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Abstract

Algorithmic reproducibility measures the deviation in outputs of machine learning
algorithms upon minor changes in the training process. Previous work suggests that
first-order methods would need to trade-off convergence rate (gradient complexity)
for better reproducibility. In this work, we challenge this perception and demon-
strate that both optimal reproducibility and near-optimal convergence guarantees
can be achieved for smooth convex minimization and smooth convex-concave
minimax problems under various error-prone oracle settings. Particularly, given
the inexact initialization oracle, our regularization-based algorithms achieve the
best of both worlds — optimal reproducibility and near-optimal gradient complexity
— for minimization and minimax optimization. With the inexact gradient oracle, the
near-optimal guarantees also hold for minimax optimization. Additionally, with
the stochastic gradient oracle, we show that stochastic gradient descent ascent is
optimal in terms of both reproducibility and gradient complexity. We believe our
results contribute to an enhanced understanding of the reproducibility-convergence
trade-off in the context of convex optimization.

1 Introduction

In the realm of machine learning, improving model performance remains a primary focus; however,
this alone falls short when it comes to the practical deployment of algorithms. There has been a
growing emphasis on the development of machine learning systems that prioritize trustworthiness and
reliability. Central to this pursuit is the concept of reproducibility [38}164], which requires algorithms
to yield consistent outputs, in the face of minor changes to the training environment. Unfortunately, a
lack of reproducibility has been reported across various domains [[10} 40} 41 64], posing significant
challenges to the integrity and dependability of scientific research. Notably, empirical studies in
Henderson et al. [43] have revealed that reproducing baseline algorithms in reinforcement learning
is a formidable task due to both inherent sources (e.g., random seeds, environment properties) and
external sources (e.g., hyperparameters, codebases) of non-determinism. These findings underscore
the criticality of having access to the relevant code and data, as well as sufficient documentation of
experimental details, to ensure reproducibility in machine learning algorithms.

Instead of considering the irreproducibility issue solely from an empirical perspective, Ahn et al. [1]
initiated the theoretical study of reproducibility in machine learning as an inherent characteristic of the
algorithms themselves. They focus on first-order algorithms for convex minimization problems and
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Table 1: Algorithmic reproducibility (Def. |3)) and gradient complexity for algorithms in the smooth
convex minimization setting given inexact deterministic oracles (Def. [T). Here, “LB” stands for
lower-bound and a A b denotes min{a, b}. For the inexact gradient oracle, & < O(e) is required for
GD to be e-optimal and § < O(e>/4) is required for Algo.

. Inexact Initialization Inexact Gradient
Algorithm
Convergence Reproducibility Convergence Reproducibility
GD [1] O(1/e) 0(6?) O(1/¢) 0(6%/€?)
AGD [6] O(1//€) O(82e'/v7) - -
algo. [l thm.3B.s)  O(1/ve) 0(52) O(1/e) O(62/¢2)
LB (611 1] Q(1/Ve) Q%) Q(1//e) Q(0%/€?)

define reproducibility as the deviation in outputs of independent runs of the algorithms, accounting
for sources of irreproducibility captured by inexact or noisy oracles. In particular, they consider three
practical error-prone operations, including inexact initialization, inexact gradient computation due to
numerical errors, and stochastic gradient computation due to sampling or shuffling. When restricting
the outputs to be e-optimal and assuming the level of inexactness that could cause irreproducibility is
bounded by 4, they establish both lower and upper reproducibility bounds of (stochastic) gradient
descent for all three settings. The lower-bounds indicate the existence of intrinsic irreproducibility
for any first-order algorithms, while the matching upper-bounds suggest that (stochastic) gradient
descent already achieves optimal reproducibility.

An important question arises regarding whether there is a fundamental trade-off between repro-
ducibility and convergence speed in algorithms. For example, in the case of inexact initialization, the
optimally reproducible algorithm [[1]], gradient descent (GD), is known to be strictly sub-optimal in
terms of gradient complexity for smooth convex minimization problems [61]]. On the other hand, the
optimally convergent algorithm, Nesterov’s accelerated gradient descent (AGD) [60]], suffers from a
worse reproducibility bound [6]]. The situation becomes more intricate in the case of inexact gradient
computation. A natural question that we aim to address in this paper is: Can we achieve the best of
both worlds — optimal convergence and reproducibility?

On another front, while minimization problems can effectively model and explain the behavior of
many traditional machine learning systems, recent years have witnessed a surge of applications that
are formulated as minimax optimization problems. Important examples include generative adversarial
networks (GANs) [37]], robust optimization [54]], and reinforcement learning [25]. Despite a wealth
of convergence theory for various minimax optimization algorithms, extensive empirical evidence
suggests that these algorithms can be hard to train in practice [67, 4, |53]]: the training procedure can
be very unstable [23]] and highly sensitive to changes of hyper-parameters. Motivated by such issues,
we initiate the theoretical study of algorithmic reproducibility in minimax optimization. The second
question that we aim to address in this paper is: What are the fundamental limits of reproducibility for
minimax optimization algorithms and their convergence-reproducibility trade-offs? We will focus on
smooth convex-concave minimax optimization as a first step, where the irreproducibility issue comes
from either inexact initialization, inexact gradient computation, or stochastic gradient computation.

1.1 Our Contributions

Our main contributions are two-fold:

First, we propose Algorithm[I] which solves a regularized version of the smooth convex minimization
problem. This algorithm achieves both optimal algorithmic reproducibility of ((52) and near-optimal
gradient complexity of O(1/ \ﬁ) under the d-inexact initialization oracle. Table |1| provides a
comparison with GD and AGD. Our results rely on the key observation that solutions to strongly-

>Throughout the paper, O hides additional logarithmic factors. We claim near-optimality of the result when
it is optimal up to logarithmic terms.



Table 2: Algorithmic reproducibility (Def. [6) and gradient complexity for algorithms in the smooth
convex-concave minimax setting given inexact deterministic oracles (Def. f). Here, “LB” stands for
lower-bound and a A b denotes min{a, b}. For the inexact gradient oracle, 6 < O(e) is required for
GDA, EG, and Algo. to be e-optimal, and § < 0(62) is required for Algo. [2| The diameter D in
Assumption[d.1]is a trivial upper-bound for reproducibility in all cases.

Inexact Initialization Inexact Gradient

Algorithm
Convergence Reproducibility Convergence Reproducibility

GDA (Thm. 0(1/&) 0(6?) 0(1/&) 0(62/e2)
(

EG (Thm. 4.3) O1)) O A2 +1/2)  O(lfe)  O©%/ A1/
atgo. Pl rhm pdee)  O(1/6) 0(52) O(1/¢) O(52/e?)
Algo. f|rnm 7 lg)  O1/0) 0(52) O(1/¢) 052 /¢?)

LB ([63], Lem. Q(1/e) 0(52) Q(1/¢) 0(52/e2)

convex regularized problems are unique, allowing algorithms that converge close to the minimizers
to be reproducible. This highlights the effectiveness of regularization in achieving near-optimal
convergence without compromising reproducibility.

Second, we extend the notion of reproducibility to smooth convex-concave minimax optimization (T
under inexact initialization and inexact gradient oracles. We establish the first reproducibility analysis
for commonly-used minimax optimization algorithms such as gradient descent ascent (GDA) and
Extragradient (EG) [48]]. Our results indicate that they are either sub-optimal in terms of convergence
or reproducibility. To address this, we propose two new algorithms (Algorithm [2]and [3) which utilize
regularization techniques to achieve optimal algorithmic reproducibility and near-optimal gradient
complexity. The summarized results are presented in Table[2} Additional numerical experiments
showcasing the effectiveness of our algorithms can be found in Appendix [D| Although smooth convex-
concave minimax optimization is nonsmooth in its primal form, our results indicate an improved
reproducibility compared to the result of general nonsmooth convex problems [[1] by leveraging the
additional minimax structure. Lastly, in the case of stochastic gradient oracle, we show stochastic
GDA can simultaneously attain both optimal convergence and optimal reproducibility.

1.2 Related Works

Related Notions. (Reproducibility) Previous works that study reproducibility in machine learning
are mostly on the empirical side. They either conduct experiments to report irreproducibility issues in
the community [40, 43\ [18}164], or propose practical tricks to improve reproducibility [69, 79,156} [19].
Ahn et al. [1] initiated the theoretical study of reproducibility in convex minimization problems
as a property of the algorithm itself. (Replicability) In an independent work, Impagliazzo et al.
[45] proposed the notion of replicability in statistical learning, where an algorithm is replicable
if its outputs on two i.i.d. datasets are exactly the same with high probability. Its connection to
generalization and differential privacy [29] is established in Bun et al. [21] and Kalavasis et al. [47].
Replicable algorithms are proposed in the context of stochastic bandits [30] and clustering [31]].
(Stability) Depending on the context, the term stability may have different meanings. In empirical
studies [4, 15, 22]], instability often refers to issues such as oscillations or failure to converge during
training. In learning theory, algorithmic stability [[17]] measures the deviation in an algorithm’s outputs
for finite-sum problems when a single item in the input dataset is replaced by an i.i.d. in-distribution
sample. The concept receives increasing attention as it implies dimension-independent generalization
bounds of gradient-based methods for both minimization [42| [11 6] and minimax [33} 149} [16]]
problems. In the area of differential equations [13]] and variational inequalities [32], stability is also
examined as a property of the solution set in response to perturbations in the problem conditions.

In this work, we consider the notion of reproducibility that characterizes the behavior of algorithms
upon slight perturbations in the training. We defer the task of establishing intrinsic connections



among related notions to future work. The most closely related concept is algorithmic stability,
where the analysis is similar to reproducibility under the inexact deterministic gradient oracle. Attia
and Koren [6] showed the stability of AGD [60] grows exponentially with the number of iterations.
Later, this is improved to quadratic dependence [7]] based on a similar idea as ours that leverages
stability of solutions to strongly-convex minimization problems [[68} [34]]. However, since there is
no inexactness of the gradients in their setting, it is possible to ensure outputs that are arbitrarily
close to the optimal solution. Given the presence of inexact gradients in our case, the convergence is
only limited to a neighborhood of the optimal solution, which makes the problem more challenging.
The trade-off between stability and convergence was investigated in Chen et al. [24]]. Their results
suggest that a faster algorithm has to be less stable, and vice versa. However, we show the feasibility
of achieving both optimal reproducibility and near-optimal convergence simultaneously in the setting
we considered.

Minimax Optimization. Existing literature on minimax optimization primarily focuses on con-
vergence analysis across various settings. For instance, there are studies on the strongly-convex—
strongly-concave case [[72}57]], convex-concave case [59}163]], and nonconvex—(strongly)-concave
case [52, [71]. The lower complexity bounds have also been established for these settings [180, 150 [77].
Our work aims to design reproducible algorithms while maintaining the optimal oracle complexities
achieved in these previous works.

Inexact Gradient Oracles. A series of works investigate the convergence properties of first-order
methods under deterministic inexact oracles for minimization [26} 27, 28] and minimax [70] problems.
However, their inexact oracles differ from ours, and our focus is more on reproducibility. In recent
years, there has been increasing interest in studying biased stochastic gradient oracles as well, where
the bias arises from various sources such as problem structure [44]], compression [14] or Byzantine
failure [15] in distributed learning, and gradient-free optimization [62]. These biases can also
contribute to irreproducibility, and this direction would be an interesting avenue of research.

Regularization Technique. The central algorithmic insight driving our improvements towards
obtaining both optimal convergence and reproducibility is the regularization technique, which is
commonly used in the optimization literature. One important use case is to boost convergence
by leveraging known and good convergence properties of algorithms on smooth strongly-convex
functions for solving convex and nonsmooth problems, see e.g., [51}13,[74], just to name a few. In
addition, the regularization technique has also been demonstrated to be useful in improving stability
and generalization [76}[7]], enhancing sensitivity and privacy guarantees [34} 78]}, etc. In this paper, we
provide another important use case by showing an improved convergence-reproducibility trade-off.

2 Preliminaries in Algorithmic Reproducibility

Notation. We use ||-|| to represent the Euclidean norm. Il¢(z) denotes the projection of = onto
the set C. A function h : S — R is ¢-smooth if it is differentiable and its gradient Vh satisfies
|Vh(z1) — Vh(z2)|| < l||z1 — 2|| for any 21, x5 in the domain S € R?. A functiong : S — R
is convex if g(az; + (1 — @)za) < ag(x1) + (1 — a)g(x2) forany a € [0,1] and 21,22 € S. If
g satisfies g(x) — (1/2)||x||* being convex with p > 0, then it is p-strongly-convex. Similarly, a
function g : S — R is concave if —g is convex, and p-strongly-concave if —g is p-strongly-convex.

Ahn et al. [1]] studied the algorithmic reproducibility for convex minimization problems min, ¢ x F'(z),
measured by the (e, §)-deviation bound of an algorithm .A. Here, ¢ denotes the size of errors in the
oracles that can lead to different outputs in independent runs of the same algorithm. The notion of
reproducibility also requires .4 to produce e-optimal solutions, avoiding trivial outputs.

Definition 1. Three different inexact oracle models are considered: (i) a d-inexact initialization
oracle that returns a starting point 7o € X such that ||z — ug||* < §2/4 for some reference point
ug € X, (i1) a -inexact deterministic gradient oracle that returns an inexact gradient G(z) such that
|[VF(z) — G(z)||? < 62 for the true gradient VF(z), (iii) a d-inexact stochastic gradient oracle
that returns an unbiased gradient estimate V f(z; £) such that E||V f(x;¢) — VF(z)|* < 6%

Definition 2. A point & € X is an e-optimal solution if F'(#) —min,ex F(z) < € in the deterministic
setting, or E[F'(Z)] — mingex F(2) < € in the stochastic setting, where the expectation is taken over
all the randomness in the gradient oracle and in the algorithm that outputs Z.



