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Abstract

In-context learning (ICL) of large language models has proven to be a surprisingly
effective method of learning a new task from only a few demonstrative exam-
ples. In this paper, we study the efficacy of ICL from the viewpoint of statistical
learning theory. We develop approximation and generalization error bounds for
a transformer composed of a deep neural network and one linear attention layer,
pretrained on nonparametric regression tasks sampled from general function spaces
including the Besov space and piecewise y-smooth class. We show that sufficiently
trained transformers can achieve — and even improve upon — the minimax optimal
estimation risk in context by encoding the most relevant basis representations
during pretraining. Our analysis extends to high-dimensional or sequential data
and distinguishes the pretraining and in-context generalization gaps. Furthermore,
we establish information-theoretic lower bounds for meta-learners w.r.t. both the
number of tasks and in-context examples. These findings shed light on the roles of
task diversity and representation learning for ICL.

1 Introduction

Large language models (LLMs) have demonstrated remarkable capabilities in understanding and
generating natural language data. In particular, the phenomenon of in-context learning (ICL) has
recently garnered widespread attention. ICL refers to the ability of pretrained LLMs to perform a new
task by being provided with a few examples within the context of a prompt, without any parameter
updates or fine-tuning. It has been empirically observed that few-shot prompting is especially effective
in large-scale models (Brown et al., 2020) and requires only a couple of examples to consistently
achieve high performance (Garcia et al., 2023). In contrast, Raventos et al. (2023) demonstrate that
sufficient pretraining task diversity is required for the emergence of ICL. However, we still lack a
comprehensive understanding of the statistical foundations of ICL and few-shot prompting.

A vigorous line of research has been directed towards understanding ICL of single-layer linear
attention models pretrained on the query prediction loss of linear regression tasks (Garg et al., 2022;
Akyiirek et al., 2023; Zhang et al., 2023; Ahn et al., 2023; Mahankali et al., 2023; Wu et al., 2024).
It has been shown that the global minimizer of the L? pretraining loss implements one step of GD
on a least-squares linear regression objective (Mahankali et al., 2023) and is nearly Bayes optimal
(Wu et al., 2024). Moreover, risk bounds with respect to the context length (Zhang et al., 2023) and
number of tasks (Wu et al., 2024) have been obtained.

Other works have examined ICL of more complex multi-layer transformers. Bai et al. (2023); von
Oswald et al. (2023) give specific transformer constructions which simulate GD in context, however
it is unclear how such meta-algorithms may be learned. Another approach is to study learning with
representations, where tasks consist of a fixed nonlinear feature map composed with a varying linear
function. Guo et al. (2023) empirically found that trained transformers exhibit a separation where
lower layers transform the input and upper layers perform linear ICL. Recently, Kim and Suzuki
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(2024) analyzed a model consisting of a shallow neural network followed by a linear attention layer
and proved that the MLP component learns to encode the true features during pretraining. However,
they assumed the infinite task and sample size limit and did not study generalization capabilities.

Our contributions. In this paper, we analyze the optimality of ICL from the perspective of statistical
learning theory. Our object of study is a transformer consisting of a deep neural network with N-
dimensional output followed by one linear attention layer. The model is pretrained on n input-output
samples from 7" nonparametric regression tasks, generated from a suitably decaying distribution on a
general function space. Compared to previous works, we take a crucial step towards understanding
practical multi-layer transformers by incorporating the representation learning capabilities of the
DNN module. From a more abstract perspective, this work can also be situated as a nonlinear
extension of meta-learning. Our contributions are highlighted below.

* We develop a general framework for upper bounding the in-context estimation error of the
empirical risk minimizer in terms of the approximation error of the neural network and separate
in-context and pretraining generalization gaps depending on n, T', respectively.

* In the Besov space setting, we show that ICL achieves nearly minimax optimal risk n~ zatd
when 7' is sufficiently large. Since LLMs are pretrained on vast amounts of data in practice, T'
can be taken to be nearly infinite, justifying the emergence of ICL at large scales. We extend the
optimality guarantees to nearly dimension-free rates in the anisotropic Besov space and also to
learning sequential data with deep transformers in the piecewise y-smooth function class.

* We show that ICL can improve upon the a priori optimal rate when the task class basis resides
in a coarser Besov space by learning to encode informative basis representations, emphasizing
the importance of pretraining on diverse tasks.

* We also derive information-theoretic lower bounds for the minimax risk in both n, 7', rigorously
confirming that ICL is jointly optimal when T is large (Besov space setting), while any meta-
learning method is jointly suboptimal when 7" is small (coarser space setting). This separation
aligns with empirical observations of a task diversity threshold (Raventos et al., 2023).

The paper is structured as follows. In Section 2, the regression tasks and transformer model are
defined in an abstract setting. In Section 3, we present the general framework for estimating the ICL
approximation and generalization error. In Section 4, we specialize to the Besov-type and piecewise
v-smooth class settings and show that transformers can achieve or exceed the minimax optimal rate
in context. In Section 5, we derive minimax lower bounds. All proofs are deferred to the appendix;
moreover, we provide numerical experiments validating our results in Appendix E.

1.1 Other Related Works

Meta-learning. The theoretical setting of ICL is closely related to meta-learning, where the goal
is to infer a shared representation 1)° with samples from a set of transformed tasks 3, 1/°. When
1° is linear, fast rates have been established by Tripuraneni et al. (2020); Du et al. (2021), while
the nonlinear case has been studied by Meunier et al. (2023) where 1° is a feature projection into
a reproducing kernel Hilbert space. Our results can be viewed as extending this body of work to
function spaces of generalized smoothness with a specific deep transformer architecture.

Optimal rates for DNNs. Our analysis extends established optimality results for classes of DNNs
in ordinary supervised regression settings to ICL. Suzuki (2019) has shown that deep feedforward
networks with the ReLU activation can efficiently approximate functions in the Besov space and thus
achieve the minimax optimal rate. This has been extended to the anisotropic Besov space (Suzuki and
Nitanda, 2021), convolutional neural networks for infinite-dimensional input (Okumoto and Suzuki,
2022), and transformers for sequence-to-sequence functions (Takakura and Suzuki, 2023). We remark
that a work in progress (Imaizumi, 2024) also studies the sample complexity of ICL of transformers
in a Sobolev space setting.

Pretraining dynamics for ICL. While how ICL arises from optimization is not fully understood,
there are encouraging developments in this direction. Zhang et al. (2023) has shown for one layer of
linear attention that running GD on the population risk always converges to the global optimum. This
was extended to incorporate a linear output layer by Zhang et al. (2024), and to softmax attention



by Huang et al. (2023); Li et al. (2024); Chen et al. (2024). Kim and Suzuki (2024) considered
a compound transformer equivalent to ours with a shallow MLP component and proved that the
loss landscape becomes benign in the mean-field limit, deriving convergence guarantees for the
corresponding gradient dynamics. These analyses indicate that the attention mechanism, while highly
nonconvex, may possess structures favorable for gradient-based optimization.

2 Problem Setup

2.1 Nonparametric Regression

In this paper, we analyze the ability of a transformer to solve nonparametric regression problems in
context when pretrained on examples from a family of regression tasks, which we describe below.
Let X C R? be the input space (d is allowed to be infinite), P x a probability distribution on X,
and (13)52, a fixed countable subset of L*(Px). A regression function g : X — R is randomly

generated for each task by sampling the sequence of coefficients 5 € R* from a distribution P on
PB(R™); the class of tasks F° is defined as

Fo = {Fg =552, 8,03 | B € supp Py}
endowed with the induced distribution. Each task prompt contains n example input-response pairs
{(@k, yx)}}_,. The covariates x, are i.i.d. drawn from P » and the responses are generated as

yr = Fg(zg) + &, 1<k <n, (1

where the noise &, is assumed to be i.i.d. with mean zero and |{;| < o almost surely.l In addition,
we independently generate a query token & and corresponding output ¢ in the same manner.

We proceed to state our assumptions for the regression model. Informally, we suppose a relaxed
version of sparsity and orthonormality of ¢)7 and suitable decay rates for the basis expansion. These
will be subsequently verified for specific function spaces of interest with their natural decay rate.

Assumption 1 (relaxed sparsity and orthonormality of basis functions). For N € N, there exist inte-
gers N < N < Nwith N—N+1= N such that i, - -+ b5, are independent and 5, - -+ ¢y, 4
are all contained in the linear span of Y3, - - - , 5. Moreover, there exist r,C1, Ca, Cx > 0 such
N .
that ¥y n = (Ez,\,px [1/)3’(:0)1/),2(@})] Y satisfies C11ny < Xy ny = Coly and
1/2

HZ;Y_:N(Q/};)QHLW(PX) < CoolNT. @)

Denoting the N-basis approximation of F3 as Fg N = Z;V_zl B3, by Assumptior} 1 there exist

‘aggregated’ coefficients By, - - - , By uniquely determined by 3 such that Fgy= Z;V: N Bivs. We
define two types of coefficient covariance matrices

& VX N .
So.x = (BslBiBu))j ey €RVY and E5 = (BslB;Bi]) ), _y € RV
Assumption 2 (decay of 3). For s, B > 0 it holds that || F§| L~ (p,) < B for all Fg € F° and

IFS — FSnlTepay SN2 €)
uniformly over 3 € supp Pg. Furthermore, Tr(X5 v ) is bounded for all N and
0< Xy, 3 diag [ (72 (l0g /) )Y, ] @

Remark 2.1. In the simple case where (7)32, is a basis for L*(Px), wemayset N =1, N = N
so that the dependency condition of Assumption 1 is trivially satisfied, moreover, X5 y = Yg N
and boundedness of Tr(¥j y) automatically follows from (4). However, the assumptions in the
stated form also allow for hierarchical bases with dependencies such as wavelet systems. We
also note that (3) and (4) entail basically the same rate but are not equivalent: the uniform bound
13;1* < 5727 !(log j)~? along with Assumption 1 implies (3). The (log j) 2 term can be replaced
with any g(j) such that 3° | j~"g(j) is convergent.

'This implies Var &, < o®. We require boundedness since the values y, form part of the prompt input, and
we wish to utilize sup-norm covering number estimates for the attention map; this technicality can be removed
with more careful analysis. However, for the information-theoretic lower bound we assume Gaussian noise.



2.2 In-Context Learning

We now describe our transformer model, which takes n context pairs X = (z1,--+ ,zp) € REX™,
y=(y1,--,yn) € R™and aquery token 7 as input and returns a prediction for the corresponding
output. The covariates are first passed through a nonlinear representation or feature mapping ¢ :
X — RY, which we assume belongs to a sufficiently powerful class of estimators JF . Specifically:
Assumption 3 (expressivity of Fn). ||¢(z)|l2 < By for some By > 0 forallz € X, ¢ € Fy.
Moreover for some o > 0, there exist ¢y, -+ , ¢y, € Fn satisfying

NfgafNHlﬁ il Py < ON-

By choosing Fy and d to satisfy the above assumption, we will be able to utilize established
approximation and generalization guarantees for families of deep neural networks in Section 4.

The extracted representations ¢(X) = (¢(x1),- -, #(x,,)) are then mapped to a scalar output via a
linear attention layer parametrized by a matrix I' € Sy for Sy ¢ RV*V,

fo(X,y, &) : Zykqs x) T (%) = <F¢( )y ,¢(z)>, where © = (I',¢) € SN X Fn .

n

Finally, the output is constrained to lie on [~ B, B] by applying clip 5(u) := max{min{u, B}, — B},
yielding fo(X,y,%) = clipg(fo(X,y,7)). Weset Sy = {I' € RV*N | 0 < T < C3Iy} for
some C3 > 0 and fix B = B for simplicity.

The above setup is a restricted reparametrization of linear attention widely used in theoretical analyses
(see e.g. Zhang et al., 2023; Wu et al., 2024, for more details), where the values only refer to y and
the query and key matrices are consolidated into one matrix I'. The form is equivalent to one step
of GD with matrix step size and has been shown to be optimal for a single layer of linear attention
for linear regression tasks (Ahn et al., 2023; Mahankali et al., 2023). The placement of the attention
layer after the DNN module ¢ is justified by the observation that lower layers of trained transformers
act as data representations on top of which upper layers perform ICL (Guo et al., 2023).

