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Abstract
The goal of graph inference is to design algorithms for learning properties of a hidden graph using
queries to an oracle that returns information about the graph. Graph reconstruction, verification,
and property testing are all special cases of graph inference.

In this work, we study graph inference using an oracle that returns the effective resistance
(ER) distance between a given pair of vertices. Effective resistance is a natural notion of distance
that arises from viewing graphs as electrical circuits, and has many applications. However, it has
received little attention from a graph inference perspective. Indeed, although it is known that any
n-vertex graph can be uniquely reconstructed by making all

(
n
2

)
= Θ(n2) possible ER queries,

very little else is known. We address this and show a number of fundamental results in this model,
including:

1. O(n)-query algorithms for testing whether a graph is a tree; deciding whether two graphs are equal
assuming one is a subgraph of the other; and testing whether a given vertex (or edge) is a cut vertex
(or cut edge).

2. Property testing algorithms, including for testing whether a graph is vertex-biconnected and whether
it is edge-biconnected. We also give a reduction that shows how to adapt property testing results from
the well-studied bounded-degree model to our model with ER queries. This yields ER-query-based
algorithms for testing k-connectivity, bipartiteness, planarity, and containment of a fixed subgraph.

3. Graph reconstruction algorithms. We highlight two k-query (provably minimal) algorithms for recov-
ering an entire graph with k missing edge weights: an exact algorithm with an exponential running
time for unweighted graphs, and an approximate numerical algorithm with polynomial running time
for weighted graphs. We also give a simple, O(k2)-query, polynomial-time algorithm for this problem.
Additionally, we give an algorithm for reconstructing a graph from a low-width tree decomposition.

We additionally compare the relative power of ER queries and shortest path queries, which are
closely related and better studied. Interestingly, we show that the two query models are incompa-
rable in power.
Keywords: Graph theory, effective resistance, graph inference, property testing, learning algo-
rithms
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1. Introduction

Let G = (V,E) be a hidden graph with n vertices, and let d : V × V → R≥0 be a metric on G.
We study graph inference problems, where the goal is to reconstruct G or deduce properties of G
using a limited number of queries to d. In this work, we focus on the case where d is the effective
resistance (ER) metric on G.

Graph inference using the ER metric and its close cousin, the shortest path (SP) metric, arises
naturally in many applications. Inferring a graph from SP queries has been widely studied in the
context of network discovery (Beerliova et al., 2006), where it is used to map unknown regions of the
internet. It is also applied in the reconstruction of evolutionary trees (Hein, 1989; King et al., 2003;
Reyzin and Srivastava, 2007b), where understanding evolutionary relationships based on pairwise
distances is crucial. On the other hand, ER-based inference is particularly relevant in the study
of social network privacy (Aggarwal, 2014; Hoskins et al., 2018), where the goal is to assess the
potential of revealing hidden network features through random-walk-based queries.

Graph inference via SP queries has also been explored extensively from a theoretical perspec-
tive, leading to notable algorithmic and lower bound results. For instance, bounded-degree graphs
can be reconstructed using Õ(n3/2) queries (Kannan et al., 2018), and bounded-degree almost-
chordal graphs can be reconstructed using O(n logn) queries (Bastide and Groenland, 2023). On
the other hand, Ω(n2) queries are needed to even reconstruct trees if they are not bounded de-
gree (Reyzin and Srivastava, 2007a). However, the study of graph inference via ER queries is still
in its early stages. Beyond the Θ(n2)-query algorithm that guarantees full reconstruction given all
pairwise ER distances (see (Wittmann et al., 2009; Spielman, 2012; Hoskins et al., 2018)), little is
known that comes with theoretical guarantees. Moreover, the quadratic query complexity needed to
reconstruct a whole graph is impractical for large graphs and when the ability to make ER measure-
ments is limited. The focus of this work is to address the corresponding natural question:

What properties of a graph can be inferred from a subquadratic number of ER queries?

We interpret this question quite generally, and study graph reconstruction, property testing, and
more using ER queries.

A closely related question asks what the comparative power of SP and ER queries is in the con-
text of machine learning on graphs. In the context of graph neural networks and graph transformers,
distance measures such as SP and ER are often used as inputs to the network in the form of posi-
tional encodings (Zhang et al., 2023; Velingker et al., 2024). A primary challenge in graph neural
networks is to identify which positional encodings offer the highest expressive power, enabling the
model to detect the most properties of a graph. For example, graph transformers using ER as a
positional encoding can determine which vertices are cut vertices, while graph transformers using
SP cannot (Zhang et al., 2023). While there have been several works aiming to understand and com-
pare the relative expressive power of SP and ER encodings (Zhang et al., 2023; Black et al., 2024;
Velingker et al., 2024), the capabilities of SP or ER remain only partially understood. A deeper un-
derstanding of their potential could lead to better feature selection strategies and improved learning
efficiency.

1.1. Our Contribution

In this paper, we study a number of fundamental graph inference problems using ER queries. To
begin with, we demonstrate that with O(n) ER queries, the following tasks can be performed:
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(1) Determining whether a graph is a tree (Theorem 9).

(2) Determining whether two graphs are identical, assuming one is a subgraph of the other. In other
words, we can detect if some edges have been added to the graph or if some edges have been
deleted, but not both (Theorem 11).

(3) Deciding whether a given vertex is a cut vertex (Theorem 12).

(4) Deciding whether a pair of vertices are adjacent with a cut edge (Theorem 14).

Furthermore, we explore (approximate) property testing of graphs, where our algorithms can
distinguish between the case where the graph satisfies a given property and the case where it is ε-far
from satisfying the property, meaning that at least εm edge modifications are required to satisfy the
property. In this setting, we present the following results:

(1) Determining whether a graph is vertex-biconnected or ε-far from being vertex-biconnected with
O(n/ε) ER queries (Theorem 15).

(2) Determining whether a graph is edge-biconnected or ε-far from being edge-biconnected with
O(n/ε2 + 1/ε4) ER queries (Theorem 18).

(3) Showing that for any property that can be tested in f(ε, n) time in the well-studied bounded-
degree model, there is an algorithm to test it for bounded-treewidth graph with f(ε, n) · n
ER queries (Theorem 19). As a result, we obtain property testers that require a subquadratic
number of ER queries for bounded-treewidth graphs, addressing a range of problems such as
the inclusion of a fixed subgraph, k-connectivity, bipartiteness, the presence of long cycles, and
any minor-closed property (e.g., planarity) (Goldreich, 2017).

We remark that the running time of our property testing algorithms for the latter two results can
be reduced by a factor of n, making them dependent only on ε, given a stronger ER query model.
In this model, queries return vertices in the order of their distance from a vertex v, allowing the
algorithm to request only the closest k vertices to v. This stronger query model is natural, as in most
applications, closer vertices are often accessible with less effort, for example if close vertices are
sampled by a random walk.

In addition to our property inference algorithms, we analyze the relative power of ER and SP query
models. Interestingly, we show that the two query models are incomparable, i.e., neither model is
strictly stronger than the other for all tasks. Specifically, we demonstrate the following results:

(1) Determining whether a graph is a clique can be achieved with O(n) ER queries, whereas it
requires Ω(n2) SP queries (Theorem 27).

(2) Checking whether two given vertices are adjacent can be achieved with a single SP query,
whereas it requires Ω(n) ER queries (Theorem 28).