Definition 3. The (¢, §)-deviation ||& — 2'||? is used to measure the reproducibility of an algorithm
A with e-optimal solutions & and &', where & and 2’ are outputs of two independent runs of the
algorithm A given a d-inexact oracle in Definition [I]

We expand the definitions of reproducibility to encompass minimax optimization problems:

i F(x,y). 1
min max F'(z, y) (1
Our goal is to find the saddle point (z*,y*) of the function F(z,y), such that F(x* y) <
F(z*,y*) < F(x,y*) holds for all (z,y) € X x Y. The optimality of a point (Z,§) can be
assessed by its duality gap, defined as max,cy F(Z,y) — min,ex F(x, ). In the minimax setting,
we analyze reproducibility under the following inexact oracle models.

Definition 4. Three different inexact oracle models are considered: (i) a d-inexact initialization
oracle that returns a starting point (g,%) € X x ) such that ||zg — ugl|? + ||yo — vo|* < 62/4 for
some reference point (ug,vg) € X X ), (ii) a d-inexact deterministic gradient oracle that returns
an inexact gradient G(z,y) = (Gaz(2,y), Gy(z,y)) at any querying point (z,y) € X x Y such
that | VF(z,y) — G(z,y)|* < 62 for the true gradient VF (z,y) = (V,F(z,y), V,F(z,y)), (iii)
a 0-inexact stochastic gradient oracle that returns an unbiased gradient estimate V f(x,y; &) =
(Vo f(2,9:6), Vy f(2,y;€)) such that E¢||V f (2, y;€) — VF(z,y)||> < 6%

Definition 5. A point (&,9) € X x ) is an e-saddle point solution if its duality gap satisfies that
maxycy F(&,y) — mingex F(z,9) < € in the deterministic setting, or its weak duality gap satisfies
that max,cy E[F(Z, y)] — mingcx E[F(z, )] < € in the stochastic setting.

Definition 6. The (¢, §)-deviation ||Z — #’||2 + || — 9/||? is used to measure the reproducibility of
an algorithm .4 with e-saddle points (Z,§) and (2', '), where (&, ) and (Z’, §’) are outputs of two
independent runs of the algorithm .4 given a §-inexact oracle in Definition [4]

The optimal convergence rates are well-understood for the convex optimization problems, including
convex minimization [61]] and convex-concave minimax optimization [63]]. Ahn et al. [1]] provided the
theoretical lower-bounds of reproducibility for convex minimization problems, which can be extended
to convex-concave minimax problems as well (Lemma[B.3). We say an algorithm achieves optimal
reproducibility if its reproducibility upper-bounds match the established theoretical lower-bounds.

3 Deterministic Gradient Oracle for Minimization Problems

In this section, we consider convex minimization problems of the form

min F(z),

where X is a convex and closed set. We focus on the standard smooth and convex setting as
detailed in Assumption[3.1] Our goal is to find an e-optimal point as in Definition[2] Ahn et al. [1]]
showed that the optimal convergence rate and reproducibility can be achieved at the same time using
stochastic gradient descent (SGD) for the stochastic gradient oracle model. In the deterministic case,
they showed GD achieves the optimal reproducibility, albeit with a sub-optimal convergence rate
[60,161]. Considering the instability of accelerated gradient descent (AGD) [26} 28, 6], Ahn et al. [[L]
conjectured that 2(1/¢) gradient complexity is necessary to attain the optimal reproducibility.

Assumption 3.1. The function F is convex and {-smooth. We have access to initial points x that
are D-close to an optimal solution, i.e., ||z* — z¢||*> < D? for some z* € arg mingecx F(z).

We introduce a generic algorithmic framework outlined in Algorithm|I] that solves a quadratically
regularized auxiliary problem () using a base algorithm A with initialization z until an accuracy
of €, is reached. Our key insight is that since the optimal solution for strongly convex problems is
unique, the reproducibility of the outputs from the regularized problem can be easily guaranteed.
Note that the regularization parameter r presents a trade-off: as r increases, the auxiliary problem
can be solved more efficiently, but the obtained solution deviates further from the original solution.
We will show that Algorithm |1|achieves a near-optimal complexity of O(1/+/¢), along with optimal
reproducibility under an inexact initialization oracle and slightly sub-optimal reproducibility under an
inexact deterministic gradient oracle. This finding disproves the conjecture [[1]] that 2(1/¢) complexity
is necessary to achieve optimal reproducibility.



Algorithm 1 Reproducible Algorithmic Framework for Convex Minimization Problems

Input: Regularization parameter » > 0, accuracy €, > 0, base algorithm 4, initial point zg € X.
Apply A to approximately solve the r-strongly-convex and (£ + r)-smooth problem

xp < argmin F.(z) := F(x) + C||a: — 20l|?, (%)
TEX 2

such that the optimality gap

F.(z,) — ;Iél)r{l F.(z) <e,.

Output: z,.

3.1 Inexact Initialization Oracle

We first examine the behavior of Algorithm I| with access to exact deterministic gradients but given
different initializations. Starting from two distinct initial points x and z{, such that ||zo — z}||* < §2,
we want to control the deviation between the final outputs x,. and z. of the algorithm. The following
contraction property is essential to attain optimal reproducibility.

Lemma 3.2. Let 2} = argmingex {F(x) + (7/2)||x — 20||?} and (x})" = argmingex{F(z) +
(r/2)||x — x(||?}. When F is convex, it holds that ||z} — (z3)'||? < ||xo — x| for any r > 0.

This indicates the optimal solutions are reproducible up to §2. Consequently, if we can solve the
auxiliary problem () to a high accuracy ¢,, we can ensure the final output x, is reproducible. The
selection of ¢, exhibits a trade-off: a smaller value increases complexity, yet brings the output
closer to the reproducible x;. We characterize the complexity and reproducibility of Algorithm [T|by
carefully choosing the parameters r and ¢,..

Theorem 3.3. Under Assumption and given an inexact initialization oracle, Algorithm[I|with
r=¢/D? €. = (¢/2)min{1,62/(4D?)} and AGD [61] as base algorithm A outputs an e-optimal
point z, with O(\/€D? /¢) gradient complexity, and the reproducibility is ||z, — x.||* < 452

This theorem implies that we can simultaneously achieve the near-optimal complexity of O(1/¢D? /¢)
and optimal reproducibility of O(82), which improves over the O(¢£D? /¢) complexity of GD [1]]. In
fact, when combined with any base algorithm that solves the auxiliary problem, Algorithm [I]attains
optimal reproducibility. However, using AGD as the base algorithm results in the best complexity. To
the best of our knowledge, this is the only algorithm capable of achieving the best of both worlds.
Previously, Attia and Koren [6] proved that the algorithmic reproducibility (referred to as initialization
stability in their study) of Nesterov’s AGD is ©(62e"/v¥) when the initialization is §-apart.

Remark 1. Adding regularization is a common and useful technique in the optimization literature.
Our algorithmic framework solves one auxiliary regularized strongly-convex problem, which is
referred to as classical regularization reduction in Allen-Zhu and Hazan [3]]. Algorithm[I]is biased
and requires the knowledge of € and D to control the biased term introduced by the regularization
term. The convergence guarantee also has an additional sub-optimal logarithmic term. Allen-Zhu
and Hazan [3]] proposed to use a double-loop algorithm, where a sequence of auxiliary regularized
strongly-convex problems with decreasing regularization parameters are solved. The vanishing
regularization ensures the algorithm is unbiased, and the resulting convergence guarantee requires no
knowledge of ¢ and does not have an additional logarithmic term. Similar idea could apply to our
case as well, and the task of bridging such gaps is deferred to future work.

3.2 Inexact Deterministic Gradient Oracle

We further study the algorithmic reproducibility and gradient complexity of Algorithm [I] under
the inexact gradient oracle model that returns an inexact gradient G(x) € R? such that ||G(z) —
VF(z)||? < 6% at any query point z € X'. From the inexact gradient oracle of F', we can construct
an inexact gradient oracle for the auxiliary problem F,.: G.(z) = G(x) + r(z — () which satisfies
the condition |G, (x) — VF,.(2)|* = ||G(x) — VF(x)||* < §2. To solve the auxiliary problem,
we consider AGD with an inexact oracle (Inexact-AGD) as proposed by Devolder et al. [27]. The
proposition below establishes its convergence behavior.



Proposition 3.4. Consider min,cx F,.(x), where F,. is r-strongly-convex and (¢ + r)-smooth. Given
an inexact gradient oracle that returns G, (x) such that |G, (z) — VF,.(z)||? < §2, starting from
Yo = xo, AGD with the following update rule

1
Tt41 = Iy (yt - WGr(yt)>,

2= i)

Yir1 = Tep1 + ———=(Tpy1 — Tt),
24 /r/(l+7)
fort=0,1,--- T — 1, satisfies that

. T |r o T N 120 1 2
F.(xp)—F.(x)) < exp<2 %) (Fr(llfo) — F.(z}) + Zon — xr||2>+ . (ﬁ-i- " + r)52,

where % is the unique minimizer of F,.(x).

This proposition suggests that|Inexact-AGD|converges to a neighborhood with a radius of O (62 /r%/?)
around the optimal value. We note that convergence to the exact solution is unattainable for algorithms

employing inexact gradients [27, 28], and the size of this neighborhood is important in determining
the reproducibility of x,.

Theorem 3.5. Under Assumption[3.1|with 0 < € < {D? and given an inexact deterministic gradient
oracle in Deﬁniti()n Algorithmwith r = €/D? ¢, = 652D*\/l/(2€%) and|Inexact-AGD| as
base algorithm outputs a (662D3/1](2€3) + €/2)-optimal point x, with O(\/{D?/¢) gradient
complexity, and the reproducibility is ||z, — x.||* < O(§2/€%/?).

(Inexact-AGD)

Ahn et al. [1] showed that GD achieves optimal reproducibility of O(§2/e?) and a complexity of
O(1/€) when § < O(e). Our results indicate that a reproducibility of O(6%/€/?) and a near-optimal
complexity of O(1/+/€) can be attained when § < O(e®/*). We conjecture that this suboptimal
reproducibility bound is inevitable for the proposed framework given the lower bound result in
Devolder et al. [27] for algorithms under a (9, ¢, i1)-inexact oracle associated with ¢-smooth -
strongly-convex functions. Further discussions are provided in Appendix[A.2] Moreover, we point
out that for minimizing ¢-smooth and p-strongly-convex functions, Proposition [3.4] already implies
that Inexact-AGD attains the optimal reproducibility of O(min{d?, ¢}) and the optimal complexity

of O(y/€/ 1) when the problem is well-conditioned, improving over the O(£/ 1) complexity in the
previous work [[1]].

Remark 2. In Appendix D] we demonstrate the effectiveness of Algorithm[Ijon a quadratic mini-
mization problem equipped with an inexact gradient oracle. The results are plotted in Figure[I)in the
appendix. We observe that the reproducibility can be greatly improved when adding regularization,
with only a small degradation in the convergence performance.

4 Deterministic Gradient Oracle for Minimax Problems

In this section, we address the minimax optimization problem of the form

R ey
where X and ) are convex compact sets. We focus on the standard smooth and convex-concave
setting as detailed in Assumption We aim to find an e-saddle point (Z, §) such that its duality gap
satisfies max,cy F(&,y) — mingex F'(z, ) < e. Here, the assumption that the domains are convex
and bounded ensures the existence of the saddle point when the objective is convex-concave [73]. We
focus on minimax problems equipped with inexact initialization oracles and inexact deterministic
gradient oracles as defined in Definition d] We first show that two classical algorithms, gradient
descent ascent (GDA) and Extragradient (EG) [48, [72], are either sub-optimal in convergence or sub-
optimal in reproducibility, which mirrors the minimization setting. Based on the same regularization
idea, we propose two new frameworks in Algorithm [2and [3] that successfully attain near-optimal
convergence and optimal reproducibility at the same time.

Assumptiond.1. Forally € Y, F(-,y) is convex, and forall x € X, F(x, ) is concave. Furthermore,
F is £-smooth on the domain X x ). Additionally, both X and Y have a diameter of D. This means
that ||x1 — z2||* < D? and ||y1 — y2||? < D? forall x1,75 € X and y1,y2 € Y.



The optimal gradient complexity to find e-saddle point under such assumptions is ©(1/¢) [63]. Since
the minimax problem reduces to a minimization problem on X when the domain ) is restricted
to be a singleton, the reproducibility lower-bounds [1]] for smooth convex minimization hold as
lower-bounds for smooth convex-concave minimax optimization as well. That is, £(6?) under the
inexact initialization oracle, and £2(62/€?) under the inexact gradient oracle (see Lemma [B.3)). We
now present the convergence rate and reproducibility bounds of GDA (see Algorithm M) and EG (see
Algorithm [5).

Theorem 4.2. (GDA) Under Assumption the average iterate (Tr,yr) output by GDA with
stepsize 1/((N/T) after T = O(1/€2) iterations is an e-saddle point . Furthermore, the reproducibility
of the output is (i) O(6%) under S-inexact initialization oracle; (ii) O(62/€?) under §-inexact
deterministic gradient oracle if § < O(e).

Theorem 4.3. (Extragradient) Under Assumption the average iterate (141 /2, Yr41/2) output
by EG with stepsize 1/¢ after T = O(1/e) iterations is an e-saddle point. Furthermore, the
reproducibility of this output is (i) O(min{6%e"/<, 6% + 1/€?, D*}) under 5-inexact initialization
oracle; (i) O(min{6%e/<,1/€2, D?}) under 5-inexact deterministic gradient oracle if § < O(e).

