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Abstract

Learning on large graphs presents significant challenges, with traditional Message
Passing Neural Networks suffering from computational and memory costs scaling
linearly with the number of edges. We introduce the Intersecting Block Graph
(IBG), a low-rank factorization of large directed graphs based on combinations
of intersecting bipartite components, each consisting of a pair of communities,
for source and target nodes. By giving less weight to non-edges, we show how
an IBG can efficiently approximate any graph, sparse or dense. Specifically,
we prove a constructive version of the weak regularity lemma: for any chosen
accuracy, every graph can be approximated by a dense IBG whose rank depends
only on that accuracy. This improves over prior versions of the lemma, where
the rank depended on the number of nodes for sparse graphs. We then introduce
a graph neural network architecture operating on the IBG representation of the
graph and demonstrating competitive performance on node classification, spatio-
temporal graph analysis, and knowledge graph completion, while having memory
and computational complexity linear in the number of nodes rather than edges.

1 Introduction

Graphs are a powerful representation for structured data, with applications spanning social networks
[} 2], biological systems [3]], traffic modeling [4], and knowledge graphs [3], to name a few. As graph
sizes continue to grow in application, learning on such large-scale graphs presents computational
and memory challenges. Traditional Message Passing Neural Networks (MPNNs), which form
the backbone of most graph signal processing architectures, scale their computational and memory
requirements linearly with the number of edges. This edge-dependence limits their scalability in
some situations, e.g., when processing social networks that can typically have 108 ~ 10° nodes and
102 ~ 102 as many edges [6].

Several strategies, called graph reduction methods, have been proposed to alleviate these challenges.
These include graph sparsification, where a smaller graph is randomly sampled from the large graph
[, 21; graph condensation, where a new small graph is created [7, 8], representing structures in
the large graph; and graph coarsening, where sets of nodes are grouped into super nodes [9} [10].
However, with the exception of graph sparsification, graph reduction methods typically do not address
the problem of processing a graph that is too large to fit at once in memory (e.g., on the GPU).

Recently, Finkelshtein et al. [11] proposed using a low-rank approximation of the graph, called
Intersecting Community Graph (ICG), instead of the graph itself, for processing the data. When
training a model on the ICG, the computational complexity is reduced from linear in the number of
edges (as in MPNNs) to linear in the number of nodes. However, ICG has a number of limitations.
First, the ICG approximation quality degrades with the sparsity of the graph, making ICG appropriate
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(a) A directed graph. (b) Approximating 3-IBG. (c) The intersecting blocks of the 3-IBG.

Figure 1: (a) Directed graph sampled from a stochastic block model (SBM); (b) The approximating
3-IBG, where source and target community pairs are represented by the same color; (¢) Adjacency
matrix of a graph sampled from the same SBM, with the 3-IBG overlaid on the adjacency matrix.

mainly for graphs that are both large and dense. Secondly, ICGs can only approximate undirected
graphs. In this paper, we propose a non-trivial extension of the ICG method, called Intersecting
Blocks Graph (IBG), addressing the aforementioned limitaitons and more.

Our contribution. We introduce a new procedure for approximating general directed graphs G with
adjacency matrices A € {0, 1}V *¥ by low-rank matrices C' that have a special interpretation. The
approximating graph consists of a set of overlapping bipartite components. Namely, there is a set
of K <« N pairs of node communities (4;,V;), i = 1,..., K, and each pair defines a weighted
bipartite component, in which edges connect each node of U; to each node of V; with some weight r;
(that can be negative). The graph C is defined as the sum of all of these components, called blocks or
directed communities, where the different communities can overlap. We demonstrate how processing
C instead of A leads to models that solve downstream tasks in linear time and complexity with
respect to the number of nodes, as opposed to standard MPNNs that are linear in the number of edges.

To fit C to A, we consider a loss L 4 (C) defined as a weighted norm of A — C, i.e., a standard
norm weighted element-wise by a weight matrix Q@ € (0, 00)V*~. The goal of using weights is
to balance the contributions of edges and non-edges. The weight matrix @ is chosen adaptively,
depending on the target adjacency matrix A. We consider a weighted cut norm as the approximation
metric. The cut norm is a well-established graph similarity measure that we discuss in Section 3] and
Appendices[B|and [C] Notably, The Weak Regularity Lemma (WRL) asserts that one can approximate
any graph with F edges and IV nodes up to error € w.r.t. the cut metric by a low-rank graph consisting
of N/(v/Ee€?) intersecting communities. However, computing the cut metric is NP-hard, which
prohibits explicitly optimizing it. To solve this, we propose a new version of the WRL, showing
how to approximate any graph with a low rank approximation efficiently and tractably. Notably, our
methods achieves an approximation bound that is independent of the sparsity of the graph, whereas
the bound for ICG increased with the size of the of the graph for sparse graph.

We emphasize that this independence of the number of communities on the sparsity level is not merely
an artifact of renormalizing the loss to artificially facilitate the desired error bound. Rather, the loss is
deliberately designed to promote denseness when approximating graphs. The ability to efficiently
densify a given graph can improve downstream tasks, as the densified version C'* of the graph A can
often strengthen the connectivity patterns of the graph. We call the approximating low-rank graph
IBG. For comparison with the predecessor of our method, ICG [[L1]], see Appendices [A]and|[J]

2 Basic definitions and notations

We denote matrices by boldface uppercase letters, e.g., D, vectors by boldface lowercase d, and their
scalar entries by the same lowercase letter d; with subscript for the index.

Graph signals. We consider directed graphs G with sets of N nodes V = [N] = {1,...,N},
E edges £ C V x V, adjacency matrix A = (a;;);;—; € {0,1}*", and node feature matrix
X = (x4, j)i\fjgl € [~1,1]V*P, called the signal. We follow the graph signal processing convention
and represent the data as graph-signals G = (A, X). We denote the j-th column of the matrix @ by
Q. ;. the i-th row by Q; ., and diag(r) € R <X the diagonal matrix with values 7 € R¥.

Frobenius norm. The weighted Frobenius norm of a square matrix D € RY*¥ with respect to

the weight Q € (0,00)"*V is defined to be || D, i= (s S0, d2 i)/, Denote
’ i,j=1 91,3 k ’



| D||g := || D||g.q, where 1 is the all-1 matrix. The Frobenius norm of a signal Y € R"*? is de-

fined by ||Y || := \/ﬁ Zle Zfil y; ;- The weighted Frobenius norm with weights o, 3 > 0 of a
matrix-signal (D,Y’) is defined by [|(D,Y)|lp.q = (D, Y)|lp.0.a.5 = \/a DIz + BIY I3

3 Weighted graph similarity measures

Weighted cut-metric. The cut-metric is a graph similarity measure based on the cut-norm. Below,
we define it for graphs of the same size.

Definition 3.1. The weighted matrix cut-norm of D € RN*N with weights Q € (0, 00)N*N, and
the signal cut-norm of Y € RVXP | are defined respectively as

D = ) dz i d Y - ’ ?
ID|n.q = Z”q”u%?f(zvl SN dija;|  and Y= DNZJICI% Zyg

iU jeV
The weighted matrix-signal cut-norm of (D, Y), with weights a, 3 > 0, is then
1D, Yo, = 1P, Y)llpg.0,6 = @1 Pllp,g + B1IY o - (1

Densifying cut similarity. In sparse graphs, such as those in link prediction and knowledge graph
completion [[12} [13], the number of non-edges far exceeds that of edges. This imbalance causes the
cut-metric to be dominated by non-edges unless they are properly weighted. We believe this effect
contributed to the weaker performance of the low-rank ICG approximation in [[11], which relied on
an unweighted cut-metric, i.e. @ = 1 and || D||5 := (N?/E) DIy

To address this, we introduce the densifying cut similarity, a weighted version of the cut-metric that
down-weights non-edges. We define a matrix @ that assigns a weight e to non-edges and 1 to edges,
where e is calibrated by a parameter I' > 0 that balances the contribution of edges and non-edges.
See Appendix [C] for further motivation of the definition.

Definition 3.2. Let A € {0,1}*¥ be an unweighted adjacency matrix, and T' > 0. The densifying
cut similarity between the target A and any adjacency matrix B € RN XY is defined to be
oo(A||B) = oor(Al[B) := (14 1) [|A - Blgq,
where the weight matrix Q a is
. I'E/N?

Qa=Qar =eprl+(1—egr)A, with egr = T/NZ’) 2)
Given a, > 0 such that o + = 1, the densifying cut similarity between the target graph-signal
(A, X) and the graph-signal (A, X') is defined to be

oo ((A, X)|[(A, X")) = 00,050 (A, X)[[(A", X)) == aopr (A]|B) + 81X — X5

4 Approximations by intersecting blocks

4.1 Intersecting block graphs

For any subset of nodes & C [N], the indicator function 1, is defined as 1,(i) = 1if ¢ € I and
0 otherwise. As explained above, we treat 1 as a vector in RY. Denote by y the set of all such
indicator functions. We define an Intersecting Block Graph (IBG) with K classes (K-IBG) as a
low-rank graph-signal (C, P) with adjacency matrix and signals given respectively by

K
C:ZTJ‘]]_UJ]]_;;J_, P:Z]].MJfJT+]].va;r

j=1 j=1
where r; € R, f;,b; € R, and U;,V; C [N]. Next, we relax the {0, 1}-valued hard indicator
functions 14, 1y, to soft affiliation functions with values in R, as defined next, to allow continuously
optimizing IBGs.
Definition 4.1. A set Q of vectors u : [N] — R that contains x is called a soft affiliation model.
Definition 4.2. Let d € N, and let Q be a soft affiliation model. We define [Q] C RVN*N x RNXD t9
be the set of all elements of the form (ruv’ ,ufT +vb'), withu,v € Q, r € Rand f,b € RP.
We call [Q] the soft rank-1 intersecting block graph (IBG) model corresponding to Q. Given K € N,
the subset |Q) i of RV*N x RN*D of all linear combinations of K elements of [Q) is called the soft
rank-K IBG model corresponding to Q.



In matrix form, an IBG (C, P) € RVN*N x RN*D in [Q] can be written as
C =Udiag(r)V' and P=UF+VB 3)

via the target community affiliation matrix U € RN*E | source community affiliation matrix V. €
RY*E  community magnitude vector r € RY | target community feature matrix F € RE*P and
source community feature matrix B € RE*D .

4.2 The densifying regularity lemma

Directly minimizing the cut metric is computationally difficult since it involves a maximization step,
making the optimization a min-max problem. While [14] proposed an algorithm that addresses this
issue, it comes with an impractical runtime of N e©(K)  To overcome this, we introduce a new semi-
constructive version of the WRL for intersecting blocks. The approach is termed semi-constructive
because it formulates the approximating graph as the solution to an "easy-to-solve" optimization
problem that can be efficiently handled using standard gradient descent techniques.

The theorem generalizes the semi-constructive WRL based on intersecting communities of [[11]] in
three main ways: (1) extending the theorem to directed graphs and the densifying graph similarity,
instead of undirected graphs and the cut norm, (2) introducing a certificate for testing that the high
probability event in which the cut similarity error is small occurred, and the key novelty of this
theorem — (3) providing a bound that is independent of the graph size for both sparse and dense
graphs, whereas the bound in [11] depended on the graph size for sparse graphs.

Theorem 4.1. Let (A, X) be a graph-signal, K € N, 6 > 0, and let Q be a soft indicators model.
Let v, 8 > 0 such that a+ 3 = 1. LetT' > 0 and let Q 4 be the weight matrix defined in Definition[3.2]
Let R > 1 such that K/R € N. For every k € N, let

me=(1+06)  min (4X) = (C, P)lrgaanin.s-

Then,

1. For every m € N, any IBG (C*, P*) € [Q],, that gives a close-to-best weighted Frobenius
approximation of (A, X)) in the sense that

I(A, X) = (C". P*)If.qa.a+1),5 < T @)
also satisfies N1
UD;a,ﬁ,F((A’X)H(C*vP*)) < (\/m+ \/B) U 1 _|_5' (&)

2. If m is uniformly randomly sampled from |K), then in probability 1 — +

m 1+6
o

Specifically, in probability 1 — %, any (C*, P*) € [Q],,, which satisfies (4)), also satisfies

UD,Q,5(<A7X) - (C*,P*)) < \/m (S+ % (7)

4.3 Fitting intersecting blocks using gradient descent

In this section, we propose an efficient computation for fitting IBGs to directed graphs based on
Theorem [4.1] (minimizing the left-hand-side of (@) via gradient descent) As the soft affiliation
model, we consider all vectors in [0,1]". In the notations of (3), we optimize the parameters
U,V €[0,1]V*E € RE and F, B € REXP to minimize the we1ghted Frobenius norm

L(U,V,r,F,B)=a(l+1)||A - U diag(r VTHF_QA +8|X-UF-VB|}. ®)

In practice, we implement U, V' € [0, 1]V *X by applying a sigmoid activation function to learned
matrices U', V' € RV*X setting U = Sigmoid(U’) and V' = Sigmoid(V").

Optimizing (8) naively requires O(NN?) operations, as the matrix A — U diag(r)V T € RV*¥ s
not sparse nor low-rank. However, we can exploit the sparsity of A and the low-rank structure of
U diag(r)V T separately to enable an efficient computation with time and space complexities of
O(K?N + KE) and O(KN + E), respectively.



Proposition 4.2. Let A = (aw)L “j=1 be an adjacency matrix of an unweighted graph with I edges.
The graph part of the sparse Frobenius loss (8) can be written as

|A - U diag(r)V ||}, = +(1i’fﬁ Tr (VTV) diag(r) (U U) diag(r))

(1+F) Z Z U, diag(r) (V1 ) g+ 1+(;EF Z Z (U;,. diag(r) (V1) _)2

i=1 jeN (i) i=1 jeN (i)

where Q 5 and e 1 are defined in @) Computing the right-hand-side and its gradients with respect
toU, V and v has a time complexity of O(K*N + K E), and a space complexity of O(KN + E).
The parametres of the IBG are optimized via gradient descent on (), restructured as Proposition 4.2}

4.4 The learning pipeline with IBGs

When learning on graphs using IBGs, the first step is fitting an IBG to the given graph. This is
done once in O(FE) time and memory complexity. The second step is solving the task, e.g., node
classification, or spatio-temporal prediction. This step typically involves an extensive architecture
and hyperparameter search. In our pipeline, the neural network processes the IBG representation
of the data, instead of the standard representation of the graph. This improves the processing time
and memory complexity from O(FE) to O(N). Thus, searching through S € N hyperparameter
configurations takes O(SN) time, while learning directly on the graph would take O(SE).

Initialization of IBG. In Appendix [G|we explain how to use a low-rank SVD of the graph to initialize
arank K IBG, before the IBG fitting process. We also propose a randomized SVD algorithm for
approximating the SVD while only loading a fraction of the graph into memory (Appendix [G.2).

Subgraph SGD for fitting IBGs to large graphs. Fitting an IBG to a graph requires O(E) memory
complexity, which may exceed the GPU capacity in some situations. To solve this, in Appendix [H]
we propose a sampling approach for optimizing the IBG, which reduces the memory complexity,
allowing fitting IBGs to large graphs on hardware with limited memory.

5 Processing IBGs with neural networks

Graph signal processing with IBG. In this section we provide a paradigm for learning on IBGs,
which runs in O(N K) operations per layer, which is often faster than the O(F) complexity of
MPNNs. Let U, V € RV XK be target and source community affiliation matrices. We call R >
the node space and RX %P the community space. We use the following operations to process signals:
 The mappings F' — U F, B — V B from the community space to the node space, in O(NKD).
* Any function of F and B in the community space (e.g., an MLP) in O(K?2D?) (or less).
* Any function that operates on node features in the node space, in O(N D?) operations (or less).

