estimate ¢; = 1, — J;*, we can decompose the error as

Tt 1 TC¢ Tt41
G S Q=7+ A(re(Op) — JT)? + (JIe = JR)? +72(re(Of) — m)* .6
—_—

Iip:error due to Markov noise I,.:2v8 reward at consecutive I2:variance term
1 timesteps

I is analyzed using the auxiliary Markov chain construction. I11 quantifies the difference in average rewards
at consecutive timesteps, and is neatly bounded in Lemma [6] in terms of the corresponding changes in policies,
rewards, and transition probabilities. I15 is again the variance term.

Finally, I in characterizes the difference between the average reward and the instantaneous reward at
any time, and is analyzed in Proposition [3| using the auxiliary Markov chain to bound the bias occurring due
to Markovian sampling. This concludes the proof sketch.

M g[x] = arg ming ¢ g [[x — y||2 is the projection to E, the subspace orthogonal to the all ones vector 1.

10
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500001 —— NS-NAC —e— NS-NAC 1.8 x 10%
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B S y 4 1Y o
< 400001 SW-UCRL2-CW = 4x10 SW-UCRL2-CW B 16 x 104
go —— Var-UCRL2 go —e— Var-UCRL2 go i
] startQ-UC > 3% 10° startQ-UC ]
& 30000 RestartQ-UCB ~ 3% 10 RestartQ-UCB o~
o 7 o o 14 x 10
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20000 S = NS-NAC
g g 2x10 g , —e— BORL-NS-NAC
A a SR SW-UCRL2-CW
10000 { SW- -C
—e— Var-UCRL2
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01 10*
0.0 0.5 1.0 1.5 2.0 2.5 6% 10* 10° 2x10° 10 10? 10°
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(a) |S| =50, |A| =4, Ar ~ 300 (b) |S| =50, |A| =4, A ~ 300 (c) |S] =50, |A| =4, T =5 x 103

Figure 1: Performance of NS-NAC and baseline algorithms across various settings. (a) Dynamic regret for a
single instance with T = 25 x 10* steps. Log-log plots showing the effect of varying: (b) time horizon T, and
(¢) variation budget Ar.

8 Simulations

We empirically evaluate the performance of our algorithms on a synthetic non-stationary MDP (see Section,
comparing it with three baseline algorithms: SW-UCRL2-CW [51], Var-UCRL2 [13], and RestartQ-UCB
[16]. SW-UCRL2-CW is a model-based algorithm that adapts to non-stationarity by maintaining a sliding
window of recent observations, applying extended value iteration, and adjusting confidence intervals to track
changing dynamics. Var-UCRL2, also model-based, adjusts its confidence intervals dynamically based on the
observed variations in rewards and transitions. Model-free RestartQ-UCB periodically restarts Q-learning and
resets its upper confidence bounds to adapt to non-stationarity. While there is a gap between our theoretical
regret analysis and those of the baseline methods, we empirically observe in Figure [1| that NS-NAC and
BORL-NS-NAC strongly match their performance achieving sub-linear dynamic regret across all settings.

9 Conclusion

We consider the problem of non-stationary reinforcement learning in the infinite-horizon average-reward setting
and model it as an MDP with time-varying rewards and transition probabilities. We propose and analyze
the first model-free policy-based algorithm, Non-Stationary Natural Actor-Critic. A two-timescale natural
policy gradient based method, NS-NAC utilizes restarts to explore for change and learning rates as adapting
factors to balance forgetting old and learning new environments. Further, we present a bandit-over-RL based
parameter-free algorithm BORL-NS-NAC that does not require prior knowledge of the variation budget and
adaptively tunes step-sizes and number of restarts. Both algorithms achieve a sub-linear dynamic regret,
thus, theoretically validating policy gradient methods often used in practice in continual non-stationary RL.
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A Additional Related Work

Table 1: Regret comparison across Non-Stationary and Stationary RL algorithms with variation budget A,
time horizon T', episode length H, size of the state-action space [S|, |A|, maximum diameter of MDP D,
dimension of feature space d and dynamic Bellman Eluder dimension d.

Model Policy

Settin Algorithm Regret
8 8 Free Based

Lower Bound 2 (|S]5[AJ$ DEAGT
@

5] (|3||A|éDLéT§)> x -
Non-Stationary 4] O (ISIHAIDELITE) ]
Infinite Horizon [13] @) <|SHA|%DA§T%) X ,
Average Reward [12] ) (|S|% \A|%DA%T%> % _
[ ,

This Work O (|5|% |A|%A§,T%) v v

Lower Bound () (|S\%|A|%A§H%T%) - -

53] O (|S||A|%A§H%T%) v x

Non-Stationary 124] @ (AéT%) v X

Episodic 17 o (d% HQT%) v X

I16] o (Isl* \A|%A§HT%) v x

Non-Stationary 18] @, d%AéH%T%> v X

Episodic Linear MDP 9] O d%@H%T%) v X
Stationary

Infinite Horizon [42] O (T %> v v

Discounted Reward

Stationary

Infinite Horizon [43] O (T %> v v

Average Reward
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B Notation

Variation Budgets

T—1 t

Apr = Z lreen — rt||oo;AR,t—T+1,t = Z lri — i 1]loos
t=0 i=t—7+1
T—1 t

Apr = Piy1 = Pilloc; Apsrire = > [Pi=Pi1]u,
t=0 i=t—7+1

Ar =Arr+ Apr.

The critic update (line |§| in Algorithm [1) can be defined in vector form using the following notation. Note
that we use a one-to-one mapping f: S x A — {1,2,...,|S]||A|}, to map state-action pairs (s,a) € S x A to
vector/matrix entries. However, for ease of notation, we denote the index of each entry by (s, a), instead of
the more accurate f(s,a).

O, = (St,at,5t+1,at+1)

( [0+ 1 0; 7 (s¢, a0); 05 - ;0] € RISIA
M(0y) = (03 5054305+ ;0] € RISIMA
IT(0f) = [0+ ;0;J75 05+ ;0] € RISIMA
0) € RISIAXISIAL guch that

2

-1 if (s,a) # (s,d),i=73j
A0);; =Al(s,a,8,d);; =41 if (s,a) # (s',d’),i = (s,a),j = (s',d)
0 else

As a result, we get the critic update

Qi1 = [[[Q: + @ (r:(0r) — m(O:) + A(0)Q1)].

Ro

For the purpose of analysis, we define the following quantities.

Aﬂ’P = IESNd"'vp(-),amﬂ'(-\s),s’NP(-|s,a),0,’~7'r(-|s’) [A(S7 a, 8/7 a/)]
Q™FP T =Q associated with =, P,r

JPr = Zd”’P(s) Zw(a|s)r(s, a)

a

IIg[x] = argmin ||x — y||2 where E is the subspace orthogonal to the all ones vector 1
yeE

P =g [Q: — QY] (Error in the value-function estimate)
L(m,P,r,9,0) =9 (r(0) = I™F*(0) + A(0)QTF") + 4T (A(0) — A™F)
br=mne — I (Error in the average reward estimate)

A, P,1,n,0) = (n— J"F")(r(s,a) — JVFF)

Given time indices t > 7 > 0, consider the auxiliary Markov chain starting from s,_, constructed by
conditioning on $;_,,m_,_1, P:_- and rolling out by applying 7, _,_1,P;_, as

T—r—1 Py - . Ti—7—1_ - Py e Tt—7-1 . Pir _ To—r—1_ ~
St—r ai—r St—r41 — Qt—741 .25 ag St41 —7 Gg41-

Recall that the original Markov chain is

71 P T—r Py -1 -1 P, T
St—r ag—r St—r+1 = Qt—741 <S¢ Ay — St41 — Gg41-
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C Symbol Reference

Constant First Appearance
Ur Section
Ug Lemma
N, H Algorithm
C= . ;I%/f ~ Z:;P;;((‘Z)) Assumption
m,p Assumption
M = [log,m™'] + lflp Lemma
A Lemma
Wy = (3G%)1/3(4Ué)2/3 Propositiong
Wy = (3G%)1/3(4U22)2/3 Proposition |2
Dy = LBy + 4Ug\/|S||A| Bz + 4Ug Proposition 3
Dy =4Ugr + Lp Proposition 5
D3 =4UgrFs + SU% Proposition Z
D, =9L2B2 Proposition Z
W3 = (3)V/3(4U3)%/® Propositionz
Wy = (3L%)V/3(4U3%)2/3 Propositionz
B = %/WU% Lemma N
By =Ug Lemma
B3 = (Fix + Gr + F3:/|S||A] + F4) B2 Lemma |10
B, = F»5(2Ur + 2Ug) Lemma [10)
Bs = F7,GRr Lemma E
B = Fip + FyGp + Fy Lemma [10)
Br = (Fs Ly + Fy/IS[[A] + Fy)Bo Lemma |11
By = 7+ FsLp Lemma H
L. = 4Up(M + 1)/|S||A] Lemma
Lp = AUrM Lemma |6}
Gr = 2Uqg/|S[|A| Lemma
Gr=2\"1/|S||4] Lemma E
Gp = (A"'Lp +4UpA"'M + 4UgA~2(M +1))/|S[JA] Lemma [§
Fin = 2UqgLx 4+ 4UqGr + 8UZ (M + 2)|S|| Al Lemma |13
Fip =2UqLp + 4UoGp + 8U3(M +1)/|S[|A] Lemma |13
Iy =2Ug + 18Uqg Lemma |14
Fy = 16URUq + 24U3 /ISTIA] Lemma L5
Fy = 8URUq + 24U \/IS||A| Lemma 16
Fs =4Ug Lemma |18
Fs = 2Un Lemma |19
= 8U12% Lemma %
Fs = 8U122 Lemma H
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D Regret Analysis: NS-NAC
Theorem 4. If Assumption is satisfied and the step-sizes are chosen as 0 < a, 8,7,€ < 1/2 and number of
restarts as 0 < N < T in Algorithm[1], then we have

<O(B>+@<ﬁ>+@(f)+©(Tﬂ)

cumulative change
in policy over horizon T

BT NT ~ ApT - A;/3T2/3 AlT/3T2/3)
+(9( )+O(T\f)+(9(,/7)+ O (TVw) +O( )+O( 7 =)

cumulative change
in critic estimates error due to non-stationarity

Dyn-Reg(M, T) lz J7 t_ (8¢, ag)

effect of initialization

error in average reward estimate at critic

where Ap = A1+ Apr, @( ) hides the constants and logarithmic dependence on the time horizon T
)1/3 p* = ( T ) Yz and N* = A;/6T1/6, the resulting regret (with explicit

Choosing optimal o* = v* (?
dependence on the size of the state-action space |S|, |.A|) is

A 1/6
Dyn-Reg(M,T) < O (|S\1/2|A|1/2AT/ T5/6) .
Proof. Recall that Algorithm |1| divides the total time horizon T" into N segments of length H = [%J

T-—1 . T—1 . T-1
E[Z J:rt *T’t(Shat) = ZJ:rt *Jtﬂ-t +E ZJZrtTt(St,at)]
t=0 t=0 t=0
Co(A) v o(X) o 23 3 BN [ - Quur] ]
= N 8 i nH+h nH+ 0o
T-1
+ E Z Jtﬂt — Tt(st,at)
t=0

N-1 H-1 1/2
< O (ATT) + O (B) + O(ﬁT + 2 Z H1/? (Z E[HHE [QZ;IIT;:L . QnH-l—h} ”%}>
h=0

n=0

1/3
A'rLH,(nJrl)HI{2/3
Vo

+
(e}
N
S
ay
N————
+
@)
I/
m
\_/
+
e}
S
+
e}
N
BE
+
(e}

INE 2/3
+0 (W) +E t;; JI — (s, at)
o) o (X)+ o +0 (NVE) +0 W) +0(1va) +0 ()
) ~ R B 5 1/312/3
ro(1vA) +o (L) oy +o () +o (210
~ [ AYPT2/3 ~
+0( = >+O(1)+O(5T)+O(APT)»
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where (a) is due to Proposition l is by Proposition 2{and Ay, g (ni1)ir = ArnH,(n+1)H + AP nH, (n+1)H >
(c) is by Jensen’s inequality, Az = Ag r + Apr and Proposition I We further have 74 = O(log T'). Note
that O(-) hides constants and logarithmic terms. O

D.1 Actor

The next result bounds the performance difference, measured by the average reward, between the optimal
policies 7} and the current policy ;.

