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ABSTRACT

Considering non-stationary environments in online optimization enables decision-
maker to effectively adapt to changes and improve its performance over time. In
such cases, it is favorable to adopt a strategy that minimizes the negative impact
of change to avoid potentially risky situations. In this paper, we investigate risk-
averse online optimization where the distribution of random costs changes over
time. The Conditional Value at Risk (CVaR) is employed as risk measure. Due
to the difficulty in obtaining the exact CVaR gradient, we employ a zeroth-order
optimization approach that queries the cost values multiple times per iteration and
estimates the CVaR gradient based on these samples. In regret analysis, the vary-
ing distributions are captured by a novel variation metric based on the Wasserstein
distance. Given that the distribution variation is sublinear in the iteration horizon,
we show that the developed learning algorithm achieves sublinear dynamic regret
with high probability for both convex and strongly convex functions. Moreover,
theoretical results suggest dynamic regret bounds decrease with the increasing
sampling number until it reaches a specific limit. Finally, we provide numerical
experiments of dynamic pricing in a parking lot to illustrate the efficacy of the
designed algorithm.

1 INTRODUCTION

Online convex optimization is a powerful framework that deals with decision-making problems in
dynamic and uncertain environments (Hazan, 2006)). It has many applications, including traffic rout-
ing (Sessa et al.,2019)), resource allocation (Chen et al.,2017), and online marketing (Gordon et al.,
2008). In online optimization, the decision maker sequentially updates its decision in a changing
environment, relying on historical information such as observations of previous actions and costs.
The decisions generated by the optimization algorithm induce a sequence of associated cost values.
The performance of the algorithm is evaluated using regret, which is the accumulated loss generated
by the algorithm against the optimal actions in hindsight.

Non-stationary environments describe scenarios where the underlying conditions of the system
change over time. The reason for environmental changes can be variations in the distribution of
the stochastic cost function. For instance, in dynamic pricing for vehicle parking (Ray et al.,|[2022),
the pricing depends on real-time changes in demand and supply; conversely, price adjustments in-
fluence the distribution of the occupancy rate. In non-cooperative games, the objective function of
each agent follows a distribution, which may evolve over time in response to action updates of other
agents (Narang et al., 2022)). Compared with the standard regret analysis assuming a stationary en-
vironment, dynamic regret accounts for the impact of fluctuations in non-stationary environments
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(Besbes et al., 2015} [Zhao & Guan, |2018). Metrics used for analyzing dynamic regret include vari-
ations in the cost functions (Besbes et al., |2015), in the optimal actions (Zhao et al.l |2021)), and
in the distributions Jiang et al.| (2025); |Shames & Farokhi| (2020). When making decisions un-
der uncertainty, it is often essential to consider the entire distribution of potential outcomes rather
than focusing on a single optimal point. Specifically, (Jiang et al., 2025; Shames & Farokhi, [2020)
use the Wasserstein distance, which measures the dissimilarity between probability distributions, to
quantify changes in non-stationary distributions. In this paper, we employ the distribution variation
metric proposed in (Jiang et al.l 2025). It is meaningful to investigate risk-averse learning under
nonstationarity, as it is inherently sensitive to environmental changes.

When the decision-maker is sensitive to potential negative consequences, its primary consideration
is not minimizing the expected cost, but rather reducing the risk of a catastrophe. For example, in
the financial market, it is unfavorable to pursue a strategy that entails high risks despite offering the
highest expected reward. Some measures are proposed to model the potential risk, such as Value
at Risk (VaR) (Linsmeier & Pearson), 2000) and Conditional Value at Risk (CVaR) (Rockafellar &
Uryasev, [2002). Given a risk level a € (0, 1], the CVaR value describes the average value of the
a-tail distribution of the stochastic cost. It has a coherent risk measure property, which offers some
mathematical properties that facilitate theoretical analysis. The classical paper (Rockafellar et al.,
2000) formulates the computation of the CVaR value as an optimization problem by introducing an
additional decision variable to construct an augmented objective function. It enables the application
of CVaR for the optimization problem in bandit optimization (Cardoso & Xul 2019), online games
(Wang et al.| [2022a7b) and safe control (Chapman & Lessard} 2021} |Kishida & Cetinkayal [2022;
Chapman et al.| [2019). However, since the computation of the CVaR gradient relies on the distri-
bution of the stochastic cost, CVaR optimization problems rarely enjoy a closed-form expression.
To handle this problem, a common approach is to estimate the CVaR gradient using zeroth-order
optimization algorithms, see (Cardoso & Xu, [2019] |Wang et al., 2022b)).