Deep IBG Neural Networks. We propose an IBG-based deep architecture which takes O(D (N K+
KD + ND)) operations at each layer. Our IBG neural network (IBG-NN) is defined as follows. Let

D denote the dimension of the node features at layer /, and set the initial node representations as
HO =X. Then, for layers 0 < ¢ < L — 1, the node features are defined by

H"D = (05 (H) + 03 (VBY)), H =0 (6} (H")+6} (UFY)).

The final representation is taken as H L) =H S(L) + H t(L), where ©; and ©5 are MLPs or multiple

layers of deepsets, F(©), B®) ¢ RE*D" are taken directly as trainable parameters, and o is a
non-linearity. The final representations H (") can be used for predicting node-level properties. See
Appendix [[]for more details on IBG-NNs, and an extension of IBG-NNs for spatio-temporal graphs.

6 Experiments

6.1 The efficient run-time of IBG-NNs

Setup. We compare the forward pass runtimes of IBG-NN and DirGNN [20]], a simple and efficient
MPNN for directed graphs, on Erdds-Rényi ER(n,p = 0.5) graphs with up to 7k nodes. We use 128
node features per node. Both models use hidden dimensions of 128, and 3 layers.

Results. Figure 2] shows that the runtime of IBG-NN exhibits a square root relationship compared to
DirGNN. This matches expectations, as their respective time complexities are O(N) and O(E).



Table 1: Results on graph densification benchmarks; top models colored First, Second, Third.

Flickr Reddit
Condensation ratio 0.5% 1% 100% 0.1% 0.2% 100%
Coarsening [[15] 445 £ 0.1 44.6 £ 0.1 472 £ 0.1 42.8 £0.8 474 +£0.9 93.9 £ 0.0
Random [15] 44.0 £ 0.4 44.6 £0.2 472 £0.1 58.0+£22 66.3 + 1.9 93.9 £ 0.0
Herding [16] 439 +09 444+ 0.6 472 £0.1 62.7+ 1.0 710+ 1.6 93.9 £ 0.0
DC-Graph [17] 459 £+ 0.1 458 £0.1 472 £0.1 89.5 + 0.1 90.54+ 1.2 939+ 0.0
GCOND [18] 47.1 £ 0.1 47.1 £0.1 472 £0.1 89.6 + 0.7 90.1 £ 0.5 93.9 £ 0.0
SFGC [19] 47.0 £ 0.1 47.1 £0.1 472 £0.1 90.0 £ 0.3 89.9 + 04 93.9 £ 0.0
GC-SNTK [8] 46.8 £ 0.1 46.5 £+ 0.2 4724 0.1 - — -
ICG-NN 50.1 0.2 50.8 £ 0.1 52.7+0.1 89.7+ 1.3 90.7 & 1.5 936+ 1.2
IBG-NN 50.5£ 0.1 51.3+02 53.0£0.1 923+ 1.1 92.6 £ 0.6 94.1 £0.5
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Figure 2: Runtime of K-IBG-NN (K=10,
100) vs. DirGNN on ER(n, p = 0.5) graphs.
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Figure 3: Accuracy of IBG-NN and ICG-NN
on Squirrel vs. number of communities.

6.2 Comparing blocks and communities

Setup. We perform a comparison between IBG-NNs and ICG-NNs on Squirrel [21]. We follow the
10 data splits of Pei et al. [21]], Li et al. [22] and report the accuracy and standard deviation.

Results. In Figure |3} IBG-NNs exhibit significantly improved performance compared to ICG-NNss.
For a small number of communities (10), IBG-NNs achieve 66% accuracy, whereas ICG-NNs
achieve only 45%. This performance gap persists as the number of communities increases.

6.3 Subgraph SGD for large graph

Setup. We evaluate IBG-NNs on the large graphs Reddit [1] and Flickr [2]], following the data split
of [19]. Accuracy and standard deviation are reported over 5 different seeds for varying condensation
ratios r = % where N is the number of nodes, and M is the number of sampled entries of the graph
adjacency matrix (See Appendix [H|for further details). Baseline methods are taken from [[T9}[8]. We
note that a condensation of 100% corresponds to a standard GCN for the baseline methods.

Results. Table [I|demonstrates that subgraph SGD IBG-NN achieves state-of-the-art performance
across all sampling rates, surpassing all other coarsening and condensation methods that operate on
the full graph in memory, while also improving upon the performance of its predecessor, [CG-NN.

Further ablations, experiments, and a link to our public codebase are provided in Appendix

7 Conclusion

We proved a new semi-constructive version of the weak regularity lemma, in which the number of
communities needed for a given approximation error is independent of all graph properties, including
size and sparsity. In contrast, in previous formulations of the lemma the number of communities
increases as the graph becomes sparser. Our formulation is achieved by introducing the densifying
cut similarity, which, when optimized, leads the approximating IBG to effectively densify the target
graph. This enables fitting IBGs of very low rank (X = O(1)) to large sparse graphs, while previous
works required the target graph to be dense for low rank approximations. We introduced IBG-NNs, a
network operating on the IBG rather than the original graph, with O(N) time and memory complexity.
IBG-NNs demonstrate state-of-the-art performance in multiple domains: node classification on
directed graphs, spatio-temporal graph analysis, and knowledge graph completion.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We prove our version of the weak regularity lemma, showing how our proposed
factorization allows approximating any graph by reweighting the contribution of non-edges.
We propose a neural network operating on the factorization and empirically show it achieves
strong performance with high efficiency.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitations of our method in the appendix, stating that our ap-
proach may fall short in domains where small scale local structures are crucial. Furthermore,
we explain our method is only applicable for a single graph at a time, and cannot be used for
graph-level tasks.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: In the Appendix, we provide rigorous proofs for all theoretical results in our
paper. We provide all relevant assumptions in a coherent and accessible manner.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all the relevant information for recreating all results presented in
the paper, including model architecture, hyperparameters searched, datasets tested, hardware
used and any other relevant material.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide a URL to the code and commands for reproducing the differ-
ent experiments in the main paper. We further provide the hyperparameter grids for all
experiments in the appendix.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: In the experiments section and the appendix, we provide all data splits and
full experimental settings, including hyperparameters, optimizers, hardware, and any other
necessary information. We follow standard, commonly used splits.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report the standard deviation for all experiments, figures, and tables.
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8.

10.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We report the hardware used in the Appendix. We use a single NVIDIA L40
GPU for all experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research fully complies with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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11.

12.

Answer: [NA]

Justification: We propose a method for the approximation of general graphs and a procedure
for utilizing the approximation for efficient graph learning. Our work has a strong focus on
theoretical results, hence, we believe it has no meaningful societal impact.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our work poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We cite the relevant data sources and credit them for every dataset used.
Guidelines:

* The answer NA means that the paper does not use existing assets.

15



13.

14.

15.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release any new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
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Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Related work

Intersecting Community Graphs (ICG). Our work continues the ICG setting of [[L1]], which
introduces a weak regularity lemmas for practical graph computations. The work of [11] presented a
pipeline for operating on undirected, non-sparse graphs. Similarly to our work, [[11] follow a two stage
procedure. In the first stage, the graph is approximated by learning a factorization into undirected
communities, forming what they call an Intersecting Community Graph (ICG). In the second stage,
the ICG is used to enrich a neural network operating on the node features and community graph
without using the original edge connectivity. This setup allows for more efficient computation, both
in terms of runtime and memory, since the full edge structure of the graph, used in standard GNNss,
can be replaced with a much smaller community-level graph—especially useful for graphs with a
high average degree. The constructive weak regularity lemma presented in [[1 1] shows any graph can
be approximated in cut-norm, regardless of its size, by minimizing the easy to compute Frobenius
error.

More concretely, an ICG with K communities is just like an IBG with only node features (no edge-
features), but with the transmitting and receiving communities being equal U = V. Namely, an ICG
can be represented by a triplet of community affiliation matrix Q € RN*¥K | community magnitude
vector 1 € RX, and community feature matrix F € RE>*P_ An ICG (C, P) with adjacency matrix
C and signal P is then given by

C = Qdiag(r)Q" and P = QF,

where diag(r) is the diagonal matrix in RE*¥ with r as its diagonal elements. Here, K is the
number of communities, NV is the number of nodes, and F is the number of edges.

When approximating a graph-signal (A, X), the measure of accuracy, or error, in [11] is defined
to be the standard (unweighted) cut metric ||(A, X) — (C, P)||. The semi-constructive regularity
lemma of [11]] states that it is enough to minimize the standard Forbenius error || (A, X) — (C, P)||p
in order to guarantee

1(A, X) = (C, P)[|g = O(N/VKE), ©)
Looking at (9) it is clear that in order to guarantee a small approximation error in cut metric,
the number of communities must increase as N/+/E becomes larger. Specifically, the number of

communities K is independent of the size of the graph only when E = N2, i.e., the graph is dense.
Hence, the ICG method falls short for sparse graphs

Our IBG method solves this shortcoming and more. For example, a main contribution of our
method is a densification mechanism, supported by our novel densifying cut similarity measure
and our densifying regularity lemma, which is a non-trivial continuation and extension of the semi-
constructive weak regularity lemma of [I1]]. Please see Appendix [J|for a detailed comparison of our
IBG method to ICG.

Cluster Affiliation models (BigClam and PieClam). A similar work is PieClam [23]], extending
the well known BigClam model [24], which builds a probabilistic model of graphs as intersections
of overlapping communities. While BigClam only allows communities with positive coefficients,
which limits the ability to approximate many graphs, like bipartite graphs, PieClam formulates a
graph probabilistic autoencoder that also includes negative communities. This allows approximately
encoding any dense graph with a fixed budget of parameters per node. We note that as opposed to
ICG and PieClam, which can only theoretically approximate dense symmetric graphs with O(1)
communities, our IBG method can approximate both sparse and dense (non-symmetric in general)
graphs with O(1) communities via the densification mechanism (the densifying constructive regularity
lemma with respect to the densifying cut similarity).

GNN: s for directed graphs. The standard practice in GNN design is to assume that the graph is
undirected [25]. However, this assumption not only alters the input data by discarding valuable
directional information, but also overlooks the empirical evidence demonstrating that leveraging
edge directionality can significantly enhance performance [20]. For instance, DirGNN [20] extends
message-passing neural networks (MPNNs) to directed graphs, while [26]] adapts transformers for
the same purpose. FaberNet [27]] generalizes spectral convolutions to directed graphs, all of which
have led to improved performance. Co-GNN [28]] demonstrates the advantage of learning edge
directionality over using conventional undirected graph representations. Furthermore, the proper
handling of directed edges has enabled [29] to extend the concept of oversmoothing to directed
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graphs, providing deeper theoretical insights. IBG-NNs also capitalize on edge directionality,
achieving notable performance improvements over their predecessor ICG-NNss [11]], as demonstrated
in Appendix [M.2.1] When compared to existing GNNs designed for directed graphs, IBG-NNs
offer a more efficient approach to signal processing. Specifically, for IBG-NNs to outperform
message-passing-based GNNs in terms of efficiency, the condition KN < F must hold. Such a
choice of K typically produces good performance for most graphs. This efficiency advantage allows
IBG-NNs to make better use of the input edges while being more efficient than traditional GNNss.

Graph Pooling GNNs. Graph pooling GNNs generate a sequence of increasingly coarsened graphs
by aggregating neighboring nodes into "super-nodes" [9} [10], where standard message-passing is
applied on the intermediate coarsened graphs. Similarly, in IBG-NNs, the signal is projected, but
onto overlapping blocks rather than disjoint clusters, with several additional key distinctions: (1)
The blocks in IBG-NNss are overlapping and cover large regions of the graph, allowing the method
to preserve fine-grained, high-frequency signal details during projection, unlike traditional graph
pooling approaches. (2) Operations on community features in IBG-NNs possess a global receptive
field, enabling the capture of broader structural patterns across the graph — an extremely difficult
task for local graph pooling approach. (3) IBG-NNs diverge from the conventional message-passing
framework: the flattened community feature vector, which lacks symmetry, is processed by a general
multilayer perceptron (MLP), whereas message-passing neural networks (MPNNs) apply the same
function uniformly to all edges. (4) IBG-NNs operate exclusively on an efficient data structure,
offering both theoretical guarantees and empirical evidence of significantly improved computational
efficiency compared to graph pooling methods.

Graph reduction methods. Graph reduction aims to reduce the size of the graph while preserving
key information. It can be categorized into three main approaches: graph sparsification, graph
coarsening and graph condensation. Graph sparsification methods [1} 2} |30l 31]] approximate a graph
by retaining only a subset of its edges and nodes, often employing random sampling techniques.
Graph coarsening [32, [15] clusters sets of nodes into super-nodes while aggregating inter-group
edges into super-edges, aiming to preserve structural properties such as the degree distribution [33].
Graph condensation [18]] generates a smaller graph with newly created nodes and edges, designed to
maintain the performance of GNNs on downstream tasks.

While subgraph SGD in IBG-NNss also involves subsampling, it differs fundamentally by providing
a provable approximation of the original graph. This contrasts with graph sparsification for example —
where some, hopefully good heuristic-based sampling is often employed. More importantly, subgraph
IBG-NNss offer a subgraph sampling approach for cases where the original graph is too large to fit in
memory. This contrasts with the aforementioned coarsening and condensation methods, which lack a
strategy for managing smaller data structures during the computation of the compressed graph.

Graph reduction methods generally rely on locality, applying message-passing on the reduced graph.
In particular, condensation techniques require O(FE M) operations to construct a smaller graph
[18,[19] 18], where E is the number of edges in the original graph and M is the number of nodes in
the condensed graph. In contrast, IBG-NNs estimate the IBG with only O(FE) operations.

Furthermore, while conventional reduction methods process representations on either an iteratively
coarsened graph or mappings between the full and reduced graphs, IBG-NNs incorporate fine-grained
node information at every layer, leading to richer representations.

Cut metric in graph machine learning. The cut metric is a useful similarity measure, which can
separate any non-isomorphic graphons [34]]. This makes the cut metric particularity useful in deriving
new theoretical insights for graph machine learning. For instance, [35] demonstrated that GNNs with
normalized sum aggregation cannot separate graph-signals that are close to each other in cut metric.
Using the cut distance as a theoretical tool, [36] proves that spectral GNNs with continuous filters are
transferable between graphs in sequences of that converge in homomorphism density. [11] introduced
a semi constructive weak regularity lemma and used it to build new algorithms on large undirected
non-sparse graphs. In this work we introduce a new graph similarity measure — the densifying cut
similarity, which gives higher importance to edges than non-edges in a graph. This allows us to
approximate any graph using a set of overlapping bipartite components, where the size of the set only
depends on the error tolerance. Similarly to [11l], we present a semi constructive weak regularity
lemma. As oppose to [[L1], using our novel similarity measure, our regularity lemma can be used to
build new algorithms on large directed graphs which are sparse.
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B The weak regularity lemma

Consider a graph G with anode set V = [N] = {1,..., N} and an edge set £ C V x V. We define
an equipartition P = {Vy,...V;} as a partition of V into k sets where ||V;| — |V;|| < 1 for every
1 <4,j < k. For any pair of subsets U, S C V denote by e (U, S) the number of edges between
U and S. Now, consider two node subsets ¢/, S C V. If the edges between V; and V; were to be
uniformly and independently distributed, then the expected number of edges between I/ and S would
be

(el VZ;V
epu.s) = ZZ Vv Vinu|[v;nS|.
1=1 j=1

Using the above, we define the irregularity:

irreg(P) = max le(U,S) — e, S)|/ V[ (10)

The irregularity measures how non-random like the edges between {V); } behave.
We now present the weak regularity lemma.