Proposition 1. If Assumption [1] holds, we have

T—1
o - TART TApr
ElZJt —J; ] (2+2GR+C) N (UQ+LP+2GP+C) N

error due to non-stationarity

N—

H

H-1

log | A| BT U,
7rnH+h 1 R
+2 E{HHE nH+h — QnH+h] ||oo} + N - 3 + = + o
n=0 h=0 N—— ~—~
" . : N x bias of cumulative constant
critic estimation error initialization change in policy

where Agp = Z lrr41 — rilloo, Apr = Z IPt+1 — Ptlloo, C is defined in Assumption |1, T is the total

time horizon and N is the number of restarts The remaining constants are defined in Section [(

Proof. Recall that Algorithm I 1| divides the total time horizon 7' into N segments of length H = [%|. In

each segment (indexed by n € [N]), we use J ﬁH as an anchor against which to compare the performance of
the learned policies.

T—1
*
E Ty Tt
Jt - Jt
t=0

N—-1H-1
|03 (o - i) + (i - ) + O - )|
n=0 h=0

(a) N—-1H-1 . -
SE|Y D Qlransn —Tanlloo + (U + Le)Prssn = Prslleo) + (J:ﬁrH - Jn§H+h>
n=0 h=0
(b) N1 H-L L TnH+th
< H @ltnsrsn = Trrnilloo + (U + Le)Prsren — Prsren-illoe) + (I = Jri ")
n=0 h=0

<HQArr+ (Ug+ Lp)Apr)+E

N—1H-1 R
3 - . 0)

n=0 h=0

where (a) is by Lemma [5] and Lemma [6] and (b) is by triangle inequality. We now bound the last term as

DD DM
n=0 h=0
N—-1H-—
0 3 S L S ) BT ) V)
n=0 h=0
d™ nHvP"H TnH4R T HAh
_ (;)TrnH(a|s) [ﬁQnITfIJ,-h ( ) BV WE A (S) —+ BQnH—I—h(S’ a) - BQnH—‘rh(sva)]
n,h,s,a
d i Prb o TnH+h TnH+h TnH+h TnH+h
+ }Z (;)TrnH(als) [BQ n ( ’a) _ﬁQnHJrh (S (l) +BV nH-+h ( ) BV ( )}
d‘“’:,HanH ol - TnHAh
_ (;)W"H(a|5) [BQuE G (s,a) = BVIE (8) + BQuisn(s, @) — BQuirin(s, a)]
n,h,s,a

21



Under review as submission to TMLR

+ Z ZQIIQ"”H“ — Qi Ml

(d) d"nH7P"H s)ymk o (als - -
2y I ) (57531 (510) = BV () + BQurron(5:0) = BQurrn(5,0)]
n,h,s,a
N-1H-1
+ Z Z 2GR||rnH - rnH+h||oo + 2GPHP’!LH - PnH+IL||oo
n=0 h=0

log Znp4n(s) = BV, i7" (s )]

Y 5 S R () als)

I
P i (als) TnH+h+1(als) =
+ T lo Lo - n )
n%;a 8 TnH+h(als) Qi (5, a) = Qi (s, a)
I fs
+ (H —1)(2GrAR1 + 2GpApy) (11)

where (c) follows from the Performance Difference Lemma |4} (d) follows from Lemma [8| and (e) from the
actor update equation (line [10|in Algorithm 1] . ) and Z;(s) = >, c 4 me(a]s) exp(BQ¢(s,a’)). Next, we bound
each of Iy, I, I3. Using Lemma [2] we have

= 0 S P () [FEEE v )] Sl
n h s

\—,_./
=1

< Z Z [ nH+h+1 nH-+h + ||Q2}L{I_—Iij;lh _ QnH+h||oo 4 7

JTnHARL1 TnH+h
B13

+

Itn e +ht+1 ; rnH+h| oo n LP||PnH+h+é_ PnH+hoo] ' (12)

Next, we establish a bound on I as

. X . Tn als
= LSS e o
ZZZd"nH’ nit (8) [DkL (75 5 C19) 17 nmrn (-18)) — Dxr (705 5 C19) | 7n i 4na1(¢]5))]

n=0 h s
=B Z S i (5) (D (e (19) o (1)) = Dit. (w19
1 . u
sz nit Pt () Dy, (70 5 (-] 8) [ 70nm (+5))
(g) 1 7 P i ( |A| M
sz 1 g "

where (f) is because of non-negativity of KL-divergence and (g) is due to the restart in line {4 of Algorithm
Lastly, Is can be bounded as

=SS S P () als) [QUHE (5,0) — Quara(s, a)
n h s a

< Z Z HQZITIJT;: - QnH—Hz”oo- (14)
n h

We substitute the bounds on I, I, I3 from - in and then combine with . Recall that the
set of solutions to the Bellman equations is Q; = {Qf' + c1|Q{'; € E,c € R} where E is the subspace
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orthogonal to the all ones Vector and Q% is the unique solution in E [46]. Finally, we use the equivalence

I = Qtlloo = Mg [QF — Q¢] || toO get the result.

D.2 Critic

In this section, we characterize the error in the critic estimation.

Proposition 2. For any n € [N], if Assumption[]]is satisfied and 0 < v < 1/2, then we have

O

nH+H—-1

> E[INsQ - Q]
t=nH+71Hy

2/3 1/3 2/3 1/3

< @ l +@ AR,nH,(nJrl)HH/ +@ AP7nH,(n+1)HH/
- o] « «

inietjzj:lgafggn error due to non-stationarity

2/3 1/3 2/3 1/3
- ~ /1 2 AN H N VAN H
+O(7H)+O(7)+O<B’y >+O s H’(;”H +o| =L H’(;l)H

error in average reward estimate at critic
B*H A
own+0(5F )+ O
cumulative change

cumulative change in critic estimates
in policy over horizon T

where @() hides constants and logarithmic terms which can be found in Equation and AR nH,(n+1)H =

H H
EZZB ||I‘t+1 _rt”ooz and AP,nH,(n+1)H = tnt}} ||Pt+1 Pt”oo-

Proof. Recall that ¥, = Hg[Q; —Qr*], E is the subspace orthogonal to the all ones vector 1 and

the critic update equation (line @] in Algorithm can be expressed in vector form as Qiy1 =
g, [Qt + a(r:(Or) —n:(O:) + A(O:)Q¢)]. Recall the notations rs,7:, A(Oy), AP J,(0;),T(+), ¢ from
Section [Bl We therefore have

%1113 = 1Me [Qurr — QT 113

< Mg [Qi + a (re(Or) = 1m:(0r) + A(O)Q:) — Zrﬂl} [

= 115 [1 + (1:(01) — m(0) + A(0)Q) + QT — QT I3

< |l9:ll3 + 20“1’; (r:(Or) —m(Or)) + A(O1) Qe

+ 24, e [QF — Q7T + 207 [ (0r) — me(Or) + A(On)Qel + 2 1s [QF — Q71 115

< [[pell3 + 20ap, (r¢(Or) — me(Or) + A(O1)Qr — ATFrapy) + 20ap, AT FPrap,

+ 2] g Q' — Q'] + 202 ||ri(0r) — m(Oy) + A(O) Q|3 + 2|1 Q' — Q1] 113
< el + 209p," (r:(0r) — me(O) + A(O)QF?) + 202h, (A(Oy) — AT0FP) apy + 20ap,] AT FPrap,
+2¢, g [QF — QT ] + 207 |re(0r) — me(Or) + A(On)Qelf3 + 2115 [QF — QT 113

< b3 + 20D (104, Py, 1y, 2by, Op) + 209p,] (T4 (Or) — mi(Or)) + 2a9p,] A™FPeap,

+2¢ e [QF — QY] +207||re(0r) — 0:(0r) + A(O)Qul3 +2|1e [QT — QL] 113

(a) _
< ||¢t||§ + 20l (74, Pt7rt7 Yi, Or) + 2a||Pe||2 | ITH(Or) — 1e(Oy)]| 5 + 2a'¢tTAm’Ptlbt

+ 20l T [QF — QT ll2 + 2021 (Or) — me(Or) + A(O1)Qel3 + 2I|TIp [QF — Q

(©]
< [[9p¢]|3 + 20D (e, Py, vy, e, Or) + 20|9pe [l 7 — me| — 200M[[9he|3

+2|ell2 e [QF — QI ll2 + 207 [[xe(Or) — me(Or) + A(O4)Qell3 + 2|15 [QF — Q

23
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< (1—2a0)[l9el3 + 2O‘F(7Ttth7rta Py, Op) + 20|y ||| T — 4

+ 2|4 || 2|[11E [

+2[[ul2)ITTe [QFF, —

— QI Iz + 202 (2UR + 2Uq)* + 2|1E [QF — Q1] 113
< (1= 20|93 + 20T (4, Py, e, 1, Op) + 2042 JT* — | + 2|9 ]|2 || |
Q1] ll2 +20%(2UR + 2Uq)* + 2|1g [QF* — Q1] 113,

