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ABSTRACT

In this paper, we propose a novel Collaborative Pure Exploration in Kernel Bandit
model (CoPE-KB), where multiple agents collaborate to complete different but
related tasks with limited communication. Our model generalizes prior CoPE for-
mulation with the single-task and classic MAB setting to allow multiple tasks and
general reward structures. We propose a novel communication scheme with an ef-
ficient kernelized estimator, and design algorithms CoKernelFC and CoKernelFB
for CoPE-KB with fixed-confidence and fixed-budget objectives, respectively.
Sample and communication complexities are provided to demonstrate the effi-
ciency of our algorithms. Our theoretical results explicitly quantify how task sim-
ilarities influence learning speedup, and only depend on the effective dimension
of feature space. Our novel techniques, such as an efficient kernelized estimator
and decomposition of task similarities and arm features, which overcome the com-
munication difficulty in high-dimensional feature space and reveal the impacts of
task similarities on sample complexity, can be of independent interests.

1 INTRODUCTION

Pure exploration (Even-Dar et al., 2006; Kalyanakrishnan et al., 2012; Kaufmann et al., 2016) is
a fundamental online learning problem in multi-armed bandits (Thompson, 1933; Lai & Robbins,
1985; Auer et al., 2002), where an agent chooses options (often called arms) and observes random
feedback with the objective of identifying the best arm. This formulation has found many important
applications, such as web content optimization (Agarwal et al., 2009) and online advertising (Tang
et al., 2013). However, traditional pure exploration (Even-Dar et al., 2006; Kalyanakrishnan et al.,
2012; Kaufmann et al., 2016) only considers single-agent decision making, and cannot be applied to
prevailing distributed systems in real world, which often face a heavy computation load and require
multiple parallel devices to process tasks, e.g., distributed web servers (Zhuo et al., 2003) and data
centers (Liu et al., 2011).

To handle such distributed applications, prior works (Hillel et al., 2013; Tao et al., 2019; Karpov
et al., 2020) have developed the Collaborative Pure Exploration (CoPE) model, where multiple
agents communicate and cooperate to identify the best arm with learning speedup. Yet, existing
results focus only on the classic multi-armed bandit (MAB) setting with single task, i.e., all agents
solve a common task and the rewards of arms are individual values (rather than generated by a re-
ward function). However, in many distributed applications such as multi-task neural architecture
search (Gao et al., 2020), different devices can face different but related tasks, and there exists sim-
ilar dependency of rewards on option features among different tasks. Therefore, it is important to
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develop a more general CoPE model to allow heterogeneous tasks and structured reward depen-
dency, and further theoretically understand how task correlation impacts learning.

Motivated by the above fact, we propose a novel Collaborative Pure Exploration in Kernel Bandit
(CoPE-KB) model. Specifically, in CoPE-KB, each agent is given a set of arms, and the expected
reward of each arm is generated by a task-dependent reward function in a high and possibly infinite
dimensional Reproducing Kernel Hilbert Space (RKHS) (Wahba, 1990; Scholkopf et al., 2002).
Each agent sequentially chooses arms to sample and observes random outcomes in order to identify
the best arm. Agents can broadcast and receive messages to and from others in communication
rounds, so that they can collaborate and exploit the task similarity to expedite learning processes.

Our CoPE-KB model is a novel generalization of prior CoPE problem (Hillel et al., 2013; Tao et al.,
2019; Karpov et al., 2020), which not only extends prior models from the single-task setting to mul-
tiple tasks, but also goes beyond classic MAB setting and allows general (linear or nonlinear) reward
structures. CoPE-KB is most suitable for applications involving multiple tasks and complicated re-
ward structures. For example, in multi-task neural architecture search (Gao et al., 2020), one wants
to search for best architectures for different but related tasks on multiple devices, e.g., the object
detection (Ghiasi et al., 2019) and object tracking (Yan et al., 2021) tasks in computer vision, which
often use similar neural architectures. Instead of individually evaluating each possible architecture,
one prefers to directly learn the relationship (reward function) between the accuracy results achieved
and the features of used architectures (e.g., the type of neural networks), and exploit the similarity
of reward functions among tasks to accelerate the search.

Our CoPE-KB generalization faces a unique challenge on communication. Specifically, in prior
CoPE works with classic MAB setting (Hillel et al., 2013; Tao et al., 2019; Karpov et al., 2020),
agents only need to learn scalar rewards, which are easy to transmit. However, under the ker-
nel model, agents need to estimate a high or even infinite dimensional reward parameter, which is
inefficient to directly transmit. Also, if one naively adapts existing reward estimators for kernel
bandits (Srinivas et al., 2010; Camilleri et al., 2021) to learn this high-dimensional reward parame-
ter, he/she will suffer an expensive communication cost dependent on the number of samples N ("),
since the reward estimators there need all raw sample outcomes to be transmitted. To tackle this
challenge, we develop an efficient kernelized estimator, which only needs average outcomes on nV
arms and reduces the required transmitted messages from O(N (")) to O(nV'). Here V is the number
of agents, and n is the number of arms for each agent. The number of samples N (") depends on the
inverse of the minimum reward gap, and is often far larger than the number of arms nV'.

Under the CoPE-KB model, we study two popular objectives, i.e., Fixed-Confidence (FC), where
we aim to minimize the number of samples used under a given confidence, and Fixed-Budget (FB),
where the goal is to minimize the error probability under a given sample budget. We design two
algorithms CoKernelFC and CoKernelFB, which adopt an efficient kernelized estimator to simplify
the required data transmission and enjoy a O(nV') communication cost, instead of O(N(") as in
adaptions of existing kernel bandit algorithms (Srinivas et al., 2010; Camilleri et al., 2021). We pro-
vide sampling and communication guarantees, and also interpret them by standard kernel measures,
e.g., maximum information gain and effective dimension. Our results rigorously quantify the influ-
ences of task similarities on learning acceleration, and hold for both finite and infinite dimensional
feature space.

The contributions of this paper are summarized as follows:

* We formulate a collaborative pure exploration in kernel bandit (CoPE-KB) model, which
generalizes prior single-task CoPE formulation to allow multiple tasks and general reward
structures, and consider two objectives, i.e., fixed-confidence (FC) and fixed-budget (FB).

* For the FC objective, we propose algorithm CoKernelFC, which adopts an efficient kernel-
ized estimator to simplify the required data transmission and enjoys only a O(nV') commu-
nication cost. We derive sample complexity O(”T@) log §~1) and communication rounds
O(log Al ). Here & is the regularization parameter, and p*(&) is the problem hardness

min

(see Section 4.3).

* For the FB objective, we design a novel algorithm CoKernelFB with error probability

O(exp(— p{‘g) )n2V') and communication rounds O(log(w(¢, X))). Here T is the sample
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budget, X is the set of task-arm feature pairs, and w(§, X ) is the principle dimension of
data projections in X to RKHS (see Section 5.1).

* Our algorithms offer an efficient communication scheme for information exchange in high
dimensional feature space. Our results explicitly quantify how task similarities impact
learning acceleration, and only depend on the effective dimension of feature space.

Due to the space limit, we defer all proofs to the appendix.

2 RELATED WORK

Below we review the most related works, and defer a complete literature review to Appendix B.

Collaborative Pure Exploration (CoPE). Hillel et al. (2013); Tao et al. (2019) initiate the CoPE
literature with the single-task and classic MAB setting, where all agents solve a common classic
best arm identification problem (without reward structures). Karpov et al. (2020) further extend the
formulation in (Hillel et al., 2013; Tao et al., 2019) to best m arm identification. Our CoPE-KB
generalizes prior CoPE works to allow multiple tasks and general reward structures, and faces a
unique challenge on communication due to the high-dimensional feature space. Recently, Wang
et al. (2019) study distributed multi-armed and linear bandit problems, and He et al. (2022) inves-
tigate federated linear bandits with asynchronous communication. Their algorithms directly com-
municate the estimated reward parameters and cannot be applied to solve our problem, since under
kernel representation, the reward parameter is high-dimensional and expensive to explicitly transmit.

Kernel Bandits. Srinivas et al. (2010); Valko et al. (2013); Scarlett et al. (2017); Li & Scarlett
(2022) investigate the single-agent kernel bandit problem and establish regret bounds dependent on
maximum information gain. Krause & Ong (2011); Deshmukh et al. (2017) study multi-task kernel
bandits based on composite kernel functions. Dubey et al. (2020); Li et al. (2022) consider multi-
agent kernel bandits with local-broadcast and client-server communication protocols, respectively.
Camilleri et al. (2021); Zhu et al. (2021) investigate single-agent pure exploration in kernel space.
The above kernel bandit works consider either regret minimization or single-agent formulation,
which cannot be applied to resolve our challenges on round-speedup analysis and communication.

3 COLLABORATIVE PURE EXPLORATION IN KERNEL BANDIT (COPE-KB)

In this section, we define the Collaborative Pure Exploration in Kernel Bandit (CoPE-KB) problem.

Agents and Rewards. There are V' agents indexed by [V] := {1,..., V}, who collaborate to solve
different but possibly related instances (tasks) of the Pure Exploration in Kernel Bandit (PE-KB)
problem. For each agent v € [V], she is given a set of n arms X, = {xy1,..., 2y} C R,
where x, ; (i € [n]) describes the arm feature, and d v is the dimension of arm feature vectors. The
expected reward of each arm « € X, is f,(z), where f, : X, — R is an unknown reward function.
Let X := U,¢[y)~Xy. At each timestep ¢, each agent v pulls an arm z! € X, and observes a random
reward y!, = f,(z!) + nl. Here !, is a zero-mean and 1-sub-Gaussian noise, and it is independent
among different £ and v. We assume that the best arms x,, . := argmax, .y f,(x) are unique for
all v € [V], which is a common assumption in the pure exploration literature (Even-Dar et al., 2006;
Audibert et al., 2010; Kaufmann et al., 2016).

Multi-Task Kernel Composition. We assume that the functions f, are parametric functionals of a
global function F' : Z x X — R, which satisfies that, for each agent v € [V], there exists a task
feature vector z, € Z such that

fv(l‘):F(ZU,J?), Vo € X, (1)
Here Z and X denote the task feature space and arm feature space, respectively. Note that Eq. (1)
allows tasks to be different for agents (by having different task features), whereas prior CoPE
works (Hillel et al., 2013; Tao et al., 2019; Karpov et al., 2020) restrict the tasks (X, and f,) to
be the same for all agents v € [V].
We denote a task-arm feature pair (i.e., overall input of function F') by & := (z,, ), and denote
the space of task-arm feature pairs (i.e., overall input space of function F) by X := Z x X. As a
standard assumption in kernel bandits (Krause & Ong, 2011; Deshmukh et al., 2017; Dubey et al.,
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2020), we assume that F' has a bounded norm in a high (possibly infinite) dimensional Reproducing
Kernel Hilbert Space (RKHS) # specified by the kernel k : X x X — R, and there exists a feature
mapping ¢ : X — # and an unknown parameter 6* € H such that!
F(%) = ¢(2) 0%, Vi € X,

k(z,7) = ¢(&) ¢(Z), Vi, & € X.

