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Abstract

Linear-Quadratic-Gaussian (LQG) control is a fundamental control paradigm that
has been studied and applied in various fields such as engineering, computer
science, economics, and neuroscience. It involves controlling a system with linear
dynamics and imperfect observations, subject to additive noise, with the goal of
minimizing a quadratic cost function depending on the state and control variables.
In this work, we consider a generalization of the discrete-time, finite-horizon LQG
problem, where the noise distributions are unknown and belong to Wasserstein
ambiguity sets centered at nominal (Gaussian) distributions. The objective is to
minimize a worst-case cost across all distributions in the ambiguity set, including
non-Gaussian distributions. Despite the added complexity, we prove that a control
policy that is linear in the observations is optimal, as in the classic LQG problem.
We propose a numerical solution method that efficiently characterizes this optimal
control policy. Our method uses the Frank-Wolfe algorithm to identify the least-
favorable distributions within the Wasserstein ambiguity sets and computes the
controller’s optimal policy using Kalman filter estimation under these distributions.

1. Introduction

The Linear Quadratic Regulator (LQR) is a classic control problem that has served as a building
block for numerous applications in engineering and computer science [3, 12], economics [29], or
neuroscience [47]. It involves controlling a system with linear dynamics and imperfect observations
affected by additive noise, with the goal of minimizing a quadratic state and control cost. Under
the assumption that noise terms are independent and normally distributed (a case referred to as
Linear-Quadratic-Gaussian, or LQG), it is well known that the optimal control policy depends linearly
on the observations and can be obtained efficiently by using the Kalman filtering procedure and
dynamic programming [8].

Motivated by practical settings where noise distributions may not be readily available or may not be
Gaussian, this paper considers a discrete-time, finite-horizon generalization of the LQG setting where
noise distributions are unknown and are chosen adversarially from ambiguity sets characterized by a
Wasserstein distance and centered around nominal (Gaussian) distributions.

We show that, even under distributional ambiguity, the optimal control policy remains linear in
the system’s observations. Our proof is novel and does not rely on traditional recursive dynamic
programming arguments. Instead, we re-parametrize the control policy in terms of the purified state
observations and we derive an upper bound for the resulting minimax formulation by relaxing the
ambiguity set (from a Wasserstein ball into a Gelbrich ball) while simultaneously restricting the
controller to linear dependencies. We then use convex duality to prove that this upper bound matches
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a lower bound obtained by restricting the ambiguity set in the dual of the minimax formulation. This
implies the optimality of linear output feedback controllers, thus generalizing the classic results to a
distributionally robust setting.

We also find that the worst-case distribution is actually Gaussian, which leads to a very efficient
algorithm for finding optimal controllers. Specifically, we propose an algorithm based on the Frank-
Wolfe first-order method that at every step solves sub-problems corresponding to classic LQG control
problems, using Kalman filtering and dynamic programming. We show that this algorithm enjoys a
sublinear convergence rate and is susceptible to parallelization. Lastly, we implement the algorithm
leveraging PyTorch’s automatic differentiation module and we find that it yields uniformly lower
runtimes than a direct method (based on solving semidefinite programs) across all problem horizons.

1.1. Literature Review

This paper is related to the ample literature in control theory and engineering aimed at designing
controllers that are robust to noise. The classic LQR/LQG theory, developed in the 1960s, examined
linear dynamical systems in either time or frequency domain, seeking to minimize a combination of
quadratic state and control costs (in time-domain) or the 5 norm of the system’s transfer function (in
frequency domain). Motivated by findings that LQG controllers do not provide the guaranteed robust
stability properties of LQR controllers [15], much effort has been devoted subsequently to designing
controllers that are robust to worst-case perturbations, typically evaluated in terms of the H ., norm
of the system’s transfer function (see, e.g., [16, 53] for a comprehensive review of H., and Ho
controllers). Because H, controllers tend to be overly conservative [32], various approaches have
been proposed to balance the performance of nominal and robust controllers, e.g., by combining Ho
and Ho approaches [7, 17]. A parallel stream of literature has considered risk-sensitive control [51],
which minimizes an entropic risk measure instead of the expected quadratic cost. Although risk-
sensitive control has a distributionally robust flavor (as the entropic risk measure is equivalent to a
distributionally robust quadratic objective penalized via Kullback-Leibler divergence), risk-sensitive
control models do not admit a distributionally robust formulation because the entropic risk measure
is convex, but not coherent [22]. In contrast, our distributionally robust model provides a direct
interpretation of the exact set of noise distributions against which the controller provides safeguards,
and leads to a computationally tractable framework for finding the optimal controller.

In this sense, our work is more directly related to the literature on distributionally robust control,
which seeks controllers that minimize expected costs under worst-case noise distributions [ 11, 33,
34,41, 50, 52]. Closest to our work are [28, 33]. [33] proves the optimality of linear state-feedback
control policies for a related minimax LQR model with a Wasserstein distance but with perfect state
observations. With perfect observations, the optimal policies in the classic LQR formulation are
independent of the noise distribution and are thus inherently already robust, so considering imperfect
observations is what makes the problem significantly more challenging in our case. [28] studies
a minimax formulation based on the Wasserstein distance with both state and observation noise
but without any control policy, and focuses solely on the problem of estimating the states. Several
papers have considered robust formulations with imperfect observations but for constrained systems
[5, 6, 34], which are more challenging; the common approach is to restrict attention to linear feedback
policies for computational tractability, and without proving their optimality.

Also related is the recent literature stream on distributionally robust optimization using the Wasserstein
distance [36]. Within this stream, the closest work is [38, 44], which consider the problem of
minimax mean-squared-error estimation when ambiguity is modeled with a Wasserstein distance
from a nominal Gaussian distribution. Our proof builds on some ideas from these papers (e.g., relying
on the Gelbrich distance in the construction of the upper bound), which it combines with ideas from
control theory on purified output-feedback to obtain the overall construction. Also related is [2],
which studies multistage distributionally robust problems with ambiguity sets given by a nested
Wasserstein distance for stochastic processes and identifies computationally tractable cases. For a
broader overview of developments related to optimal transport and Wasserstein distance with an
emphasis on computational tractability and applications in machine learning, we refer to [42].

Finally, our paper is also related to literature that documents the optimality of linear/affine policies in
(distributionally) robust dynamic optimization models. [10, 30] prove optimality for one-dimensional
linear systems affected by additive noise and with perfect state observations, but with general (convex)
state and/or control costs, [27, 49] provide computationally tractable approaches to quantifying the



suboptimality of affine controllers in finite or infinite-horizon settings, and [9, 21, 25] characterize
the performance of affine policies in two-stage (distributionally) robust dynamic models.

Notation. All random objects are defined on a probability space (€2, F,P). Thus, the distribution of
any random vector ¢ : 2 — R? is given by the pushforward distribution Py =Po ¢! of P with
respect to £. The expectation under IP is denoted by Ep[-]. For any ¢t € Z,, we set [t] = {0,...,t}.