While GDA can achieve optimal reproducibility, it converges with a sub-optimal complexity of
O(1/€?). On the other hand, EG achieves an optimal O(1/¢) complexity but is not optimally
reproducible. Further details on this are provided in Appendix [B] In Appendix we also
demonstrate that EG, through an alternative parameter selection, can achieve optimal reproducibility
at a sub-optimal rate O(1/ 3/ 2). The question that remains open is how to simultaneously attain
both optimal reproducibility and gradient complexity. To address this, we have developed two
algorithmic frameworks with near-optimal guarantees, one based on regularization and the other
based on proximal point methods [66, [12].

4.1 Regularization Helps!

Algorithm 2 Reproducible Algorithmic Framework for Convex-Concave Minimax Problems

Input: Regularization parameter r > 0, accuracy ¢, > 0, base algorithm .4, initialization (xg, yo).
Apply A to inexactly solve the r-strongly-convex-strongly-concave and (¢ 4 r)-smooth problem

r r
7 Yr) < mi E, 5 =r s o - - - 27
(@, yr) < minmax Fr(2,y) := F(z,y) + 2 llo = 2ol|” = 7 lly — ol ()

such that V(z,y) € X x ),

var(xrvyr)T(xT - I) - vaT(xT‘a yr)T(yT - y) < e 2)
Output: (z,,y,).

We demonstrate that adding regularization is sufficient to achieve near-optimal guarantees for smooth
convex-concave minimax problems. The general framework is summarized in Algorithm [2| where a
base algorithm A is applied to solve a regularized auxiliary problem which is strongly-convex in x
and strongly-concave in y. For the inexact initialization case, we show that an optimal reproducibility
bound of O(6?) and a near-optimal convergence rate of O(1/¢) can be attained simultaneously.

Theorem 4.4. Under Assumption and given an inexact initialization oracle, Algorithm|2|with
r =¢/D? €. = e -min{1,62/(8D?)} and EG as base algorithm A outputs a (2¢)-saddle point
(21, yr) with O((D? /€) gradient complexity, and the reproducibility is 46°.

Consider a -inexact deterministic gradient oracle that returns G(z,y) = (Gx(z,y), Gy(z,y)). First
note G (z,y) = (Gg(z,y)+r(x—x0), Gy(x,y) —r(y—yo)) is a I-inexact gradient for the auxiliary
problem (). We now characterize the convergence behavior of EG with this §-inexact gradient oracle,

referred to as|Inexact-EG] to solve the auxiliary problem.
Lemma 4.5. Consider mingc x maxycy Fy(x,y), where F,(x,y) is r-strongly-convex-strongly-

concave and (£ + r)-smooth. Given an inexact gradient oracle that returns G, (x,y) such that
|G (z,y) — VE.(x,y)||*> < 82, Inexact-EG with stepsize 1/(2(¢ + 1)) satisfies

T r 862 2 1
ok 2 ¥ 2 < - K 2 ok 2 s Z ).
lzr — 251 + lyr — vyl _eXp( 8€+r) (lzo = 7 I1° + llyo — w7 l*) + = ( + )

{+r r



where (2, y¥) is the unique saddle point of F.(x,y).

This lemma implies that Inexact-EG converges linearly to a neighborhood of size O(§2/r?) around
the saddle point, which can be translated to the inaccuracy measure in (2) with e, = O(§/r) utilizing
Lemma [C.5] It is worth emphasizing that the size of this neighborhood is critical for achieving
optimal reproducibility, and the dependency on r in the above convergence rate is key for attaining
near-optimal complexity. Stonyakin et al. [70] analyzed Mirror-Prox [59] with restarts for strongly-
monotone variational inequalities under a different inexact oracle (see Devolder et al. [27] and [70,
Example 6.1] for its relationship with the inexactness notion of ours). Compared to Inexact-EG, their
two-loop structure of the restart scheme is more complicated to implement.

Theorem 4.6. Under Assumption with 0 < € < ¢D? and given an inexact gradient oracle,
AlgorithmP|withr = ¢/ D?, €, = O(6/r) and Inexact-EG as base algorithm A outputs an O(e+5/¢)-
saddle point with O({D? /) gradient complexity, and the reproducibility is O(52/€2).

Remark 3. Some numerical experiments on a bilinear matrix game with inexact gradient information
are provided in Appendix D] (see Figure[2). With a small degradation in the convergence speed, the
regularized framework in Algorithm [2]effectively improves the reproducibility of the base algorithm.

The theorem indicates that optimal reproducibility O(62/e?) and near-optimal gradient complexity
O(1/€) can be achieved when § < O(e?). Note by Theorem and GDA and EG can find
e-saddle points when § < O(e). Next, we introduce an alternative algorithmic framework that
preserves the optimal reproducibility and attains the near-optimal complexity as long as 6 < O(e).

4.2 Inexact Proximal Point Method

We propose a two-loop inexact proximal point framework, presented in Algorithm |3} which can
achieve both near-optimal gradient complexity and optimal algorithmic reproducibility. Compared
to Algorithm 2} the regularization parameter 1/a = O(¢) does not depend on the target accuracy €
and the diameter D, and the center of the regularization term is the last iterate (x4, y;) instead of the
initial point. Since the auxiliary problem is ¢-strongly-convex-strongly-concave and 2/-smooth with
condition number being ©(1), a wider range of base algorithms can be used to achieve the optimal
complexity than solving the problem in Algorithm where the condition number is ©(1/¢).

Algorithm 3 Inexact Proximal Point Method for Convex-Concave Minimax Problems

Input: Stepsize o > 0, accuracy é > 0, algorithm A, initialization (zo, yo ), iteration number 7.
fort=0,1,---7T —1do
Apply A to inexactly solve the smooth strongly-convex—strongly-concave problem

« 1 1
(Tog1, Yeg1) géi;(lglea; Fy(z,y) :== F(x,y) + %Hx —a|® - %Hy — el

such that V(z,y) € X x ),
VoF (@1, ye11) T (@41 — 2) = Vy Fy(@egn, yes1) | (Yeg1 — y) < &

Output: (Z741,5r11) = (1/T) X0 (Te 11, yr41)-

Theorem 4.7. Under AssumptionH.Iand given a d-inexact initialization oracle in Definition | with
5 < O(1//e), AlgorithmB|with ¢ < 62 /(2aT?) and o = 1/¢ outputs an O(€)-saddle point after
T = O(1/¢) iterations, and the reproducibility is 95°.

Remark 4. The required accuracy ¢ for the auxiliary problem is O(62¢2). Given that the auxiliary
problem is ¢-strongly-convex-strongly-concave and 2/-smooth, various linearly convergent algorithms
such as EG, GDA, and Optimistic GDA [35]] can find a point that satisfies the stopping criterion
within O(log(1/(J€))) iterations. As a result, the total gradient complexity is O(1/€). In contrast,
using GDA as the base algorithm in Algorithm 2] will lead to a sub-optimal gradient complexity.

Theorem 4.8. Under Assumption.1|and given a §-inexact deterministic gradient oracle in Definition
M with 5 < O(e), Algorithm 3|with ¢ < O(8) and o = 1/{ outputs an O(e)-saddle point after
T = O(1/e) iterations, and the reproducibility is O(6?/€?).



Remark 5. This theorem requires solving the auxiliary problem with a §-inexact gradient oracle. In
addition to Inexact-EG presented in Lemma[4.5] we show in Appendix that GDA with inexact
gradients can also converge linearly to the optimal point up to a O(6?) error. Thus
the total complexity is O((1/€) log(1/6)) using both Inexact-EG and Inexact-GDA.

5 Stochastic Gradient Oracle for Minimax Problems

To provide a complete picture, in this section, we consider the stochastic minimax problem:

minmax F(z,y) = Ec[f(z,y:€)], 3)
where the expectation is taken over a random vector £. We have access to a d-inexact stochastic
gradient oracle that can return unbiased gradients V f(z, y; £) with a bounded variance §2 at each
point (z,y). We consider the popular algorithm called stochastic gradient descent ascent (SGDA).
The convergence behaviors of SGDA for the stochastic minimax problem (3)) are well-known in
various settings. However, due to the randomness in the gradient oracle, independent runs of SGDA
may lead to different outputs even with the same parameters. Following Definition 6| we further
establish the (¢, §)-deviation of SGDA in the theorem below.

Theorem 5.1. Under AssumptionsH.1|and given an inexact stochastic gradient oracle in Definition
with 6 = O(1), the average iterates (T, yr) = (1/T) Z:_ol (2, y:) of SGDA with stepsize 1/(LeT)
after T = Q(1/€?) iterations is an O(e)-stationary point and the reproducibility is O (6% /(¢*T)).

The O(1/€*) sample complexity of SGDA is known to be optimal when the objective F'(z,y) is
convex-concave [46]. Moreover, our results suggest that SGDA is also optimally reproducible, as
the lower-bound of 9(62 / (ezT)) for convex minimization problems [1] is also valid for minimax
optimization according to our discussions in Lemma[B.3]

6 Conclusion

In this work, instead of solely focusing on convergence performance, we investigate another crucial
property of machine learning algorithms, i.e., algorithms should be reproducible against slight pertur-
bations. We provide the first algorithms to simultaneously achieve optimal algorithmic reproducibility
and near-optimal gradient complexity for both smooth convex minimization and smooth convex-
concave minimax problems under various inexact oracle models. We focus on the convex case as
a first step since it is the most basic and fundamental setting in optimization. We believe a solid
understanding of the reproducibility in convex optimization will shed insights for that of the more
challenging nonconvex optimization. Note that some of the analysis and techniques used in this paper
can be extended to the smooth nonconvex setting, aligning with the stability analysis for nonconvex
objectives [42, 49]. The proposed regularized framework can be applied to nonconvex functions
as well using the convergence analysis of regularization or proximal point-based methods [2| [74].
However, the non-expansiveness property in Lemma that is essential for the reproducibility
analysis will not hold any more without the convexity assumption. One potential way to alleviate it is
to impose additional structural assumptions on the gradients such as negative comonotonicity [39].
We leave a detailed study of the reproducibility in nonconvex optimization to future work.

Other possible improvements of our results include deriving optimal reproducibility with an acceler-
ated convergence rate for smooth convex minimization problems under the inexact gradient oracle,
removing the additional logarithmic terms in the complexity of our algorithms using techniques in
Allen-Zhu and Hazan [3|], studying the reproducibility under the presence of mixed inexact oracles,
and extending the results to nonsmooth settings. Another interesting direction is to design simpler and
more direct methods with both optimal reproducibility and convergence guarantees. A possible way
is to directly unwrap the regularized algorithmic framework [I]or[2] leading to Tikhonov regularization
[8] or anchoring methods [73].
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A Near-optimal Guarantees in the Minimization Case

This section provides proof for the near-optimal guarantees of AlgorithmI]in the minimization case.
We start with some commonly-used facts that follow from basic algebraic calculations. See Bauschke
et al. [12]] for an example.

Lemma A.1. The following facts will be used in the analysis. For any vectors a,b € R, it holds that
() 2a"b = [|a]|* + [[b]]* — [la - b]I%,
ii) 2a7b = [|a+b||* — [lal|* — falf?,

(

. 1 1
(i) —lall* ~ ;HbII2 <2a"b < 7fal® + ;||b||2, vy >0,
(

i) [lna + (1 =md|* +n(1 = n)lla = bl* = nllall* + @ = )[b]?, ¥y €R.

A.1 Inexact Initialization Oracle

This section contains proof of Lemma [3.2] and Theorem [3.3] for the near-optimal guarantees of
Algorithm|[T]in the inexact initialization case.

Proof of Lemma([3.2] By the optimality conditions of z* and (z})’, we have that for any z,2’ € X,
(VF(@7) +r(ay = 20)) " (x — a7) 20,
(VF((@7)) +r((z5) = 20)) " (&' = (27)") = 0.

Taking 2’ = x and = = ()’ in the above equation, we obtain that

(@7 = (@)’ ((VF(mi) + (@) = x0)) = (VF((27)) + r((z7) - 1’6))) <0.
Since VF' is monotone when F' is convex, rearranging terms, we get
0> (27 = (27)) " (VF(27) = VF((27))) + rllay = (@) |* = (2} = (27)") " (z0 — ()
> rllay — (@)1 = r(2y = (@7)") " (20 — xp).
Given r > 0, this means
5 = (@) 1? < (25 = (27)") " (w0 — @p)
< 2 = @) llzo — -
Dividing both sides by ||z — («)’||, the proof is complete. O

By converging sufficiently close to the optimal solution, we can ensure Algorithm I]is reproducible.
The near-optimal convergence rate is achieved using AGD [60]] as the base algorithm.

Proof of Theorem[3.3] We first analyze the convergence guarantee. Let 2* € arg min,cx F(z) be
one minimizer of F(x), and z} = argmingcx F,(z) be the unique minimizer of F,.(x). By the
definition of F,.(x), we have that

F(x,) = F(z*) = Fy(z,) = =||o, — zo]® = Fo(2*) + 5 [l2* — o]
2 2

e T
SFT(-TT)_FT(x )—|—§||$ —-Z'OH
* r * 2 (4)
< Fro(ar) = Fo(ap) + S lla” = 2ol
< +7"D2
€ + ——.
- 2
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e, and r will be selected later. For reproducibility, we proceed as

lr — 2yl < llor — 27l + [y — (7)1 + [1(27)" = 4]

2€,
<542y
T

where we use the optimality condition of ¥ by r-strong-convexity of F,.(x):
Sllae =3l < Fr(a) = By ()
< e,
the optimality condition of (z})’ and Lemma[3.2} Setting

€ € ind 1 52
r=—5, € =_-minsl,—,
D2’ 2 4D?
we guarantee that F'(z,) — F(2*) < e and ||z, — .|| < 2J. The gradient complexity of AGD to
achieve ¢, approximation error on the function value gap of an ¢-smooth and (¢ + r)-strongly convex

function is O(+/(€ + ) /rlog(1/e,)) = O(\/¢D?/¢), where O hides logarithmic terms. O

A.2 Inexact Deterministic Gradient Oracle

This section contains proof of Lemma [3.4] and Theorem [3.5] for the guarantees in the inexact de-
terministic gradient case. We first study the convergence behavior of AGD [60] for smooth and
strongly-convex functions under the inexact gradient oracle. For the sake of simplicity and to enable
a general analysis, we slightly abuse notation here to consider the optimization problem

min f (z),

where f : X — R satisfies the following assumption.
Assumption A.2. f(z) is {-smooth and p-strongly convex on the closed convex domain X.