Theorem B.1 (Weak Regularity Lemma [[14]]). For every € > 0 and every graph G = (V, £), there

is an equipartition P = {V1,..., Vi } of Vinto k < 2¢/<" classes such that irreg(P) < e. Here, c
is a universal constant that does not depend on G and e.

The weak regularity lemma states that any large graph G can be approximated by a weighted graph

G© with node set V¢ = {V1, ...,V }. The nodes of G represent clusters of nodes from G, and the
ec(Vi,Vj)
VTV
property of the irregularity irreg.(P) is that it can be seen as the cut metric between the G and a
SBM based on G*. For each node ¢ denote by V,, € P the partition set that contains the node. Given

G, construct a new graph G¥ with N nodes, whose adjacency matrix A” = (al’ j) l jl 1 is defined
by

edge weight between two clusters V; and V; is given by . In this context, an important

of = 6G<VQNVQJ’)
Val
Let A be the adjacency matrix of G. It can be shown that
HA — APHD = irreg(P),

which shows that the weak regularity lemma can be expressed in terms of cut norm rather than
irregularity.

C Graphons and norms
Kernel. A kernel Y is a measurable function Y : [0,1]% — [—1,1].

Graphon. A graphon [37,[34] is a measurable function W : [0, 1]2 — [0, 1]. A graphon can be seen
as a weighted graph, where the node set is the interval [0, 1], and for any pair of nodes z,y € [0, 1],
the weight of the edge between = and y is W (x, y), which can also be seen as the probability of
having an edge between = and y. We note that in the standard definition a graphon is defined to be
symmetric, but we remove this restriction in our construction.

Kernel-signal and Graphon-signal. A kernel-signal is a pair (Y,y) where Y is a kernel and
y : [0,1] — RP is a measurable function. A graphon-signal is defined similarly with a graphon in
place of a kernel.

Induced graphon-signal. Consider an interval equipartition Z,,, = {I1, ..., I, }, a partition of
[0, 1] into disjoint intervals of equal length. Given a graph G with an adjacency matrix A, the induces
graphon W4 is the graphon defined by Wa (z,y) = Afgm][ym]. Where we use the convention that
[0] = 1. Notice that W 4 is a piecewise constant function on Z,,, X Z,,. As such, a graph of m nodes
can be identified by its induced graphon that is piecewise constant on Z,,, X Z,,.
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C.1 Weighted Frobenius and cut norm

Weighted Frobenius norm. Let g : [0,1]2 — [c,00) be a measurable function in £%°([0, 1]?),
where ¢ > 0. We call such a g a weight function. Consider the real weighted Lebesgue space
£2(]0,1]?; q) defined with the inner product

V.Y), =

/ Y (z,y)Y'(x,y)q(x, y)dxdy,
110y, J S0

where 1 is the constant function [0,1]?> > (z,y) + 1 and 1], = [ g. When g = 1, we denote
(X,Z) = (X,Z),. Let a, 3 > 0. Consider the real Hilbert space L?([0,1]% ¢) x (L?[0,1])”
defined with the weighted inner product

(Y.y), (Y/’ y/)>q =((Y,y), (Ylv y/)>q,a B

5L
|1”1q/[01 Y (z,y)Y'(x,y)q(z,y)dzdy + DZ_:/ y;(x)da.

We call the corresponding weighted norm the weighted Frobenius norm, denoted by

1Y)l = 1Ys9)]

ﬂ D
2
Fiq,a,8 = a||Y||Fq BZ |y]||F7

2 2
where [[Y||g., = (Y, Y), and [[y; ]l = (v5, 45);-

)NXN

Similarly, for a matrix-signal, we consider a weight matrix Q € |[c, o0 , Where ¢ > 0. For

D, D’ € RV*N  define the weighted inner product by
1
(D,D")q =g di;d; ;4i.;,
LQ ,JE[N]?

where 1 € RV is the matrix with all entries equal to 1, and [[ 1|, = 3=, ;c(ny2 4i,j- Define the
weighted matrix-signal Frobenius norm by

D
2 B 2
(D, Z)HF;Q = [|(D, Z)HF;Q,a,ﬁ =4 ”D”F;Q + D Z (B2

j=1

2 2
where HD||F;Q = (D,D)Q and || 2]z = (25, 2j);-

Graphon weighted cut norm and cut metric. Define for a kernel-signal (Y, y) the weighted cut
norm

1Y, log.a.8 = 1Y 9oy, = sup

D
/ny a:ydxdy‘ Zup’/yj Ydx|,
|]‘H1q D =1

where the supremum is over the set of measurable subsets U,V C [0, 1].

The weighted cut metric between two graphon-signals (W, f) and (W', f') is defined to be
W, f) =W ) llog:

Graph-signal weighted cut norm and cut metric. Define for a matrix-signal (D, Z), where
D € [-1,1]V*N and Z € RV*P the weighted cut norm

(D Z)0.q.as = (D, Z)lln.q = allPllng + 811Zlln

6 D
= Tl g et |22 2 st + gy o [3sus] -

e jev
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The weighted cut metric between two graph-signals (A, s) and (A’,s’) is defined to be
[(A,s) — (A, 8)||g.q- We note that this metric gives a meaningful notion of graph-signal similarity

for graphs as long as their number of edges satisfy [|1|,.o = @(E)ﬂ All graphs with £ < [[1][,.¢

have distance close to zero from each other, so the cut metric does not have a meaningful or useful
separation power for such graphs.

Densifying cut similarity. In this paper, we will focus on a special construction of a weighted cut
norm, which we construct and motivate next.

In graph completion tasks, such as link prediction or knowledge graph reasoning, the obJectlve is to
complete a partially observed adjacency matrix. Namely, there is a set of known dyadsﬂ/\/l C [N])?,
and the given data is the restriction of A to the known dyads

Alpg s M= {0,1}.

The goal is then to find an adjacency matrix B that fits A on the known dyads, namely, B|q = A| 1,
with the hope that B also approximates A on the unknown dyads due to some inductive bias.

Recall that € denotes the set of edges of A. We call £¢ = [N]?\ £ the set of non-edges. The training
set in graph completion consists of the edges £ N M and the non-edges £° N M. Typical methods,
such as VGAE [38]] and TLC-GNN [39]], define a loss of the form

l(B) = Z Cn,mwl (bn,rru an,m) + Z Cn,mwQ(bn,ma an,m)a

(n,m)eMnE (n,m)eMnEe

where 91, : R? — R are dyad-wise loss functions and ¢, ,,, € R are weights. Many methods,
like RotateE [40], HousE [41] and NBFNet [42]], give one weight ¢,, ,,, = C for edges (n, m) € ENM
and a smaller weight ¢,, ,, = ¢ < C for non-edges (n,m) € £° N M. The motivation is that for
sparse graphs there are many more non-edges than edges, and giving the edges and non-edges the
same weight would tend to produce learned B that does not put enough emphasis on the connectivity
structure of A. In practice, the smaller weight for non-edges is implemented implicitly by taking
random samples from M during training, balancing the number of samples from £ N M and from
£° N M. The samples from £¢ N M are called negative samples.

Remark C.1. In this paper we interpret such an approach as learning a densified version of A.
Namely, by putting less emphasis on non-edges, the matrix B roughly fits the structure of A, but with
a higher average degree.

Motivated by the above discussion, we also define a densifying version of cut distance. Given a target
unweighted adjacency matrix A = (a;, ])1 'j=1 to be approximated, we consider the weight matrix
Q = el + (1 — e) A for some small e and 1 being the all 1 matrix. Denote the number of edges
by E = |£]|. Next, we would like to choose e to reflect some desired balance between edges and
non-edges. Since the number of non-edges is N? — E and the number of edges is F, we choose e in
such a way that e — (E/N?)e = T'E/N? for some I' > 0, namely,

I'E/N?
1—(E/N?)
The interpretation of I' is the proposition of sampled non-edges when compared with the edges.

Namely, the weight matrix @ = e + (1 — ¢) A effectively simulates taking I'E negative samples and
FE samples. Observe that

(11

€ =€Er =

S st = —— 1y,

\|AH§;C1+(1—6)A e+ (1 — e)E/N2
i,jE[N]?

Z ije[N? Disi

To standardize the above similarity measure, we normalize it and define the weighted Frobenius norm
(1+1)|Bll.q, and weighted cut norm (1 +T') | B|.q , » Where

Qa=Qar =egrl+(1—egr)A, (12)

’The asymptotic notation a,, = ©(b,) means that there exist positive constants c1, c2 and ng such that
c1b, < an < c2by, for all n > np. In our analysis, we suppose that there is a sequence of graphs with N,
nodes, E,, edges, and weight matrices Q.

3A dyad is a pair of nodes (mm,n) € [N]?. For a simple graph, a dyad may be an edge or a non-edge.
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and where e r is defined in (TT). We now have
(14+D) [|Allpq, =1 (13)

This standardization assures that merely increasing I" in the definition of the cut metric (1 +
I') ||A — Bl[g.q, Would not lead to a seemingly better approximation. The above discussion leads
to the following definition.

Definition C.1. Let A € {0, 1}V > be an unweighted adjacency matrix, and T' > 0. The densifying
cut similarity between the target A and any adjacency matrix B € RN XY is defined to be

oo(Al|B) = oo (Al|B) :== (1+ 1) [|[A - Bllgq,

where Q 4 is defined in (I2). Given o, 3 > 0 such that a + 8 = 1, the densifying cut similarity
between the target graph-signal (A, X ) and the graph-signal (A’, X') is defined to be

on((A, X)[|(A", X)) = omia,6r (A, X)[|(A', X)) := aopir (A||B) + 81X — X5

We moreover note that the similarity measure o (A||B) is not symmetric, and hence not a metric.
The first entry A in og(A||B) is interpreted as the thing to be approximated, and the second entry
B as the approximant. Here, when fitting an IBG to a graph, A is a constant, and B is the variable.

D Proof of the semi-constructive densifying directional soft weak regularity
lemma

In this section we prove a version of the constructive weak regularity lemma for asymmetric graphon
signals. Prior information regarding cut-distance, the original formulation of the weak regularity
lemma and it’s constructive version for symmetric graphon-signals can be found in (11, Appendix A,
B).

D.1 Intersecting block graphons

Below, we extend the definition of IBGs for graphons. The construction is similar to the one in
Appendix B.3 of Finkelshtein et al. [[L1], where ICGs are extended to graphons. Denote by x the set
of all indicator functions of measurable subset of [0, 1]

x = {1, | u C [0, 1] measurable}.

Definition D.1. A set Q of bounded measurable functions q : [0, 1] — R that contains  is called a
soft affiliation model.

For the case of node level graphon-signals, we use the following definition:

Definition D.2. Let D € N. Given a soft affiliation model Q, the subset [Q)] of L*[0, 1] x (L2[0, 1])?
of all elements of the form (au(z)v(y),bu(z) + cv(z)), with u,v € Q, a € Rand b,c € R, is
called the soft rank-1 intersecting block graphon (IBG) model corresponding to Q. Given K € N,
the subset Q] of L?[0,1]% x (L?[0,1]))” of all linear combinations of K elements of Q)] is called
the soft rank- K IBG model corresponding to Q. Namely, (C,p) € [Q]k if and only if it has the form

K K
Cla,y) = Y arup(x)op(y) and p(z) =Y brux(z) + cxog(2)
k=1 k=1

where (uy)E_, € QK are called the target community affiliation functions, (vi)5_, € QX are
called the source community affiliation functions, (ax)X_, € R are called the community affiliation
magnitudes, (by)E_, € REXD are called the target community features, and (c)K_; € REXD the

source community features. Any element of [Q|k is called an intersecting block graphon-signal
(IBG).

D.2 The semi-constructive weak regularity lemma in Hilbert space

In this subsection we prove the constructive weak graphon-signal regularity lemma.
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Laszl6 Miklés Lovész [43] extended the weak regularity lemma to graphons. They showed that
the lemma follows from a more general result about approximation in Hilbert spaces — the weak
regularity lemma in Hilbert spaces [43, Lemma 4]. We extend this result to have a constructive form,
which we later use to prove Theorem[4.1] For completeness, we begin by stating the original weak
regularity lemma in Hilbert spaces from [43]].

Lemma D.1 ([43]). Let K1, Ko, ... be arbitrary nonempty subsets (not necessarily subspaces) of a
real Hilbert space H. Then, for every € > 0 and g € H there is m < [1/€%] and (f; € ;)™ and
(vi € R)™,, such that for every w € Ky, 41

] <w,g - (if;%fi>> ‘ <l gl

Finkelshtein et al. [11] introduced a version of Lemma (Lemma B.3 therein) with a “more
constructive flavor.”” They provide a result in which the approximating vector Y .~ 7; f; is given
as the solution to a "manageable" optimization problem, whereas the original lemma in [43]] only
proves the existence of the approximating vector. Below, we give a similar result to [11, Lemma B.3.],
where the constructive aspect is further improved. While Finkelshtein et al. [[11]] showed that the
optimization problems leads to an approximate minimizer in high probability, they did not provide a
way to evaluate if indeed this “good” event of high probability occurred. In contrast, we formulate
this lemma in such a way that leads to a deterministic approach for checking whether the good event
happened. In the discussion after Lemma|[D.2] we explain this in detail.

Lemma D.2. Let {IC;} jen be a sequence of nonemply subsets of a real Hilbert space H. Let K € N,
§>0,let R> 1suchthat K/R € N, let § > 0, and let g € H. For every k € N, let

k
= (1+6)inf|g— ihil|?
M = (1+6) infllg ;H I
where the infimum is over & = {k1,...,k,} € REandh = {hy,... hy} € K1 X ... x Ky. Then,

1. For every m € N, any vector of the form
g = Z’yjfj suchthat v = (v;)jL; € R™ and = (f;)]L; € Kix...xKp (14)
j=1

that gives a close-to-best Hilbert space approximation of g in the sense that

lg —g" I < 1, (15)
also satisfies

* TIm+1
Yw € Kpgt, ,g — < m — . 16
w +1 [w,g = gD < llwllyfom — 7775 (16)
2. If m is uniformly randomly sampled from [K]|, then in probability 1 — % (with respect to the
choice of m),

M1 R(1+9)
- < ek Sl
ol — P2 < ol g 5+ P ()

Specifically, in probability 1 — %, any vector of the form which satisfy , also satisfies

) R(1+6
Yo € Konr, g g9 < ol gl /3 + 20ED, (13)

The lemma is used as follows. We choose m at random. We know by Item [2]that in high probability
the approximation is good (i.e. (I8) is satisfied), but we are not certain. For certainty, we use the
deterministic bound (T6), which gives a certificate for a specific m. Namely, given a realization of
m, we can estimate the right-hand-side of @, which is also the left-hand-side of the probabilistic
bound . For that, we find the (m + 1)’th error 7,,,+1, solving another optimization problem, and
verify that (I7) is satisfied for m. If it is not, we resample m and repeat. The expected number of
times we need to repeat this until we get a small error is R/(R — 1).