Here k(-, -) is a product composite kernel, which satisfies that for any z, 2’ € Z and z, 2’ € X,
k((z,z),(2,2") = kz(z2,2") - kx(x,2),

where kz : Z x Z — R is the task feature kernel which measures the similarity of functions f,
and by : & x & — R is the arm feature kernel which depicts the feature structure of arms. The
computation of kernel function k(-, -) operates only on low-dimensional input data. By expressing
all calculations via k(-, -), it enables us to avoid maintaining high-dimensional ¢(-) and attain com-

putation efficiency. In addition, the composite structure of k(-, -) allows us to model the similarity
among tasks.

= g — T
Let Kz = [kZ(Zvy z.v’)}v,v’e[V] de- o(;lllj ; (Ig?;zj)[l: ([)Ll(]), 1,0,v/2,0]"
note the kernel matrix of task fea- Fli1g) = Flin,) = 4+2v2
tures. rank(Kz) characterizes how Item 2, with reward 4 + 2vZ
much the tasks among agents are sim-  item L withreward3+v2 ~ + |« Item 3, withreward 5 +3v2
ilar. For example, if agents solve a Sma= [Hg]Tﬁ o w20 = [EH]; o
common task, i.e., the arm set X, and (;((111.1])) = g e T]ask f::f:r;: leaik; =1 ;(&Zzzz)) = [J F3v2 |

reward function f, are the same for

. T
all agents, we have that the task fea- 72 € 2; Vo = [z, 2 2] € X,
Reward function:

ture z, is the same for all v € [V]’ F(z)=F(zx) :Z~(fl?%1)+2(ﬂ(22)+3.’)’,'(23)+\/511‘(”,’17(2)+2\/5.’)’,'(1),'1,’(3)+3\/§JI(2)[L‘(3))
and rank(Kz) = 1; If all tasks are  Feature mapping: ,
totally different, rank(Kz) = V. O(F) = 6(2,2) = 2:[ay), 2o, 7s), V2EQ)T(2), V2EQ)T(3), V2002 ()] T

Re*ward parameter: -

To better illustrate the model, we pro- Kimz Rnit,‘;nl 29

vide a 2-agent example in Figure 1. Kz, &) = k((2,2), (7,2) = ¢p(z,2) " $p(¢,2') = 22 - (2@ + @) + 1t(3)1';3))2
There are Items 1, 2, 3 with expected
rewards 3 + \/5,4 + 2\/5, 5+ 3v/2,
respectively. Agent 1 is given Items 1, 2, denoted by X3 = {x1 1, 21,2}, and Agent 2 is given Items
2,3, denoted by Xy = {x2,1, %22}, where both 71,2 and xo ;1 refer to Item 2. The task feature
z1 = zo = 1, which means that the expected rewards of all items are generated by a common
function. The reward function F' is nonlinear with respect to x, but can be represented in a linear
form in a higher-dimensional feature space, i.e., F(%) = F(z,2) = ¢(Z)"0* with & := (z, ) for
any z € Z and € X. Here ¢(Z) is the feature embedding, and 6* is the reward parameter. The
computation of kernel function k(Z,Z’) only involves low-dimensional input data & and &, rather
than higher-dimensional feature embedding ¢(-). F, ¢, 0* and k are specified in Figure 1. The two
agents can share the learned information on 6* to accelerate learning.

Figure 1: Illustrating example for CoPE-KB.

Communication. Following the popular communication protocol in the CoPE literature (Hillel
et al., 2013; Tao et al., 2019; Karpov et al., 2020), we allow these V' agents to exchange information
via communication rounds, in which each agent can broadcast and receive messages from others.
Following existing CoPE works (Hillel et al., 2013; Tao et al., 2019; Karpov et al., 2020), we restrict
the length of each message within O(n) bits for practicability, where n is the number of arms for
each agent, and we consider the number of bits for representing a real number as a constant. We
want agents to cooperate and complete all tasks using as few communication rounds as possible.

Objectives. We consider two objectives of the CoPE-KB problem, one with Fixed-Confidence (FC)
and the other with Fixed-Budget (FB). In the FC setting, given a confidence parameter 6 € (0, 1), the
agents aim to identify x,, . for all v € [V'] with probability at least 1 — §, and minimize the average
number of samples used per agent. In the FB setting, the agents are given an overall TV sample
budget (1" average samples per agent), and aim to use at most 7'V’ samples to identify z,, , for all
v € [V] and minimize the error probability. In both FC and FB settings, the agents are requested to
minimize the number of communication rounds and control the length of each message within O(n)
bits, as in the CoPE literature (Hillel et al., 2013; Tao et al., 2019; Karpov et al., 2020).

'For any h,h’ € H, we denote their inner-product by hTh' := (h,h')3 and denote the norm of h by
|Ih|| :== VRT h. For any h € H and matrix M, we denote ||h||3;-1 := VAT M~1h.
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Algorithm 1 Collaborative Multi-agent Algorithm CoKernelFC: for Agent v € [V]

1: Input: 6, X s k() e X x X R, regularization parameter &, rounding procedure ROUND,
rounding approximation parameter € = 15

2: Initialization: 6, := ;25 forall r > 1. B(l — X, forall v’ € [V].
3: forroundr =1,2,... do
4:  Let A} and p; be the optimal solution and optimal value of
. ~ ~ 2 .
/\rénAnX ii,ijerél(?fu/em llp(Z;) — ¢(J:j)||(51+zi€£ Aeb(F)b(E) T) -1 // compute the optimal
sample allocation
500 NO «— max{[32(2")%(1 + ¢)?p} log (2n2V/5,)], T(&, A%, €)}, where 7(€, A%, ) is the
number of samples needed by ROUND
(81,...,8n0) < ROUND(E, A%, N(") ¢)
Extract a sub-sequence §£f) from (81, ..., 8~ ) which only contains the arms in A,

Sample the arms in é(r) and observe random rewards yE]“)

$ e RN

Let N, (T) and yfj Z) be the number of samples and the average sample outcome on arm I, ;
(r

10 Broadcast {(N () ))}Ze[n], and receive {(NV, U z, yv,?i)}ie[n] from all other agents v’ # v

’UZ’y’UZ

11: WNTR(E 7)), .. NOR(E, E0y)]T for any 2 € X KM«

[\/ (T)N(T)k(ml,mj)]”e[nv] y(” — WNOGD A NDGEIT i organize overall

sample information
12:  forallv' € [V] do

13: A3, 7))  (kp(2) — ke () T (K@ 4 NOeD) =150 vz & € BY) /l use a
kernelized estimator (described in Section 4.2) to estimate reward gaps

14: Bﬁ’f*” — Bf;) \{z e Bl(;)| 37’ € Bl(;) :A.(#,%) > 27"} // discard sub-optimal arms

15:  end for

t6: ifV' € [V], \B£7+1)| = 1, return B (r+1) ...,Bgﬂ)

17: end for

Different from prior CoPE-KB works (Tao et al., 2019; Karpov et al., 2020) which consider mini-
mizing the maximum number of samples used by individual agents, we aim to minimize the average
(total) number of samples used. Our objective is motivated by the fact that in many applications,
obtaining a sample is expansive, e.g., clinical trials (Weninger et al., 2019), and thus it is important
to minimize the average (total) number of samples required. For example, consider that a medical
institution wants to conduct multiple clinical trials to identify the best treatments for different age
groups of patients (different tasks), and share the obtained data to accelerate the development. Since
conducting a trial can consume significant medical resources and funds (e.g., organ transplant surg-
eries and convalescent plasma treatments for COVID-19), the institution wants to minimize the total
number of trials required. Our CoPE-KB model is most suitable for such scenarios.

To sum up, in CoPE-KB, we let agents collaborate to simultaneously complete multiple related best
arm identification tasks using few communication rounds. In particular, when all agents solve the
same task and X is the canonical basis, our CoPE-KB reduces to existing CoPE with classic MAB
setting (Hillel et al., 2013; Tao et al., 2019).

4 FIXED-CONFIDENCE COPE-KB

We start with the fixed-confidence setting. We present algorithm CoKernelFC equipped with an
efficient kernelized estimator, and provide theoretical guarantees in sampling and communication.

4.1 ALGORITHM CoKernelFC

CoKernelFC (Algorithm 1) is an elimination-based multi-agent algorithm. The procedure for each
agent v is as follows. Agent v maintains candidate arm sets Bf;) for all v* € [V]. In each round
r, agent v solves a global min-max optimization (Line 4) to find the optimal sample allocation
Af € A5, which achieves the minimum estimation error. Here A 5 denotes the collection of all dis-
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tributions on X, and pr is the factor of optimal estimation error. In practice, the high-dimensional
feature embedding ¢(Z) is only implicitly maintained, and this optimization can be efficiently solved
by kernelized gradient descent (Camilleri et al., 2021) (see Appendix C.2). After solving this opti-
mization, agent v uses p; to compute the number of samples N (") to ensure the estimation error of
reward gaps to be smaller than 2~ ("1 (Line 5).

Next, we call a rounding procedure ROUND(, A%, N (") ¢) (Allen-Zhu et al., 2021; Camilleri et al.,
2021), which rounds a weighted sample allocation A\ € A into a discrete sample sequence

(51,..-,8nm) € e xvN (T), and ensures the rounding error within ¢ (Line 6). This rounding pro-

cedure requires the number of samples N(") > 7(&,\* ) = O( 5 e )) (Line 5). Here 7(&, A%, €)

is the number of samples needed by ROUND. d({ , AN) is the number of the eigenvalues of matrix
> zew AL(®)o(Z)¢(2) T which are greater than &. It stands for the effective dimension of feature
space (see Appendix C.1 for details of this rounding procedure).

Obtaining sample sequence (517 ..., 8y ), agent v extracts a sub-sequence é( ") which only con-

tains the arms in her arm set X, Then she sample the arms in s(7 and observe sample outcomes
,(J "), After sampling, she only communicates the number of samples /V, 15 ") and average sample out-

come y( ") on each arm Zy,; with other agents (Line 10). Receiving overall sample information, she

uses a kernehzed estimator (discussed shortly) to estimate the reward gap Ar(x, Z') between any

two arms Z, &’ € Bfff) for all v' € [V], and discards sub-optimal arms (Lines 13,14). In Line 11,

for any ¢ € [nV], we use &;, ngT) and Ni(r) with a single subscript to denote the ¢-th arm in X, the

average sample outcome on this arm and the number of samples allocated to this arm, respectively.