Finally, we study the problem of graph reconstruction using ER queries. Specifically, we give
an algorithm for each of the following tasks:
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(1) Given a width-k tree decomposition of a graph G, reconstructs G using O(k2n) ER queries
(Theorem 31).

(2) Given an adjacency matrix A of a graph G with k missing entries, recovers A using O(k2)
queries and runs polynomial time (Theorem 32).

(3) Given an adjacency matrix A of a graph G with k missing entries, recovers A using k queries
and runs in exponential time (Theorem 37).

Our reconstruction algorithm in Theorem 37 uses techniques from convex analysis and relies
on a highly nontrivial structural property of ER distances, which allows us to reduce the number of
queries. It remains an open question whether a polynomial-time algorithm can be achieved with a
subquadratic number of queries, i.e., whether it is possible to combine the strengths of Theorems 32
and 37.

1.2. Related work

Graph inference with different query models. Graph inference has been studied under various
models, with edge detection and edge counting being two prominent approaches motivated by ap-
plications in biology. In these models, queries allow one to check whether an induced subgraph
contains any edges or to determine the number of edges in the subgraph (Alon et al., 2004; An-
gluin and Chen, 2008; Alon and Asodi, 2005; Bouvel et al., 2005). Reyzin and Srivastava (2007a)
provides an extensive survey of results within these models, as well as the shortest path (SP) query
model. Notably, they show that reconstructing a hidden tree requires at least Ω(n2) SP queries,
establishing that the bounded-degree assumption is necessary for obtaining nontrivial results using
SP queries.

Kannan et al. (2018) demonstrated that bounded-degree graphs can be fully reconstructed using
Õ(n3/2) SP queries. They further showed that bounded-treewidth chordal graphs and outerplanar
graphs can be reconstructed with Õ(n log n) SP queries. This result has been recently generalized
to bounded-treewidth graphs without long cycles by Bastide and Groenland (2024), with additional
related work by Rong, Li, Yang, and Wang (2021).

In contrast to the SP model, significantly fewer theoretical results are known for the effective
resistance (ER) model. It has been established that a hidden graph can be fully reconstructed if the
ER distances between all pairs of its vertices are known (Wittmann et al., 2009; Spielman, 2012;
Hoskins et al., 2018). On the other hand, since ER and SP distances are equivalent for trees, it
follows that reconstructing a general tree requires Ω(n2) ER queries, and hence the known O(n2)
query algorithm is tight for general graphs, as is the case for the SP model. However, in contrast
to the SP model, subquadratic algorithms are not known for any family of graphs beyond bounded-
degree trees.

A continuous variant of the graph reconstruction problem, known as Calderón’s inverse prob-
lem, is to recover the conductivity of an object from measurements of current and potential on its
surface. Calderón’s inverse problem has been studied extensively by mathematicians (Uhlmann,
2012) and found important applications in Electrical Impedance Tomography (EIT) in medical
imaging (Uhlmann, 2009) and Electrical Resistivity Tomography (ERT) in geophysics (Wikipedia
contributors, 2024).
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Property testing. We study the gap version of checking properties of graphs using ER queries. In
this setting, the goal is to distinguish between graphs that possess a certain property and those that
are “far” from having that property, using only a few ER queries. This part of our work is related to
property testing of graphs in the bounded-degree model. Many properties have been studied in this
model, including k-connectivity, bipartiteness, subgraph exclusion, minor exclusion, and planarity.
We refer the reader to Goldreich (2017) for an extensive exposition of known results in this area. For
contrast, we study property testing algorithms that rely only on resistance distance queries rather
than adjacency queries.

More broadly, our work is also related to sublinear-time algorithms for finite metric spaces.
Such algorithms become particularly relevant when one is interested in estimating parameters such
as the average ER distance or identifying the central point in the ER metric space. Notably, these
algorithms operate without reconstructing the graph or explicitly learning its topology. There is a
substantial body of work on testing properties of metric spaces; see, for example, (Indyk, 1999;
Parnas and Ron, 2003; Onak, 2008).

Graph machine learning. One important (albeit less direct) motivation for our work is graph
machine learning. Currently, there are no polynomial-time machine learning algorithms (e.g., graph
neural networks) that can completely capture the structure of a graph; that is to say, all existing
methods will give the same output on some set of non-isomorphic graphs (see (Xu et al., 2019) for
an example). This means that no graph learning algorithm captures all properties of a graph.

As an imperfect solution, one approach is compute some quantities associated with the graph
and use these as input to the machine learning algorithm. For example, one could compute the ef-
fective resistance between some pairs of vertices (as in (Zhang et al., 2023; Velingker et al., 2024))
and use this as an input to a neural network. These graph quantities are called positional encod-
ings. Since the use of positional encodings is known not to completely capture the topology of a
graph, researchers instead ask which properties of a graph these encodings do capture. For example,
effective resistance increases the expressive power of message-passing neural networks (Velingker
et al., 2024) and transformers (Vaswani, 2017) using effective resistance as a positional encoding
can determine which vertices are cut vertices (a property neither message-passing neural networks
nor shortest-path distance can detect) (Zhang et al., 2023) and which edges are cut edges (Black
et al., 2024). At a high level, the goal is to understand the power of effective resistance in deduc-
ing graph properties when used as a positional encoding in a graph neural network. This question
becomes particularly relevant to our work when it focuses on identifying a small subset of effective
resistances that are sufficiently informative for the task at hand, thereby reducing computational
costs.

2. Preliminaries

2.1. Graph Laplacian and Effective Resistance

Let G = (V,E,w) be an undirected graph with edge weights w : E → R≥0. We denote the
number of vertices as n := |V | and the number of edges as m := |E|. The graph Laplacian is
the n × n matrix defined L := D − A, where the weighted degree matrix is the diagonal matrix
with entries Du,u =

∑
(u,v)∈E w(u, v) and the weighted adjacency matrix is the matrix with entries

Au,v = w(u, v) if (u, v) ∈ E and Au,v = 0 otherwise. Alternatively, the graph Laplacian is
L = ∂W∂T , where W is the m×m diagonal weight matrix with entries We,e = w(e) and ∂ is the
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n×m signed incidence matrix (corresponding to the boundary operator), which has entries1

∂v,e :=


1 if e = (v, w) for some w ,
−1 if e = (u, v) for some u ,
0 otherwise .

Finally, a third way of writing the graph Laplacian is as the sum L =
∑

(u,v)∈E w(u, v)Luv, where
Luv = (1u − 1v)(1u − 1v)

T is the edge Laplacian.
Let M ∈ Rm×n be a matrix. The psuedoinverse of M , denoted M+, is any matrix such that

the following conditions hold: (1) AA+A = A, (2) A+AA+ = A+, (3) (AA+)T = AA+, and (4)
(A+A)T = A+A.

The effective resistance between a pair of nodes u and v is defined as

R(u, v) := (1u − 1v)
TL+(1u − 1v) , (1)

where L+ is the pseudoinverse of L and 1u,1v ∈ Rn are the indicator vectors of u and v. One can
show that R is a metric on the vertices in the graph. Interpreting graphs as electrical circuits, the
effective resistance measures the resistance between u and v in the electrical network where each
edge e has conductance equal to its weight, w(e), giving each edge a resistance of 1/w(e). The
uv-potentials are pu,v := L+(1u − 1v), as these are the voltage potentials on the vertices resulting
in a unit flow of current from u to v in the graph.