1.1 OUR CONTRIBUTIONS

In this paper, we study online CVaR optimiza-

tion with time-varying distributions. The risk- Table 1: Order of Regret
averse learning algorithm is designed for both
convex and strongly convex cost functions. The
algorithm is periodically restarted to ensure that
the decision-maker effectively adapts to chang- - -
ing distributions. At each iteration, multiple 0<a<1 T4ia Ve sz%a Vgﬁ
sz.lmples.are queried to construct an emplrlcal l<a<i Tivs TRy e
distribution of random costs. Based on it, we 3 — —4
estimate CVaR values and construct the CVaR a> 3 sV TVp
gradient estimate via the zeroth-order optimiza-

tion approach. The main contributions are summarized below:

Sampling Convex Strongly
parameter convex

1. We analyze the dynamic regret bound for both convex and strongly convex losses using
distribution variations measured by the Wasserstein distance. Compared to [24], which
uses variations of the optimal points to measure distribution changes, our approach better
captures environmental variations.

2. The inherently complex nature of CVaR functions poses challenges for regret analysis. To
address it, we theoretically bound the variation in the CVaR value induced by distribution
changes. Moreover, we establish theoretical properties of the CVaR function, including
strong convexity when the random cost is strongly convex.

3. We propose a risk-averse learning algorithm with a restarting procedure. We show that this
algorithm achieves sublinear regret with high probability, provided the distribution varia-
tion is sublinear in the total number of iterations. As shown in Table 1, our convergence
results explicitly show the regret bound decreases as the total sampling number increases,
which is reflected by the parameter a. This reduction ceases when reaching a limit even if
the number of samples continues to increase.
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1.2  RELATED WORKS

Non-stationary optimization There is a growing interest in non-stationary online convex optimiza-
tion, see (Besbes et al.l 2015} |Zhao & Guan, [2018; Ray et al.| 2022)). To the best of our knowledge,
only a few works address environmental changes that result in non-stationary distributions, e.g.,
(Cao et al.l |2020; Jiang et al., [2025} Shames & Farokhil 2020). For instance, |Cao et al.| (2020)
and [Shames & Farokhi| (2020) investigate time-varying distributions by quantifying the variations
in optimal points. To deal with evolving distributions, recent works have turned to Wasserstein-
based metrics (Jiang et al., 2025). Specifically, Jiang et al.| (2025) employs a Wasserstein-based
non-stationarity budget (WBNB) that measures cumulative deviations from a global average.

Risk-averse learning Another related research line is risk-averse learning using CVaR as the risk
measure (Tamkin et al., 2019; Soma & Yoshida, 2020; |Urpi et al., 2021 |Cardoso & Xul 2019;
Wang et al.,[2022bja). For instance, (Tamkin et al.,|2019) develops a risk-averse multi-armed bandit
algorithm and provides an upper confidence bound for CVaR. In the context of online convex games,
Wang et al.| (2022b) proposes a learning scheme that achieves sublinear regret with high probability.
However, all the above works focus on stationary environments. A notable exception is|Liang et al.
(2021), which explores risk-averse online optimization specifically for portfolio selection with linear
costs.

Notations: Let || - | denote the Is norm. Let [-] denote the ceiling function. Let 1(-) denote the
indicator function. For a random variable X, let X ~ Dx denote that X is distributed according to
the distribution Dx. Let the notation O hide the constant and O hide constant and polylogarithmic
factors of the number of iterations T, respectively. Let A ® B = {a + bla € A,b € B} denote the
Minkowski sum of two sets of position vectors A and B in Euclidean space.

2 PROBLEM FORMULATION

Consider the cost function J(z,£) : X x = — R, where £ C E denotes random noise and x € X
denotes the decision variable with X C R? being the admissible set. Without loss of generality, we
assume that X' contains the ball of radius r centered at the origin, which is denoted as rB C R4,
Denote the diameter of the admissible set X as D, = sup, ,cr [z — y||-

2.1 CVAR

We use CVaR as risk measure. Suppose J(x, &) has the cumulative distribution function F(y) =
P(J(x,€) <y), and is bounded by U > 0, i.e., |J(z,&)| < U. Given a confidence level o € (0, 1],
the a-VaR is J* = F~1(a) := inf{y : F(y) > a}. The a-CVaR describes the expectation of the
a-fraction of the worst outcomes of J(z, &) (Rockafellar et al., 2000), which is defined as

C(z) := CVaR, [J(z,&)] = Ep [J(z,8)|J(z,&) > J].

2.2 NON-STATIONARY DISTRIBUTION

Non-stationary stochastic optimization necessitates some metric to capture temporal uncertainties
of the dynamic environment. A classic metric is the cumulative variations of the cost functions over
time. In practice, environmental fluctuations might be more intuitively modeled as the time-varying
distribution. To account for this, we employ the Wasserstein distance to quantify distributional
variations, as it effectively captures a broad range of distributional shifts, including changes in shape
and support (Shen et al.,[2023)). The Wasserstein distance measures dissimilarity between probability
distributions defined over a given metric space, as detailed in (Kantorovichl [1960; Edwards} 2011).

