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ABSTRACT

Considering non-stationary environments in online optimization enables decision-
maker to effectively adapt to changes and improve its performance over time. In
such cases, it is favorable to adopt a strategy that minimizes the negative impact
of change to avoid potentially risky situations. In this paper, we investigate risk-
averse online optimization where the distribution of random costs changes over
time. The Conditional Value at Risk (CVaR) is employed as risk measure. Due
to the difficulty in obtaining the exact CVaR gradient, we employ a zeroth-order
optimization approach that queries the cost values multiple times per iteration and
estimates the CVaR gradient based on these samples. In regret analysis, the vary-
ing distributions are captured by a novel variation metric based on the Wasserstein
distance. Given that the distribution variation is sublinear in the iteration horizon,
we show that the developed learning algorithm achieves sublinear dynamic regret
with high probability for both convex and strongly convex functions. Moreover,
theoretical results suggest dynamic regret bounds decrease with the increasing
sampling number until it reaches a specific limit. Finally, we provide numerical
experiments of dynamic pricing in a parking lot to illustrate the efficacy of the
designed algorithm.

1 INTRODUCTION

Online convex optimization is a powerful framework that deals with decision-making problems in
dynamic and uncertain environments (Hazan, 2006). It has many applications, including traffic rout-
ing (Sessa et al., 2019), resource allocation (Chen et al., 2017), and online marketing (Gordon et al.,
2008). In online optimization, the decision maker sequentially updates its decision in a changing
environment, relying on historical information such as observations of previous actions and costs.
The decisions generated by the optimization algorithm induce a sequence of associated cost values.
The performance of the algorithm is evaluated using regret, which is the accumulated loss generated
by the algorithm against the optimal actions in hindsight.

Non-stationary environments describe scenarios where the underlying conditions of the system
change over time. The reason for environmental changes can be variations in the distribution of
the stochastic cost function. For instance, in dynamic pricing for vehicle parking (Ray et al., 2022),
the pricing depends on real-time changes in demand and supply; conversely, price adjustments in-
fluence the distribution of the occupancy rate. In non-cooperative games, the objective function of
each agent follows a distribution, which may evolve over time in response to action updates of other
agents (Narang et al., 2022). Compared with the standard regret analysis assuming a stationary en-
vironment, dynamic regret accounts for the impact of fluctuations in non-stationary environments
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(Besbes et al., 2015; Zhao & Guan, 2018). Metrics used for analyzing dynamic regret include vari-
ations in the cost functions (Besbes et al., 2015), in the optimal actions (Zhao et al., 2021), and
in the distributions Jiang et al. (2025); Shames & Farokhi (2020). When making decisions un-
der uncertainty, it is often essential to consider the entire distribution of potential outcomes rather
than focusing on a single optimal point. Specifically, (Jiang et al., 2025; Shames & Farokhi, 2020)
use the Wasserstein distance, which measures the dissimilarity between probability distributions, to
quantify changes in non-stationary distributions. In this paper, we employ the distribution variation
metric proposed in (Jiang et al., 2025). It is meaningful to investigate risk-averse learning under
nonstationarity, as it is inherently sensitive to environmental changes.

When the decision-maker is sensitive to potential negative consequences, its primary consideration
is not minimizing the expected cost, but rather reducing the risk of a catastrophe. For example, in
the financial market, it is unfavorable to pursue a strategy that entails high risks despite offering the
highest expected reward. Some measures are proposed to model the potential risk, such as Value
at Risk (VaR) (Linsmeier & Pearson, 2000) and Conditional Value at Risk (CVaR) (Rockafellar &
Uryasev, 2002). Given a risk level α ∈ (0, 1], the CVaR value describes the average value of the
α-tail distribution of the stochastic cost. It has a coherent risk measure property, which offers some
mathematical properties that facilitate theoretical analysis. The classical paper (Rockafellar et al.,
2000) formulates the computation of the CVaR value as an optimization problem by introducing an
additional decision variable to construct an augmented objective function. It enables the application
of CVaR for the optimization problem in bandit optimization (Cardoso & Xu, 2019), online games
(Wang et al., 2022a;b) and safe control (Chapman & Lessard, 2021; Kishida & Cetinkaya, 2022;
Chapman et al., 2019). However, since the computation of the CVaR gradient relies on the distri-
bution of the stochastic cost, CVaR optimization problems rarely enjoy a closed-form expression.
To handle this problem, a common approach is to estimate the CVaR gradient using zeroth-order
optimization algorithms, see (Cardoso & Xu, 2019; Wang et al., 2022b).

1.1 OUR CONTRIBUTIONS
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In this paper, we study online CVaR optimiza-
tion with time-varying distributions. The risk-
averse learning algorithm is designed for both
convex and strongly convex cost functions. The
algorithm is periodically restarted to ensure that
the decision-maker effectively adapts to chang-
ing distributions. At each iteration, multiple
samples are queried to construct an empirical
distribution of random costs. Based on it, we
estimate CVaR values and construct the CVaR
gradient estimate via the zeroth-order optimiza-
tion approach. The main contributions are summarized below:

1. We analyze the dynamic regret bound for both convex and strongly convex losses using
distribution variations measured by the Wasserstein distance. Compared to [24], which
uses variations of the optimal points to measure distribution changes, our approach better
captures environmental variations.

2. The inherently complex nature of CVaR functions poses challenges for regret analysis. To
address it, we theoretically bound the variation in the CVaR value induced by distribution
changes. Moreover, we establish theoretical properties of the CVaR function, including
strong convexity when the random cost is strongly convex.