Notably, the kernel of any graph Laplacian L contains the span of the all-ones vector (i.e.,
span(1) ⊆ ker(L)), since the weighted degree of a vertex is equal to the sum of the weights of its
incident edges. Moreover, if the graph is connected then ker(L) = span(1).

To see the matrix form of the relationship between L+ and effective resistance, let J be the all-
ones matrix. The matrix I − 1

nJ projects any vector onto the orthogonal complement of span(1).
Its conjugation with R ∈ Rn×n, the matrix of all effective resistances defined by Ri,j = R(i, j),
gives L+ up to a constant factor:

−1

2

(
I − 1

n
J

)
R

(
I − 1

n
J

)
= L+ (2)

This formula implies the following lemma (Wittmann et al., 2009; Spielman, 2012; Hoskins
et al., 2018).

Lemma 1 Any weighted graph with n vertices can be reconstructed with
(
n
2

)
effective resistance

queries.

Due to the O(nω) time algorithm for obtaining a matrix’s rank-normal form given by (Keller-Gehrig,
1985), the psuedoinverse of L, and hence the matrix of all effective resistances, can be obtained in
O(nω) runtime where ω < 2.371339 (Alman et al., 2025) is the matrix multiplication exponent.

Alternatively, we can characterize the effective resistance in terms of the amount of the amount
of current on the edges. A unit uv-flow is a flow f : E → R such that ∂f = 1u − 1v. The energy
of a flow f : E → R is defined to be E(f) :=

∑
e∈E f(e)2/w(e).

1. The choice of which of the first two cases is equal to 1 and which equal to −1 is arbitrary. The graph Laplacian will
be the same for either choice, and other quantities involving the signed incidence matrix will only differ by a sign
flip.

6



GRAPH INFERENCE WITH ER QUERIES

Lemma 2 (Thompson’s Principle (Thomson and Tait, 1867)) Let Fuv be the set of unit uv-flows.
The effective resistance between two vertices u, v ∈ V is equal to the minimum energy of any unit
uv-flow, R(u, v) = minf∈Fuv E(f).

The minimum energy uv-flow fu,v := argminf∈Fuv
E(f) is called the electrical uv-flow. Thomp-

son’s principle immediately implies Rayleigh’s monotonicity law: if the resistance values increase
the effective resistance between any pair of vertices can only increase.

Lemma 3 (Rayleigh’s Monotonicity Law (Rayleigh, 1877)) Let G = (V,EG, wG) and H = (V,EH , wH)
be weighted graphs on the same set of vertices V . If EG ⊆ EH and wG(e) ≤ wH(e) for all e ∈ EG,
then RG(u, v) ≥ RH(u, v) for all u, v ∈ V .

We find the following basic properties of effective resistance useful in this paper.

Lemma 4 Let G = (V,E). Then for all u, v ∈ V ,

(1) If (u, v) ∈ E, then R(u, v) ≤ 1. Moreover, R(u, v) = 1 if and only if (u, v) is a cut edge.

(2) If there is exactly one path γ between two vertices u, v ∈ V , then the R(u, v) is the length of γ.

(3) The ER distance between any pair of vertices in two different edge biconnected components is
at at least one.

The regularized graph Laplacian As mentioned above, the graph Laplacian is never full-rank
regardless of the graph; the all-ones vector 1 is always in the kernel. The regularized graph Lapla-
cian is a slightly modified version of the graph Laplacian defined as

L̃ := L+
1

n
· J . (3)

For a connected graph, L̃ is full-rank.

Lemma 5 (Ghosh et al. (2008, Equation 9)) Let G = (V,E) be a connected graph with Lapla-
cian L. The following three facts are true of the regularized graph Laplacian:

1. L̃−1 = L+ + 1
nJ .

2. For all u, v ∈ V , R(u, v) = (1u − 1v)
T L̃−1(1u − 1v).

3. L̃ is positive semidefinite for any (possibly disconnected) graph. L̃ is positive definite if and
only if G is connected

Schur complement. The Schur complement of the Laplacian L of a matrix on a vertex subset U ,
denoted LU , is defined as follows.2

2. The Schur complement is usually defined as LU := L(U,U) − L(U,U)L(U,U)−1L(U,U) (e.g., in (Spielman,
2025, Lemma 11.5.3)), using the inverse L(U,U)−1 instead of the pseudoinverse. We use the pseudoinverse as it
is more general while preserving the relevant properties of the Schur complement. To see why it preserves these
properties, note that the submatrix L(U,U) is invertible iff there is an edge between U and U . However, if there
is no edge between U and U , then L(U,U) = 0 and LU = L(U,U). Likewise, if there are no edge between U
and U , then LU is a graph Laplacian of subgraph of G induced by U , so all the properties of the Schur complement
mentioned in this section hold.

7



BENNETT BLACK NAYYERI WARTON

LU := L(U,U)− L(U,U)L(U,U)+L(U,U) , (4)

where L(X,Y ) is the submatrix of L indexed by rows in X and columns in Y for X,Y ⊆ V . Note
that for a connected graph, L(U,U) is always full rank. It is known that the Schur complement of a
Laplacian of a graph G is the Laplacian of a (possibly weighted) graph with vertex set U , which we
refer to as GU . The following lemma summarizes some properties of the Schur complement that
we find helpful in this paper (Spielman, 2025).

Lemma 6 Let G = (V,E) be a weighted graph, let U ⊆ V , and let GU be the Schur complement
of G on U . Then the following properties hold.

(1) For any u, v ∈ U , their effective resistance in G is equal to their effective resistance in GU .

(2) Let u ∈ U be such that wG(u, v) = 0 for all v ∈ U . Then, for any u′ ∈ U , wG(u, u
′) =

wGU
(u, u′), i.e., the neighborhood of u is identical in G and GU .

The Schur complement matrix can be obtained by using Gaussian elimination on the graph
Laplacian. Likewise, for each step of Gaussian elimination, there is a corresponding operation on
the graph, with the operations corresponding to entire process of Gaussian elimination resulting in
the graph GU . For a vertex v ∈ U , performing Gaussian elimination on the vth row and column cor-
responds to removing the vertex v and, for each pair of neighbors (a, b) ∈ N(v)×N(v), replacing
its weight with w(a, b)′ := w(a,b)

d(v) , the ratio between the edge weight and the degree of v.

Tree decomposition. Let G = (V,E) be a graph. A tree decomposition is a pair (B, T ), where B
is a set of subsets of V called bags and T is a tree with vertex set B such that

(1)
⋃

B∈B B = V .

(2) For every (u, v) ∈ E, there exists B ∈ B such that u, v ∈ B.

(3) Let B,B′′ ∈ B, and suppose B′ ∈ B is a bag on the unique B to B′′ path in T . Then,
B ∩B′′ ⊆ B′.

We show that given a tree decomposition of a graph with bounded treewidth, it is possible to
fully recover the graph using o(n2) effective resistance queries.

Graph cuts and connectedness. Let G = (V,E) be a graph. A vertex v ∈ V is a cut vertex if the
subgraph induced by V \ {v} has more connected components than G. An edge (u, v) ∈ E is a cut
edge if the subgraph given by (V,E \ {(u, v)}) has more connected components than G. A graph
is vertex biconnected if it contains no cut vertices. A graph is edge biconnected if it contains no cut
edges.