We consider the inexact gradient oracle defined below (referred to as d-oracle in this section).

Definition 7. (-oracle) At any querying point 2 € X', the -oracle returns a vector g(z) € R? such
that ||g(x) — Vf(x)||*> < §2, where V f(z) is the true gradient of f(x).

In previous work, Devolder et al. [27]] define a different inexact oracle that is motivated by the exact
first-order oracle and study the convergence behavior of first-order algorithms including AGD.

Definition 8. ((6, ¢, pu)-oracle [27]) At any querying point x € X, the (9, £, 1)-oracle returns approx-
imate first-order information (f5¢ (), g5,¢,.(x)) such that for any y € X,

l
Ellz =l < ) ~ (oean@) + gs.enl@) (v = 2)) < 5l = yl* +5.

The lemma below characterizes that the two oracles can be transformed into each other (adapted from
Devolder et al. [27, 28]).

Lemma A.3. Under Assumption A d-oracle can be transformed to a (&', 0, p')-oracle with
§ = (1/(20) + 1/pu)6?, €' = 20, and 1/ = /2. A (6,4, p)-oracle can be transformed to a §'-oracle
for &' defined in (7).

Proof. Given a d-oracle that returns g(z) at any point x € X, we construct a (¢, ¢/, p1/)-oracle as

52
fé/,é/,/t’(:r) = f(l‘) - ;a 95/76/,“/(17) = g(fﬂ)

By ¢-smoothness of f(x) and fact (¢ii) in Lemmal|A.1] we have that
F(w) < 1) + VI @)y 2)+ 5~y
= J(@)+0(@) Ty~ ) + (V) — g(@) @y~ ) + 5o~y ®

2

< J@) +gl@) (- 2) + e — gl + o
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Similarly by pu-strong convexity of f(z) and fact (¢7) in Lemma we have that

F4) = F@) + VF@) =)+ Sl =yl
= f(@)+ 9(2)T(y = 2) + (Vf() = 9(2)) T (y —2) + £l — |1 ©)
2
> f(2) +9(@) " (y —2) + Lo~y - =

Combined the above two equations together, we obtain that

2
Slle = ol < 10) = (1) = 2 +90) 0= ) < lhe =1 + (5543 )%

This concludes the proof of the first part. For the second part, given a (4, ¢, uu)-oracle in Deﬁmtlonl
we construct a ¢'-oracle as follows: g(x) = g5,¢,,(z). Taking y = z in Deﬁnltlon | we obtain V z,

foen(@) < f(2) < fou(x) + 6.
Therefore, by strong-convexity of f(x), we have that vV z, y,
) 2 F(@)+ V@) (y =)+ Slle =yl
> Jreu@) + V@) (g —2) + Sl =yl

Combined with the second part of Definition [8] we obtain that V z, v,

(VI@) — gpep(@) Ty —2) < Pl — g2 + 6

Then by a similar proof as for the convex case in Devolder et al. [28]. Let A(z) = Vf(z) —

gsepn(x) and y = x + min{\/26/(¢ — p), z)/||A(z)|| for r(x) = max{r € R|(x +
A(z)/||A(z)||) € X'}. We have that

2000 — p), when e - < r(z),
IV f(@) = gsen(@)l < 0—p ) . @)
—r(z)+ —, otherwise.
2 r(x)
Since we use g(x) = gs.¢,.(2), the proof is complete. O

Devolder et al. [27] prove that AGD equipped with (4, ¢, 1)-oracle in Definition (8| converges to a
O(6+/4/ p)-neighborhood of the optimal solution with accelerated rate T' = O(+/£/p):

far) - 1 < o<exp(Tﬂ> " 5ﬁ>

where x is the output of T-step AGD and f* is the optimal value. They further establish a lower-
bound showing tightness of the O(d+/¢/ ) error for any first-order methods with accelerated rate.

Here, we are interested in the performance of AGD under the §-oracle in Definition[7} Motivated by
the transformation in Lemma[A.3] we choose the parameters in AGD as follows:

1
Ty = Iy (yt — 5 g(yt)>,

2—+/u/t
Y1 = Tep1 + m (Te41 — @)

The results can be implied by Devolder et al. [27] together with Lemma[AZ3] We provide detailed
proof in the following for completeness of the paper.

®)
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Lemma A.4. Under Assumption Let x* be the unique minimizer of f(x) and k = /. be the
condition number. Given an inexact §-oracle in Definition[]} Starting from yo = xo, AGD with
updates @) fort = 0,1,--- ,T — 1 converges with

flzr) — f(2*) < exp<—25g> (f(xo) — f(z*) + %on _ x*||2> I \/E(z n 2)52.

Proof. By (B) in the proof of Lemma[A3] we have that

52
@) < Fwe) + 9@ T (g1 — ye) + Llzesr — el > + oYh
Similarly by (6)), we know for any = € X,

52
£(2) 2 f) + 90T (@ =)+ Gle =l =

Combing the above two results, for any z € X', we have
f@i1) = f(x) = f(@e41) — flye) + fye) — f(2)

1 1
< o) (s — )+ e —l? = Bl — il + (5 + 2 )5

1 1
< ~2eess 30 (e — )+ Ul —wlP = llo = ul? + (543 )9

1 1
= —thaess =l + 26w~ ) (o =) = Sl — il + (5 + 1)

where in the last inequality we use the optimality condition of the projection step such that Vo € X,

1 T
(xt+1 — Y+ 5 9(%)) (x —w441) > 0.

Let 0 :=1/(2y/k) = \/1/(40). Setting © = x4 and x = z* in the above equation, we get
(1= 0)(f(ze41) = f(4)) < =01 = O)[zer1 — vl + 261 = 0)(wer1 — ye) " (w0 — we)

1 1
Aol + - 0) (51 )%
O(f (w141) — f(2%) < —€0)|zip1 — yell® + 200(wis1 — ye) T (2* — )

CFa — oL 4 L)s2
Ll — il +9(2€ + M)a |
Let A, := f(x¢) — f(z*) > 0. Summing the above two up, by fact (i) in Lemma[A.1] we obtain
Appr = (1= 0)A; < —lllzers — yel|* + 20(z01 — ) (1 = O)ay + 0™ — ;) — %9\\33* —ue])?
kR oz (LYo
(1= Ol il + (5 + 1 )%
= lye — (1 = Oz — 02> — l|zps1 — (1 = O)a, — O™ [|* — %9”%* — uel?
Ry oz (1Yo
L= Ol + (54 )
Let Ou; := 2y — (1 — 0)x;—; for t > 1. From the update (8) of AGD, we observe

(1+0)ye = 1+ 0)ay + (1 — 0)(xr — 2-1)
= 21'75 — (1 — Q)K'Etf]
= Tt —|—9ut
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Rearranging terms, we can get x; = (1 + 6)y; — Hu, and thus
—(1=0)xy =y — (1 = 0)((1+ 0)y: — Ouy)
=y — (1= 0*)ye — (1 - 0)0uy)
It is easy to verify that the above also holds when ug = x¢ = yo. Since £ = y/4, we have that
Ay — (1—0)A

1% . Y " 7] " 1 1
< S+ (= Oy = |2 = s = 72 = 6l =l + (54 7 )

1 1
0= ) = 2%) 4 8~ ) = e = "I = G0l il + (5 4 1)

* « 1
<H =)y 2~ E s — 2+ (% )52

where we use fact (iv) in Lemma Rearranging terms, we then obtain

K * w * 1 1
Bt Gl =21 < (1= 0) (A + =)+ (5 + 7).

Unrolling the recursion, we have that

J(er) = fla®) < Ar + Lllur —

< (1-0)" (A0 + Elluo — 2 2) (=0T e (1= 0) + 1) (216 + i)(ﬁ

< exp(-07)(fau) = %)+ Sl - ' 7) 4 5 (5 + 1)

0\ 2¢
T . ] 1 2
—exp (=52 ) (Faw) = 1) + Blan = o72) + R (5 + 2 )2
where we use the fact that 1 +7n < e”,Vn € R. O

Lemma 3.4 immediately follows from Lemma[A.4] With the above results at hand, we are ready to
show proof of Theorem 3.5 below.

Proof of Theorem[3.3] For the convergence guarantee, similarly to the perturbed initialization case
in @), for 2* € arg mingecx F(z) and 2 = arg min,ex F,.(x), we have that

rD?
5

For the reproducibility guarantee, using r-strong-convexity of F,.(x), we can obtain that

F(x,) — F(z*) < Fr(zr) — Fr(x7) +

T

ey = 2ol < llr — 27| + [l — 2l

< \/2(Fr(zr)T Fr(zy)) + \/Q(Fr(x;) - Fr(x;f))

r

Applying Lemma[3.4] if (Inexact-AGD) is used as the base algorithm .A and . is the output given
initialization yo = ¢ after T 1terat10ns since r = ¢/D? < {, we know that

F.(z,) — Fr(x))

oo T 12 C+r( 1 2\ o
< — _ =
exp (- s ) (Frteo) = Frtap) 4 oo = atl?) 44/ 5 (1 + %)
T r . l
<exp(—,/€)(Fr< o) = Folat) + Fllzo - atI?) + 557 5.
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When setting T' = O(y/¢/r log(r3/2/§2)), this means the algorithm converges to F.(x,) — Fy.(z*) <
6621/¢/(2r3) and ||z, — x3]|? < 1262,/4/(2r5). Therefore, since 7 = ¢/ D?, we have that

62
F(z,) - Fla)) <O 2 +¢).
(0) = Py <0 55 + o)
and the reproducibility is ||z, — 2.||? < O(6%/€/?). 0

The results suggest that to achieve e-approximation error on the function value gap, we need to set
§ < O(e®/*), which is a smaller regime compared to § < O(e) in the previous work [1]] when ¢ < 1.
Furthermore, optimal reproducibility O (62 /€?) is not attained. We observe from the proof that the
additional O(/k)-factor in the last term of the error bound in Lemma leads to this degradation.
Since we set r = O(¢) to balance the convergence rate and approximation error introduced through
regularization, this factor can be O(4/1/¢). Based on the lower-bound in Devolder et al. [27] for
(6,4, p)-oracle such that this O(+/k)-factor is unavoidable for an accelerated convergence rate and
the transformation between the two inexact oracles in Lemma[A.3] we thus make the conjecture here
that the above results cannot be further improved. Algorithms that achieve optimal convergence and
reproducibility under this setting require better designs and we leave it for future work.

B Preliminary Results in the Minimax Case

In this section, we provide proof of some preliminary results in the minimax setting. We start with a
proof of the lower-bounds in Lemma|[B.3] Sub-optimal guarantees of gradient descent ascent (GDA)
in the deterministic case, as well as optimal guarantees of stochastic gradient descent ascent (SGDA),
are provided in Section[B.2] Sub-optimal results of Extragradient (EG) are proved in Section [B.3]

Before that, we introduce some notations and helpful lemmas that will be used in the analysis. We let
z = (z,y) and VF(2) = (V. F(z,y), —V,F(x,y)) for simplicity of the notation in the remaining
of the paper. The following results will be frequently used.

Lemma B.1. UnderAssumption the operator NV F is monotone and (-Lipschitz. That is, Vz,, z3 €
X x Y, |[VF(z1) = VF(22)|| < £)|z1 — 22|l and (VF(z1) — VF(22))7 (21 — 22) > 0. Moreover,
Vz e X x Y, |VF(2)| < L where we define L := min||VF(z*)| 4+ v/2¢D for minimum taking
w.rt. any saddle point z* = (z*,y*) of F(z,y).

Proof. Lipschitzness of VF directly follows from /-smoothness of F'(z,y). The fact that VF is
monotone when F'(z,y) is convex-concave is well-known in the literature (e.g., see Theorem 1 in
Rockafellar [65]). For the last statement, taking any saddle point z*, we have that Vz € X x ),

IVF(2)|| < IVF ()| + [VF(z) = VF(z")|
SIVEEY)[ + 4z — 2.
The proof is complete since the domain & and ) have a diameter of D. O

Lemma B.2. Under Assumptiond.1| For some integer T > 1, let z, = (x4, y;) fort = 0,1,--- , T—1
and zr = (Zr,g7) = (YT) Yo (@, u0)- I V2 € X x YV, (1T) 1 VF(z) (2 — 2) < ¢,
then it satisfies that max,cy F(Zr,y) — mingex F(z,gr) < e

Proof. Since F(z,y) is convex-concave, we get that Vz = (z,y) € X x ),
F(zy,y) — F(z,y) = Fa,y) — Fz,ye) + Fa,y) — Fa, ye)
< VoF(ze, ) (w0 — ) = VyF (2, y0) ' (ye — y)
=VF(z)" (2 — 2).
Summing up from ¢ = 0 to 7" — 1 and dividing both sides by T, by Jensen’s inequality, we have that

T-1
1 -
F(@r,y) = F(z,97) < % ; VE(z)" (2 = 2)
<ee.
Taking y = arg max,cy F(Z7,v) and © = argmin,cx F(u, §7), we conclude the proof. O
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B.1 Lower-bounds for Reproducibility

The lower-bounds follow from the minimization setting [[1]].