Hence, under an assumption that the we can find a close to optimum ||g — ¢*|| for a given m in Tk
operations, we can find in probability 1 a vector g* in the span of Ky, ..., Kk that solves with
expected number of operations T R/(R — 1).
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Proof of Lemma([D.2] Let K > 0. Let R > 1 such that K/R € N. For every k, let

m4%1+®mﬂm }:mhw

=1

where the infimum is over & = {k1,...,kr} € R¥andh = {hq,..., bt} € K1 X ... x Kp.
Note that every
9 =Y vt (19)
j=1
that satisfies
lg = g*I* < 1

also satisfies: for any w € K,;, 11 and every t € R,

)
L N 0 ok L 5 Wl OO | A Il [

t
lg = (" +tw)l 2 1+6 146 = 1+6 146
This can be written as
Vt e R 212 Lo (w,g— gV b+ Im T ImAL g 2 g~ g P >0. (20
R, Julf £ +2(w,g—g)t+ I L (1 - ) g - g 2 0. @)
The discriminant of this quadratic polynomial is
— 1
4 —_ g\ 4 Q(M 1 - f*Q)
(w,g —g") [[w]] oo + ( 1+5W9 gl

and it must be non-positive to satisfy the inequality (20), namely

m — Tlm 1 N — Tim+1 1
4 a2 <y 2(77 Tt | )<4 2( 1—
(w.9- g <l (B (1 g - 07 ) < el (P e
—4 2 ( . T]m+1)
ol (i — 221,
which proves
* Im+1
_ < _
(.9 = 9% < ol fm = 2252,
which proves Item [T}
For Item [2| note that ||g||* > 155 = 145 = --- = 0. Therefore, there is a subset of at least
(1—4%)K +1indices m in [K] such that 1, < ypq1 + R(1+5) |lg||?. Otherwise, there are £ indices
m in [K] such that 1,41 < 1y, — w llg]|*, which means that
KRO+®

nK <M — lgli* < (1 +6) lgll” = (1 +6) llgl* =

R

which is a contradiction to the fact that nx > 0. Hence, there is a set M C [K] of (1 — %)K indices
such that for every m € M,

TIm+1 R( ) Nm+1
ol i — T < ol + T D g2 T

1) R(1+4+9 1-1-(5
<||w||\/1+5nm+1+<K>||g||2<|w||%||g||2 BOLD g2

B R(1+90)
=l lgl /8 + =
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D.3 The densifying semi-constructive graphon-signal weak regularity lemma

Define for kernel-signal (V, f) the densifying cut distance

/ny mydacdy’—l—ﬁ Zsup’/fa )dzx|.

H(va)HD,q fquup

Below we give a version of Theorem [4.1] for intersecting block graphons.

Theorem D.3. Let (W, s) be a graphon-signal, K € N, § > 0, and let Q be a soft indicators
model. Let q be a weight function and o, 8 > 0. Let R > 1 such that K/R € N. Consider the
graphon-signal Frobenius norm with weight ||(Y,y)|g., = [[(Y,¥)|lp.q.0, 5 and cut norm with weight

H(K y))”D;q = H(Yv y)”D;q,a,B' For every k €N, let

—(14+46) inf W,s) — (C,p)|3.,.
e = ( )(CVI;)I;[Q]RH( s) = (C, 0|7,

Then,

1. Foreverym € N, any IBG (C*, p*) € [Q], that gives a close-to-best weighted Frobenius
approximation of (W, s) in the sense that

(W, s) = (C*, p")Ipeq < Tms 1)

also satisfies

T
I(W.s) = (C*,p") o < (Va + V/B) —1:;.

2. If m is uniformly randomly sampled from [K], then in probability 1 — % (with respect to the
choice of m),

_ i1 (1 +9)
s < MWMM + 8115l .

Specifically, in probability 1 — 4, any (C*, p*) € [Q]m which satisfy @, also satisfies

(22)

RO+

% (23)

1, 8) = (€5l < (Va + VB) (ol WIE,, + B sl

Theorem [D.3]is similar to the semi-constructive weak regularity lemma of Finkelshtein et al. [11}
Theorem B.1]. However, our result extends the result of Finkelshtein et al. [L1] by providing a
deterministic certificate for the approximation quality, as we explained in the discusson after Lemma
extending the cut-norm to the more general weighted cut norm, and extending to general
non-symmetric graphons.

Proof of Theorem[D.3) Let us use Lemma [D.2} with H = L2([0,1]%;¢) x (L?[0,1])” with the
weighted inner product

(Vo) (V) = /01]2“ V(2 p)a(z, y)dxdy+,82/ yy (0)y (@) d,

||1||1q

and corresponding norm denoted by ||(Y,9) ||, = \/a ||Y||§;q + 0 ijzl ly;2, and K; = [Q).

Note that the Hilbert space norm is the Frobenius norm in this case. Let m € N. In the setting of the
lemma, we take g = (W, s), and ¢g* € [Q],,. By the lemma, any approximate Frobenius minimizer
(C*, p*), namely, that satisfies [|(W, s) — (C*, p*)|[p., < nm. also satisfies

(T9), (W) = (" 5y < I gy — 120

forevery (T, y) € [Q].
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Hence, for every choice of measurable subsets S, 7 C [0, 1], we have

1 /S/T(W(z,y)—C*(x,y))qu)dmdy‘

||1H1;q
— ’; (1s @ 17,0), (W, s) — (C*,p")),

IN

]. 77m 1
~)/(Ls @ 17, 0) g 1 —

1+9
1 / Tim+1
< — —
=~ Oé\/a Tim 1 S

Hence, taking the supremum over S, 7 C [0, 1], we also have

* Nm+1

Now, for n randomly uniformly sampled from [K], consider the event M (regarding the uniform
choice of n) of probability (1 — 1/R) in which

_ Nn1 9 2 R(1+5)
Vo= 5 < \Jal W, + BlIsli 8+ =

Hence, in the event M, we also have

) R(1+4
QW Ol < Ja2I W, + 0B fsley/3 + 0T

Similarly, for every measurable 7 C [0, 1] and every standard basis element b = (§;;)2; for any
j € (D],

:
1

— ‘5 ((0,b17), (W, s) — (C*,p")),
1 m

< 100,517 e — 2221

gﬁ nm_nm+17
3 110
C

so, taking the supremum over T

[0, 1] independently for every j € [D], and averaging over
j € [D], we get

* TIm+1
Blls—p o < VB /1w — T

Now, for the same event M as above regarding the choice of n € [K],

% R(1+6
Bls=pg < \/aBHWH;q + 52 ||s||§W_

Overall, we get for every m and corresponding approximately optimum (C*, p*),

I0:5) = (€ )l < (Va+ /B — 22

Moreover, for uniformly sampled n € [K], in probability more than 1 — 1/R,

1) = (€ < (V) (W, + ol o+ 2D
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D.4 Proof of the semi-constructive densifying weak regularity lemma

Next, we show that Theorem [D.3]reduces to Theorem {.T]in the case of graphon-signals induced by
graph-signals.

Theorem. Let (A, X) be a graph-signal, K € N, § > 0, and let Q be a soft indicators model.
Let a, B > 0 such that oz—i—ﬁ = 1. LetT > 0 and let Q 4 be the weight matrix defined in Definition[3.2]
Let R > 1 such that K/R € N. For every k € N, let

. 2
m=(1+9) win [I(4,X)=(C Plrg,anin,s

Then,

1. Foreverym € N, any IBG (C*, P*) € [Q], that gives a close-to-best weighted Frobenius
approximation of (A, X) in the sense that

I(A, X) = (C*, P*) |} n a14r).5 < T (24)

also satisfies

00000 (A, X)N(C7, P1) < (Vo FT) + VB) fmn — 1555 29)

2. If m is uniformly randomly sampled from [ K, then in probability 1 — % (with respect to the

choice of m),
e s R(1 + J) 26)
1+ 5 -

Specifically, in probability 1 — &, any (C*, P*) whlch satisfy H) also satisfies

R(1 +96)
—

000,80 (A, X) = (C*,P*)) < (V2+T)4/6 + (27)
In practice, Theorem {.1]is used to motivate the following computational approach for approximating
graph-signals by IBGs. We suppose that there is an oracle optimization method that can solve

in TK operations whenever m < K. In practice, we use gradient descent on the left-hand side
of (24), which takes O(F) operations as shown in Proposition4.2] The oracle is used as follows.
We choose m € [K] at random. We know by Item [2] of Theorem [4.1] that in high probability the
good approximation bound (27) is satisfied, but we are not certain. For certainty, we use Item|[I] of
Theorem 4.1} Given our specific realization of m, we can estimate the right-hand-side of by
our oracle optimization method in 27 operations, and verify that the right-hand-side of (23) is less
than the right-hand-side of (27 . If it is not (in probability 1/R), we resample m and repeat. The
expected number of times we need to repeat this process until we get a small erroris R/(R — 1), so
the expected time it takes the algorithm to find an IBG with error bound (27)) is 2Tx R/(R — 1).

Proof of Theorem Let Q 4 be the weight matrix defined in (T2)). Consider the following identities
between the weighted Frobenius norm of induced graphon-signals and the Frobenius norm of the
graph-signal, and, a similar identity for the densifying cut similarity.

I(Wa,sx) = (We, We)llzwy . agars = 1A, X) = (C,P)for a0ar.s:

00,a,8 ((WA’ 5X)||<WC7 SP)) = 00,a,8 ((A7 X)H(C7 P)) .
We apply Theorem on the weighted Frobenius and cut norms with weight Q = Wg,. We

immediately obtain from @) For (26), by (22) of Theorem[D.3] and by (I3) and by the fact
that signals have values in [—1, 1],

(28)

77m+1 (1 +0)
P < o DIWalE e, + 8 lsall?
R(1+0)
o+ ——=.
< + e
Lastly, follows the fact that for a, § > 0 such that « + S = 1, we must have (y/a(1+T) +
VB) <V2+T. O
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E Fitting IBGs to graphs efficiently

Below we present the proof of Proposition[d.2] The proof follows the lines of the proof of Proposition
4.1 in [L1]. We restate the proposition below for the benefit of the reader.

Proposition 4.2, Let A = (aiyj)?fj:l be an adjacency matrix of an unweighted graph with E edges.
The graph part of the sparse Frobenius loss can be written as

|A - Udiagr)VT ||}, = 4llfg, + 7 Tr (VT V) diag(r) (U U) diag(r))

(1+I‘)E
Z Z U, .. diag(r V ): a; j
1+F i= 1J€N()
1 —
1+r€ Z Y. (W diag(r) (VT), )2
1= 176,/\/'(

where Q 4 is defined in Equation [2). Computing the right-hand-side and its gradients with respect
toU, V and v has a time complexity of O(K*N + K E), and a space complexity of O(KN + E).

The proof is similar to that of Proposition 4.1 in [[11]], while applying the necessary changes under the
new weighted Frobenius norm and the structure of IBGs.

Proof. The loss can be expressed as

2
|A - Udiag(r)VTH;QA TITE I Y (ai,j — U, diag(r) (VT):J) +
i=1 \jeN (i)

+ ) e(_Ui’:diag(T) (VT):,J‘)Z

FEN (i)

i+ 1" I Z Z (am — U, . diag(r) ) + XN:e (U diag(r (VT):J)Q

=1 \jEN(7) Jj=1

- Z e (Ui7;diag(r) (VT):J)2

JEN (1)

2
We expand the quadratic term (ai ; — U, diag(r) (VT), ) , and get

N
||A—Udiag(r)vTH;QA TIE 3 (U diag(r (VT):J)2+
i,j=1
N
1+r AroE e 2 (oh — 2 diagr) (V7). jaiy)
=1 jeN (i)
4+-—° 1—e i Z (U dlag (VT) )2
(1+F)El N %
N2
=ui*ruvdlag AV
a 2
a; U, diag(r) (V ) a;
1—|—F EZ’Z1 1—|—F) ;ge;() . J
1—e 2
U, diag(r) (V ) ,
(1+1“)E;]€%:m( ;)
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R (VTV diag(r)U ' U diag(r)) +

T (I+DE
N2
+m“AH%
2
Z Z U, . diag(r (V ): a5+
(1+F) i=1 jeN(4) !
1—e 2
1+1) EZ > (Uidiagtr) (V7).
i= 1]6,/\/‘

Here, the last equality uses the trace cyclicity, i.e., VI, J € RN*K . Tr(IJ ") = Tr(J " I), with
I =Vdiag(r)U 'Udiag(r)and J" =V .

To calculate the first term efficiently, we can either perform matrix multiplication from right to left or
compute U " U and V' TV, followed by the rest of the product. This calculation has a time complexity
of O(K?N) and a memory complexity O(K N). The second term in the equality is constant and,
therefore, can be left out during optimization. The third and fourth terms in the expression are
calculated using message-passing, and thus have a time complexity of O(K E). Overall, we end up
with a complexity of O(K?N + K E) and a space complexity of O(K N + E) for the full computation
of the loss and its gradients with respect to U, V and r. O

F Extending the densifying weak regularity lemma for graphon-edge-signals

In this section we prove a version of Theorem D.3|for the case where the graph has an edge signal.
The proof is very similar to the previous case, and the new theorem can be used for the analysis of
IBG-NN when used for knowledge graphs (see Appendix [I).

F.1 Weighted Frobenius and cut norms for graphon-edge-signals

Graphon-edge-signal A graphon-edge-signal is a pair (V,Y) where V is a graphon and
Y :[0,1]?> — RP is a measurable function.

Weighted edge-signal Frobenius norm Consider the real Hilbert space L*([0,1]%¢q) x
(L?[0,1]2)P defined with the weighted inner product

(VY), (V! Y"), = ((V,Y), (V. Y))y0p =

=g [, V@0V @ty Z [ vy

We call the corresponding weighted norm the weighted edge-szgnal Frobenius norm, denoted by

D

2 B 2

IV ¥ gsg = IV ¥ )l 0,8 = 4| @ IVIEg + 5 > 1Yl
j=1

We similarly extend the definition of a graphon weighted cut norm and cut metric.

Graphon weighted cut norm and cut metric. A kernel-edge-signal (V,Y) is a pair where V' :
[0,1]2 = [-1,1] and Y : [0,1]?> — RP are measurable. Define for a kernel-edge-signal (V,Y") the
weighted edge signal cut norm

VY o s = IVl = / V(z,y)qe y)da:dy]

o
bup
[

5l zsup

/Y T ydmdy’
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where the supremum is over the set of measurable subsets ¢4,V C [0, 1].

The weighted edge signal cut metric between two graphon-edge-signals (W, f) and (W, f/) is
defined to be [[(IV, /) — (W, ")

For simplicity’s sake, and for this section only, we refer to the weighted edge-signal Frobenius and
cut norms simply as the weighted Frobenius and cut norms.

F.2 1IBGs with edge signals

Here, we define IBGs for graphon-edge-signals. We use the same terminology of soft rank-K 1BG
model introduced in Definition [D.2] slightly changing the signal part of the graphon.

Definition F.1. Let D € N. Given a soft affiliation model Q, the subset [Q] of L?[0,1]% x (L?[0,1]?)?
of all elements of the form (au(x)v(y), bu(z)v(w)), withu,v € Q, a € R and b € RP, is called the
soft rank-1 intersecting block graphon (IBG) model corresponding to Q. Given K € N, the subset
[Q]k of L?[0,1)% x (L?[0,1)?)? of all linear combinations of K elements of [Q] is called the soft
rank- K IBG model corresponding to Q. Namely, (C,p) € [Q]k if and only if it has the form

K K
Clz,y) = Z aruk(x)vr(y) and p(z,y) = Zbkuk(x)vk(y)
k=1 k=1

where (up)i_, € Q are called the target community affiliation functions, (vi)i_, € Q are called
the source community affiliation functions, (a;)X_, € RE are called the community affiliation

magnitudes, (by)K | € REXD are called the edge features. Any element of [Q|k is called an
intersecting block graphon-signal (IBG).