3. We propose a risk-averse learning algorithm with a restarting procedure. We show that this
algorithm achieves sublinear regret with high probability, provided the distribution varia-
tion is sublinear in the total number of iterations. As shown in Table 1, our convergence
results explicitly show the regret bound decreases as the total sampling number increases,
which is reflected by the parameter a. This reduction ceases when reaching a limit even if
the number of samples continues to increase.
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1.2 RELATED WORKS

Non-stationary optimization There is a growing interest in non-stationary online convex optimiza-
tion, see (Besbes et al., 2015; Zhao & Guan, 2018; Ray et al., 2022). To the best of our knowledge,
only a few works address environmental changes that result in non-stationary distributions, e.g.,
(Cao et al., 2020; Jiang et al., 2025; Shames & Farokhi, 2020). For instance, Cao et al. (2020)
and Shames & Farokhi (2020) investigate time-varying distributions by quantifying the variations
in optimal points. To deal with evolving distributions, recent works have turned to Wasserstein-
based metrics (Jiang et al., 2025). Specifically, Jiang et al. (2025) employs a Wasserstein-based
non-stationarity budget (WBNB) that measures cumulative deviations from a global average.

Risk-averse learning Another related research line is risk-averse learning using CVaR as the risk
measure (Tamkin et al., 2019; Soma & Yoshida, 2020; Urpı́ et al., 2021; Cardoso & Xu, 2019;
Wang et al., 2022b;a). For instance, (Tamkin et al., 2019) develops a risk-averse multi-armed bandit
algorithm and provides an upper confidence bound for CVaR. In the context of online convex games,
Wang et al. (2022b) proposes a learning scheme that achieves sublinear regret with high probability.
However, all the above works focus on stationary environments. A notable exception is Liang et al.
(2021), which explores risk-averse online optimization specifically for portfolio selection with linear
costs.

Notations: Let ∥ · ∥ denote the l2 norm. Let ⌈·⌉ denote the ceiling function. Let 1(·) denote the
indicator function. For a random variable X , let X ∼ DX denote that X is distributed according to
the distribution DX . Let the notation O hide the constant and Õ hide constant and polylogarithmic
factors of the number of iterations T , respectively. Let A ⊕ B = {a+ b|a ∈ A, b ∈ B} denote the
Minkowski sum of two sets of position vectors A and B in Euclidean space.

2 PROBLEM FORMULATION

Consider the cost function J(x, ξ) : X × Ξ → R, where ξ ⊆ Ξ denotes random noise and x ∈ X
denotes the decision variable with X ⊆ Rd being the admissible set. Without loss of generality, we
assume that X contains the ball of radius r centered at the origin, which is denoted as rB ⊆ Rd.
Denote the diameter of the admissible set X as Dx = supx,y∈X ∥x− y∥.

2.1 CVAR

We use CVaR as risk measure. Suppose J(x, ξ) has the cumulative distribution function F (y) =
P (J(x, ξ) ≤ y), and is bounded by U > 0, i.e., |J(x, ξ)| ≤ U . Given a confidence level α ∈ (0, 1],
the α-VaR is Jα = F−1(α) := inf{y : F (y) ≥ α}. The α-CVaR describes the expectation of the
α-fraction of the worst outcomes of J(x, ξ) (Rockafellar et al., 2000), which is defined as

C(x) := CVaRα [J(x, ξ)] = EF [J(x, ξ)|J(x, ξ) ≥ Jα] .

2.2 NON-STATIONARY DISTRIBUTION

Non-stationary stochastic optimization necessitates some metric to capture temporal uncertainties
of the dynamic environment. A classic metric is the cumulative variations of the cost functions over
time. In practice, environmental fluctuations might be more intuitively modeled as the time-varying
distribution. To account for this, we employ the Wasserstein distance to quantify distributional
variations, as it effectively captures a broad range of distributional shifts, including changes in shape
and support (Shen et al., 2023). The Wasserstein distance measures dissimilarity between probability
distributions defined over a given metric space, as detailed in (Kantorovich, 1960; Edwards, 2011).

Let (Ω, d) be a probability space, where Ω is a set and d is a metric on Ω. Let Dx and Dy be two
probability distribution on Ω, the dual form of the Wasserstein distance is given as follows.
Lemma 1. (Edwards, 2011) For any fixed K > 0, W1(Dx,Dy) =

1
K sup∥f∥L≤K{Ex∼Dx

[f(x)]−
Ey∼Dy

[f(y)]}, where ∥·∥L is the Lipschitz norm, The right-hand side is the Kantorovich–Rubenstein
dual form of the Wasserstein distance metric.

As mentioned in Section 1, some works quantify regret achieved by algorithm using the function
variation, i.e.,

∑T
t=2 supx∈X |ft(x)−ft−1(x)|, which measures the cumulative changes of the func-
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tion values over time. Inspired by this definition, we introduce the concept of distribution variation
as follows.
Definition 1. (Distribution variation) Let {Dt}Tt=1 ∈ D be the distribution on metric space Ω, with
D being the admissible set of distribution sequences. The distribution variation along iterations
{1, . . . , T} is

∑T
t=2 W1(Dt−1,Dt).

2.3 PROBLEM STATEMENT

Consider the time-varying random noise ξt ∼ Dt and the corresponding cumulative distribution
function Ft, the α-CVaR of the function J(x, ξt) is written as:

Ct(x) := CVaRα [J(x, ξt)] = EFt
[J(x, ξt)|J(x, ξt) ≥ Jα] ,

where ξt is independent of past actions {x0, . . . , xt−1} and {ξt}t is an independent and identically
distributed (i.i.d.) random variable. Additionally, we make the following assumptions on the cost
function, which are common in the online learning literature, see (Hazan et al., 2016; Besbes et al.,
2015).
Assumption 1. The cost function J(x, ξt) is convex in x for every ξt ∈ Ξ.

Assumption 2. The cost function J(x, ξt) is Lipschitz continuous in x for every ξt ∈ Ξ. That is,
there exists a positive real constant L0 such that, for all x, y ∈ X , we have |J(x, ξt) − J(y, ξt)| ≤
L0∥x− y∥.

It follows the lemma for the CVaR function.
Lemma 2. (Cardoso & Xu, 2019) Given Assumption 1, we have that Ct(x) is convex in x.

