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Figure 1. We propose HOTSPOT, a neural signed distance function optimization method that establishes an asymptotic sufficient condition
to guarantee convergence to a true distance function, enabling precise surface reconstruction and level set representation for complex
shapes. Here we show a reconstruction from a point cloud sampled from the reference bunny (taken from Mehta et al. [1]) on the right.
In the inset, we visualize the recovered signed distance function on a horizontal slice, using warm colors for positive values and cool for
negative (zoom in for details). Our reconstruction is significantly more accurate than prior works (SAL [2], DiGS [3], and StEik [4]).

Abstract

We propose a method, HOTSPOT, for optimizing neu-
ral signed distance functions. Existing losses, such as the
eikonal loss, act as necessary but insufficient constraints
and cannot guarantee that the recovered implicit function
represents a true distance function, even if the output min-
imizes these losses almost everywhere. Furthermore, the
eikonal loss suffers from stability issues in optimization. Fi-
nally, in conventional methods, regularization losses that
penalize surface area distort the reconstructed signed dis-
tance function. We address these challenges by designing a
loss function using the solution of a screened Poisson equa-
tion. Our loss, when minimized, provides an asymptotically
sufficient condition to ensure the output converges to a true
distance function. Our loss also leads to stable optimization
and naturally penalizes large surface areas. We present the-
oretical analysis and experiments on both challenging 2D
and 3D datasets and show that our method provides bet-
ter surface reconstruction and a more accurate distance ap-
proximation.

1. Introduction

Learning neural signed distance function requires design-
ing loss functions so that the zero crossings of the implicit

“Equal contribution.

function are at the desired locations (e.g., adhere to a sparse
input point cloud), and that the implicit function returns the
correct signed distance. Designing the loss function proves
to be challenging for shapes with complex topology and de-
tails (Fig. 1). We propose HOTSPOT, a method based on
a relation between the screened Poisson equation and dis-
tance that enjoys both theoretical and practical benefits.

A major challenge in signed distance function optimiza-
tion is ensuring the implicit function follows the true dis-
tance. A common regularization loss used is the eikonal
equation, which constrains the gradient norm of an implicit
function to be 1 almost everywhere. If the implicit function
is a signed distance function, then it satisfies the eikonal
equation. However, the converse is not true. That is, satis-
fying the eikonal equation is only a necessary condition for
the signed distance function, not a sufficient condition [5].
Fig. 2 presents the logic and Fig. 3 shows an example.

Another key challenge lies in the optimization. It is
known that the eikonal equation regularization is unsta-
ble [4], and the instability can make optimization converge
to suboptimal results or even diverge.

Furthermore, to address optimization ill-posedness and
instability, existing methods penalize the surface area of the
shape. We prove this degrades the reconstruction quality
and distorts the output level sets, thereby leading to a deli-
cate balance between over- and under-smoothing.
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Figure 2. Existing constraints are only necessary but insufficient
conditions. That is, there exist solutions, like Fig. 3, that satisfy
them almost everywhere yet fail to be distance functions. In con-
trast, we use a heat loss, modeled by a screened Poisson equation
with parameter A\. As the parameter A goes to infinity, the min-
imizer converges to the distance function and excludes other so-
lutions. Thus, our method is asymptotically both necessary and
sufficient.

We propose a simple model that can address all the chal-
lenges above. Our model, HOTSPOT, is based on a screened
Poisson equation and a classical relation between heat trans-
fer and distance [6] that was popular for approximating both
Euclidean and geodesic distance [7-9]. Using this relation,
we design a loss function for optimizing neural signed dis-
tance functions. As our contributions, we show, both theo-
retically and empirically, that our model
e serves as a sufficient condition ensuring the difference be-

tween the minimizer and the actual distance is bounded
and decreases linearly as the parameter A increases (Fig. 2
and Fig. 3, right).

* is stable both spatially and temporally, in the sense that
a slight perturbation of the implicit function only intro-
duces changes in a local region, and that the dynamical
system formed by the gradient flow will converge in the
long run.

* penalizes the surface area naturally, while remaining an
undistorted signed distance function.