4.2 KERNELIZED ESTIMATOR, COMMUNICATION AND COMPUTATION

Now we introduce the kernelized estimator (Line 13), which boosts communication and computation
efficiency of CoKernelFC. First note that, our CoPE-KB generalization faces a unique challenge
on communication, i.e., how to let agents efficiently share their learned information on the high-
dimensional reward parameter 8*. Naively adapting existing federated linear bandit or kernel bandit
algorithms (Dubey & Pentland, 2020; Huang et al., 2021; Dubey et al., 2020), which transmit the
whole estimated reward parameter or all raw sample outcomes, will suffer a O (dim(H)) or O(N()
communication cost, respectively. Here, the number of samples N () = ( off/ Amm) where degr
is the effective dimension of feature space and A, is the minimum reward gap. Thus, N (") is far
larger than the number of arms nV when A, is small.

Kernelized Estimator. To handle the communication challenge, we develop a novel kernelized
estimator (Eq. (3)) to significantly simplify the required transmitted data. Specifically, we make
a key observation: since the sample sequence (51, ..., 5y ) are constituted by arms Z1, ..., v,
one can merge repetitive computations for same arms. Then, for all i € [nV], we merge the repetitive
feature embeddings ¢(&;) for same arms &;, and condense the N(") raw sample outcomes to average

outcome ggr) on each arm ;. As a result, we express ér in a simplified kernelized form, and use it
to estimate the reward gap A,.(Z, ') between any two arms Z, &’ as

b, = T (NOel + KM) 5, )

A(@,8) = (6(@) = 6(#) " b, = (ke(@) = k(@) (NOEL+KT) g0 3

Here &, := [\/N{"6(#) ;. s\/ NDo(@a) ] KO = [\ NNk 2] geqav):
k(F) = 00 = [NRGEZD), ...\ NDEE )] and g0 =
WD N (T)yfl@] stand for the feature embeddings, kernel matrix, correlations

and average outcomes of the nV arms, respectively, which merge repetitive information on same
arms. We refer interested reader to Appendix C.2, C.3 for a detailed derivation of our kernelized
estimator and a comparison with existing estimators (Dubey et al., 2020; Camilleri et al., 2021).
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Communication. Thanks to the kernelized estimator, we only need to transmit the nV average
outcomes QY), e gff‘} (Line 10), instead of the whole 0} or all N(") raw outcomes as in existing
federated linear bandit or kernel bandit algorithms (Dubey & Pentland, 2020; Dubey et al., 2020).
This significantly reduces the number of transmission bits from O(dim(#)) or O(N(")) to only

O(nV), and satisfies the O(n)-bit per message requirement.

Computation. In CoKernelFC, ¢(Z) and ér are maintained implicitly, and all steps (e.g., Lines 4,
13) can be implemented efficiently by only querying kernel function &(-, -) (see Appendix C.2 for
implementation details). Thus, the computation complexity for reward estimation is only Poly(nV),
instead of Poly(dim(#)) as in prior kernel bandit algorithms (Zhou et al., 2020; Zhu et al., 2021).

4.3 THEORETICAL PERFORMANCE OF CoKernelFC

To formally state our results, we define the speedup and hardness as in the literature (Hillel et al.,
2013; Tao et al., 2019; Fiez et al., 2019).

For a CoPE-KB instance Z, let T 4,, 7 denote the average number of samples used per agent in
a multi-agent algorithm A, to identify all best arms. Let 7.4, 7 denote the average number of
samples used per agent, by replicating V' copies of a single-agent algorithm Ag to complete all
tasks (without communication). Then, the speedup of A, on instance 7 is defined as

e LTasz
Bay,z = inf ===, 4)
ML As T.AM,I
It holds that 1 < B4,, 7 < V. When all tasks are the same, 34,, 7 can approach V. When all
tasks are totally different, communication brings no benefit and 5.4,, 7 = 1. This speedup can be
similarly defined for error probability results (see Section 5.2), by taking T'4,, 7 and T4 7 as the
smallest numbers of samples needed to meet the confidence constraint.

The hardness for CoPE-KB is defined as

~ b
O = min max 10T 700

AL % 3eXN\{Fo }welV]  (F(&y.) — F(Z))
where £ > 0 is a regularization parameter, and A(§, A) := &1 4+ > 5 As#(2)¢(&) ". This defini-
tion of p*(¢) is adapted from prior linear bandit work (Fiez et al., 2019). Here F(Z, .) — F'(Z) is
the reward gap between the best arm %, , and a suboptimal arm Z, and ||¢(Z, ) — ¢(i)||2A( )1

; &)

is a dimension-related factor of estimation error. Intuitively, p*(£) indicates how many samples it
takes to make the estimation error smaller than the reward gap under regularization parameter &.
Let Apin = mingc g \ (7. y.vep)(F(Zo,5) — F(Z)) denote the minimum reward gap between the
best arm and suboptimal arms among all tasks. Let S denote the average number of samples used by
each agent, i.e., per-agent sample complexity. Below we present the performance of CoKernelFC.
Theorem 1 (Fixed-Confidence ~ Upper  Bound).  Suppose that &  satisfies
T o~ Amin r il

\/Emaxihij@a“ve[v] l¢(Z:) — d(@j)laean—1 < wtirg-  With probability at least
1 — 0, CoKernelFC returns the best arms Z., . for all v € [V, with per-agent sample complexity

S = o(p‘f) Jog AL (10g (”;) + log log Am§n> + d(g’ivm -log Am}n)

and communication rounds O(log A1 ).

min

Remark 1. The condition on regularization parameter £ implies that CoKernelFC needs a small
regularization parameter such that the bias due to regularization is smaller than % Such condi-
tions are similarly needed in prior kernel bandit work (Camilleri et al., 2021), and can be dropped
in the extended PAC setting (allowing a gap between the identified best arm and true best arm). The
d(&, 1) log(AL)/V term is a cost for using rounding procedure ROUND. This is a second order
term when the reward gaps A, ; := F(&, ) — F(%,,) < 1forall Z, ; € X, \{Zy,«} and v € [V],
which is the common case in pure exploration (Fiez et al., 2019; Zhu et al., 2021).

When all tasks are the same, Theorem 1 achieves a V-speedup, since replicating V' copies of single-
agent algorithms (Camilleri et al., 2021; Zhu et al., 2021) to complete all tasks without communica-
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tion will cost O(p*(¢)) samples per agent. When tasks are totally different, there is no speedup in
Theorem 1, since each copy of single-agent algorithm solves a task in her own sub-dimension and

costs O(pT(g)) samples (p* (&) stands for the effective dimension of all tasks). This result matches
the restriction of speedup.

Interpretation. Now, we interpret Theorem 1 by standard measures in kernel bandits and a decom-
position with respect to task similarities and task features. Below we first introduce the definitions
of maximum information gain and effective dimension, which are adapted from kernel bandits with
regret minimization (Srinivas et al., 2010; Valko et al., 2013) to the pure exploration setting.

We define the maximum information gain as T := maxen . logdet (I +& 1K), where K, :=

[\/AiXjk(Zi, T5)]i jemy) denotes the kernel matrix under sample allocation A. Y stands for the
maximum information gain obtained from the samples generated according to sample allocation .

Let \* := argmaxycp  logdet (I + ¢ ' K) denote the sample allocation which achieves the
maximum information gain, and let «y > --- > a,p denote the eigenvalues of Ky~. Then, we
define the effective dimension as der := min{j € [nV]: j¢log(nV) > Z:L:Vj 41 @i} degr stands for
the number of principle directions that data projections in RKHS spread.

Recall that Kz := [kz(2y, 2’ )]v,07e[v] denotes the kernel matrix of task similarities. Let Ky - :=
AjATkx (w4, 2;)];,jemv) denote the kernel matrix of arm features under sample allocation A*.

Corollary 1. The per-agent sample complexity S of algorithm CoKernelFC can be bounded by

- - detr _ ~(rank(Kz) - rank(Kx \)
(a)S_O<A12nm‘/>, (b)S—O(AIQHmV>a (C)S—O< Afan )7

where O(-) omits the rounding cost term d(&, \})log(A L )/V and logarithmic factors.

Remark 2. Corollaries 1(a),(b) show that, our sample complexity can be bounded by the maximum
information gain, and only depends on the effective dimension of kernel representation. Corol-
lary 1(c) reveals that the more tasks are similar (i.e., the smaller rank(K z) is), the fewer samples
agents need. For example, when all tasks are the same, i.e., rank(K z) = 1, each agent only needs
a % fraction of the samples required by single-agent algorithms (Camilleri et al., 2021; Zhu et al.,

2021) (which need O(rank(Kx x-)/A2, ) samples). Conversely, when all tasks are totally differ-
ent, i.e., rank(K z) = V, no advantage can be obtained from communication, since the information
from other agents is useless for solving local tasks. Our experimental results also reflect this rela-
tionship between task similarities and speedup, which match our theoretical bounds (see Section 6).

‘We note that these theoretical results hold for both finite and infinite RKHS.

5 FIXED-BUDGET COPE-KB

For the fixed-budget objective, we propose algorithm CoKernelFB and error probability guarantees.
Due to space limit, we defer the pseudo-code and detailed description to Appendix C.4.

5.1 ALGORITHM CoKernelFB

CoKernelFB pre-determines the number of rounds and the number of samples according to the
principle dimension of arms, and successively cut down candidate arms to a half based on principle
dimension. CoKernelFB also adopts the efficient kernelized estimator (in Section 4.2) to estimate
the rewards of arms, so that agents only need to transmit average outcomes rather than all raw sample
outcomes or the whole estimated reward parameter. Thus, CoKernelFB only requires a O(nV)
communication cost, instead of O(N() or O(dim(#)) as in adaptions of prior single-agent and
fixed-budget algorithm (Katz-Samuels et al., 2020).

5.2 THEORETICAL PERFORMANCE OF CoKernelFB

Define the principle dimension of X’ as w (&, X) := minAGA;e max; ez [|(Ti) —o(Z;) Piceny-1s
where A(E,N) == &1 + > .. 52:0(8)(2)" w(, X) represents the principle dimension of data
projections in X’ to RKHS. Now we provide the error probability guarantee for CoKernelFB.
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Figure 2: Experimental results for CoOPE-KB in the FC setting.