We emphasize that for the rest of this section, when referencing weighted Frobenius and cut norms,
as well as the soft rank-K IBG model, we refer to the new definitions as formulated in Appendix [f|

Corollary F.1. Let (W, s) be a graphon-edge-signal, K € N, 6 > 0, and let Q be a soft indicators
model. Let q be a weight function and o, 5 > 0. Let R > 1 such that K/R € N. Consider the
graphon-signal Frobenius norm with weight ||(Y,y)|p., = [[(Y,¥)|lp.q.0, 5 and cut norm with weight

H(K y)”D;q = H(K y)”D;q,a,B' For every k €N, let
=(1+6 inf W,s) — (C,p)||%.,.
m=(140) b (W) - (€l
Then,

1. Foreverym € N, any IBG (C*, p*) € [Q], that gives a close-to-best weighted Frobenius
approximation of (W, s) in the sense that

(W, s) = (C*, p") e < T (29)

0 < (Va+ \/B)\N?m - 71]72:;

2. If m is uniformly randomly sampled from [ K, then in probability 1 — % (with respect to the

choice of m),
_ Nm+1 2 2 R(l +6)
Vim = T < Jall W, + BlslEy/6 + = (30)

Specifically, in probability 1 — %, any (C*,p*) € [Q]m which satisfy , also satisfies

00 < Va+ VB (el Wi, +6 “8”%\/@'

The proof is very similar to the original proof, with a slight adjustment for the analysis of the signal
part of the graphon-signal. For completeness of the analysis, we provide the full proof.

also satisfies

(W, s) = (C,p")]

(W, 5) = (C%,p)]
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Proof. Let us use Lemma with H = L2([0,1])%;q) x (L?[0,1]?)P with the weighted inner
product

W, =aqre [[ VeVt ey

D
1
+8> . / Y (z,9)Y'(x,y)q(z, y)dady,
j=1 I Hl;q [0,1]2

and corresponding norm denoted by || (V,Y)]|, \/oz ||VH%;q + ﬁzle ||Yj||%q, and K; = [Q].
Note that the Hilbert space norm is a weighted Frobenius norm. Let m € N. In the setting of the

lemma, we take g = (W, s), and g* € [Q],,. By the lemma, any approximate Frobenius minimizer
(C*,p*), namely, that satisfies [|(W, s) — (C*, p*)||p,, < 1im. also satisfies

(T9), (W) = (", 5y < ICT0) g — 12

for every (T, y) € [Q]. Hence, for every choice of measurable subsets S, 7 C [0, 1], we have
[ [ avtea - @t sy
11y, [Js J1

_ ‘; (Ls © L7,0), (W,s) - (C*p")),

1 Mm+1
< Z(1s @ 17, 0) |l peas [ 1rs —
< a||( 5 @ 1L7,0)[[Fiq /7 55

1 Mm+1
< — —
>~ a\/a m 1 6

Hence, taking the supremum over S, 7 C [0, 1], we also have
* Nim+1
w-C < m — .
@ [W = "l < Vay fmn — 225

Now, for n randomly uniformly from [K], consider the event M (regarding the uniform choice of n)
of probability (1 — 1/R) in which

M+l (1—|—5)
Vi = 1 <ol W, + 8 sl -

Hence, in the event M, we also have

* R(1+56
QW = C*lig, < \Ja2I W, + 0B slley/5 + 20T

Similarly, for every measurable S, 7" C [0, 1] and every standard basis element b = (8;,;)2; for any

j€[Dl,
// z,y) —p*(z,9))q (x,y)dxdy‘

(0,b(1s @ 17), (W, s) — (C*,p")),

|1||1q

|5+

77m+1
< —[(0,b(1 1 . m —
< 100,605 © 11 s — 2%
1 Nm+1
< — —
fﬁ\/B Tim, 1+90

so, taking the supremum over S, 7 C [0, 1], independently for every j € [D], and averaging over
j € [D], we get

* 7’m+1
— < — .
B”S p HD;q > \/B Nm 1+o
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Now, for the same event M as above regarding the choice of n € [K],

. R(119)
s~ Iy < faBIWIE, + 52 o2 5 + 29,

Overall, we get for every m and corresponding approximately optimum (C*, p*),

(W, 5) = (C*,p")loyg < (Ve + \/B)m

Moreover, for uniformly sampled n € [K], in probability more than 1 — 1/R,

I = (€ < (V) (W, 4 ol o+ 2D

G Initializing the optimization with singular vectors

Here, we propose a good initialization for the GD minimization of [§] We explain how to use the SVD
of the graph to initialize the parameters of a rank K-IBG, before the gradient descent minimization
of Equation (8). This is inspired by the eigendecomposition initialization described of ICGs. The full
method is presented in Appendix |G} and summarized here.

We begin by calculating the K /4 SVD decomposition of the graph adjacency matrix. Denote by
OK/4 = (ak)fﬁ the sequence of the K'/4 largest singular values of A, and by ®x /4 = (qbk)f::/f,
Wiy = (d)k)f:/ 11 their corresponding left and right singular vectors.

For each singular value o and corresponding singular vectors ¢,1, we designate

Lo L P P " Py P Py P ~
{165 1o ToT T} @ target communities, and { ry, g=y, iy g @9 the corre

sponding source communities, where &1 € [0,00)" denotes the positive or negative parts of the
vector &, i.e., £ = &4 — £_. The corresponding affiliation magnitudes are then taken to be

r1 =01l ¥+l > 72 = =0 o4l 10—l »
r3 = =0 ||¢_ | ¥+l ra =l 1Yl -

If K is not divisible by 4, we discard the excess components with the smallest community affiliation
magnitudes in absolute value.

To efficiently calculate the leading left and right singular vectors, we may use power method variants
such as the Lanczos algorithm [44]] or simultaneous iteration [45] in O(FE) operations per iteration.
For very large graphs, we propose in Appendix [G.2]a more efficient randomized SVD algorithm that
does not require reading the whole graph into memory at once.

G.1 Theoretical analysis of SVD initialization

Next, we analyze this initialization and show that it attains a relatively high initial accuracy. The
following is a corollary of the densifying weak regularity lemma with constant g(x,y) = %2, the
signal weight in the cut norm set to 3 = 0, using all measurable functions from [0, 1]? to [0, 1] as the
soft affiliation model, and taking relative Frobenius error with § = 0 on theorem In this case,
according to the best rank- K approximation theorem (Eckart—Young—Mirsky Theorem [45, Theorem
5.9]), the minimizer of the Frobenius error is the rank-K singular value decomposition (SVD). This
leads to the following corollary.

Corollary G.1. Let A be a graph, K € N, let m be sampled uniformly from K], and let R > 1 such
that K/R € N. Let uq, ..., U, and v1,. .., vy, be the leading left and right singular vectors of A
respectively, with singular values o1, . . ., oy, of highest magnitudes |o1| > |o2| > ... > |oy,|, and
let C* =", Ukukv,:—. Then, in probability 1 — % (with respect to the choice of m),

. R
|4 Cllo < | Alle /-
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Proof. Consider Theorem|D.3] with 6 = 0,3 = 0,I" = 0, and taking the constant weight

N2
q(x,y) = B

Under this setting, the weighted Frobenius norm becomes the standard Frobenius norm, and the
weighted similarity measure becomes the cut norm. Consider the induced graphon signals W 4 and
We+. Note that under the standard Frobenius norm, We« satisfies Equation , as We- is the
SVD of W4, and is also the best Frobenius norm approximator. Hence, the bound in Equation (23)) is
satisfied in probability 1 — 1/ R, and becomes

R
IWa = We-llo < [Wallry/ -
We immediately get in probability 1 — 1/R
. R
l4-C"llo < Allp /2
as required. O

The initialization is based on Corollary [G.T|restricted to induced graphon-signals with a densifying
cut similarity with a constant weight ¢; ; = N?2/E. Consider C = UK/42K/4VE/4, the rank K /4
singular value decomposition of A. We get

- N /4R
VEV K’
We note that while the lemma guarantees a good initialization for the graph, the goodness is not

measured in terms of the graph-signal densifying similarity, but rather with respect to cut metric. Still,
we find that in practice this initialization improves performance significantly.

A= Cllgne 3D

It is important to note that the method described in the previous section relies on computing the
singular value decomposition (SVD) of the graph’s adjacency matrix. Traditional algorithms for
SVD require the entire adjacency matrix to be loaded into memory, which can be computationally
expensive for large graphs. Similar to the approach proposed for computing the IBG in Appendix [H]
we aim to allow SVD computation without loading the entire edge set into memory.

In the following subsection, we introduce a Monte Carlo algorithm for computing the SVD of a matrix
by processing only a random small fraction of its rows, significantly reducing memory requirements.

G.2 Monte Carlo SVD algorithm

For very large graphs, it is impossible to load the whole graph to GPU memory and estimate the SVD
with standard algorithms. Instead, we propose here a randomized SVD algorithm which loads the
matrix to GPU memory in small enough chunks.

The following theorem relates eigendecomposition of symmetric matrices to SVD [45] Lecture 31].

Theorem G.2. Let A ¢ RN*N with singular values o1 > ... > oy, left singular vectors
Uy, ..., Uy, and right singular vectors vy, . .. ,vy. Consider the augmented matrix
B— 0o AT
LA 0 ’
Then, the eigenvalues of B are exactly o1,...,0n,—0N,...,—01, and the eigenvectors are all

vectors of the form

1 v; .
ﬁ(:l:u) i=1,...,N. (32)

Theorem[G.Z]is the standard way to convert eigendecomposition algorithms of symmetric matrices to
SVD of general matrices. Namely, one applies the eigendecomposition algorithm to the symmetric
augmented matrix B, and reads the singular values and vectors from o1,...,05, —0ON,..., —01

and from (32)).
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We hence start with a basic randomized eigendecomposition algorithm for symmetric matrices, based
on the simultaneous iteration (also called the block power method) [45) Part V].

Given a symmetric matrix C, the standard simultaneous iteration (Algorithm|[T) is an algorithm for
finding the leading (largest in their absolute values) M eigenvector-eigenvalue pairs of C. We next
replace the full matrix product C'Q by a Monte Carlo method, initially proposed in [46]. Consider a

matrix C € R¥*¥ with columns ¢y, ..., cy € RY and a column vector v = (vy,...,vx) € RV,
Let mq,...,my be chosen independently uniformly at random from [N]. Let us denote m =
(mq,...,my) and
J
[Cv]m = Z Um; Cmy; -
j=1

One can show that in high probability
[CV]m =~ C,
where the expected square error satisfies
E[[Cv]m — Colj3 = O(1/J).

The advantage in the computation [C'v],, is that it reduces the computational complexity of matrix-
vector product from O(N?) to O(JN).

We hence consider a Monte Carlo simultaneous iteration algorithm, which is identical to Algorithm
with the exception that the matrix-vector product Z = C'Q is approximated by [C Q).

Lastly, we would like to use the Monte Carlo simultaneous iteration algorithm for estimating the
SVD of a matrix A via Theorem[G.2] For that, we require an additional consideration. Note that
the simultaneous iteration finds the leading eigenvalues and eigenvectors (up to sign) in case they
are distinct in their absolute value. In case A\; # A; but |A;| = ||, the simultaneous iteration would
find a vector in the span of the eigenspaces corresponding to A; and A;. Now, note that Theorem
[G.2] builds the SVD of A via the eigendecomposition of B, and every value \; of B is repeated
twice, with positive and negative sign (in case the singular values are not repeated), and Algorithm 2]
finds vectors only in the span of the two eigenspaces corresponding to £);. This is not an issue in
the exact algorithm, as the singular vectors can be read off regardless of the mixing between
eigenspaces. However, in the Monte Carlo simultaneous iteration algorithm, the algorithm separates
the two dimensional spaces of B to one-dimensional spaces arbitrarily due to the inexact Monte Carlo
matrix product. Moreover, the split of the space to two one dimensional spaces arbitrarily changes
between iterations. Hence, when naively implemented, the SVD algorithm based on Theorem|[G.2]
fails to converge.

Instead, we apply the Monte Carlo eigendecomposition algorithm on B + A1, where \; is the
largest eigenvalue of B, computed by a Monte Carlo power iteration on B. Since the addition of A\;I
shifts the spectrum of B by Ay, all eigenvalues of B become non-negative and distinct (under the
assumption that the singular values of A are distinct). We summarize in Algorithm 2]the resulting
method.

Algorithm 1 Simultaneous Iteration for Eigendecomposition of Symmetric Matrix

Input: Matrix C € RY*N_ number of leading eigenvalues to be computed M, number of
iterations J.

Initialize @ € RV*M randomly

for:=1to J do

Z=CQ
(Q, R) = Reduced-QR-Factorization(Z)
end for
Compute XA = (A1, ..., A\y) with A\; = Q[:, 7] T CQY:, ]
Output: Approximate eigenvalues A1, ..., Ay and corresponding columns v1, ..., vps of Q as

the approximate eigenvectors.
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Algorithm 2 Monte Carlo Simultaneous Iteration for SVD decomposition of Non-Symmetric Matrix

Input: Matrix C € RY*N number of leading eigenvalues to be computed M, number of
iterations J, sample ratio 0 < r < 1.

{Augment the non-symmetric matrix to be symmetric}
0 CT>

Define B = ( cC o

{Leading eigenvalue estimation }

Initialize Q1 € R2N*! randomly
fori =1to J do
Generate 2N - r samples 1 of indices from [2N] with repetitions.
B = B[;,n]
Ql = ~Q} [na 1]
Z = BQ,
(@1, R) = Reduced-QR-Factorization(Z)
end for
M = Q[ BQ,

{Shift the spectrum of B}
B =B+ |\| Ly

{Randomized simultaneous iteration on B}

Initialize Q € R2V*M randomly
fori=1to J do
Sample vector n of 2N - r indices from [2N] with repetitions.
B = B[:,n]
Q =Qln,]
Z = BQ
(Q, R) = Reduced-QR-Factorization(Z)
end for

{Generate the output}

Sample a vector n of 2N - r indices from [2N] with repetitions.

B = B[:,n|

Q = Q[n7 :] o~

Compute o = (01,...,0) witho; = Q[:, 7] BQ[:, j]

Qv = Q[l : N, :]

Qu:Q[N+1:2N7:]

QOutput: Approximate singular values o1, ..., 0, and corresponding columns uy, ..., u,, and
v1,...,0, of @, and Q, as the approximate left and right singular vectors.

H Learning IBG with subgraph SGD

For message-passing neural networks, processing large graphs becomes challenging when the number
of edges F exceeds the capacity of GPU memory. For this reason, processing IBGs with neural
networks, which take O(N) operations, is advantageous. However, one still has to fit the IBG to the
graph as a preprocessing step, which takes O(E) operations and memory complexity. To address
this, we propose two sampling-based optimization methods for the IBG. The first method performs
node sampling, extending the SGD approach of [[11]. The second samples individual entries of the
adjacency matrix, which we refer to as diodes. We term these methods node-sampling SGD and
diode-sampling SGD, accordingly.
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H.1 Construction of Node sampling SGD

In a standard GD procedure, all edges of the graph are loaded into memory. Instead, in our node-
sampling SGD procedure, a set of M << N nodes is sampled uniformly with replacement from
[INV]. Denote these nodes by n := (n,,)M_,. We then perform the gradient step using the gradients
calculated solely using these sampled nodes. More specifically, by denoting A(™ € RM*M the

sampled subgraph with entries al™ An;ng> X (n) ¢ RM*K the sampled sub-signal with entries

7,7 =
™ =z, and U™, V™ ¢ [0,1]M*X a5 the sampled community target and source affiliation

' (n Y (n)

matrices with entries u; ;© = up,,; and v; ;* = vp, ;. The loss over the sampled nodes becomes:

a(l+T) S
L(M) (U(n)a V(n)7 r, F7B) = 71”1 Z Z(Uni,krkvnj7k - an“nj)2Qni,nj

D K
%D Z Z(uni,kfk,d + Uy kbkd — Tnpd)?,

H.2 Construction of Diode sampling SGD

We sample a set of M < N? diodes D = (s,t) = (S, )M_, independently from a distribution
we define over all diodes of the graph. The probablllty of samplmg diode (i, 7) is and the

loss over the sampled nodes is

(1+F)E’

1 F M K
L(]\/I) (U V r Z Z ubmykrk:vtm a’5m7tm)2'
m=1 k=1

We then perform the gradient step using the gradients calculated solely using these sampled diodes.