During pretraining, the model is presented with 7" prompts {(X®), y®) 21T where the tasks
Fou € F°, B ~ Pg and tokens X = (:cgt), e ,x%t)), y® = (y%t)7 e ,y,(f))—'—, £® and ¥
are independently generated as described in Section 2.1, and is trained to minimize the empirical risk

0= arg min R(© , ( — fol X(t) y(t) &® )
OESNXFN (©) T Z )

Our goal is to verify the efficiency of ICL as a learning algorithm and show that learning the optimal

© allows the transformer to solve new random regression problems y = F'g () + & for F 5 EF °in

context. To this end, we evaluate the convergence of the mean-squared risk or estimation error,

R(©) :=Exw yw 20 gonr [R(O)], R(©) :=Ex 44 [(F5(F) — fo(X,y,))%].

Note that we do not study whether the transformer always converges to (:); the training dynamics of a
DNN is already a very difficult problem. For the attention layer, see the discussion in Section 1.1.

3 Risk Bounds for In-Context Learning

In this section, we outline our framework for analyzing the in-context estimation error R(@) Some
additional definitions are in order. The e-covering number A (C, p, €) of a metric space C equipped
with a metric p for € > 0 is defined as the minimal number of balls in p with radius € needed to
cover C (van der Vaart and Wellner, 1996). The e-covering entropy or metric entropy is given as
V(F, p,€) :=log N (F, p, €). The e-packing number M e, C, p) is given as the maximal cardinality
of a e-separated set {c1, ..., cp } € C such that p(c;, ¢;) > ¢ forall ¢ # j. The transformer model
class is defined as Ty := {fo | © € Sy X Fn}.

To bound the overall risk, we first decompose into the approximation and generalization gaps.



Theorem 3.1 (Schmidt-Hieber (2020), Lemma 4, adapted). There exists a universal constant C' such
that for any € > 0 such that V(T n, |||, €) > 1,

B? + o2
T

RO)<2 inf R(O)+C (
OESNXFnN

V(T w,|llpee,€) + (B+ a)e) .

Proof. The convergence rate of the empirical risk minimizer is established for a fixed regression
problem y = f°(z) + £ in Schmidt-Hieber (2020) when £ is Gaussian; we modify the proof to
incorporate bounded noise in Appendix B.1. The ICL setup can be reduced to the ordinary case as
follows. We consider the entire batch (3, X, £;.,,, Z) including the hidden coefficient [ as a single
datum z with output §. The true function is given as f°(z) = Fig() and the model class is taken to
be T n implicitly concatenated with the generative process (3, X, &1, Z) — (X, y, Z). Then R(O),
V(T n, |||, €) and T agree with the ordinary L? risk, model class entropy and sample size. [

Here, the second term is the pretraining generalization error dependent on the number of tasks 7'; the
in-context generalization error dependent on the prompt length n manifests as part of the first term.
This separation allows us to compare the relative difficulty of the two types of learning.

Bounding approximation error. In order to bound the first term, we analyze the risk of the choice

-1
0 = (T*,¢*) == ((E\I,’N + %25?11\7) ’¢tN:N)

where ¢* is given as in Assumption 3 for a suitable dy to be determined. The definition of I'*
approximately generalizes the global optimum I' = ((1 + %L)A + %tr(A)Id) ! for the Gaussian
linear regression setup where z ~ N (0, A) (Zhang et al., 2023). Since Yv,n = CiIy we have
I“=<Cy 11, and hence we may assume I'* € Sy by replacing C3 with C V/ Cy L if necessary.
Proposition 3.2. Under Assumptions -3, it holds that

2r Ar

N
inf < ) < log N
@eslzrle}‘N R(©) < R(®) 5 n og iV + n?

N
log? N + — + N725 4 N26% 4+ N?7+152,.
n

The proof is presented throughout Appendix A. The overall scheme is to approximate Fg (Z) by its

truncation Fg ~(7) and the finite basis 3, 5 by ¢ which incurs errors N 2% and the terms

*
N:N°
pertaining to dy, respectively. The first three terms arise from the concentration of the n token

representations 3. N(J:k) All hidden constants are at most polynomial in problem parameters.

Bounding generalization error. To estimate the metric entropy of 7 , we first reduce to the
metric entropy of the representation class F . Here, ||-|| - refers to the essential supremum over
the support of P » and also over all N components for F 5. The proof is given in Appendix B.2.
Lemma 3.3. Under Assumptions 1-3, there exists D > 0 such that for all € sufficiently small,

2 BE\QI €
V(TN | llLe,€) S Nlog == +V | Fn, |z, ——F+ |-

e ' DB\ VN
4 Minimax Optimality of In-Context Learning

4.1 Besov Space and DNNs

We now apply our theory to study the sample complexity of ICL when JF j consists of (clipped, see
(6)) deep neural networks. These can be also seen as simplified transformers with attention layers
and skip connections removed. To be precise, we define the set of DNNs with depth L, width W,
sparsity S, norm bound M and ReLU activation n(z) = x V 0 (applied element-wise) as

Fonn(L, W, S, M) = {(W(L)ﬂ +bF) oo (W + M)W ¢ RWXd W) ¢ RWXW

L
WE e RY 50 e RV b e RY T [WOfo+ 68l < S, max [[WE oV [[p1]|o < M}.
=t 1<¢<L



The Besov space is a very general class of functions including the Holder and Sobolev spaces which
captures spatial inhomogeneity in smoothness, and provides a natural setting in which to study the
expressive power of deep neural networks (Suzuki, 2019). Here, we fix X = [0, 1] for simplicity.

Definition 4.1 (Besov space). For 2 < p < 00,0 < ¢ < o0, fractional smoothness a > 0 and
r = || + 1, the rth modulus of f € LP(X) is defined using the difference operator A}, h € R as

wrp(f1) = 5Dy, < AL (Nllps ALH@) = L asrnexy Xjmo (7) (1) f(z + jh).

Also, the Besov (quasi-)norm is given as ||| s, = [|"|l» + |- . where
) P.q

e e LU0, (1079 g <00

P Sup .ot “wrp(f, 1) q=00

and the Besov space is defined as By ,(X) = {f € LP(X) | Hf||ng < oo}. We write U(Byy (X))
for the unit ball in (B, (X), ||| 5g,)-

We have that the Holder space C*(X') = BS, ., (X') for order & > 0, ¢ N and the Sobolev space
Wi(Xx) = B2 'y(X) for m € N as well as the embeddings B} (X) — W,"(X) — B (X); if

a > d/p, By q(X ) compactly embeds into the space of contlnuous functions on X. See Triebel
(1983); Giné and Nickl (2015) for more details. The dlfﬁculty of learning a regression function in the
Besov is quantified by the minimax risk; the following rate is classical.

Proposition 4.2 (Donoho and J ohnstone (1998)). The minimax risk for an estimator fn withn i.id.
samples Dy, = {(xi,y:) }7—y over U(By (X)) satisfies

. I __2a
lnf}-\niDn‘)R Supfoe]U(Bg’q(X)) EDTL[HfO - fn”%Q(X)] = n 2atd,

A natural basis system for By () is formed by the B-splines, which can be seen as a type of wavelet
decomposition or multlresolutlon analysis (DeVore and Popov, 1988). As B-splines are piecewise
polynomials, they can be efficiently approximated by DNNs with at most log depth (Suzuki, 2019).
Definition 4.3 (B-spline wavelet basis) The tensor product B-spline of order m € N satisfying
m>a+1-— 1/p, at resolution k € Z%, and location ¢ € Il = T [—m : 28] is

= Hbm(Zkixi —0;), where tp(x) = (Lxex-x0)(x), u(x) = lzep0a])-

m4+1

When k; = - -+ = kg, we abuse notation and write wl , for k € Z> in place of wf} ;. .

4.2 Estimation Error Analysis

To apply our framework, we set the task class as the unit ball 7° = U(By (X)) and take as basis
Y517 eN} = {de/ng,e | k € Z>0,¢ € I} the set of all B-spline wavelets ordered primarily
by increasing k& and scaled to counteract the dilation in . Abusing notation, we also write 5, ,
to denote the coefficient in /3 corresponding to 25/ d . The set of B-splines at each resolution

are independent, while those of lower resolution can always be decomposed into a linear sum of
B-splines of higher resolution satisfying certain decay rates, which we prove in Proposition C.10.

From this setup, in Appendix C.1.1, we verify Assumptions 1 and 2 with r = 1/2, s = a//d under:

Assumption 4. 7° = U(By (X)), a > d/p and P x has positive Lebesgue density px bounded
above and below on X. Also, all coefficients B}, ¢ are independent and

EslBeel =0, 0<Eglff,] S27FRetdp=2" vk >0, (e If. 5)

We can check that we have not given ourselves an easier learning problem with (5): the assumed
variance decay rate is tight (up to the logarithmic factor k~2) in the sense that any f € U(Bg (X))
can indeed be expanded into a sum of wavelets with the same coefficient decay when averaged over
l e I,?. See Lemma C.1 and the following discussion. We also obtain the following in-context
approximation and entropy bounds in Appendix C.1.2.



Lemma 4.4. For any 6y > 0, Assumption 3 is satisfied by taking
Fn ={llpg, o ¢ | =(;)}1,6; € Fonn(L, W, S, M)} (6)

where lp,_ is the projection in RY 10 the centered ball of radius B, = O(v/N) and each ojisa
ReLU network such that L = O(log N + log 6&1) and W, S, M = O(1). Also, the metric entropy of
Fn is bounded as V(Fy, |||, €) S N log 5

Ine’

Hence Assumptions 1-3 all follow from Assumption 4, and we conclude in Appendix C.1.3:

Theorem 4.5 (minimax optimality of ICL in Besov space). Under Assumption 4, if n 2 N log N,

Q.‘;;

. Nlog N N2log N
R(®) < N- = +

Hence if T 2 n2e+d and N < n?a+d, in-context learning achieves the minimax optimal rate
__2a
n~ 2e+d yp to a log factor.

The first term arises from the N-term truncation and oracle approximation error of the DNN module,
and is equal to the /N-term optimal error (Diing, 2011a). The second and third term each correspond

to the in-context and pretraining generalization gap. With regard to N, we see that n = Q(N)

is enough to learn the basis expansion in context, while 7' = SNI(N %) is necessary to learn the
attention layer. However if T/N = o(n), the third term dominates and the overall complexity scales

suboptimally as T~ a+a, illustrating the importance of sufficient pretraining. This also aligns with
the task diversity threshold observed by Raventos et al. (2023). Since the amount of training data for
LLMs is practically infinite in practice, our result justifies the effectiveness of ICL at large scales
with only a small number of in-context samples.

A limitation of ICL. In the regime 1 < p < 2, the approximation error is strictly worse without
an adaptive representation scheme and the resulting rate is suboptimal (see Remark C.3). While
DNN:ss can adapt to task smoothness in supervised settings (Suzuki, 2019), ICL and any other meta-
learning methods are fundamentally constrained to non-adaptive representations since they cannot
update at inference time, and hence are bounded below by the best linear approximation rate or
Kolmogorov width, which is strictly worse than the minimax optimal rate when p < 2. Indeed, for
any N-dimensional subspace Ly C By (&) it holds that (Vybiral, 2008)
inf[;N Supfoem(Bg,q(X)) infene[:N ||fo - EnHLQ(PX) Z N—a/d+(1/p—1/2)+ .

Remark 4.6. The N2 log NN term in the pretraining generalization gap is due to the covering bound of
the attention matrix I', while the entropy of the DNN class is only /N log N. Hence the task diversity
requirement may be lessened to the latter by considering low-rank structure or approximation of
attention heads (Bhojanapalli et al., 2020; Chen et al., 2021).