Theorem 2 (Fixed-Budget Upper Bound). Suppose that & satisfies £ < 16(14_6)2([,1* G)EREE Algo-

rithm CoKernelFB uses at most T' samples per agent, and returns the best arms &, .. for all v € [V]
with error probability
TV

X (e"p (‘w(g) log(w(€, X))

and O(log(w(€, X))) communication rounds.

)V ioglute. )

To guarantee an error probability §, CoKernelFB only requires O(pT(g) log §~1) sample budget,
which attains full speedup when all tasks are the same. Theorem 2 can be decomposed into compo-
nents related to task similarities and arm features as in Corollary 1 (see Appendix E.2).

6 EXPERIMENTS

In this section, we provide the experimental results. Here we set V= 5, n = 6, § = 0.005,
H=R% de {4,820}, 6% =[0.1,0.1 + Apin, - -, 0.1+ (d — 1) Apin] > Amin € [0.1,0.8] and
rank(Kz) € [1,V]. We run 50 independent simulations and plot the average sample complexity
with 95% confidence intervals (see Appendix A for a complete setup description and more results).

We compare our algorithm CoKernelFC with five baselines, i.e., CoKernel-IndAlloc, IndRAGE,
IndRAGE/V, IndALBA and IndPolyALBA. CoKernel-IndAlloc is an ablation variant of
CoKernelFC, where agents use locally optimal sample allocations. IndRAGE, IndALBA and
IndPolyALBA are adaptions of existing single-agent algorithms RAGE (Fiez et al., 2019), ALBA (Tao
et al., 2018) and PolyALBA (Du et al., 2021), respectively. IndRAGE/V is a V-speedup baseline,
which divides the sample complexity of the best single-agent adaption IndRAGE by V.

Figures 2(a), 2(b) show that CoKernelFC achieves the best sample complexity, which demonstrates
the effectiveness of our sample allocation and cooperation schemes. Moreover, the empirical results
reflect that the more tasks are similar, the higher learning speedup agents attain, which matches
our theoretical analysis. Specifically, in the rank(Kz) = 1 case (Figure 2(a)), i.e., tasks are the
same, CoKernelFC matches the V-speedup baseline IndRAGE-V. In the rank(Kz) € (1,V)
case (Figure 2(b)), i.e., tasks are similar, the sample complexity of CoKernelFC lies between
IndRAGE/V and IndRAGE, which indicates that CoKernelFC achieves a speedup lower than V.
In the rank(Kz) = V case (Figure 2(c)), i.e., tasks are totally different, CoKernelFC performs
similar to IndRAGE, since information sharing brings no advantage in this case.

7 CONCLUSION

In this paper, we propose a collaborative pure exploration in kernel bandit (CoPE-KB) model with
fixed-confidence and fixed-budget objectives. CoPE-KB generalizes prior CoPE formulation from
the single-task and classic MAB setting to allow multiple tasks and general reward structures. We
propose novel algorithms with an efficient kernelized estimator and a novel communication scheme.
Sample and communication complexities are provided to corroborate the efficiency of our algo-
rithms. Our results explicitly quantify the influences of task similarities on learning speedup, and
only depend on the effective dimension of feature space.
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APPENDIX

A MORE EXPERIMENTS

In this section, we give a complete description of experimental setup, and present the results for the
FB setting.

Experimental Setup. Our experiments are run on Intel Xeon E5-2660 v3 CPU at 2.60GHz. We set
V =5,n=6,56 = 0.005 and H = R%, where d is a dimension parameter that will be specified
later. We consider three different cases of task similarities, i.e., rank(K z) = 1 (tasks are the same),
rank(Kz) € (1,V) (tasks are similar), and rank(Kz) = V (tasks are totally different), to show
how task similarities impact learning performance in practice.

For the rank(Kz) = 1 case, we set d = 4. Forany v € [V], {¢(%)};c ¢, is the set of all ()

vectors in R%, where each vector has two entries 0 and two entries 1. For the rank(Kz) € (1,V)
case, we set d = 8. Forany v € {1,2} and v" € {3,4,5}, {¢(Z)};c 5, and {¢(F)} ;. 5 , are the

two sets of all (3) vectors in the first and second subspaces R* of the whole space R®, respectively,
where each vector has two entries 0 and two entries 1. For the rank(Kz) = V case, we set
d = 20. Forany v € [V], {¢(Z)};c 5, is the set of all (;1) vectors in the v-th subspace R* of
the whole space R29, where each vector has two entries 0 and two entries 1. For all cases, we set
0* =10.1,0.1 + Apin, - -, 0.1+ (d — 1) Apin] T € RY, where A, is a reward gap parameter that
will be tuned in the experiments.

In the FC setting, we change the reward gap A, € [0.1,0.8] to generate different instances, and run
50 independent simulations to plot the average sample complexity with 95% confidence intervals.
In the FB setting, we change the sample budget T € [7000, 300000] to obtain different instances,
and perform 100 independent runs to report the average error probability across runs.

Results for the Fixed-Budget Setting. In the FB setting (Figure 3), we compare our algorithm
CoKernelFB with three baselines, i.e., CoKernelFB-IndAlloc, IndPeaceFB (Katz-Samuels et al.,
2020) and IndUniformFB. CoKernelFB-IndAlloc is an ablation variant of CoKernelFB, where
agents use locally optimal sample allocations, instead of a globally optimal sample allocation.
IndPeaceFB and IndUniformFB run V' copies of existing single-agent algorithms, PeaceFB (Katz-
Samuels et al., 2020) and the uniform sampling strategy, to independently complete the V' tasks,
respectively.

Figures 3(a), 3(b) show that, our CoKernelFB enjoys a lower error probability than the baselines.
Moreover, the experimental results also reflect the influences of task similarities on learning speedup,
and match our theoretical bounds. Specifically, from Figures 3(a) to 3(c), the error probability of
CoKernelFB gets closer and closer to that of the single-agent adaption IndPeaceFB, which shows
that the learning speedup of CoKernelFB slows down as the task similarity decreases.

B RELATED WORK

In this section, we present a complete review of related works.

Collaborative Pure Exploration (CoPE). The collaborative pure exploration literature is initiated
by (Hillel et al., 2013), where all agents solve a common classic best arm identification problem.
Hillel et al. (2013) design fixed-confidence algorithms based on majority vote and provides upper
bound analysis. Tao et al. (2019) further develop a fixed-budget algorithm and complete the analysis
of communication round-speedup lower bounds. Karpov et al. (2020) extend the best arm identifi-
cation formulation of (Hillel et al., 2013; Tao et al., 2019) to best m arm identification, and show
complexity separations between these two formulations. Our CoPE-KB generalizes prior CoPE
works (Hillel et al., 2013; Tao et al., 2019; Karpov et al., 2020) from single-task and classic MAB
setting to allow multiple tasks and general reward structures, and faces unique challenges on com-
munication and computation due to high (possibly infinite) dimensional feature space.

Kernel Bandits. For kernel bandits with the regret minimization objective, Srinivas et al. (2010)
and Valko et al. (2013) design algorithms from Bayesian and frequentist perspectives, respectively.

13
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Figure 3: Experimental results for CoOPE-KB in the FB setting.

Chowdhury & Gopalan (2017) improve the regret bound in (Srinivas et al., 2010) by building a
new self-normalized concentration inequality for kernel bandits. Scarlett et al. (2017) develop re-
gret lower bounds for the squared-exponential kernel and Matérn kernel, and Li & Scarlett (2022)
establish a near-optimal regret upper bound. Krause & Ong (2011); Deshmukh et al. (2017) study
multi-task kernel bandits, which consider a composite kernel constituted by two sub-kernels with
respect to tasks and items. Dubey et al. (2020) investigate multi-agent kernel bandits with a local
communication protocol, where agents can immediately share the observed data with their neighbors
in a network. Li et al. (2022) study distributed kernel bandits with a client-server communication
protocol, where agents only communicate with a central server. The communication costs in (Dubey
et al., 2020; Li et al., 2022) depend on the total number of timesteps 7" in the regret minimization
game, while our communication costs depend only on the number of arms in the pure exploration
setting.

For kernel bandits with the pure exploration objective, there are only a few related works (Scarlett
et al., 2017; Vakili et al., 2021; Camilleri et al., 2021; Zhu et al., 2021), and all of them study
the single-agent formulation. Scarlett et al. (2017); Vakili et al. (2021) consider the simple regret
setting in pure exploration, where an agent reports an arm at each timestep and aims to minimize
the suboptimality of the reported arm (simple regret) after 1" timesteps. In contrast, Camilleri et al.
(2021); Zhu et al. (2021) investigate the best arm identification setting in pure exploration, where an
agent aims to identify the best arm and minimizes the number of samples used (our work also falls
in the best arm identification line). Camilleri et al. (2021) propose a robust inverse propensity score
estimator to save the samples needed for rounding procedures. Zhu et al. (2021) use neural networks
to approximate nonlinear reward functions. The above kernel bandit works consider either the regret
minimization or single-agent setting, which is different from our CoPE-KB problem and does not
involve our challenges on round-speedup trade-off analysis and communication. Thus, these works
cannot be applied to solve our problem.

Recently, there are several works which study federated/distributed bandits with the regret mini-
mization objective. Wang et al. (2019) study distributed multi-armed and linear bandit problems,
and He et al. (2022) investigate federated linear bandits with asynchronous communication. Wang
etal. (2019); He et al. (2022); Dubey & Pentland (2020); Huang et al. (2021); Li & Wang (2022) de-
velop algorithms for (low-dimensional) federated linear bandits, where agents directly communicate
the whole vectors of reward parameters. These works cannot be adapted to resolve our challenges,
because under kernel representation, the reward parameter is high-dimensional and expensive to
explicitly calculate or transmit.

C OMITTED DISCUSSION FOR ALGORITHMS

C.1 ROUNDING PROCEDURE

In algorithms CoKernelFC and CoKernelFB, we use a rounding procedure ROUND
gorithm 2 in (Camilleri et al., 2021)). For any weighted sample allocation A

—~

57 )‘7 N7 E) (Al_
A 5, regular-

(5)\))

2

a, M

ization parameter £ and approximation parameter e, with N > 7(&, \,e) = O(

samples,
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ROUND(&, A\, N, €) returns a discrete sample allocation (51,...,5y) € XN such that

et welV] 19(2:) = 6@ IEnerssoy, o(sae)m)

Ti,T5€EX,,vE

SHD e 16(Z:) = $(@)ineres, e Mrso@0@ )1 ©)

Ti,T;E€EXy,VE

This rounding procedure requires the number of samples N to satisfy that N > T, A\ e) =
O(@). Here d(&,)\) is the number of the eigenvalues of matrix > iew As0(Z)(2) T which
are greater than &. d(f , A) stands for the effective dimension of the feature space spanned by data
projections of X’ under regularization parameter £.