2. Problem Definition

We consider a discrete-time linear dynamical system
Tey1 = Ay + By +wy V€ [T — 1] (1)

with states x; € R™, control inputs u; € R™, process noise w; € R™ and system matrices A; € R™*"™
and B, € R™*". The controller only has access to imperfect state measurements

Yt = Ctil't +v; Vte [T — ].] )

corrupted by observation noise v; € RP, where C; € RP*" and usually p < n (so that observ-
ing y; would not allow reconstructing z; even if there were no observation noise). The control
inputs u, are causal, i.e., depend on the past observations yq, . . ., y; but not on the future observa-
tions ¥y 1, . .., yr—1. More precisely, the set of feasible control inputs {,, is the set of random vectors
(ug,u1,...,ur—_1) where for every ¢ there exists a measurable control policy ¢; : RP(EHD) 5 R™
such that uz = ¢¢(yo, - . ., y¢). Controlling the system generates costs that depend quadratically on
the states and the controls:

T—-1
J = (¢ Quwy + uf Rywy) + 27 Qrar, 3)
t=0

where ); € S7 and R; € ST, represent the state and input cost matrices, respectively. The exoge-

nous random vectors x, {w; };_," and {v;}7_;" are mutually independent and follow probability
distributions given by P, , {Py, tT:_Ol, and {P,, }tT:_Ol, respectively. As the control inputs are causal,
the system equations (2) imply that x, u; and y; can be expressed as measurable functions of the
exogenous uncertainties xo as well as w; and vs, s € [t], for every ¢. From now on we may thus
assume without loss of generality that Q@ = R™ x R™"*T x RP*T is the space of realizations of the
exogenous uncertainties, F is the Borel o-algebraon Q and P = P, ® (2{'Py,) @ (]_oPs,),
where P; ® Py denotes the independent coupling of the distributions P; and Ps.

In this context, the classic LQG model assumes that IP is known and Gaussian, and seeks u € U, that
minimizes Ep[.J]. Appendix §A reviews the standard approach for computing optimal control inputs
by estimating states through Kalman filtering techniques and using dynamic programming.

In contrast, we assume that [P is only known to belong to an ambiguity set VV, and we formulate a
distributionally robust LQG problem that seeks u € U, to minimize the worst-case expected cost:

T—1
&%EP ;(l’fTQtIt + U:Rtut) + l";QTiET . @

We construct the ambiguity set WV as a ball based on the Wasserstein distance. Specifically, we
assume that a nominal Gaussian distribution P = P, @ (®]_'P,,) ® (®]_,P,,) is available so
that P,,, = N (0, Xy), Py, = N(0,W;), and P, = N (0, V;) forall ¢ € [T — 1], and W is given by:

W =W,, @ (@ Wa,) ® (853 W),
where
Wao = {Pay € P(R") : W(Pyy, Pay) < pay, Ep,, [70] = 0}
Wa, = {Pw, € P(R") : W(Py,,Pu,) < pu,, Ep,, [wi] = 0}
W, = {Py, € P(R™) : W(P,,,Py,) < pu,, Ep,, [vi] =0},

and W is the 2-Wasserstein distance. Thus, by construction, all exogenous random vari-
ables zg, wo, ..., wr—1, %, ..., vr—1 are independent under every distribution in W.



Definition 1 (2-Wasserstein distance). The 2-Wasserstein distance between two distributions P and
Py on R? with finite second moments is given by

2

W(P,,P,) = inf — &2 w(dgq,d ,
®ur) = (i, [ - lns,0)
where I1(IP1, Py) denotes the set of all couplings, that is, all joint distributions of the random variables
&1 and & with marginal distributions P1 and Pa, respectively.

Our model strictly generalizes the classic LQG setting,' which can be recovered by choosing
Pzo = Pw, = Pv, = 0. The parameters p thus allow quantifying the uncertainty about the nominal
model and building robustness to mis-specification. We emphasize that the Wasserstein ambiguity
set VW contains many non-Gaussian distributions and it is not readily obvious that the worst-case
distribution in (4) is in fact Gaussian. However, the set }V is also non-convex, as it contains
only distributions under which the exogenous uncertainties are independent, which makes the
distributionally robust LQG problem potentially difficult to solve.

3. Nash Equilibrium and Optimality of Linear Output Feedback Controllers

We henceforth view the distributionally robust LQG problem as a zero-sum game between the
controller, who chooses causal control inputs, and nature, who chooses a distribution P € W. In
this section we show that this game admits a Nash equilibrium, where nature’s Nash strategy is a
Gaussian distribution P* € W and the controller’s Nash strategy is a linear output feedback policy
based on the Kalman filter evaluated under P*.

Purified Observations. Before outlining our proof strategy, we first simplify the problem formula-
tion by re-parametrizing the control inputs in a more convenient form (following [5, 6, 27]). Note
that the control inputs in the LQG formulation are subject to cyclic dependencies, as u; depends
on y;, while y; depends on z; through (2), and x; depends again on u; through (1), etc. Because
these dependencies make the problem hard to analyze, it is preferable to instead consider the controls
as functions of a new set of so-called purified observations instead of the actual observations ;.

Specifically, we first introduce a fictitious noise-free system
flAft+1 = At.’i't + Btut YVt € [T — 1] and Qt = Ct.’lA’,'t Vt € [T — 1}

with states £; € R™ and outputs 3, € RP, which is initialized by £y = 0 and controlled by the same
inputs u; as the original system (2). We then define the purified observation at time ¢ as 7; = y; — ¥z
and we use ) = (1), . .., )7—1) to denote the trajectory of all purified observations.

As the inputs u; are causal, the controller can compute the fictitious state Z; and output §; from
the observations g, . . ., y¢. Thus, 7 is representable as a function of yy, . .., y;. Conversely, one
can show by induction that y; can also be represented as a function of 7, ..., 7. Moreover, any
measurable function of yy, . .., y; can be expressed as a measurable function of 7, . .., 7, and vice-
versa [27, Proposition II.1]. So if we define U/, as the set of all control inputs (ug,u1,...,ur—_1) SO

that u; = 1, (1o, . .., ;) for some measurable function v, : RP(+1) — R™ for every t € [T — 1],
the above reasoning implies that U, = U,.

In view of this, we can rewrite the distributionally robust LQG problem equivalently as

Pew

. min max Ep [uTRu + xTQx}
pF =< wuy
st. wely, z=Hu+Gw, y=Cz+v

min max Ep [uTRu—i—xTQx]
= z,u  PEW (@)

st. uwel,, r=Hu+Gu,
where x = (zg,...,27), u = (ug,...,ur-1), ¥y = (Yo,---,Yr—1), w = (Tg,Wwo,...,Wr_1),
v = (vo,...,vr—1), 7 = (No,...,nr—1), and R, Q, H, G and C are suitable block matrices

'Our assumption that noise terms are zero-mean is consistent with the standard LQG model [8]. Requiring
Ep,, [zo] = 0 is assumed for clarity and without loss of generality.



(see Appendix §B for their precise definitions). The latter reformulation involving the purified
observations 7 is useful because these are independent of the inputs. Indeed, by recursively combining
the equations of the original and the noise-free systems, one can show that 7 = Dw + v for some
block triangular matrix D (see Appendix §B for its construction). This shows that the purified
observations depend (linearly) on the exogenous uncertainties but not on the control inputs. Hence,
the cyclic dependencies complicating the original system are eliminated in (5).