Assumption 3. The distribution sequence {Dt}Tt=1 ∈ D satisfies the variation budget VD over
the iteration horizon T :

∑T
t=2 W1(Dt−1,Dt) ≤ VD, where the distribution variation budget is

sublinear in the iteration horizon T , i.e., VD = O(T β) with β ∈ [0, 1).

Assumption 3 constrains the cumulative variations in distribution over the time horizon T . Assuming
that the distribution variation budget is sublinear is essential for developing a no-regret learning
algorithm in stochastic, non-stationary environments.

We use the dynamic regret to measure the performance of the designed algorithm, which is defined
as the cumulative loss under the performed actions against the best actions in hindsight:

DR(T ) =

T∑
t=1

Ct(x̂t)−
T∑

t=1

Ct(x
∗
t ), (1)

where the action x̂t is selected according to the designed algorithm at iteration t, and x∗
t =

argminxt∈X Ct(xt) denotes the one-step optimal action at iteration t, for t = 1, . . . , T . Specif-
ically, this paper aims to design a risk-averse learning algorithm such that the dynamic regret of this
algorithm is bounded in terms of the distribution variation, i.e., limT→∞

DR(T )
T = 0.

3 MAIN RESULT

In this section, we design a risk-averse learning algorithm for both convex and strongly convex cost
functions. Then we analyze the dynamic regret using the distribution variation metric.

Since the exact CVaR gradient is generally unavailable, we use the zeroth-order optimization algo-
rithm to estimate the CVaR gradient. To begin with, we construct a smoothed approximation of the
CVaR function. Given a point x ∈ X , define the perturbed action by x̂ = x + δu, where u is the
direction vector sampled from a unit sphere Sd ∈ Rd and δ is the perturbation radius, also known as
the smoothing parameter. Then, the smoothed version of the CVaR function (Cardoso & Xu, 2019)
is given as

Cδ
t (x) = Eu∼Sd [Ct(x+ δu)]. (2)

In the following, we present lemmas regarding properties of smoothed approximation of the CVaR
function.
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Lemma 3. (Cardoso & Xu, 2019) Given Assumption 1, we have that Cδ
t (x) is convex in x.

Lemma 4. (Cardoso & Xu, 2019) Given Assumption 2, we have that Cδ
t (x) is L0-Lipschitz in x and

|Cδ
t (x)− Ct(x)| ≤ δL0.

Non-stationary environments require decision makers to continuously adapt to changing conditions.
The generic idea of the restarting procedure is to let the learning algorithm reset its internal state and
update its parameters, and therefore capture the new dynamics in the environment. The risk-averse
learning algorithm is summarized in Algorithm 1.

Algorithm 1 Risk-averse learning with restarting
procedure

Require: Initial value x0, iteration horizon T ,
risk level α, interval ∆T , smoothing param-
eter δ.

1: for iteration t = 1, . . . , T do
2: Identify interval j =

⌈
t

∆T

⌉
3: Identify slot in interval τ = t− (j−1)∆T

4: Select sampling number nt = ϕ(τ) and
learning rate ηt = σ(τ)

5: Sample ut ∈ Sd
6: Play x̂t = xt + δut

7: for i = 1, . . . , nt do
8: Play x̂t and obtain Jt(x̂t, ξ

i
t)

9: end for
10: Build empirical distribution function F̂t(y)

given in (5)
11: Estimate CVaR: CVaRα[F̂t]
12: Construct gradient estimate

ĝt =
d
δCVaRα[F̂t]ut

13: Update x: xt+1 ← PX δ
t
(xt − ητ ĝt)

14: end for

Let A be an online optimization algorithm. We
employ the restarting procedure to refresh the
parameters and restart A every ∆T iterations.
Suppose that there are totally T iterations and
they are divided into s interval with a length of
∆T ∈ (1, T ), where s =

⌈
T
∆T

⌉
. Each interval

is formally defined as Tj =
{
t : (j − 1)∆T <

t ≤ min{T, j∆T }
}
, for j = 1, . . . , s. For each

iteration t, inside interval j, it holds that j =⌈
t

∆T

⌉
and its timestamp within the interval is

slot τ , i.e.,

τ = t− (j − 1)∆T . (3)

Let the algorithm query the cost function values
multiple times at each iteration to improve the
estimation accuracy under the changing distri-
bution. Then, the sampling strategy depending
on the slot τ is given as nt = ϕ(τ), which sat-
isfies

∆T∑
τ=1

1√
ϕ(τ)

≤ c∆
1− a

2

T (4)

with the tuning parameter a > 0 and some con-
stant c > 0. Specifically, a higher value of a corresponds to a larger sampling number over the
iteration horizon. Similarly, the learning rate at each interval is designed according to ηt = σ(τ),
where the function σ will be designed later. In Algorithm 1, we refresh the evolution of the sampling
number nt and the learning rate ηt every ∆T iterations.

At iteration t, we implement the perturbed action x̂t = xt + δut for nt times and obtain the cost
function values denoted by J(x̂t, ξ

i), i = 1, . . . , nt. Then, we use the queried function values to
construct the empirical distribution function, which is given as

F̂t(y) =
1

nt

nt∑
i=1

1{J(x̂t, ξ
i
t) ≤ y}. (5)

With (5), we construct the CVaR estimate CVaRα[F̂t] and further the CVaR gradient estimate

ĝt =
d

δ
CVaRα

[
F̂t

]
ut. (6)

The gradient descent update for the risk-averse learning process proceeds as:

xt+1 = PX δ(xt − ηtĝt), (7)

where PX δ(x) := argminy∈X δ ∥x − y∥2 denotes the projection operator with X δ = {x ∈
X | 1

1−δ/rx ∈ X} being the projection set. The projection keeps the sampled actions x̂t inside of the
admissible set X , which establishes as

(
1− δ

r

)
X ⊕δB =

(
1− δ

r

)
X ⊕ δ

r rB ⊆
(
1− δ

r

)
X ⊕ δ

rX = X .
Without loss of generality, we let the initial action at the restarting slot be based on action learned
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from the previous interval. As shown in Algorithm 1, each iteration involves sampling, CVaR com-
putation, and projection operations. The complexity of these operations is generally modest, scaling
primarily with the dimension d as well as the number of samples specified in (4).