We note that for diode-sampling SGD, we define the loss only over the graph part. To perform SGD
over the signal part of the loss, the method is identical to node-sampling SGD.

H.3 Theoretical analysis of diode-sampling SGD

In the following section, we prove that the gradients calculated using diode-sampling SGD with
respect to the sampled diodes approximate those calculated over the full graph using the standard
loss in . Throughout the section we denote 1 = 1/ )" ¢; ; and refer only to the sample loss of
diode-sampling SGD.

Proposition H.1. Ler 0 < p < 1. Consider the Frobenius loss weighted by Q, o and 3. If we restrict
all entries of C, U, V, and 7 to be in [—1, 1], then in probability at least 1 — p, for every k € [K]
and m € [M]

v M 2log(1 2log(K 2log(6
‘ i = Vi, LD < 20(1 + l“),u\/ og(1/p) + ;\’5( ) + 21og( )7
v v , 210g(1 210g(K) + 210g(6
‘ L=V, LOD] < 2a(1+F)u\/ og(1/p) + ](\)5( ) + 2log( )7
v v 210g(1 21og(K) + 21

Proposition [H.I| provide a probabilistic bound on the difference between the gradients computed on
the full graph and those calculated using subgraph SGD. Notably, it shows that the gradients of the
IBG parameters calculated with SGD closely approximate those calculated with standard GD.

We prove Proposition [H.I|by comparing the gradients of the full loss L with those of the sampled
loss L(M),
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Consider the graph part of the IBG loss:

N K
LU, V,r)=a(l+D)u Z Z Wi kTR E — Qi) i
i,7=1k=1

Next, we calculate the gradients of C = U diag(r)V " with respect to U, V/, and 7 in coordinates.
We have
Vrk,cij = Ui pVj ks
Vut kCig = = rp0;— tVj ks

and
Vo, xCij = TkOj—tUs k,

where §; is 1 if ¢ = 0 and zero otherwise. Hence, the gradients of the loss are

N
Ve L =201+ ) Y (Cij — i) jti k05 ks
i,j=1
N
Vi, L =2a(1+1T) UZ Cn,j = Gnj)dn,jTkVj ks
j=1
and
N
Voo L =201+ 1) > (¢m — @jn)@jmT kit -
j=1
Similarly
2a(1+T)
VTkL(JW) = T Z(Csj,tj - asj,tj)us,-,kvtj,ka
j=1
M
2(1+ T
Vo 100 = DS e Ikt
and
M
, 2(1 4+ T
anm,kL(M) = OK(T-F)M Z(ng-,nm - as]',nm)rk“swk’

j=1
The following convergence analysis is based on Hoeffding’s inequality, and a supporting Monte Carlo
approximation lemma.

Theorem H.2 (Hoeffding’s Inequality). Let Y1, ..., Yas be independent random variables such that
a <Y, < balmost surely. Then, for every k > 0,

]P’(‘% i_(ym f]E[Ym})‘ > k) < 26xp<f m)

We now use Hoeffding’s inequality to derive a standard Monte Carlo approximation error bound.

Lemma H.3. Let {i,,}M_, be uniformi.i.d in [N]. Let v € RN be a vector with entries v,, in the
set [—1,1]. Then, for every 0 < p < 1, in probability at least 1 — p

\/210g(1/p) + 21og(2)
< 7 )

M N

1 1
MZ%—NZ”

m=1 n=1

Proof. This is a direct result of Hoeffding’s Inequality on the i.i.d. variables {v;, }

m 1
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We use Lemma[H.3|on the i.i.d samples m. We first show:

EV, LM =v,, L,

EV,, ,LM)=v, L
and
EV,, LM =v, L.
Indeed we have
1 ) &
E[V,, LM)] = ZE Csj ity — Qs t; ) Us; kUt k] =
j=1

M
2a(14T)
- M ZE[(CSMH — Qs b )Usy kUt k] =

j=1
N

=20(1+T) Y P(s=1i,t=j)(ci;j — aij)tixvjk =
ij=1

N
1+F § Clj az] Qi Ui kVj k

M
2a(1 + T
E[vUn,m,kL(M)] = O‘(T—’_) ZE[(Cnm,tj — Q) TRV ] =
j=1
M
20(14+T
- % ;E[(cn'mvtl - an?n;tl)rkvtl;k?] =

N
= 2&(1 + F):u Z(Cnmyj - anwlaj)Q7LnLkaUj7k7
Jj=1

and

M

1+T

BV, L0 = 220D S Rl v, ] =

j=1

M

20(1+T)
- (T ;E Cnmvtl anm,tl)’rkvthk} =

N
= 20(1+ )Y (Cnpj = Ay )i TEVs k-
j=1

This shows that the expected value of the sampled loss gradients is equal to the standard loss’s
gradients, which meets the conditions of Lemma We therefore use the lemma to obtain a
probabilistic bound on the difference between the approximated gradients and the full gradients.

Specifically, for any 0 < p; < 1, for every k € [K] there is an event Ay, of probability at least 1 — p;

Tk a + 2

For any 0 < py < 1, for every k € [K] there is an event U}, of probability at least 1 — ps such that
for every n € [N]

' 2log(1 21og(2
‘vun,kL—Vun,kL(M)’ < 2a(a+F)M\/ og( /p2]34+ og( )
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For any 0 < p3 < 1, for every k € [K] there is an event V}, of probability at least 1 — p3 such that
for every n € [N]

2log(1/p3) + 21og(2)
i .

‘V'Un,kL - vvn,kL(A{)‘ S 20{(0, + F)/,L\/

Lastly, given 0 < p < 1, choosing py = ps = p3 = p/3K and intersecting all events for all
coordinates gives in the event £ of probability at least 1 — p

21log(1/p) + 2log(K) + 21og(6)

‘VwL - VT,CL(M)' < 2a(a + F)u\/

M )
2log(1 2log(K) + 21
‘VuML Vo, M)’ <2a(a+ F)M\/ og(1/p) + ;\}g( ) + og(6)7
and
2log(1 2log(K) + 21
‘an,kL _ an,kL(M)’ < 2a(a+ F)M\/ og(1/p) + ;\’5( ) + 0g(6).
proving Proposition [H.]

H.4 Theoretical analysis of node sampling SGD

In this section, we provide a similar result to the one in Appendix proving that the gradients
calculated using node-sampling SGD with respect to the sampled nodes approximate those calculated
over the full graph using the standard loss in (8). Throughout the section we use the loss of node-
sampling SGD.

Proposition H4. Let 0 < p < 1. Consider the Frobenius loss weighted by Q, « and (. If we restrict
all entries of C, P, U, V, r, F and B to be in [—1, 1), then in probability at least 1 — p, for every
k € [K], d € [D] and m € [M]

M 210g(1/p) + 21og(2N) + 2log(K) + 2log(1
‘V“WL‘NVM:«L(M) <2a(1+F)uN\/ 0g(1/p) + 2log( 3\; 0g(K) + 210g(10)

b

M 21log(1 21og(2N) + 2log(K) + 2log(1
’antk ~ 2y, LOD SQQ(HF)MN\/ og(1/p) + 2log( 3\; og(K) + 21og(10)

M
4,8\/210g(1/p) + 21log(K) + 2log(D) + 21og(10)
M )
< 45\/210g(1/p) + 2log(K) + 2log(D) + 21og(10)
i .

‘v LoV, LOD] < 4a(1 + F)MNQ\/Q log(1/p) + 2log(N) + 2log(K) + 2log(10)
Tk Tk =

’vfk,dL - ka,dL(M)

VoL = Vi L

The proof of Proposition [H.4]is similar to that of Proposition [H.I] Define the graph part and the
signal part of the IBG loss

a1 +T) &L &
Ll(vavT) T Z Z Ui, kTEVj k — au]) qi,j

i,j=1 k=1

N D K

Ly,(U,V,F,B) ZZZ Wik fryd + Vi kbrd — i)

i=1 d=1 k=1

The IBG loss in (8 is L = N?L; + L,. We normalize and multiply L; by N? for reasons that will
become clear later.

Similarly, we define the graph and signal parts of the subgraph SGD loss

1 ( ) ,T‘) = T Z Z(uniakrkvnjak - a'm,"j) An;n;
ij=1 k=1
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) ﬂ M D K
LMu™ vm F B)=-_ . o kbkd — T d)?
2 (U aV s Ly MD ;;kil(u “kfk7d+rU i,kVk,d z ud) )

where L(M) = N2 (M) 4 (M)

Next, we extend the calculations of the gradients of C = U diag(r)V " and P = UF + V B with
respect to U, V', r, F and B in coordinates. We have

VfpaPid = Ui k01—d,

Vo Pid = Vi k01—d,
Vo, wPisd = fr,ddi—t,

and
V'Ut,k,piyd = bk,d(sz'—t-
Hence,
a(l+T)u N
VrkL1 = 7]\[2 Z (Ci,j — ai,j)qi7jui7kvj7k,
ij=1
N D
a(l+T
VL = ol D N2 b Y (ery = ari)anjrivie Vi Le = % > (Pt — wr.d) fr.ds
Jj=1 d=1
N D
a(l+T 8
Voo l1 = % Z(Ct,j = a15)Gr kUG Vo, L =~ND Z(pt,d — T¢,a)bk,ds
J=1 d=1
3 N
Viale =55 FZI(PZ d = Ti\d) Wik,
and
3 N
Vowale = 55 ;(pi,d — T4,d)Vi k-
Similarly
a(l+T)p M
M
Vm.Lﬁ ) — —g Z (Crsn; = Gnyny )dng n, Ung kVn; ks
ij=1
M
My _a(l+D)p
Vunm,kLg ) — —E ;(Cnm,nj — oy my )G n; TR Vn; &
on_ B
M
vunm,kLz = MD dz_l(an,d = Tp,,,d) frd,
M
1+T
Vo, kL(M) (TQM Crpems = Gy Vo o Th U
j=1
3 D
(M) _
anmJCLQ m ;(pnnud - wnm;d)bk#i?
3 M
M
vfk dL( ) = m lzzl(pm,d - ‘Tﬂz‘,d)uni,k’
and

M)
vbk: dL( MD Z pnu ‘rnz; vni,k'

The following Lemma provides an error bound between the sum of a 2D array of numbers and the sum
of random points from the 2D array. We study the setting where one randomly (and independently)
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samples only points in a 1D axis, and the 2D random samples consist of all pairs of these samples.
This results in dependent 2D samples, but still, one can prove a Monte Carlo-type error bound in
this situation. The Lemma is similar to Lemma E.3. in Finkelshtein et al. [L1], generalized to
non-symmetric matrices.

Lemma H.5. Let {i,, })1_, be uniform i.i.d in [N]. Let A € RN*N with a; ; € [-1,1]. Then, for
every 0 < p < 1, in probability more than 1 — p

N N M M
1 1 2log(1/p) + 21log(2N) + 21og(2)
RN S) BTN 5D SN B T -

j=1n=1 m=1 [=1

Proof. Let 0 < p < 1. For each fixed n € [N], consider the independent random variables

Y = a;,, n, with
1N
N >t
Jj=1

and -1 <Y, <1.

Similarly define the independent random variables W} =

1 N
wn) = N;aw.

= Qp;,, With

By Hoeffding’s Inequality, for k = \/210g(1/p)+2 1(])5(2N)+210g(2) , we have

1

AT a’ﬂl Sk

N; Jm Z T T
and

1 N

AT Gnp anzm Sk

N]:l g Z

in the event £ and £ of probability more than 1 — p/2N. Intersecting the events {£Y }2_ | and
{EWIN_ |, we getVn € [N] :

and

1 1 X
Nzan,j_ﬂzan,im Sk‘
j=1

m=1

in the event £ = N, &Y N,, £V with probability at least 1 — p. The rows and columns of A are
not independent, meaning the probability of their intersection is at least 1 — p and by the triangle
inequality, we also have in the event £

M M
NMZZ i,J M2zzalllm <k,
=1j=1 I=1 m=1
and
1 N N 1 N M
NE 2D Ui~ f 2 D Ginn| S K
n=1j=1 n=1m=1
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Hence, by the triangle inequality,

1 N N 1 M M
ﬁ Z Zaj,n - W Z Z A5, .4 < 2k.

n=1j=1 =1 m=1

O

We now derive bounds on the approximation errors for the gradients of L. Note that the gradients of
the SGD loss with respect to each element of the IBG are

\%

Unm, k

LM =nN?y, LMy, LS

M M
Vo, LM =nN?v, LM 4w, LM
v, LM = N2y, (M)

vbk,mL(IVI) = ka,ng]\/[)
vfk,mL(M) = vfk,m LéM)

We use Lemmas [H:3]and [H.3] These results are applicable in our setting because all entries of the
relevant matrices and vectors, A, X, C, P, U, V,r, F, and B are bounded in [—1, 1].

Specifically, for any 0 < p; < 1, for every k € [K] there is an event .4, of probability at least 1 — p;
such that

2log(1/p1) + 21og(2N) + 21og(2)
M

VL - VTkL(M)‘ < da(l+ r),u\ﬂ\/

Moreover, for every k € [K] and [ € [D], and every 0 < po < 1 there is an event Cy, ; of probability
at least 1 — po such that

4 2log(1 2100(2
‘vfk,mL—ka’mL(M)‘ < DB\/ og( /pzjaj- 0g(2)

Similarly, for every 0 < p3 < 1 there is an event Dy, ,,, of probability at least 1 — p3 such that

4 |21og(1/ps) + 2log(2)
k= Vo, 200 < 3 oAU
For the approximation analysis of V,,, L and V,, L, note that the index n; is random, so we
derive a uniform convergence analysis for all possible values of n;. For that, for every n € [N] and
k € [K], define the vectors

M
vy _a(l+T)p
Vun,kLg ) = T Z(cmnj - an,nj)Qn,ankvnj,k:

j=1

— D
B
v“nkLéM) = Mi Z(pn,d - xn,d)fk,da

>

and

D
v'un,kLgA/[) = i Z(pn,d - xn,d)bk,w

Note that V,,,, , L(M) and V,, , L(M) are not gradients of L(™) (since if n is not a sample from {n;}
the gradient must be zero), but are denoted with V for their structural similarity to V,,,, L) and
Vo, L™ However, we get for every m € [M]

_ (M)
unr,,,,,kLz - vunr,,,,,k' 2
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and

—_~—

vvnm,kLQ = vvnnL,kLéM)
Hence, for every m € [M], we have
Vi L = N2V, LM
an.kL(M) = szvn,kLgM)'

Let 0 < py < 1. By Lemma[H.3| for every k € [K]| there is an event Uy, of probability at least 1 — py
such that for every n € [N]

<

a(l+T)u \/210g(1/p4) + 2log(NV) + 21og(2)

M —_
‘vule — =V, LM ¥ 7 :

N Un, k

Similarly, for 0 < ps < 1 for every k € [K]| there is an event V), of probability at least 1 — p5 such
that for every n € [N]

a(l+T)u \/210g(1/p5) + 2log(N) + 21og(2)

< 3
- N M

M )
N

‘ vvn,k’ Ll - 7v7)n,k Lg
This means that in the event Uy, for every m € [M] we have

M 2log(1 2log(N) + 2log(2
Vunm,,kL_NV'U'W,WL,ICL(M)‘<Q(1+F)MN\/ 0g(1/ps) + 21log(N) + 21og(2)

M b
and in the event Vy, for every m € [M] we have

M 210g(1 210g(N) + 21og(2
L m,kL(M>‘§a(1+r)uN\/ 0g(1/ps) + 210g(N) + 2log(2)

vvnm-,k

n

- ﬁvv M i

Lastly, given 0 < p < 1, choosing p; = py = p5s = p/5K and ps = p3 = p/5K D and intersecting
all events for all coordinates gives in the event £ of probability at least 1 — p

2log(1/p) + 2log(N) + 21log(K) + 21og(10)

’VrkL - VWL(M)‘ <da(l+ F)uNQ\/

M
nl 28 [2log(l 2log(K) + 2log(D) + 2log(10
’kamL—ka,mL(M)’gﬁ\/ og(1/p) +210g(K) + 2log(D) + 21og(10)
D M
28 [2log(1 21log(K) + 2log(D) + 21og(10
‘vb’“nvak,mL(M)lﬁﬂ\/ og(1/p) +2log(K) + 2log(D) + 2log( )7
D M
M 2log(1 21log(N) + 2log(K) + 21log(10
mo N rm s M
and
o 2log(1 210g(N) + 2log(K) + 21og(1
‘V”"WLvanm,kL(M)‘ga(1+r)uN\/ og(1/p) + 2log( )J; og(K) +2log(10)

thus proving Proposition

H.5 Comparison of Node sampling and Diode sampling

Propositions and [H.4]both provide a probabilistic bound on the difference between the gradients
calculated using subgraph SGD and the standard loss (8) using the full graph. Despite this similarity,
these approces differ in their sampling schemes and computational tradeoffs.