Subsequently, we also study the dual of (5), defined as

" { mas min B [uTRu+ o7 Qo ©
st. u€ely, v=Hu+ Gu.

The classic minimax inequality implies that p* > d*. If we can prove that p* = d*, that (5) has a
solution «* and that (6) has a solution P*, then (u*, P*) must be a Nash equilibrium of the zero-sum
game at hand [43, Theorem 2]. However, because U/, is an infinite-dimensional function space
and WV is an infinite-dimensional, non-convex set of non-parametric distributions, the existence of
a Nash equilibrium (in pure strategies) is not at all evident. Instead, our proof strategy will rely on
constructing an upper bound for p* and a lower bound for d*, and showing that these match.

Upper Bound for p*. We obtain an upper bound for p* by suitably enlarging the ambiguity set W
and restricting the controllers u; to linear dependencies. We enlarge YV by ignoring all information
about the distributions in JV except for their covariance matrices, and by replacing the Wasserstein
distance with the Gelbrich distance. To that end, we first define the Gelbrich distance on the space of
covariance matrices.

Definition 2 (Gelbrich distance). The Gelbrich distance between the two covariance matrices
Y1,%0 € S‘i is given by

G(Z), 59) = \/Tr (21 8,2 (252125)2)

We are interested in the Gelbrich distance because of its close connection to the 2-Wasserstein
distance. Indeed, it is known that the 2-Wasserstein distance between two distributions with zero
means is bounded below by the Gelbrich distance between the respective covariance matrices.

Proposition 3.1 (Gelbrich bound [24, Theorem 2.1]). For any two distributions P and Py on R with
zero means and covariance matrices %1, Yo € Si, respectively, we have W (P1,Ps) > G(X1, Xo).

Recalling that X, 0s Wt and Vt respectively denote the covariance matrices for xg, w; and v; under

the nominal distribution P, we can then define the following Gelbrich ambiguity set for the exogenous
uncertainties:

G = Guo @ (®1 Gu,) ® (®75 G,
where
Guo = {Ps, € P(R™) : Ep,_[w0] = 0, Ep[zozg ] = Xo, G(Xo,X0) < pay, }
Guw, = {Pu, € P(R") : Ep, [w,] = 0, Ep[wyw, | = Wy, G(Wy, W) < pu, }
Gu, = {Py, € P(R™) : Bp,, [0,] = 0, Eplvyv] ] = Vi, G(Vi, Vi) < pu, }-

we
vt

By construction, the random vectors zq, {w;} ' and {v;}7—," are thus mutually independent under
any P € G. In addition and as a direct consequence of Proposition 3.1, G constitutes an outer
approximation for the Wasserstein ambiguity set ¥V, as summarized in the next result.

Corollary 1 (Gelbrich hull). We have W C G.

Because G covers W, we henceforth refer to it as the Gelbrich hull of the Wasserstein ambiguity
set W. To finalize our construction of the upper bound on p*, we focus on linear policies® of the form

Technically, the policies are affine because they include a constant term, but we retain the more common
terminology that focuses on the dependencies.



u=q+Un=q+U(Dw+v), where ¢ = (qo, ...,qr—1), and U is a block lower triangular matrix

Uo,o
Uio Uin
U= . @)

UT—I,O UT—l,T—l

The block lower triangularity of U ensures that the corresponding controller is causal, which in turn
ensures that u € U,,. In the following, we denote by U/ the set of all block lower triangular matrices
of the form (7). An upper bound on problem (5) can now be obtained by restricting the controller’s
feasible set to causal controllers that are linear in the purified observations 77 and by relaxing nature’s
feasible set to the Gelbrich hull G of W. The resulting bounding problem is given by

{ min  max Ep [uTRu + xTQaZ]

—%

U,q,z,u PeG (8)
st. Ueld, u=q+U(Dw+v), z=Hu+ Gu.

As we obtained (8) by restricting the feasible set of the outer minimization problem and relaxing
the feasible set of the inner maximization problem in (5), it is clear that p* > p*. Recall also that
problem (5) constitutes an infinite-dimensional zero-sum game, where the agents optimize over
measurable policies and non-parametric distributions, respectively. In contrast, the next proposition
shows that problem (8) is equivalent to a finite-dimensional zero-sum game.

Proposition 3.2. Problem (8) is equivalent to the optimization problem

., min  max Tr ((D'U"(R+H "QH)UD+2G"QHUD +G"QG)W)
P = qe]RT’T wWegw T T T T (9)
veu V9 4Ty ((UN(R+H'QH)U)V)+q  (R+H'QH)q,
where

gW — {W c SZ(T+1) . W = diag(XOaWO; . -aWT—1)7 XO S Si, Wt S Si Vt S [T — 1} }

G(Xo,X0)? < p2,, G(Wy, Wy)2 < p2, Vte [T —1]
Gy ={ vest': V=dag(Vo,....,Vo_1), Vi€S,, G(V,,V;)2<p? Vte[T—1] }.

We emphasize that Proposition 3.2 remains valid even if the nominal distribution P fails to be normal.
Note also that, while nature’s feasible set in (8) is non-convex due to the independence conditions,
the sets Gy and Gy are convex and even semidefinite representable thanks to the properties of
the squared Gelbrich distance.® By dualizing the inner maximization problem, one can therefore
reformulate the minimax problem (9) as a convex semidefinite program (SDP). Even though this
SDP is computationally tractable in theory, it involves O(T (mp + n® + p?)) decision variables. For
practically interesting problem dimensions, it thus quickly exceeds the capabilities of existing solvers.

Lower Bound for d*. To derive a tractable lower bound on d*, we restrict nature’s feasible set
to the family W)y, of all normal distributions in the Wasserstein ambiguity set WW. The resulting
bounding problem is thus given by

7 { max min [Ep [uTRu—i-xTQx]

PEWN  z,u (10)
st. uwel,, z=Hu+Gu.

As we obtained (10) by restricting the feasible set of the outer maximization problem in (6), it is clear
that d* < d*. Next, we show that (10) can be recast as a finite-dimensional zero-sum game. This
result critically relies on the following known fact regarding the 2-Wasserstein distance between two
normal distributions, which coincides with the Gelbrich distance between their covariance matrices.

Proposition 3.3 (Tightness for normal distributions [26, Proposition 7]). For any two normal distri-
butions P1 = N(0,%1) and Ps = N(0, X2) with zero means we have W (P, P3) = G(X1, o).

With this, we can provide a finite-dimensional reformulation, as summarized in the next result.

3Note that the ambiguity sets Gy and Gy appearing in (9) involve the squared Gelbrich distance, G (X1, 22)2.
The reason is that G (31, X2)? is known to be jointly convex in £1, X5 and semidefinite representable [38,
Proposition 2.3], unlike the Gelbrich distance G(X1, X2) itself, which is generally non-convex.



Proposition 3.4. Problem (10) is equivalent to the optimization problem
max min Tr (DTUT(R+HTQH)UD+2GTQHUD +G'QG)W)

d"=q Weow qerr (11)
Vedv veu  +Tr (UT(R+HTQH)U)V)+q' (R+ H"QH)q,

where Gy and Gy are defined exactly as in Proposition 3.2.