3. Checking graph properties

There are several properties of graphs that can be characterized by the resistance distance on a
subset of the graph’s vertices. One such property is whether a given vertex is a cut vertex. We give a
characterization for such vertices, and use this result to solve several decision problems on graphs,
as well as to give property testing algorithms for certain connectedness properties, which, in a sense,
gives an approximate solution to the corresponding decision problems. This is a folklore theorem,
but we include a proof as we could not find one in the literature.
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Lemma 7 (Folklore) Let G = (V,E) be an undirected, unweighted graph, and let a, b, c ∈ V be
distinct vertices. Then, b is a cut vertex between a and c (that is, a and c are in different connected
components of the subgraph of G induced by V \ {b}, G|V \{b}) if and only if R(a, b) + R(b, c) =
R(a, c).

Proof First we will prove that the triangle inequality holds exactly equal when the middle vertex is
a cut vertex. Suppose b is a cut vertex between a and c, and f ∈ R|E| be the unit electrical flow.
By the flow decomposition ∃f1, . . . , fk ∈ R|E| such that f = f1 + · · · + fk for some k ≤ |E|.
Moreover, for i ≤ k, there is a simple a to c path πi that is the support of fi. For each path πi, since
b is a cut between a and c, it follows that b must lie on this path.

Let V \ b = A∪C be a disjoint partition of vertices other than b, by assumption, and denote GA

to be the subgraph of G induced by the vertex set V \C and GC to be the subgraph of G induced by
the set V \A. If we restrict fi to GA then b will be the endpoint of each path πi|GA . This is because
c lies on the other side of the cut vertex b, and a simple path cannot traverse b twice. So it follows
that this is a unit a to b flow. If a lower energy unit a to b flow existed in GA, it could be used in
place of f under this restriction, reducing the overall energy of f (this would contradict that f is the
electrical flow). A lower energy unit a to b cannot exist in G but not in GA, since everything on GC

would clearly form a circulation back to b. So restricting f to GA gives a miminum energy a to b
flow, and a similar argument gives the fact that restricting f to GC gives a mimimum energy a to c
flow.

Since the edges of GA and GC are disjoint it follows that ∥f |GA∥22 + ∥f |GC∥22 = ∥f∥22, or
equivalently, that

R(a, b) +R(b, c) = R(a, c).

Suppose now, to show the other direction of implication, that R(a, b) + R(b, c) = R(a, c). By
definition this is equivalent to having

(1a − 1b)
TL+(1a − 1b) + (1b − 1c)

TL+(1b − 1c) = (1a − 1c)
TL+(1a − 1c).

With some rearranging and cancellations, we obtain the equality

1aL
+(1b − 1c) = 1bL

+(1b − 1c).

Since L+(1b − 1c) gives the potentials in the electrical b to c flow, this means that a and b have
equal potential in this flow. Let A ⊆ V be the set of all vertices with potential equal to a, and
let C = V \ A be its complement. By the equation we obtained, we know b ∈ A. Clearly c has
potential different than b, as they are distinct vertices, and the effective resistance between them, as
a metric, must be non-zero. Suppose, by contradiction, that b is not a cut vertex between a and c.
Then there must be an edge between A and C whose endpoint in A is a vertex other than b, call this
vertex x. This would imply, by the potential difference, that some amount of flow belongs on this
edge in the electrical b to c flow. But flow exiting x implies flow entering x, which implies a vertex
exists with potential larger than b, the source, yielding a contradiction.

3.1. Acyclicity

Theorem 7 can be used directly to check whether a vertex is a cut vertex, but it also allows for a
concise proof of the following lemma, which states that, in an unweighted graph, the set of distances
to any particular vertex must be all integers, if the graph contains no cycles.
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Lemma 8 Let G = (V,E) be a connected unweighted graph and v ∈ V be any vertex. The graph
G has a cycle if and only if there exists a vertex u ∈ V such that R(u, v) is not an integer.

Proof If G is acyclic then there is a unique path between every pair of its vertices. Hence, by Item 2
of Theorem 4, the distance between every pair of vertices is an integer.

To prove the other direction, suppose G contains a cycle. Let v ∈ V be arbitrary, and let
x ∈ V be a closest vertex to v that is contained in a cycle C. Furhter, let (x, y) ∈ E be an edge
of C (note x might be equal to v). By Item 2 of Theorem 4, R(v, x) is an integer. By Item 1 of
Theorem 4, R(x, y) < 1. So, by triangle inequality, R(v, y) < R(v, x) + 1. On the other hand, by
Theorem 7, R(v, y) = R(v, x) + R(x, y) > R(v, x). Overall, R(v, x) < R(v, y) < R(v, x) + 1,
and R(v, x) ∈ Z+ implies that R(v, y) is not integer.

It is noteworthy that the characterization holds for any vertex of the graph, giving rise to our
algorithm. By choosing an arbitrary vertex of our graph, and querying its pairwise distance to the
remaining vertices, we are able to detect a cycle within our graph using only n− 1 queries.

Theorem 9 Let G = (V,E) be an undirected unweighted graph, and let n = |V |. There exists an
algorithm that decides whether G is a tree using n− 1 ER queries.

Proof Let v ∈ V be an arbitrary vertex of G. Verifying its pairwise distances are all integers can be
done using n − 1 ER queries by querying its distance to each other vertex u ∈ V \ {v}. If all of
these ER distance are finite we conclude that G is connected. If, in addition, all of them are integers
we conclude that G is acyclic by Theorem 8. If G is both connected and acyclic then it is a tree.

The effective resistance, as a metric, is highly sensitive to global changes within the graph,
which is why querying all of the distances from only one vertex allows for detecting cycles. This
is something that is not possible using shortest path queries. In fact, the technique of querying the
resistance distance of one vertex to each other vertex can be leveraged even further to detect changes
in the graph, as we do in the next section.

3.2. Equality of graphs

The sensitivity of resistance distance can be felt by every vertex of the graph. Even a small local
change, such as the addition of a single edge between two vertices (or even a change to a single
edge’s weight), has ripple effects throughout the entire graph. In fact, Rayleigh’s Monotonicity
Principle states that decreasing the resistance of any edge cannot cause the effective resistance
between any two nodes to increase. What we show is that, for any connected graph, for any vertex
s in this graph, adding an edge (or decreasing its resistance for weighted graphs) causes a strict
decrease in the resistance distance between s and some other vertex. In a sense, this gives a ‘strict
monotonicity’ property for connected graphs, wherein lowering resistance on any edge guarantees
there is a pair involving every vertex for which the effective resistance on that pair decreases.

Lemma 10 Let G = (V,EG, wG) and H = (V,EH , wH) be two connected n-vertex graphs such
that for every pair (a, b) ∈ V × V , wG(a, b) ≤ wH(a, b) and there exists (u, v) ∈ V × V such
that wG(u, v) < wH(u, v) strictly. Then for every s ∈ V there exists a vertex t ∈ V such that
RH(s, t) < RG(s, t).

10
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Proof By Rayleigh’s monotonicity law, it suffices to prove the given statement for the following
case: suppose that all pairs other than (u, v) have equal weights, and only wG(u, v) < wH(u, v).

Let s ∈ V be any vertex, and suppose without loss of generality that there exists an s to u path
π that avoids v. This assumption is alright as at most one of the following conditions holds: (1) u is
a cut vertex that separates s from v, and (2) v is a cut vertex that separates s from u.