For Proposition [H.4] unlike Proposition[H.T] only a subset of entries from U and V' are involved in
the loss computation per step. This introduces a time—memory tradeoff: since only a subset of U and
V is updated in each step, the number of iterations required grows by a factor of N/M in expectation,
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and the memory consumption reduces by M /N, where M denotes the number of sampled nodes.
This mild growth in runtime is acceptable, as the number of iterations only grows by a linear scale,
while each iteration becomes faster to complete due to the reduced size of the graph.

For Proposition[H.I| we sample the diodes of the graph directly. Therefore potentially all nodes of the
graph are involved in the calculation of the loss. Using this method, the time and memory complexity
of calculating the loss becomes O(M K'), where M is the number of sampled edges.

Notably, the bounds in Proposition are independent of the graph size, while the bounds in
Proposition [H.4improve as the graph becomes more dense. However, in practice, we see that both
diode sampling SGD and node sampling SGD provide good IBG approximations that work well for
IBG-NN.

I Knowledge Graphs

I.1 Basic definitions

Knowledge graph signals. We consider knowledge graphs G = (N, &, R), where N, € and R
represent the set of NV nodes, the set of E typed edges, where £ C R x N x N, and the set of R
relations, correspondingly. Note that in this case there is no signal (i.e. feature matrix). We represent

the graphs by an adjacency tensor T = (t;;,); .1, € RN*N*E_Frobenius norm. The weighted

Frobenius norm of a tensor where its two first dimension are equal D € RV*~N X% with respect to
the weight Q € (0, 00)N* N> s defined to be || D| . = \/1}2 SNNR g2

E’f\]]]:,‘::l qi,j,r =1 z,j,rqi,jﬂ“'

Cut-norm. The weighted tensor cut norm of D € RN*N*E with weights Q € (0, 00) VN>R jg

defined to be
R

1
IDlog =53 max |33 dirdise

27,1 di,j,r r=1 ieU jeV
and the definition for the densifying cut similarity follows.

1.2 Approximations by intersecting blocks

We define an Intersecting Block Graph Embedding (IbgE) with K classes (K-IbgE) as a low rank
knowledge graph C' € RY*N>1 yyith an adjacency tensor given respectively by

K
_ . T
C..p= E :TLp]lUj]lvj
i=1

where r;. € RE, and U;,V; C [N]. We relax the {0, 1}-valued hard source/target community
affiliation functions 1 s, 17 to soft affiliation functions in R to allow differentiability.

Definition L.1. Let d € N, and let Z be a soft affiliation model. We define [Z] C RN*N*E 1o be the
set of all elements of the form uv' ® m, with u,v € Q and m € RE. We call [Z] the soft rank-1
intersecting block graph embedding (IbgE) model corresponding to Z. Given K € N, the subset
[Q] i of RVXNXE of ail linear combinations of K elements of [Z] is called the soft rank-K IbgE
model corresponding to Z.

In matrix form, an IbgE C € RY*N*E in [ Z] - can be represented by a triplet of source community
affiliation matrix V.€ RN*X target community affiliation matrix U € RN*X and community
relations matrix M € RE*E_that satisfies:

C..,=Udiag(M. ,)V'
where p € [R].
1.3 Fitting IBGs to knowledge graphs

Given a knowledge graph G = (N, &, R) with N nodes and R relations and an adjacency tensor
T € RVXNXE _ g true triple is defined as (1, p, 7), where ,7 € N and p € [R]. We define the
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following soft rank-K intersecting block score function, based on the weighted Frobenius distance:

. 2
d(n. p,7) = [|6(n, p,7) = wn,: diag(r. p)v. .o
where the weight matrix Qr is

Qr =Qrr =egrl+(1—-egr)maxT .,
PE[R]
§(h,r,t) is 1if (h,r,t) is a true triplet, otherwise 0, V;.. € R¥ is the source community affiliation
of the head entity, U,, . € RX is the target community affiliation of the tail entity, R ,c RX is the

2
community relation vector, and eg r = % with T" > 0.

We minimize a margin-based loss function with negative sampling, similar to [40]:

¢
1 /
L= —IOgU(’Y—d(UaPﬂ')) —ZZIOgU(d(W;anT{) _7)

=1

where 7 is a fixed margin, o is the sigmoid function, ¢ is the number of negative samples and
Y g g g p
(n}, i, 7}) is the i-th negative triplet. An empirical validation of IbgE is provided in Appendix

J Comparison of IBGs to ICGs

In this section we highlight the key advancements and distinctions between our method and its
predecessor [[L1].

Approximation of directed graphs. Graph directionality is crucial for accurately modeling real-
world systems where relationships between entities are inherently asymmetric. Many applications
rely on directed graphs to capture the flow of information, influence, or dependencies, and ignoring
directionality can lead to the loss of critical structural information. One domain which benefits from
directionality is spatiotemporal graphs — graphs where the topology is constant over time but the
signal varies. For example, in traffic networks [4], where directionality represents the movement of
vehicles along roads, traffic congestion in one direction does not necessarily imply congestion in the
opposite direction. Thus, ignoring directionality can lead to inaccurate predictions. Another domain
is citation networks, where nodes represent academic papers, and directed edges represent citations
from one paper to another. The concrete task of prediction of the publication year is highly depedant
on the direction of each edge due to the causal nature of the relation between two papers [20]. Many
more additional domains benefit from directionality, some of which are Email Networks, Knowledge
Graphs and Social Networks [47]148]].

ICG-NNs utilize a community affiliation matrix, that assigns to each node, community pair a value.
The community affiliation is then used as a symmetric graph decomposition, which restricts the
approximation to undirected graphs, resulting in their limited applicability to real-world scenarios as
previously mentioned. IBG-NNs solve this issue by using source and target affiliation matrices that
are used to create a general graph decomposition. This allows IBG-NNs to approximate directed
graphs, making them applicable to any graph.

Densifying the adjacency matrix. The major caveat of ICG-NNs is their limited applicability to
sparse graphs. Both their theoretical guarantees and approximation capabilities weaken as sparsity
increases, with the approximation error of ICGs being O(N/(EK)'/2). This issue stems from the
imbalance between the number of edges and non-edges in sparse graphs. As graphs grow sparser,
non-edges dominate, and since standard metrics assign equal weight to edges and non-edges, the
approximation shifts from capturing the relational information that we aim to capture — to capturing
the absence of relations. To address this limitation, we introduce the densifying cut similarity, a
novel similarity measure that explicitly accounts for the structural imbalance in sparse graphs. This
similarity measure enables IBG-NNs to efficiently learn a densified representation of sparse graphs,
achieving an approximation error of O( K ~'/2) for both sparse and dense graphs while preserving the
relational information. We emphasize that, unlike ICGs, whose approximation quality is measured
with respect to the cut norm, IBGs are evaluated based on the densifying cut similarity.

Architecture and empirical performance. At first glance, ICG-NNs and IBG-NNs may appear
conceptually similar, as both follow a two-step process: first estimating the graph approximation,
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followed by processing through a neural network architecture. Both also support a subgraph stochastic
gradient descent (SGD) method. However, the fine-grained details of their implementations differ
significantly.

In the graph approximation stage, IBG-NNs extend the capabilities of ICG-NNs in two ways.
They can approximate directed graphs, and more importantly they minimize a weighted Frobenius
norm, where edges and non-edges are assigned different weights. This contrasts with ICG-NNs,
which minimize the standard Frobenius norm. This critical difference enables IBG-NNs to handle
sparse graphs more effectively, as demonstrated in Appendix In the neural network stage, IBG-
NN s offer greater architectural flexibility. While ICG-NNs operate on a single community signal,
IBG-NNs incorporate two community signals (source and target) when mapping back to the node
space. Although we simplify the architecture by using a basic addition operation, more sophisticated
manipulations could be employed. These architectural and methodological advancements result
in IBG-NNSs’ empirical superiority across various domains. Specifically, IBG-NNs outperform
ICG-NNs in node classification (see Appendix [M.1.1), spatiotemporal property prediction (see
Appendix[M.1.2)), subgraph SGD on large graphs (see Section[6.3]and Appendix[M.1.4), and efficiency
in the number of communities used (see Appendix [M.2.T)). This broad dominance underscores the
effectiveness of IBG-NNs in addressing the limitations of ICG-NNs while delivering state-of-the-art
performance.

Both IBG and ICG approximations capture the large scale behavior of graphs very well, since they
are optimized w.r.t. the cut similarity and cut norm, which tend to ignore local small-scale structures.
Hence, their approach may be less effective in domains where local small-scale structures play a
key predictive role, like in estimating chemical properties of molecules. Another limitation of the
methods is that the IBG and ICG are fitted to a given graph, and cannot be naturally transferred
between graphs. This limits applicability to graph-level problems like graph classification.

K Complexity comparison of IBG-NN and MPNNs

Our IBG-NN architecture takes O(D(N K + K D 4+ N D)) operations at each layer. For comparison,
simple MPNNs such as GCN and GIN compute messages using only the features of the nodes, with
computational complexity O(ED + N D?). More general message-passing layers which apply an
MLP to the concatenated features of the node pairs along each edge have a complexity of O(ED?).
Consequently, IBG neural networks are more computationally efficient than MPNNs when K < Dd,
where d denotes the average node degree, and more efficient than simplified MPNNs like GCN when
K <d.

L Additional implementation details on IBG-NN

Let us recall the update equation of an IBG-NN for layers 1 </ < L —1
H") =g (67 (H?) + 05 (VBY)),

H{ =g (6 (H")+ 06 (UF")),
And finally for layer L:
HY =HD + HP,

In each layer, the learned functions ©f% and ©} are applied to the previous node representations

H y)and Ht(z) seperately, while ©35 and ©% are applied to the post-analysis source community
features V B() and the post-analysis target community features U B, respectively. To simplify,
we restrict the aforementioned architecture of the learned function to linear layers and a pooling
operation (e.g. DeepSets [49]]), interleaving with a ReLU activation function. An example of an
IBG-NN linear layer with mean pooling is:

1
o, (H") = HOW + 1 HOW

with W1(£)7 WQ(E) e RP! XDt being learnable weight matrices.
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IBG-NNs for spatio-temporal graphs. Given a graph with fixed connectivity and time-varying
node features, we fit the IBG to the graph once. We then train a model on the frozen IBG to predict
the next-step signal from past time steps. Thus, given T training signals, an IBG-NN requires
O(T N K D?) operations per epoch, compared to O(T ED?) for MPNNs, with the preprocessing
time remaining independent of T'. Thus, as the number of training signals increases, the efficiency
gap between IBG-NNs and MPNNs becomes more pronounced.

M Additional experiments

Table 2: Results on real-world node classification datasets. Top three models are colored by First,
Second, Third.

Model Squirrel Chameleon Tolokers
# nodes 5201 2277 11758

# edges 217073 36101 519000
Avg. degree 41.74 15.85 88.28
Metrics Accuracy Accuracy ROC AUC
MLP 2877+ 1.56 4621299 7295+ 1.06
GCN 5343 +2.01 64.82+224 83.64%+ 0.67
GAT 40.72 £ 1.55 66.82 +2.56 83.70£ 0.47
H2GCN 619+ 1.4 46.21 £2.99 7335+ 1.01
GPR-GNN 74.84+ 0.5 78.3+ 0.6 72.94+ 0.97
LINKX 61.81 +£1.80 68.42+ 1.38 -
FSGNN 7410 £ 1.89 78.27 £ 1.28 -
ACM-GCN 67.40 £ 221 7476 +£2.20 -
GloGNN 5788+ 1.76 71.21 £1.84 73.39+1.17
Grad. Gating 6426 =238 71.40 +2.38 -
DirGNN 75.13+£1.95 79.74 £ 1.40 -
FaberNet 76.71 £1.92 80.33 £1.19 -
ICG-NN 64.02 +£1.67 6394213 83.73+0.78
IBG-NN 77.63£1.79  80.15£1.13  83.76 £0.75

M.1 Analysis on varying domains
M.1.1 Node classification on directed graphs

Setup. We evaluate IBG-NN on several dense directed benchmark datasets: Tolokers [50], following
the 10 splits of [S0], Squirrel and Chameleon [21]], both following the 10 splits of [21]]. We report
the average ROC AUC and standard deviation for Tolokers, and the average accuracy and standard
deviation for Squirrel and Chameleon. For Tolokers, we report the baselines MLP, GCN [25]], GAT
[51], HoGCN [52], GPR-GNN [53]], GloGNN [22] and ICG-NN [[L1]] taken from [[11]]. For Squirrel
and Chameleon, we report the same baselines, as well as LINKX [54], FSGNN [55], ACM-GCN
[56], Grad. Grating [57], DirGNN [20] and FaberNet [27], taken from [27].

Results. Table [2| presents another domain in which IBG-NNs outperform ICG-NNs. More
importantly, it establishes IBG-NNs as a state-of-the-art method for directed graphs, surpassing
GNNs specifically tailored for directed graphs, despite their quadratic scaling compared to IBG-NNs.

M.1.2 Spatio-temporal graphs

Setup. We evaluate IBG-NN on the real world traffic-network datasets METR-LA and PEMS-BAY
[4]. We report the baselines DCRNN [4]], GraphWaveNet [38], AGCRN [59], T&S-IMP, TTS-IMP,
T&S-AMP, and TTS-AMP [60], and ICG-NN [[11] all taken from [[11]]. We follow the methodology
of [60]], segmenting the datasets into windows of time steps, and training the model to predict the
subsequent 12 observations. Each window is divided sequentially into train, validation, and test using
a70%/10%/20% split. We report mean average error and standard deviation over 5 different seeds.
Finally, we use a GRU to embed the data before using it as input for the IBG-NN model.