Lemma B.3. For smooth convex-concave minimax optimization under Assumption the repro-
ducibility, i.e., (¢,0)-deviation, of any algorithm A is at least (i) Q(5?) for the inexact initialization
oracle; (ii) Q(62/€2) for the deterministic inexact gradient oracle; (iii) Q(52 /(T€?)) for the stochas-
tic gradient oracle, where T is the total number of iterations of the algorithm.

Proof. The lower-bound of reproducibility in Ahn et al. [[1]] for smooth convex minimization problems
is also a valid lower-bound for smooth convex-concave minimax problems. To show this, we consider
a special case of the minimax problem ([I]) where the domain ) is a singleton, i.e., ) = {yo} for
some yo. Then the original smooth convex-concave minimax problem ming,e xy max,ey F(z,y)
is equivalent to the smooth convex minimization problem min,¢cx F(z, yo). For all three inexact
oracles, let (&, %) and (', ¢’) be the e-approximate outputs of independent two runs of the same
algorithm, i.e., the duality gap can be upper-bounded by e, then the reproducibility ||Z — 2/||% + ||§ —
7|2 = ||& — 2'||? since § = §' = yo. Moreover, & and &’ are also e-approximate solutions of the
function F'(z, yo) based on the definition of duality gap. Thus the lower-bound in the minimization
setting [1]] directly implies the lower-bound in the minimax setting. To be specific, the lower-bound
is: (i) £2(6?%) for the inexact initialization case; (ii) (62 /€?) for the inexact deterministic gradient
case; and (iii) (62 /(T€?)) for the stochastic gradient case. O

B.2 Guarantees of Gradient Descent Ascent
This section provides proof of Theorem.2]for the sub-optimal guarantees of GDA in the deterministic

setting and Theorem|[5.T]for the optimal guarantees of SGDA in the stochastic setting. We first provide
a general analysis and then expand it for three different inexact oracles in subsequent sections.

B.2.1 General Analysis

Algorithm 4 Gradient Descent Ascent
Input: Stepsize « > 0, initialization (z, 3o ), number of iterations 7" > 0.
fort=0,1,---T —1do
Yer1 =y (ye + aVy F(x4, y1))
Top1 = My (2 — AV F (2, y1))
Output: (Zr,y7) = (1/7) ZtT;Ol (e, yt)-

We consider (stochastic) gradient descent ascent (GDA/SGDA) outlined in Algorithm @] for solving
minimax problems (I)) or (3). The algorithm iteratively updates the variables x; and y; using exact
gradients VF'(zy, y; ), or inexact gradients G, y; ), or stochastic gradients V f (¢, y; &) based on
different types of the inexact oracles in Definition 4]

We first analyze the behavior of GDA with access to exact gradients. It is well-known that the last
iterate of GDA can diverge even for bilinear functions [55, |9, 136]], and the average iterates converge

with a sub-optimal rate O(1/+/T). We provide proof for completeness.

Lemma B.4. Under Assumption When setting the stepsize to o = 1/(¢ VT ), the average iterates
(Z7,yr) of GDA converges with

(D2 + L2/ (20)
— \/T b

This suggests O(1/e?) gradient complexity is required to achieve e-saddle point.

r;lea;}( F(Zr,y) — ;Iél)rcl F(z,9r)

Proof. Recall z; = (24, y;) and VF(2;) = (Vo F(xt,9:), —VyF(2¢,y:)). The GDA updates in
Algorithm @] can be simplified to

Zt4+1 = HXX)/(Zt - O[@F(Zt)) (9)
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Since the projection step is nonexpansive [[12], we have that Vz = (z,y) € X x ),
2401 = 2° < lze — aVF(z) — z|)?
= |z — 2||> = 2aVF(2) " (2 — 2) + &2||[VF ()%

Rearranging terms and using Lemma[B-1] we can obtain that

~ 1 al?
VF(z) (2 — 2) < — (2t — 2| = 2041 — 2II°) + ——.

2a 2

Taking summation from ¢ = 0 to T — 1 and dividing both sides by 7', by Lemma[B.2] we thus have
D?  al?
F(z —min F(x,97) < — + —.
max F(Zr, y) — min F(e,gr) < —o5 + =

When setting v = 1/(¢+/T), this means the complexity is required to be T > (¢D? 4 L?/(2¢))? />
to achieve an e-saddle point such that max,cy F'(Zr,y) — mingex F(z,yr) < €. O

Lemma B.5. Under Assumption the GDA update () is (1 + a*(?)-expansive. That is, if
(%441, Yt+1) is obtained through I-step of the update given (xy,y,), and (x; 1,7y, ) is obtained
given (x},y;), we have that

e+t = 2o I + lyerr = yial® < 1+ 0) (oo = 24l + g — wil®).-

Proof. Recall z; = (x4, y:) and z, = (x},y;). By the updates of GDA (@), we get that
241 = 20 l® < NIz = 21) = (VF(20) = VE(2))||?
< lee = 21> + @IV E(2) = VF(2))[I* = 20(VF (21) = VF(2)) " (2 — 21)
< (L4 o) (lwe — 2il* + llye — wil1%),
where we use the fact that the projection step is nonexpansive and Lemma BT} O
B.2.2 Inexact Initialization Oracle

Theorem B.6 (Restate Theorem[d.2] part (i)). Under Assumptions{.1} The average iterate (T, jr)
of GDA satisfies maxycy F(Tr,y) — mingex F(z,y7) < O(€) with complexity T = O(1/€?) if
setting stepsize o = 1/({\/T). The reproducibility, i.e., (€, §)-deviation between outputs (T, §) and
(%', U'y) of two independent runs given different initialization is | Zr — 4 || + ||yr — 95 ||> < O(52).

Proof. The convergence analysis directly follows from Lemma[B.4] For the reproducibility analysis,
by Lemmaand the choice that a = 1/(¢v/T), we have that fort = 1,2,--- , T — 1,

e = 24 1? + llye = will* < (14 ®) (|1 — 254 [1* + lye—1 — w141 11%)

1
= (1 ) (s = 2l e =il

1 t
< (1 + T) (o — 2611* + llwo — woll?)-

The above also trivially holds for ¢ = 0. Therefore, by Jensen’s inequality, we can obtain that

T—1
7 = 7l + 15 = g2ll* < 5 D (e = 241” + llve = vi11%)
t=0
T—1 t
1 1
<6 = 1+ =
<ot 73(1+7)
< ed?.
The choice of « is to avoid exponential dependence on ¢ in the reproducibility bound. O
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B.2.3 Inexact Deterministic Gradient Oracle
When only given an inexact gradient oracle in Definition 4} the updates of GDA become
zer1 = Hasy (2t — aé’(zt))7 (10)

where we let G(zt) = (Gy(xt, Y1), —Gy(zy, yi)) for the inexact gradients.

Theorem B.7 (Restate Theorem 4.2} part (i¢)). Under Assumptions Given an inexact determin-
istic gradient oracle in Definition 4| with § < O(¢). The average iterate (T, yr) of GDA satisfies
maxyey F(Zr,y) — mingex F(z,yr) < O(e) with complexity T = O(1/€?) if setting stepsize
o = 1/(¢\/T). Furthermore, the reproducibility is || t1 — 'p||? + ||gr — ¥y ||> < O(62/€?).

Proof. We first show the optimization guarantee. By the GDA updates in (T0) and Definition @ such
that |V F(z) — G(2)]|? < 62, we have that for any 2z = (z,y) € X x ),
lzers — 2017 < [z — 2I% = 2aG(z0) T (z¢ - 2) + Q|G|
< lze — 2|2 — 20V F(2) T (2 — 2) + 202 || VF(z)||?
+2a(VF(z) — G(z)) T (2t — 2) + 20%||G(2) — VF(z,)|?
<zt — 2|12 = 2aVF(2) (2 — 2) + 202 L? + 2v/2a6D + 20262

Taking summation from ¢ = 0 to 7" — 1, we obtain that

(1)

T—-1
1 = T ll20 — Z||2 2 2
_ — < " .
T ?:0: VE(z) (2= 2) € 5 +a(l? +0%) + V26D

Supposing 6 < ¢/(2v/2D) and setting o« = 1/(¢+/T), by Lemma this means
(D? + (L% +6%)/¢
max F(Zr,y) — min F(z,gr) < + (L7 4/ T

yeY TEX VT 2’
e-saddle point is guaranteed when T = ¢/¢? for some constant ¢ > 4(¢D? + (L? + §2) /()%

We then prove the reproducibility guarantee. Let {z;}7 ; and {2, }7_; be the trajectories of two
independent runs of GDA with the same initial point 2y € X x ) and stepsize a > 0. By the GDA
updates (I0) and Lemma|B.5] we have that

ze1 = 2 | < l1(ze = 21) — a(G(20) — G(2)

< (2 = 21) = a(VE(2) = VF(2))l| + 206 (12)
<V 1+ 22|z — 2] + 2ad.
Since the initialization zy = z{, is the same, we obtain that forany ¢t = 1,2,--- , T — 1,
[zt — 2]l < (v 1+ azf?)tIIZo — 2ol + 206 (1 +V1+a22 4+ (\/1 + oﬂé?)t_l)
t—1
=200 Z(l + a?0?)i/?
i=0

< 206 - t(1 + o20%)1/2,
The above also holds for ¢ = 0 denoting Zz;lo = 0. Setting o« = 1/(¢\/T), the reproducibility is

71
_ _ _ _ 1
|z — 27l + llgr = 7 ll* < o D (lwe — 2] + lye — will?)
=0
10252 T-1
< L(l +a2e®)T 2
T
=0
4e
< — . 82T,
— 302
which is O(6%/€%) when T' = ¢/¢? as required in the convergence analysis of GDA. O
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B.2.4 Stochastic Gradient Oracle

For the stochastic minimax problem @, with access to a stochastic gradient oracle in DeﬁnitionEL
SGDA updates fort = 0,1,--- , T — 1,

21 = Maxy (2 — aVf(256)), (13)
where Vf(zt, &) = (Vaf(xe, ye; &), —Vy f(xe, ye;€)) and {ft}tT;Ol are i.i.d. samples.

Proof of Theorem[5.1} We first show the convergence guarantee. By the SGDA updates in (T3), given
all the information up to iteration ¢ and taking expectation with respect to &;, we have Vz € X x ),

Ee, 241 — 2)1* < ll2e — 2)1* = 20E[Vf(2:&) T (20 — 2)] + B[V £ (20: &)
=z — 2|I” =20V F(20) T (2 — 2) + &PE||V f (245 &) |1

Taking full expectation, rearranging terms, and summing up from ¢ = 0 to 7" — 1, we have that

20— 2|17 a(L?+ 462
iz [VFZt Zt_z)}gﬂ 02OZTH + ( 5 )

Therefore, by slightly modifying the proof of Lemma [B.2] through taking expectations, and then
setting © = arg min, ey E[F (u, gr)] and y = arg max,cy E[F(Z1,v)], we get

. D?  a(L?+4?)
T — U < — _— 7.
glgglE[F (@7, y)] - min E[F(z, i)l < —% + 5

We obtain that max,cy E[F(Zr,y)] — mingex E[F (2, §r)] < (¢D? + (L? + 6%)/(2¢))e if the
inexactness 6 = O(1), and we set a« = 1/(¢eT), T > 1/€2.
We then show the reprodumblhty uarantee. For two independent runs of SGDA (13) with output
{2} | and {z,}L |, by Lemma|B.5| we have that for any t = 0,1,--- , 7 — 1,
Ee, ¢ll2e+1 — Zt+1||2
< Ell(z — 2) — a(Vf(z:6) = V(25 6))IP
= ||zt = 2z/lI* = 2a(VF () = VF(2)) (2 = 21) + B[V f(21:&) = V. (4: )|
= ||zt = 2/l|* = 2a(VF(2) = VF(2))" (2 — 21) + ’E[|VF (2,) — VF ()|
+Q%B||[(Vf(2:&) = VI(21:€) = (VF(z) = VF(2)) |
< (L4 a®0)||z — 2;|)* + 4028
Unrolling the recursion, noticing zy = z{,, we have that forany ¢t = 0,1,--- , T — 1,
t—1
Bz — 21 ||* < 4a26? Z(l + a?0?)".
i=0
Since T > 1/€2, we know a = 1/(£eT) < 1/(¢+/T). The reproducibility is thus
=

7 O Elllwe = 2 * + llye — 7]?]
t=0
4@2(52 T—1t—1

< ZZ 1+a2£2

t=1 i=0
40252 1\"
tl 1+ =
()

< 2e6%2a2T
2 &
2T

The last step uses the choice of « such that o*T = 1/(¢2¢>T). O

Ellzr — 27)* + |57 — 97l°] <
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B.3 Guarantees of Extragradient

This section provides proof of Theorem [4.3]for the sub-optimal guarantees of Extragradient (EG).

B.3.1 General Analysis

Algorithm 5 Extragradient

Input: Stepsize « > 0, initialization (z, yo ), number of iterations 7" > 0.
fort=0,1,---T —1do

Yir1/2 = Uy (e + aVy F(x,y1)),

Tip1/2 = x(2s — oV F (2, yi)).