Now, let f : EG → R be the electrical s to v flow in G, and let f ′ : EH → R be the same flow
in H , i.e..

f ′(e) =

{
f(e) e ∈ EG

0 otherwise

Note, by Thompson’s law, RG(s, v) = E(f), and RH(s, v) ≤ E(f ′) as f ′ is not necessarily an
electrical flow. We show by considering two cases that in fact RH(s, v) < E(f ′).

First, we consider the case that f(u, v) = 0 (in particular that can happen if wG(u, v) = 0.)
We say that a vertex x ∈ V is used by f ′ if some edge incident to x has a non-zero f ′ value. Let
r ∈ V be the closest vertex to u on π that is used by f ′ (note r can be equal to s or u). Then, let
π′ = π[r, u] ◦ (u, v) be the r to v path in H , and note that none of the edges of π′ is used in f ′.
Also, since r is used by f ′ there is at least one r to v path γ′ in f ′ that has positive f ′ value on all its
edges. Now, we build f ′′ in H by sending an ε amount of flow on π′, and pushing back an ε amount
of flow on γ′, i.e.

f ′′(e) =


ε e ∈ π′

f ′(e)− ε e ∈ γ′

f ′(e) otherwise.

It follows that,

g(ε) = E(f ′′)−E(f ′) =
∑
e∈π′

(wH(e)−1 · ε)2+
∑
e∈γ′

(
(wH(e)−1 · (f ′(e)− ε))2 − (wH(e)−1 · f ′(e))2

)
.

Thus,
dg

dε
= 2ε

∑
e∈π′

(wH(e)−1)− 2
∑
e∈γ′

wH(e)−1 · (f ′(e)− ε)

which, when evaluated at ε = 0, is −2
∑

e∈γ′ wH(e)−1 · f ′(e) < 0. Since g(0) = 0, and the
derivative of g is negative at 0, for sufficiently small values of ε, g(ε) < 0, which means E(f ′′) <
E(f ′). But, we already know RH(s, v) ≤ E(f ′′) and RG(s, v) = E(f ′), implying, in the case that
wG(u, v) = 0, the proof is complete.

Second, we consider the case that f(u, v) > 0. In this case, we have wG(u, v) > 0, as otherwise
f cannot use the non-existent edge. Then trivially

E(f) =
∑
e∈EG

(wG(e)
−1 · f(e))2 >

∑
e∈EG

(wH(e)−1 · f(e))2 = E(f ′)

concluding the proof.

This property of subgraphs allows for a simple algorithm with a linear query complexity that
detects if one graph is equal to another, assuming its weights have monotonically increased or
decreased.

11
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Theorem 11 Let G = (V,EG, wG), H = (V,EH , wH) be n-vertex graphs, where G is visible and
H is hidden. Suppose wG(e) ≤ wH(e) for every edge e ∈ EG ∪ EH and there exists at least one
edge e′ such that wG(e

′) < wH(e′) strictly (or, similarly, wG(e) ≥ wH(e) for every e and there
exists e′ such that wG(e

′) > wH(e′)). Then, there exists an algorithm that decides whether G = H
using n− 1 ER queries.

Proof Let s ∈ V be an arbitrary vertex. For all v ∈ V \{s}, our algorithm queries RH(s, v) and
computes RG(s, v). We accept if RH(s, v) = RG(s, v) for all v and reject otherwise. If G = H all
these ER distances are equal and the algorithm correctly accepts. On the other hand, by Theorem 10,
if G ̸= H , there will be at least one v ∈ V for which RG(s, v) ̸= RH(s, v), thus our algorithm
correctly rejects.

For unweighted graphs, this implies a linear query complexity algorithm for detecting wether
two graphs are equal, assuming one is a subgraph of the other.

3.3. Cut vertices

Now, we use Theorem 7 to test whether a given vertex is a cut vertex, or two given vertices belong to
the same biconnected components, both with linear number of ER queries. Now, we use Theorem 7
to test whether a given vertex is a cut vertex, or two given vertices belong to the same biconnected
components, both with linear number of ER queries.

Theorem 12 Let G = (V,E) be an undirected, weighted or unweighted, graph, and let n = |V |.

(1) There exists an algorithm that decides whether a vertex v ∈ V is a cut vertex using 2n− 3 ER
queries.

(2) There exists an algorithm that decides whether two vertices a, b ∈ V are in the same bicon-
nected component using 2n− 3 ER queries.

Proof First, we prove (1). To decide if v is a cut vertex, our algorithm fixes some u ∈ V \ {v},
and queries R(u, v). For every w /∈ {u, v}, we will then query R(u,w) and R(v, w). Therefore,
we have a total number of 2(n − 2) + 1 = 2n − 3 queries. Our algorithm concludes that v is a
cut vertex if and only if there exists a w ∈ V , w ̸= v, such that R(u,w) = R(u, v) + R(v, w). If
v is a cut vertex, then removing it separates u from at least one other vertex w in G, i.e. w can be
any vertex that is in a different connected component from u in G\{v}. In this case, by Theorem 7,
R(u,w) = R(u, v) + R(v, w), and our algorithm correctly decides that v is a cut vertex. On the
other hand, if v is not a cut vertex, then R(u,w) = R(u, v) + R(v, w) does not hold for any w, by
Theorem 7. Therefore our algorithm correctly decides that v is not a cut vertex.

Next, we prove (2). To decide if a and b belong to the same biconnected compoenent, we query
R(a, r) and R(b, r) for every r ∈ V , hence 2n− 3 number of ER queries. Our algorithm concludes
that a and b are in different biconnected component if and only if R(a, r) + R(r, b) = R(a, b) for
some r ∈ V , r ̸= a, b. If a and b are in different biconnected components, by Theorem 7, there
exists an r that makes the triangle inequality tight. Therefore, our algorithm correctly decides that
a and b are in different biconnected components. On the other hand, if a and b belong to the same
biconnected component, the triangle inequality is not tight for any r ∈ V , by Theorem 7. Hence,
our algorithm correctly decides that a and b are in the same biconnected components.

12
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3.4. Cut edges

Not only can we characterize cut vertices by resistance distance, but we can also do the same for
cut edge. For a cut edge, we show that for any vertex in the graph, its resistance distance to each of
the endpoints of the edge cut differ by exactly one.

Lemma 13 Let G = (V,E) be a connected undirected unweighted graph. A pair of vertices
a, b ∈ V is a cut edge if and only if |R(a, x)−R(b, x)| = 1 for all x ∈ V .

Proof Suppose that |R(a, x)−R(b, x)| = 1 for all x ∈ V . Let A and B be sets such that A = {x ∈
V | R(b, x) = R(a, x) + 1}, i.e. vertices that are closer to a than b, and B = {x ∈ V | R(a, x) =
R(b, x)+1}, i.e. vertices that are closer to b than a. By the assumption of lemma, A and B partition
V . In particular, note a ∈ A and b ∈ B. For any a′ ∈ A, we have R(a′, b) = R(a′, a) + 1 =
R(a′, a)+R(a, b). So, by Theorem 7, a is a cut vertex that separates any a′ ∈ A\{a} from b. Using
the same argument, we conclude that b is a cut vertex that separates any b′ ∈ B\{b} from a.