T =Qf] 2

where (a) is due to Cauchy-Schwarz inequality, (b) follows from 1; € F and Lemma

Taking expectation, rearranging the terms, setting 7 = 77 = min{i > 0|mp’~! < min{s, a}} and summing

over time, we have

nH+H—1
> O [llwel]
t=nH+47py
nH+H-—1 nH+H—-1 nH+H—1
E
<y ERE el S g P00+ Y. Ellodldl]
t=nH-+Ty t=nH4+T1H t=nH-+7pg
Iy I I3
nH+H-1 T T nH+H—-1 T ‘ﬂ' 1
+ +Z E [H"pt|‘2||HE [ t Qt+1] ”2] + +Z E [||"/’t‘|2||HE [Qt+1 t:{ ] H }
« «
t=nH+1H tnH-+7y
14 15
nH+H—-1 P 7rf+1
I t
AU+ 2T 1)+ > [T [QF . Q1B (15)

t=nH-+71H

Is

We now bound each of the terms starting with the first term as

E[HwnH-H'H H% —

I =

By Lemma [I0] we have

nH+H-—-1
I <
t=nH-+T1Hy

2c

|81 113 <

2
2UQ )

«

Z BsB(t +1)* + Byaty + BsARt—ni—ry 1.t + BeTHAPt—ni—ry+1.t

< BsB(tu + 1)*(H — i) + Baarg(H — T) + BsTu AR i, (ne )i + BeTH AP (ns1y1

By the Cauchy-Schwarz inequality, we have

nH+H—-1

I3 < Z \/715\/ E||4:l3

t=nH+71y

nH+H—-1
where YpAHAL

Using Lemma [8] we have

nH+H-1
20U, -
L<=% > Q-
t=nH+71y
2Uq

t+1H2

(nHJrH 1
t=nH+71y

2UQ nH+H—-1

t=nH-+1py

—(GRARwH,(n+1)H + GPAPH, (n+1)H)-

24

Y2 -1
[¢§]> < >

1/2
]EHI%II%}) ;

t=nH+1H

E[¢?] can be further bounded using Proposition

S Grllre — relloe + GPIPr1 — Pillo
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Using the Cauchy-Schwarz inequality and Lemma [7] we have

nHJrH*lE I T 771+1 nH+H—-1 1/2
L §< S° " Eline (o7 - tﬂ]n]) ( S %”30

t=nH+T1y t=nH+T1py
1/2
GEFBQ/BQH 1/2 nH+H—-1
<(SEEE) TS mmwr)
t=nH+71Hy

We now the final term Ig as follows. For timesteps with small changes in the environment, we use Lemma [J]
and for timesteps with large changes in the environment, we use a naive upper bound. Define the set of
timesteps Tg := {t : [|[ti+1 — Ttlloo < IR, |Pid1 — Pillc < 0p}.

nH+H-1 41 ™ ﬂ'f 1 2
E[|Is [QF — Q7' 3] E[|s [QF — Q7' I3 ] 404
lo= ) e )
t=nH+Th @ teTq “ t¢Tq “
2
Z 3G%6% 3G2 52 BGQB 62 Z 4U4
o « « «
teTo t¢7q
(©) 3G%03H  3G%02H  3G2B3A?H  4AUARrnmmivn  AUZApnm (ni1)H
< + + + +
o o « adp adp
WlAR n, <n+1>HH1/3 WA ey | 3GRB3SH (16)
- « « o
where (c) follows from the Lemma [24] (d) follows from Lemma [9] and (e) is obtained by choosing
1/3 3
orp = —274UQA§5:II'{(”“)H) and dp = (—274UQA§’G":1;{("“>H) and defining W; = (3G%)1/3(4Ué)2/3,

Wy = (3G%)Y/3(4U3)%/3.

We substitute the bounds on Iy, ..., I (using Proposition [4) into and use the squaring trick from Section
C.3 in [33]. The above equation is of the form, X <Y + ZvX Completlng the squares and rearranging, we
get X < 2Y + Z2. Hence, we get the final result as

nHAH-1
> Efllwel]
t=nH+7H
< 4Uc22 + 2B3f(tu +1)°H + 20((By 48U + Sng)THH n 2B5THAR nH, (n+1)H
— aA A A A
2B67']2—1AP,7LH,(7L+1)H + 8U12% 4B7B(TH + 1)2H 2D3’Y’THH
A fy)\Z 22 A2
2/3
N 4Bs(ti + 1)*Ap i, (ni1)H n 2D,B?H  8Waly,y, (n+1)HH1/3
A2 72)\2 ’Y)\Q
2/3
8W4AP,nH,(n+1)HH1/3 N AUQGRAR nH,(n+1)H N AUQGPAPnH, (n+1)H N G2B3p*H
YA a a\ 2 \2
oW A2/3 /3 oW A2/3 H1/3 5 19 2
! H,(n+1)H 28 pnH,(n+1)H 6G2B23%H
" * + (17)
aA al al

(1 5 5 A D D JE
<0 (a> + O (8H) + O (aH) + O (Apnrr,ninyn) + O (Apnmninym) + O (vH) +O (7)

+0 +0
v v

2/3 : 2/3 ;
+@(32H) ~ AR,nH,(n+1)H1L11/d ~ AP,nH,(n—i—l)HHl/d
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+0 +0
« !

2/3 2/3
A AR,nH,(nJrl)HHl/S ~ AP,nH,(n+1)HHl/3 ~ (ﬁQH)
+0 ,
where O(-) hides constants and logarithmic terms.

D.3 Average Reward Estimation
In this section, we first analyze the gap between the average rewards and the rewards accumulate by
NS-NAC in Proposition [3] We then characterize the error in the average reward estimation in Proposition [

Proposition 3. For any n € [N], if Assumption is satisfied, then the following holds true

nH+H-1

Z E[J[ —ri(se,a0)] < D1B(rg + 1)*(H — 75) + Da(7i + 1)2AP,nH,(n+1)H
t=nH-+1p

where Dy = Ly By + 4Ug/|S[[A[By + 4Ug, Dy = 4Ug + Lp and Appp ity = S oot [Pit — Piloo-

Proof. Given time indices t > 7 > 0, recall the auxiliary Markov chain starting from s;_, constructed by
conditioning on $;_,,m¢—r—1, P¢—, and rolling out by applying 7;_,_1,P;_, as

71 Py Tor—1_ ~ Py, . Ti—r—1 . Pio Ttor—1_ ~
St—r at—r St—r41 — 7 Qt—7+1 coe St a St41 — 7 Q41-
Also, recall that the original Markov chain is
T—r—1 P 7 Pi 11 1 P, T
St—r a¢—r St—r41 —7 Qt—741 -5t Qi — St41 — 2 Qg41.
1Py — 1, P
Further, recall J™t-r-1Fe-rtt =57 dTe-r-1Fer (s)my_r_q(als)re(s, a).
We start by decomposing the term as
T
E[J = re(se, ar)] (18)
w 1 Pis, . 1 Pis, .
:]E[Jt ¢ *Jﬂ-t bt rt]+]E[T’t(5t,at)*Tt(St,at)]+]E[Jﬂ-t Lt Tt —rt(st,at)] .
I Iy I3

(19)

Note that I; is the difference in the average rewards between the two policies 7r;, w¢_-_1 in two different
environments (Py,r;) and (P;_,,r;) that share the same reward function. Hence, using Lemma |§| and
Lemma [3| successively, we get

Il < E [Lﬂ”ﬂ-t - 7Tt—‘r—1H2 + LPHPt - Pt—‘r”oo]

t ¢
<E|Lx Z |7; —mi—1ll2+ Lp Z ||Pi_Pi1||m1
i=t—T i=t—7+1
< LpBof(T+ 1)+ LpApt—ri1,e, (20)

where Apy—ri1 = Yisyri IPi = Pici oo
For I, by Lemma [23] and Lemma [T2] successively, we get
Iy <2UR - 2drv (P((st,at) € | Fi—z), P((3¢,at) € | Fi—r))

t

< AURVIS|IA|[E [ > llmwi- Wt—r—l\lz’]:t—f

i=t—T

t
+4UR Z HPi_Pt—T”oo

i=t—T
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< AURV/|S||A|B2B(T + 1)? + AURTApt—r11.4- (21)
Finally, we bound I3 using Lemma [17] as
(22)

I3 < 4Ugmp".

Plugging the bounds on I, I5, I3 into Equation and setting 7 = 7 = min{i > 0jmp'~! < min{B,a}},

nH+H—1 nH+H-1
Z E[J7* = ri(se,a0)] < Z LzBof(tg + 1)+ LpApi—nm—rp+1t
t=nH-+1p t=nH+47p

+ 4UrA/ ‘S”A‘BQ/B(TH + 1)2 + 4URTHAP,t—nH—TH+1,t -+ 4URmpTH
< (L + 4UrV/|S||A)Bof(ter + 1)*(H — 711) + (4Ur + Lp) (e + 1)*Appp,(nyya
+ 4URﬂ(H — TH).

Proposition 4. For any n € [N], if Assumption holds and 0 < v < 1/2, then we have the following

nH+H—1 4U2
Z E[(J7 = ne)?] < —2 +2B7B(rer + 1)*H + D3y H + 2Bs(tir + 1)*Appp (nynyn
t=nH+4T1g v
2/3 2/3
Dyg2H  AWSAR 4 (n+1)HH1/3 4W4AP,nH,(n+1)HH1/3
+ 2 +
Y Y Y
where D3 = AUrFs + 8UR, Dy = 9LZB3, Apummiyn = EZZEHHHH — Ttlloo; ApnH,(n+1)H =
(D [Bryy — P, Wa = (3)/3(4U3)/% and W, — (3L3)1/5 (403 2/

t=nH

Proof. Recall that ¢, := n, — J*. Using the average reward update equation (line |8|in Algorithm , we have

(e + 7y (re(se, ar) —me) — Jt:tflf
= (e + I = JT A (ri(se,a0) — mi))”
< @7 + 290 (1 (51, ar) — me) + 200 (ST = T 4+ 2007 = T + 297 (re(se, ae) — me)?
= (1= 29)¢7 + 27 (re(se, ar) — JT) + 204 (J — I
+ 2007 = JE)? + 297 (re(se, ae) — me)?
= (1= 2v)¢7 + 27A(my, Py, vy, me, Op) + 204 (JT —
+ 207 = I 4 297 (re(se, a0) — me)®
= (1= 29)¢7 + 2vA (¢, Py, vy, me, Op) 4204 (JTH — T + 200 (JTH — T

+ 2007 = JE)? 4+ 2902 (re(s0, @) — me)*

2
D1 =

T

Rearranging and setting 7 = 77 = min{i > 0lmp’~! < min{3, a}}, we have

nH+H—-1 nH+H—-1 [(b (b ] nH+H—-1
Z E[(b?] S Z L 2 t+1 + Z E 7rt7Pt;rt777t7Ot)]
t=nH+47py t=nH+47py t=nH-+1py

11 12

B S G 2Y) B O/ T2 )

PP ;

t=nH-+7py

t=nH+1p

13 14

27



Under review as submission to TMLR

nH+H—1 E[(Jtﬂ't _ J7\'t+1)2] nH+H-—1

Sy LY AElr(sea) — m)?)