Proposition 3.4 relies on Proposition 3.3 and thus fails to hold unless PP is normal. Also, one can
again reformulate (11) as a tractable SDP by dualizing the inner minimization problem.

Conclusions. Propositions 3.2 and 3.4 reveal that problems (9) and (11) are dual to each other, that
is, they can be transformed into one another by interchanging minimization and maximization. The
following main theorem shows that strong duality holds irrespective of the problem data.

Theorem 3.5 (Strong duality of (9) and (11)). We have p* = d*.

Theorem 3.5 follows immediately from Sion’s classic minimax theorem [45], which applies be-
cause Gy and Gy are convex as well as compact thanks to [38, Lemma A.6].

By weak duality and the construction of the bounding problems (9) and (11), we trivially have d* <
d* < p* < p*. Theorem 3.5 reveals that all of these inequalities are in fact equalities, each of which
gives rise to a non-trivial insight. The first key insight is that (5) and (6) are strong duals.

Corollary 2 (Strong duality of (5) and (6)). We have p* = d*.

We stress that, unlike Theorem 3.5, Corollary 2 establishes strong duality between two infinite-
dimensional zero-sum games. The second key implication of Theorem 3.5 is that the distributionally
robust LQG problem (5) is solved by a linear output-feedback controller.

Corollary 3 (The controller’s Nash strategy is linear in the observations). There exist U* € U
and q* € R™ such that the distributionally robust LQG problem (5) is solved by u* = ¢* + U™*y.

The identity p* = p* readily implies that (5) is solved by a causal controller that is linear in the
purified observations. However, any causal controller that is linear in the purified observations n
can be reformulated exactly as a causal controller that is linear in the original observations y and
vice-versa [0, Proposition 3]. Thus, Corollary 3 follows. The third key implication of Theorem 3.5 is
that the dual distributionally robust LQG problem is solved by a normal distribution.

Corollary 4 (Nature’s Nash strategy is a normal distribution). The dual distributionally robust LOG
problem (6) is solved by a distribution P* € W).

Corollary 4 is a direct consequence of the identity d* = d*. Note that the optimal normal distribu-
tion P* is uniquely determined by the covariance matrices W* and V'* of the exogenous uncertain
parameters, which can be computed by solving problem (11). That the worst-case distribution is
actually Gaussian is not a-priori expected and is surprising given that the Wasserstein ball contains
many non-Gaussian distributions.

4. Efficient Numerical Solution of Distributionally Robust LQG Problems

Having proven these structural results, we next turn attention to the problem of finding the optimal
strategies. Our next result shows that, under a mild regularity condition, the optimal controller v* of
the distributionally robust LQG problem (5) can be computed efficiently from P*.

Proposition 4.1 (Optimality of Kalman filter-based feedback controllers). If V=0 forallt € [T—1],
then problem (6) is solved by a Gaussian distribution P* under which v; has a covariance matrix
V¥ > 0 foreveryt € [T — 1], and (5) is solved by the optimal LQG controller corresponding
to P*. Additionally, the optimal value of problem (9) and its strong dual (11) does not change if we
restrict Gy and Gy to g‘jv and Q‘J/r, respectively, where

Gy = {W € Gw : Xo = Amin(X0) T, Wi = Amin(Wo)T ¥t € [T — 1]} :

G = {V ey : Vi Aan(VI Vi€ [T - 1]}



This implies that the optimal controller can be computed by solving a classic LQG problem corre-
sponding to nature’s optimal strategy P*, which can be done very efficiently through Kalman filtering
and dynamic programming (see Appendix §A for details). It thus suffices to design an efficient
algorithm for computing P*, which is uniquely determined by the covariance matrices (W™*, V*) that
solve problem (11). To this end, we first reformulate (11) as

max  f(W,V), (12)
wegy, vegh

where we restrict Gy and Gy to Q;{, and g;, respectively, due to Proposition 4.1, and where f (W, V)
denotes the optimal value function of the inner minimization problem in (11). As (11) is a reformula-
tion of (10) and as the family of all causal purified output-feedback controllers matches the family of
causal output-feedback controllers, f(W, V') can also be viewed as the optimal value of the classic
LQG problem corresponding to the normal distribution P determined by the covariance matrices W
and V. These insights lead to the following structural result.

Proposition 4.2. f(W, V) is concave and B-smooth in (W, V') € g;, X Q‘J; for some 3 > 0.

By Proposition 4.2, it is possible to address problem (12) with a Frank-Wolfe algorithm [13, 18, 19,
20, 23, 35]. Each iteration of this algorithm solves a direction-finding subproblem, that is, a variant of
problem (12) that maximizes the first-order Taylor expansion of f(W, V') around the current iterates.

max (Vw fW, V), Ly — W) + (Vv f(W,V),Ly — V) (13)
Lwegd, Lveg
The next iterates are then obtained by moving towards a maximizer (L3, L},) of (13), i.e., we update
W V) = W V) +a- (Ly =W, Ly = V),
where « is an appropriate step size. The proposed Frank-Wolfe algorithm enjoys a very low per-
iteration complexity because problem (13) is separable. To see this, we reformulate (13) as
T—1

max (Vi f(W.V), Lx, = Xo)+ ) (Vw, f(W.V), L, = W) + (Vv f(W. V), Ly, = Vi)
WV t=0

8.t G(LXmXO)Q < piov G(Lw,, VAVt)2 < p%uu G(Lvmvt)z < p12;,, vte [T —1]
LXO t )\min(XO)Ia LWt t )\min(Wt)I; L‘/f t Amin(‘/t)l vt € [T - 1]

Hence, (13) decomposes into 27" 4 1 separate subproblems that can be solved in parallel. That is, for

any matrix Z € {Xo, Wo, ..., Wr_1,Vy,..., Vr_1} we solve a separate subproblem of the form
max  {(Vzf(W,V), Lz — Z) : G(Lz, 2)* < p2}. (14)
Lz = min(Z)

These subproblems can be reformulated as tractable SDPs and are thus amenable to efficient off-
the-shelf solvers. By [38, Theorem 6.2], however, one can exploit the structure of the Gelbrich
distance in order to reduce (14) to a univariate algebraic equation that can be solved to any desired
accuracy § > 0 by a highly efficient bisection algorithm. We say that LY, is a §-approximate solution
of problem (14) for some § € (0, 1) if L‘; is feasible in (14) and if

(N f(W,V), Ly — Z) > 6(N 2 f(W,V), Ly — Z),

where L% is an exact maximizer of (14). Note that, by the concavity of f(W, V'), the inner product
on the right-hand side is nonnegative and vanishes if and only if Z maximizes f(W, V') over the
feasible set of (14). For further details we refer to Appendix §E in the supplementary material.

Remark 1 (Automatic differentiation). Recall that f(W, V') coincides with the optimal value of the
LQG problem corresponding to the normal distribution P determined by the covariance matrices W
and V. By using the underlying dynamic programming equations, f(W, V') can thus be expressed in
closed form as a serial composition of O(T) rational functions (see Appendix §A for details). Hence,
Vzf(W,V) can be calculated symbolically for any Z € {Xo, Wo,...,Wr_1,Vo,...,Vr_1} by
repeatedly applying the chain and product rules. However, the resulting formulas are lengthy and
cumbersome. We thus compute the gradients numerically using backpropagation. The cost of
evaluating ¥V 7 f (W, V') is then of the same order of magnitude as the cost of evaluating f(W, V).