Now, let π be the shortest a to b path. Since for every vertex x in V \{a, b} either a separates x
from b or b separates x from a, π cannot have any vertex other than a and b. So, (a, b) ∈ E. Also,
R(a, b) = |R(a, b)−R(b, b)| = 1. So, by Theorem 4, (a, b) is a cut edge

To see the other direction, we suppose (a, b) is a cut edge. Let A ⊆ V and B ⊆ V be the
subset of vertices in the connected component of a and b in G\{(a, b)}, respectively. We know that
R(a, b) = 1 by Theorem 4. We also know that a is a cut vertex separating A from b, and b is a cut
vertex separating a from B. Therefore, by Theorem 7, for any vertex x ∈ A, R(x, b) = R(x, a) +
R(a, b) = R(x, a)+1. Similarly, for any vertex x ∈ B, R(x, a) = R(x, b)+R(a, b) = R(x, b)+1.
Since {A,B} is a partition of V , |R(a, x)−R(b, x)| = 1 for all x ∈ V as desired.

To decide if a pair of vertices a, b ∈ V are adjacent via a cut edge, we query R(a, x) and R(b, x)
for all x ∈ V , and check if |R(a, x)− R(b, x)| = 1 holds for all of them. Therefore, we obtain the
following algorithm.

Theorem 14 Let G = (V,E) be an undirected, weighted or unweighted graph, and let n = |V |,
and let a, b ∈ V . There exists an algorithm that decides whether (a, b) is a cut edge using 2n − 3
ER queries.

4. Property testing

Next, we present our algorithms for testing properties of a hidden graph using ER queries. A graph
property is a set of graphs that is closed under isomorphism, such as connectivity, acyclicity or pla-
narity. The algorithms in this section are approximate in the sense that they guarantee correctness
only if the input graph either possesses the desired property or is far from having it. This approx-
imate testing model has been extensively studied within the property testing framework Goldreich
(2017). Our results are most closely related to the bounded-degree model.

In this model the input graph is assumed to have maximum degree d, which is bounded by
a constant. The algorithm can query the neighbors of a vertex. A graph is ε-far from having a
property if more than εdn edge modifications are required to make it satisfy that property. The
query complexity in this models is often described as a function of n and ε. See Goldreich (2017,
Section 9) for more on this model.

13
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In this section, we provide property testing algorithms for vertex biconnectivity and edge bi-
connectivity. Additionally, we present a theorem that allows us to adapt existing property testing
algorithms to our query model. The number of queries required depends on the ER density, a graph
parameter that we introduce and define. We demonstrate that bounded-degree, bounded-treewidth
graphs have small ER density, making them well-suited for efficient property testing algorithms
under our framework.

4.1. Testing vertex biconnectivity

First, we use Theorem 12 to show that the vertex biconnectivity of a graph can be tested with a
linear number of queries.

Theorem 15 Let ε > 0 and let G = (V,E) be an undirected graph with n vertices. There
exists an algorithm that makes O(n/ε) effective resistance queries that accepts with probability 1
if G is vertex biconnected, and rejects with probability at least 2/3 if G is ε-far from being vertex
biconnected, i.e., one needs to add at least εm edges to make G vertex biconnected.

Proof First, we check that G is connected by making n− 1 queries. Specifically, we check that an
arbitrary vertex v is at finite distance from all other n− 1 vertices. If G is not connected we reject.
So, we assume G is connected in the rest of the proof, which in particular implies that m ≥ n− 1.

Our algorithm takes an arbitrary vertex v ∈ V , and samples s = 4/ε other vertices u1, . . . , us
uniformly at random. It rejects if any of the following conditions holds: (1) v is a cut vertex, or
(2) there exists 1 ≤ i ≤ s such that v and ui belong to different biconnected components. If none
of these two conditions hold, our algorithm accepts. Both of these conditions can be checked with
O(s · n) = O(n/ε) ER queries using the algorithm of Theorem 12.

If G is biconnected then none of the two conditions hold, thus our algorithm accepts.
Now, suppose G is ε-far from being biconnected. If v is a cut vertex our algorithm rejects, so

suppose v is not a cut vertex, and it blongs to a biconnected component B.
As G is ε-far from being biconnected, it contains at least εm + 1 ≥ ε(n − 1) + 1 biconnected

components. Therefore, its largest biconnected component, and in particular B, has at most n −
ε(n− 1) = n− εn+ ε ≤ n− εn+ ε(n/2) = (1− ε/2)n vertices. Therefore, with probability at
least 1− (1− ε/2)s ≥ 1− e−(ε/2)·s ≥ 1− e−2 ≥ 2/3, there exists a 1 ≤ i ≤ s such that ui /∈ B.
Since, v is not a cut vertex, in this case, v and ui belong to two different biconnected components,
hence our algorithm rejects.

4.2. Local reconstruction via Schur complement

Our result for adapting known property testing algorithms relies on an algorithm that identifies the
neighbors of a given vertex with ER queries. This algorithm exploits properties of the Schur
complement stated in Theorem 6, as well as the algorithm of Theorem 1 for full reconstruction of a
graph from its pairwise ER distances.

Corollary 16 Let G = (V,E) be a weighted graph, and let U ⊆ V . The Schur complement of G
on U , GU , can be computed with

(|U |
2

)
effective resistance queries.
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We denote the unit ball around a vertex v ∈ V with respect to the effective resistance metric by
BR(v) := {u ∈ V | R(u, v) ≤ 1}. It follows from Theorem 16 that we can find neighbors of a
given vertex, provided that there are not too many vertices in its unit ball in the ER metric of the
graph.

Corollary 17 Let G = (V,E) be an unweighted graph and u ∈ V . Then, one can find all
neighbors of u with O(n+ |BR(u)|2) ER queries.

Proof We start by computing BR(u), which we can do by querying for the ER distance between
u and each of the other n − 1 vertices. All neighbors of u in G are at ER distance at most one
by Theorem 4, and hence contained in BR(u). Therefore, by Theorem 6, u’s neighborhood is
preserved in the Schur complement GBR(u). So, we can find the neighbors of u by constructing the
Schur complement, GBR(u), which can be done with O(|BR(u)|2) ER queries by Theorem 16.

We will use Theorem 17 in two different ways: to test edge biconnectivity for a general graph,
and to adapt property testing algorithms for graphs whose unit balls contain a bounded number of
vertices.

4.3. Testing edge biconnectivity

Next, we show an algorithm to test edge biconnectivity of a graph. Our algorithm relies on Theo-
rem 17 to find neighbors of vertices, which facilitates breadth-first search in a hidden graph.

Theorem 18 Let G = (V,E) be an undirected graph with n vertices and let 0 < ε ≤ 1. There
exists an algorithm that makes O(n/ε2 + 1/ε4) ER queries and behaves as follows. It accepts with
probability 1 if G is edge biconnected, and rejects with probability ≥ 2/3 if G is ε-far from being
edge biconnected, i.e., if one needs to add more than ε ·m edges to make G edge biconnected.

Proof As in the proof of Theorem 15, we first check that G is connected using n − 1 ER queries,
and if it is not we reject. So, we assume G is connected in the rest of the proof, which in particular
implies that m ≥ n− 1.

Our algorithm samples a set S ⊆ V of 16/ε vertices uniformly at random. We call a biconnected
component small if its size is at most 4/ε. We call a biconnected component low-degree if it is
incident to at most two cut edges. A tree can be obtained by contracting all edge-biconnected
components of the graph. Since the average degree of any tree is less than two, it follows that at
least half of the biconnected components must have a low degree.