t=nH+TH t=nH-+71H

gl

Is Is

We now analyze each of these terms starting with the first term as

B¢} pyry — Prrryn) < 2U%
2y Ty

I =

By Lemma [I1] and the average reward update equation, we have

nH+H-—1

I < Z BrB(t +1)* + Fsnt — Mt—nti—rgg | + FrTAP - nH—rps1t
t=nH+4T1g

< B7B(ty + 1)*(H — ) + 2UrFsyr(H — 71) + Bs(ti + 1)*Ap it (ni1y-

By Lemma [6] we have

nH+H-—1
2Ux 2URAR ni,(n+1)H  2URAP (ny1)H
13<< > ||rt+1—rt||oo+Lth+1—Ptoo> < RS St

t=nH-+41py

By Lemma [f] and Cauchy-Schwartz inequality, we have

nH+H-1 V2 fnBIH-1 g g ey V2
E[(J — Jr
m( > Ew]) ( 3Bl & m)

t=nH-+TH t=nH+T1H

nH+H—1 1/2 125252 H /2
< (73 men) (BEE)T

t=nH-+1p v

We now bound I; as follows. For timesteps with small changes in the environment, we use Lemma [6] and for
timesteps with large changes in the environment, we use a naive upper bound. Define the set of timesteps
Tr:={t:|[riy1 — relloc < IR, |Piy1 — Pillec < dp}.

nH+H-—1 E [(J‘ﬂ't,+1 _ Jtﬂ't)Q]

I5 — Z t+1

t= nH+TH v
7'I'f+1 Jﬂ't)Q] 4U2
< Z t+1 t + Z R
teTy t¢ Ty 7
2 2 §2 2 P2 /2 2
< Z 3(5 3L (5 3L,‘.B2ﬁ n Z 4UR
teTy v t¢7’.] v
(%) 30%H N 3L§36,%H N 3L2B2B*H N AUZAR i, (ns1)H N QUEAp i, (ni 1) H
Y ¥ Y YR Yop
2/3 2/3
VV3AR,nH,(n+1)HTl/3 W4Ap nH (n_H)HTl/3 3L31_B§BQT
< . . + S (23)

1/3
where (a) follows from Lemma |§| and (b) is obtained by choosing dr = (M) and 6p =

2 1/3 . ]
(Happpeeni ) ™ and defining W = (3)V/3(4U3)2/%, Wy = (3L3)/3 (4UR)2.
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For the final term, we have

Is < AUZy(H — 71).

Putting everything together, we have

nH+H-1
> El
t=nH-+1py

2U2
< TR + B:B(ty + 1)*(H — m1) + 2UrFeyti (H — 75) + Bs(t1 + 1)*Apnrt, (n1) 1

1/2
WrAR i (n QU RAp it (n nHEH—1 L2B2R2H N /?

t=nH+1Hy

2/3 2/3
W3ARJLH,(TL+1)HH1/3 n W4AP7nH7(n+1)HH1/3 n 3L31_B§B2H
v v v

+ +4U2y(H — 75).

Now, we use the squaring trick from Section C.3, [33]. The above equation is of the form, X <Y + Zv X.
Completing the squares and rearranging, we get X < 2Y + Z2. Hence,

nH+H-1
> E[¢]
t=nH+71Hy
4U12% 2 2
< T =+ 237ﬂ(TH + 1) (H — TH) + 4URF6’}/TH(H — TH) + 2B8(TH + 1) AP,nH,(n-i—l)H

AURAR mH.(n AURAP i (n 9L2B25%H
L AVrBRnH e | AVRAPAHminE | 9Lk ;ﬂ

Y Y Y
QW AR LHYE oW AR HY/
RnH,(n+1)H n PnH,(n+1)H + 8UZY(H — 731)

_|_
¥ Y
4U12'3 2 2
< - +2B73(ty +1)°(H — 7i) + AUpFyTu (H — 71) + 2Bs(TH + 1)°Ap i, (n+1)H
2/3 2/3
+9LfrB§62H N 4W3AR,nH,(n+1)HH1/3 n 4W4AP,nH,(n+1)HH1/3

2 5 S +8UEY(H — Th).

D.4 Technical Lemmas

D.4.1 Actor

Lemma 2. If Assumption holds, for any t,t' > 0, we have
x log Z;(s . J = g .
Zd”t”Pt'<5> [gﬂt() =V ()| < % +11QF — Qtlloe +
[re1 — refloo . Lp|Pi1 — Pl
C C

where Zy(s) = e 4 Te(a'|s) exp(BQ¢(s,a’)), C is defined in Assumption and other constants in Section @

Bij
C

+

Proof. We have

Tt41 Tt
Jt+1 - Jt
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T4l Tt Ti+1 ™
t+1 Jt + Jt - Jt

A Do AT P (s)meg (als) [QF (s,a) = Vi (5) + Qu(s,a) — Qi(s, a)]

s,a

b T 7 s T
© i — e T+ de“’Pt (8)me+1(als) [Qt‘(s,a) = V™ (s)

log Z:(s) 1 mi+1(als)
+ T + B IOg ft(ab) - Qt(sva)‘|
Q Ti+1 41 L P 7" ¢ log Zt<8>
2R = I Y dT P () (als) [Qﬂw) BRCAE E
Iy
I deH,Pt )(mres1(als) — m(als) [QF (s, a) — Qu(s, a)] (24)
Iy

where (a) follows from Lemma[d] (b) follows from the actor update (line[I0]in Algorithm ), and (c) is due to
the non-negativity of KL-Divergence.

Next, we bound the last two terms in . Under Assumption |1, we have

P dre+vPi(s) log Z,(s)
Il = Zd t”Pt (5) <M> 7Tt(a|5) Do at\2)

3 - Qt(s,a)]

>0 dmi P (s)m(als) % _ Qt(&a)}
7w, P log Zf(s) L L
> O Y dmiePe () [ v +CZd P (s)mi(als) [QF (s,0) — Qu(s,a)]  (25)
Further, we have by 1-Lipschitzness of the tabular softmax policy
I > 20 S d™ P () (w41 (als) — mlals)) = —2Uq - BUGV/IA] > —Bi . (26)

Plugging the bounds from and into and rearranging, we have

B [5E - )

J7Tt+1 JTrf

< dtl Tt B3 i Jp =g

t+1
C C

Jtrﬁl - J B n rerr —relloo n Lp|[|Pi1 — Pyl
C C C C

where the last inequality follows from Lemma [6] O

# AP (ol [Qc(on )~ OF ()] +

IN

+ QT — Qtlloo +

Lemma 3. Fort > 0, policy m; satisfies

|it1 — |2 < B8

where By = Ug.
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Proof. By 1-Lipschitzness of the softmax parameterization of the actor [54] and Lemma we have

|7it1 — 7|2 < ||BQell2 < BUg.
O

Lemma 4 (Average-Reward Performance Difference Lemma [41]). The average rewards for any two policies
7,7 at time t satisfy

JE = I =Y s) Y wlals) [QF (s.0) = Vi (s)] -

sES acA

Lemma 5. For any t,t' > 0, it holds that
Jrt =I5t < vy — vyl + UglPe — Pyl
where 7} represents the optimal policy for MDP My(S, A, Py, ry).

Proof. Consider the linear programming formulation of an MDP M(S, A, P,r) [55]

min J
J,V (s)

such that J + V(s) > r(s,a) + ZP(S’\S, a)V(s')Vs € S,a e A. (27)

If the optimal solution for My (S, A, Py, 1) is J}, V7, we have

Jt*/]‘ Z ry + (Pf/ — I) Z/.

Now for M(S, A, Py, 1), we know

Ji <y + (Pr =) Vi oo
<y + (Py =I)Vy + (rp — 1) + (Py — Py ) Vi |
<[ Jp oo + (vt = v floo + [[(Pt — Per) Vi | o

Hence, we have
Jr =T < ee = vullee + | (Pe = Po) Vi
T I0 < ey = rellse + UglPy — Polluc.
O

Lemma 6. There exist constants L, = AUr(M +1)4/|S||A| and Lp = 4UrM such that for all policies , 7’
and timesteps t,t', it holds that

I = J7 < Lallm = 'l|z + [|v = Torl|oc + Lp [Pt — Porfloc.
Proo‘f ’ ’ ’ ’
JE - Jr = Jr I I - T (28)
—_—
Tr Ts

where T} is the difference in the average rewards between two policies 7w, w’ under the same environments
(ry, Py), while T is the difference in the average rewards with the same policy 7/, but under two different
environments (r, P;) and (ry, Py).

T = Jgr - Jtﬂ-/ = Eswd"’«Pt,aw'lr,s’wd""=Pt,a’~7r’ [Tt(s7 a’) - Tt(sl7al)]
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= 4URdTV (dﬂ-’Pt ® T, dﬂ-/’Pt X 7T/)

(a) ,

< Ly|w — 7|2, (29)
where (a) follows from Lemma 22} where ® denotes the Kronecker product. Next, we bound T5.

T, = o= Zd" Pe(s)n! (als)ry (s, a) — d”/’Pt’(s)Tr'(a|s)rt/(s,a)
< Z ‘d" Pe(s)! (als)r(s,a) — d"/’Pt(s)ﬂ’(a|s)rt/(s,a)‘
+Z ‘d" P (s)! (als)ry (s,a) — d’r,’P“(s)r’(a|s)rt/(s,a)’

< vy = ror|loo + AUrdry (d™ Bt @ w',d™ P @ =)

©]
< vt —refloc + Lp||Pr — Prlloo (30)

where (b) also follows from Lemma Substituting the bounds from and into (28)), we get the
result. O

D.4.2 Critic
Lemma 7. For any policies 7, 7', we have
IQF — QF ll2 < Gzl — ='|2
where G = 2Ug+/|S||Al.
Proof.