* works well in both 2D and 3D shapes, and it excels at
approaching signed distance functions while optimizing
for complex, high-genus shapes.

2. Related Work

Implicit surfaces. Modeling and reconstructing surfaces
using implicit functions has a long history in computer
vision and graphics [11-15]. Recently, there is a surge
of interest to model surfaces using neural implicit func-
tions [16-20]. Neural implicit representations are favored
for their compactness, ability to represent detailed surfaces,
and compatibility to gradient-based optimization [1].

Neural signed distance functions. Among the classes of
implicit surfaces, signed distance functions, where the im-
plicit function outputs the distance to the closest point on
the surface, and the sign represents whether the point is in-
side or outside the solid object, is one of the most popular
variants. Signed distance functions enable an efficient ren-
dering algorithm called sphere tracing [21-24] and helps
geometry compression [25]. They can also be used for colli-
sion detection [26—28] and numerical simulation [29]. Tra-
ditionally, signed distance functions are often represented
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Figure 3. We illustrate a 1D neural signed distance function opti-
mization using the classical eikonal loss [10] and our model. The
x axis is the domain and the y axis shows the output of the implicit
function. The middle and bottom rows show the intermediate and
final states of the optimization respectively. The eikonal loss, as
a necessary but insufficient condition, is incapable of converging
to the actual signed distance function (dashed line), even when the
function satisfies the eikonal equation almost everywhere.

as grids [30-32]. More recently, neural signed distance
functions have become an appealing geometric representa-
tion [33-35]. (Neural) Signed distance functions are also
often used in inverse rendering [36—42], for their flexibility
to obtain surfaces with complex topology.

Regularizing and initializing neural signed distance
functions. A commonly used loss for optimizing neu-
ral signed distance functions is the eikonal regularization,
which encourages the norm of the gradient of the implicit
function to be one [10, 39]. However, the eikonal regular-
ization alone is far from sufficient, as 1) minimizing eikonal
loss does not necessarily lead to a distance field [5, 30],
and 2) its optimization is unstable [4]. Previous works have
proposed initialization to bootstrap the optimization with a
simple shape [3, 10]. Recent works show that minimizing
the divergence and the surface area of the implicit function
can lead to better reconstruction [3, 43] and stabilizes the
optimization [4]. Second-order information is also often
used [43—-46] for regularization. All losses above are based
on necessary properties of real distance but neither establish
convergence nor exclude non-SDF solutions.

Specialized architectures have been proposed to limit
the Lipschitz constant of the implicit function [35], sat-
isfy p-Poisson equation [47], or represent high-frequency
details [25, 34, 48]. Some research [49, 50] has shown a
link between occupancy function optimization and an ap-
proximate signed distance field regularization. Our experi-
ments further reveal that some implementations [2, 51, 52]
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optimizing SDFs with the closest point may struggle when
querying near the interpolated surface.

We propose a new loss and method for optimizing signed

distance functions. While derived from very different math-
ematics, our loss turns out to have a close connection to
Lipman’s PHASE loss [49]. We show that our theory leads
to significantly more numerically stable optimization, and
a different conclusion in the parameter setting that leads to
drastically different results.
Distance approximation using heat transfer. Our deriva-
tion is inspired by a relation between heat transfer and ap-
proximated distance [6]. This relation has been used in
computer graphics for efficiently computing the geodesic
distance on surfaces [7-9, 53, 54]. We apply the relation
for optimizing neural signed distance functions, and analyze
the properties of the resulting optimization in this context.