A detailed description of the proposed Frank-Wolfe method is given in Algorithm 1 below.

By [31, Theorem 1 and Lemma 7], which applies thanks to the structural properties of f (W, V)
established in Proposition 4.2, Algorithm 1 attains a suboptimality gap of € within O(1/¢) iterations.



Algorithm 1 Frank-Wolfe algorithm for solving (12)

Input: initial iterates W, V', nominal covariance matrices W V oracle precision ¢ € (0,1)
set initial iteration counter k = 0
while stopping criterion is not met do
for Z € {Xo,Wo,...,Wr_1,Vo,...,Vr_1} do in parallel
compute Vz f(W, V)
find a -approximate solution L%, of (14)
end
g <+ <VWf(W,V),L‘5W — W)+ (Vv f(W, V),L?, -V
(W, V) < (W, V) +2/(2+k) - (LY, — W, LY, = V)
end while
Output: W and V
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Figure 1: (a) Execution time for MOSEK and Frank-Wolfe algorithm over 10 simulation runs as a
function of the horizon T (solid lines show the mean and the shaded areas correspond to 1 standard
deviation). (b) Convergence of optimality gap for Frank-Wolfe algorithm with horizon 7" = 10.

5. Numerical Experiments

All experiments are run on an Intel i7-8700 CPU (3.2 GHz) machine with 16GB RAM. All linear
SDP problems are modeled in Python 3.8.6 using CVXPY [1, 14] and solved with MOSEK [37].
The gradients of f (W, V') are computed via Pymanopt [48] with PyTorch’s automated differentiation
module [39, 40].

Consider a class of distributionally robust LQG problems withn = m = p = 10. We set A; =
0.1 x A to have ones on the main diagonal and the superdiagonal and zeroes everywhere else (4; ; = 1
ifi=jori=j—1and A;; = 0 otherwise), and the other matrices to B; = C; = Q; = R; = 1.
The Wasserstein radii are set to p,, = pu, = pv, = 1071, The nominal covariance matrices of the
exogenous uncertainties are constructed randomly and with eigenvalues in the interval [1, 2] (so as
to ensure they are positive definite). The code is publicly available in the Github repository https:
//github.com/RAO-EPFL/DR-Control.

The optimal value of the distributionally robust LQG problem (5) can be computed by directly solving
the SDP reformulation of (11) with MOSEK or by solving the nonlinear SDP (12) with our Frank-
Wolfe method detailed in Algorithm 1. We next compare these two approaches in 10 independent
simulation runs, where we set a stopping criterion corresponding to an optimality gap below 103
and we run the Frank-Wolfe method with § = 0.95. Figure la illustrates the execution time for
both approaches as a function of the planning horizon 7’; runs where MOSEK exceeds 100s are not
reported. Figure 1b visualizes the empirical convergence behavior of the Frank-Wolfe algorithm. The
results highlight that the Frank-Wolfe algorithm achieves running times that are uniformly lower
than MOSEK across all problem horizons and is able to find highly accurate solutions already after a
small number of iterations (50 iterations for problem instances of time horizon 7" = 10).


https://github.com/RAO-EPFL/DR-Control
https://github.com/RAO-EPFL/DR-Control

6. Concluding Remarks and Limitations

In view of the popularity of LQG models, the results in this work carry important theoretical and
practical implications. Despite considering a generalization of the classic LQG setting where the
noise affecting the system dynamics and the observations follows unknown (and potentially non-
Gaussian) distributions, our findings suggest that certain classic structural results continue to hold
and that highly efficient methods can be adapted to tackle this more realistic (and more challenging)
problem. Specifically, that control policies depending linearly on observations continue to be optimal
and that the worst-case distribution turns out to be Gaussian is surprising from a theoretical angle
and also has direct practical implications, because it allows leveraging the highly efficient Kalman
filter in conjunction with dynamic programming and a Frank-Wolfe method to design an efficient
computational procedure for solving the problem.

The results also raise several important questions that warrant future exploration. First, it would be
highly relevant to consider extensions where the system matrices are also affected by uncertainty,
as this captures many applications of practical interest in, e.g., reinforcement learning or revenue
management. Second, it would be worth exploring an infinite horizon setting or relaxing the
assumption that the nominal distribution is Gaussian, as both assumptions may be limiting the
practical appeal of the framework. Third, one could also attempt to prove structural optimality results
or design novel algorithms for generating high-quality suboptimal solutions for the more general
setting involving constraints on states and/or control inputs. Lastly, one could improve the present
algorithmic proposal by exploiting topological properties of the objective so as to guarantee linear
convergence rates in the Frank-Wolfe procedure.
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Appendix

The supplementary material is structured as follows. Appendix §A presents the well-known solution
to the classic LQG problem using dynamic programming and Kalman Filter estimation. Appendix §B
provides the definitions of the stacked system matrices utilized in the compact formulation (5) of the
distributionally robust LQG problem. Appendix §C contains the proofs of the formal statements in
the main text and provides additional technical results. Appendix §D derives the SDP reformulation
of the dual problem (11). Appendix §E, finally, elaborates on the bisection algorithm used for solving
the linearization oracle of the Frank-Wolfe algorithm.

A. Solution of the LQG Problem

The classic LQG problem can be solved efficiently via dynamic programming; see, e.g., [8]. That
is, the unique optimal control inputs satisfy u} = K;i, for every ¢t € [T — 1], where K; € R"*" is
the optimal feedback gain matrix, and &; = Ep[xt|yo, - . ., y¢] is the minimum mean-squared-error
estimator of x; given the observation history up to time ¢. Thanks to the celebrated separation
principle, K; can be computed by pretending that the system is deterministic and allows for perfect
state observations, and Z; can be computed while ignoring the control problem.

To compute K, one first solves the deterministic LQR problem corresponding to the LQG problem
at hand. Its value function JctT P;x, at time ¢ is quadratic in x4, and P; obeys the backward recursion

P=A/P 1A+ Qi — A P.1By(R, + B/ Py B) 'B/ P Ay Vte [T —1] (A.d5a)
initialized by Pr = Qp. The optimal feedback gain matrix K can then be computed from P;; as
K;=—(Ri+ B P.y1B,) 'B P Ay Vte [T —1]. (A.15b)

Since z; and (yo, - . ., y¢) are jointly normally distributed, the minimum mean-squared-error estima-
tor ; can be calculated directly using the formula for the mean of a conditional normal distribution.
Alternatively, however, one can use the Kalman filter to compute &, recursively, which is significantly
more insightful and efficient. The Kalman filter also recursively computes the covariance matrix
of x; conditional on yo, . .., y; and the covariance matrix 3; 1); of x4y conditional on yo, ...,y
evaluated under P. Specifically, these covariance matrices obey the forward recursion