Qr(s,0) 2 ri(s,0) = JF + By, (foa Vi (5)]
™ _ T (!
= 6Qt (57 CL) _ aJt 4 § Pt(S,|S, (l) 8‘/t (5 )

om Om = o
0QT (s,a) oJr
H o 5 o (31)
8Q7r(37a) 7, Py ™
| \ < 2 [P (5)QF (.||, < 20 (32

It follows from mean-value theorem that
Q7 (s,0) — QF (s,a)| < 2Uq|lm — 7'||2, for all s,a
= 11QF — QF ll2 < Grlm — 7'l|2,

where (a) is by using the Bellman equation, and (b) follows from Policy Gradient Theorem [20] and
Lemma 241 0

Lemma 8. For any timesteps t,t’ > 0, we have
e [QF — Q712 < Grllre — vl + GPIPL — Pyl

where Gr = 2A71\/|S||A] and Gp = (N Lp + AURAN M + 4UgA~2(M + 1))+ /S| A|.
Proof. Recall the diagonal matrix D™Ft = diag (d™F*(s)n(als)), where d™F¢(-) denotes the stationary
distribution induced over the states, while 1 denotes the all ones vector. F denotes the subspace orthogonal

to the all ones vector. Pseudo-inverse of a matrix is represented by X. Now, we have

(@) _
e [QF — QFll2 < [[((A™P) D™ (JF1 —1ry) — (AP )TD™P (JF1 —rp)]2
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< [[(ATPOTD™P(ITL — 1) — (A™P)ID™PC (1 —xy)|
+ [(ATPOID™PY (JFL —r) — (A™F) D™ (JTL — 1) |2

< (AP |z ([ D™P JTL = D™FC Lo + [|D™Frry — D™Fry |2)
+[[(A™P)ID™P (JFL — ) — (AP )IDTPY (JFL —xy)2

(b)
ATHID™PH I = Tl + [(D™F = DTF)IEL s + | D™Prry — D™ ry|2)

+ [(ATPOTD™PY (JFL — 1) — (A™F)IDTP (JTL — 1) |2

<A (VISTAIND™ P o] JT = I |+ | D™P* = D™ P4 |3 Up /ISTIA] + D™ e = D™ Py )
+IA™P)I D™ (IFL — 1) = (AP DTP (71— x) o

(¢)

<A WVISIA| (Ire — rellso + Lp [P — Pyl + 2Urdry (d™F @ m,d™F @ m))
+ A_l HD’T’P*‘rt — D"r’Pt/ Ty ||2 (33)
+ [(A™PO)ID™P (JEL —ry) — (AP D™P (JFL =1yl

(d)

< A WISIAL (Ire = rolloe + Lp|[P: = Pylloo + 2UrM [Py — Py |oo)
+ A7 D™ Py, — D™Per, |, (34)
+ [[(A™P)ID™P (JF1 —ry) — (AP )ID™Pe (JFL —1y)||2

A VBT @l — xolle + Lo[Pe — Pullow + AUM|P, — Pylc)
(AT D™P (JEL — xy) — (ATP ) DTP (JEL — 1)l

< A WISTA @l — vollao + Loy — Pylloo + AURM|P; — Py )
T (AT — (A™Pe )T, 20,

)

< AWISIAL2re = relloo + Lp|Pe = Pollos + 4URM [Py — Py )
+2URA T ATF — ATPY

(9)

< A WISIMA @llre = rolloo + Lp [Py — Pyllo + 4URM|[P: — Py o)
+2URA2 - 2(M + 1)V/|S||A|IP: — Pyl o

< GRrlrt —rloo + GP|IP; — Pyl

where (a) is because E [r(O) — J(O) + A(0)Q™] = 0 (see TD limiting point in Section [5.1)) (b) is from
Lemma [T} (c) is by Lemma [6] (d) is due to Lemma (e) is using the same process as the last step for
the second term, (f) is because ||X — Y[, < [|[XT(X - Y)Y ||z < [|[XT||2]|X — Y|l2|[YT||2 and (g) is by
Lemma 24l and Lemma 221 O

Lemma 9. For anyt > 0, we have
e [QFT — QF] ll2 < Grllvtsr — relloo + GplIPry1 — Pilloo + GrBaf.

See Section [Q] for constants.

Proof.
I [QE — Q] b < ITLs [QF — Q7] 1+ T [QF — Q7] I
< Grllte —rilloe + GrllPrir — Pilloe + Gllmesn — s
2 Gallress — villoo + GplPess — Pl + G Ba
where (a) is by Lemma [§] and Lemma [7] and (b) is from Lemma O
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Lemma 10. If Assumption[]] holds, for any t > 7, we have
E [[(ms, Py, v, 41, Or)] < BsB(1 + 1) + Byar + BsAgp—ry14 + BeTApt—ry1s

where B3 = (Flﬂ--f—FgGﬂ--i-Fg\/ ‘S||A‘+F4)Bg, B4 = F2(2UR+2UQ), B5 = FQGR and BG = F1P+F2GP+F3,
ARt—ry1t = Zfzt,TJrl lri —ricil|oc and Apt—ri1,e = Zf:t,TH IPi —Pi_1]|oo-

Proof. Recall from Section [B] the definition
D(m,P.x,1,0) =" (r(0) = I™F"(0) + A(0O)Q™"") + 4 (A(0) — A™F) 3.
We first decompose I'(+) into the following four terms

E (7, Py, v, vpe, O)] S EL(7e, Pryre, 4p, Op) — T(mi—r1, Pr_ry 1,101, Oy)]

I
+E(mi—r—1,Pir,r, 04, O) =T r 1, Prr 1y, 0011, Of)]
Iy
+E[T(mi—r—1,Pir e, 17, 0p) = D(my—r 1, Pyr vy, Py, Ot)]
I3
+E[D(mi—re1, P, vy, s, Ot)} .

Iy

We now bound each term as follows.

(a)
Il S —FlrrIE [Hﬂ-t - Trtf‘rleZ} + FlPHPt - Ptffr”oo

t
o llmi =il

1=t—T

t
+ Fip Z IP; —Pi-1lleo

i=t—7+1

SFl‘II‘E

()
< FiaBofB(7+ 1)+ FipApi 741,
where (a) is by Lemma [13|and (b) is due to Lemma For the second term, we have

t

> i — il

i=t—7+1

(c)
I, < BE[|¢y —i—-] |2 < FBE

t
> (2Ur +2Ug)a + Grlri — rii]leo + GplIPi = Pi_i]o + G B2f

i=t—71+1

< Fy(2UR 4+ 2Uqg)at 4+ FoGRAR—ri1,0 + FoGpApy—ri14 + FoGr BT
where (c¢) is by Lemma (d) follows from Lemma Q1 — Qtll, < B(Ug + Ug) by the critic update
equation @), Lemma@and Lemma We also define Ap ¢—ry1+ = Zj:t—'r-&-l Ilri—ri—i|loc and Apy_ri1, =
Zz:t—T-'rl HPl - Pi—lHoo~

For the third term, we have

(d)
< By

t
+ F3 Z ||Pz - Pt—‘r”oo

1=t—T

©) !
I; < F3/[S||AE [ > —TFt—T—le’ft—T

i=t—T

()
< BV/IS|[AIBS(T + 1) + FsTApy 7y
where (e) is due to Lemma [I5 and (f) follows from Lemma For the last term, by Lemma [16] we have

.[4 S F4mpT.

We get the final result by putting all the four terms together. O
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D.4.3 Average Reward Estimation
Lemma 11. If Assumption[] holds, for any t > T, we have
E[A(my, Pe,re, e, Op)] < BrB(7 + 1)* + Folme — me—r| + BsTApt—r414
where By = (FsLx + F7\/|S[JA| + Fs)Ba, Bs = F; + FsLp and Apy—ri10= 34—, .1 |Pi = Pisi]l.
Proof. Recall from Section [B} the definition
A(m,P,r,1,0) = (n — J"FT)(r(s,a) — J=FT)
We first decompose A(my, Py, vy, ne, Oy) into the following four terms

E[A(7e, Py, vy, me, Or)] = E[A(74, Py, vy, e, O) — A r 1, Prry 1y, M, O]

I
+EA(mi 71, Pery v, 0, 0p) = AMe 71, Py, 1,17, Ot)]
Iy
+E[A(T—r—1, Per T, Mi—ry Op) — A(mi— 1, Py_r e, s, Oy)]
I3
+EA(m—7r—1, Prr v,y r, ét)] .

Iy
We now bound each term as follows.

(a)
I < FsLiE[||my — wi—r_i]l2] + F5sLp||Pt — Pi—r||oo

t
D llmwi =il

i=t—T

¢
+ F5Lp Z IPi —Pi_1]
i=t—7+1

< F5L.E

©]
< FsLaBof(7+ 1)+ FsLpApi—r114

where (a) follows from Lemma (18] and (b) is due to Lemma For the second term I, we have

(@
Iy < Fglne — ni—v|
where (c) is by Lemma For the third term I3, we have

t
+F7 Z ||Pi_Pt—‘r||oo

i=t—T

(d) !
Iy < Fr/ISTAE | 3 s — w02 For

1=t—T1
(e)
< Fr/IS||A|B2B(T + 1)2 + FrApi—riie.
where (d) is due to Lemma [20[ and (e) follows from Lemma For the last term, by Lemma [21} we have

Iy < Fgmp'.

We get the final result by putting all the four terms together.

D.5 Auxiliary Lemmas
D.5.1 Actor

Lemma 12. For any timesteps t > 7 > 0, the policies generated by Algorithm[] satisfy

t
Z l70i = i rall2 < Bof(7 + 1)

i=t—T1
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and reward and transition probability matrices satisfy

t t
Z [ri = Ti—rlloc <7 Z [ri — Tic1lloo
i=t—T1 i=t—7+1
t t
P —Pisflw<r > Pi—Piie
i=t—T i=t—74+1

Proof. By triangle inequality, we have

t

t [
Sollmi—miraalla < Do Y m =il

i=t—T1 i=t—1 j=t—T1

t i
<D0l =il

i=t—T j=t—T

(a) ,

< Bof(1+1)
where (a) is by Lemma [3| The rest follow similarly using triangle inequality. O
D.5.2 Ciritic
Lemma 13. For any ww, 7', P, P’ r 4 and O = (s,a,s',a’), we have

ID(m,P,r,%,0) — (7', P/ r,4,0)| < Fig|w — 7'|l2 + Fip|P — P'||x

where Fig = 2Uq Ly +4UQGr + 8UZ(M + 2)|S||Al, Fip = 2UqLp + 4UoGp + 8UZ(M +1)/|S||Al.