4.3 Avoiding the Curse of Dimensionality

The above rate inevitably suffers from the curse of dimensionality as d appears in the exponent of
the optimal rate. We also consider the anisotropic Besov space (Nikol’skii, 1975), a generalization
allowing for different degrees of smoothness (a1, - -, a4) in each coordinate. Then the optimal
rate is nearly dimension-free in the sense that the rate only depends on d through the quantity

a:=0;a; 1)=1, and becomes independent of dimension if only a few directions are important i.e.
have small «;. Rigorous definitions, statements and proofs are provided in Appendix C.2.

Extending Theorem 4.5, we show that ICL again attains near-optimal estimation error in the

anisotropic Besov space, circumventing the curse of dimensionality and theoretically establishing the

efficiacy of in-context learning in high-dimensional settings.

Theorem 4.7 (informal version of Theorem C.7). For the anisotropic Besov space of smoothness
~ 71 .

(a1, ,aq), assume variance decay (4) with s = & > 1/p. If T 2 nN and N < n?3+¥1, in-context

. . .. . _ _2a
learning achieves the minimax optimal rate n~ 25+1 up to a log factor.



4.4 Learning a Coarser Basis

Thus far, we have demonstrated the importance of sufficient pretraining to achieve optimal risk;
as another application of our framework, we illustrate how pretraining can actively mitigate the
complexity of in-context learning. Consider the case where (¢)7)32; is no longer the B-spline basis
of By ,(X') but instead is chosen from some wider function space, say the unit ball of B]  (X') for a
smaller smoothness 7 < . Without knowledge of the basis, the sample complexity of learning any
regression function Fy is a priori lower bounded by the minimax rate n- i by Proposition 4.2.
For ICL, this difficulty manifests as an increase in the metric entropy of the class F n which must be
powerful enough to approximate 97, 5 (Corollary C.12), giving rise to the modified risk bound:
Corollary 4.8 (ICL for coarser basis). Suppose o > 7 > d/p, the basis (1), C U(B} (X))
and Assumptions 1, 2 hold withr = 1/2,s = a/d. Then if n 2, N log N,

N 1+2+4 o8
R(@)<N7%+NIOgN+N log N'

~ n T
atd

; 14-d_ _d . _ 20
Hence if T > n't2a+a = and N < n2a+d, the risk converges as n~ za+d log n.

The pretraining generalization gap is now dominated by the higher complexity N L+e+2 log® N of

the DNN class and strictly worse compared to N2 log N for Theorem 4.5. The required number of
tasks also suffers and the exponent is no longer 22";1? € (1,2) but scales as O(d). Nevertheless,
observe that the burden of complexity is entirely carried by 7’; with sufficient pretraining, the third

. . . . . _ 2a .
term can be made arbitrarily small and the ICL risk again attains n~ 2+2. Hence ICL improves

upon the a priori lower bound n™ 27+4 at inference time by encoding information on the coarser basis
during pretraining. We remark that the result is also readily adapted to the anisotropic setting.

4.5 Sequential Input and Transformers

We now consider a more complex setting where the inputs 2 € [0, 1]9*°° are bidirectional sequences
of tokens (e.g. entire documents) and ¢ is itself a transformer network.? In this infinite-dimensional
setting, transformers can still circumvent the curse of dimensionality and in fact achieve near-optimal
sample complexity due to their parameter sharing and feature extraction capabilities (Takakura and
Suzuki, 2023). Our goal in this section is to extend this guarantee to ICL of trained transformers.

For sequential data, it is natural to suppose the smoothness w.r.t. each coordinate can vary depending
on the input. For example, the position of important tokens in a sentence will change if irrelevant
strings are inserted. To this end, we adopt the piecewise y-smooth function class introduced by
Takakura and Suzuki (2023), which allows for arbitrary bounded permutations among input tokens;
see Appendix D.1 for definitions. Also borrowing from their setup, we consider multi-head sliding
window self-attention layers with window size U, embedding dimension D, number of heads H with
key, query, value matrices K", Q") ¢ RP*4y(h) e R™? and norm bound M defined as’

max [|K™]|o V Q" [loo V IVl < M,

Fanm(U,D,H, M) = {g . RAx00 _y Raxco
1<h<H

H
g(x)l =x; + Z V(h)xi,U:iJrUSoftmax ((K(h)iti,U;iJrU)TQ(h)iti) }
h=1

We also consider a linear embedding layer Enc(x) = Fx + P, E € RP*? with absolute positional
encoding P € R” of bounded norm. Then the class of depth J transformers is defined as

-FTF(JanD,H,LaVVvva) = {fJOgJO"'Ofl ° g1 o Enc | ”EH S M’
fi € fDNN(Law/aSaM)a 9; € fAttn(UaDaHaM)}'
Our result, proved in Appendix D.2, reads:

2We clarify that this is not equivalent to a multi-layer transformer setting where ¢ is the rest of the transformer.
Instead, ¢ operates on individual tokens x; separately, which may now themselves be sequences of unbounded
dimension. The extracted per-token features are cross-referenced only at the final attention layer feo.

3Here the ith column and (§,i)th component of z € R*** for i € Z, j € [d] are denoted by z; and ;;,
respectively. These are not to be confused with sample indexes (1) as those will not be used in this section.



Theorem 4.9 (informal version of Theorem D.1). Suppose F° consists of functions on [0, 1]4*>
of bounded piecewise ~y-smooth and L°°-norm with smoothness o € Rdxoo, and let v be mixed
or anisotropic smoothness with of = max; j o or (D, g aljl)’l, respectively. Under suitable
regularity and decay assumptions, by taking F n to be a class of clipped transformers it holds that
i NlogN  N2VO+1/ah) holvlog(N)

+ - + T .

1 _ _2af
Hence if T' 2 nNW/e" and N < n>«1+1, ICL achieves the rate n” 21 +1 polylog(n).

R(©®) < N2

This matches the optimal rate in finite dimensions independently of the (possibly infinite) length of
the input or context window. The dynamical feature extraction ability of attention layers in the Fg
class is essential in dealing with input-dependent smoothness, further justifying the efficiacy of ICL
of sequential data.

5 Minimax Lower Bounds

In this section, we provide lower bounds for the minimax rate in both n, 7" by extending the theory of
Yang and Barron (1999), which can be leveraged to yield results stronger than optimality in merely n.
The bound is purely information-theoretic and hence applies to not just ICL but any meta-learning
scheme for the regression problem of Section 2.1 from the data D,, 7 = {(X®), y®))}*!, where
the index 7" 4 1 corresponds to the test task.

For this section we assume that the noise (1) is i.i.d. Gaussian, &, ~ N(0, 02), instead of bounded;
while the exact shape of the noise distribution is not important, having restricted support may convey
additional information and affect the minimax rate. We also suppose for simplicity that the support

of Py is included in B := {8 € R™ | |ﬂj| < ‘7*25 Y(log j)~2, j € N} and that the aggregated
coefficients 3; for N < j < N satisfy Eg [6 ] < 05 for some og dependent on N. The proof of the
following statement is given in Appendix F. 1

Proposition 5.1. For e, 1,€5,2,0, > 0, let Q1 and Q3 be the €y, 1- and €, »-covering numbers
of Fn and B respectively, and M be the J,-packing number of F°. Suppose that the following
conditions are satisfied:

L ( (T +1)02e2,, + Cane? 2) <log Qi +1logQy < tlogM, 4log2 <logM. (7)
Then the minimax rate is lower bounded as
infrp . mSUPsocrs Ep, [IIf — FolZzpay) = 162.

Finally, Proposition 5.1 is applied to obtain concrete lower bounds for the settings studied in Section
4 throughout Appendices F.2-F.4.

Corollary 5.2 (minimax lower bound). The minimax rates in the previous regression settings are
lower bounded as follows.

(i) Besov space (Section 4.2): inf zsup o Ep,, , [||f el zn” 7atd,

(ii) Coarser basis (Section 4.4): inffsupfo EDn,T[”f — Il zn %% 4 (nT)~ =id,

—~ _ 2af
(iii) Sequential input (Section 4.5): inffsupfo Ep, +[IIf — ol 2 n zef+1,

These results match the upper bounds for (i), (iii) and show that ICL is provably jointly optimal in
n, T in the ‘large T” regime. Moreover, we can check for the coarser basis setting that insufficient

.. . . 2T . — 2,
pretraining 7' = O(1) indeed leads to the worse complexity n~ 27+4, while the faster rate n~ 2247 is

(ax—7)d
retrieved when T' 2 n @a+@7 . This aligns with the discussion in Section 4.4, showing that ICL is
provably suboptimal in the ‘small 7" regime.

Remark 5.3. The obtained upper and lower bounds in the coarser basis setting are not tight as T'
varies, hence it remains to be shown whether there exists a meta-learning algorithm that attains the

lower bound (ii). The task diversity threshold for optimal learning suggested by the bounds are also
a+d) (a
different (n'" Gt v.s. n T ); it would be interesting for future work to resolve this gap.




6 Conclusion

In this paper, we performed a learning-theoretic analysis of ICL of a transformer consisting of a DNN
and a linear attention layer pretrained on nonparametric regression tasks. We developed a general
framework for bounding the in-context estimation error of the empirical risk minimizer in terms of
both the number of tasks and samples, and proved that ICL can achieve nearly minimax optimal rates
in the Besov space, anisotropic Besov space and y-smooth class. We also demonstrated that ICL can
improve upon the a priori optimal rate by learning informative representations during pretraining.
We supplemented our analyses with corresponding minimax lower bounds jointly in n, 7" and also
performed numerical experiments validating our findings. Our work opens up interesting approaches
of adapting classical learning theory to study emergent phenomena of foundation models.

Limitations. Our transformer model is limited to a single layer of linear self-attention and does not
consider more complex in-context learning behavior which may arise in transformers with multiple
attention layers. Moreover, the obtained upper and lower bounds are not tight in certain regimes,
suggesting future research directions for meta-learning.
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Appendix

A Proof of Proposition 3.2

A.1 Decomposing Approximation Error
Recall that
1 -1
* * * —1 *
0" = (I"¢%) = <<2\P,N + nE&N) ’¢J_V:N> :

We introduce some additional notation in the following fashion. For brevity, we write N : oo instead
of (N + 1) : co as an exception.

o = (¢>’]:V:N(xl)7 c ?¢iN;N(x”)) € RNX”? §= (517 S ,gn)T € Rn’
WO = (U (21), 0 () € RN, WS = (g (1), U (20) € RV,
zV:oo = (wi\/:oo(xl)a e >wj‘iv;oo(93n)) € ROOXn .

Since clipping fe does not make its difference with F 5 € [— B, B] larger, it holds that

due to Assumption 2 and N =< N. Expanding the attention output as

¢*(j)ﬂw;zﬂ = (¢"(&) — Y35 (F) + U35 (F) T G ‘I’NJ:L + U0y
— (@) — v (@) T
+(6"(&) — 3.5 (#) T iv?;Ny
()T ‘i?v:m
5 ()T ?VT:LNy7
and the final term further as
Vi (@) T ?VV;LNy — 43 ()T ‘I’?V;N(\P:ﬂ +)
= V(@) 'T i N\yiﬁﬁ NN e (@)oY N(%T:mm o
we obtain that
GG ¢*<fc>”*f*yﬂ
SE (Fim ()T NWiTNﬂN:Nf .
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WS n (U B + 6\

+E (w?v:N(i‘)T st r= )> ©)
. o* — PO . 2

+E <<¢*<f>—wg;N<f>>Tr*(7W’) (10)
: AN

+E ((¢*(£>—¢?V:N(£>>TF*7;L> (1n)
_ (@ — 03

+E <;’V;N(5)Tr*n') (12)

We proceed to control each term separately, from which the statement of Proposition 3.2 will follow.