Note that we construct the empirical distribution function of the cost function using finite samples,
which induces the CVaR estimate error:

ϵ̂t := CVaRα[F̂t]− CVaRα[Ft]. (8)

In the following, we present two lemmas to bound the estimate error. The first lemma shows that
the CVaR values with two cumulative distribution functions can be bounded by the sup difference
of these two cumulative distribution functions, which is presented below.
Lemma 5. (Wang et al., 2022a) Let F and G be two cumulative distribution functions of two ran-
dom variables and the random variables are bounded by U . Then we have that |CVaRα[F ] −
CVaRα[G]| ≤ U

α supx |F (x)−G(x)|.

The following lemma shows the fluctuation of CVaR values is bounded in terms of the distribution
shift.
Lemma 6. Suppose f(x) is L0-Lipschitz in x. For two random variables X and Y with distributions
DX and DY , respectively, we have |CVaRα

X∼DX

[f(X)]− CVaRα
Y∼DY

[f(Y )]| ≤ L0

α W1(DX ,DY ).

The proof of Lemma 6 is provided in the Appendix.

3.1 CONVEX CASE

In this section, we investigate the dynamic regret of Algorithm 1 for the convex case. The main
result is presented in the following theorem.
Theorem 1. Let Assumptions 1–3 hold. Suppose that the sampling numbers over iteration horizon
T satisfy (4) with a constant a > 0.

1. When a ∈ (0, 1], select δ =
(
VD

T

) a
4+a , ηt =

(
VD

T

) 3a
4+a , ∆T =

(
T
VD

) 4
4+a

. Then, Algo-

rithm 1 achieves DR(T ) = Õ(T
4

4+aV
a

4+a

D ) with high probability.

2. When a > 1, select δ =
(
VD

T

) 1
5 , ηt =

(
VD

T

) 3
5 , ∆T =

(
T
VD

) 4
5

. Then, Algorithm 1 achieves

DR(T ) = Õ(T 4
5V

1
5

D ) with high probability.

3.2 STRONGLY CONVEX CASE

In the section, we further investigate Algorithm 1 for the strongly convex case. We first provide the
following assumption and lemma related to the strongly convex condition.
Assumption 4. The function J(x, ξt) : X × Ξ → R is m-strongly convex in x for every ξt ∈ Ξ.
That is, for all x, y ∈ X and every ξt ∈ Ξ, we have J(y, ξt) ≥ J(x, ξt) +∇xJ(x, ξt)

⊤(y − x) +
m
2 ∥x− y∥22.

Lemma 7. Given Assumption 4, we have that: (1) Ct(x) is m-strongly convex in x; (2) Cδ
t (x) is

m-strongly convex in x.

The proof of Lemma 7 is provided in the Appendix. It follows the main result for the strongly
convex case.
Theorem 2. Let Assumptions 2–4 hold. Suppose that the sampling numbers over iteration horizon
T satisfy (4) with a constant a > 0. Select the learning rate as ηt = σ(τ) = 1

mτ , where the slot τ is
determined by (3).

1. When a ∈ (0, 4
3 ], select δ =

(
VD

T

) a
4+a and ∆T =

(
T
VD

) 4
4+a

. Then, Algorithm 1 achieves

dynamic regret DR(T ) = Õ(T
4

4+aV
a

4+a

D ) with high probability;
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2. When a > 4
3 , select δ =

(
VD

T

) 1
4 and ∆T =

(
T
VD

) 3
4

. Then, Algorithm 1 achieves dynamic

regret DR(T ) = Õ(T 3
4V

1
4

D ) with high probability.

Remark 1. Comparing Theorems 1 and 2, we observe that Algorithm 1 achieves the same regret
bound in both the strongly convex and convex cases when a ∈ (0, 1]. However, for a > 1, it
achieves a smaller regret bound in the strongly convex case compared to the convex case. This
arises due to the cumulative error of CVaR gradient estimates in the strongly convex case, i.e.,
d2U2

δ2m (1+lnT ) T
∆T

+
√
2dUDx

√
ln(2∆T /γ)

αδ T∆
− a

2

T , decreases as the tuning parameter a increases. The
cumulative estimation error is one of the dominant terms in the regret bound (30) when a ∈ (0, 4/3]
and becomes negligible when a > 4/3. As a consequence, this regret bound reduction ceases when
a > 4/3 and thus results in a smaller order compared to the convex case.

4 SIMULATIONS

In this section, we consider the parking lot dynamic pricing problem, see (Ray et al., 2022). Factors
such as parking prices, availability, and locations generally influence driving decisions. This encour-
ages us to dynamically adjust the parking price according to real-time demand. Denote rt ∈ [0, 1]
as curb occupancy rate. Let the occupancy rate be influenced by the price xt and environmental
uncertainties ξt, which is rt = ξt + Axt, where A = −0.15 is the estimated price elasticity, which
is determined by (Ray et al., 2022) through analysis of the real-world data. The uncertainty ξt is
distributed according to the time-varying distribution Dt, which will change periodically according
to environmental effects such as climate conditions and dates. Specifically, to make it easy to find
a parking space, it is desirable to maintain an occupancy rate of 70%. Hence, the loss function is
defined as

J(xt, ξt) = ∥ξt +Axt − 0.7∥2 + ν

2
∥xt∥2, (9)

where ν = 0.001 is the regularization parameter. To avoid the overcrowded situation, we aim at
minimizing the risk-averse objective function

Ct(xt) = CVaRα
ξt∼Dt

[J(xt, ξt)], (10)

where the risk level is selected as α = 0.5. We assume that the random variable ξt has a continuous
uniform distribution and lies in the time-varying distribution range [Lt, Rt], which is selected as

[Lt, Rt] =

{
[0.85, 1.15− 0.5t−0.5] if t < T/2
[0.85 + 0.5t−0.1, 1.1] if t ≥ T/2.