Yer1 = My (ye + aVy F(2y 112, Yey1/2))s

zip1 = Hx (2 — AV F (24412, Yer1/2))-

Output: (Zp.y1/2,Jr11/2) = (1/T) Z,T:_()l(a?t+1/27yt+1/2)-

For deterministic smooth convex-concave minimax optimization, Extragradient [48| [72]] (EG), sum-
marized in Algorithm achieves the optimal O(1/¢) convergence rate. When only given inexact
gradients or stochastic gradients, the true gradients are just replaced by G (¢, y¢) or V f (x4, yt; &)-

We provide proof of its O(1/¢) convergence for completeness. The proof is standard in the literature,
e.g., see Nemirovski [59]] or Section 4.5 of Bubeck [20].

Lemma B.8. Under Assumption When setting the stepsize to o = 1/{, the average iterates
(jT+1/2a gT+1/2) OfEG converges with

¢D?
I;flea;(F(fTH/z,y) - gél)r(l F(z,9r41/2) < N

This suggests O(1/€) gradient complexity is required to achieve e-saddle point.
Proof. Recall z; = (x4,y:) and VF(z) = (Vo F(zs,y:), —VyF(xs,y:)). The EG updates in
Algorithm [5]can be simplified to
Zt41/2 = M xy(ze — OZ@F(%)),
Zt4+1 = HXx)J(Zt - Oé@F(ZtJrl/g)).
By fact (¢) in Lemma we have that for any z € X' x ),

(14)

lzer1 = 2012 + 21 = zel|” = 126 = 201> = 22041 = 20) T (2041 — 2)
<2aVF(z4179) " (2 = 2141),

where we use the optimality condition of the projection step such that (TI¢ (u) — u) " (v — Tl¢(u)) >
0,Vv € C. For the same reason, we can obtain that

|\Zt+1/2 - Zt||2 + H2t+1/2 - Zt+1|\2 — ||zt = Zt+1||2 = 2(zt41/2 — Zt)T(Zt+1/2 — Zt41)
S 2CYVF(Zt)T(Zt+1 — Zt+1/2)-
Summing up the above two inequalities, we get
lze41 = 211 < Jl2e — 2||* - l2t41/2 — z||* - l2t+1/2 — Ze [P + QQ@F(%H/Z)T('Z = Zt41)
+ ZOL@F(Zt)T(Zt_i_l — Zt+1/2)
= llzt = 2lI” = lzt41/2 — 2el1> = 24172 = 241> + 2aVF (z04172) T (2 = 2041/2)

+ QOé(ﬁF(Zt) — ﬁF(th/g))T(th — Zt+1/2).
(15)

According to Lemma([B.1] we can obtain

(VF(20) = VF(211172)) T (2041 — 2e4172) < lze — 2o /2|21 — 2412l

¢ , ! ,
< §Hzt — Ziy1/2l|” + §||Zt+1 = Zi12]7

27



Therefore, rearranging terms, by the choice of stepsize o < 1/¢, we have Vz € X' x ),

@F(zt+1/2)—r(2t+1/2 —z)
1 1 1
< %(H% - Z||2 = lzt41 — Z||2) - %H%H/z - thQ - %||Zt+1/2 - Zt+1||2

+ (VF(z) — @F(Zt+1/2)>T(Zt+1 — Zt41/2)

1 1 l 1 l
< %(Hzt - 2”2 = [lzt41 — Z||2) - (2a - 2) lzt41/2 — Zt||2 - (2a - 2) lzt41/2 — Zt+1||2
1
< —(|lze — 2||> - —z|?).
< 5o (llze = 217 = llze41 — 2°)
(16)
Taking summation from ¢t = 0 to 7' — 1, by Lemma|[B.2] we have
max F(Tp.1/2,y) — min F(%ﬂTﬂ/z) < M-
yey TEX - 2aT
Since ||zg — 2||? < 2D? and a = 1//, the proof is complete. O

The following results are motivated from Boob and Guzmén [[16].
Lemma B.9. Under Assumption Let zi41 = (441, yrr1) be obtained through 1-step of EG
update (T4) given z, = (x4, ), and z{ ., is obtained given z,. Setting ov < 1/(, then we have

2641 = 24l < ll2e — 2] + 2L0%0°.

Proof. For any 2 = (z,y) € X x ), we define an operator P,,(-) : X x Y — X x ) as
P.,(z2) =lxxy(zt — aVF(z)), and the EG updates can be written as z;1 = P, (P, (2:)). When
the stepsize o < 1/¢, the operator P,, (+) is nonexpansive, i.e., Vz1,22 € X X ),
IP2, (21) = Psy(22)|| < @l VF(21) = VF ()]
< all|z — 2|
< llzr — 22l
Since the domain X X ) is a nonempty bounded closed convex set, by Theorem 4.19 in Bauschke et al.
[12], the nonexpansive operator P,,(-) admits fixed points. Denote one fixed point as u; € X x
such that uy = Hxwy(2z: — aVF(ut)) = Py, (ut). The nonexpansiveness of P, (-) implies
[ze01 = well = 1Pz, (P2, (20)) — Pz (Pry ()|
< (af)? ||z — uel|

. a7
< a?% - a||VF(uy)|
< a30L.
The same holds true for z;, ; and uy = P, (u;) defined for z;. As a result, we can obtain that
ot = 2haall < s = ]+ s = ) + 1 = 244 s

< g — || + 2L0%a3.

By optimality conditions of u; = Ilyyy(z — aVF(u;)) and v}, = My xy(z) — aVEF(u})), we
obtain that for any 2,2’ € X x ),

(ur — 2z + aVF(uy)) (2 —ug) >0,
(u) — 2zt + aVF (W) (2 —u}) > 0.
Taking z = u; and 2z’ = u; and using the fact that VF is monotone by Lemma , we obtain that
lue = ugll® < (ue = up) " (2 = 24) = a(VF(ue) = VF(uy)) " (we — up)
< Jlue = wellflze = 2.

Combined with (T8), the proof is complete since |Ju; — u}|| < ||z: — 27| O
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Remark 6. We can alternatively derive the relation between || 2,11 — 2, || and ||z, — z{|| as follows:
[E
< lze = 2401 = 20(ze = 20) T (VF (204172) = VF(2141)2)) + 02V F (201172) = VF (2141 0) |
<zt = 2 l” + 20ll|z = 24l|ze11/2 = Zhg1 ol + P C 2412 = 24 o1

< (14 200/ 1 4 o202 + o202 (1 + a20%)) ||z — 21|
2
= (1+ atVT+a2@) " |2 - 2|

Here, we use Lemma [B.T] and B3] The above results will lead to reproducibility that grows with
O(eT"), which is similar to the results of AGD for the minimization setting [6].

B.3.2 Inexact Initialization Oracle

Theorem B.10 (Restate Theorem part (i)). Under Assumptions The average iterate
(1412, Ur41/2) of EG satisfies maxyey F(Try1/2,y) — mingex F(z,Yri1/2) < O(e) with
complexity T = O(1/¢) if setting stepsize o = 1/L. Furthermore, the reproducibility, i.e., (€,9)-
deviation between outputs of two independent runs of EG given different initialization is ||Tp.q /2 —

Ty poll® + 1004172 = pis ol < O(min{6%e¥<, 8 +1/¢2, D?}).

Proof. The convergence part directly follows from Lemma with T' = ¢/e for some constant
¢ > £D?. For reproducibility, by Lemma and the stepsize a« = 1/¢, we have that for
t=1,2,---,T—1,

I2er1/2 = 1ol + Y12 = Yol < (U4 020) (2 — 241 + [lye — will?)
< 2(||z0 — 2| + 2LE%a3t)?

2
ca(ss )

The above also holds for ¢ = 0. Therefore, by Jensen’s inequality, we obtain

T-1
_ _ _ _ 1
|\33T+1/2 - JUér+1/2||2 + ||2UT+1/2 - yérﬂ/gHQ < T Z (th+1/2 - $;+1/2||2 + ||2Ut+1/2 - y£+1/2H2>
t=0
g T-1 oL \ 2
< = 0+ —t
<23 (5+%)
t=0
16L2
< 447 7.
HRETZ

Alternatively, by Remark@ we know that [|2;11/0 — 2, o[I* < 2(1 + V/2)?462, and thus the
reproducibility is || Z74.1 /2 — j/T+1/2||2 + 1914172 — Q}H/QHQ < O(eT'62). The proof is complete
by taking the minimum between the two results and replacing T" with ¢/e. O

B.3.3 Inexact Deterministic Gradient Oracle

When only given inexact gradient (G (¢, y:), Gy (¢, y+)), the updates of EG becomes
Zep1y2 = Haxy(ze — aG(z)),
zep1 = Mxy (2 — Oéé(zt+1/2)),

where exact gradients V F(z;) in (T4) are replaced by G'(2:) = (Gu(t,y1), —Gy (x4, yt)).
Theorem B.11 (Restate Theorem [4.3] part (ii)). Under Assumptions[d.1} Given an inexact deter-
ministic gradient oracle in Definition[d|with § < O(e). The average iterate (T7.11)2,Yr+1/2) of EG
satisfies maxycy F(Tpy1/2,y) — mingex F(x,Jri1/2) < O(€) with complexity T = O(1/e¢) if
setting stepsize o = 1/{. Furthermore, the reproducibility is O(min{§%e"/*,1/¢2, D?}).
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Proof. Let A(z) = G(z) — VF(z). We know ||A(z)|| < 6 by Deﬁnition Using (T3) in the
proof of Lemma[B-8] we have that Vz € X' x ),

lze41 — 211 < Jl2e — 2||* - l2t+1/2 — z||” - l2t41/2 — Ze [P+ 2aé(zt+1/2)T(z = Zt41/2)
+2a(G(z) — é(zt+1/2))T(zt+l — Z4y1/2)
= ||z — Z||2 - ||Zt+1/2 - Zt||2 - ||Zt+1/2 - 2t+1||2 + QQ@F(%H/Q)T(Z - Zt+1/2)
+2a(VF () — VF(200172)) T (241 — Zig1/2) + 200 (2e112) ' (2 — 241/2)
+20(A(2) = Alze41/2)) T (2641 — Ze41/2)
<Ilzt — Z||2 - ||Zt+1/2 - Zt||2 - ||Zt+1/2 - Zt+1||2 + QQ@F(ZtJrl/z)T(Z - Zt+1/2)

+20(VF(z) — @F(Ztﬂ/g))—r(ztﬂ — Z41)2) + 6v2a6D.
(19)

The above is the same as (I3)) up to an additional error in O(§). Following the same proof after (13)),
with o = 1/¢, we obtain that

. _ ¢D?
f;lea)})iF(fTH/Q,y) - gél)f(l F(z,9741/2) < T +3v24D.

When 6 < €/(6v/2D) and T = ¢/e for some constant ¢ > 2¢D? /¢, we get e-saddle point.

We then show the reproducibility guarantee. Let u; = Iy 3 (2 — aV F(u;)) be the same as in the
proof of Lemma|[B.9] Similarly to (I7), we have that

21 — well < allG(z41/2) — VF(us))|
< al|VF(241/2) — VE(u) || + || G(2141/2) — VF (204172l
< al|zeqpr/2 — wel| +
< a?l)|G(z) — VF(uy)|| + ad
< ||z — ug|| + (1 + al)ad
<L+ (1+ al)ad.

As aresult, the same as (I8), since & = 1/¢, we can obtain that V¢t = 0,1,--- , T — 1,

Iz — 20|l < llze—1 — 24 || + 20302 L + 2(1 + ab)ad
< (20320 + 2(1 + al)ad)

2t
< ?(L +26).

Therefore, by Jensen’s inequality and (T2)) in Section[B.2.3] for the guarantee of GDA, we know

!
-

IN
Nl =

274172 — f/T+1/2||2 + 1974172 — ﬂér+1/2H2 (th+1/2 - T/2+1/2||2 + Y4172 — Z/£+1/2H2)

N o~
il
~ o

AN
=
]

2((L+a®0?)||ze — 2,||* + 4026%)
1 8
2

t
128 3212

8
22 2 2
@5T+3£2T+f25-

)
- o

IN
N

(2t*(L + 20)* + 6°)

i
<

IN
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Note that 7' = ¢/e and § < O(e). Thus the reproducibility is O(1/€?). Alternatively, by Remark|§|
and similarly to (T12), we have that

llzt41 — Z£+1||

< \Jllze = 241 + 28l = All2e1172 = #4y all + 02l zs172 = 2y ] + 200

2
< \/(1 a1+ a2122) 2 — 20|12 + 40205 (1 Faly/T+ a2£2) 2 — 20|l + 4040282 + 206
_ (1 +aly/1+ a2€2) 2 — 2| + 2a0(1 + af)

45
= (1L+V2)llz — 2]l + -

Thus [[2¢41/2 = 244 ol < V2|2 — 2| +26/¢ < O(eT'5/¢) and the reproducibility is O (§%e'/*).
The proof is complete by taking the minimum between the two results. O

B.3.4 More Discussions

In this section, we show that Extragradient can also be optimally reproducible by a different selection
of parameters. Although it will suffer from a sub-optimal convergence rate O(1/ 3/ 2) instead of
O(1/e), this is still an improvement on the O(1/¢?) rate of GDA.

Theorem B.12. Under Assumptions The average iterate (ETH/Q, yT+1/2) of EG satisfies
maxyey F(Zri1/2,y) — mingex F(2,§ry1/2) < O(€) with complexity T = O(1/(6'/%¢%/?)) if
setting stepsize o = min{1/¢, (§/(20>T))'/3}. The reproducibility is O(52).