Proof.
|F(7Ta Pa r, 'wa O) - F(ﬂ-/7 P/a r, 'wa O)|

= [T (3™ P (0) - I™PT(0) + 9T A(O) (QmP,r _ Qw/,p/,r) LT ( AP Amp) "

(a’) ’ ! ’ !
< [l ™ = TTEE 4 ]2 | A(O)], [ QP — Q'

2
+ [Pl |ATF = AP 3,

o0

(b) ’ !
< 2WqLallm - 'lla + 2o Lr [P — Pl + ]2 | AO)], [ @™FF — Q="

2

+ oo || AT F = AP el

(c)
< WoLnllw - w'lla + 2UQLp|P — P'|loc +4Uq - Gl — '|l2 + 4UaGp P — P/l
+ bl [A™F = A™F| sl

(d)
< 2UqLx|lmw — ']z + 2UQLp||P — Pl + 4UQGrllm — 7'z + 4UQGp|IP — Pl
+2Uq - 2d7y (d“"P/ P on,d"P ereP® 7r) 22U/ |S|| Al

(©)
< 2UQL71-||7T — 7r/||2 + QUQLPHP — PIHOO + 4UQGﬂ.||7T _ 71-’”2 + 4UQGPHP . P/”oo
+ 8UB(M + 2)|S||All[w — 7[> + SUZ(M + 1)/IS[[ Al — 7]l

where (a) follows from Holder’s inequality; (b) is due to Lemma [6} (c) is by Lemma [9] and Lemma
(JA(O)|l1 € 1); (d) is by Lemma [24] and (e) uses Lemma [22] O
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Lemma 14. For any 7, P,r,1, v’ and O = (s,a,s’,d’), we have

|P(7Ta Pa I‘ﬂ/’a O) - F(”? P7 r, ¢l’ O)|§ FQHdJ - 1!’/”2
where Iy = 2UR + 18Uy.
Proof.
|F(7‘l’7 P7 r, 11/)7 O) - F(7T7P,I‘,’Q/J/, O)|
< (I[e(O)l2 + [3™FF(0) |2 + [AO) |2l Q™ 12) ll%b — %[l

+[|A(0) = AT Plallyp — |2 (19]]2 + |9']]2)
< (2Ug 4 18Ug)||vp — |2

O

Lemma 15. C’onsjder an observation from the original Markov chain by Oy = (s, at, St41,ar41) and auziliary
Markov chain by Oy = (3¢, a4, 8441, G4+1). Conditioned on Fy—r = {St—r,T4—r—1,P1_r }, we have

E [F(ﬂ'tf'rfl; P, vy, 7,0¢) —T(mir1, Pyeryry, 001, Ot)|]:t7'r]

¢
+F Y |Pi—Pi o

i=t—T

t
SITAIE | 37 s = mimra | Foer

i=t—T

where F3 = 16UrUq + 24U%/|S||A|.
Proof. Consider the original and auxiliary Markov chains whose construction is described in Section

E [D(mi—r1,Pier, T, Y, Op) = T(my— o1, Py, vy, pr—r, Op) | Fir ]
=P E [1r(0;) — 1(Op) + It Per T (Oy) — JTeor 0P T (0))| Fy |
¥ E [(A0) — A0)) QTP B
+ 9, E[(AO) — A(O)) | Fier ]| 1
< (e lloo [[E [1(01) = 14(0n) + 37777 (O) = I (00) | Fas
+ |-l ||[E [A(Or) — A(Ot)’]:t—r} ||1 Qe Pemrre)y
+ b+ lloo || E [A(Or) — A(Ot”ft—'r} ||1 li—~ 1
<2Uq - AU - 2dry (P(Oy € -|Fi—r), P(Os € | Fy—7))
+2Uq - ddry (P(O; € |Fi—r), P(Oy € | Fi—y)) - UgV/IS|JA|
+2Uq - 4dpy (P(Oy € -|Fi—r), P(Oy € | Fi—r)) - 2Ug/|S||A|

t
>l = o] Fos

i=t—T1

< (16URUq + 24U3/|S]|A]) <¢|8|A|E

t
+ Z ||Pi_Pt—Too>

i=t—T
where the last inequality is from Lemma [23] O

Lemma 16. Consider an observation from the original Markov chain by Oy = (8¢, G, St41, arr1) and auxiliary
Markov chain by Oy = (84, ay, St41, Gr1). Conditioned on Fy—r = {8t—r, Tt—r—1,Pi_s }, we have

E I:F(Trt—‘l'—17 Py -,ry, 7, Ot){ft—‘r} < F4mPT

where Fy = 8URUq + 24U%+/|S||Al.

Proof. Consider the original and auxiliary Markov chains whose construction is described in Section [B]
Also, consider the observation tuple O; = (s}, a}, s}, 1,a;,,) where s} ~ d™=7=1FPt=r() al ~ m,_-_1(|s}),
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s;1 ~Py_r(|s},a;) and aj ~ w_r_1(-|s;, ). From the definition of I'(-) and the TD limit point equation
(13), it follows that

E [F(ﬂ-t—T—hPt—T7rt7¢t—77 O£)|]:t—7'] =0

Hence, we have
E [F(ﬂ-tf‘rfly Pirre,Yer, Ot)’]:tf‘r]
<E[D(mi—r—1,Pir, 1, 9y, Oy) —T(mi—r1, Pyery vy, by, 0})| Fi—-]
< Y-zl |E [I‘t(ot) — Jreor- v Peer T (O)) — py(O)) + JTror v P (0))|Fi—+]
+ [ $e—rllc |E [(A(O:) — A(O}) QT Pemm | F
+ |-+l 0o ||]E [(A(Ot) —A(0))) 1/’t—r|]:t_7] H1
<2Uq - AUg - 2dry (P(Oy € -|Fi—+), P(O] € | Fi—;))
+2Uq - 4dry (P(O; € | Fi—r), P(O} € | Fi—r)) - Ug /IS A|
+2Uq - 4drv (P(Oy € -|Fi—r), P(O} € |Fi_r)) - 2Ug/|S||A|
=Fy Y [P =s|Fi_r)mir1(als)Pr_r(s'|s,a)m—r 1 (a']8)

s,a,s’,a’
— P(sy = s|Fi—r)mi—r—1(als) Pr—r (5|5, @) 71 (|5
=Fy Z Ti—r—1(a|s)P(s'|s,a)mi—r—1(ad'|8")|P(5; = s|Fi—r) — P(s; = s|Fi—r)|

’ /
s,a,s’,a

=Fy Y |P(5; = s|Fey) — P(s} = s| o)

Iy

< Fymp”

where the last inequality follows from Assumption O

D.5.3 Average Reward Estimation

Lemma 17. Consider an observation from the original Markov chain by O = (s¢,aq, sy, ay) and auziliary
Markov chain by Oy = (8¢, ay, St41,a¢11). Conditioned on Fy—r = {St—7,Tt—r—-1, Pt }, we have

E [Jm_f_l,Pf,_T,rt — 14(¢,@1)| Fi—r| < AUgmp”

where JTt-r-1Pi—rre =N gqme-r—1.Por (), (a|s)ri(s, a).

s,a

Proof. Consider the observation tuple O] = (s}, a}, s}, a}, ;) where s} ~ d™==2Pt=(.) a} ~ ;. _4(-]s}),
Sip1 ~Pir(-s},a}) and aj,y ~ w—r_1(-[s;,1). Then, by definition of J™t=7-1Pt==r+ we have

E [Jmfffl,Ptfﬁrt _ Tt(sg’a;)‘]:m] =0.
Hence, we have
E [Jﬂt—r—l,Pt—-ml‘t _ Tt(gta &t)‘ft—T]
B [Jme P en T (sh ) — (e, ) + () 0 Fo ]
=E[r(s}, a;) — re(8e, )| Frr)
<2Ug - 2dry (dﬂ-t’T*l’Pt*T @ w1, P((31,a:) € '|]:t—‘r))

(@)
< AUgdyy (d™—F7 P(3 € | Fy 7))

()
< 4Urmp”

where (a) follows from Lemma B.1 in [33] and (b) is by Assumption O
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Lemma 18. For any w,«',P, P’ r,n, and O = (s,a,s’,a’), we have
IA(m,P,r,n,0) — A(w',P',r,n,0)| < FsLy||m — ©'||2 + F5Lp||P — P/|| oo,

where F5 = 4UR.

Proof.
|A(7,P,r,n,0) — A(w', P’ ,r,n,0)|
< (= TP (r(s,a) = TVFF) = (= J7 5 (r(s,a) = TTF))
< (= J™PT)(r(s,a) = TVFT) = (= J7PT)(r(s,a) — TP
+ = TP (r(s,0) = JTFT) = (= J7F ) (r(s, a) — TP
< AUR|J™Er — g7 Pl ¢ AURLy|mw — 7'||3 + 4AURLp||P — P'|| o0
where (a) follows from Lemma [6] O

Lemma 19. For any 7, P,r,n,n" and O = (s,a,s’,a’), we have
[A(m, P,x,n,0) = A(m, P,r, 1), O)| < Feln — 1|
where Fg = 2UR.
Proof. Recall the definition of A(-) in Section [B| It is straightforward to see that
[A(m, P,r,7,0) = A(w, P, r,n, O) < 2Ur|n — 1|

O

Lemma 20. Consjder an observation from the original Markov chain by Oy = (s, at, St41, ar41) and auziliary
Markov chain by Oy = (8¢, ay, St41,a¢11). Conditioned on Fy—y = {St—7,Tt—r—-1, Pt }, we have

E[A(mi—r—1,Pir, v, s, Op) — A(mi—r1, Por, vy, s, Of) | Fir—r]

t
< Frv |SH~A|E Z ||7"z - 7Tt—7-—1H2

i=t—T

t
+F Y P =Pyl

1=t—T

-/.'.t—‘r

where Fy = 8U%.

Proof. .
E [A(ﬂ't—r—hPt—r, v, M7y Ot) — M7 1, Py7yve, Mt s, Ot)|-7:t—r]

= ey = JT TP TOE [ry(se, a1) — 1e(51, dir) | For |

< 2Ug - AUgdry (P(Oy € -|Fi—+), P(Oy € | Fi—y))

(@) t ¢

< FVISTAE | 37 s = mm il Fir | + Fr Y P = Pocslloc

i1=t—T1 i=t—T1

where (a) follows from Lemma O

Lemma 21. Consjder an observation from the original Markov chain by Oy = (s, at, St41, ar41) and auziliary
Markov chain by Oy = (3¢, at, St41,ar11). Conditioned on Fy—y = {St—7,Tt—7-1, Pt }, we have

E [A(mi—r—1,Pi—r 1, s, O~t)|}'t—f} < Fgmp™

where Fy = 8U%.
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Proof. Consider the observation tuple O; = (s}, a}, s}, 1, a}, ) where s; ~ d™="—0FPi=(\) a} ~ m;_,_1(-|s}),
sip1 ~ Pror(tlsy, ) and apy ~ o1 (lsiiq)-

We know

E [A(ﬂ't—‘r—laPt—‘rartaT]t—‘ra O,/g)|-7'-t—7-] =0.

Hence, we have

E[A(mi—ro1, Peor v, s, O) | Fier]
=E [A(ﬂ't—r—h Py rre,me—r, Ot)| —Am—r1, Poory 1, M1, O,’g)‘]:t—r]
= E [(n—r =TT 0P (14 (51, 60) — 1(s, 1)) | Fir]
< 2Ug - 4Updyy (d™ 2Pt @1, P((8, ) € | Fo—r))

(a) P _

< 2UgR - 4Ugrdpy (dﬂt*T*17 tiT,P(St S '|-7:t7'r))

® 5

< 8Upmp"
where (a) follows from Lemma B.1 in [33] and (b) is by Assumption O
D.6 Preliminary Lemmas
Lemma 22. For any policies 7, 7' and transition probabilities matrices P, P’, it holds that

dry (d™F.d"F") < M/[STAlllw = ||z + M|[P = P,
dry (4™F @ m,d™ P @ n') < (M +1)V/ISTAllm = 7'll2 + M|P — P'|,

dry (d”’P oroP,d" P on @ P') (M +1)/|S||Al||w — ||z + (M + 1)||P — P/|| o,

dry (d"’P nePemd" T on 9P @n') < (M +2)V/|S[[A]||w — «'||ls + (M + 1)|P — P||
where @ denotes the Kronecker product, and M := (ﬂogp m~1] + flp)

Proof. Recall that d™F(-) is the stationary distribution induced over the states by a Markov chain with
transition probabilities P following policy 7. Define the matrices K, K’ € RISIXIS| such that K(s,s') =
Y aca P(8'|s,a)m(als) and K'(s,s") = >, 4 P'(8'|s,a)7’(als). Further denote the total variation norm as
[| - llrv. Note that |P — P/|o = IE%XZSI|P(5/‘3’G) — P'(s']s,a)l.