A.2 Bounding Term (8)

Since Fgﬁ(i) =0 (@) By = QP?y;N(j)TBN:N’ we can introduce a (I'*) ! factor to bound

E <F§’ 5 (@) — Y%, @

| LSO _ ’
=E (Fﬁo,zv(i) — YRy ()T < o )+ (F*)_1> 5N:1\7>
r o 7\IjoT7 1 2
=E (Wv (@ 're < ]’V:Nn SELRES , g E;k) By N)
_ wo gl B 2
<2E < ?y:N(j)TF* (NA;LNN - Z\P,N) BN:IV) (13)

-1
o ~\T *257N n ?
(?ﬂN;N(m) r T N:I\7>

Denote the operator norm (with respect to L? norm of vectors) by |[|||op. For (13), noting that Xy
is positive definite,

o _\I]OT_ 2
o ~ * N:N = N:N -
E (%v;zv(x)TF (—EWV) »3z_v:1v>

PO ol _ 2
o =, * — N:N ~ N:N — —
~2 | (@ (T ) s

19K (14)

oT

— 1/2 —1/2 T N:N " N:N (—1/2 1/2 o =\, /,0 5

= Exvﬁl ]:\FI:NZ‘II/,N (E\I/J{/' #Z\P,JG _IN> E‘Il/,NF Ez WN:N(JT)%/JN;N(JC)T}
o 7\I/o'l'7
xl/2 —1/2 " N:N 7" N:N —1/2 1/2 5
x I E\I//,N (Eq/](r TE\P,K/ - IN) Eq//,NﬂN:N]
o _yoT _
— N:N 7 N:N — _ _

= ExlTI‘ l <E\IJ71]</2 A - = 2‘1,71]62 IN) E}II/EVEB [ﬂN:Nﬂ;:N} 2\11//?\/

o 7\IJOT7
— N:N 7 N:N — * %
X <E\1/,11</2_n_2\1;,11</2 - IN) 2\11//3VF Yo nT 231//?\/
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o \IJOT 2
<Ex |Tr <E;11<,2 N: Nn N: NE\;}]CQ . IN) 21/2 Eg N21/2

due to the independence of X, Z and . For the last inequality, we have used the fact that both the
Zip/ ?VF*Z\I,’ NF*Z}I,/, ?v term and the matrix multiplied to it are positive semi-definite, and the former
is bounded above as = Iy by Assumption 1.

Furthermore, we utilize the following result proved in Appendix A.5:
o _yyoT _
Syl S Iy

2r 4r
Lemma A.1. Ex

op
It follows that (13) is bounded as
yo. \IIOT B 2
o ~ * N:N ™ N:N 2
E <¢N:N(‘I)TF (n - E‘P,N) 5N:N>

2

o oT
< ~1/2 Vv Yin ~1/2 1/2 1/2
SEx [|Sed’ = np —In| | T [SYAT Ty
op
N2r N4r 9
< (% 108V ) [0 o T3,
2r 4r

since Tr(X5 ) is bounded by Assumption 2.

Moreover for (14), we compute

yoL oo 2
<wz\/:N(f)TF*ZJ\,ﬂN:N) ]

»not ol
oy N 1% 0 ~ o ~ * N 3

=K

Z
E\I} r* B,
n

3

positive definite

IN

1
—Tr
n

(2@N+ -5 )r Sy nL*
—1

N

E\I},N<E\I/N+ ) > ]<n'

A.3 Bounding Term (9)

1
—Tr
n

Since the sequence of covariates x1, - - - , x,, and noise &1, - - - , &, are each i.i.d.,
2
W, (VST B +6)
° . « N:N\¥ N:co”N:oco
E <wNN<x)TF n
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n

i (@) (B, W% (i O\
EKZ P L LG5 >+s>>]

n n 2
E [(Z U () TT PR 5 (2) By o Voo (1) + Z ¢§V:N<5>Tr*w;’w<xi>§i> ]

=1
2
< %E [(WN:N(35>TF*¢?V:N($)BJTWOMV:°°(x)> ] "
n n — 1E [wzvN(.’E)TF*T/JE\[N(x)lg]—g'oow%/voo(x)wzvN<£)TF*¢?NN($/)ﬂ]—5Oow?vm($l):|
(16)
2
+ 28 | (4a® T 0 (0) | .

for independent samples x, 2’, & ~ P . We now bound the three terms separately below.
For (15), we have that

EE {(w;’vzﬁ(f)TF*wi\,;N(96)5;;001&%:00(33)) 2}

1
= B (035 () T R5 @035 @) TR (08500 ()T B e B e V5 ()]
1
= K. W?,v:zv<$>TF*EW7NF*%;N<$>¢%M<x>TEB (8800800 w;’vm(x)}
1
B (1655 ()50 () "B (B0 ] ¥00 ()]
1
S~ swp U @)® - lim Tr(Bg [ByarB.a] Ba [$7a (2)0R0 (2) T])
z€supp Px 00
1
S E sup ||wN N( )H2 ' J\411_1’>I100TI' (EB [/BNMﬁ]—g'M])
zesupp Px

since Xy, py < Coly as M — oo by Assumption 2. As sup,[[¢%. (#)[|> < N~2" by (2) and the
diagonal of Eg[By.585.,,] decays faster than N =M~ (log M)~2? when M > N due to (4), it
follows that '

1 . Lery—2s
~ s g (@)° lim Tr (Es [ByoBy]) S SNTNE
ansupp’PX N

Similarly, for (16), we have that

E [0305(8) T 05 ()R oo ()05 () TT 0,y (2) B o V5 ()]

< B[ (o @ T 0] 03 () (58 (0080 (05 0)]
= Err s [V () B () T SN T 0 () B Ve ()

— B B 050 007 5 (0)] | T B0 T B [130 (05 e ()]

SEB{EQC [¢ZV;N( T)BN 0¥ Rioo (@ ””

SEs [V () T BRoo Brico Uioe ()]
S N—QS.

And for (17), we have that

0.2

) [(«/J;:N(@Tr*w?vw(@ﬂ

n

n—1
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2

- % Tr {F*Ei [ﬁv: 5@V, N(az)T] I*E, [zbzv:ﬁ(x)w?m(xfﬂ
2

= Z Tr I:F*E\IJ’NF* Eq;yN]

positive definite

Q

02 * * 1 —1
S—Tr r Eq;yN].—‘ E‘Ij’N—i_iEEN
n n ’

o? d*N

= —Tr [F*E@’N} § .
n n

Therefore, we obtain the following bound:

S, (W Brio O] N2 02N
E[(zﬁm(aﬁfr* e Se——— N T

n ~

A.4 Bounding Terms (10)-(12)

For (10), we use the Cauchy-Schwarz inequality and Assumption 3 to bound

(@ — 9%, )y’
E [((W@ - w;’V:N@))Tr*y) ]

n

<13 ((0°0) = 50(@) (6 (@)~ 03 o) |

IN

EY K [167@) — s @IPIT (6 @) = (@) P2

2
< ||r*2p( sup 6" (@) - wfv:N«c)nZ) E [y?]

zesupp Px
2
< T2, (N Jax[lé; - 1/%)”%%(7%)) E [y*]

< N26%(B? 4 0?).
Similarly for (11) and (12), we have

v )’
E [(w"‘(i) - sz:N@))Tr*’-Tv }

< izj:]E |:((¢*(j) _ ¢?V:N(f))TF*¢?V;N($i)yi)2:|

]' - * (1~ o} ~, * 0
< = E[16°@) — 63 x @I TR (@) 97
i=1
sup 16" (@) — ¥y @IPIT* 12, sup 63 (@)II%E [y
z€supp Px zesupp Px
S_,N(S]QV _NQT(B2+02) :N2T+16]2V(B2+0_2)

IN

and
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\ /\

Z (1035 @ P (6" (2) = 3, ()2
sup (e (@) IPIT* 2, sup (67 (@) = 63 (@) IPE [5°]

xesupp Px - zEsupp Px
2r+1 2 2 2
S N7 (B2 +07).

IN

This concludes the proof of Proposition 3.2.

A.5 Proof of Lemma A.1

We will make use of the following concentration bound and its corollary, proved at the end of this
subsection.

Theorem A.2 (matrix Bernstein inequality). Let Sq,---,S,, € RM*N pe independent random
matrices such that E[S;] = 0 and ||S;||op < L almost surely for all i. Define Z =, S, and the
matrix variance statistic v(Z) as

0(2) = max { |E[ZZ)|op, |EIZ" Z]lop } = max { [, EISiS] ]|, |21, EIST S|, } -
Then it holds for all t > 0 that
2
Pr(||Z]jop > t) < 2N exp <_2U(Z)+§Lt) .
Proof. See Tropp (2015), Theorem 6.1.1. O
Corollary A.3. For matrices Sy, - -- , S, satisfying the conditions of Theorem A.2, it holds that

L2
- (24 2log 2N + (log 2N)?).

B | 51213, < 2+ og2n)

We will apply Corollary A.3 to the matrices
S =Ygk Uy (@003 (@) TSy 4~ I
It is straightforward to verify that
E[S;]| =%, 4 S xSyt —In =0
and

N
ISillop S 1055 (@)U 5 (@) Tllop + 1= > 95 (x:)? +1 S N>
j=N

almost surely by Assumption 1.

Next, we evaluate the matrix variance statistic. Since each S; is symmetric,

Z]E[SZSZT]
=1

- Z(Ex [Zai R n @05 (20 TEg N U (20030 (20) TS5 7
i=1

—2Ex {2;1162 E\/:N(xi)w?,\le\'/(x’) >y 1/2} +IN>

ZEX [2\;1]62 % N(%WN N(mz) Xz N¢N N(%WN N(l'z)TE 1/2} — Iy

i=1

op

<n+n

—-1/2 ;0 o — o o —-1/2
Eo {Equ(r N:N(z)lz’z_\/:ﬁ(x)Tqu,lN 1_v;1\7<33) ]_V:N(CE)TE\II,IC}
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for a single sample x ~ P . The second term is further bounded as

B, (33 0 (00035 () TS 0 (0)8 35 () S

op
-1/2 ;0 o Tv—1/2 oT 1
< ’Ew |:Z\IIJ</ T/JN:N(“:) N:N(x) Z\If](/} H¢ v wNN ‘LOO(PX)
N
S llop - || D (w5)?
j=N (Px)
< N2r

again by Assumption 1.

Hence we may apply Corollary A.3 with v(Z) < nN?", L < N2 to conclude:
o \IJOT 2 1 n 2
B8
op =1 op

y-1/2 N N N: NE—I/Q
Proof of Corollary A.3. From Theorem A.2 and with the change of variables A = 2 / n2, we have

U,N n wN T In
1 n2\
Pr Z(2)>)\><2Nex (—)
(n2 12y 22 ) < P 20(Z) + 2LnvVA

Since the probability is also bounded above by 1, it follows that

1 n2\
Pr Z(2)>)\)<1/\2Nex (— )
(n2 1Zllp 2 A ) < P 2(20(Z) V 2LnV/\)

2

Ex

N2r N4r
] < logN + — log? N.
n n

§1A2Nexp<— 1L

4v(;)> +1A2Nexp (- 37“5),

and the expectation can be controlled as

1 9 e 1 )
B[ iz = [ e (G2, 2 ) o

° n2\ > 3nv A
< 1A2N — 1A2N .
_/0 A exp< 4U(Z)>d/\+A A exp( 1L ) dA

For the first integral, we truncate at \; := % log 2N so that

o0 n2\ o n2\
1A2N ex - d\= A\ +/ 2N ex ( >d)\
/o P ( 4v<Z>> N P\ ()

)y D)
n2
For the second integral, we truncate at Ay := (4% log 2V ) so that
© 3nvA
1A2N
[ inaven (- ¥ o
> 3nvA
=X+ / 2N exp ( )
N 1L
16LN 3V |
n
5 )25
A=)a

4L 2 8L (4L 4L
— [ X log2N 22 log2N 4+ — ).
<3n ©8 > +3n (?m 8 +3n>

Adding up, we conclude that

1 4v(Z 1612
E {nznzngp} < 1;(2 )(1+log2N)+ 96n2 (2 + 21log 2N + (log 2N)?)

as was to be shown. O
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B Proofs on Metric Entropy

B.1 Modified Proof of Theorem 3.1

For a full proof of the original statement, we refer the reader to Section B.1 of Hayakawa and Suzuki
(2020), which corrects some technical flaws in the original proof. Here we only outline the necessary
modification to incorporate the bounded noise setting.