C.2 KERNELIZED COMPUTATION IN ALGORITHM CoKernelFC

Kernelized Estimator. Below we present a derivation of our kernelized estimator (Eq. (3)), which
plays an important role in boosting the communication and computation efficiency.

Let 6, denote the minimizer of the following regularized least square loss function:

N
L) = N0 + D (y; — 6(3,)T0)*.
j=1
Letting the derivative of £(6) equal to zero, we have
N N
N, + 3 6(@)¢(3;) 0 = Y 6lF;)y;.
j=1 j=1
Merging repetitive computations for the same arms, we can obtain
nV nV
N©eh, + <Z Nz-<”<z><:a->¢<ozm) b => No@)g", @)
i=1 =1

where N, i(r) is the number of samples and gfr) is the average observation on arm Z; for any ¢ € [nV].

Let®, = [\/ND6(@) 5. .: |/ N 6(@a) T KO = 0,07 = [/ NON k(@) e,
and §(") = [\/WQY), o myg-) ]T. Then, we can write Eq. (7) as
(Nt + o] @, ) 0, =0] 5.
Since (NI + @ ®,) = 0and (NI + @,.9T) = 0,
b, — (N(")SI T o <I>T) Ty
— o (NO¢r+0,.07) e
_— (N(T)gl + K<’“)) Gl

Let k(i) = ®,¢(2) = [\/ N\"k(z,%),...,/ NDk(Z Z,v)|" for any & € X. Then, for any
arms Z;,T; € X , we obtain the efficient kernelized estimators of the expected reward F'(Z;) and
expected reward gap F'(Z;) — F(Z;) as

. . —1

Jo@0) = 6(3)T0, = k(@) (NOeL+ KO) g,

Bl y) = (o) — ()T (NO£T+ KO) g0,

Kernelized Optimization Solver. Following (Camilleri et al., 2021), we use a kernelized optimiza-
tion solver for the min-max optimization in Line 4 of Algorithm 1. The optimization problem is as
follows.

min  max - |6(7:) = 6(35) A (8)
AEA 5 i’i’ijBq(,T),vE[V] || ( 1) ( ])||A(§,,\)
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where A(§,\) := &1+ Y5 XAa0(Z)p(Z) " forany £ > 0and X € A .

Define function h(\) = max llp(Z;) — ¢(§:j)||f4(E -1 and define 3 (X), 25 (A) as the
&,8;€By welV] '

optimal solution of ~()). Then, the gradient of h(\) with respect to A is

Vah(W) = — (6@ () — 6@ () T AN 6(@)) v e E. ©)
Next, we show how to efficiently compute gradient [V y2())]; with kernel function k(- -).
Since (&1 + <I>I<I>>\) gb(:i) = £p(%) + @) ky(Z) for any 7 € X, we have
=€ (1 + 2] @) 9(@) + (1 + 2] )) " k(&)
=€ (e refe,) Lo(@) + @ (€ + Kn) T k(@)
Multiplying (¢(x (M) — o(z ()\))) on both sides, we have
(o2 (V) = 6@ (V) " 0(@)
=¢ (#(@ (V) — (& (V) " (e + 2] 23) " 6()
i (

+ (k@ (V) = ka @) (€1 + K)) ™ ha(3)
Then,

(6(@; (A >> o () (61 + o)) 6()
=€ (6@ V) = 0(& (V)" 9(@) — €7 (ka(@ (V) — ka(@ () " (S + Kn) T a(@)
=~ (kmu),f)fk@;f(x),@f( AFEN) = k(@ 00) T (€ + Kn) T ha(@)) (10)

Therefore, we can compute gradient V,h(A) (Eq. (9)) using the equivalent kernelized expression
Eq. (10), and then the optimization (Eq. (8)) can be efficiently solved by projected gradient descent.

AT
) =

C.3 COMPARISON OF ESTIMATORS

In the following, we compare our kernelized estimator (Eq. (3)) to those in prior kernel bandit
works (Zhou et al., 2020; Zhu et al., 2021; Dubey et al., 2020; Camilleri et al., 2021) and adaptions
of federated linear bandits (Dubey & Pentland, 2020; Huang et al., 2021; Li & Wang, 2022).

First, prior kernel bandit works (Zhou et al., 2020; Zhu et al., 2021) or adaptions of federated linear
bandits (Dubey & Pentland, 2020; Huang et al., 2021; Li & Wang, 2022) explicitly maintain the
regularized least square estimator of reward parameter 6* as

N N()

b, = (N APILLY BT 3 905) an

Since both 6, and #(8;) lie in the h1gh—d1men51onal feature space H, this estimator will incur
O(dim(H)) computation and communication costs.

Second, (Dubey et al., 2020) and Algorithm 6 in (Camilleri et al., 2021) use a redundant kernelized
form of ér as
0, = (VW 4+ N1y,

where U := [#(51)";...;0(Gnym) "] € RN Xdim) |y = gy, yne] | € ]RN(T), and
Y1,---, YN0 are the observed raw outcomes of sample sequence (51, ..., 5y ). This estimator
needs all N(") raw sample outcomes 41, .. .,y () as inputs, rather than only nV average outcomes
yY), R @7(:\3 as our estimator (Eq. (2)), which will incur a O(N (")) communication cost. Here the
number of samples N (") is often far larger than the number of arms nV.

Finally, Algorithm 4 in (Camilleri et al., 2021) adopts a robust inverse propensity score estimator as
i (6(&:) — (i) "0 — Wi

0, := argmin max — —
" 0 3i,3,eB0 vev) 10(:) — @(Tir) e an)—
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Algorithm 2 Collaborative Multi-agent Algorithm CoKernelFB: for Agent v € [V]

1: Input: regularization parameter ¢ < 60T +E)2(p1*(5))2”0*”2, per-agent budget T° >

w log(w(&, X)), arm set X which satisfies w(, {#, ., 2}) > 1 for all Z €
Xy \ {Zy.}and v € [V], k(-,-) : X x X > R, rounding procedure ROUND, rounding approxi-
mation parameter £ = -

2: Initialization: R « [log,(w(¢, X))]. N « |TV/R]. Bf}) — Xy forallv’ € [V].r« 1. //
pre-determine the number of rounds and samples

3: while r < Rand 3’ € [V],|B)| > 1 do

4:  Let A} and p; be the optimal solution and optimal value of

. =~ _ =~ 2 .
)\réuAr; o ean(zj)x - llo(z;) gb(xj)H(gH_ZM)2 Aed(#)d(F) )1 /I compute the optimal
Ti,Tj ALY

sample allocation

5: (31,...,5N) < ROUND(E, A, N, &)

6: Extract a sub-sequence s,(f) from (31, ..., 85 ) which only contains arms in X,

7:  Sample ég’“) and observe random rewards yS,”

8:  Broadcast {(Né?,ﬂv i) }icin)» and receive {(Nq(TZ,gff)z)}le from all other agents v/ €

VI {v}

9:  forallv’ € [V]do

10: Fr(2) « ko (2)T(K™ + NOMeD) =1y forall z € B( ") J/ estimate the rewards of alive
arms

11: Sort all 1: € Bv/ by Fr(i”) in decreasing order, and denote the sorted sequence by
Ty s

12: Let 4,41 be the largest index such that w(&, {Z(1), ..., Z¢i,,1)}) S w(§, B(T )/2

13: Bgﬂ) —A{Z@y, - T, ) /I cut down the alive arm set to half dimension

14:  end for

15 r+r+1
16: end while
17: return Bir), . ,B‘(;)

Wi i ({(00) ~ 0@ TAE ) ol ).

Here A(§,\) == &1 + 3 ;5 Aa0(2)o(Z) T forany € > 0and A € Ag. A% is the optimal sample
allocation defined in Line 4 of algorithm CoKernelFC (Algorithm 1). fi(-) is the median-of-means
estimator or Catoni’s estimator (Lugosi & Mendelson, 2019). This estimator also requires all N'(")
raw sample outcomes ¥y, . . ., Yy, and will cause a O(N(T)) communication cost.

C.4 PSEUDO-CODE AND DESCRIPTION OF ALGORITHM CoKernelFB

In this section, we present the algorithm pseudo-code of CoKernelFB (in Algorithm 2), and give a
detailed algorithm description.

The procedure of CoKernelFB is as follows. During initialization (Line 2), we pre-determine the
number of rounds R and the number of samples /N for each round according to data dimension

w(€, X), which is formally defined as
I ~ e L
o(6.8)i= min wax_[[9() — 6@ e a1 VS € X,

X T ,ij c
where A(&,A) = &1+ Y ;o5 Asd(2)0(2) 7. wl(€, S) represents the principle dimension of data
projections in S to the RKHS under regularization parameter £. Each agent v maintains alive arm
sets BB, ") for all agents v’ € [V], and calculates a global optimal sample allocation A (Line 4). Then,

she generates a sample sequence (§; 5T ) .8 )) according to A\, and selects the sub-sequence .§1()T)
that only contains her available arms to perform sampling (Lmes 5,6). Similar to CoKernelFC, she

only communicates the number of samples ng ") and average observed reward y( ") for each arm Toi
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with other agents (Line 8). With the shared information, she estimates rewards of alive arms and
only keeps the best half of them in the dimension sense (Lines 10-13).

Regarding the conditions on the input parameters (Line 1), the condition on regularization param-
eter £ implies that CoKernelFC needs a small regularization parameter such that the bias due to
regularization is small. Such conditions are similarly needed in prior kernel bandit work (Camilleri
et al., 2021), and can be dropped in the extended PAC setting (allowing a gap between the identi-
fied best arm and true best arm). The condition on 7 is to ensure that the given sample budget is
larger than the number of samples required by rounding procedure ROUND. In addition, the condi-
tion on w(+, -) is to guarantee that the number of rounds is bounded by O(log(w(&, X))) rather than
an uncontrollable variable. Such conditions are also needed by prior fixed-budget pure exploration
algorithm (Katz-Samuels et al., 2020).

Communication and Computation. CoKernelFB also adopts the kernelized estimator in Sec-
tion 4.2 to estimate the rewards of alive arms (Line 10). Specifically, using Eq. (2), we can estimate
the reward for arm z by

. . —1

Fy(#) = 0(&) 0y = k(@) (NOEL+ KO) g, (12)
where (") = [\/Nl(r)gjy), e \/N,(,:/)Z?,(LT&]T, KM .= [\/Ni(T)N;T)k(.’i‘Z‘,.’i‘j)]i’je[nv] and
k(%) = | Nl(r)k(:%,i'l), e Ng"'/)k(i,inv)]T are the average outcomes, kernel matrix and

correlations of the nV arms, respectively, which merge repetitive information on same arms.