At a high level, our algorithm checks if any of the sampled vertices in S belong to a biconnected
component that is both small and low-degree with a BFS-like algorithm. It rejects if it finds such
a biconnected component and accepts otherwise. For each s ∈ S, our algorithm simulates a BFS
starting at s, that can end in three different ways: (1) the BFS finds a cut edge, hence it decides that
G is not edge biconnected, (2) the BFS finds more than 4/ε+ 2 vertices that are either in the same
biconnected component of s, or are incident to cut edges of this biconnected component, hence it
decides that the biconnected component of s is not small or not low-degree.

To simulate BFS, upon taking a vertex u from the queue, we query all effective resistances from
u, and compute the unit ER ball centered at u, BR(u). Note, every vertex that is strictly inside this
ball is in the same edge biconnected component of u. Also, every vertex on the surface of this ball,
is either in the same edge biconnected component, or it is adjacent to u via a cut edge (Theorem 4).
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Therefore, if |BR(u)| > 4/ε+2, the edge biconnected component of u (and also the sampled point
that is the root of this BFS call) cannot be both small and low-degree. In this case, we continue to the
next sample point. Otherwise, if |BR(u)| ≤ 4/ε + 2, we compute the neighbors of u with another
|BR(u)|2 = O(1/ε2) queries, using the algorithm of Theorem 17, and check if any of the incident
edges of u is a cut edge, by checking if its effective resistance is exactly one, using Theorem 4.
If we find a cut edge then we reject. Otherwise, we continue the BFS until we visit at least 4/ε
vertices. In that case, we continue to the next sampled point, as the biconnected component of the
current sampled point is larger than 4/ε, and hence not small.

For each vertex v that the BFS visits, it spends O(n) queries to compute BR(v), and O(1/ε2)
queries to compute the neighbors of v. For each sampled vertex in S, BFS visits O(1/ε) vertices,
the size limit for low-degree small biconnected components. Therefore, the total number of queries
is |S| ·O(1/ε) ·O(n+ 1/ε2) = O(n/ε2 + 1/ε4).

If G is edge biconnected, our algorithm accepts with probability one, as it will not find a cut
edge.

If G is ε-far from edge biconnectivity, then it contains at least εm+ 1 ≥ ε(n− 1) edge bicon-
nected components. At least half of them, i.e. ε(n − 1)/2 of them, are low-degree. On the other
hand, G (which has n vertices) can contain at most εn/4 edge biconnected components of size at
least 4/ε. Thus, assuming ε ≤ 1 and n ≥ 8, there are at least ε(n − 1)/2 − εn/4 ≥ εn/8 small
edge biconnected components, i.e., of size at most 4/ε, that are incident to at most two cut edges.
In particular, these low-degree small biconnected components have at least εn/8 vertices in total.
Hence, our sample S (of size 16/ε) contains at least one vertex from a low-degree small biconnected
component with probability at least 1− (1− ε/8)−16/ε ≥ 1− e−2 ≥ 2/3. Therefore, our algorithm
rejects with at least this probability.

4.4. The ER density and property testing with ER queries

Theorem 17 implies the following meta theorem, which allows us to adapt any property testing
algorithm within the bounded-degree model to a property testing algorithm with ER queries. The
query complexity of our algorithm depends on the ER density ρR(G) of the graph G, which we
define as the maximum size of any ER unit ball, i.e., ρR(G) := maxv∈V |BR(v)|.

Theorem 19 Let G = (V,E) be a graph with ER density ρ = ρR(G). Let A be any property testing
algorithm for problem P in the bounded-degree model with f(ε, n) running time. Then, there is a
property testing algorithm for problem P that uses O(f(ε, n) ·(n+ρ2)) effective resistance queries.

Remark 20 We remark that the linear dependency on n in Theorem 18 and Theorem 19 can be
eliminated if we have an oracle that returns the vertices in the order of their distance to a vertex
v, allowing us to stop querying at any point. Then, to discover the vertices in a unit ball around v,
BR(v), we only need to spend |BR(v)| queries as opposed to n− 1.

Property testing in the bounded-degree model is a well-studied subject with many fundamental
results. To name a few, there are f(1/ε) time testers to decide if a graph (1) contains a fixed
subgraph, (2) is regular, (3) is k-connected, or (4) belongs to a minor closed family (e.g., planar
graphs). (See Goldreich (2017) for a more extensive list of results.)
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Theorem 19 can be used to adapt all these results to algorithms with ER queries. However, this
comes with an additional cost of a factor of (n + ρ2). There exist graphs for which ρ2 is large,
making the theorem less useful—for example, in the case of expander graphs.

However, we show that ρ is bounded for bounded-degree bounded treewidth graphs. As a result,
all the aforementioned results from the bounded-degree model can be adapted to bounded treewidth
graphs with an additional factor of n in the number of queries. In most cases, this leads to a linear
number of ER queries, as opposed to the quadratic number required when reconstructing the entire
graph.

ER density of bounded treewidth graphs. We use the following two fundamental results of
Bodlaender (1999) on domino tree decompostion and Nash-Williams (1959) on a lower bound for
ER distance of two vertices towards showing that bounded-degree bounded treewidth graphs have
boudned ER density.

Lemma 21 (Bodlaender (1999, Theorem 3.1)) Let G = (V,E) be a graph with maximim degree
dG and treewidth wG. Then, G has a tree decomposition of width O(wGd

2
G), in which each vertex

is in at most two bags. 3 Moreover, the degree of each bag in the tree decomposition is O(wGd
2
G).

The last part of the statement is not explicit in Bodlaender (1999). However, it is easy to con-
clude by observing that each neighbor of a bag B has at least one vertex in common with B,
assuming the underlying graph is connected. Therefore, since each vertex appears in at most two
bags, the number of neighbors of a bag cannot be larger than its size.

Lemma 22 (Nash-Williams (1959)) Let G = (V,E) be a graph and let s, t ∈ V . Let S1, S2, . . . , Sk

be such that s ∈ Si and t ̸∈ Si for all i ∈ [k], and such that the edge sets E(Si, V \Si) are pairwise
disjoint. Then,

R(s, t) ≥
k∑

i=1

1

|E(Si, V \Si)|
.

Lemma 23 Let G = (V,E) be a graph with maximum degree dG, and let (B, T ) be a tree de-
composition of G with width wT and maximum degree dT . Also, suppose that each vertex of G
appears in at most bT bags of T . Let s, t ∈ V , let Bs, Bt ∈ B be any two bags that contain s and t,
respectively, and let rT (s, t) be the distance of these bags in T .

rT (s, t) ≤ 4bT · dG · wT ·R(s, t) .

Proof If rT (s, t) < 4bT , the statement of the lemma holds. Thus, assume rT (s, t) ≥ 4bT .
Let p = rT (s, t), and let Bs = B1, . . . , Bp = Bt be the unique Bs, Bt path in T . We know that

each vertex of G is in at most bT bags. Moreover, we know that these bags form a connected induced
tree in the tree decomposition. Therefore, for each i ∈ [p − bT ], Bi and Bi+bT+1 are disjoint. We
conclude that there is a subsequence B′

1, . . . , B
′
q of B1, . . . , Bp such that (1) q ≥ ⌊p/bT ⌋ − 2, (2)

s, t ̸∈ B′
i for i ∈ [q], and (3) for each 1 ≤ i < j ≤ q, B′

i and B′
j are disjoint (we need −2 in

condition (1) because of condition (2)). Note, q ≥ 1 because p ≥ 4bT .