3. Background and Motivation

Given an input point cloud x; € R? (we focus on 2D and
3D in this work) with IV points without normal information
that lies on an unknown surface I of a solid object S, our
goal is to find a signed distance function f (), such that

f(w):{—dp(ac) ifexesS 0

dr(z) otherwise,

where dr(x) denotes the closest distance from point x
to the surface I'. In practice, we approximate the signed
distance function f(x) using a neural network wu(x)
R? — R parameterized by its weights and use gradient-
based optimization to figure out the weights. Previous work
(e.g., [10]) often uses a linear combination of a boundary
1088 Lyoundary and a eikonal 1oss Leikonal:

N
1
Lboundary = N Z ‘u($z>|p y 2)

i=1

Ldelzt/\HVu@wH——dew7 p=lor2. (3)
Q

where Q@ C R? is our domain of interest. The boundary
loss encourages the implicit function v to output O at the
boundary, and the eikonal loss is based on that observation
that if a function f is a distance function, the L? norm of its
gradient |V f(z)|| = 1 holds almost everywhere. Thus the
approximation u is encouraged to behave the same.
However, as noted, simply optimizing for the two terms
above does not guarantee that u would be a distance func-
tion even when satisfied almost everywhere (Figs. 2 and 3),
and the extra regularization previous work added to min-
imize the area and divergence [3, 4] could further tamper
with the distance approximation quality. We derive an addi-
tional loss that can be used together with both of the losses
above, and analyze our loss theoretically and empirically.
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Figure 4. We show an illustration of the relation between screened
Poisson equation and a distance field. The top shows a 1D exam-
ple, where on the left we show a solution to Eq. (4) with different
absorption A, and on the right we show the reconstructed distance
7% In(h) (Eq. (5)). Boundary loss for real boundary points acts as
an isothermal heat source, while heat loss diffuses the heat. When
A is increased, the heat decays faster, and the error of the recon-
structed function approaches 0. The bottom shows a 2D example.

We will be using a key relation between the screen Pois-
son equation and the distance. We first define a screened
Poisson equation over a heat field h(x) : R — R, with an
absorption coefficient A, and set a Dirichlet boundary con-
dition to be 1 on our target surface I':

V2h(z) — N2h(x) =0 VYV € RI\T
lim h(z)=0, h(z)=1 VYzel. @
||| =00
If a heat field A, is a solution to the partial differential equa-
tion above, then the following equation holds [6]:

lim = In(ha(2)) = —dr(@). 5)
A—oo A

Fig. 4 shows the intuition. The screened Poisson equation
simulates heat transfer until an equilibrium is reached, un-
der absorption controlled by the A\ coefficient. As we in-
crease the absorption, the reconstructed distance % In(hy)
would approach the real distance. In practice, we could only
obtain a discrete point set I'g. Provided that the neighbor
points are close enough, if there are some boundaries con-
necting them, the boundary condition of Eq. (4) still holds.
This can be interpreted as a superset I' replacing Iy, effec-
tively transforming the boundary from a discrete point cloud
into a continuous surface, which is required and precisely
the goal of the signed distance function reconstruction. Ob-
taining a distance function to the point cloud rather than the
interpolated surface is not our objective. The reconstructed
distance can still faithfully represent the distance to I" be-
cause the approximation in Eq. (5) still holds. Later, we
will prove that the measure of I" is bounded by our loss.
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4. Method

In this section, we introduce our method, HOTSPOT, based
on the screened Poisson equation (Eq. (4)) and derive a the-
oretical analysis. We use the screened Poisson equation to
derive a loss we can directly apply to an implicit function
u, and prove that there is a bound to the solution of the
screened Poisson equation to the true distance (Section 4.1).
We further derive a stability analysis of our loss on both the
spatial stability over small perturbations and the temporal
convergence (Section 4.2). Next, we show that our loss can
penalize surfaces with large area (Section 4.3). Finally, we
discuss the relation to prior work, PHASE (Section 4.4).

4.1. Screened Poisson Equation Informed Signed
Distance Functions Optimization

Given an implicit function u, we want to derive a loss based
on the screened Poisson equation (Eq. (4)) and its relation
to the distance (Eq. (5)). We achieve this by applying the
following substitution based on Eq. (5):

h(z) = e M@, (6)

We want to design a loss such that its minimizer satis-
fies the screened Poisson equation. This can be achieved
by minimizing the energy functional % [, |[Vh(z)|? +
A2h(zx)? dz. After substitution and removing of the con-
stant factor \, we obtain our heat loss:

1
Lieat = 5/ e @ (| Vu(z)|? +1) dz.  (7)
Q

If we take the derivative of Ly, with respect to the heat field
h, we recover the screened Poisson equation V2h — \2h =
0. The boundary condition can be enforced by the standard
boundary loss (Eq. (2)), by observing that u(x) = 0 implies
h(x) = 1. Together with the eikonal loss, we optimize:

L= wabounda.ry + We Leikonal + Wh Lieat- ®)

While prior work [6] has studied the limiting behavior of
the absorption coefficient A, to our knowledge, the bounds
of the approximation and the convergence speed remain un-
known. In the supplementary material A.3, we prove that,
for a boundary I' formed by a discrete set of points and a
small volume around them, the distance approximation ob-
tained from the solution of the screened Poisson equation
converges linearly with respect to A:

Cione(®) < § (@) + (@) < § Cuppr(®@). )
Here, both Cypper(2) and Ciower(x) are scalar fields inde-
pendent of . The inequalities are tight, which means that
one can find a case where the equality holds.

Compared to the eikonal loss (Eq. (3)), where the dis-
tance error can be unbounded even when the equation holds

Eikonal Equation Optimization Our Model Optimization

10

RV o, N

-4 -2 0 2 4 -4 -2 0 2 4

—— Initial State ® Boundary Points === Eikonal Loss ==- Heatloss --- Ground Truth === u=0 # Trend

Figure 5. We visualize the direction of the changes of the implicit
function during one iteration of optimization. Left shows the result
with only the eikonal loss and right shows the result after adding
our loss. Our loss helps to escape the local minimum in Fig. 3.
The heat diffusion encourages the reconstructed absolute distance
to increase monotonically away from the boundary.

almost everywhere, Eq. (9) shows that even with a finite
absorption A, our loss can lead to much more accurate dis-
tance. In fact, any loss that only depends on the norm of
the gradients ||Vul| is not a sufficient condition of the dis-
tance function (Fig. 2), due to the discontinuous jumps of
the gradient. Adding our loss (Eq. (7)) ensures that the ab-
solute value of the implicit function converges to the actual
distance. Fig. 5 visualizes the direction of how an implicit
function would evolve when using only the eikonal loss and
after adding our loss. Our loss ensures that the implicit
function evolves towards the actual distance.

4.2. Stability Analysis

Our heat loss enjoys other theoretical benefits apart from
the convergence to an actual distance. Here, we show that
our loss leads to easier optimization. We separately analyze
spatial stability and temporal stability, where the spatial sta-
bility studies the effect of small perturbation error added to
the corresponding partial differential equation, and the fem-
poral stability studies the convergence of the gradient flow.

4.2.1 Spatial Stability

We show that for the screened Poisson equation, an error
introduced to a single point in the solution decays exponen-
tially and does not propagate to infinitely distant positions.
On the contrary, for the eikonal equation, the error can prop-
agate to infinitely far. The property of the screened Poisson
equation ensures that the perturbation introduced during op-
timization does not lead to a drastically different target and
stabilizes the optimization.

First, we show that for the eikonal equation, an additive
error introduced to a point can presist along a line segment
or a ray.

Proposition 1. Given a field u(x) that satisfies the eikonal
equation |Vu|| = 1, we introduce an additive error ug.
at the point xog where u(xg) = ug to obtain a perturbed
field u' where u'(zo) = ug + uge and |VU/|| = 1. In the
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perturbed field v/, there exists a line segment parameterized
by x(s) starting from xo and s € [0, M|, where M > 0 and
can be infinite, such that every point along the line has the
same error:

u'(@(s)) — u(a(s)) = uoe (10)

The boundary points can contain errors when approxi-
mating the true boundaries, and these errors remain constant
along the line segment. As a result, the propagated error can
become significant and potentially detrimental.

Next, we demonstrate that the error field h. in Eq. (4)
decays exponentially from the perturbed point x.

Proposition 2. In 3D space, consider an additive error hg,
within a small ball B(xo,€) around the point xo, where
the original field h(x) and the perturbed field h'(x), €
R™\ B both satisfy the screened Poisson equation in Eq. (4).
The resulting error field h, = h' — h is radially symmetric
with respect to xo within some maximum radius R, and is
given by

he(r) = ;hOee’\(e_”, Vr > e, (1)

where r = ||@ — xo|| is the radial distance from xg.