St = Sypm1 — Se1e—1C) (CeSep 1 CF + Vi) CiSyyp
t = Sij—1 —tr|t 10y (Ce2yi—1Cy ) CiXie—1 Vie (T 1] A16)
Vg1 = AXe Ay + Wy

initialized by ¥g,_; = Xo. Using X;;_;, we then define the Kalman filter gain as
Ly =%C Vv, vte [T -1]
which allows us to compute the minimum mean-squared-error estimator via the forward recursion
Typ1 = Ae® + Byug + Lty (Yer1 — Cop1 (Ae®e + Byuy)) YVt € [T — 1]

initialized by o = Loyo. One can also show that the optimal value of the LQG problem amounts to

T—1 T
Z Tr((Qr — Pr)%¢) + Z Tr(P (A 1% 1A + Wi1)) + Tr(PyXo). (A.17)
t=0 t=1

B. Definitions of Stacked System Matrices

The stacked system matrices appearing in the distributionally robust LQG problem (5) are defined as
follows. First, the stacked state and input cost matrices @ € S*T+1 and R € ST are set to

Qo Ry
Q1 Ry
Q= . and R = . ’

Qr Ryr_q
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respectively. Similarly, the stacked matrices appearing in the linear dynamics and the measurement
equations C' € RPT>*n(T+1) G ¢ RUTHD>x(TH) and H € RMUT+H)XmT gre defined as

Co 0 A9
Ci 0 A(l) A%
C= . . , G=1 .
Cr-1 0 AL AT .. AR
and
- 0 _
ABy 0
A%BO A%Bl 0
H= . ,
: 0

_A,{BO AgBl e . A%:BT_l_

respectively, where A’ = HZ:& Ay, for every s < t and A, = I,, for s = t.

Using the stacked system matrices, we can now express the purified observation process 7 as a linear
function of the exogenous uncertainties w and v that is not impacted by u; see also [5, 46]

Lemma B.1. We have n = Dw + v, where D = CG.

Proof of Lemma B.1. The purified observation process is defined as = y — ¢. Recall now that
the observations of the original system satisfy y = C'z 4 v. Similarly, one readily verifies that the
observations of the fictitious noise-free system satisfy § = CZ. Thus, we have n = C(z — ) + v.
Next, recall that the state of the original system satisfies * = Hu + G'w, and note that the state of the
fictitious noise-free system satisfies £ = Hwu. Combining all of these linear equations finally shows
that u cancels out and that n = CGw + v = Dw + v. O

C. Proofs

C.1. Additional Technical Results

It is well known that every causal controller that is linear in the original observations y can be
reformulated as a causal controller that is linear in the purified observations 7 and vice versa [5, 46].
Perhaps surprisingly, however, the one-to-one transformation between the respective coefficients of y
and 7 is not linear. To keep this paper self-contained, we review these insights in the next lemma.
Lemma C.1. If u = Un + q for some U € U and q € RPT, then v = U'y + ¢ for U =
(I+UCH) U and ¢ = (I + UCH)™'q. Conversely, if u = U'y + ¢ for some U' € U and
¢ €RPT thenu=Un+qforU = (I -UCH) U andq= (I —U'CH)"'¢.

Proof of Lemma C.1. If u = Un + ¢ for some U € U and q € RP7, then we have
u=Un+q=Uly—9)+q=Uy—-UCi+q=Uy—UCHu+gq,

where the second equality follows from the definition of 7, the third equality holds because y = C'z+wv,
and the last equality exploits our earlier insight that § = C'Z. The last expression depends only on y
and u. Solving for u yields u = U’y + ¢/, where U’ = (I + UCH) U and ¢ = (I + UCH)1q.
Note that (I + UCH) is indeed invertible because I + UCH is a lower triangular matrix with all
diagonal entries equal to one, ensuring a determinant of one.

Similarly, if u = U’y + ¢’ for some U’ € U and ¢’ € RPT, then we have
u=Uy+¢d =UM+9)+¢ =Un+UCz+q¢ =U'n+UCHu+¢q.

Solving for u yields u = Un + ¢, where U = (I — U'CH)~ U’ and g = (I — U'CH)~'¢'. Note
again that (I — U'C H) is indeed invertible because (I — U'C' H) is a lower triangular matrix with
all diagonal entries equal to one. O
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C.2. Proofs of Section 3

Proof of Proposition 3.2. In problem (8), both u and x are linear in w and v, i.e., u = ¢+ U Dw+Uv
and x = Hu + Gw = Hqg+ HU Dw + HUv + Gw. By substituting the linear representations of u
and z into the objective function of problem (8), we obtain the following equivalent reformulation.
min - max Ep [w' (DTUT(R+H"QH)UD+2D"UTH"QG + GTQG) w]
gER?P €
veu

+Ep [0 (UT(R+H"QH)U)v] +q" (R+H'"QH)q
For any fixed P € G, we can express the expectation in the objective function of the above problem
in terms of the covariance matrices W = Ep[ww ] and V = Ep[vv"]. Thus, the problem becomes

min ~ max Tr((D'U"(R+H QH)UD+2G " QHUD +G'QG)W)
gerPT W, VP

veu +Tr (UT(R+ HTQH)U)V)+q" (R+H QH)q (A.18)
st. PeG, W=Epww'], V=Epwv'].

Recall now the definition of G, and note that the requirements G(XJ, X 0) < Pags G(W, Wt) < Puw,
and G(V;, V;) < p,, are equivalent to the convex constraints G(Xo, Xo)? < p2 , G(Wy, W,)? < p2,.
and G(V;, V;)? < p2,. respectively, for all t € [T" — 1]. The definition of G also implies that

W = Eplww '] = diag(Xo, Wo, ..., Wr_1) and V =Ep[ov'] = diag(Vp, ..., Vr_1).

Problem (A.18) thus constitutes a relaxation of problem (9). Indeed, the feasible set of the inner
maximization problem in (A.18) is a subset of the feasible set of the inner maximization problem
in (9). Moreover, for any W and V feasible in the inner maximization problem in (9), the distribution
P =P, @ (@ 'Py,) ® (®I_P,,) defined through P,, = N(0, Xo), Py, = N(0,W;) and
P,, = N(0,V4), t € [T — 1], is feasible in the inner maximization problem in (A.18) with the
same objective value. The relaxation is thus exact, and the optimal values of (8), (9) and (A.18)
coincide.

Proof of Proposition 3.4. Recall that the space U, of all causal output-feedback controllers coincides
with the space U, of all causal purified output-feedback controllers. We can thus replace the feasible
set Uy, of the inner minimization problem in (10) with ¢/,. Hence, for any fixed ° € Wy, the inner
minimization problem in (10) constitutes a classic LQG problem. By standard LQG theory [£], it is
solved by a linear output-feedback controller of the form u = U’y+¢’ forsome U’ € U and ¢’ € RPT;
see also Appendix §A. Lemma C.1 shows, however, that any linear output-feedback controller can
be equivalently expressed as a linear purified-output feedback controller of the form u = Un + q
for some U € U and ¢ € RPT. In summary, the above reasoning shows that the feasible set of the
inner minimization problem in (10) can be reduced to the family of all linear purified-output feedback
controllers without sacrificing optimality. Thus, problem (10) is equivalent to

max min Ep [uTRu + :ETQSC]

PeWn  q,Uz,u

st. Ueld, u=q+Un, = Hu+ Guw.