From Theorem 3.1 in [56], we have,

dpy (d”’P,d"/’P/) <M sup

llgllrv =1

<M sup /
llgllrv=1/8
[|> P(ds'|s,a)m(als) — P'(ds'|s, )7’ (als)

sup //|q (ds)]
||tIHTv 1 acA

sup //Z\q (ds)| |P(ds'|s,a)m(a|s) — P(ds'|s,a)n’ (a|s)|

||tIHTv 1

s [ ] )| P65 ) als) — P ) als)

HqHTV 1

/ a(ds)(K — K')(s, )
S

TV

/ q(ds)(K —K')(s,ds")
s
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< My/|S[[Alllr = 7'||2 + M|[P — P'||o.

For the second inequality, we have,

IA

’ ’ 1 ’ ’
dry (d"’P o, d" P @ 71") 5 / 3 ‘d"’P(ds)w(a|s) _qP (ds)ﬂ/(a|s)‘
S a

IA

+ % /S Z \d”’P(ds)w’(als> - dﬂ/’P/(dS)W’(a|5)’
< VISl — 'l + dry (7P, a™ ™)

<M+ D)VIS|Alll7 = 7'll2 + M|P — P|| .
The rest follow in a similar manner. O

Lemma 23. Consider observations Oy = (8¢, at, St+1, at4+1) and Op = (8¢, G, St41,0e41) and define Fr_r =
{8t—rsTt—r_1,Pi_}. We have

t

dry (P(O1 € | Fis), POy € 1Fi2)) < VISTAL 3 E [ims = mioroallo| Fior ]| + IPs = Pocr .

1=t—T
Proof. 5
drv (P(Ot S '|]:t_7—), P(Ot S '|J:t—'r))
1 b3
/_H ~ ~ ~ ~
9 Z |P(5;=5,a0 = a, 5041 = 8, ap41 = a'|Fyr—7) = P(5y = 8,84y = 0,841 = &', dy1 = | F—7)]
1
T2 > |P(si = s,a, = a|Fi ) Pi(s'|s, @)E [my(a'|")| Fir, M)
— P(3; = s,a; = a| Fr_ )Py (8']s,a)m_r_1(d|)]
1
<= > |P(se = s,a, = a|Fo_y)Pi(s'|s, a)E [my(a/|s)| Fo—r, M)

— P(3; = s,a; = a|Fi—r)Pi(s'|s, a)mi—r—1(d'|$)]

1 . -
+ 3 Z ,‘P(St =s,a=alF_;)Pi(s]s,a)m_r_1(a’]s")
— P =s,a3 = a|Fr_ )P+ (8|8, a)mi_r_1(a’|s)|
1
=3 Z Py(s'|s,a)P(sy = s,a; = a|Fo—r)|E [m(a|8") | Fiery Hi] — mi—r—1(d’|s")]|

!’ ’
s,a,s’,a

1 - -
+ 3 S2{;|P($t =s,a; = a|F_r) — P(5 = s,a; = a| Fr_r)]

1
+ 3 Z P(3; = s,a; = a|Fr—r)mi—r—1(d' )| Pi(5]5,a) — P,_(5']s,a)]|

’ ’
s,a,s’,a

< VISTAE [lImi = o r-llo| Fior | + drv (P(Or-1 € | Fir), P(Oro1 € |Fior)) + [Pt = Pror .

Finally, recursing backwards until 7 yields the result. O

Lemma 24. If an observation is denoted as O = (s,a,s’,a’), then the following hold for all t,t'
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1LQF N2 < U |Qill2 < Rg = Uq
2. |A(0)]s <2; |[A(O)]2 < V2
3. ||A™P — A™P || < 2dpy (d"vP @TQPOTd" P on' 9P @ w’)
4o N1 — Pellz < 1Qur — Quellz + 1QLT — QFl2
Proof. We have the following.
1. See the projection operator Ilg,, (-) used in Algorithm [I|and discussed further in Section
2. Follows from the definition of A(O) in Section
3. Follows from the definition of A™P in Section [5.1] and

|A™F — A™F|| o = max Y |[d™F (s,a)m(a|s)P(s'|s,a)m(d/|5)

s’,a’

—d™ (s, a)n’ (als)P'(s'|s, )7’ (a'])|

W

. By the definition of ¥; = Ilg [Q; — Q7 *] and triangle inequality

D.7 Universal Dynamic Regret

While dynamic regret as defined in Equation remains the predominant metric of performance in non-
stationary RL literature [12] 47, (18, [16] [17], we additionally consider the universal dynamic regret often used
in the adversarial learning literature [57, 68, [59] for completeness. We now present an upper bound on the
universal dynamic regret defined as the difference between the optimal total reward that can be obtained in
T time-steps and the reward accumulated by our algorithm as follows

T-1 T-1
U-Dyn-Reg(M,T) = max Egeome(|se) lz rt(sf,aﬁ)] —-E

T—1
{mitizo t=0

(st at)] ) (35)

t=0
Observe that this notion of regret is slightly different from the dynamic regret defined previously in Equation
which compares against the sum of average rewards .J;'* obtained by the policies 7r}.

We make the following additional assumptions on the structure of the MDP. The condition number captures

the sensitivity of the stationary distribution to the change in probabilities and the recurrent coefficient
captures how often a state is visited.

Assumption 2 (Bounded Condition Number, [60]). The condition number of a Markov chain following 7
induced by the transition probability matrix P™ € RISI*ISI is defined as the maximum norm of the Drazin
inverse of I — P™ as

K(P™) = |I(I - Pﬂ)#”max
where B# represents the Drazin inverse of matrix B and ||B||max = max; ; B; ;. We assume that for all

environments ¢ € [T, there exists a k > 0, such that the condition numbers of Markov chain M; following
the optimal policy 7} are bounded as

k(P7') < k.
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Assumption 3 (Bounded Recurrent Coefficient, [6I]). Denote the first passage time of state j from state 4
in an MDP M(S, A, P, r) following policy 7 as Y7T P The recurrent coeflicient of state j, denoted by vj, is
defined as the probability that the first passage tlme 7. of state j from any state ¢ following any policy = is
smaller than the number of states as

vi(M) = mlnProb(YTr < |S]).

We assume that for all environments ¢ € [T] and all states j € S, there exists a v, such that the recurrent
coefficients v;(M,) are bounded as

Vj (Mt) Z V.
Corollary 1. If Assumption[l], Assumption[d, Assumption[d are satisfied in Algorithm [1] with appropriate

choice of parameters, then

< O (ISIV21A1M2ay o).

T—1
{”:}t=o

T—1
U-Dyn-Reg(M,T) = max E lz ri(sy, mE ] -
Proof. We decompose the regret as

T—1
Zm(sg,wg)

U-Dyn-Reg(M,T) = max E

=hS i =0
T—1 T-1
= ( max E Zrt St7ﬂ'§)‘| -E > + (E lz T (St at ])
S Hr et P
(@) T—1
<O E Tt (st,a¢)
t=0
()
< O ( AT) O (|S|1/2|A‘1/2A1/6T5/6)

where (a) follows from Lemma 1 (b), Corollary 2, Theorem 1 in [59] and (b) follows from Theorem [4] O
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E NS-NAC with Function Approximation

In this section, we present the NS-NAC algorithm with function approximated policy and the state-action
value function and the associated regret bound. Consider the policy g parameterized by 8 € R%. Consider
the state-action value function Q™ (s,a) approximated as a linear function fZ (s, a)w where fq(s,a) denotes
the feature vector and w € R%. We assume the actor and the critic function approximations to be compatible
as fo(s,a) = Veglogmeg(als) [62, [63]. The natural policy gradient [20] can hence be expressed as

0111 < 6y + BF, "By a [fo,(s,0)(fg, (s, a)wp,)]
where wy = argmin E [( 70 (s,a) — fo. (s, a)w)?] . In the absence of the information of the exact gradient,
the actor updat:eu step corresponding to line [L0| thus becomes
0111 < 0, + Buwy.
The TD update step of the critic in line [J] can be written as

Wil — W + o [Tt(staat) — N+ ftT(StJrlvatJrl)Wt - ftT(St, at)wt} fe(st,a).

We now detail the assumptions under which the following upper bound on the dynamic regret of NS-NAC with
function approximation holds.

Assumption 4 (Uniform Ergodicity). A Markov chain generated by implementing policy mg and transition
probabilities P is called uniformly ergodic, if there exists m > 0 and p € (0,1) such that

drv (P(S-,— € s = s),d”e’P) <mp" V7 >0,s€S,
where d™@F is the stationary distribution induced over the states. We assume Markov chains induced by all
potential policies 7y, in all environments Py, ¢t € [T], are uniformly ergodic.
Assumption 5. For all potential parameters €, in all environments Py, ¢ € [T], the maximum eigenvalue of
matrix A"t =K, , o o [ft(s,a)(ft(s',a') — ft(s,a))T] is —A\.
Assumption 6 (Smoothness and Boundedness). For any 6,8’ € R? and any state-action pair s € S,a € A,
there exist positive constants L 4, Lo such that

L [lfoll2 <1,
2. [[fo(s,a) = for(s,a)|| < Lc||0 — ]|z, and
3. lmwo(ls) — wor (-[s)[l7v < Lall€0 — 0[]
Definition 1. Define the compatible linear function approximation error as

€app = mea‘XHgnESNd"9>Pf7a~Tr9 [HQ?(&G) - fOT(Sa a)W”g] .

The dynamic regret achieved by NS-NAC with function approximation described above can be upper bounded
as follows.

Proposition 5. If assumptions @ and@ are satisfied, €qpp 1s the function approzimation error defined m
and the parameters of NS-NAC with d-dimensioned function approximation are chosen optimally, then

T-1

S IT = (s ar)
t=0

Dyn-Reg(M,T) =E =0 (dl/QAlT/GT5/6) + 0 (dl/zeappT> .