Fig. 1a depicts the distribution range of the random variable ξt, where the time horizon is selected
as T = 6000. We use Algorithm 1 to update the parking prices in the dynamic environment with
changing distributions. From Theorems 1 and 2, we observe that the algorithm design for convex
and strongly convex cases mainly differs in the selection of the learning rate ηt and the batch size
∆T . For the objective function (9), when the strongly convexity property is not utilized, the step
size is set as ηt = 0.01, as in Theorem 1. In contrast, when leveraging the strongly convex property,
the restarting period is set to ∆T = 3, and the learning rate parameter in Theorem 2 is chosen as
m = 20, as in Theorem 2. The smoothing parameter for the zeroth-order optimization is selected as
δ = 0.05. We set the initial price to x0 = 1 and restrict the potential prices to [1, 5].

The simulation results of Algorithm 1 are presented in Figs. 1b–2b, where shaded areas represent
± one standard deviation over 10 runs. We first evaluate Algorithm 1 under the strongly convex
setting for different sample sizes, using the cumulative loss

∑T
t=1 Ct(x̂t) as the evaluation metric.

We adopt the sampling strategies with parameters c = 10 and a ∈ { 23 , 1,
4
3}. The corresponding

sampling number is nt ∈ {8, 16, 24}, respectively. It is shown in Fig. 1b that, more samples lead to a
smaller cumulative loss. Figs. 2a and 2b compare the performance of Algorithm 1 under convex and
strongly convex settings. We fix the sampling number as nt = 8 and run the algorithm for 10 trials.
The top subfigure of Fig. 2a shows the parking price xt generated by the algorithm for both convex
and strongly convex cases, alongside the optimal price x∗

t , which minimizes the CVaR function (10).
The bottom subfigure displays the corresponding occupancy levels rt. Since the CVaR function
lacks a closed-form expression, the optimal prices are determined by sampling. Specifically, at each
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Figure 1: Experimental setup and sensitivity analysis of Algorithm 1.
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Figure 2: Performance comparison of Algorithm 1 under convex and strongly convex settings. The
optimal benchmark x∗

t is obtained via brute-force search.

iteration, 100 points are uniformly sampled from the continuous set X , and the point that minimizes
the CVaR value is selected. The results demonstrate that the prices xt generated by Algorithm 1
closely track the optimal prices x∗

t , and the occupancy rt converge to desired rate quickly, for both
convex and strongly convex cases. Notably, the algorithm designed for the strongly convex case
exhibits greater adaptability and converges to the optimal prices more quickly. Fig. 2b illustrates the
CVaR values corresponding to the prices generated by Algorithm 1 for convex and strongly convex
cases, denoted as Ct(x̂t), alongside the CVaR values for the optimal prices, Ct(x

∗
t ), and the dynamic

regret DR(T ). Fig. 2b shows that Algorithm 1 achieves sublinear regret in both convex and strongly
convex settings. Moreover, the algorithm tailored for the strongly convex case achieves lower regret
than the convex case.

5 CONCLUSIONS

In this paper, we developed a risk-averse learning algorithm that is able to handle time-varying
distributions. The algorithm restarts periodically and queries the function values multiple times per
iteration to estimate the CVaR gradient, where the cumulative error of the CVaR gradient is shown
to be bounded with high probability. We theoretically bound the variation in the CVaR function
induced by distributional shifts. Then, the dynamic regret is analyzed in terms of the distribution
variations and iteration horizons for both convex and strongly convex cases. The regret bound of the
designed algorithm decreases as the sampling number increases, and this reduction ceases after the
total sampling number reaches a certain threshold. Moreover, using the strongly convexity property
yields a smaller regret bound than in the convex case.
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A APPENDIX

A.1 PROOF OF LEMMA 6

Define the augmented functions

LDX
(v) = v +

1

α
EX∼DX

[f(X)− v]+, LDY
(v) = v +

1

α
EY∼DY

[f(Y )− v]+,

where DX and DY are the distributions of the random variables X and Y , respectively. According
to (Rockafellar et al., 2000), we have

CVaRα
X∼DX

[f(X)] = min
v

LDX
(v), CVaRα

Y∼DY

[f(Y )] = min
v

LDY
(v).

We assume that vx = argminv LDX
(v) and vy = argminv LDY

(v). Then, we have

LDX
(vx) = CVaRα

X∼DX

[f(X)], LDY
(vy) = CVaRα

Y∼DY

[f(Y )].

Define g(x) = [f(x)− vy]+, we have

CVaRα
X∼DX

[f(X)]− CVaRα
Y∼DY

[f(Y )]

=LDX
(vx)− LDY

(vy) ≤ LDX
(vy)− LDY

(vy)

=vy +
1

α
EX∼DX

[f(X)− vy]+ − vy −
1

α
EY∼DY

[f(Y )− vy]+

=
1

α
EX∼DX

[g(X)]− 1

α
EY∼DY

[g(Y )],

where the first inequality is from vx = argminv LDX
(v). According to the definition of g(x), we

have

|g(x)− g(y)| = [f(x)− vy]+ − [f(y)− vy]+

≤ [f(x)− f(y)]+ ≤ |f(x)− f(y)| ≤ L0 ∥x− y∥ , (11)

where the first inequality follows from the fact that a+ − b+ ≤ [a− b]+, for ∀a, b ∈ R. From (11),
we conclude that the function g(x) is L0-Lipschitz continuous. Hence,

CVaRα
X∼DX

[f(X)]− CVaRα
Y∼DY

[f(Y )]

≤ 1

α
EX∼DX

[g(X)]− 1

α
EY∼DY

[g(Y )] ≤ L0

α
W1(DX ,DY ),

where the last inequality follows from the Kantorovich-Rubinstein Duality of the Wasserstein dis-
tance, see (Edwards, 2011).