The proofs of these two propositions are in the supple-
mentary material A.1 and A.2. By comparing the error
fields, we observe that the partial differential equation gov-
erned by the screened Poisson equation exhibits greater spa-
tial robustness than the one based on the eikonal equation.

4.2.2 Temporal Stability

We next demonstrate the temporal stability of the heat loss
and show that the dynamical system of the gradient update
is stable, that is, the solution of the system converges as
the time ¢ approaches infinity. This is supported by von
Neumann stability analysis, similar to Yang et al.’s work [4].

Yang et al. showed that for the eikonal loss (Eq. (3)), the
temporal gradient flow of the optimization is:

ou o 76Leikonal

=V - (keVu) = ke V?u, where

at ou
K/e(w) = m Sgn(|vu(m)| - 1) p= 1
1_|vu(w)‘_1 p=2
(12)
They analyze the stability by applying Fourier transform:
@(LUJ) = _Re|w‘2ﬁ(t,w) = 'LAL(t,u)) x e—me\w|2t’ (13)

ot

where w = (w1, . . ., wy, ) denotes the frequency variable and
1 represents the Fourier transform of u. In the frequency do-
main, if the original function converges, the term % should
also converge. However, when . < 0, this process corre-
sponds to backward diffusion, which diverges and is inher-
ently unstable regardless of the numerical implementation.

We extend the analysis to our heat loss (Eq. (7)). The
gradient flow is

Oh  OLpea
ot oh
This is exactly the heat equation, and is known to be sta-
ble. We can further verify the stability by applying Fourier
transform to both sides:
@(t (1,2 1 22VF 7 —(Jw?+X%)t
5 yw) = —(lw]+A*)h(t,w) = h(t,w) x e
15)
This analysis reveals that the original process h(x,t)
converges over time and remains stable. Due to the con-
straint |u] = —1In(h)/A, the term |u(x, t)| also converges
during the optimization process. Since u is continuous, it
converges as well. Thus, our method exhibits greater spa-
tial and temporal stability compared to the eikonal equation.

=V2h = \h (14)

4.3. Surface Area Regularization

We next show that our heat loss (Eq. (7)) penalizes large
area of the reconstructed surfaces, by showing its relation
to the coarea loss used by Pumarola et al. [30]. Pumarola
et al. showed that the loss [, e~ Aul||Vul| dz approximates
the surface area of the zero level set of the implicit function
u. We then form the following inequality:

/e_’\‘"|||Vqua:</ \/e—”‘“'(IIVuIIQH)dw
Q Q

<V Wﬂ o2l ([l + 1) da

Therefore, minimizing the right hand side (our heat loss)
leads to a reduction in the upper bound of the left hand side.

Furthermore, we can show that the coarea loss is too ag-
gressive for our purpose of signed distance field reconstruc-
tion. If we directly minimize the coarea loss (the left hand
side in Eq. (16)), according to Euler-Lagrange equation, the
minimizer would satisfy:

(16)

1—Vu=0, (17)

which does not relate to the regularization parameter A. Un-
fortunately, this partial differential equation system formed
by the coarea loss above has a unique solution under Dirich-
let boundary condition, and the gradient of its solution does
not have a unit norm. This makes the coarea loss unable
to accurately shape a signed distance function. By contrast,
our heat loss has bounds for its distance approximation and
converges to the true distance as we increase the parameter
A (Eq. (9)). Another simple way to verify our convergence
and the compatibility with the eikonal equation is to rewrite
Eq. (4) in terms of u following Eq. (6):

_ sgn(u) 2
N \%

| Vul]> =1 u=0. (18)
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Figure 6. We reproduce the PHASE model [49] and show the
log-transformed occupancy field, i.e., the optimized signed dis-
tance function. PHASE recommends boundary weight range wy, €
(0.10,0.32) based on their I'-convergence theory. But in practice,
only a stronger boundary weight constrains the boundary to follow
the input points. We found that this phenomenon often occurs and
show more examples in the supplementary material.