Let (€2, d) be a probability space, where (2 is a set and d is a metric on Q. Let D, and D, be two
probability distribution on €2, the dual form of the Wasserstein distance is given as follows.
Lemma 1. (Edwards| 2011) For any fixed K > 0, W1(Dx, Dy) = % sup| s, < {Ea~p, [ (x)] —

Ey~p,[f(y)|}, where ||-|| . is the Lipschitz norm, The right-hand side is the Kantorovich—Rubenstein
dual form of the Wasserstein distance metric.

As mentioned in Section |1, some works quantify regret achieved by algorithm using the function
variation, i.e., 2322 sup,cx | fe(x) — fi—1(x)|, which measures the cumulative changes of the func-
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tion values over time. Inspired by this definition, we introduce the concept of distribution variation
as follows.

Definition 1. (Distribution variation) Let {D;}_, € D be the distribution on metric space ), with
D being the admissible set of distribution sequences. The distribution variation along iterations

{1,...,T}is 31, Wi(Dy_1,Dy).

2.3 PROBLEM STATEMENT

Consider the time-varying random noise &; ~ D, and the corresponding cumulative distribution
function F}, the a-CVaR of the function J(z, &;) is written as:

Ci(x) := CVaRa [J(z,&)] = Ep, [J(2,6)[ ] (2, &) = J°],

where &, is independent of past actions {zg, ...,2¢—1} and {&}: is an independent and identically
distributed (i.i.d.) random variable. Additionally, we make the following assumptions on the cost
function, which are common in the online learning literature, see (Hazan et al., 2016} Besbes et al.,
2015)).

Assumption 1. The cost function J(x,&;) is convex in  for every §; € =.

Assumption 2. The cost function J(x,&;) is Lipschitz continuous in x for every & € =. That is,
there exists a positive real constant Lo such that, for all x,y € X, we have |J(x,&) — J(y,&)| <
Lol|z — yll-

It follows the lemma for the CVaR function.
Lemma 2. (Cardoso & Xu, |2019) Given Assumption we have that C¢(x) is convex in .

Assumption 3. The distribution sequence {D;}]_, € D satisfies the variation budget Vp over
the iteration horizon T': ZtT=2 W1(Di—1,D:) < Vp, where the distribution variation budget is
sublinear in the iteration horizon T, i.e., Vp = O(T?) with 3 € [0, 1).

Assumption[3|constrains the cumulative variations in distribution over the time horizon 7'. Assuming
that the distribution variation budget is sublinear is essential for developing a no-regret learning
algorithm in stochastic, non-stationary environments.

We use the dynamic regret to measure the performance of the designed algorithm, which is defined
as the cumulative loss under the performed actions against the best actions in hindsight:

DR(T) = > Ci(&:) — Y Cil}), (1)

where the action 2, is selected according to the designed algorithm at iteration ¢, and zj
argmin,, -y Ct(z;) denotes the one-step optimal action at iteration ¢, for ¢ = 1,...,7. Specif-
ically, this paper aims to design a risk-averse learning algorithm such that the dynamic regret of this

algorithm is bounded in terms of the distribution variation, i.e., limp_, DRT(T) =0.

3 MAIN RESULT

In this section, we design a risk-averse learning algorithm for both convex and strongly convex cost
functions. Then we analyze the dynamic regret using the distribution variation metric.

Since the exact CVaR gradient is generally unavailable, we use the zeroth-order optimization algo-
rithm to estimate the CVaR gradient. To begin with, we construct a smoothed approximation of the
CVaR function. Given a point x € &, define the perturbed action by & = x + Ju, where w is the
direction vector sampled from a unit sphere S¢ € R? and § is the perturbation radius, also known as
the smoothing parameter. Then, the smoothed version of the CVaR function (Cardoso & Xu, [2019)
is given as

CP (x) = Eynga[Ci(z + 6u)). )

In the following, we present lemmas regarding properties of smoothed approximation of the CVaR
function.
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Lemma 3. (Cardoso & Xu} |2019) Given Assumptionl we have that CY () is convex in .

Legnma 4. ( Cardoso & Xu,|2019) Given Assumptlonl we have that C? (x) is Lo-Lipschitz in x and
|G} (&) = Ci(x)] < OLo.

Non-stationary environments require decision makers to continuously adapt to changing conditions.
The generic idea of the restarting procedure is to let the learning algorithm reset its internal state and
update its parameters, and therefore capture the new dynamics in the environment. The risk-averse
learning algorithm is summarized in Algorithm I}

Let A be an online optimization algorithm. We
employ the restarting procedure to refresh the
parameters and restart A every Arp iterations.
Suppose that there are totally 7" iterations and Require: Initial value o, iteration horizon T