Following similar arguments, we can obtain the other side of the inequality. Here completes the
proof.

The following lemma, together with Lemma 5, analyzes the cumulative variations in the CVaR
function due to changes in the underlying distribution.

Lemma 8. Consider the function Cδ
t (x) :→ R, define the function sequences over iterations horizon

T as {Cδ
t (xt)}Tt=1, we have that

s∑
j=1

∑
t∈Tj

(
Cδ

t (x̃
δ,∗
j )− Cδ

t (x
δ,∗
t )

)
≤ 2L0∆T

α

T∑
t=2

W1(Dt,Dt−1). (12)

Proof of Lemma 8: This proof is adopted from Proposition 2 of Besbes et al. (2015). First we denote

Vj =
∑
t∈Tj

sup
x∈X δ

|Cδ
t (x)− Cδ

t−1(x)|

11
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as the function variation over batch Tj , it is straightforward to write
∑s

j=1 Vj =∑T
t=2 supx∈X δ |Cδ

t (x) − Cδ
t−1(x)|. Let τ̄j be the first epoch of batch Tj , for j = 1, . . . , s, we

have ∑
t∈Tj

Cδ
t (x̃

δ,∗
j )− Cδ

t (x
δ,∗
t ) ≤

∑
t∈Tj

Cδ
t (x

δ,∗
τ̄j )− Cδ

t (x
δ,∗
t )

≤ ∆T ·max
t∈Tj

{Cδ
t (x

δ,∗
τ̄j )− Cδ

t (x
δ,∗
t )},

where the first inequality is from the definition of x̃δ,∗
j . In the following we will prove

maxt∈Tj
{Cδ

t (x
δ,∗
τ̄j ) − Cδ

t (x
δ,∗
t )} ≤ 2Vj by contraction. Suppose otherwise, there exists an itera-

tion t̃ ∈ Tj such that Cδ
t̃
(xδ,∗

τ̄j )− Cδ
t̃
(xδ,∗

t̃
) > 2Vj . It implies that

Cδ
t (x

δ,∗
t̃

) ≤ Cδ
t̃ (x

δ,∗
t̃

) + Vj < Cδ
t̃ (x

δ,∗
τ̄j )− Vj ≤ Cδ

t (x
δ,∗
τ̄j ),

where the first and the last inequality results from the fact that Vj is the maximal variation over batch
Tj . Hence, we have

∑
t∈Tj

Cδ
t (x̃

δ,∗
j )−

∑
t∈Tj

Cδ
t (x

δ,∗
t ) ≤ 2∆TVj . Summarize the variation along

batches {T1, . . . , Ts}, it results
s∑

j=1

(∑
t∈Tj

Cδ
t (x̃

δ,∗
j )−

∑
t∈Tj

Cδ
t (x

δ,∗
t )

)
≤

s∑
j=1

2∆TVj ≤
2L0

α
∆T

T∑
t=2

W1(Dt,Dt−1). (13)

where the last inequality follows from Lemma 6.

A.2 PROOF OF THEOREM 1

For t = 1, . . . , T , we have
min

xt∈X δ
Cδ

t (xt) = min
xt∈X

Cδ
t ((1− δ/r)xt)

≤ min
xt∈X

(δ/r)Cδ
t (0) + (1− δ/r)Cδ

t (xt)

≤ min
xt∈X

Cδ
t (xt) + (δ/r)L0 ∥xt∥

≤ min
xt∈X

Cδ
t (xt) +DxL0δ/r. (14)

The first inequality is from the convexity of Cδ
t (x) as shown in Lemma 3, and the second inequality

is from Lipschitzness of Cδ
t (x) as shown in Lemma 4. To simplify notations, we denote xδ,∗

t =
argminx∈X δ Cδ

t (x). The dynamic regret defined in (1) is further written as

DR(T ) ≤
T∑

t=1

Cδ
t (x̂t)−

T∑
t=1

Cδ
t (x

∗
t ) + 2δL0T

≤
T∑

t=1

Cδ
t (xt)−

T∑
t=1

Cδ
t (x

∗
t ) + 3δL0T

≤
T∑

t=1

Cδ
t (xt)−

T∑
t=1

Cδ
t (x

δ,∗
t ) + (3 +Dx/r)δL0T,

(15)

where the first inequality follows from the definition of the function Cδ
t , defined in (2), the second

inequality follows from the Lipschitzness of the function Cδ
t , and the third inequality establishes

by substituting (14) into the Cδ
t (x

∗
t ). Denote x̃δ,∗

j = argminx∈X δ

∑
t∈Tj

Cδ
t (x) as the single best

action over interval j, for j = 1, . . . , s. It follows that
T∑

t=1

Cδ
t (xt)−

T∑
t=1

Cδ
t (x

δ,∗
t )

=

s∑
j=1

∑
t∈Tj

(
Cδ

t (xt)− Cδ
t (x̃

δ,∗
j )
)
+

s∑
j=1

∑
t∈Tj

(
Cδ

t (x̃
δ,∗
j )− Cδ

t (x
δ,∗
t )
)
=

s∑
j=1

Rj
1 +R2, (16)

12
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with Rj
1 =

∑
t∈Tj

(
Cδ

t (xt) − Cδ
t (x̃

δ,∗
j )
)

, for j = 1, . . . , s, and R2 =
∑s

j=1

∑
t∈Tj

(
Cδ

t (x̃
δ,∗
j ) −

Cδ
t (x

δ,∗
t )
)

. We first bound the termRj
1. By the convexity of the function Cδ

t , we have

Rj
1 ≤

∑
t∈Tj

⟨∇Cδ
t (xt), xt − x̃δ,∗

j ⟩.