4.4. Relation to PHASE [49]

While derived from different mathematical principles and
motivations, our method is closely related to the PHASE
model proposed by Lipman. It is motivated by smoothly ap-
proximating an occupancy function o(x), which is defined
as 1 outside, —1 inside, and O on the surface.

In the supplement, we show that there is a close relation
between our heat field i and the smoothed occupancy func-
tion o. We also show that our theory and derivation provide
additional insights and significant differences in implemen-
tation and results. In particular, PHASE’s theory introduces
a condition stating that the boundary loss weight w; should
be small, whereas our theory emphasizes the need for a firm
boundary condition (Eq. (4) and Fig. 6).

We further found that optimizing occupancy field in the
PHASE model, when used together with the eikonal loss,
can lead to unbounded network weight derivatives, imped-
ing the optimization. Our method avoids this issue.

5. Experiments

We experiment on both 2D and 3D datasets. We construct a
2D dataset containing 14 shapes, ranging from simple geo-
metric shapes to complex nested structures. We also evalu-
ate on two 3D benchmarks: a subset of ShapeNet [55] and
the Surface Reconstruction Benchmark (SRB) [56]. Addi-
tionally, we generate a dataset with high-genus geometries
from Mehta et al. [1]. In all of our experiments, we use only
the position information of the point cloud.

We report the Intersection over Union (IoU), Cham-
fer distance, and Hausdorff distance between reconstructed
shapes and ground truth shapes as metrics for surface re-
construction. In addition, we report Root Mean Squared
Error (RMSE), Mean Absolute Error (MAE), and Symmet-
ric Mean Absolute Percentage Error (SMAPE) as metrics
for distance field evaluation. We further evaluate non-zero
level set quality near the surface, and render the zero level

set of the signed distance functions via sphere tracing.

We use a network with 5 hidden layers and 128 hidden
channels for our method in all experiments. The hyperpa-
rameters are kept consistent within each dataset. We addi-
tionally apply importance sampling to our heat loss integral.
Full training details can be found in the supplement.

5.1. 2D Dataset

An overview of our 2D dataset is attached in the supple-
mentary material. For 2D experiments, we simply use a
linear network and geometric initialization, as in DiGS [3].
We compare our method with DiGS [3] and StEik [4] with
the hyperparameters and training configuration provided in
their released code, and report the surface reconstruction
metrics and distance field metrics in Table 1. Our method
outperforms theirs across all metrics with only 8,192 sam-
ple points, whereas both DiGS [3] and StEik [4] use 15,000
sample points based on their default settings.

5.2. Ablation Study on 2D Dataset

To more comprehensively compare over different losses, we
conduct an ablation study on our 2D dataset using the same
network architecture, parameter initialization, and sampling
strategy. The only difference lies in the loss functions used.
Quantitative results are shown in Table 2.

The last row corresponds to our HOTSPOT model, com-
bining boundary, eikonal, and heat losses. Our method
reconstructs the correct topology for all 14 shapes, while
others struggle with the harder ones. It outperforms
across nearly all metrics, demonstrating superior recon-
struction quality and distance query accuracy. Although
HOTSPOT slightly trails SAL [2] in RMSE and MAE, it
captures the complex topology where SAL fails. A vi-
sualization is shown in Fig. 7. Full qualitative results
and detailed experiment parameters are provided in the
supplementary material. Models relying heavily on area
losses [3, 4] often face a trade-off between preserving orig-
inal details and eliminating redundant boundaries, which
distorts the distance field (Section 4.3). Moreover, methods
without our heat loss fall in local optimum easily.