Algorithm 1 Risk-averse learning with restarting
procedure

they are divided into s interval with a length of risk level a, interval Az, smoothing param-
_ [T . eter 9.
Ar € (1,T), where s = [A -‘ Each interval 1: for iterationt =1,...,7T do
is formally defined as 7; = {¢: (j — 1)Ar < e .
Y ={t: 0 T 2:  Identify interval j = ’VALT—‘
t < min{T, jA7}}, for]—l , 8. Foreach . Identifv slot in i Iy DA
iteration ¢, inside interval j, it holds that j = 3 entity slot n interval 7 =t — (j — 1) A
. o o ) ] 4:  Select sampling number n; = ¢(7) and
[A—T-‘ and its timestamp within the interval is learning rate 1, = o(7)
slot 7, i.e., 5 Sample u; € S¢
. 6: Play &y = x4 + duy
T=t—( - 1DAr. ® 7. fori=1,...,n do
8: Play #; and obtain J; (%4, £})
Let the algorithm query the cost function values 9.  end for
multiple times at each iteration to improve the 1o;  Build empirical distribution function £} (y)

estimation accuracy under the changing distri- given in (3)
bution. Then,. thg sampling strategy depending 11:  Estimate CVaR: CVaRy| Ft]
on the slot 7 is given as n; = ¢(7), which sat- 5. construct gradient estimate
ISﬁeS gt = %CV&RQ [Ft]ut
13: Update T Ty < ,PXté (xt — UTgt)
(4)  14: end for

N\a

1
T

> 7

with the tuning parameter @ > 0 and some con-

stant ¢ > 0. Specifically, a higher value of a corresponds to a larger sampling number over the
iteration horizon. Similarly, the learning rate at each interval is designed according to 7 = o(7),
where the function o will be designed later. In Algorithm|[T] we refresh the evolution of the sampling
number n; and the learning rate n; every Ay iterations.

At iteration ¢, we implement the perturbed action Z; = x; + du; for n; times and obtain the cost
function values denoted by J(Z¢,&"), ¢ = 1,...,n;. Then, we use the queried function values to
construct the empirical distribution function, which is given as

n

Fily) = — > I, 8) <yl 5)

n
ti=1

With , we construct the CVaR estimate CVaR, [ﬁ‘t] and further the CVaR gradient estimate

d .
gt = g CVaRa [Ft] Ut (6)

The gradient descent update for the risk-averse learning process proceeds as:

Ter1 = Pus (Tt — MGt), (7
where Pys(x) = argmin,cys |2 — y[|* denotes the projection operator with XY = {2 ¢
X ﬁx € X'} being the projection set. The projection keeps the sampled actions Z; inside of the

admissible set X', which establishes as (1 — g)/'\?@él[% =(1- )X@ B C (1 g)XEB gX = X.
Without loss of generality, we let the initial action at the restartlng slot be based on action learned
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from the previous interval. As shown in Algorithm I} each iteration involves sampling, CVaR com-
putation, and projection operations. The complexity of these operations is generally modest, scaling
primarily with the dimension d as well as the number of samples specified in ().

Note that we construct the empirical distribution function of the cost function using finite samples,
which induces the CVaR estimate error:

& := CVaR,[F}] — CVaR,[Fyl. (8)

In the following, we present two lemmas to bound the estimate error. The first lemma shows that
the CVaR values with two cumulative distribution functions can be bounded by the sup difference
of these two cumulative distribution functions, which is presented below.

Lemma 5. (Wang et al| [20224) Let F' and G be two cumulative distribution functions of two ran-
dom variables and the random variables are bounded by U. Then we have that |CVaR,[F]| —

CVaR,[G]| < Esup, |F(z) — G(z)|.
The following lemma shows the fluctuation of CVaR values is bounded in terms of the distribution
shift.

Lemma 6. Suppose f(x) is Lo-Lipschitz in x. For two random variables X andY with distributions
Dy and Dy, respectively, we have | CVaR, [f(X)] — CVaR,[f(Y)]| < LeW,(Dx, Dy).
X~Dx Y ~Dy

The proof of Lemma[6]is provided in the Appendix.

3.1 CONVEX CASE

In this section, we investigate the dynamic regret of Algorithm [l| for the convex case. The main
result is presented in the following theorem.

Theorem 1. Let Assumptions hold. Suppose that the sampling numbers over iteration horizon
T satisfy (@) with a constant a > 0.

a 3a_ P
1. When a € (0,1], select 6 = (VTD) ey = (VTD)““, Ar = (%) e Then, Algo-

~ 4 —a_

rithmachieves DR(T) = O(T' 7+ v ) with high probability.

1 3 H
2. Whena > 1, select § = (Y2)°, n, = (VTD) 5 Ap = (%) °. Then, Algorithmachieves
_ 1
DR(T) = O(T V}3) with high probability.

3.2 STRONGLY CONVEX CASE

In the section, we further investigate Algorithm [I]for the strongly convex case. We first provide the
following assumption and lemma related to the strongly convex condition.

Assumption 4. The function J(x,&) : X X E — R is m-strongly convex in x for every & € EZ.
That is, for all x,yy € X and every & € =, we have J(y, &) > J(x,&) + VaJ(2,&) " (y — ) +
Bz —yl3-

Lemma 7. Given Assumption || we have that: (1) Cy(x) is m-strongly convex in x; (2) C{(x) is
m-strongly convex in x.