Denote an e-cover of the model space by fi1,- - -, fas. The only step which relies on the normality of
noise 1., is a concentration result for the random variables

i &Gl — fo(w)
(i) = fo(a 2]

where it is shown via the normality of ¢; that

<j<M,

E { max € } < 40%(log M +1).

1<5<M

We will instead rely on Hoeffding’s inequality. By writing ¢; = w;rflm =37 wj& where
filws) — f°(s)

(i (Fi @) = fo@)?]) >

since |w; ;&;| < olw; ;| a.s. it follows that

2u2 u2
Pr(le;| 2 u) < 2exp —W = 2exp ~552 )
i=1 35

for all u > 0. Then the squared-exponential moment of each ¢; is bounded as

Wi =

E [exp(te])] =1+ /100 Pr (exp(teF) > A) dA

> log A
<1 2 - dA
<1 [ oo (355)

i 1
§1+2/ A2 dA <3
1

by setting t = ﬁ. Hence via Jensen’s inequality we obtain

exp (tIE[ max €7 ]) <E{ max exp( tE } ZE exp( ta <3M

1<5<m 1<j<M
and thus
E { max 52] < 40?log3M,
1<;<M
retrieving the original result up to a constant. O

B.2 Proof of Lemma 3.3

Let us take two functions fe,, fo, € T n for ©; = (I';, ¢;), i = 1,2 separated as

[T1 = Tallop <61, max [[¢1; — @2l (py) < d2.

1<j<N
Then it holds that
[fo.(X,y, ) — fo,(X,y, T)]
<|fo, (X, 4, %) — fo,(X,y,7)|

|{E2 ) (2 )
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= % $1(2) "T161(X)y — ¢2(2) ' T161(X)y + ¢2(2) 'T161(X)y
— $2(%) T2 (X)y + ¢2(F) Tt (X)y — ¢2(3) "T262(X)y

1613 — G2 @) N1 lopllé1 Xyl + 62T ~ Tallpllr (Ky

IN

+ %”¢2(7~J)”HFQHOp”(d)l(X) — ¢2(X))y|

NoxCo  Blyor\ & ByCa
<(f2 SR 1>Z||¢1<xi>|||yi|+ o 2 6r(@) = el liud
i=1 i=1

n n n

< (VN63Cy 4 Bi61)Bly (B + 0) + ByCoVVNbo(B + 0)
= BR(B + 0)8; + 2By (B 4 0)CaV/N6s.
Hence to construct an e-cover G+ of T y, it suffices to exhibit a 1-cover Gs of Sy and a d5-cover

Gr of Fy for

€ €
= 5 =
2BR(B+0) ° 4By(B+0)CaV/N
and set G+ = Gs x G £. For the metric entropy, this implies

V(Tw, [-llzess €) V(SN [-llops 01) + V(F s -]l 82)-

We further bound the metric entropy of Sy with the following result, proved in Appendix B.3.

o1

1 1
Lemma B.1. For § < 5 it holds that V(SN [ ]lopy 8) < N log 5

Substituting into the above, we conclude that
12

B €
V(TN |z, €) S N log ==+ V [ Fav, ||| Lo, '
(T, lllzes, €) S & wo e 4B\ (B +0)CoV'N

The choice of J- is not important as long as the metric entropy of F y is at most polynomial in do. [

B.3 Proof of Lemma B.1
LetI';,I's € Sy and consider their diagonalizations
Fi = UlAlUZT, Al = diag()\m, te ;/\i,N), 1= O7 1,

where U; € Oy, the orthogonal group in dimension N, and 0 < ); ; < Csforeach1 < j < V.
Assuming

N

g :
U1 = Usllop < 1cy A1 — A2 ] < Vj < N,

it follows that

[T1 = Tallop
= UM U] — Ui A U + UiA U] — UM Uy + U AUy — Uz AUy [fop
< 2[|A1 ||l [[U1r = Usllop + [|[A1 — Az~

1) 1)

<205 —— 4+ = = 4.
< 2Cs 403—1-2 )

Moreover, the covering number of O in operator norm is given by the following result.

Theorem B.2 (Szarek (1981), Proposition 6). There exist universal constants cy,ce > 0 such that
forall N € Nand é € (0,2],

N(N-—1) N(N-1)

(2 <vouian = (2)
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Hence we obtain that

) )
V(S Hlane) <V (On Mo 757 ) +9 (10.C31%. Mo 5)
N(N 1) 20,
< 7
< 5 1og 5 24 Nlo og —— 5
1
< N?log —.

Finally, we remark that if elements of the domain Sy are not constrained to be symmetric, we can
alternatively consider the singular value decomposition and separately bound entropy of the two
rotation components, giving the same result up to constants. O

C Details on Besov-type Spaces

C.1 Besov Space

C.1.1 Verification of Assumptions

We first give some background on wavelet decomposition. The decay rate s = «/d is intrinsic to
the Besov space as shown by the following result, which allows us to translate between functions
[ € By ,(X) and their B-spline coefficient sequences.

Lemma C.1 (DeVore and Popov (1988), Corollary 5.3). If @ > d/pand m > a+1—1/p, a
function f € LP(X) is in By (X) if and only if f can be represented as

[= Z Z Bk,zwg,z

k=0¢erd
such that the coefficients satisfy
1/p] 97 1/4
1Bllng., = [Z [2’““““”)(2 ﬁmp) ] ] < o0,
k=0 Lerg

with appropriate modifications if p = 0o or ¢ = 0o. Moreover; the two norms HB”bg , and Hf”ng
are equivalent.

In particular, this implies that for any f € U(B; (X)) the p-norm average of Bk,l for ¢ € I at
resolution k is bounded as '

1/p
< Zlﬁkz|p> S (@27

eeld

<27k

and the coefficients 8y, ¢ = Q*kd/QBk.yg w.r.t. the scaled basis (2kd/2w,‘§j)w satisfy

1/p
( Z |ﬁk£|p> < (2kd)7o¢/d71/2' (18)

leld

Thus it is natural in a probabilistic sense to assume E[g], ,]'/7 < (28)=/4=1/2 This will be
the case if for instance we sample (S,¢) e e uniformly from the p-norm ball (18). This matches
Assumption 4 up to the logarithmic factor and hence the rate is nearly tight in variance, even though
(18) only applies to the average over locations rather than each coefficient explicitly. See also the
discussion in Lemma 2 of Suzuki (2019).
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Assumption 1. We take m to be even for simplicity. The wavelet system (w?w) ¢erg at each
resolution K is linearly independent; for any g € L?(X’) that can be expressed as

Kd/2, d
9= E B 02 /OJK,e
Lerd

we have the quasi-norm equivalence (Diing, 2011b, 2.15)

1/2
ol =272 ( 30 2985, ) = (Breodeery
Lerg
which implies that the covariance matrix E, _unif([0,1]¢) [zﬂ}’y: N(IWZV; N(x)T] is bounded above and

below. Since we assume P x has Lebesgue density bounded above and below, it follows that X is
uniformly bounded above and below for all K > 0.

In contrast, any B-spline at a lower resolution £ < K can be exactly expressed as a linear combination
of elements of (w% o)oe e by repeatedly applying the following relation.

Lemma C.2 (refinement equation). For even m andr = (r1,--- 1), 1=(1,---,1)T e R%ir
holds that
m d m
d - d d
W = Z 2(=m+1) H <r) Wk 1,2047— 21 (19)
1, ,rq=0 =1 H

Proof. The relation for one-dimensional wavelets is given in equation (2.21) of Diing (2011b),

tm () = 27 Z <T:> tm (2:17 —Tr+ %) ’
r=0

from which it follows that

d
wil (@) = [ em(2F2i — 03)
i=1
m d m m
= g(zmt)d m ( Ml — 20, — 1y *)
Z H " b (25T 2y — 20, — 17y + 5
1, ,mg=0 i=1
m d m
= Z 2(—m+1)dH (T) 'wg+1,2e+r7%1($)
r1, 0 ,rqg=0 =1 v
as was to be shown. O

Therefore we select all B-splines at a fixed resolution K to approximate the target tasks,
N = |If| = (m+ 14 2%)% < 2K¢
and

K-1 K
N=> |I}|+1=N, N=> |I{|=<N.
k=0 k=0

It is straightforward to see that 0 < w,‘jy ,(z) < 1forall z € X and moreover the B-splines (extended
toall ¢ € Z%) form a partition of unity of R? at all resolutions:

Z wie(sﬂ) =1, VreR% Vk>o.
Lezd
Then for all x € X we have the bound

N
S o ws(a)? =Y 2R () <25 Y Wi () =284 SN,
j=N teld Lezs

and hence (2) holds with r = 1/2.
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Assumption 2. For any 8 € supp Pg we have that

| ES ]Iz (pr) < Z Z Br,e - 282w,

k=0l ¢crd L>(Px)
kd/2 d
<22 / max\ﬁkd Zwkl
k=0 eI Lo (X)
o] 1/p
Z kd(1/2+1/p)< ) Z wge
k=0 éeId Ler L (X)

< Zde(l/QJrl/p) . (de)fa/dfl/QHFEHBa
k=0 .
< (1 —2¥Pmy~t = B,

Furthermore, the convergence rate of the truncated approximation FO is determined by the decay
rate of 3 in Lemma C.1 as follows (it does not matter whether we bound F 5.5 OF F3 BN since N < N).
We consider a truncation of all resolutions lower than K so that N, N = 2K ¢ Then it holds that

155~ Bl = [ (3 8050) Pad = 3 saEdusenite)

j=N+1 j,k=N+1

< : _ 2 _ 2
= A}E)noo CallBy.mll Cs Z Z Bic.e

k=K re1g

[e'e] 2/ [e'e}
Z |Id 1— 2/p< Z |ﬁH|p> ’ Z 2 2kd —2a/d—1

Lerg k=K

2/\

2—2@[{'
=1 57 = N—2e/d

where for the last two inequalities we have used the inequality | z||; < DY/2=1/?||z||, for z € R”
and p > 2 in conjunction with (18). Thus our choice of s = «/d is justified. Under this choice, (5)
directly implies (4) as

BalBh, ) S 27U K2 < N2 (log )2

holds for the basis elements at each resolution X, that is for those numbered between N and N.

Remark C.3. When 1 < p < 2, the truncation up to N does not suffice to achieve the N —22/d
approximation rate, and basis elements must be judiciously selected from a wider resolution range.
More concretely, a size N subset of all wavelets up to resolution K’ = [K(1 + v~1)] where
v =pa/2d — 1/2 > 0 must be used (Suzuki and Nitanda, 2021, Lemma 2). Hence the exponent is a

factor of 1 + v~ worse w.rt. N/ < 2K'd, leading to the inevitable suboptimal rate.

To show boundedness of Tr(% 3 ~)» we analyze the composition of the aggregated coefficients 3
using the following result.

Corollary C.4. Forany 0 < k < k' there exists constants Yy s o0 > 0 for ¢ € I¢, 0! € Ig, such

that
> B2l = 3" B w2V PPl s B =Y e oo Bre

Lerg veld, Leld

holds for all (Bk,e) e ra. Moreover, it holds that

k—k')d/2 K —k)d/2
Z Vi k! 0,00 < o(k=k)d/2 Z Vi, k! 0,00 < oK' =k)d/2
Leld veld,
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The statement follows directly from the more general Proposition C.10, stated and proved in Appendix
C.3 below, by restricting to wavelets with uniform resolution across dimensions. Using Corollary
C.4, we can refine each lower resolution component of Fi3 to resolution K:

N
Fey= Z ZZBkerd/zwdg ZZ > ek B 25wt 4.

k=0¢erg k=0 ecrd terg

Thus each aggregated coefficient, indexed here by ¢ € I, can be expressed as

K
Br.e = Z Z Vi, K 0,0 B -

k=0¢erg
Hence it follows that

K 2
BKZ Z Z % K0, vEg ﬂk J S Z ( Z ’Yk,K,e,w) 9—k(20+d) j.—2

k=0 ¢erg k=0 \¢erf

K
< Z o(k=K)d  o—k(20-+d),—2
k=0
K
/S 27Kd . Z272kak72 - N*l’
k=0

from which we conclude that Tr(2g y) = 3,1 Es [B% ¢ S N - N~ is uniformly bounded.