5.3. 3D Datasets

We evaluate our method on a processed subset [16, 19, 57]
of ShapeNet [55], which provides surface points sampled
on preprocessed watertight meshes for 260 shapes across
13 categories. To ensure a reasonable spatial density for
passing the heat, we scale the point cloud so that 70% of
the points lie within a sphere centered at the origin with a
radius of 0.45. For a fair comparison, we transform our out-
comes back into the coordinate system used in StEik [4] and
DiGS [3]. Additionally, we implement a scheduler to grad-
ually increase the absorption parameter A, which enhances
the representation of level set details.
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ToU 1 do | du | Lp Lg LA Lp Lpp Ls Lu|| ToUT do | dg |l RMSE|] MAEJ] SMAPE|
DiGS [3] 0.7882 0.0055 0.1267 v v 0.8192  0.0068  0.0712 0.0377 0.0158 0.1315
StEik [4] 0.6620 0.0073 0.1425 v v 0.8936  0.0029  0.0579 0.0165 0.0081 0.1205
Ours 0.9870 0.0014 0.0153 v v v 0.3907  0.0843  0.5598 0.2966 0.2388 1.7283
v v v v 0.6338  0.0566  0.4221 0.2058 0.1616 1.0919
RMSE| MAE] SMAPE ] v v v 0.2938  0.0377  0.3444 0.2990 0.2355 1.6958
v v v v 0.6037  0.0414  0.3656 0.1304 0.0937 0.7792
DiGS [3] 0.0597 0.0315 0.3363 0851 1 o1 199 105 754
StEik [4] 0.0725 0.0415 04222 v v v 0.98! 0.0016  0.0160 0.0 0.010: 0.0
Ours 0.0199 0.0101 0.0699

Table 1. Comparison of 2D reconstruction
and distance query. dc and dg stand for the
Chamfer and Hausdorff distances respec-
tively. Our method outperforms DiGS [3]
and StEik [4] on all metrics.
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Figure 7. Our heat loss achieves the best reconstruction of triangle
fragments. Dashed lines show real boundaries, while the boldest
line represents reconstructed ones. (c) and (f) are from the original
models by DiGS [3] and StEik [4]; the rest are from our ablation
study with different loss combinations. Other combinations fail to
remove extra boundaries or accurately capture the topology. More
fundamentally, (c), (f), (g), and (h) fall into local optima, leading
to incorrect depressions and elevations.

We present the quantitative results in Table 3 and visual
results in Fig. 9. More baselines [46, 51] are compared
in the supplement. Our HOTSPOT model outperforms cur-
rent state-of-the-art models across all surface reconstruction
metrics, and achieves near-top accuracy in distance queries.
While SAL [2] uses the closest point distance in their loss
function, leading to slightly lower total absolute error, their
performance drops significantly in relative error and near-
surface metrics. This suggests that the closest point dis-
tance alone is unreliable near the surface. In contrast, as
mentioned at the end of Section 3, after the interpolation
driven by spectral bias [58], our loss remains effective in
faithfully capturing the distance to the interpolated surface.

Fig. | and Fig. 8 show high-genus surface reconstruction
with shapes from Mehta et al. [1]. Existing methods strug-

Table 2. Ablation study of different loss combinations and metrics. From top to
bottom, the loss combinations are from: IGR [10], SAL [2], DiGS w/o area loss,
DiGS [3], StEik w/o loss, StEik [4], and our HOTSPOT. From left to right, the losses
are boundary loss, eikonal loss, area loss, divergence loss, directional divergence
loss, SAL loss, and heat loss. Bold and underlined data: optimal; bold only: subop-
timal. Same below.

Ground Truth

DiGS

SAL StEik Ours

Dino

Trilayer
Voronoi Sphere

Figure 8. Visual examples on high genus dataset. Our method
uses significantly fewer iterations but reconstructs the topology
correctly for all shapes, whereas others generate extra boundaries.

gle with the complex topology, while our method accurately
reconstructs both the surface and the level set. In the sup-
plement, we present evaluations on other high-genus shapes
from Mehta et al. and the SRB dataset.

5.4. Sphere Tracing

Fig. 10 visualizes the number of steps a sphere tracer [21]
takes to render the shapes obtained by SAL, DiGS, StEik,
and our method. Our method has the fewest iterations on
average, since it provides the most accurate level sets. More
results can be found in the supplement.