The proof of Lemma [/| is provided in the Appendix. It follows the main result for the strongly
convex case.

Theorem 2. Let Assumptions [PH4| hold. Suppose that the sampling numbers over iteration horizon
T satisfy (4) with a constant a > 0. Select the learning rate as n, = o(T) = %, where the slot T is
determined by (3.
a4
1. When a € (0,%], select § = (Y2)™ and Ay = (%) " Then, Algorithmachieves
dynamic regret DR(T) = @(T“%a V5 ) with high probability;
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i 3
2. When a > 4, select § = (Y2)* and Ar = (%) " Then, Algorithmachieves dynamic

~ 1
regret DR(T) = O(T'i V2 ) with high probability.

Remark 1. Comparing Theorems [I| and 2} we observe that Algorithm [I| achieves the same regret
bound in both the strongly convex and convex cases when a € (0,1]). However, for a > 1, it
achieves a smaller regret bound in the strongly convex case compared to the convex case. This
arises due to the cumulative error of CVaR gradient estimates in the strongly convex case, i.e.,
CU (14+InT) L+ V2AUDe /@A) A
cumulative estimation error is one of the dominant terms in the regret bound when a € (0,4/3]
and becomes negligible when a > 4/3. As a consequence, this regret bound reduction ceases when
a > 4/3 and thus results in a smaller order compared to the convex case.

a
2, decreases as the tuning parameter a increases. The

4 SIMULATIONS

In this section, we consider the parking lot dynamic pricing problem, see (Ray et al., 2022). Factors
such as parking prices, availability, and locations generally influence driving decisions. This encour-
ages us to dynamically adjust the parking price according to real-time demand. Denote r; € [0, 1]
as curb occupancy rate. Let the occupancy rate be influenced by the price z; and environmental
uncertainties &, which is r, = & + Ax;, where A = —0.15 is the estimated price elasticity, which
is determined by (Ray et al., 2022) through analysis of the real-world data. The uncertainty &; is
distributed according to the time-varying distribution D;, which will change periodically according
to environmental effects such as climate conditions and dates. Specifically, to make it easy to find
a parking space, it is desirable to maintain an occupancy rate of 70%. Hence, the loss function is
defined as

12
J(2e, &) = ||& + Az — 07| + §||$t||27 9

where v = 0.001 is the regularization parameter. To avoid the overcrowded situation, we aim at
minimizing the risk-averse objective function

Ci(xy) = %Vaguaw(art, &)l (10)

where the risk level is selected as aw = 0.5. We assume that the random variable &; has a continuous
uniform distribution and lies in the time-varying distribution range [L;, R;:], which is selected as

(Lo, Ry = [0.85,1.15 — 0.5¢t7%-5] if t < T/2
BT [0.85 +0.5¢701 1] ift > T/2.

Fig. [1a depicts the distribution range of the random variable &;, where the time horizon is selected
as T' = 6000. We use Algorithm [T]to update the parking prices in the dynamic environment with
changing distributions. From Theorems [I] and [2] we observe that the algorithm design for convex
and strongly convex cases mainly differs in the selection of the learning rate 7, and the batch size
Aq. For the objective function (9), when the strongly convexity property is not utilized, the step
size is set as 7, = 0.01, as in Theorem|[I] In contrast, when leveraging the strongly convex property,
the restarting period is set to Ap = 3, and the learning rate parameter in Theorem [2]is chosen as
m = 20, as in Theorem 2} The smoothing parameter for the zeroth-order optimization is selected as
d = 0.05. We set the initial price to 2o = 1 and restrict the potential prices to [1, 5].

The simulation results of Algorithm [I]are presented in Figs. [[bH2b] where shaded areas represent
+ one standard deviation over 10 runs. We first evaluate Algorithm [T] under the strongly convex
setting for different sample sizes, using the cumulative loss Zthl Cy(&;) as the evaluation metric.
We adopt the sampling strategies with parameters ¢ = 10 and a € {2, 1, %} The corresponding
sampling number is n; € {8, 16, 24}, respectively. It is shown in Fig. that, more samples lead to a
smaller cumulative loss. Figs.[2a]and [2b]compare the performance of Algorithm[Tjunder convex and
strongly convex settings. We fix the sampling number as n, = 8 and run the algorithm for 10 trials.
The top subfigure of Fig. [2a|shows the parking price x; generated by the algorithm for both convex
and strongly convex cases, alongside the optimal price x;, which minimizes the CVaR function (I0).
The bottom subfigure displays the corresponding occupancy levels r;. Since the CVaR function
lacks a closed-form expression, the optimal prices are determined by sampling. Specifically, at each
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Figure 1: Experimental setup and sensitivity analysis of Algorithm
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Figure 2: Performance comparison of Algorithm|ljunder convex and strongly convex settings. The
optimal benchmark x; is obtained via brute-force search.

iteration, 100 points are uniformly sampled from the continuous set X', and the point that minimizes
the CVaR value is selected. The results demonstrate that the prices z; generated by Algorithm [T]
closely track the optimal prices z}, and the occupancy r; converge to desired rate quickly, for both
convex and strongly convex cases. Notably, the algorithm designed for the strongly convex case
exhibits greater adaptability and converges to the optimal prices more quickly. Fig. 2blillustrates the
CVaR values corresponding to the prices generated by Algorithm|[T]for convex and strongly convex
cases, denoted as C (&), alongside the CVaR values for the optimal prices, Cy (2} ), and the dynamic
regret DR(T). Fig.[2b|shows that Algorithmachieves sublinear regret in both convex and strongly
convex settings. Moreover, the algorithm tailored for the strongly convex case achieves lower regret
than the convex case.