Finally for the verification of Assumption 3, see Appendix C.1.2.

C.1.2 Proof of Lemma 4.4

We use the following result to approximate each wavelet w? 7 ¢ at resolution K with the class (6). The
proof, in turn, relies on the construction by Yarotsky (2016) of DNNs which efficiently approximates
the multiplication operation.

Lemma C.5 (Suzuki (2019), Lemma 1). For all 6 > 0, there exists a ReLU neural network
w e ]:DNN(L7 VVa S, M) with

L=3+2 [1og2 (3dvm(1 n dm*l/“‘(ze)m“)a*l) ¥ 5] Mog,(dV m)],
W =Wy = 6dm(m + 2) + 2d, S =LW?, M =2(m+1)™
satisfying supp@ C [0, m + 1] and ||w o — ©| Lo (x) < 6.
Here, ¢ is also dependent on N.

Now consider NV identical copies of w in parallel, where each module is preceded by the scaling
(z:)4 — (2Kz; — ;)% for £ € I and whose output is scaled by 259/2. In particular, these
operations can be implemented by K < log N consecutive additional layers with norm bounded by a
constant. Hence each module ¢, - - - , ¢ approximates the basis 2Kd/2, d ¢, with 2Kd/25 < \/N§

accuracy, and substituting iy = \/> N¢ gives that
||¢;_¢;”L°°(73x) S5N7 NSJSNa

with L <logd~! +log N < log 5" 4 log N. Note that the sparsity S is only multiplied by a factor
of N since different modules do not share any connections. Moreover the target basis has 2-norm
bounded as

1/2 1/2
[Vx.n @) S ( Z 25w o > < <2Kd Z WK,e(x)> = VN,

Lerg jezd
where we have again used the sparsity of w,‘j ¢ at each resolution. Hence we may clip the magnitude
of the vector output ¢ by B, and the approximation guarantee remains unchanged.

To bound the covering number of F y, we directly apply the following result.
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Lemma C.6 (Suzuki (2019), Lemma 3). The covering number of Fpnn is bounded as

L(M v 1)E"Y(W + 1)2F ) 5

€

N (Fom(Es W, 8, M), e €) < (

Since clipping the magnitude of the outputs does not increase the covering number, we conclude:
V(va H'||L°O7e) <N- V(]:DNN(L7 w, Sa M)) ||'||L°°a€)
1
< SNlogL+ SLNlogM + 2SLN log(W 4+ 1) + SN log —
€

N 1
< Nlog — + Nlog —.
€

ON
O
C.1.3 Proof of Theorem 4.5
By Lemma 3.3 and Lemma 4.4, the metric entropy of 7 y is bounded as
N N2
V(T N, ||z, €) S N?log — + Nlog —.
€ ONE
Combining with Theorem 3.1 and Proposition 3.2 with r = 1/2 and s = «/d gives
_ . N N2 1 N N2
R(©) < —logN + —log? N + N~2¢/4 L N252 + — [ N?log — 4+ Nlog — | +e.
n n? T € ONE
Substituting 6y < N~17%/4 and e < N—2%/¢ yjelds the desired bound. O
C.2 Anisotropic Besov Space
C.2.1 Definitions and Results
For 1 < p, q < oo, directional smoothness o = (a1, - -+ ,g) € R%, and r = max;<q| o] + 1, we
define [/, = [llo + |y where
e = LS00 oy (£ @7 2 tea] ) g <o
e sz 2w (£, (27H 0, 270 ¢ = oc.
The anisotropic Besov space is defined as
By (X) ={f € L’(X) | [[fllg, < oo}
The definition reduces to the usual Besov space if oy = - - - = ayg; see Vybiral (2006); Triebel (2011)

for details. We also write @ = max; «;, ¢ = min; «; and the harmonic mean smoothness as
i (o)
i=1

For the anisotropic Besov space, we need to redefine the wavelet basis so that the sensitivity to
resolution k € Zx differs for each component depending on «. Define the quantities

d d
kllaya =D lka/es|, Ip®:=][{-m,—m+1,--- 2lke/oly c 72,
i=1

i=1
We then set for each £ > 0 and ¢ € I,‘:’a

d

d,a afog
Wi () = wakg/alj,'“ ,[kg/och).,Z(x) = I | Lm(Qka/ in - ),
i=1
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and take the scaled basis
{05 | j € N} = (2WFlerel2000 | | € Zso, £ € T}
with the natural hierarchy induced by k.

The minimax optimal rate for the anisotropic Besov space is equal to n™ 25+T (Suzuki and Nitanda,
2021, Theorem 4). Our result for in-context learning is as follows.

Theorem C.7 (minimax optimality of ICL in anisotropic Besov space). Let . € R‘io witha > 1/p
and F° = U(By ,(X)). Suppose that P x has positive Lebesgue density px bounded above and
below on X. Also suppose that all coefficients are independent and

EsBre =0, Eg[B2,) <2 FeH/@k=2" vi >0, (eI (20)
Then for n 2 N log N we have

Nlog N N N2%log N

R(O) < N2
©) < +— T

1 2& L
Hence if T 2 nN and N < n?+1, in-context learning achieves the rate n~ +1 logn which is
minimax optimal up to a polylog factor.

C.2.2 Proof of Theorem C.7

The overall approach is similar to Appendix C.1. The decay rate of functions in the anisotropic Besov
space is characterized by the following result which extends Lemma C.1.

Lemma C.8 (Suzuki and Nitanda (2021), Lemma 2). Ifa > 1/pand m > a + 1 — 1/p, a function
[ € LP(X)isin MBy (X) if and only if f can be represented as

-
F=30 Y Brawil(@)
kezl, et

such that the coefficients satisfy

1Bl = [Z [2’“*—"“'&/“?( > 1o

k=0 gejgva

1/p1 9 1/q
) H < Ifllsg.-

Moreover, the two norms ||BHb;},q and || f|| g, are equivalent.

We again select all B-splines (w?{;) cerg. at each resolution K to approximate the target functions. By
repeatedly applying the refinement equation for one-dimensional wavelets as many times as needed
to each dimension separately, we may express any B-spline at a lower resolution k£ < K as a linear

combination of (w}iﬁ) terd similarly to Lemma C.2. See Proposition C.10 for details. We thus have

d
N = |Id,a _ H(m 14+ 2LKg/aiJ) — 9lIKllasa
1=1

Since [|k||la/a = ka/a + Ok(1) always holds, it also follows that

K K K
N = Z|Ig“| +1x ZQ”k”ﬂ/a = Z(Qﬂ/a)k = ofa/a <
k=0 k=0 k=0

and similarly NV < N. Therefore,

N
Z 1/J;($)2 < 2lKla/a Z w?&(m)z < olKlasa = N
=N cerde
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and the scaled coefficients decay in average as

1/p d -1/p 1/p
< T Z |5ké|p> < <H2Lka/ad> 2“kla/a/2< Z 3 p>
k éeld a i=1 86[,':’”

< Qfllkl\g/a/%kg”fHBa
~ P.4q

= N~EH2 f g .

For Assumption 2, we can check that

(oo}
o d,
IF || e Py < Z Z Brt - Q\Ik\lg/amwk;

k=01l pe > L= (Px)
1/p
< 22(1/2+1/p)||k|\a/a ( Z |Br. e|p>
= 1,5
< Z 9(1/2+1/p)llklla/a . 9= kllaya/2—ka
k=0
<(1- Qg/a(l/p*&))_1 — B

and for a resolution cutoff K > 0, N < 2llKllase the truncation error satisfies

[e'e) [e'e) 2/17
BN P Sl S S |I;3’“|”/P< 5 m,m)

= d,o = d,c
k K+1l€[}c k=K+1 KGI,C
oo
< E olkllasa . 9=llkllasa—2ka o 9—2Ka . p—2a
~Y
k=K+1
Thus we may set r = 1/2, s = & and take the variance decay rate (20) as

Eﬁ[ﬂké] 29— Hk||a/a(2oz+1)k 2\,2 ka(2+1/a))k 2

For boundedness of Tr(¥5 y ), we use the following result which is also obtained from Proposition
C.10 by considering resolution vectors (|ka/aq ], -, |ka/aq]) and (|K'a/aq], -, |[K'a/aq)).

Corollary C.9. Forany 0 < k < k’ there exists constants Yy ' g0+ > 0 for £ € I,(j’a, e I,Zl,’a such

that
k d K d, =
E B 2M*llara/2y, v = E Brr 02N Ny 2 s Bee = E Vi .0 B e

terg® verde terte
holds for all (B.¢) ¢ ya.«. Moreover it holds that
k

Elaja—IIE laya)/2 Ella/a—llkllaya)/2
E Yok o0 < Ukl asa—=I1E lasa)/ 7 § Verr o0 < Uk Nlasa=kllasa)/2
terde verh

We apply Corollary C.9 to refine all components of F’ /;  to resolution K:

K

K
kla/a/2, do Klla/a/2, dh
Fin=2 > Bea2Mere0id =% 3" 3" quee B2l Mlare 2wz,

k=0 g k=0perf™ cer>

Hence it follows that
K

K 2
Es|Bic.e) = Z Z Vi s BalBi] S Z < Z 'Yk,K,Z,Z') 9ha(2+1/a) =2

k=0 perhe k=0 \perhe
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K
< 37 oIkl o . g—ha(2+1/a) =2
k=0

K
< 2= I1Klasa . Z 9—2kap—2 o N—l7
k=0

and we again conclude that Tr(X5 ) is uniformly bounded.

The rest of the proof proceeds similarly to the ordinary Besov space. O

C.3 Wavelet Refinement

In this subsection, we present and prove an auxiliary result concerning the refinement of B-spline
wavelets and the recurrence relations satisfied by their coefficient sequences.

Proposition C.10. Forany k, k' € Zéo such that k' — k € Z%O there exists constants Yy, s ¢,00 > 0
fort eIt ¢ ¢ I,‘j, such that

kll/2, ,d 7 Kl1/2, d 3
Z /Bk:,f2“ 1/ wk’,f — Z Bk/,€/2‘l I/ Wk’,(f’a ﬂk/7e/ = Z 'yk,k/,f,e/ﬁk,e (21)
Lerg veld, Lerg
holds for all (Bk,e) e ra. Moreover, it holds that

||k =k 2 k' —k 2
E Vi, k7,00 S 2 Il I/ , E Vi, k! 0,07 S 2“ I/ .
tery rerd,

Proof. We proceed by induction on ||k’ — k||;. When k&’ = k + e, for some 1 < j < d, we can refine
each wj! , using equation (2.21) of Diing (2011b) as

m
— 1 m d
=2 Z (r)wk‘*‘ejvé'*‘(fﬁw—’;)ej (z).

r=0
Since ¢ 4 (¢; 4+ — & )e; matches a given location vector £ € Il?+ej ifand only if £; = ¢, (i # §)
and E; = 2(; +r — %, comparing coefficients in (21) yields

e; s =27 20 i mn .
Yk ke 0,0 {6i=€; (i#5)} 0 =20+

Here, 1 4 denotes the indicator function for condition A. It follows that Vi kte;,e,00 > 0 and

o < 27”“/2( m ><21/2,
IR (I E

terd L €L
_ m
E Vi, k+e;,€,0 < g 2 m+1/2 ) . < 21/2’
' v — 2£j + 5
ver,., fer I
J

by considering parities.