Using the kernelized estimator (Eq. (12)), CoKernelFB only requires a O(nV') communication cost,
instead of O(N(")) or O(dim(#)) as in adaptions of existing single-agent algorithm (Katz-Samuels
et al., 2020).

D PROOFS FOR THE FIXED-CONFIDENCE SETTING

D.1 PROOF OF THEOREM 1

Our proof of Theorem 1 adapts the analytical procedure of (Fiez et al., 2019; Katz-Samuels et al.,
2020) to the multi-agent setting.
Let 7* := [log, %1 + 1. Intuitively, r* is the upper bound of the number of rounds used by

algorithm CoKernelFC. Forany A € A 3, let @) := [V A16(Z1) ;... ; V Ay d(Fnv) '], where \;
denotes the weight allocated to arm Z; for any ¢ € [nV]. Forany £ > 0and A € A3, A(E,N) =

€1+ Y sex Aad(@)P(E)T = €1 + D] D).
The regularization parameter £ in algorithm CoKernelFC satisfies /& MaX; = %, ve[V] lo(z;) —

5 Amin ; 5 5 ;
d)(xj)HA(&)q)q < BT Since Max; - 50 e llo(z;) — ¢(xj)\|A(57>\:)_1 is non-
increasing with respect to r (from Line 4 in algorithm CoKernelFC), we have 2(1 +

5 5 Amin
VEmax, . por oy [905) — 6 aean—10°7] < S < ghrforany 1< r <o
In order to prove Theorem 1, we first introduce several important lemmas.

Lemma 1 (Concentration). Defining event
G = { |(Brl@s) = Bu@y)) = (F(@0) = F@:)| < 200+ 2) - [9(3:) — 635l acers -

( 2log (2n2V/6,)

i) + \/E||9*||2> <277, Vi, & € BY), YWwe V], VI<r< r*},

we have
PriG] >1-4.
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Proof of Lemma 1. Let , = N()¢  Recall that 0, = (fyrIJr(I)TT(I)T)fl oIy, @, =
WN @) A/ N (@) TTand g0 = [\ NG NGO
Let 77 == [/ N3/ NORW)T, where 71 = 5" — ¢(&;) 76" denotes the average

noise of the Ni(r) samples on arm Z; for any i € [nV].

Then, for any fixedround 1 < r <7r*, 2;,%; € 5‘1()") and v € [V], we have

(Fr(@) = Bu(@y) = (F(@) - F(3,)

= (0(&) — o))" (6~ ")
= (@) = 6@ ((nI + 2 @,) " a5 —07)
= (6(5:) — 0(2) " (el +@T@,) " @] (907 470) —0°)
= (@) — 6(%;))" ((%I + B D,) B D,0% + (3 I+ DT D,) D ) — 9*)
= 0(@) = 6(@) (ol +070) 7 (@70, +7.0)0" + (3,1 + 0] 2,) " o]
—0 = (I + 0] 0,) ")
= (@) = (7)) (0 + 0T B,) " @I —y (6(7:) — 6(7,)) " (3] + @] @,) 0% (13)
~

In Eq. (13), the expectation of Term 1 is zero, and the variance of Term 1 is bounded by
~ ~ -1 -1 ~ ~
(6(@) — 6(&) (Wl + 2 2,) " @[ @, (v I+ 2] ,) " (6(2:) - 6(&)))
~ ~ -1 -1 ~ ~
S (¢($z) - (b(xj))—r (’77‘[ + q):q)r) (’VTI + (I):(I)r) ('YTI + (I):(I)r) ((b(xl) - ¢(xj))

— (¢(&) — ¢(2;)) " (WI +D7D,) " (6(&) — 6(E;))
:||¢(jz) - ¢(i‘j)”?’yr1+¢:¢%)71~

Using the Hoeffding inequality, we have that with probability at least 1 — -3

n2y >

(6(F) — 6(F)) " (I + 0 ®,) " @77

Or

- - 2n2V
< ||¢($Z) - ¢($j)||(77‘1+¢:@7‘)71 2log < >

(14)
Thus, taking the absolute value on both sides of Eq. (13) and using Eq. (14) and the Cauchy—Schwarz
inequality, we have that for any fixedround 1 < r < r*,2;,%; € Bﬁ” and v € [V], with probability

67‘
at least 1 — 3

|(B@) - (@) - (F@) - F(@)|

r

_ . 2n2V
<N6s) = 6y 14070y 2log( : )

+yellp(E:) — ¢(93j)“(%1+<1>j<br)*1 ||9*||(7TI+<1>:<1>T)*1

- . 2n2V . . .
<0(8:) = 0l a2 2108 (25 ) + V7 10660) = 003 ooy 1672

@21 +e) - 6(Z:) — (Zj)erraT, @001 N2V
< r 2log < )
N()
2(1 + 5) ' ”(ﬁ(fiz) - ¢(i'j)||(gl+q>;&¢>\i)71
N()

r

+VENO) .

1167l
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- - 2log (2n2V/6,.)
=21+ 6) - 6(2) ~ 6 ersag onp) 1| b L00)

+2(1 + &) VEllo (i) — @) erver, a1 107]2

2log (2n2V/é,.)
N

+2(1+¢e)V/¢ max . |p(Zi) — ¢(£j)||(51+<1>;<1>&*‘)71 10%|2,

#i,3;€B vel

<2(1+¢) max lo(2:) — ¢(@)H(51+¢;¢M)71
%;,3;€8By 7 weV] v

where (a) follows from the guarantee of rounding procedure (Eq. (6)) and v, := N O
According to the condition of &, it holds that

1
201 ti) = ¢(Z; 7l = 5
( +E)\/gii,ijerf§l?>x,ve[vl 92 ¢<x])”(5”‘1’3¢‘1’*?) 1l = 2
Thus, with probability at least 1 — n(;TV’

|(Fe(@) = Bu(@y) = (P@:) - F(@)|
2log (2n2V/é,) 1

<2 +e) ii,fjerlrg}?i(»ve[v] () - qﬁ(mj)H(qu)Ii%?)_l N 2r+1
\/8(1 + €)2pt log (2n2V/6,.) 1

= N(r) + or+1

ST

*27«-‘,—1 27‘+1

1

o

By a union bound over arms Z;, T, agent v and round r, we have that
PriG] >1-4.

Forany 1 < r <r*andv € [V], let S = {f€X,: F(Z,.) - F(Z)<4-27"}.
Lemma 2. Assume that event G occurs. Then, for any round 1 < r < r* + 1 and agent v € [V], we
have that T,, . € Bi(,r) and By) - &ST).

Proof of Lemma 2. We prove the first statement by induction.
To begin, for any v € [V], &,., € BS" trivially holds.

Suppose that Z,, . € Bf,r) (1 <7 < r*)holds for any v € [V], and there exists some v' € [V] such
that 27, ¢ Bgﬂ). According to the elimination rule of algorithm CoKernelFC, we have that these
exists some &' € BY") such that X X
F.(2') = F.(z}) >27".

Using Lemma 1, we have

F(i') = F(&5) > Fo(&') — Fu(2%) — 277 >0,
which contradicts the definition of Z,. Thus, we have that for any v € [V], Z, . € BI()TH), which
completes the proof of the first statement.

Now, we prove the second statement also by induction.

To begin, we prove that for any v € [V], B,(JQ) C 81(,2). Suppose that there exists some v’ € [V] such

that Bf) - Sff). Then, there exists some &’ € Bl(ff) such that F(%,) — F(2') > 4-272
Lemma 1, we have that at the round r = 1,

Fo (&) - B (#) 2 F(@) - F@#) -2 > 1-27 =27,
which implies that #’ should have been eliminated in round r = 1 and gives a contradiction.

1. Using
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Suppose that BY”) € S{" (1 < r < r*) holds for any v € [V], and there exists some v’ € [V]
such that B ¢ ST Then, there exists some &' € B ™) such that F(z%,) — F(#) >
4.9=0+1) =9 .97 Using Lemma 1, we have that at the round r,

Fp(#5) = F (F) > F(i%) - F(#)—27">2.27" 27" =27"
which implies that Z’ should have been eliminated in round r and gives a contradiction. Thus, we
complete the proof of Lemma 2. O

)

Now we prove Theorem 1.

Proof of Theorem 1. Assume that event G occurs.

We first prove the correctness.

Recall that r* := [log,(x2— —)] + 1. According to Lemma 2, for any v € [V] and ie B ™ w

have F(Z,.,) — F(Z) < 4. 901 — g g~ (Moma(z2)1HD) _ o g=loma(xin) _ Anmin, and

thus Bff*ﬂ) = {Z, +}. Therefore, algorithm CoKernelFC will return the correct answer Z,, . for
all v € [V] and use at most r* := ﬂogQ( — )] + 1 rounds.

Next, we prove the sample complexity.

In algorithm CoKernelFC, the computation of \*, p* and N (") is the same for all agents, and each
agent v just generates partial samples that belong to her arm set X, from the total N(") samples.

Thus, to bound the overall sample complexity, it suffices to bound 2:21 N, and then we can
obtain the per-agent sample complexity by dividing V.

Let ¢ = ;5. Then, we have

>oNO

r=1

C 22V
<3 (5202201 + 21108 (2

T

> +147(€, /\j,e))

r=1

" MiN\ea ; MAX, o ) ol lo(2:) — o(25)]2 ~
=Y "32(27)2 (4-277)" (1 +¢)? €8 wel W1

- (4-277)

4V 2,.2
log< ZT)+N1+2T(57AT,€)-T*

S minyea, max, | o o [905) = 6Py 22
=> (512(1+6)2 z o €8y welV] ’ Ilaen <4Vn (r*) )
t=2 (4-2-7) 5
+ N1y +27(6 0] ,e) 1
r* mlnAeA max. _..(r ||¢($v *) _ ¢(j)||2 ~
(2048(1 +e)? 2BV \{Zo -} vEIV AgN) 1
t=2 (4-2- )
4 2 (0 %\2
log (‘/n(;(r)>> +N1+2T(€7)\T75)'T

A(Tys) — H(T 2 . 2/, %12
SZ 2048(1 + £)* min max o, ~) ( )”{(5’;) log <4Vn (") >
= AL 5B\ (@0 welv]  (F(Zu,x) — F(2)) 0

+ Ny +27(§,A],¢e) - r
SN 2 )
< E <2048(1+€) min max [¢(Zw,) ¢(x)HA(57)\)—1 log (4Vn2(r )2)>
=2

ALy zeX N\ Tyt welV]  (F(Ey.) — F(E))? )
+ Ny +27(&, A, e) - r”
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4Vn2(r*)?