3our codebase is publicly available at: https://github.com/jonkouch/IBGNN-clean
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Results. Table 3| demonstrates that IBG-NNs suppresses ICG-NNs by a small margin. This
slight difference could be attributed to the small size of the graph (207 and 325 nodes), where local
interactions are likely sufficient for the task, and the ability of IBG-NNs to capture global structure
becomes less relevant. This raises questions about the role of directionality in traffic networks,
suggesting the need for further investigation. Notably, IBG-NNs show strong performance in another
domain, matching the effectiveness of methods specifically designed for spatio-temporal data, such
as DCRNN, GraphWaveNet, and AGCRN, despite the small graph size and low edge density.

Table 3: Results on temporal graphs. Top three models are colored by First, Second, Third.

Model METR-LA PEMS-BAY
# nodes 207 325

# edges 1515 2369
Avg. degree 7.32 7.29
Metrics MAE MAE
DCRNN 3224+0.01 1.64+0.00
GraphWaveNet 3.05 £0.03 1.56 £ 0.01
AGCRN 3.16 £0.01 1.61+0.00
T&S-IMP 335+0.01 1.70 £ 0.01
TTS-IMP 3.34£0.01 1.72+0.00
T&S-AMP 322+0.02 1.65+£0.00
TTS-AMP 324 £0.01 1.66=+0.00
ICG-NN 3.12+£0.01 1.56 +0.00
IBG-NN 3.10 £0.01 1.5540.00

M.1.3 Knowledge graphs

Setup. We evaluate IbgE on the the Kinship and UMLS [J5] datasets. We report the knowledge
graph embedding baselines TransE [61]], DistMult [62]], ConvE [13], ComplEx [63] and RotatE [40].
We also report the rule learning baselines Neural-LP [64], RNNLogic [65], RLogic [66] and NCRL
[67] to compare with the state-of-the-art models over these datasets. Results for all baselines were
taken from [67]].

Results. Table [ shows that IbgE achieves state of the art results across all datasets, solidifying
IBGs potential as a knowledge graph embedding method. This strong performance is expected, as
IbgE is both computationally efficient and expressive, capable of modeling arbitrary head-relation-tail
triplets, making it particularly well-suited for modeling knowledge graphs.

M.1.4 Subgraph SGD using node sampling

Setup. In Section[6.3] we test the diode sampling SGD method proposed in Appendix [H We follow
the setups described for Flickr and Reddit in Section under condensation ratios r = M /N, where

Table 4: Comparison with KG completion methods. Top three models are colored by First, Second,

Third.
Method Model Kinship UMLS
MRR Hit@l Hit@l0 | MRR Hit@l Hit@10
TransE 0.31 0.9 84.1 0.69 52.3 89.7
DistMult 0.35 18.9 75.5 0.39 25.6 66.9
KGE ComplEx 0.42 242 81.2 0.41 27.3 70.0
RotatE 0.65 50.4 93.2 0.74 63.6 93.9
IbgE 0.69 55.0 95.3 0.82 71.5 96.3
Neural-LP | 0.30 16.7 59.6 0.48 332 71.5
DRUM 0.33 18.2 67.5 0.55 35.8 85.4
Rule Learning | RNNLogic | 0.64 49.5 92.4 0.75 63.0 92.4
RLogic 0.58 43.4 87.2 0.71 56.6 93.2
NCRL 0.64 49.0 92.9 0.78 65.9 95.1
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N is the total number of nodes, and M is the number of sampled nodes. For a condensation ratio of
100%, the competing methods correspond to standard GCN.

Results. Once again, Table [5] shows IBG-NN using node sampling subgraph SGD outperforms
all other coarsening and condensation methods, as well as its predecessor, ICG-NN. These results
are consistent with our theoretical guarantees (see Propositions and [H.4), which predict a low
approximation error. This demonstrates that IBG-NNs are capable of good approximations even
while loading a small fraction of the graph into memory. Additionally, we observe that node-
sampling and diode-sampling methods yield nearly identical empirical performance, although their
approximation errors decay at different asymptotic rates (see Propositions [H.1] and [H:4), offering
flexibility in choosing the sampling strategy based on practical considerations.

Table 5: Comparison of node-sampling subgraph SGD with coarsening methods across varying
condensation ratios. Top three models are colored by First, Second, Third.

Flickr Reddit

Condensation ratio 0.5% 1% 100% 0.1% 0.2% 100%
Random 440+04 446+02 472+£0.1 | 58.0+£22 663£19 939+0.0
Herding 439+09 444406 472+£0.1 | 62710 71.0£1.6 939+0.0
DC-Graph 459+0.1 4584+0.1 472+£0.1 | 895+01 905+1.2 939+0.0
GCOND 47.1 £0.1 471401 472+£0.1 | 89.6+0.7 90.1£+0.5 939+0.0
SFGC 470+£0.1 471401 472+£0.1 | 90.0+03 89.9+04 939+0.0
GC-SNTK 46.8£0.1 4654+02 472+0.1 - - -
SimGC 456+04 438+15 472401 | 91.1£1.0 920£03 939+0.0
ICG-NN 50.1+£02 50.84+01 527401 1] 8.7+13 90715 936+1.2
IBG-NN 50.7£0.1 512+02 53.04+0.1 | 923£1.1 9234+0.6 94.1+£05

M.2 The effect of number of communities
M.2.1 Performance

Setup. We evaluate IBG-NN and ICG-NN on the non-sparse Squirrel and Chameleon graph [21].
We follow the 10 data splits of Pei et al. [21]], Li et al. [22] for Squirrel and Chameleon reporting the
accuracy and standard deviation.

Results. In Figure[d IBG-NNs exhibit significantly improved performance compared to ICG-NNss.
For a small number of communities (10) on Squirrel, IBG-NNs achieve 66% accuracy, whereas
ICG-NNs achieve only 45%, further highlighting the superiority of IBG-NNs, allowing it to reach
competitive performance while being efficient. The performance gap persists across both datasets,
with IBG-NNs continuing to improve as the number of communities increases, whereas ICG-NNs
appear to plateau. This trend can be attributed to IBG-NNs ° ability to capture directionality in the
graph, allowing them to model increasingly fine-grained asymmetric structures that ICG-NNs cannot
represent.
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Figure 4: Accuracy of IBG-NNs and ICG-NNs on the Squirrel (left) and Chameleon (right)
datasets as a function of the number of communities.
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M.2.2 Approximation quality

Setup. We evaluate the effect of the number of communities K on the densifying cut similarity of
the IBG approximation on the Chameleon and Squirrel datasets. We compare the weighted Frobenius
error to the densifying cut similarity for a number of communities ranging from 10 to 250.

Results. As shown in Figure[3] both the densifying cut similarity and the weighted Frobenius error
of IBG decrease as the number of communities increases. This stands in line with our theory, and
demonstrated the bound in Equation (27) also in fact holds in practice.
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Figure 5: Densifying cut similarity as a function of the weighted Frobenius norm on the Squirrel
(left) and Chameleon (right) datasets. The number of communities is specified above every point.

M.3 The importance of densifying
M.3.1 Densification for sparse graphs

Setup. We evaluate the effect of our proposed densifying lemma by assessing the performance of
IBG-NN as a function of I', a parameter that controls the weight assigned to non-edges relative to

edges in the IBG approximation. We explore I values ranging from 0, where weight is assigned only

2
to existing edges, to %, where a uniform weight of 1 is given to each entry in the adjacency

matrix. Our experiments are conducted on the large node classification graph Arxiv-Year [54] due to
its low density (average degree of 6.89).

Results. Figure@ presents that the perfromance of densified IBG-NNs with I = % equals

to that of IBG-NNs learned with standard unweighted loss, matching expectations. More importantly,
Figure [6]shows that densified IBG-NNs consistently outperform IBG-NNs learned with standard
unweighted loss, across all the densification scales, validating that the theoretical improvements also
translate into significant practical benefits.

M.3.2 Effect of densification on approximation quality

Setup. We study the approximation error of ICG and IBG on their target metrics, cut metric and
densifying cut similarity, when approximating Erdds-Rényi graphs with 1000 nodes on a different
range of edge probabilities. We set the densification parameter I' = 1/2p when approximating
ER(1000, p).

Results. Figure[7|clearly demonstrates that the approximation quality of IBG remains consistent
across different sparsity levels, while ICG’s deteriorates as the graphs grow sparser. This greatly
supports our claims that IBGs learn a densified version of the original graph while still sharing the
same structure with the original graph.
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Figure 6: IBG-NN accuracy over the sparse dataset Arxiv-Year as a function of I'. The dotted line is
IBG-NN accuracy when using standard uniformly weighted loss for the IBG approximation. The
rightmost point is the value of I" which results in a uniform cut norm under the densifying loss.
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Figure 7: Cut norm and densifying cut similarity of ICG and IBG approximations on FR(1000, p)
for different values of p.

M.3.3 Effect of densification on IBG-NN

Setup. We compare IBG-NN and ICG-NN on the node classification dataset Squirrel when
sampling only a subset of the edges with a ranging sample probability during the approximation
phase.

Results. Figure(8|shows a significant performance gap increase when the graph becomes sparser.
This strengthens our claims that IBG-NNs are better suited for working with sparse graphs than
ICG-NNs.
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Figure 8: Node classification results on the Squirrel dataset as a function of edge sample probability
during the approximation stage.
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M.4 Efficiency analysis

M.4.1 Run-time analysis

Setup. We compare the forward pass runtimes of IBG-NN to that of the DirGNN [20] and FaberNet
[27] methods for directed graphs on Erdds-Rényi ER(n,p = 0.5) graphs with up to 7k nodes. We
sample 128 node features per node, independently from U0, 1]. Both models use a hidden and output
dimension of 128, and 3 layers.

Results. Figure[0]shows that the runtime of IBG-NN exhibits a strong square root relationship when
compared to the two directed graphs methods DirGNN and FaberNet. This matches expectations,
given that the time complexity of IBG-NN and message-passing neural networks are O(N) and
O(E), respectively, further highlighting the difference in their efficiency.
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Figure 9: Runtime of K-IBG-NN as a function of DirGNN (left) and FaberNet (right) forward pass
duration on ER(n, p = 0.5) graphs for K=10, 100.

M.4.2 Memory Analysis

Setup. We compare the IBG approximation and IBG-NN forward pass memory complexity to that
of GCN. We use Erdds-Rényi ER(n,p = 0.5) graphs with up to 7k nodes and sample node features
uniformly from U0, 1] with dimension 128. We test IBG-NN and GCN with 3 layers, and hidden
and output dimensions of 128.

Results. Figure [10] clearly shows IBG’s memory complexity scales linearly with GCN, while
IBG-NN’s memory complexity has a square root relationship with that of GCN. This result stands
strongly in line with the results in Appendix [M.4.T} as both the time and memory complexity of IBG
approximation and IBG-NNs are O(FE) and O(N) respectively.
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Figure 10: Memory complexity of K-IBG (left) and K-IBG-NN (right) as a function of GCN
forward pass on ER(n,p = 0.5) graphs for K=10, 100.
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N Choice of datasets

We present IBG-NNs, a method best suited for large graphs, capable of effectively approximating
directional graphs. Consequently, our primary experiments in Section [6.3]follow the standard graph
coarsening and condensation benchmarks Reddit [[1]] and Flickr [2] where IBG-NNs demonstrates
state-of-the-art performance. Additionally, IBG-NNs can be viewed as a method for handling directed
graphs. To evaluate its performance in this domain, we conduct experiments on standard directed
graph datasets Squirrel, Chameleon [21]], and Tolokers [S0], where it also achieves state-of-the-art
results. Finally, our graph approximation method proves particularly efficient for spatio-temporal
datasets, where a fixed topology supports time-varying signals. We validate this by experimenting
with IBG-NNs on the METR-LA and PEMS-BAY [4]] datasets, where it matches the effectiveness of
methods that are specifically designed for spatio-temporal data.

O Dataset statistics

The dataset statistics of the real-world directed graphs, spatio-temporal, graph coarsening and
knowledge graph benchmarks used are presented below in Tables [6]to [0

Table 6: Non-sparse node classification dataset statistics.

Squirrel Chameleon Tolokers

# nodes (N) 5201 2277 11758

# edges (E) 217073 36101 519000
Avg. degree (£) 41.71 15.85 88.28

# node features 2089 2325 10

# classes 5 5 2
Metrics Accuracy Accuracy ROC AUC

Table 7: Spatio-temporal dataset statistics.
METR-LA PEMS-BAY

# nodes (N) 207 325
# edges (E) 1515 2369
Avg. degree (£)  7.32 7.29
# node features 34272 52128
Metrics MAE MAE

Table 8: Graph coarsening dataset statistics.
Flickr Reddit
# nodes (N) 89250 232965

# edges (E) 899756 114615892
Avg. degree 10.08 491.99

# node features 500 602
# classes 7 41
Metrics Accuracy Micro-F1

Table 9: Knowledge graph completion dataset statistics.
Kinship UMLS

# entities 104 135
# relations 25 46
# training triples 8544 5216
# validation triples 1068 652
# testing triples 1074 661
Avg. train. degree  82.15 38.64
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P Hyperparameters

In Tables [T0[to [I3] we report the hyper-parameters used in our real-world directed graphs, spatio-
temporal, graph coarsening and knowledge graph completion benchmarks.

Table 10: Non-sparse node classification hyperparameters.

Squirrel ~ Chameleon  Tolokers

# communities 50, 250 50, 250 50, 250
Encoded dim 128 128 -
B/a 1 1 1

r 20 5 5
Approx. Ir 0.03 0.03 0.03
Approx. epochs 10000 10000 10000
# layers 5,6,7 5,6,7 4,5,6
Hidden dim 128 128 128
Dropout 0.2 0.2 0.2
Residual connection - N v
Jumping knowledge Cat Cat Max
Normalization True True True
Fit Ir 0.003, 0.005 0.003, 0.005 0.003, 0.005
Fit epochs 1500 1500 1500

Table 11: Spatio-temporal node regression hyperparameters.
METR-LA PEMS-BAY

# communities 50 100
Encoded dim - -
B/ 0 0
r 0 0
Approx. Ir 0.01,0.05  0.01,0.05
Approx. epochs 10000 10000
# layers 5,6,7 5,6,7
Hidden dim 64, 128 64, 128
Dropout 0.0 0.0
Residual connection v v
Jumping knowledge Max Cat
Normalization True False
Fitlr 0.001, 0.003 0.001, 0.003
Fit epochs 300 300
Table 12: Graph coarsening node classification hyperparameters.
Reddit Flickr
# communities 50, 750 50, 750
Encoded dim - -
B/a 0 0
r 5 5
Approx. Ir 0.05 0.05
Approx. epochs 0 0
# layers 2,3, 4 2,3,4
Hidden dim 128, 256 128, 256
Dropout 0 0
Residual connection v -
Jumping knowledge Max Cat
Normalization True True
Fitlr 0.003, 0.005 0.003, 0.005
Fit epochs 1500 1500
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Table 13: Knowledge graph completion hyperparameters.
Kinship UMLS

# communities 20 15
Encoded dim 24 48
Approx. Ir 0.05  0.003

Approx. epochs 250 750
# negative samples 64 128

For our spatio-temporal experiments, we utilize the time of the day and the one-hot encoding of the
day of the week as additional features, following [[60]. Additionaly, for spatio-temporal graphs we
usually ignore the signal when fitting the IBG to the graph, but one can also concatenate random
training signals and reduce their dimension to obtain one signal with low dimension D to be used as
the target signal for the IBG optimization.
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