Now suppose the claim holds for a fixed difference ||k’ — k||;. Applying the above derivation to
further refine resolution &’ to k¥ = k' + e; for arbitrary j gives

kll1/2, d 3 Klh/2, d 5 Kli+1)/2, d
§ Bre2I*lh/ Wre = § B o211/ Wi o1 = E B 1,00 20F 41/ W' 4e;,0"

terg very, Z”eI;j/H
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where

2 —m+1/2 m o
Brrgeson = >, 27" P 1y (#j)}(g/,_%,. n m>5w'
J J

e, 2
—m+1
=D > 2 P gy (e" 20+ >7k k0,6 B,
terg E’Gld
Hence we obtain the recurrence relation
— 1/2 m
V' te; 0,0 = Z 27 Loe=ey Gy \ g ¢ om ) VKL
verg, 7 7
from which we verify that vk g/ ye; ¢, > 0 and

m m
D ke e = Y, 2P 75])}([// 20, + m) > ek e

terg é'e]d Lerd

< 9—m+1/2= K —kl|1 /2 Z ( m m) — o~ (IK =kl +1)/2
e o =20+

and furthermore

— m
Z Vb e 0,00 = Z Z 2 m+1/21{2;_4’(i;ﬁj)}(€//_26/‘+m>'7k,k’,€,£’
7 2

d d d J
é”elk,+C Z’EI Z”elkurﬁ

—m+1/2
2 m / Z Z (gl/ 25, )’yk k0.0
Z’ejd IZ”GZ
veld,

This concludes the proof. O

C.4 Proof of Corollary 4.8

In order to approximate arbitrary ¢; € U(B] (X)), we need the following construction instead of

Lemma C.5. Note that N’ corresponds to the number of B-splines used to approximate the target
function and can be freely chosen to match the desired error, which however affects the covering
number of F .

Lemma C.11 (Suzuki (2019), Proposition 1). Setm € N, m >7+2 —1/pand v = (pr — d)/2d.

Forall N' € N sufficiently large and ¢ = N'=7/4(log N')~1, for any f° € U(B;] (X)) there exists

a ReLU network f € Fpnn(L, W, S, M) with
‘L:3+2[b&(?”mﬂ+wa4“@@m+U€4>+5WWgﬂdeﬂ,
W=NW, S=(L-1)WZ+1)N,  M=O(N"r+/d)

satisfying || = fl oo () < N'77/4.

Also note that from Assumption 1 it follows that [|¢);|| L (py) < CooN'/2. Setting N/ < ST

and applying the covering number bound in Lemma C.6, after some algebra we obtain the following
counterpart to Lemma 4.4.

Corollary C.12. Forany 6 > 0, Assumption 3 is satisfied by taking
Fn ={lpy 09| o= ()} 1,05 € Fonn(L, W, S, M)}
where By, = Coo N'/? and
L=0(ogdy"), W=06y""), S=0(y""logsy"), logM = O(logéy).
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Also, the metric entropy of F  is bounded as
—d/r 1 1 1
V(FN, [l €) S NoxMlog — <10g ~ + log? ) '
6N € (SN
Then by combining with Lemma 3.3 and Proposition 3.2 via Theorem 3.1, it follows that

N a1 N 1
V(TN7||'HL<>0,€),§N210g—+N6Nd/ log — (log — +log? — | .
€ 5N € 51\/

and
_ o~ N N?
R(©) < —logN + — log” N + N~2*/¢ + N25%
n n
N? N N __q- 1 N 9 1
—log—+ =¢ log — [ log — + log” — .
Substituting 6y =< N~1=%/4 and e =< N—2%/¢ concludes the desired bound. O

D Details on Sequential Input

D.1 Definitions and Results

y-smooth class. We first define the y-smooth function class introduced by Okumoto and Suzuki
(2022). Let r € Z$*>° and s € N§**°, where N = NU{0} and the subscript 0 indicates restriction
to the subset of elements with a finite number of nonzero components. Consider the orthonormal
basis (1), of L2([0, 1]4*°°) given as
d \/5008(27‘(’7‘1']'.131‘]') Tij < 0
1€Z j=1 \/isin(QTrrija:ij) Tij > 0
The frequency s component §5(f) of f € L?(]0,1]%*>) is defined as

3s(f) = > (f, )y

(2% =1 | <|rij | <254

For a monotonically nondecreasing function + : NSX‘X’ — Rand p > 2,q > 1, the v-smooth norm
and function class are defined as

1/q
1fll 77, pa) = < > 270 5.(f) Z,m>
SENgXOO

and
FoaPx) = {f € L*([0, 1) | | fll£; ,px) < o0}
The ~y-smooth class over finite-dimensional input space [0, 1]¢X™ is similarly defined.

In particular, we consider two specific cases of « for the component-wise smoothness parameter
o€ R‘%m, for which we also define the corresponding degrees of smoothness af € R . Denote by
(dj);?‘;l all components of « sorted by ascending magnitude.

* Mixed smoothness: v(s) = («, s), af = & = max; ; ;.

“H-1

* Anisotropic smoothness: v(s) = max; ; a;;8:;, af = (3, ;0

Furthermore, the weak ["-norm of « is defined as ||c[|in := sup; j”dj_l forn > 0.
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Piecewise y-smooth class. The piecewise y-smooth class is an extension of the y-smooth class
allowing for arbitrary bounded permutations of the tokens of an input (Takakura and Suzuki, 2023).
For a threshold V' € N and an index set A, let {Q)}xea be a disjoint partition of supp P » and
{7x}xrea a set of bijections from [2V + 1] to [V : V]. Further define the permutation operator

IT: supp P — RV g
H(x) = (xﬂ'k(l)v T al'TrA(ZVJ,-l)), lf:C S Q)\.

Then the piecewise y-smooth function class is defined as

P (Px)={g=foll| feF} ,(Px)lgllzy,mpr <}

where

1/q
l9ll 27, P x) 1=< > 2q”(s)llés(f)OHIIZ,pX) :

SENgx[fv:V]

Next, we state the set of assumptions inherited from Takakura and Suzuki (2023). In particular, the
importance function makes precise a notion of relative importance between tokens which is preserved
by permutations.

Assumption 5 (smoothness and importance function). 1 < g < 2 and:

1. The smoothness parameter « satisfies ||| win < 1 and c;; = Q(|i|") for some n > 1. For
mixed smoothness, we also require &t < Qia.

2. There exists a shift-equivariant map 1 : supp Py — R such that pg € U(FL ),

00,q
ol < 1and Qx = {z € supp Pa | i)y (1) > =+ > (@) ny vy f forall N € A p
is moreover well-separated, that is pu(x) z, (v) — (Z) 7, (v+1) = Cuv ™2 for Cy, 0 > 0.

We focus on parameter ranges 1 < ¢ < 2 and n > 1 strictly for simplicity of presentation, but the
cases ¢ = 1,q > 2 and 7 > 0 can be handled with some more analysis. Note that 7 > 1 ensures
a! > 0 for anisotropic smoothness.

Additionally, the assumption pertaining to our ICL setup is stated as follows.
Assumption 6. Forr € ngoo the coefficients B, corresponding to 1), are independent and satisfy
fors € Ng X such that the frequency component §,(f) contains the element 1),

Esl8,] =0, Egl87] S 2 CH/o0 0 (s)2, (22)
Also Xy n =< I holds, for example P x is bounded above and below with respect to the product

measure X on ([0, 1]%%>°) of the uniform measure X on %([0, 1]).

We then obtain the following result for ICL with transformers:

Theorem D.1 (minimax optimality of ICL for sequential input). Let F° = {f € U(Z) ,(Px)) |
| fllze(pry < B} for some B > 0 where ~y corresponds to mixed or anisotropic smoothness.
Suppose Assumptions 5 and 6 hold. Then for n 2 N log N we have

R©®) < N2 Nlog N N N2V(+1/aT) polylog(N)
~ n T '

2af

1 _
Hence if T > nN'VY/o" qnd N =< n2ai+1, ICL achieves the rate n” 2= +1 polylog(n).

D.2 Proof of Theorem D.1

Since the system (2),.), is orthonormal, we may take N = 1, N = N following Remark 2.1. We
mainly utilize the following approximation and covering number bounds.

Theorem D.2 (Takakura and Suzuki (2023), Theorem 4.5). For a function F° € U(Z) (Px)),

|FOllnoe(pr)y < B and any K > O, there exists a transformer Fe Fre(J,U,D,H,L,W,S, M)
such that R
|1Fo — F°llp2pay S 275,
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where
J<SKY logU <logK ViegV, D < K?H0/MogV, H < (log K)Y",
L<K? W<2Kle gl g<ok/el g2+2/n 1600 < K Vloglog V.
Theorem D.3 (Takakura and Suzuki (2023), Theorem 5.3). For e > 0 and B > 1 it holds that

DHLW M
IOgN(.FTF(J, U7D7H7L7VV7‘S’7M)) ||'||L°°76) S; JBL(S+HD2)IOg (W) .

To analyze the decay rate in the y-smooth class, we approximate a function f € L2([0,1]9%°) by
the partial sum of its frequency components up to ‘resolution’ K, measured via the + function:

Rie(f) = 3 o).
v(s)<K

The basis functions v, are thus ordered primarily ordered by increasing ~(s).
Lemma D.4 (Okumoto and Suzuki (2022), Lemma 17). For 1 < q < 2 it holds that

1 = Re(Dlizaea) £ 2751175, 70-

Note that if y(s) < K then s;; < K/a;; < K/ |i|” for all 4, j for both types of smoothness and so
llsllo < dK/7. In addition, the number of basis functions ¢, used in the sum for &,( f) is exactly
2llslls — ]—L j 2% Theorem D.3 of Takakura and Suzuki (2023) shows that the number of basis
elements used in the sum Ry (f) satisfies

N = Z ollslhh < QK/QT
y(s)<K

. . . S i
for both mixed and anisotropic smoothness. Hence the [NV-term approximation error decays as N ~¢

so that the choice s = a leading to the assumed variance bound N 22" =1 =< 2-(2+1/a)K i (22)
is justified. Moreover for large K,

s sl O
> S ey < 3 2l (a2 < prsalrou
Y(8)<K |29 | <|ry; | <250 (<K

since ||7]jo = ||s|lo, so that (2) of Assumption 1 is satisfied with » = 1/2. The second part of
Assumption 1 holds since (¢),.), .zix is orthonormal w.r.t. A@xee_ Furthermore, the discussion thus
0

far immediately extends to the piecewise y-smooth class for any partition {€2) } xca by composing
with the permutation operator II.

We proceed to use Theorem D.2 to approximate each basis function v, o II up to resolution K.
Moreover, we can see from the proof of Lemma 17 of Okumoto and Suzuki (2022) that we do not
need to account for the sup-norm scaling of v,. and thus it suffices to find the parameter K’ € N such

that the approximation error 2~ " = dy. Hence combining Theorems D.2 and D.3, we conclude that

, 1
V(Fre(J,U, D, H,L,W, S, M), |-| o, €) < K'3/MK’2 . 2K /o' gr2+2/n . [/ |og =
€

1/at

1 1 1

< | — polylog [ N, — | log —
ON oN €

is sufficient to satisfy Assumption 3. Therefore, we can now apply our framework with B}, =< N to
obtain the bound

o N N2
R(@) 5 legN-l- FlOg2N+N72O‘T +N25]2V
N2 N 1 __yat 1 1
+?10g?+T5N/ polylog(N,(sN>log6+€_

Substituting 65 =< N~1=2" and ¢ < N=22" concludes the theorem. O
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Query Prediction Query Prediction Query Prediction
Self-Attention (Linear) Self-Attention (Softmax) Feedforward (ReLU)
S
- Output o Output g Self-Attention (Softmax)
] 3 5
2 Feedforward (ReLU) 2 Feedforward (RelU) S Feedforward (ReLU)
& z &
Feedforward (ReLU) Feedforward (ReLU) Self-Attention (Softmax)

(a) linear model

(b) Softmax model

(c) full Transformer

Figure 1: Architecture of the compared models. Each model contains two MLP components, all
attention layers are single-head and LayerNorm is not included. (a),(b) implement the simplified
reparametrization for attention, while all layers in (c) utilize the full embeddings. The input dimension
is 8 and all hidden layer and DNN output widths are 32. The query prediction is read off the last entry
of the output at the query position.

train loss test loss

16 — linear | 16 —-- linear
144
124 12

10 04

e N & o o
o N & o o
s

0 10 20 30 40 50 0 10 20 30 40 50
epochs epochs

Figure 2: Training and test curves for the ICL pretraining objective. We use the Adam optimizer with
a learning rate of 0.02 for all layers. For the task class wetake o = 1,p = ¢ = 00, T = n = 512
and generate samples from random combinations of order 2 wavelets.