5 CONCLUSIONS

In this paper, we developed a risk-averse learning algorithm that is able to handle time-varying
distributions. The algorithm restarts periodically and queries the function values multiple times per
iteration to estimate the CVaR gradient, where the cumulative error of the CVaR gradient is shown
to be bounded with high probability. We theoretically bound the variation in the CVaR function
induced by distributional shifts. Then, the dynamic regret is analyzed in terms of the distribution
variations and iteration horizons for both convex and strongly convex cases. The regret bound of the
designed algorithm decreases as the sampling number increases, and this reduction ceases after the
total sampling number reaches a certain threshold. Moreover, using the strongly convexity property
yields a smaller regret bound than in the convex case.
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A APPENDIX

A.1 PROOF OF LEMMA [6]

Define the augmented functions

Lo (v) = v+ By [f(X) ~tly, Loy (1) = v+ ~Byop, [[(¥) ~ 1]y,

where Dx and Dy are the distributions of the random variables X and Y, respectively. According
to (Rockatellar et al.,|2000), we have

CVaR,[f(X)] = min Lp, (v), CVaR,[f(Y)] = min Lp, (v).
X~Dx v Y~Dy v

We assume that v, = argmin, Lp, (v) and v, = argmin, Lp, (v). Then, we have

LDX (Um) = CVaR, [f(X)]v LDY (vy) = CVaR, [f(Y)]
X~Dx Y~Dy

Define g(z) = [f(x) — v,]+, we have
CVaRa[f(X)] — CVaR,[f(Y)]

XNDX YNDY
:LDX (UI) - LDY (vy) < LDX (Uy) - LDY (Uy)
1 1
=vy + EEXNDX [f(X) — vyl —vy = EEYNDY [f(Y) —vy]+
1 1

:EEXNDX [g(X)] - aEYNDY [g(Y)]7

where the first inequality is from v,, = arg min, Lp, (v). According to the definition of g(z), we
have

lg(x) —gW)| = [f(x) — vyl — [f(y) —vyl+
<[f@) = fWls <If(@) = fW)I < Lollz—yll, (11)

where the first inequality follows from the fact that a; — by < [a — b4, for Va, b € R. From (11),
we conclude that the function g(x) is Lo-Lipschitz continuous. Hence,

CVaR,[f(X)] — CVaR[f(Y)]
X~Dx Y~Dy

1 1 L
< Exenx[g(X)] - ~Eypy [9(Y)] < Z2Wi(Dx, Dy),

where the last inequality follows from the Kantorovich-Rubinstein Duality of the Wasserstein dis-
tance, see (Edwards, 2011])).

Following similar arguments, we can obtain the other side of the inequality. Here completes the
proof. O

The following lemma, together with Lemma [5] analyzes the cumulative variations in the CVaR
function due to changes in the underlying distribution.

Lemma 8. Consider the function Cf (z) :— R, define the function sequences over iterations horizon
T as {C9(x;)}Y_,, we have that

s LA T
>0 (Cf(fc?’*) —Of(xf’*)) < TN WDy, D). (12)

o
j=1teT; t=2

Proof of Lemma(8} This proof is adopted from Proposition 2 of Besbes et al.| (2015). First we denote

V=Y sup |C)(x) — C7_y(w)]

teT; zEXS

11
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as the function variation over batch 7j;, it is straightforward to write ijl Vi =
ZtTZQ Supgexs |C2(x) — CP_ (x)|. Let 7; be the first epoch of batch T, for j = 1,...,s, we

have
STCrE) - <Y Oy = CP (a7

teT; teT;
S 0,% S (,.0,%
< Ar-max{C; (xz7) — CF (x4 )}
teT;

where the first inequality is from the definition of :ij* In the following we will prove
maxer; {Cf(x%*) — O3l < 2V; by contraction. Suppose otherwise, there exists an itera-
tion € 7; such that Cg(x%*) -C? (xg*) > 2Vj;. It implies that
S (0% S5 .0,% S8 .0,% S .0,%
Ct(xg )Scf(xg )+V; <C{($ﬂ~)_vj Sct(x%j )s

where the first and the last inequality results from the fact that V; is the maximal variation over batch
T;. Hence, we have ZteTj Cf(i‘j’*) _ Zteﬂ C’f(gf**) < 2A7V;. Summarize the variation along
batches {77, .., 7Ts}, it results

s . . s 97, T
> (Z CL(E;") = D Ol )) <Y 207V < T EAr Y Wi(DyDicr). (13)
t=2

j=1 “teT; teT; j=1
where the last inequality follows from Lemma 6] O

A.2 PROOF OF THEOREM[I]