Using a similar reasoning as in the proof of Proposition 3.2, we can now substitute the linear
representations of u and z into the objective function and reformulate the above problem as

VI[I/l{a/)E» min TI‘((DTUT(RJrHTQH)UDJr 2GTQHUD +GTQG)W)
Vs qerPT

veu  +Tr (UT(R+HTQH)U)V)+q" (R+H"QH)q

st.  PeWy, W=Eplww'], V=Epwv']
As Wy contains only normal distributions, Proposition 3.3 implies that W (P, , P,.,) = G(Xo, Xo).
W(Py,,Py,) = G(W;, W;) and W(P,,,P,,) = G(V;,V;) forall t € [T — 1]. We may thus
replace the requirement W(P,,,, P,.,) < p, in the definition of Wy, by G(Xo, Xo) < pa,» which is

equivalent to the convex constraint G(Xo, Xo)? < p2 ,- The conditions on the marginal distributions
of wy and vy, t € [T — 1], admit similar reformulations. The definition of W) also implies that

W = Eplww '] = diag(Xo, Wo,...,Wr_1) and V =Ep[ov'] = diag(Vp, ..., Vr_1).
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Thus, the feasible set of the outer maximization problem in (11) constitutes a relaxation of that
in (10). One readily verifies that the relaxation is exact by using similar arguments as in the proof of
Proposition 3.2. Thus, the claim follows. O

Proof of Theorem 3.5. By Proposition 3.2, p* coincides with the minimum of (9). Similarly, by
Proposition 3.4 d* coincides with the maximum of (11). Note that problems (9) and (11) only differ
by the order of minimization and maximization. Note also that I/ is convex and closed, Gy and Gy
are convex and compact by virtue of [38, Lemma A.6], and the (identical) trace terms in (9) and (11)
are bilinear in (W, V') and (U, q). The claim thus follows from Sion’s minimax theorem [45].  [J

C.3. Proofs of Section 4

Note that Proposition 4.1 is consistent with Corollary 3 because the optimal LQG controller corre-
sponding to P* is linear in the past observations.

Proof of Proposition 4.1. By [38, Lemma A.3], the inner problem in (9) admits a maximizer
(W*,V*) with X¢ = Amin(Xo) as well as W7 = Apin(W3) and Vi* = Apin(V;) forall ¢ € [T —1].
Thus, the optimal value of problem (9) and its strong dual (11) does not change if we restrict Gy,
and Gy to g;g, and g‘t, respectively. We may thus conclude that problem (11) has a maxi-
mizer (W*, V*) with V;* = Apin(V;) > 0 for all ¢ € [T’ — 1]. This in turn implies that problem (6)
is solved by a normal distribution P* under which the covariance matrix of the observation noise vy
satisfies V;* > 0 for every t € [T — 1]. As (5) and (6) are strong duals, the optimal solution u* of
problem (5) forms a Nash equilibrium with P*, i.e., u* is a best response to P* and thus solves the
classic LQG problem corresponding to P*. As R; > 0 for every ¢ € [T — 1], this best response u* is
unique, and as V> 0 for every ¢t € [T — 1], u* is in fact the Kalman filter-based optimal output-
feedback strategy corresponding to P* (which can be obtained using the techniques highlighted in
Appendix §A).

Before proving Proposition 4.2, recall that f (W, V') is called 8-smooth for some 5 > 0 if

VW, V) = VW VY <B(IW-W|E+IIV-VE)? YW, W G, V.V egf,

where || - || p denotes the Frobenius norm.

Proof of Proposition 4.2. The function f (W, V) is concave because the objective function of the
inner minimization problem in (11) is linear (and hence concave) in W and V' and because concavity is
preserved under minimization. To prove that f(W, V') is 8-smooth, we first recall from Proposition 3.3
that it coincides with the optimal value of the inner minimization problem in (10). As U, = U,,
f(W, V) can thus be viewed as the optimal value of the classic LQG problem corresponding to the
normal distribution P determined by the covariance matrices W and V. Hence, f (W, V') coincides
with (A.17), where X, for t € [T — 1], is a function of (W, V') defined recursively through the
Kalman filter equations (A.16). Note that all inverse matrices in (A.16) are well-defined because
any V € Q#} is strictly positive definite. Therefore, ¥; constitutes a proper rational function (that
is, a ratio of two polyonmials with the polynomial in the denominator being strictly positive) for
every t € [T' — 1]. Thus, f(W, V) is infinitely often continuously differentiable on a neighborhood

of Gf, x GF.

As f(W, V) is concave and (at least) twice continuously differentiable, it is S-smooth on Q;FV X g;;
if and only if the largest eigenvalue of the Hessian matrix of — f(W, V') is bounded above by
throughout Q‘TV X Q‘J/r. Also, the largest eigenvalue of the positive semidefinite Hessian matrix
V2(—f(W,V)) coincides with the spectral norm of V2 f(W, V). We may thus set

B=  sup  [[VZF(W, V)]s, (A.19)
wegh, vegy

where || - ||2 denotes the spectral norm. The supremum in the above maximization problem is finite
and attained thanks to Weierstrass’ theorem, which applies because f(W, V') is twice continuously

differentiable and the spectral norm is continuous, while the sets QJV and g¢ are compact by virtue
of [38, Lemma A.6]. This observation completes the proof.
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D. SDP Reformulation of the Lower Problem (11)

Instead of solving the dual problem (11) with the customized Frank-Wolfe algorithm of Section 4, it
can be reformulated as an SDP amenable to off-the-shelf solvers. This reformulation is obtained by
dualizing the inner minimization problem and by exploiting the following preliminary lemma.

Lemma D.1. Forany 7 € S4 and p. > 0, the set G, = {Z € S¢ : G(Z, Z) < p.} coincides with

. X Z:77% E,
{ZeSi;aEzeSiwthr(Z+Z2Ez)§p§, { 3 I]io}.

Proof of Lemma D. 1. By Definition 2, we have
Gr={2eSL:T(Z+2Z-227227)%) < p?}.

Next, introduce an auxiliary variable E, € Si subject to the matrix inequality £? < (Z 277 %).
By [4, Theorem 1], this inequality can be recast as £/, < (Z 377% ) 3 Hence, we can reformulate the
nonlinear matrix inequality in the above representation of G as Tr(Z + Z - 2F.) < p?. A standard
Schur complement argument reveals that the inequality £? < (Z 177 %) is also equivalent to

7377% E,
= 0.
5T ]

The claim then follows by combining all of these insights. O

We are now ready to derive the desired SDP reformulation of problem (11).
Proposition D.2. If V = 0, then problem (11) is equivalent to the SDP
max Tr(GTQGW) - Tr(F(R+ H'QH)™)
st. West" vestt MeM, Fesim
E,, €S%, Ey, €S, E,, €St Vte [T —1]
Tr(Wo + Xo — 2E,,) < 2,
Tr(Wig1 + Wy — 2By,) < p2,, Te(V, + Vi —2B,,) < p2, Vt € [T —1]

r~>1 A1l

Xixokd Ea]o (A.20)
L EIO In B

Mo~ 1 A 1 A L A 1

WEW, A Wg By, >0, Vi? ViV E, =0 Vte[T-1]

L E’wt In - EUt Ip -

I F HTQGWDT + M/2 -0

(HTQGWDT + M/2)T DWDT +V -

Wo = Amin(X0) T, Wit = Amin(W)I, Vi = Amin(V))T Yt € [T —1].