In combination of (6) and (8), we obtain that

∇Cδ
t (xt) = E[ĝt −

d

δ
ϵ̂tut]. (17)

By the update rule (7), we have

∥xt+1 − x̃δ,∗
j ∥

2 = ∥PX δ(xt − ηtĝt)− x̃δ,∗
j ∥

2

≤ ∥xt − ηtĝt − x̃δ,∗
j ∥

2

= ∥xt − x̃δ,∗
j ∥

2 + η2t ∥ĝt∥2 − 2ηt⟨ĝt, xt − x̃δ,∗
j ⟩,

where the inequality follows from the fact that x̃δ,∗
j ∈ X δ . Then, we obtain

⟨ĝt, xt − x̃δ,∗
j ⟩ ≤

∥xt − x̃δ,∗
j ∥2 − ∥xt+1 − x̃δ,∗

j ∥2

2ηt
+

ηt
2
∥ĝt∥2. (18)

For notational simplicity, denote the first slot of Tj as τ̄j . Substituting (17) and (18) into Rj
1, we

obtain

Rj
1 ≤

∑
t∈Tj

E[⟨ĝt −
d

δ
ϵ̂tut, xt − x̃δ,∗

j ⟩]

≤
∑
t∈Tj

(
1

2ηt
E[∥xt − x̃δ,∗

j ∥
2 − ∥xt+1 − x̃δ,∗

j ∥
2] +

ηt
2
E[∥ĝt∥2] +

d

δ
E[∥ϵ̂t∥∥xt − x̃δ,∗

j ∥]
)

=
1

2ητ̄j

(
∥x(j−1)∆T+1 − x̃δ,∗

j ∥
2 − ∥xj∆T

− x̃δ,∗
j ∥

2
)
+Rj

12 +R
j
13

≤ D2
x

2ητ̄j
+Rj

12 +R
j
13, (19)

with Rj
12 =

∑
t∈Tj

ηt

2 E[∥ĝt∥
2] and Rj

13 =
∑
t∈Tj

d
δE[∥ϵ̂t∥∥xt − x̃δ,∗

j ∥]. The last inequality of (19) is

from the definition Dx = supx,y∈X ∥x− y∥. RegardingRj
12, for i = 1, . . . , s, it writes,

Rj
12 =

∑
t∈Tj

ηt
2

∥∥∥∥dδCVaRα[F̂t]ut

∥∥∥∥2 ≤∑
t∈Tj

ηt
2

(
dU

δ

)2

. (20)

The first inequality establishes as CVaRα[F̂t] ≤ U . RegardingRj
13, we first analyze the bound of ϵ̂t

given in (8). By leveraging the Dvoretzky–Kiefer–Wolfowitz (DKW) inequality (Dvoretzky et al.,
1956), we have that

P

sup
y
|F̂t(y)− Ft(y)| ≥

√
ln(2/γ̄)

2nt

 ≤ γ̄. (21)

Denote the event in (21) as At, and P{At} denotes the occurrence probability of event At, for
t = 1, . . . , T . According to Lemma 5, the error of CVaR estimate is bounded by

|ε̂t| =
U

α
sup

∣∣F̂t − Ft

∣∣ ≤ U

α

√
ln(2/γ̄)

2nt
(22)

13
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with probability at least 1− γ̄, for t = 1, . . . , T . Let γ = γ̄T . Then, by substituting (22) into Rj
13,

we obtain that
s∑

j=1

Rj
13 ≤

dDx

δ

s∑
j=1

∑
t∈Tj

E[∥ε̂t∥]

≤ dUDx

αδ

s∑
j=1

∑
t∈Tj

√
ln(2T/γ)

2nt
≤ cdUDx

αδ

⌈
T

∆T

⌉√
ln(2T/γ)

2
∆

1− a
2

T (23)

with probability at least 1 − γ, which establishes as 1 − P{
⋃T

t=1 At} ≥ 1 −
∑T

t=1 P{At} ≥
1 − T γ

T ≥ 1 − γ. As shown in (22), as the number of samples increases, the empirical density
function approaches the true one. In other words, a sufficiently large sample size ensures that the
event {

⋃T
t=1 At} occurs with high probability. RegardingR2, we have that

R2 ≤
2L0

α
∆T

T∑
t=2

W1(Dt,Dt−1) ≤
2L0

α
∆TVD, (24)

where the first inequality follows from Lemma 8 and the second inequality follows from Assump-
tion 3. From the definition ofR2 as in (16), when interval size ∆T approaches 1, the interval-optimal
actions x̃δ,∗

j will be closer to one-step optimal action xδ,∗
t , for t ∈ Tj , and the accumulated loss (24)

will be smaller. However, restarting also induces errors such as D2
x

ητ̄j
. Thus, it is necessary to select

an optimal interval size ∆T to minimize the regret bound. Let ηt = η for all t. Substituting (19),
(20), (23) and (24) into (16), and combining it with (15), it results

DR(T ) ≤ (3 +Dx/r)δL0T +R2 +

s∑
j=1

(
D2

x

2η
+Rj

12 +R
j
13

)

≤ (3 +Dx/r)δL0T +
2L0

α
∆TVD +

D2
x

2η

⌈
T

∆T

⌉
+

(
d2U2η∆T

2δ2
+

cdUDx

αδ

√
ln(2T/γ)

2
∆

1− a
2

T

)⌈
T

∆T

⌉

≤ (3 +Dx/r)δL0T +
2L0

α
∆TVD +

D2
xT

η∆T
+

d2U2ηT

δ2
+

√
2cdUDx

√
ln(2T/γ)

αδ
T∆

− a
2

T .