Fort=1,...,T, we have

min C?(z
in € ()

min, C7 (1= 3/r):)

IN

gleig@/r)Cf(O) +(1=0/r)C} (x2)

IN

min, CF (we) + (8/r) Lo [l

IN

melr/{/ C(xy) + DyLod/r. (14)

The first inequality is from the convexity of C{(x) as shown in Lemma and the second inequality

is from Lipschitzness of C?(x) as shown in Lemma H To simplify notations, we denote xf’* =

arg min ¢ ys C¢ (). The dynamic regret defined in (1)) is further written as

T T
DR(T) <Y CP(a) — > CP(ay) + 20 LoT
t=1 t=1
T T
<D Cw) =Y CP(a}) +30LeT
t=1 t=1

T T
< CH @) = > CHa)") + (3+ Dy /r)dLoT,

5)

where the first inequality follows from the definition of the function C?, defined in , the second
inequality follows from the Lipschitzness of the function C¢, and the third inequality establishes

by substituting into the C? (x}). Denote j':f.’* = argming,c ys ) sc7, C?(x) as the single best
action over interval j, for j = 1,..., s. It follows that

T T
D C ) =) CP ()
t=1 t=1

=Y (et - i) + 30 X (0 - CHad) = R 4 R (1)

J=11teT; J=1teT; j=1

12
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with R = 3 (C’f(xt) — Cf(:if*)) forj = 1,...,s,and Ry = 375, > (C’f(i?’*) -
teT; teT;

c? (xf*)) . We first bound the term ’R]l By the convexity of the function C{, we have

Ry <Y (VO (@), m — 7).

J
teT;

In combination of (6) and (8], we obtain that

. d,
VCf(xt) = ]E[gt — thUt]. (17)
By the update rule (7), we have
o1 = &5 = [1Pas (2 —mege) — &)

‘ 2

N
< |lze — mge — 737

-4, ~ ~ ~3,
= ||z — T NP+ 0Nl = 206G, e — 77,
where the inequality follows from the fact that i‘j* € X9. Then, we obtain
-0, ~0,
lwe = 27" = llwepr — 2577]|

2
(goswe — 8)7) < + gl (18)

J 2ny

For notational simplicity, denote the first slot of 7; as 7;. Substituting and into RY, we
obtain

, o d. e
Ry < Z E[(gr — <€rue, m¢ — xf )]

teT; 0
< _E[|lr, - B = e — 25712+ LE(19.)%) + gIE[HétHth — 7]
2m, 2 1)
teT;
1 ~8,% ~0,% j j
= 2 <||l‘<j71)AT+1 —37|1? = lajar — T ||2) + Ry +Ris
D2 »
< o+ Ry +Ris, 19)
21z,
with R], = 3 ZE[||g][*] and R]; = 3 2E[|&]||z: — f?*m The last inequality of (19) is
teT; teT;
from the definition D, = sup, ,cx |z — y||. Regarding R7,, fori = 1,..., s, it writes,
P N ||d - ? ne (dU\”
Riy=> o [5CVaRalFilu | < > 515 ) (20)
teT; teT;

The first inequality establishes as CVaR,, [Ft] < U. Regarding R{ 3, we first analyze the bound of €;
given in (§). By leveraging the Dvoretzky—Kiefer—Wolfowitz (DKW) inequality (Dvoretzky et al.
1956), we have that

In(2/7)

P{sup|Fi(y) = Fuly)| > [ =5 = 0 <7 @1
y i

Denote the event in (21) as A;, and P{A;} denotes the occurrence probability of event A;, for
t=1,...,T. According to Lemmal[3] the error of CVaR estimate is bounded by

U 3 U [In(2/7
&l = —sup |Fy — F| < — (/%) (22)
o « 21y
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with probability at least 1 — 4, for t = 1,...,T. Let v = 4T Then, by substituting (22) into R,
we obtain that

. . dD
> Rl <
j=1

dUD

Jj=11t€T;

2T/7 chDw {T-‘ 1n(2T/’y)A1_% (23)
T

j=1teT; a0 Ar 2
with probability at least 1 — ~, which establishes as 1 — ]P’{Uz;l A} > 1 — Zle P{A;} >
1 —TZ > 1—+. Asshown in , as the number of samples increases, the empirical density
function approaches the true one. In other words, a sufficiently large sample size ensures that the

event {Uz;l A;} occurs with high probability. Regarding R4, we have that

T
2L 2L

Ra < =2Arp > Wi(Dy, Dioy) < —2ArVp, (24)
« [0

t=2

where the first inequality follows from Lemma [8| and the second inequality follows from Assump-

tion[3] From the definition of R as in (I6)), when interval size A7 approaches 1, the interval-optimal

actions a}?’* will be closer to one-step optimal action a:f"*, for t € 7;, and the accumulated loss ||