<r*. <2048(1 +¢)% - p*(€) ~10g( 5

) )) + Ny +27(&, A, e) "

=0 (p*(i) log AL - (log (‘; ) + loglog Amm) +d(&, %) - log Amm)

Thus, the per-agent sample complexity is bounded by
p*(£)
0]
(452

Since algorithm CoKernelFC has at most r*

1 g AHIIIII
= [log, (52
nication rounds is bounded by O(log A

mln)

D.2 INTERPRETATION OF THEOREM 1

Proof of Corollary 1. Recall that for any A € A5, &) :=

. (l og (V(s ) + log log Amm) %Al) -log Amiln) -

)] + 1 rounds, the number of commu-
O

Amin

[\/Xd)(i’l)—r; ceesV >\7LV¢('an)T] and

Ky == [\/ANE(Zi,Z))]ijemyv) = PA®). Let A* := argmax e _ logdet (I+¢7'Ky) =
argmax, e  logdet (I + &7 '@,®)). Forany & > 0 and A € Ay, AEN) = &I +
Yiex Ad(@)p(2) " = EI + D Dy
Then, we have
~ ()2
o 9E02) = 6@IZ o ey
p* () = min  max 2
AEA 5 F€ Xy \{do, . },0E[V] (F(Zyx) — F(T))
5 (]2
< ) ||¢($v,*) ¢(-T)H(€I+EI/€X Ay H(E) D (E /)T)
< min  max 3
€Az GeX, veElV] Az
1 ) ~ g
A?nln . )\Iélinj iegi;}é[v] H(Zs(x'u,*) - ¢(x)||(£l+25/6,\? )\,i/(ﬁ(i’)(,‘b(i’)T)_l
1 2
Ssznin 'Argin;e (2 glea;}e{”(b(x)”(fHZi/ex Ai/¢(i')¢(i'ﬁ)l>
4 2
_Alznin . )\rélglx Tneaii H(b( )H(SH‘Z@/GX Ai/qﬁ(i/)qﬁ(i/)T)’l
4
<. 7|12 -
S Ifea§||¢($>||(€f+2yg;e AL 636 T)
o) 4 . * 2
_Agnin Z )\ H¢ || §I+Zi’e)€‘ A;,¢(§t’)¢(§t’)‘r)7l

ZeX
where (b) is due to Lemma 3.

Since \||¢(2)|)?
mce :v||¢($)‘|(£l+zi/€)2 )\;/(b(i/)(b(i/)‘r)

., < lforanycfe)?,

* ~\ 112
Z A£”¢(m)H(£I+Z5Ne£ A;,¢(:E’)¢(:E’)T)7l

Y
<23 tog (14 X102, 5
FeX
(© det (&1 v AL
O 10g 2 €1+ Lze

sex N o(@)pE)T) 7! >
(@)p(2)")

det (&)

=2logdet [ I+¢71 Y Ao
FeX

=2log det (I + 5_1<I>I<I>,\)

=2logdet (I + £ '®,®y)
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=2logdet (I + 5_1K>\*) ,
where (c¢) comes from Lemma 4.

Thus, we have

p(€) < 5o logdet (T + 67 K)) (1s)

In the following, we interpret the term log det (I + K ,\*) by maximum information gain and

effective dimension, and then decompose it into components from task similarities and arm features.

Maximum Information Gain. Recall that the maximum information is defined as
T = max log det (I + fflKA) = log det (I + §*1K>\*) .
€A%

Then, using Eq. (15), we have

8
PO < T (16)

min

Combining the bound in Theorem 1 and Eq. (16), the per-agent sample complexity is bounded by
)\*
S =0 ( XE’Q log AL ( og (V(S > + log log Amm> (f{/ i) -log A;nln>

Y Vn d(g, ) -
=0 <A12111n log AL <log < 5 > + loglog Amm> % U log Al

Effective Dimension. Recall that a; > --- > «, denote the eigenvalues of K- in decreasing
order, and the effective dimension is defined as

nV
deff = min {j : j€log(nV) > Z ai}.

i=j+1

Then, it holds that deg€ log(nV') > Z"Vde“ 41 Qi

Let ¢ = deg€log(nV) — Z 1 Qi» and thus e < degré log(nV'). Then, we have Zf;“l o =

Trace(K - )—Z?:Vdeﬁ_i_l a; = Trace(K ) —dex€ log(nV)+e and Z?:Vdeff-i-l a; = dege€ log(nV)—
€.
logdet (I +¢& ' Ky-)

=log (I} (1+¢ "))
—log (T, (1+ €7 as) - Y 0 (14 €700i))

defp _ nV —degr
<log <(1 Let Trace(K )+ ) — degel log(nV) + 6) (1 e desré log(nV') 5) )

deft nV — deg

T Ky-) = ! 1 nV —desr
Sdarlog (14 ¢~ Tracetln) b losnV) £23 4 () don 080V
ey nV — deg
=d.glog (1 + 5_ Trace(K +) — de€ log(nV') + 5)
e deff
e IOg nv deff + deff) V= der
1 1 ff
i og( " nV — degr >
nV
(d) o
<degrlog [1+¢71- Trace(Ky-) — deilog(nV) + ¢ t1og (14 desr log(nV + defr)
deff nv
T K - de 1 de 1 de
=degrlog (1+&71- race(Ky-) iw€log(nV) + e +nVlog 1+ = og(nV + deg)
deff v
T (K x
Sdeff IOg <1 + race A )> + deff log(nV + deff)
Edesr
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fdeff

x
where inequality (d) is due to that (1 + M) is monotonically increasing with respect to
x> 1.

Then, using Eq. (15), we have

. 8 Trace(K )y«
p*(§) < Az - degr log (an. (1 + M;”)) . (17)

Combining the bound in Theorem 1 and Eq. (17), the per-agent sample complexity is bounded by
* )\*
S =0 ( ‘E,f) -log Amm (log <V6 > + log log Amm> (5"/ D) -log A;ﬁln>

dest Trace(K «) Vn
= -1 |1+ ——==] ) - logA 1 loglog A
o st on (v (1222 ) nsc, (o (1) -2

A€AD) 1oy at )

V min

Decomposition. Recall that K- = [, /)\;-*/\;k:(fci, )i jemv) Kz = [kz(2v, 20)]v,0rev) and
Kx = [/ A Nkx(Zi, 25)i jenv)- Let Kz = [kz(2v,, 20;)]ije[nv), where forany i € [nV], v;
denotes the index of the task for the i-th arm ; in the arm set X’ and z,,, denotes its task feature. It
holds that rank(K z) = rank(Kz).

Since K )+ is a Hadamard composition of Kz and Kx »+, we have that rank(Ky+) < rank(f(g) .
rank(K x ) = rank(K z) - rank(K x x«).
logdet (I + ¢ 1 K)y-)
=log (MY} (14+& ')
=log (Hfinlk(K”) (1 + fflai))
?ank(KA*) 1 1 rank(Ky+)
<log (lel 1+ al))

rank(K)~)

_ TR (14 € )
=rank(K)«)log < rank(K)~)

T I+E& Ky
<rank(Kz) - rank(Kx x~)log ( race (I +¢ A )>

rank(K)-)

Then, using Eq. (15), we have

8
p*(§) < w5 -rank(Kz) - rank(Kx »~) log < (18)

min

Trace (I + 5_1K,\*)
rank(K~) '

Combining the bound in Theorem 1 and Eq. (18), the per-agent sample complexity is bounded by

p*(§) Vn (&, ) -1
0] ( v -log Amm <1og < 5 + loglog Amm v log Al

0 rank(Kz) - rank(KXM\*) 1 Trace (I + {1 K)-)
B A2 8 rank(K)-)

I‘ﬂln
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log Amm <log <V(; > + loglog Amm> d(£VA 1) - log Amm>

Hence, we complete the proof of Corollary 1. O

E PROOFS FOR THE FIXED-BUDGET SETTING

E.1 PROOF OF THEOREM 2

Proof of Theorem 2. Our proof of Theorem 2 adapts the error probability analysis in (Katz-Samuels
et al., 2020) to the multi-agent setting.

Since the number of samples used over all agents in each round is N = |TV/R], the total number
of samples used by algorithm CoKernelFB is at most 7'V and the total number of samples used per
agent is at most 7.

Now we prove the error probability upper bound.
Recall that for any £ > Oand A € A g, A(E,N) == &1 + X ;e As0(8)p(2) T = &1 + @] P

Forany A € A, @y = [VA 16(21) 7. ..;\/)\nvq’)(i‘nv)—r]. The regularization parameter £ in
algorithm CoKernelFB satisfies £ < <3 1+8)2(p G)EER

Forany r € [R], &;,%; € B and v € [V], define reward gap
H(b( ) (‘r])”(g]_:,_q);\r*qu:)fl

Aﬂiiij = Aigfo A2 - <8p*(&) ¢ s

and event
Tra, = {| (@) = @) = (F(@) = F@)| < Ava, |-
In the following, we prove Pr I:“jr,ii,ij:l < 2exp (—m).

Similar to the analysis for Eq. (13) in the proof of Lemma 1, we have that for any € [R], Z;, %, €
BS" and v € \4B

(Br(@) — (@) = (F(@) - F(@,)
—(¢(3:) — 0(#,)) " (NET+ 0] ®,) ' 075" —¢N (p(&:) — p(i)) T (NEI + D] d,) " 67

Term 1 Term 2

(19)
Here, the expectation of Term 1 in Eq. (19) is zero, and the variance of Term 1 is bounded by
_ ~ ) (1 + 6) ||¢(IZ) - (‘TJ)” £]+¢.T ‘I>A*) 1
||¢(xl) - (rb(xj)H(Ngj+q>:q>r) S N ;
where (a) comes from the guarantee of rounding procedure (Eq. (6)).