Proof. Function approximation has been used commonly in actor-critic [34] [33] and natural actor-critic [43]
algorithms in the infinite-horizon average reward setting. For the sake of brevity, we choose not to repeat the
proof here and instead we point the readers to [43] for the technique to incorporate function approximation
into our analysis of NS-NAC detailed in Section [D}Section [D.6] above. Note that the structure of the proof
including the methods of actor, critic and average reward analyses remains the same with the only difference
lying in accounting for the function approximation error eqpp. O
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F Regret Analysis: BORL-NS-NAC

Theorem 5. If Assumptzonl is satisfied, the time horizon T is divided into epochs of length W = O(Tz/d)
in Algomthm@ then we have for any jt € {0,1,---,[InT|}

Dyn-Reg(M,T) < @(w 1nT-VTV> +O<wm>+0< \/]\27>+@<T>+@(Tx/ﬁ) (36)

N N cumulative change
cost of hedging by EXP3.P effect of initialization in policy over horizon T

~ (BT N (1T [Ntw N ApW ALY/372/3 AL/372/3
+O<w>+O(Tﬁ)+O<W‘/W>+ O(T\/J) +(9< )+O< L Tﬁ :

cumulative change
error in average reward estimate at critic in critic estimates error due to non-stationarity

omr\ 1/3 i\ 1/2 ol £ 5/6 -
where Ar = A1+ Apr, af =47 = <7TJ /7{1 TJ) BT = (L /;11 TJ) (NT =W (*T] /; TJ) and O(+)

hides constants and logarithmic dependence on time horizon T. Choosing optimal value of j1 and resulting

N*T

3 1/2 5
optimal parameters as a* = v* = ( )1/ , Br = ( ) / and =5 = AT/GTl/G, we upper bound the regret as

Dyn-Reg(M,T) < O (|S\1/2|A|1/2A1T/6T5/6) :
Proof. We start by decomposing the regret, for any j' € {0,1,---,|[InT]} and corresponding step-sizes
af,~t, gt and number of restarts N, as follows

w [aryw-1
Dyn-Reg(M, T) Z E Z I —ri(se,ar)

t=iW
\T/W | (+pw-1 |T/W ]
= E Z J"rf' _R@j’r + Z E[Ri,j’r—RiTjJ
=0 t=1W =0
(a) T/W | (i+1)W—-1 T
< Z ST ~Ri |40 <W InT - W)
i=0 t=iW
\T/W
() Nt NtW w W ~
g Z ( ) (w ; >+O<B >+(’)(W\/ )+O(6 )+O(W\/7T)
-0 (6%
NTW w,i+1ywW Alv/lf( 1)WW2/3
~ 7 1+ ~ W, (i+
o (\/E) 1 0 (1) v (Bumsem Y o (Rikiceon
. Al/d W2/3 .
+ O | )W +O(wy/inT- =
VAt 174
© - (TNt T [NtW - (BT . (BT .
< i il i il i
O(WﬁT>+O< \/ >+O(QT>+O(T\/ﬁ)+O<7T>+O<T\/7)
~ ~ _ 1/3m2/3
- G L Y (s
NT Vat
D +0

@
1/3T2/3 T
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where (a) follows from the EXP3.P regret bound of an [In7T]-armed bandit with rewards in [0, W - Ug] as
detailed in Section 3.2 of [50], (b) follows from Theorem 4| and (c) follows from Jensen’s inequality.
Further, there exists some j' such that

it/ \ 2 ANY2 (Gt T\
- * -_ P
T p ( T > = T ’

it /T \ P AP\ (Gt mr\ Y
— Sat=9y"=|— <\———
T ( T > T

/6T1

IN

, 5/6 * , 5
(Tﬂ/unm) TV6 < % :AE%/GTUG < (T(Jul)/unm) /6

We conclude the proof by adapting 5*, a*,v*, N* to 8, af, 4, Nt in the above regret expression and observing
that T7V/UnT] = O(1) results in the final upper bound presented in the theorem. O
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G Simulations

Synthetic Environment. We empirically evaluate the performance of our algorithms on a synthetic
non-stationary MDP, comparing it with three baseline algorithms: SW-UCRL2-CW [51], Var-UCRL2 [13],
and RestartQ-UCB ([16]). The synthetic MDP environment simulates non-stationary dynamics by alternating
between two sets of transition matrices and reward functions over the time horizon T'. The switching frequency,
controlled by nswitches, determines the degree of non-stationarity and the variation budget Ap g for transitions
and Ap r for rewards. The MDP consists of |S| states and |.A| actions per state, with two sets of transition
probabilities and rewards sampled at initialization. Further, to benchmark the effect of the dynamic changes,
the optimal policy is recalculated at each switching step tswitcr by solving a linear programming problem [55].

The environment alternates between these two sets of transitions and rewards, (P1,r1) and (Pa,rs), every
T /nswitches Steps. The transition probabilities, P; and Py, are drawn from a Dirichlet distribution with a
concentration parameter set to 0.5, ensuring a moderate degree of randomness in the state transitions. The
first reward matrix r; is drawn from a Beta distribution with shape parameters a = 0.5 and 8 = 0.5, leading
to rewards spread across the interval [0, 1], with a higher probability near the extremes of 0 and 1. The second
reward matrix ro is sampled from a Beta distribution with shape parameters a = 0.2 and § = 0.9, producing
rewards skewed toward lower values, introducing diversity in the reward structure. We use 5 random seeds to
initialize the matrices, with standard deviation capturing variability across these runs.

Varying T. We evaluate the performance of different algorithms in the synthetic environment with |S| = 50
and |A| = 4 under varying time horizons T. Specifically, the time horizon T is varied over the values
50 x 103,70 x 103, 100 x 103, 150 x 103, 180 x 103, 200 x 102, and 250 x 103. For each T, we set Ngwitches = 1000,
resulting in a transition variation budget Apr = 303, indicating significant environmental changes across
the time horizon. The reward function is kept stationary (no switching between r; and rs), and therefore
AR,T =0.

Varying Ar. We investigate the impact of changing variation budget by adjusting the number of switches
Nswitches While keeping the number of states |S| = 50, actions |A| = 4, and the time horizon T = 50 x 103
constant. The number of switches is varied across 10,45, 100, and 1000, with both the reward function and
the transition dynamics being non-stationary. The observed variation in rewards Ag 7 is 9,48, 98, and 1000,
respectively, and the observed variation in transitions Apr is 4, 14, 30, and 303, respectively, corresponding
to different levels of non-stationarity.

, 9.4 % 10" 2000{ — a=§ =~ =000l
L6x 101 —e— NS.NAC 10 e NsNAC e B—v—005
SW-UCRL2-CW 2.2 x 104 ORI 2.CW f 07
L5 x 108 SW-UCRL2-CW x SW-UCRL2-CW 5 — a—f—y—01
g —e— Var-UCRL2 % 2x10 —=— VarUCRL2 £ 10— a—poq—05
4 x 101 —— RestartQ-UCB B —o— RestartQ-UCB < e M B
é{aux 10 ./Q 201 8% 10 Q } ~ a=8=7=09
~ 5
©13x10¢ | 16 % 10* g 1000
g 1 g S
Z12x 10t Z1ax10t £,
c12 S ) 500
A A
1.1 x 104 1.2 x 104 /
0
g B0 175 200 5 i 0 % 0 ! N s b
107 5 75 Bl 10 2 &l Time St()p x10°
5] |A]
(a) |S]| =50, |A| =50, Ap =7
(a) |[A| =4, T=5x103, Ar =14 (b) |S] =50, T =5 x 103, Ap = 14 ’ ’

Figure 3: Performance of NS-
NAC with different step-sizes in
an environment with 17 abrupt,
randomly scheduled switches over
T =4 x 103 steps.

Figure 2: Log-log plots showing the effect of varying: (a) number of
states |S|, and (b) number of actions |.A|.

Varying |S|. We study the effect of varying the number of states while keeping the time horizon T', number
of actions, and variation budget A constant. Specifically, the time horizon T is fixed at 50 x 103 steps, and
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the number of states is varied across the values 100, 150, 175, and 200, corresponding to environments with
different state sizes while keeping the number of actions fixed at 4. The ngwitches 1S adjusted to 75,100, 120,
and 150, respectively, in order to maintain a consistent Ap 7 of around 14 for all environments. The reward
function is kept stationary with Agpr =0 (no switching between r; and r).

Varying |A|. We examine the effect of varying the number of actions while keeping the time horizon T,
number of states, and variation budget Az constant. Specifically, the time horizon T is fixed at 50 x 103
steps, and the number of actions is varied across the values 5,10, 20, and 25, corresponding to environments
with different action sizes while keeping the number of states fixed at 50. The ngwitches is kept constant at 45
across all experiments to maintain a consistent variation budget Ap  of around 14 for all environments. The
reward function is kept stationary with Agr 7 = 0 (no switching between r; and rs).

Parameters. The true variation budgets, Apr and Agrr, are provided to each algorithm, while the
remaining hyperparameters are configured according to the optimal expressions derived in their respective
papers. For SW-UCRL2-CW, the parameters include the window size W, and the confidence widening
parameter 7., both set using the optimal expressions given in the paper, and the confidence parameter
0 = 0.05. For Var-UCRL2, the true values of the variation budgets for transitions probabilities Apr and
rewards Apg 7, along with the confidence parameter 6 = 0.05, are used. In RestartQ-UCB, the ending times
of the stages L, confidence parameter § = 0.05, initial number of samples Ny, and number of epochs D
are configured as described in the original paper with H = 1 (to adapt from episodic setting for which the
algorithm is designed to infinite horizon setting in our work). For NS-NAC, we tune the step-sizes and
number of restarts by grid search. The effect of different choices of step-sizes can be observed in Figure [3]
Further, for BORL-NS-NAC, we set the number of epochs as W = [T?/3].

—— NS-NAC —— NS-NAC
30001 3000 A
SW-UCRL2-CW SW-UCRL2-CW
B 2500{ T Var-UCRL2 B o2500{ T Var-UCRL2
5 —— RestartQ-UCB 5 RestartQ-UCB
) ] Q J
o~ 2000 o~ 2000
= 1500 = 1500
= =
= =
= 1000 = 1000 4
A A
500 1 5001
01 01
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
. 4 . 4
Time Step x10 Time Step 10
(a) |S] =50, |A| =4, Ar =15 (b) |S| =50, |A| =4, Ar = 0.06

Figure 4: Performance of NS-NAC and baseline algorithms in various non-stationary settings. (a) Dynamic
regret for a single instance over 7' =1 x 10* steps in an environment with 50 abrupt, randomly scheduled
switches. (b) Dynamic regret for a single instance over T = 1 x 10* steps in an environment with small,
continuous changes.

Additional Environments.

We conducted further experiments to evaluate the adaptability of NS-NAC and baseline algorithms across
diverse non-stationary settings. Figure illustrates performance in an environment with 50 abrupt and
randomly scheduled switches (between Py and Ps), simulating scenarios with non-periodic unpredictability.
Figure captures performance in a continuously changing environment, where the transition from P; to Py
occurred gradually over T = 10° steps resulting Ay = 0.06. This scenario reflects real-world conditions where
systems experience smooth drift rather than abrupt changes. The results highlight NS-NAC’s effectiveness in
handling both abrupt and gradual changes, consistently matching the performance of baseline methods.
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