2

will be smaller. However, restarting also induces errors such as f—* Thus, it is necessary to select
i

an optimal interval size Ay to minimize the regret bound. Let 1, = 7 for all ¢. Substituting (19),

(20), (23) and (24) into (I6), and combining it with (T3)), it results

s D2 ) )
DR(T) < (3+ D, /r)5LoT + Ra + Z <2; + R, + R{3>

D2 T
< (3 + Dm/T)(SLo + 7ATVD + - IVA“
T

252 ad 2 T AT

2L D2T 2U2nT 2¢dU D+/In(2T _a

< (34 Dy /r)0LeT + =2 ApVp + 2= 4 U + Ve n27/v) TAL?
a nAr 62 )

(25

with probability at least 1 — . The last inequality results from [ALT—‘ < A—TT +1< i—TT. When

_3a_ %
€ (0,1], we select § = (VTD) Tt ,n = (VTD) e and A = (%) “** to minimize the regret

bound, it achieves DR(T") = O(T THa V4+“) with probability at least 1 — (see (Flaxman et al.,
3
2004) for parameters selection details). When ¢ > 1, we select § = (VD) LM = (V?D) > and

4
Ar = (%) . it achieves DR(T) = O(T'* V3 ) with probability at least 1 — 7. O
A.3 PROOF OF THEOREM [2]

Following the derivation of (I4)—(I6) in the proof of Theorem [I] the dynamic regret under Algo-
rithm[T]is written as

DR(T) £ (34 D,/moLeT+ 30 3 (i) — 35 + 30 3 (CFa) - i)

j=1teT; Jj=1t€T;

< (34 Dy/r)SLoT + > Ry + Ry (26)
j=1
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teT;
of the function C?, we have

with R = S C9(zy) — CF (92;;*) and the definition of R, is as in 1i By the strongly convexity

S

Ri<> ( > VO (), x4 — BT — %th - jg,*Hz)

j=1 teT;

1 ~ 0% ~0,% m ~ 8% Mt ~
<323 (g Ul = 2371 =l = #5717 = e = 25717 + Sl

Ji=1t€T;
d ~ ~,%
+ SEllelllz: — 1)
<> (Rl + Ry +Rls) @7
j=1
=~ ~8,% ~0,% ~0,% RJ
where Ry, = Yo, (g (loe = #7112 = llzess — x] ) = Zlae = &7, Ry =

ZteT ZE[||ge]|? } and the definition of R7, is the same as . The second inequality follows
the derivation of in Theoreml By expanding the sequences of RH, we obtain

1 1 6%
ZRH—Z > (Grmg e

J=1te{T;\7;}
b g, = 80P = o lian = 571 = s, — 35
T Tr; — @ ian Tjnr — I, B Ty — I
S
1 - T
< g llwn = 357P < mD; L ] (28)
=1 2N T

> 0.

The first inequality establishes by substituting the learning rate 7; into 7@{1, and 7, o7 1A

Regarding Y77, RI,, it writes

PU? < PU? < d2U2 T
ZRm_ T D M o Zzt_%z 1+InAr) {AJ (29)

j=1teT; j=1t=1

The last inequality establishes as Zt 13 L < 1+In Ar. Note that the upperbound of R only relates
to the dlStI‘lbuthl‘l variation budget, which applies here directly. Hence, we substitute (23)), (28) and
(29) into 27), combine them with (26), and obtain

DR(T) = (3 + Da/r)6LoT + Ra + » R, + R, + Ris
j=1

2Lg T d?U? T
< D./r)SLoT + —A D? 1+InA7) | —
< (34 Dy /r)oLoT + S Vb +m I”AT—‘J’_Qé (1+InAg) Ay
cdUD, Wn(2T/vy) (1-2 [ T
A 2
+ ad 2 T AT
2L T d*U? T
< D, /r)0LoT —A 2mD? 1+InT
<3+ /T)0LoT + TVermAT 6m(+n)AT
2¢dU D, +/In(2T _a
LV '”511 /) Azt (30)
@
with probability at least 1 — ~ The remaining claim is as in Theorem 2] O

Remark 2. When a € (0, 1], the regret bound achieved by Algorithmdecreases with the increas-
ing tuning parameter a until a > 1. The cumulative error of CVaR gradient estimates contained in

the regret bound , ie, < U el deUDE\/WTA $

, results from using finite samples to
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estimate the CVaR gradients via the zeroth-order algorithm. This is because a larger tuning param-
eter a means more queries of cost values and a more accurate estimate of CVaR gradients. Thus,
the order of the cumulative estimation error decreases with the increasing a. When choosing the
parameters to minimize regret bound, this cumulative estimation error term is one of the dominant
terms in fora € (0,1). When a > 1, this term becomes negligible compared to the remaining
terms in (|25)).
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