Using the Hoeffding inequality, we have

- ~ -1 _(r 1
Pr U((b(xi) — (&) (NET+ @] @,) @7 > zAr,mj}

1A2
4= r,x;,x,

< _9. iy lj

<2exp | =2 558G = as(acJ)H(sM,T 201

N

<2 ! N

SEEP N TS S e) leEn - e o, 1
A2

&, T
J
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<2exp (_32(1+Ns)p*(§)>

Thus, with probability at least 1 — 2 exp (f we have

)
32(14€)p*(8) )°

[(6(3) — 6(2) T (VeI + @7 @,) " 9T 0| < SAvs . (20)

Since ¢ satisfies £ < 16(1+E)2(p£(5))2”9*”2, we have 4(1 + ¢)v/Ep*(€)]|0*|| < 1. Then, for any
r € [R], #,%; € B and v € [V], we have

16(%i) = o(Z5)ller+a7, ®ye)-1
41+ e)VE- A7y,

and thus,
. 1
1+ e)VEb(%:) — 6%l erva] Lo 1071 < 5 Az 3,

Then, we can bound the bias term (Term 2 in Eq . (19)) as

6N (6@ - 0(&;)" (NI +@]@,) " o

<EN||p(7:) — (ij)“(N£I+<I>T<I> || (NET+OT @,) !
SVEN - [|o(75) — o () | (NET+®T &)~ 1[|07 |2
2(1+¢) - [l¢(3:) — (%)||(§I+¢A*¢)A;ﬁ)—1

< N. T . 9*
= 5 \/N || H2
2(1 + )€ b(@s) o(Z5)l¢ (e1+a], %;)71”9*”2
1
YAV 21
_2 oy 21

Plugging Egs. (20) and (21) into Eq. (19), we have that with probability at least 1 —
m) forany r € [R], &;,&; € B and v € V],

(@) = (@) = (P(@:) - F (@)
<|(6@) - 0@ (N1 + 0 0,) T @yl
<Ar,§:7¢,§cj7

2 exp

T |EN (0(@) - o))" (VeI + @] @) 60

which completes the proof of Pr [=7,.7,7,] < 2exp (—m) )

Define event

T ={|(B@0) = (@) = (F(@) = F(7)| < Avgoz,, Vs, &5 € B Vo € [V],vr € [R]},
Let e = 7. By a union bound over Z;, &; € B ve [V] and r € [R], we have

2 i N
<2n°V log(w(&, X)) - exp <_32(1+6)p*(€))

0 (seviotete B - (g ey )

In order to prove Theorem 2, it suffices to prove that conditioning on event [, algorithm
CoKernelFB returns the correct answers Z,, , for all v € [V].

Pr[~J

Suppose that there exist some r € [R] and some v € [V] such that &, , is eliminated in round 7.
Define

B/(T) {x c B(’” - F, (5@) > Fr(i"u *)}v

)
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which denotes the set of arms in Bq(f) which are ranked before Z, . according to the estimated
rewards. According to the elimination rule (Line 12 in Algorithm 2), we have

r N 1 - 1 N N
W(E B UE0)) > Ju6, BY) = 5 max 6(E) — 0@ ) errag a0 QD)

Zi,&;E€B8,

Define 79 = argmax_ - Az. We have
v

1 |p(Z04) — ¢(50)H%51+<1>L<I>A;)‘1

2 AZ
- 1 H(b(‘il) - (ﬁ(j"j)H%{I_HpL@A,;)fl
<= max -
2 531',53]‘ qu(f) A%o
@w(&, B U {Fy.})
< 3
A:zo
SN (12
(b) ) H(b(xl) (b(xj)”(gprqf;qh)’l
= min_ max 5
NEAX z,.5,€B' 7 U{Fy .} A:zo
~ a2
(©) ) ||¢($v,*) d)(x)H(EIJr@I@)\)_l
<4 min max 5
reA® zep () Az
~ SN\ (12
T —o(x _
S o L e on
T OXEAX F€XN\{Fy, .} WEV] A%
=4p" (),

where (a) follows from Eq. (22), (b) comes from the definition of w(,-), and (c) is due to the
definition of Z.

According to the definition

A inf 19(Z.») _¢(CEO>||?£I+‘I’I:¢’A:)_1 < 8p*
r@ueio = f A? <8p"(&) ¢ >

we have Ar,fcv Z0 < Aio-

Conditioning on J, we have ‘ (Fr(iv*) - Fr(io)> — (F(Zo) — F(Z0))| < Arz, .20 < Az
Then, we have

Fp(Zy.0) — Fr(Z0) > (F(&v..) — F(Z0)) — Az, =0,

which contradicts the definition of & that satisfies F,.(Zg) > F(&,.). Thus, for any round r € [R]
and task v € [V], &, . will never be eliminated.

Since w(&, {Zyx,¥}) > 1 forany & € X, \ {Zo.},v € [V] and R = [logy(w(&, X))] >
[log,(w(€, X,))] for any v € [V], we have that conditioning on 7, algorithm CoKernelFB will

return the correct answers Z,, . for all v € [V] using at most R rounds. Therefore, we complete the
proof of the error probability guarantee.

For communication rounds, since algorithm CoKernelFB has at most R := [log, (w(&, X))] rounds,
the number of communication rounds is bounded by O(log(w(¢, X))). O
E.2 INTERPRETATION OF THEOREM 2

In the following, we interpret the error probability for algorithm CoKernelFB with maximum infor-
mation gain and effective dimension, and decompose it into two parts with respect to task similarities
and arm features.
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Corollary 2. The error probability of algorithm CoKernelFC, denoted by Err, can also be bounded
as follows:

2
(@) Err=0 (exp (— vAa

N%M$M>WVMW@”O’

where Y is the maximum information gain.

TVA2, Y
V min n2V10g(w(€7X)) ’

_defflog (nV . (1 + %)) log(w(¢, /’9))

where de is the effective dimension.

®)Err =0 | exp

TV A2

min

rank(Kz) - rank(Kx,x-) log (2t 1n) ) 10g(w(e, )

©) Err=0 (exp

MVbawai»>

Corollaries 2(a),(b) bound the error probability by maximum information gain and effective dimen-
sion, respectively, which capture essential structures of tasks and arm features and only depend on
the effective dimension of kernel space.

Corollary 2(c) reveals how task similarities impact the error probability performance. Specifically,
when tasks are the same, i.e., rank(K z) = 1, the error probability enjoys an exponential decay fac-
tor of V' compared to single-agent algorithm (Katz-Samuels et al., 2020), and achieves the maximum
V-speedup. Conversely, when tasks are totally different, i.e., rank(K z) = V, the error probability
is similar to single-agent results (Katz-Samuels et al., 2020), since in this case information sharing
brings no benefit.

Proof of Corollary 2. Recall that \* := argmaxea . log det (I + §_1K>\).
Recalling Eq. (15), we have

8
AGE

min

logdet (I +& 'Ky ).

Maximum Information Gain. Recall that the maximum information gain over all sample allocation
A € Ay is defined as

T = fgi); log det (I—i—f_lKA) = log det (I—l—f_lK)\*) .

Recall Eq (16), we have
8

AQ

min

pr(§) < - T.

Combining the bound in Theorem 2 and the above equation, the error probability is bounded by

Err =0 (nQVlog(W(& X)) - exp <‘ ) .10TgYw<g, ??>>)>

—0 (n2V1og(w(€7?‘?)) - exp G%))

Effective Dimension. Recall that a; > --- > «,, denote the eigenvalues of K~ in decreasing
order. The effective dimension of K - is defined as
nV

defr = min {j : j€log(nV) > Z ai}.

i=j+1
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Recalling Eq. (17), we have
T K\~
p*(€) < A% - degr log (an. (1 + race(,\)>) )

min Ederr
Combining the bound in Theorem 2 and the above equation, the error probability is bounded by
Err =0 <n2V10g(w(§, X)) - exp ( ad = >>
p*(§) - log(w(§, X))
TV A2

min

=0 | n*V log(w(§, X)) -exp | — -
degr - log (nV : (1 + TraC;d#» -log(w(§, X))

Decomposition. Recall that Ky« = [\/ATATE(Z4, Z5)]i jenv), Kz = [kz(20, 20/)]00rev) and
Ky =, /)\;‘)\;‘?k;((:ﬁi,aﬁj)]iyje[nv]. Let Kz = [kz(zv,, 2v,)i,je[nv]> Where for any i € [nV], v;

denotes the index of the task for the i-th arm z; in the arm set X" and z,,, denotes its task feature. It
holds that rank(K z) = rank(K z).

Since K- is a Hadamard composition of Kz and K x »~, we have that rank(K~) < rank(f{Z) .
rank(Ky y+) = rank(Kz) - rank(K x x+).

Recalling Eq. (18), we have

rank(Ky«)

min

~1
p*(§) < AQS -rank(Kz) - rank(Ky \-) log (Trace (I+¢ KA))

Combining the bound in Theorem 2 and the above equation, the error probability is bounded by

brr=0 (”QVIOg(”@’ X)) -exp <_p*<5> ~ li‘(w@, 2E>>>>

=0 (nQVIOg(w(&/"?))'

( )
exp | — o -

rank(Kz) - rank(Kx - - log (2ol 10 ) - log w(e, )
Therefore, we complete the proof of Corollary 2. O

F TECHNICAL TOOLS

In this section, we provide some useful technical tools.

Lemma 3 (Lemma 15 in (Camilleri et al., 2021)). For \* =
argmaxe _ log det (I + &Y e A o(@)p(&)T), we have

i)l o= Ale@))1? -
max 6@ 5, rn o106 Z i@ s, nn 010607
FeX
Lemma 4. For \* = argmax ¢ _ log det T+ e X d(@)p(E)T), we have

lagn det (1 + 352 \s8(2)9(2) )
D log <1 FAENO@Nerrs, A;/qs(azw(i’ﬁ)‘l) < log det (D)

FeX

Proof of Lemma 4. This proof is inspired by Lemma 11 in (Abbasi-Yadkori et al., 2011), and uses
a similar analytical procedure as that of Lemma 16 in (Camilleri et al., 2021). However, different
from the analysis of Lemma 16 in (Camilleri et al., 2021), we do not include the number of samples
N () in the det(-) operator in this proof.
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For any j € [nV], let M; = det (EI + 2 el )\fgb(:ii)gb(jgi)T).

det (51 + Y A;qs(o*cw(:zﬂ)

FeX
=det | £14+ D N@)(E) " + Ny d(@av)d(Eav) "
i€nV —1]

_1 _1 T
=t (M) et (T4 Ay Mt 160 (M8 00r)) )
=det (M,y_1)det (I + Xoy - d(@nv) My 0(Env))
= det (May 1) (1+ v 6@ 12,0 )

nV

—det (€D ] (1+ 1612, )
=1
Thus,
det (61 + ;e A0(@)o(@)T) T s
det 1) B Ul (RRHECA Y

Taking logarithm on both sides, we have
det (f[ + D et i (@)p(2) ")

log

det (¢1)
nVv
= tog (14 X [l6(@0) 12, )
i=1
nV
>3 log (14 Ao 3, )
=1

which completes the proof of Lemma 4.
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