(25)

with probability at least 1 − γ. The last inequality results from
⌈

T
∆T

⌉
≤ T

∆T
+ 1 ≤ 2T

∆T
. When

a ∈ (0, 1], we select δ =
(
VD

T

) a
4+a , η =

(
VD

T

) 3a
4+a and ∆T =

(
T
VD

) 4
4+a

to minimize the regret

bound, it achieves DR(T ) = Õ(T
4

4+aV
a

4+a

D ) with probability at least 1 − γ (see (Flaxman et al.,

2004) for parameters selection details). When a > 1, we select δ =
(
VD

T

) 1
5 , ηt =

(
VD

T

) 3
5 and

∆T =
(

T
VD

) 4
5

, it achieves DR(T ) = Õ(T 4
5V

1
5

D ) with probability at least 1− γ.

A.3 PROOF OF THEOREM 2

Following the derivation of (14)–(16) in the proof of Theorem 1, the dynamic regret under Algo-
rithm 1 is written as

DR(T ) ≤ (3 +Dx/r)δL0T +

s∑
j=1

∑
t∈Tj

(
Cδ

t (xt)− Cδ
t (x̃

δ,∗
j )
)
+

s∑
j=1

∑
t∈Tj

(
Cδ

t (x̃
δ,∗
j )− Cδ

t (x
δ,∗
t )
)

≤ (3 +Dx/r)δL0T +

s∑
j=1

R̃j
1 +R2 (26)
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with R̃j
1 =

∑
t∈Tj

Cδ
t (xt)−Cδ

t (x̃
δ,∗
j ) and the definition ofR2 is as in (16). By the strongly convexity

of the function Cδ
t , we have

R̃1 ≤
s∑

j=1

(∑
t∈Tj

⟨∇Cδ
t (xt), xt − x̃δ,∗

j ⟩ −
m

2
∥xt − x̃δ,∗

j ∥
2
)

≤
s∑

j=1

∑
t∈Tj

( 1

2ηt

(
∥xt − x̃δ,∗

j ∥
2 − ∥xt+1 − x̃δ,∗

j ∥
2)− m

2
∥xt − x̃δ,∗

j ∥
2 +

ηt
2
E[∥ĝt∥2]

+
d

δ
E[∥ϵ̂t∥∥xt − x̃δ,∗

j ∥]
)

≤
s∑

j=1

(
R̃j

11 + R̃
j
12 +R

j
13

)
(27)

where R̃j
11 =

∑
t∈Tj

(
1

2ηt

(
∥xt − x̃δ,∗

j ∥2 − ∥xt+1 − x̃δ,∗
j ∥2

)
− m

2 ∥xt − x̃δ,∗
j ∥2

)
, R̃j

12 =∑
t∈Tj

ηt

2 E[∥ĝt∥
2], and the definition of Rj

13 is the same as (23). The second inequality follows

the derivation of (17)–(19) in Theorem 1. By expanding the sequences of R̃j
11, we obtain

s∑
j=1

R̃j
11 =

s∑
j=1

∑
t∈{Tj\τ̄j}

( 1

2ηt
− 1

2ηt−1
− m

2

)
∥xt − x̃δ,∗

j ∥
2

+
1

2ητ̄j
∥xτ̄j − x̃δ,∗

j ∥
2 − 1

2ηj∆T

∥xj∆T
− x̃δ,∗

j ∥
2 − m

2
∥xτ̄j − x̃δ,∗

j ∥
2

≤
s∑

j=1

1

2ητ̄j
∥xτ̄j − x̃δ,∗

j ∥
2 ≤ mD2

x

⌈
T

∆T

⌉
. (28)

The first inequality establishes by substituting the learning rate ηt into R̃j
11, and m

2 ,
1

2ηj∆T
> 0.

Regarding
∑s

j=1 R̃
j
12, it writes

s∑
j=1

R̃j
12 ≤

d2U2

2δ2

s∑
j=1

∑
t∈Tj

ηt ≤
d2U2

2δ2m

s∑
j=1

∆T∑
t=1

1

t
≤ d2U2

2δ2m
(1 + ln∆T )

⌈
T

∆T

⌉
. (29)

The last inequality establishes as
∑∆T

t=1
1
t ≤ 1+ln∆T . Note that the upperbound ofR2 only relates

to the distribution variation budget, which applies here directly. Hence, we substitute (23), (28) and
(29) into (27), combine them with (26), and obtain

DR(T ) = (3 +Dx/r)δL0T +R2 +

s∑
j=1

R̃j
11 + R̃

j
12 +R

j
13

≤ (3 +Dx/r)δL0T +
2L0

α
∆TVD +mD2

x

⌈
T

∆T

⌉
+

d2U2

2δ2m
(1 + ln∆T )

⌈
T

∆T

⌉
+

cdUDx

αδ

√
ln(2T/γ)

2
∆

1− a
2

T

⌈
T

∆T

⌉
≤ (3 +Dx/r)δL0T +

2L0

α
∆TVD + 2mD2

x

T

∆T
+

d2U2

δ2m
(1 + lnT )

T

∆T

+

√
2cdUDx

√
ln(2T/γ)

αδ
T∆

− a
2

T , (30)

with probability at least 1− γ The remaining claim is as in Theorem 2.
Remark 2. When a ∈ (0, 1], the regret bound achieved by Algorithm 1 decreases with the increas-
ing tuning parameter a until a > 1. The cumulative error of CVaR gradient estimates contained in

the regret bound (25), i.e., d2U2ηtT
δ2 +

√
2cdUDx

√
ln(2T/γ)

αδ T∆
− a

2

T , results from using finite samples to
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estimate the CVaR gradients via the zeroth-order algorithm. This is because a larger tuning param-
eter a means more queries of cost values and a more accurate estimate of CVaR gradients. Thus,
the order of the cumulative estimation error decreases with the increasing a. When choosing the
parameters to minimize regret bound, this cumulative estimation error term is one of the dominant
terms in (25) for a ∈ (0, 1]. When a > 1, this term becomes negligible compared to the remaining
terms in (25).
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