Proof. The same as Section|B.3.2] by the choice of stepsize a such that a3T < §/2¢2, we obtain

T-1

_ _ _ _ 2 2 N2
1214172 = Zrpajoll® + 1014172 = T oI’ < T > (6+2La%)
=0
< 46% + 4(2L02a3T)?
< 4(L* 4 1)6°
By Lemma|[B.8] when the stepsize o < 1//, we have that
D2
T;lea)g(F(fT-H/Qay) - gg;}F(x,yT-&-l/Q) < T

(D% D2(202/5)Y/3

<= 42 =7

=T T2/3

This means a O(1/(5'/2¢3/2)) convergence rate with reproducibility O(52). In the case § = O(1),
the gradient complexity is O(1/¢3/2). O

Theorem B.13. Under Assumptions Given an inexact deterministic gradient oracle in Definition

with § < O(e). The average iterate (Tpy1/2,Ur+1/2) of EG satisfies maxyey F(Tri1/2,Yy) —
mingex F(z,¥r41/2) < O(e) with complexity T O(1/(eV/d)) if setting stepsize o =

min{1/¢, (5/(2¢%))'/?}. The reproducibility is O(6%/€>).

Proof. The same as Section|B.3.3| since af < 1 and o < §/(2¢?), we have that

T-1

_ _ _ _ 4
271172 = T 112 l* + 194172 = Frpa ol < 8a26% + T > (20°CL + 4ad)*t?
t=0
< 8((2LL*a?)*a*T? 4 85°a°T? + 6%a)
< 8(L% +9)6%(aT)?.
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When the stepsize o < 1/¢, we also have

D2
max F(Try1/2,Y) — Hg(l F(x,9741/2) < —= + 3V20D

yeY oT
(D?  /24D?
<= 4+ +3V26D.
- T V5

To guarantee O(¢)-saddle point, we need to ensure § < O(e¢) and a1 = ¢/e for some constant c.
This means a O(1/(ev/§)) convergence rate with reproducibility O(62/¢2). Since § < O(e), the
gradient complexity is O(1/¢e%/?). O

Finally, we want to mention that the analysis can also be extended to reproducibility under stochastic
gradient oracle and stability of Extragradient [16] that matches with SGDA. We will not provide all
details here. The key is to select stepsize « to balance the convergence O(1/(aT)) in Lemma|B.g]
and the error term O(aT)) that appears according to Lemma|B.9l Moreover, we also acknowledge
that it is unclear whether the analysis of EG is tight since the specific lower-bound is unknown. We
leave this problem for future exploration.

C Near-optimal Guarantees in the Minimax Case

This section discusses near-optimal guarantees for algorithmic reproducibility and gradient complexity
in smooth convex-concave minimax optimization.

C.1 Useful Lemmas

We first establish the convergence behavior of gradient descent ascent (GDA) and Extragradient (EG)
[48] for smooth and strongly-convex—strongly-concave (SC-SC) functions under the inexact gradient
oracle in Definition[d] For the sake of simplicity and to enable a general analysis, we slightly abuse
notation here to consider the minimax optimization problem

min max f (z,v),

where f : X x ) — R satisfies the following assumption.

Assumption C.1. The function f(x,y) is {-smooth and p—strongly-convex—strongly-concave on the
closed convex domain X x ).

Assumption C.2. We assume the existence of an inexact gradient oracle that returns a vector

9(x,y) = (92(2,9), 9y(x,y)) at any querying point (x,y) € X x Y such that |V f(z,y) —
g(z,y)||* < 62 where V f (2, y) = (Vo f(2,y), Vy f(x,y)) is the true gradient at (x,y).

The lemma below shows the convergence behavior of GDA under the inexact gradient oracle presented
above, also referred to as

Lemma C.3. Under Assumption Let z* = (x*,y*) € X x Y be the unique saddle point of
f(z,y) and k := £/ be the condition number. Given an inexact gradient oracle in Assumption
Denote z, = (x4, yt) and §(2¢) = (92 (e, Yt), —gy (@1, y¢)). Starting from zy € X x Y, GDA that
updates fort =0,1,--- . T — 1,

zi11 = My xy(ze — ag(z)), (Inexact-GDA)
with stepsize o = i/ (40?) converges with

T 1 2
Lk 2< T K12 - “ (52.
o= =1 < e (— g ) o = 1P + (2 + 5

Proof. Let Vf(2) = (Vaf(ze,y:), —Vyf(xt,9:)). It holds that z* = Tlyxy(2* — aVf(z*))
since the saddle point problem and the projection problem share the same optimality condition when
f(x,y) is convex-concave (see Proposition 1.4.2 in Facchinei and Pang [32]) such that

Vi) (z—2")>0, Vz=(z,y)eXx).
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Therefore, similarly to (IT)), by the GDA updates, we have
l2e+1 = 2*|° = [Maxy (2 — ag (1) = Maxy (" = aVF("))|?
< Iz — %) — alg(z) — V()P
= [z — 2|1 = 2(g(z) = V(") " (2 — 2%) +a®|g(z2) — VF(2")]*.
Since Vf is p—strongly-monotone if f (z,y) is u—strongly-convex—strongly-concave [66| 35], i.e.,
V21,20 € X x Y, (Vf(21) — Vf(22)) T (21 — 22) > pf|z1 — 22|, we have that
(G(z0) = VFE)D (2 = 2%) = (Vf(z) = V() (2= 2) + (3(z) = V()T (20— 27)
> pllze — 2P = 8|z — 2|
52
ﬂ7
where we use Assumptionsuch that [|§(z¢) — Vf(2)|| < & and fact (ii3) in Lemma Then
by ¢-smoothness of f(x,y), we can obtain that

13(z) = VFE)N? < 2019(20) = V)P + 2|V f(z) = V)P
<267 + 202 ||z — 2*|%

M * (12
> — — —
> Lot — 2|

Combining all three results together, when choosing the stepsize o = y1/(4¢2), we get that

llzes1 — 2% < (1 — ap + 20202) || 2 — 2*||2 + (a + 2a2> 52
w

1 wno | 02 1

Unrolling the recursion, we thus obtain

(20)

lor — 2%

T T-1
1 52 1 1 1
<(1-— — P = (11— ) [1+(1-—= )+ -+ (1-—
( 8H2) Ilzo ==l +4€2< +2’“~2>< +< 8H2>+ +< SHQ) )

T 1 2
<exp(——)zo— 22+ (= + = ) 62
< exp( 8&2) llzo — 2" + (82 + MQ)

This means a O(k?) convergence rate to a O(62) neighborhood, where x = ¢/ is the condition
number. O

The lemma below establishes the convergence performance of EG under Assumption|[C.1]and[C.2]

Lemma C.4. Under Assumption Let z* = (z*,y*) € X x Y be the unique saddle point of
f(x,y) and k := £/u be the condition number. Given an inexact gradient oracle in Assumption
Denote z; = (x4,y¢) and §(zt) = (92(@t,Yt), —9y(Tt,y¢)). Starting from zg € X x ),
Extragradient that updates fort =0,1,--- ;T — 1,

zep172 = axy(ze — ag(zt)),
zep1 = Haxy (2 — ag(zeq1/2)),
with stepsize o = 1/(20) converges with

T 85272 1
o = 12 < exp( = Jllso = 2+ = (5 + )
8k w A\l

Proof. Let @f(zt) = (Vaf(ze,yt), —Vyf(@e, y1)) and A(ze) = g(z) — 6]0(215)- By (13) in the
proof of Lemma |B.8} setting z = z*, we have that,

(Inexact-EG)

lze41 = 2°112 < llze — 2% 17 = lzes1y2 — 20> = N2es1/2 — 201> + 20V f(2e1172) T (2 = 2e41/2)
+ 204(Vf(zt) - Vf(zt+1/2))T(Zt+1 - Zt+1/2) + 2aA(zt+1/2)T(z* - Zt+1/2)

+20(A(2) — A(2i11/2) T (241 — Ze1/2)-
21
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By strong-convexity-strong-concavity of the function f(z,y), we know that
J(@™ yi1/2) > f(@i41/2, Yegr/2) + sz($t+1/2»yt+1/2)T($* — Tyq1/2) + %thﬂ/z —z*|?,

_f(xt+1/27y*) > _f(xt+1/27yt+1/2) - Vyf(xt+1/2vyt+1/2)—r(y* - yt+1/2) + %”yt+1/2 - y*||2
Summing up the above two inequalities, using the definition of saddle points, we have
Vi(zer1y2) T (25 = zeg1/2) + Alzegry2) T (2% = 2e41)2)
< f(x*ayt+1/2) - f(l‘t+1/27y*) - %||Zt+1/2 - Z’*H2 + A(Zt+1/2)T(Z* - Zt+1/2)

/’[/ * *
< —§|\Zt+1/2 -z H2 + ||A(Zt+1/2)||\|2 - 2t+1/2|| 22)
2

Iz . g
< _ZHth/Z -2*+ m

0 ez, M 5
< —gﬂzt —2*|* + ZHZt —zep1p2l? + 0

where we use fact (iii) in Lemmaand ze — 2*[1? < 2|z — 2e41/2]1* + 2|l 204172 — 2*[|%. By
smoothness of f(z,y) and fact (iiz) in Lemma[A.T] we also have that
(Vf(zt) = VI (zer12) T (21 — zev1s2) + (A(2) = Alzeg1/2)) | (2041 = 2e41)2)
<ALzt — zeras2llll2e01 — zegay2ll + 26 - 2041 — 2eq1 /2]l 23)
262

J4
< §Hzt — zep1y2l® + 21 — 210l + 7

Plugging (22)) and (23) back into (Z1)), choosing v = 1/(2¢), we obtain that

* « * «
oews = 212 < (1= B0 llze =217 = (1= 55 = at) zuanjo —

2 1
— (1= 200)||214172 — 2001 ]* + 2007 < - u> @

]
BN e (2
g(1 86)\\% Pl +€<£+u.

Unrolling the recursion, since 1 + 1 < e, Vi € R, we get that

fer =1 (1 ) o= (G ) (1 () e () )

puNT wo 80272 1
<(1-L) llz0 - (24—
<(1-£) Il S+ (g
This means a O(x) convergence rate to a O(62) neighborhood, where x = £/ is the condition
number. O

Lemmadirectly follows from Lemma observing that G(x, y) +7(x — o, yo — ) is a d-inexact
gradient of F.(x,y). Next, we provide a useful lemma showing how to satisfy the stopping criteria
for the auxiliary smooth SC-SC sub-problem in Algorithm 2] when presented with inexact gradients.
The results are motivated from Yang et al. [[74].

Lemma C.5. Under Assumption|C.1|and Suppose the domain X and Y have a diameter of D.
Denote z* = (z*,y*) be the unique saddle point of f(x,y). For any z = (Z,9) € X x Y, we let

G9(2) = (92(2,9), —gy(&,9)) and define (2|3 = ([Z]g, [9]p) for B > 2 to be
. N SO
[2lp = Ty (2 - ﬂ9(2)> ;
which is obtained through one step of GDA starting from Z with inexact gradients. Denote the true

gradient as N f([2]5) = (Vo f([#]s, [§]6), =V [ ([#]s, [§]5)). Then we have that ¥z = (z,y) €
X x),

V£([2s) T ([2]s — 2) < 2v2BD||2 — 2*|| + V26D ((2 + \/5)\/5+ 3) :
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Moreover; it also holds that ||[2]5 — 2*|| < (14+V/2¢/B)||2 — 2*|| + 6(1/\/Bp + V2/B).
Proof. 'We construct a “ghost” point 21 = (#1,91) € X x ) to be
21 =Tlxxy (Z - ;ﬁ([f]ﬁ)) :
21 can be regarded as performing one update of inexact-EG with stepsize 1/ starting from 2.

Therefore, by (I6) and (I9) in the convergence analysis of EG, since 1/ < 1/¢, we obtain that
Vz=(z,y) € X x ),

@

VF([Ep) T ([Els — 2) < 12— 2l - gllil — 2|* +3v20D

(2—2)"(2—2+2% —2)+3V25D

N N

(12 = 2| + 1121 — 2*])) - |2 — 2 + 21 — 2|| + 3V/26DD.

By (24) in the proof of Lemma|C.4] since 8 > 2¢ and p < ¢, we have that

e o

Bt Bu

Therefore, we can obtain that ||2; — 2*|| < ||2 — 2*|| + 28/+/B + /25 //Bu, and thus,
VI([2lp) T (12]s — 2) < V2BD(||2 — 2*[| + [|41 — 2*||) + 3V26D

<2fﬂD||zz*||+\f5D< \f \/>+3>

For the last statement, since [2]3 is obtained through 1-step of GDA with inexact gradients, by (20)
in the proof of GDA for SC-SC problems before, we have that

Ii2ls — 2"II* < (1+2> 12 — 2% + 82 <1+2>.
B B? Bu " B2
Therefore, we obtain that ||[2]5 — 2*| < (1 +v/2¢/8)||2 — 2*| + 6(1/v/Bu +V2/B). 0

120 = 27> < 12 = 2")1* +

The above lemma also applies to the case when exact gradients are available setting § = 0 and
2l = Dxxy (:2 — l@f(A)) for the true gradients V f(Z). This implies the stopping criteria

ViEA)T(2-2) <éVze X xYin Algorlthmlandlcan be translated to |2 — z*[|? < O(é?),
which can be satisfied within O(log(1/¢)) complexity using Lemma[C.3|and |C.4] with § = O (or
existing results in Tseng [[72]] or Facchinei and Pang [32]).

C.2 Regularization Helps!

Proof of Theorem [4.4] and [4.6| for the near-optimal guarantees of Algorithm [2is provided here.

C.2.1 Inexact Initialization Oracle

We also use (g, yo) as the initialization point when solving the auxiliary strongly-convex problem.
Note that the gradient steps starting from (g, yo) remain the same on F'(x,y) and F,.(z, y).