E Numerical Experiments

In this section, we connect our theoretical contributions to practical transformers by conducting
experiments verifying our results as well as justifying the simplified model setup and the empirical risk
minimization assumption. We implement and compare the following toy models: (a) the simplified
architecture studied in our paper; (b) the same model with linear attention replaced by softmax; and
(c) a full transformer with 2 stacked encoder layers. The number of feedforward layers, widths of
hidden layers, learning rate, etc. are set to equal for a fair comparison, see Figure 1 for details.

Figure 2 shows training (solid) and test loss curves (dashed) during pretraining. All 3 architectures
exhibit similar behavior and converge to near zero training loss, justifying the use of our simplified
model and also supporting the assumption that the empirical risk is minimized. Moreover, Figure
3 shows the converged losses over a wide range of N, n,T" values. We verify that increasing N, n

(a) output width N (b) prompt length n

—
169 Y — linear \, \
\ N

W — soft 2 N PRI

(c) task number T

Figure 3: Training and test losses of the three models after 50 epochs while varying (a) DNN width
N; (b) number of in-context samples n; (c) number of tasks 7". For (a), the widths of all hidden layers
also vary with N. We take the median over 5 runs for robustness.
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leads to decreasing train and test error, corresponding to the approximation error of Theorem 3.1. We
also observe that increasing 7" tends to improve the pretraining generalization gap up to a threshold,
confirming our theoretical analysis of task diversity. Again, this behavior is consistent across the
3 architectures. We note that in the overparametrized regime when the number of total parameters
2 nT, the trained model is likely not the empirical risk minimizer, which may also contribute to the
large error for large N or small n, T'.

F Proofs of Minimax Lower Bounds

F.1 Proof of Proposition 5.1

In this section, we develop our framework for obtaining minimax lower bounds in the ICL setup by
adapting the information-theoretic approach of Yang and Barron (1999).

Let { (¢, 5(T21) M., be a §,-packing of the class F° with respect to the L?(X')-norm such that
1BY 09 — BT |30 ) > 02, 1< < <M,

where M is the corresponding packing number. Then we have the following proposition as an
application of Fano’s inequality (Yang and Barron, 1999).

Proposition F.1. Let © be a random variable uniformly distributed over {(1)\9), 5;24)_1)}]1\11 Then,
it holds that

-~ (52 EX[Ix(l:T+1)<@ y(1:T+1))] —|—10g2
inf sup Ep, — f°|? 2"(1— : ,
ot o g o 1 = o) 2 5 log M

where I+ (0, y T is the mutual information between ©,y T+ for given XTI+,

The mutual information I 1.7+1) (0, y(:7+1)) is formulated more concretely as

: : p(y(l:TH)va(l:TH)) 1:T+1)
> w(9)/p(y(l'T“)I&X“'T“))10g( e ) T,
fesupp © Po(y BTV D)

where p(y|6, X) is the probability density of y conditioned on #, X and p,, is the marginal distri-
bution of y“7*+1) where w(-) = 7 is the probability mass function of © (i.e., p,, (-| X7+ =
> oesuppo W(O)p(-10, XETH)) - We let Py)|p (and Py4))9) be the distribution of y® condi-
tioned on 8, X* (and X (1)) respectively, and let

1 M
Py(1:T+1) = M E Py(er-H)‘a(j)
j=1

be the marginal distribution of y(*7+1) conditioned on X (17 +1),
Next, we define the set {@(j)}?:ll to be a ¢, 1-covering of F w.rt. the norm d(v,¢’) =
VE:[[[¥(z) — ¢’(2)||?] with &, 1-covering number @1, and {B(j)}?jl to be a &, o-covering of

B w.rt. the L? norm with ¢, o-covering number Q2. By taking all combinations of (¢)(7), 3U")

for1 < j < Qpand1 < j' < Qs, we obtain the covering {é(j)}?zl with respect to the quantity
g2 = 0%5%71 + Cael  where Q = Q1Q2 and each 0 is given by 0@) = (4)U1)| 3(72)) for some
indices j; and ja.

Then as in the discussion of Yang and Barron (1999), the mutual information is bounded by

M

Ixarn (0,90 THY) = % " D(Pyairin oo | Pyarsn)

=|-
.
[
L

D(Py(l:T+1) |6 ||]5y(1:T+1)),

~
Il
-

I
Sk
M-



where D(-||-) is the Kullback-Leibler divergence and P YT+ = Z Pyaring;) because

py(l:T+1) minimizes the right hand side. If we let

K(J) = argmmD(Py(l T+1>\9<J>H <1:T+1>|§<k>)»
1<k<Q

then each summand of the right-hand side is further bounded by
log @ + D(Py(1:T+1>\9(-7’> HPy(l:TH)\én(j))-

Moreover, for 6 = (1, 37+ it holds that
p(,y(lzTJrl)w7 X(l:T+1))

= Hp(y(t)w’x(t)) p(y T, g+ X (T41)

T
_ H/p(y(t)w,ﬁ(t),X(t))pﬂ(ﬁ(t))dﬁ(t) p(y T+, BT X(T+1)y.

Then the KL-divergence can be bounded as

D(Py(1:T+1)|0(j) ||Py(1:T+1) ‘ém(j))

= E D( y(‘)|1[;(7>|| (t)|1[,<»<j>>) +D (Py<T+1>|¢<j>,5gjrl||Py<T+1>|1;(~<j)>7/§<T§£-71')))

T
< Z/D y(f)|»¢;(]) B | P, (t)|1[,(~<j))75(t)> pﬁ(ﬂ(t))dﬂ(t)

D (P . P )
+ y(T+D) | (0) ﬁé]j_l | YT+ [ (=) G <71>>

where the joint convexity of KL-divergence was used for the last inequality. Since the observation
noise is assumed to be normally distributed, the integrand KL-divergence can be bounded as

n N ) 2
D (Py<t>W,(j),/3||Py(t)|1/}~<j),5) Z 252 (ﬁ—r'@[](])( 2 ) - 5T¢(K(]))(lﬁ(‘t)))

Hence, its expectation with respect to 5, X t) becomes
2

RT3 R 2 N5 g2
Exo,5 |0 (Pyorwo sl Pyoigeo )] = 555 109 = 0" 2o < 55600,

In the same manner, we have that
D (Py(T+1)W(J) /3(]) ”P (T+1)Wn(]) 5( (J)))
) 2
T t 5 T “(r(f t

oo 32 (BRI - BTl
n

<
i=1

(2

1 K K T + ~(r(i " 2
= [( 0 BTﬁ’l”) B (3 } +Z { BT WO @) - S (@)
The expectation of the right-hand side with respect to X (T+1) Bry ) 1 is bounded as

EX(T+1) g@ [D (Py<T+1)|¢<j> gy 1P, yO e BLE <J)>)}

T4+1
C’gn (i n , (i

< ooz 8L = BEIP + 5503l — DD e
Can 2 n 9

_T 2+270'6 nl 20,2571'

Therefore, the expected mutual information can be bounded as

. nT n
Ex [Ixarsn (0, yTD)] < log Q1 + log Qs + ﬁagsi,l + @5%-

Applying Proposition F.1 together with (7) concludes the proof. O
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F.2 Lower Bound in Besov Space

Here, we derive the minimax lower bound when 7° = U(By  (X)). Recall that in this setting
s = «/d. We fix a resolution K and then consider the set of B-splines w}l(’ nlel ;l( of cardinality
N’ = 2K4_ Considering the basis pairs (w§ ,,wf 5), ..., (Wi y/_1,Wk y/), We can determine
which one is employed to construct the basis (/). The Varshamov-Gilbert bound yields that for
Q = {0, l}N//Q, we can construct a subset Q' = {w1,..., wyn/16} C Q such that |Q = 2V'/16
and w # w’ € Q) has a Hamming distance not less than N'/16. Using this {2, we set N = N’ /2

and M = 2V'/16 and define (1))} as ¢} ) = Wi 5y ifwj; = 0and ¢ =W g ifwj; = 1.

We use the same B-spline bases with resolution more than K for wl(j ) (i > N) across all j.
By the construction of (1/(1)), if we set f(1) = (08y...,08,0,0,...), then
18T — BTG |2, ) > g N/S.

Hence, for 62 < aﬂN /8 < 1, the §,,-packing number is not less than 2/V/8, Moreover, the logarithmic

S,-packing number of {37¢) | B € B} for a fixed j is @(mm{én1/S,Nlog(1/6n)}) by the
standard argument.

Hence taking 4, We obtain log M 2 N and the upper bound of the covering numbers
log Q1 +log Q2 5 N for O'Béin | <62 andeZ , = C672 where C is a constant. Then, by choosing C

appropriately and £,, 1 < N~!7% (so that log @1 < N), as long as
nTUﬁen 1+ 102 <logQy +1logQr SN
is satisfied, the minimax rate is lower bounded by 5,21. Taking N = nm, we obtain the lower bound

62 >n” el (23)

F.3 Lower Bound with Coarser Basis

We consider a generalized setting where X = R? x R% x - - x R? and take wl(j ) e U(B;, q(Rd))
(N+1)t1mes

and assume that 8, € [—1,1] and §; € [0, 03] where 03 = O(N~25-1). Since the logarithmic

— /7-)

those for the basis functions on

2
]:;f )). Therefore, by

€1-covering and packing numbers of U(B;’Q(Rd)) are O(&;
j=2,...,N+1become O(NE&| d/T) and those for B are ©(N log(1 +

taking En71 = Né&? we see that

—d/r No?
T En,l 0[1’

T 10262 Vane?, <e VTN (Il +Nlog|1
n ( ,1 0,(3 nl) NEpa2 S € n,1 \/N g +E%’2

should be satisfied. Moreover, by taking 5<27+d)/7 =< 1/nTande? , < Nlog(l+ N~2¢/e2 ,)/n
we can balance both sides. In particular, we may set
N

2 — 52 2 —2s
E’n,,l = (nT) 27+d, 671,2 = ; A N .

d
Taking the balance with respect to N to maximize €2 ,, we have N < n?>+4 and 63“1 = (nT)” 27+4,

Therefore, the minimax rate is lower bounded as

n,2
82~ (14 02)e2 | +¢2, = Tata 4 (nT) T4, (24)

F.4 Lower Bound in Piecewise v-smooth Class

Suppose that we utilize the basis functions up to resolution K. Then, by the argument by Nishimura

and Suzuki (2024), the number of basis functions v, in the K -th resolution is N’ =< 2K /a® Moreover,
the d,,-packing number of the ~y-smooth class is also lower bounded by

log M > N’ polylog(d,, N'). (25)
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Here, by noticing the approximation error bound in Appendix D.2, we take N’ < 6, /2" Where the

basis functions are chosen from the Kth resolution. As in the case of the Besov space, we construct
()M where M’ = 2V'/16 and () (z) € RY for N = N’/2 and [|1p1) — U )H%Q(PX) > N/8
for j # j'. Following the same argument as in the Besov case, we need to take €,, 1 and €,, 2 as

_1/qt
nTUgEiJ + nsiﬁz <94, 1/a

_ 2aT
up to logarithmic factors. This is satisfied by taking 5%,2 = C62 =< n 247+1 with a constant C' and
24t —2 _ 24t
balancing N so that 037 | = (nT)) 2eT+1 052““’1 = T~'n" 2ai+1. Combining this evaluation and
(25) yields that the minimax lower bound is given by
_ ZQT
62 >n 2af+1, (26)
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading “NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: See the Our Contributions paragraph for details.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: See the Limitations paragraph.
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Guidelines:
* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.
* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

 If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: See Assumptions 1, 2, 3,4, 5, 6. All proofs were provided in the Appendix.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: See Appendix E, Figure 1.
Guidelines:

* The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: All experiments are toy simulations and data is i.i.d. random.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See Appendix E, Figure 2.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: The median over 5 runs is reported in Figure 3.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: All experiments are toy simulations.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research is theoretical and raises no ethical concerns.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: The research is theoretical and raises no concerns on societal impact.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper poses no such risks.
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* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA|
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Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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