Here, M denotes the set of all strictly upper block triangular matrices of the form

0 MLQ Ml’g . Ml,T
0 Mg Mo 1
. c RTmXTp
0 Mp_ir
0

where My s € R™*P foreveryt,s € Zwithl <t <s<T.

Proof of Proposition D.2. The proof relies on dualizing the inner minimization problem in (11).
Note that strong duality holds because the primal problem is trivially feasible and involves only
equality constraints, which implies that any feasible point is in fact a Slater point. In the following we
use M € M to denote the Lagrange multiplier of the constraint U € U/, which requires all blocks of
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the matrix U above the main diagonal to vanish. The Lagrangian function of the inner minimization
problem in (11) can therefore be represented as

L(q,UM)=Tr (DU (R+ H"QH)UD + G'QG)W) + 2Tr(GTQHUDW)
+Tr (UTN(R+H'QH)U)V) +q" (R+H QH)q+Te(UMT).

Recall now that R > 0 and Q > 0, and thus R + H' QH = 0. Consequently, £ is minimized by
q* = 0 for any fixed U and M. In addition, the partial gradient of £ with respect U is given by

oL

oo = 2R+ HTQH)YUDWDT +2(R+ H'QH)UV +2H " QGWD" + M.
Recall also that V' € Q‘J/r is strictly positive, which implies that DW DT + V = 0 is invertible. As
we already know that R + H TQH > 0is invertible, as well, £ is minimized by

U*=—(R+H'"QH)' (H'QGWD' + M/2) (DWD'" +V)~!
for any fixed M. Substituting both ¢* and U* into L yields the dual objective function
9(M) = L(¢",U*, M) = Te(GTQGW)
~Tr(R+H'QH) " (H'"QGWD" + M/2)(DWDT + V)" " (H'QGWD"+M/2)").

The dual of the inner minimization problem in (11) is thus given by maxyse aq g(M). To linearize
the dual objective function, we next introduce an auxiliary variable F' € STT subject to the matrix

inequality F' = (H'QGWDT + M/2)(DWDT + V)"Y(HTQGW DT + M/2)". By using a
standard Schur complement reformulation, we can then rewrite the dual problem as

max Tr(GTQGW) - Tr((R+ H'"QH)™'F)

st. MeM,Fest (A21)
F HTQGWDT + M/2 -
(HTQGWDT™ + M/2)" DWDT +V -

Next, by replacing the inner problem in (11) with its strong dual (A.21), we can reformulate (11) as
max Tr(GTQGW) - Tr((R+H"QH)™'F)

st. MeM, Fesm wes!"™ ves?
F HTQGWDT + M/2 (A.22)
(HTQGWDT + M/2)T DWDT +V

G(Xo, Xo)? < P2 G(Wi, Wy) < Po, G(Vi, Vi) < py, Vtel[T—1].

E

Vi = )\min(f/t)l for all t € [T — 1] has no effect on the solution to problem (A.22). In addition, by
Lemma D.1, each (non-linear) Gelbrich constraint in (A.22) can be reformulated as an equivalent
(linear) SDP constraint. Thus, problem (A.22) reduces to (A.20), and the claim follows. ]

By Proposition 4.1, the inclusion of the constraints X, > )\min(XO)Is W, > )\min(Wt)I and

E. Bisection Algorithm for the Linearization Oracle

We now show that the direction-finding subproblem (14) can be solved efficiently via bisection. To
this end, we first establish that (14) can be reduced to the solution of a univariate algebraic equation.

Proposition E.1 ([38, Proposition A 4 (iii)]). If Z € St Tz €St T'z#0andp. € Ry, then

max (I'z,L—2)
st. G(L,Z) < Pz (A.23)
L= Ain(2)I

is uniquely solved by L* = (v*)2(y*I —T'z) Y Z(y*I — T'z) ™", where v* is the unique solution of
P2 {Z,(I-7"(y"I-Tz)1)*) =0 (A.24)

in the interval (Amax(Tz), 00).
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In practice, we need to solve the algebraic equation (A.24) numerically. The numerical error in
approximating v* should be contained to ensure that L* approximates the exact maximizer of
problem (A.23). The next proposition shows that, for any tolerance 6 € (0, 1), a d-approximate
solution of (A.23) can be computed with an efficient bisection algorithm.

Proposition E.2 ([38, Theorem 6.4]). For any fixed p, € Ry, Z € St, andTz € S4,Tz #0,
define g; ={Z ¢ Si - G(Z, Z) < p.,Z = AIniII(Z)} as the feasible set of problem (A.23), and
let Z € Q}r be any reference covariance matrix. Additionally, let 6 € (0,1) be the desired oracle
precision, and define o(v) = y(p*+(y(yI —Tz) "' =1, 2))—(Z,T2) foranyy > Amax(L'z). Then,
Algorithm A.2 returns in finite time a matrix L‘SZ € Si with the following properties. (i) Feasibility:
LY, € G} (ii) 6-Suboptimality: (LY, — Z,Tz) > dmax; g+ (Tz, L~ Z).

Algorithm A.2 Bisection algorithm to compute L‘;

Input: nominal covariance matrix 7 c Si L.radiusp e Ry,
reference covariance matrix Z € Q}',
gradient matrix 'z € S%, Tz # 0, precision § € (0, 1),
dual objective function ¢(+) defined in Proposition E.2
set A1 < Amax(I'z), and let p; be an eigenvector for A
sety Ay (1+ (p] Zp1)z /p) and 5 + Ay (1 + Tr(Z)= /p)
repeat
sety < (F+1)/2and L« (3)2(31 —Tz) "' Z(31 — T )"
if %(a) < Othensety < Felse 7 < 7 endif
until $2(7) > 0 and (L — Z,Tz) > 6¢(7)
Output: L

AN AN Rl e

In summary, for any Z € {Xgo, Wo,...,Wr_1,Vy,...,Vr_1}, Algorithm A.2 computes a §-
approximate solutions to the direction-finding subproblem (14) withT';, = Vz f(W, V).

F. Additional Information on Experiments

Generation of Nominal Covariance Matrices. The nominal covariance matrices of the exoge-
nous uncertainties are constructed randomly using the following procedure. For each exogenous
uncertainty z € {xg,wo, ..., wr_1,,...,vr_1}, we denote the dimension of z by d and sample
a matrix Mz € R%*9 from the uniform distribution on the hypercube [0, 1]%*?. Next, we define
Zz € R4 a5 the orthogonal matrix whose columns represent the orthonormal eigenvectors of
the symmetric matrix Mz + Mg Finally, we set 7 = EZAZE-'Z_, where Ay is a diagonal matrix
whose main diagonal is sampled uniformly from the interval [1,2]%. The rationale for adopting this
cumbersome procedure is to ensure that the covariance matrix 7 is positive definite.

Optimality Gap. The optimality gap of the Frank-Wolfe algorithm visualized in Figure 1b is
calculated as the sum of the surrogate optimality gaps (LY, — Z,V 7 f(W,V)) across all Z €
{Xo0, Wy ...,Wr_1,Vo,...,Vr_1}. For more information on the surrogate optimality gaps see [31].
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