Proof of Theorem#-4} We first show the convergence guarantee. Let z, = (z,,y,). By fact (i) in
LemmalA.1| we have thatVz = (z,y) € X x ),

- T
VF(z) (2 = 2) = (VE(20) = (2 = 20)) (30 = 2)
= VE ()" (2 = 2) + gllz0 = 21 = Sz = 20l” = Gllzr =2 @)
< ¢ +rD?.
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According to Lemma this means max,ey F(z,,y) — mingex F(z,y,) < €. + rD%

We then show the reproducibility guarantee. Denote the saddle point of F,.(x,y) given (xg, yo) as
(x7, ;). and the saddle point of F/(z,y) = F(z,y) + (r/2)||z — x]1* — (r/2)lly — y;|1* given
(x5, y5) as ((xF)’, (y2)'). By Lemma B.4 in Appendix B.3 of Zhang et al. [[78]], we have that

ey = @)1 + Ny = )1 < llvo — 261 + llyo — woll*.

Let 2z, = (2, yr), 25 = (xF,y}) and 2o = (20, yo) for simplicity of the notation. 2/, (z)" and 2,
can be defined in the same way. Similarly to the minimization case, we have

12 = 2zl < 2w = 270+ 2y = )l + 11z = 2

26,
<o+2/ =
T

where we use ||z — (22)']] < ||z0 — 24|| < ¢ and optimality of z; by r strong-convexity—strong-
concavity (SC-SC) of F,.(z,y) (the same holds true for z/. and (z)" as well):

r * /r‘ * * * * * * *
§er - xr”Q + §Hy7“ - yr||2 < FT((ETayr) - Fr(xwyr) + Fr(xr7yr) - Fr(xr7yT)
< glea));(Fr(xray) —min Fo(z,yr)
< €.

Thus setting r = ¢/D? and ¢, = € - min{1,6%/(8D?)}, we guarantee that max,cy F(z,,y) —
mingex F(z,y,) < 2eand ||z, — 22||2 + ||y, — yL.||?> < 462. Applying Lemma|C.5| with § = 0,
the complexity using Extragradient (EG) [72} 57] to achieve ¢,.-error on r-SC-SC (¢ + r)-smooth
minimax optimization is O((¢/r+1) log(1/e,)) = O(£D?/¢), where O hides logarithmic terms. [
C.2.2 Inexact Deterministic Gradient Oracle

This section contains proof of Theorem[4.6|for the near-optimal guarantees in the inexact deterministic
gradient case. The proof is based on Lemma 4.5 (restated and proved as Lemma[C.4]in Section[C.I)
and Lemma|C.J|

Proof of Theorem For the convergence guarantee, the same as (23]), we have that
r;leaf)c F(z,,y) — ﬁrg/ryl F(z,y,) < ¢ +rD?
For the reproducibility guarantee, we can obtain that
lzr = 2]l < llzr — 2711 + [l27 = 27l

Let z7 be the output of T-step Extragradient with initialization zo. By Lemma[4.3] we have that

or = 2212 < exp( =L Yflzo — zx2 + S0 (2 4 L
_ (T _ 1
T rll” = &P 8¢+ 0 r r \l+7r 7T

Tr N
< eXp<—16£>||Zo -z + RN

Setting T > (32¢/r)log(rD/J) and r = ¢/ D?, this means the algorithm converges to ||zp — 27| <
3v/2D?(§/¢). Therefore, according to Lemma if we choose z,. = [27]2r, since 1 < £D?/e, we
can guarantee that ||z, — 27|| < 3(2v/2 + 1)D?(/e) and that

(D?
max F(z,,y) — min F(z,y,) < (4(\@ +7)—+ 3\@) 0D +e.
yey zeX €
The reproducibility is ||z, — 2/]|? < 36(9 4 4v/2) D*(52/€?). O

C.3 Inexact Proximal Point Method

Proof of Theorem [4.7) and 48] for the guarantees of Algorithm 3]is provided in this section.
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C.3.1 General Analysis

We first analyze the convergence of the inexact proximal point method (Inexact-PPM). Given initial-
ization (xg,yo) and a > 0, fort = 0,1,--- ,T — 1, each step of Inexact-PPM is

. 1 1
is an i t solution to mi F =F — ||z —z¢||* — —ly —we >
(441, Ys+1) is an inexact solution to min max (2, y) (z,y)+ o l|x — x4 ]] o lly =yl

Lemma C.6. If we run Inexact-PPM and make sure that for each sub-problem @ﬁt(ztﬂ)—r(ztﬂ -
z) < €forall z = (z,y) € X x Y, where zty1 = (Te41,Yt+1) and VFi(ze11) =

(VaFi (41, Y1:1), —Vy Fi(ii1, Yir1)), then we have ¥z € X x Y,

_ . _ lz0 — 21> | .
F — min F P il NS
max (Tr41,Y) min (z,9741) < sar  T¢

Proof. The proof is similar to Proposition 7 in Mokhtari et al. [58]. The same as (23), for any
z=(z,y) € X x Yandanyt =0,1,--- ;T — 1, we have that

~ 1

. T
VF(ze41) (2041 — 2) = (VFt(th) = o (e = Zt)) (2141 — 2)

1 1 1 ~ .
= gallzt — 2| - o et = 2| - 50 It — 2|” + VE(ze41) T (2041 — 2)

1
Scllz— 2P

Taking summation from ¢ = 0 to 7' — 1 and dividing both sides by T', we conclude that

IN

1 9 .
- %||2t+1 -zl +é

S
-

1 _ llzo— 22
T
t

@F(zt_,_l)T(zH_l - Z) >~ 20T + €.

i
<

The proof is completed by Lemma[B.2] O

C.3.2 Inexact Initialization Oracle

This section provides proof of Theorem [4.7]

Proof of Theorem[.7} Let Zpy1 = (Tpq1, §r41) = (1/T) ZtT:_Ol(xtH,ytH). By Lemmaand
the choice that a = 1/¢, ¢ = 62 /(2aT?), we immediately have

_ . _ (D% 052
I;lea))}(F(xT+1,y) - gél)rc.lF(xvyT-H) < T + ﬁ

O(1/T) convergence rate is guaranteed for § < O(+/T'). Note that the condition number of F}(z, )
is O(1) when o = 1/¢. Therefore, to guarantee an e-saddle point of F'(z,y), a total complexity of
O(Tlog(1/€)) = O((1/€)log(1/(ed))) is sufficient for various algorithms including GDA [32] and
EG [72] applying Lemma|[C.5| with § = 0.

Let 2 = (z},y}) be the unique saddle point of F(x,) with proximal center z, and (z)’ be the
saddle point when the proximal center is z;. For the reproducibility guarantee, similarly to Section
[C:271] we can obtain that

241 = 2zl < Nzen = 271+ 2t = G+ 1D = 2l

2% (26)
<l =zl +2y/ 7

where we use Lemma B.4 in Zhang et al. [78] and (1/a)-SC-SC of F}(z,y):

* [ * n * 1 *
VEi(231) (241 — 27) > Fy(@es1,y7) — Fi(x), yerr) + %Hztﬂ -z
Y4
2

> o llzerr — 21
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Therefore, by induction, we have that forany ¢t =1,2,--- | T,

2é
lze = 22l < llz0 =zl + 284/

t
< —
,5+25T
< 34.

The reproducibility is then || Z741 — 27,1 || < 962 using Jensen’s inequality. O

C.3.3 Inexact Deterministic Gradient Oracle

For Theorem 8] we provide proof when using GDA as the base algorithm. According to Lemma
[C4] EG can also be applied here with a similar argument.

Proof of Theorem{.8] When setting ov = 1/¢, the auxiliary problem is /—strongly-convex—strongly-

concave and 2/-smooth. Let 2/ be the output of K-step GDA with initialization 2 on the minimax
problem min, ¢ y maxyey Fi(z,y) at iteration ¢. Denote its saddle point as z;. By Lemma if

K > 321og(8¢2D?/(362)), we have that

* K . 952

||Ztl< — 2 ”2 S €xp (32) ||2'19 -z ||2 + @
362
SNE

By Lemma we can thus set 2,41 = [th |2¢ and guarantee that

VE(z41) (241 — 2) < (4V6 +5V2 4+ 4)6D, Vze X x .

According to Lemma|C.6| we then have

2

_ . _ D
max F(Zry1,y) — min F(z,yr41) < 7 +216D.

When § < ¢/(42D), T > 2¢D? /e is required to obtam an e-Saddle point, and the total gradient
complexity is TK = (64¢D?/¢)log(8¢>D?/(352)) = O(1/¢) with O hiding logarithmic terms.

We then show the reproducibility guarantee. From Lemma we know that ||z;11 — 27| <
(14+v2/2)||2E — 2f|| + V28/¢ < 4.55/¢. By ([26)), we have that

, ;99

241 — 2zl < [l2e — 2]l + 7
By induction, we conclude that ||z, —z{|| < 9¢(5/¢), and thus the reproducibility is ||Z741— 2, [|* <
816272 /0% = 324D*(62 /€). O

D Numerical Experiments

Some numerical experiments that demonstrate the effectiveness of regularization to improve repro-
ducibility are provided in this section. We test the algorithms on two problems: a minimization
problem with a quadratic objective and a minimax problem with a bilinear objective. The experiments
are conducted on a single local machine.

Minimization. We first compare the performance of gradient descent (GD), accelerated gradient
descent (AGD), Algorithm [T with GD as the base algorithm (Reg-GD), and Algorithm [I]with AGD
as the base algorithm (Reg-AGD) on a quadratic minimization problem

1
min = || Az — b||%.
zeRT 2

Here, b € R? with each entry sampled from the Gaussian distribution with mean 0 and standard
deviation 10 and A € R%*? is a random positive semi-definite matrix with rank d — 1 that makes
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Function Value Deviation in Trajectory

4]
—— AGD 107 AcD
. —— GD 103] — GD
Reg-AGD Reg-AGD
- Reg-GD 1021 = Reg-GD
10%4 /
1024 10%4
10—1_
T 10—2_
100 10! 102 103 10% 100 10! 102 103 104
# lterations # lterations

Figure 1: Comparisons among GD, AGD, and their regularized version on the quadratic minimization
problem with §-inexact gradients. The left figure plots the convergence behavior and the right shows
the reproducibility. Both axes are plotted utilizing a logarithmic scale.

sure the problem is convex but not strongly-convex. To be specific, we let A = UXU T where U is a
random orthogonal matrix drawn from the Haar distribution, and ¥ is a diagonal matrix with 1 entry
being 0 and the others uniformly sampled from [0.1, 10]. This ensures that the problem is smooth
with a parameter smaller than 100.

We implement an inexact gradient oracle that returns A" (Ax — b) + e where e € R? is an all-
one vector and § € R controls the inexactness level. We test the aforementioned four algorithms
with this inexact gradient oracle on both convergence performance measured by function value and
reproducibility performance measured by the deviation compared to the trajectory obtained from
using the true gradient when § = 0. In the experiments, we let d = 100 and 6 = 0.1. For all four
algorithms, we set the number of iterations to be 7" = 10000, and the stepsize to be 0.01 based on the
fact that the smoothness parameter is at most 100. For the regularization-based methods, we set the
regularization parameter of the auxiliary problem to 0.05. All other parameters are set according to
the theoretically suggested values. The results are illustrated in Figure[T]

In Figure[I] we see AGD converges faster than GD, but the deviation in iterates is much larger. When
introducing regularization, i.e., Reg-AGD, the reproducibility guarantee is greatly improved with
only a small degradation in the convergence performance. It is worth mentioning that Reg-GD also
has a smaller deviation bound compared to GD. All the results align with our theoretical analysis.
Changing the inexactness level § or the random seed for sampling the matrix A and the vector b does
not influence the phenomenon too much, so we do not report the results with different selections.

Minimax. We also test the performance of gradient descent ascent (GDA), Extragradient (EG), and
their regularized counterparts (Reg-GDA and Reg-EG) in Algorithm[2]on a bilinear matrix game

minmax z ' Ay.

zeX yey
Here, A € R?*? is generated the same as in the quadratic minimization example, X = {z €
Re|||z|| < D} and Y = {y € R¢|||y|| < D} are d-dimensional balls with diameter 2D measured
by the Euclidean norm. The projection onto these balls can be easily achieved. We implement an
inexact gradient oracle that returns Ay + de and Az + de for the partial gradients w.r.t. z and y
respectively, where e € R? is an all-one vector and § € R controls the inexactness level.

We test the aforementioned four algorithms with this inexact gradient oracle on both convergence
performance measured by the duality gap (computable due to bounded domain) and reproducibility
performance measured by the deviation compared to the trajectory obtained from using the true
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Duality Gap Deviation in Trajectory

\ - 7 T
102_
1 2|
0 101.
10°;
10—1<
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10'y —— GDA 1072
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9 - 10—3_

—— Reg-GDA \_—"" —
10° 10' 102 103 10* 10° 10 102 103 10%
# Iterations # lterations

Figure 2: Comparisons among GDA, EG, and their regularized version on the bilinear matrix game
with J-inexact gradients. The left figure plots the convergence behavior and the right shows the
reproducibility. Both axes are plotted utilizing a logarithmic scale.

gradient when 0 = 0. In the experiments, we let d = 500 and § = 0.1. For all four algorithms, we
set the number of iterations to be 7' = 10000, and the stepsize is 0.1 for EG, 0.05 for Reg-EG, 0.001
for GDA, and 0.0001 for Reg-GDA. The choice of stepsizes here adheres to our theoretical analysis
noticing that the smoothness parameter is no larger than 10. Larger stepsize for GDA will make the
trajectory easily diverge. For the regularization-based methods, we set the regularization parameter
of the auxiliary problem to 0.05. The results are plotted in Figure[2] We see again the effectiveness of
regularization to improve the reproducibility of the algorithms. Reg-EG largely reduces the deviation
of EG even with respect to magnitude (note the figure is logarithmically scaled), with only a small
degradation in terms of the convergence speed.
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