6. Discussion

Efficiency. Our method uses a loss function of only the
neural network output and its first-order derivatives, and
thus can be more efficient than previous methods which
involve second-order derivatives. We report the runtime
of our method and StEik [4] for training a model from
ShapeNet [55] over 100 iterations using a single NVIDIA
A10 GPU with varying network sizes, while keeping all
other settings identical, as shown in Tab. 4.

Determining absorption coefficient \. The absorption
coefficient \ has the units of [L]~!, where L denotes a
length unit. Rescaling the space is equivalent to rescal-
ing A\. While a larger A\ can improve accuracy, it intro-
duces two challenges: (1) our heat loss includes the factor
e~ 2Aul , which may become smaller than the precision limit
of floating-point numbers, leading to round-off errors; (2)
even if round-off errors are ignored, a large A|u| may reduce
the optimizer’s ability to effectively shape the field. Never-
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Figure 9. Visual results of DiGS [3], StEik [4], and HOTSPOT on ShapeNet [55]. Previous methods generate extra boundaries and fail to
escape local optima, while our method successfully reconstructs the correct topology.

IoUt+ decl dgl RMSEl MAE| SMAPE] RMSEg; MAEg; SMAPEq
SAL [2] 0.7400  0.0074  0.0851  0.0251  0.0142 0.1344 0.0245 0.0182 0.6848
SIREN wo/n [34] 04874  0.0051  0.0558  0.5009  0.4261 1.2694 0.0513 0.0382 0.8858
DiGS [3] 09636  0.0031 0.0435  0.1194  0.0725 0.2140 0.0152 0.0081 0.1760
StEik [4] 0.9641 00032 0.0368  0.0387  0.0248 0.0931 0.0147 0.0081 0.1770
Ours 0.9796  0.0029 0.0250  0.0281  0.0176 0.0540 0.0094 0.0047 0.1206

Table 3. Surface reconstruction metrics on ShapeNet [55], where d¢ and d g stand for the Chamfer and Hausdorff distances, RMSE, MAE,
and SMAPE are distance field metrics, and RMSEg.1, MAEo.1, and SMAPE,.; are the same distance field metrics but only for points
within distance 0.1 of the surface. See the supplementary material for detailed results with more baselines.
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Figure 10. Visualizations and statistics of sphere tracing [21] it-
eration counts required to locate the surface. In the visual results
brighter pixels indicate higher iteration counts. The histograms
show the distribution of iterations for all pixels across 10 different

camera poses. HOTSPOT finds the surface in fewer steps.

s G s 101

theless, our loss still pushes u away from 0, preventing un-
wanted surfaces where \|u| should be large. We compen-
sate by combining eikonal loss with heat losses. When A|u|
is large, the eikonal loss becomes dominant. Our A sched-
uler also effectively shapes the distant regions. Spatially-
adaptive parameters may also improve the results.

Necessity of firm boundary condition. The heat diffu-

Structure 5 X 128 5 x 256 8 x 128 8 x 256
StEik [4] 5.65s 10.62s 8.78s 17.00s
Ours 4.49s 8.43s 6.79s 12.86s

Table 4. Runtime for 100 iterations with different network sizes.

sion of the screened Poisson equation is based on a well-
established boundary condition. We enforce the bound-
ary condition through the boundary loss over discrete
points, with neural networks interpolating through spectral
bias [58]. When the input points are sparse and the absorp-
tion coefficient A is high, an overly strong heat loss (w; be-
ing too small) can fear the boundary, causing the signed dis-
tance to collapse into an unsigned one like Fig. 6. Thus, our
theory highlights the importance of a high boundary weight
wy, while absorption A is adjusted to match the input point
density or by scaling the point cloud itself. Our experiments
show that proper parameter setting and rescaling prevent the
collapse. Future research is required for very sparse bound-
aries, and applications to inverse rendering.

7. Conclusion

We propose a new model for neural signed distance func-
tion optimization based on the screened Poisson equation.
We analyze our loss theoretically and show that it is an
asymptotically sufficient condition to the true distance, is
stable both to a small perturbation and in the temporal dy-
namics, and penalizes large surface area. Our experiments
show that we reconstruct both better surfaces and better dis-
tance approximations compared to many existing methods,
especially on complex and high-genus shapes.
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