3. Such a decomposition is called a domino decomposition, and the smallest width of a domino decomposition is called
domino treewidth.
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Note, for each i ∈ [q], B′
i is a vertex cut that separates s and t in G. Let Si

1, . . . , S
i
ri be the

connected components of V \ B′
i with s ∈ Si

1 and t ∈ Si
ri . Then, let S′

i := Si
1 ∪ · · · ∪ Si

ri−1 ∪ B′
i,

and observe that s ∈ S′
i and t ̸∈ S′

i.
Moreover, for each i ∈ [q], each edge in E(S′

i, V \S′
i) has one endpoint in B′

i (note, in particular,
V \S′

i = Si
ri). Since the bags B′

i are disjoint, we conclude that the edge sets E(S′
i, V \S′

i) for i ∈ [q]
are disjoint. We also conclude that for every i ∈ [q],

|E(S′
i, V \S′

i)| ≤ dG · |B′
i| ≤ dG · wT .

It follows by Theorem 22 that

R(s, t) ≥ q

dG · wT
≥ ⌊p/bT ⌋ − 2

dG · wT
≥ p/bT − 3

dG · wT

≥p/bT − (3/4) · (p/bT )
dG · wT

=
(1/4) · p

bT · dG · wT
=

(1/4) · rT (s, t)
bT · dG · wT

,

where the last inequality holds as p ≥ 4bT ⇒ 3 ≤ (3/4) · (p/bT ).

Theorem 24 Let G = (V,E) be a graph with maximum degree dG and treewidth wG. Then the
ER density ρR(G) of G is (wGdG)

O(wGd3G). In particular, a graph with constant maximum degree
and constant treewidth has constant ER density.

Proof By Theorem 21 there exists a tree decomposition T of G with maximum degree dT =
O(wGd

2
G) and width wT = O(wGd

2
G) in which each vertex appears in at most bT = 2 bags.

Let s ∈ V , and let Bs be h the bag in T that contains s. By Theorem 23, vertices with ER
distance at most one from s (i.e., vertices in BR(s)), are in bags of distance at most α := max(4bT ·
dG · wT , 4bT ) = 4bT · dG · wT from Bs in T .

There are at most
∑α

i=0 d
i
T = (dα+1

T − 1)/(dT − 1) ≤ dα+1
T such bags, assuming dT ≥ 2, that

collectively contain at most

wT · dαT = wT · d4bT ·dG·wT+1
T = wGd

2
G · (wGd

2
G)

O(d3G·wG) = (wGdG)
O(d3G·wG)

vertices.

Therefore, the ER density of a graph G is a constant if it has constant maximum degree and constant
treewidth. In that case, Theorem 19 implies a property testing algorithm with a linear number of ER
queries, if a constant-time property testing algorithm is known in the bounded-degree model.

ER density of bounded-degree planar graphs. We next show that bounded-degree planar graphs
are another class of graphs that have bounded ER-density. This follows from the following lemma in
Jonasson and Schramm’s work on covering times on planar graphs Jonasson and Schramm (2000).

Lemma 25 ((Jonasson and Schramm, 2000, Lemma 3.1)) Let d ∈ Z+ be a constant. Then there
exist positive real constants cd, rd ∈ R such that the following holds for every planar graph G =
(V,E) with maximum degree d. For every subset of vertices W ⊆ V , there exists V ′ ⊆ W with
|V ′| ≥ |W |cd such that for any distinct u, v ∈ V ′, R(u, v) ≥ rd · log |W |.
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We next derive the fact that bounded-degree planar graphs have bounded ER-density as a corol-
lary of Theorem 25.

Corollary 26 Let G = (V,E) be a planar graph with maximum degree d. Then the ER density
ρR(G) of G is Od(1), i.e., at most a constant depending only on d.

Proof Let v ∈ V be such that |BR(v)| = ρR(G) where BR(v) := {u ∈ V | R(u, v) ≤ 1}. Then
by Theorem 25, there exist constants cd, rd > 0 and a subset V ′ ⊆ BR(v), |V ′| ≥ (ρR(G))cd such
that for all distinct u,w ∈ V ′, R(u,w) ≥ rd · log(ρR(G)). In particular, there exist u,w ∈ BR(v)
such that R(u,w) ≥ rd · log(ρR(G)) since if |V ′| ≤ 1 then ρR(G)cd ≤ 1 and the argument would
be finished. However, the assumption that u,w ∈ BR(v) and the triangle inequality imply that
R(u,w) ≤ 2, and so rd · log(ρR(G)) ≤ 2. It follows that ρR(G) ≤ 22/rd = Od(1), as needed.

5. Shortest Path versus Effective Resistance Queries

In this section, we motivate the study of effective resistance queries by showing that they are in-
comparable in power to shortest path queries. Specifically, we show that sometimes it is (provably)
possible to use fewer effective resistance queries to solve a given task, and sometimes it is possible
to use fewer shortest path queries.

Our first result asserts that it is more efficient to check whether a graph is a clique using effective
resistance queries than shortest path queries.

Theorem 27 There is an algorithm for testing whether a graph G with n vertices is a clique (i.e.,
whether G = Kn) using O(n) effective resistance queries, but any such algorithm requires Ω(n2)
shortest path queries.

Proof As shown in Theorem 11, it is possible to check using O(n) effective resistance queries
whether two graphs G and H are equal, assuming that G is a subgraph of H . The algorithm for
checking that G is a clique follows from the special case of this result when H = Kn, as every
graph is a subgraph of Kn.

The lower bound for shortest path queries works as follows. Suppose that G is either equal to
Kn or equal to Kn \ {e} for a single unknown edge e. Any shortest path query on u, v will return
the same value (i.e., 1) in either of these two cases, except when u and v are the endpoints of e. It
follows that any algorithm requires

(
n
2

)
shortest path queries.

Our second result asserts that it is more efficient to check whether two given vertices in G are
adjacent using shortest path queries than effective resistance queries.

Theorem 28 There is an algorithm for testing whether two given vertices u, v ∈ V in a simple
graph are adjacent using 1 shortest path query, but any algorithm for this problem requires Ω(n)
effective resistance queries.

Proof It is possible to check whether u, v are adjacent using a single shortest path query since u and
v are adjacent if and only if the length of the shortest path between them is 1.

On the other hand, consider the problem of deciding whether the underlying graph is (1) G
or (2) of the form H = Hi,j for some i, j using effective resistance queries, where these graphs
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v1 v2
G =

vi

vj

...
...

v1

vi

vj

H = Hi,j =

v2

Figure 1: A pair of unweighted graphs G and Hi,j on n vertices that require Ω(n) effective resistance
queries to distinguish; see Theorem 28. The effective resistance between v1, v2 is the same in
both graphs (i.e., RG(v1, v2) = RH(v1, v2) = 1) despite v1, v2 being adjacent in G but not in
Hi,j .

are as shown in Figure 1. I.e., G consists of two star graphs on n/2 vertices whose centers v1, v2
are connected by an edge, and H = Hi,j consists of two star graphs on n/2 − 1 vertices whose
centers v1, v2 form a square with the vertices vi, vj , where i, j ∈ {3, . . . , n}, i ̸= j are unknown.
In particular, the graphs G and H are on the same set of vertices V = {v1, . . . , vn}, but in G, v1
and v2 are adjacent, and in H , v1 and v2 are not adjacent. So, the problem of deciding whether
the underlying graph is G or H reduces to checking whether v1 and v2 are adjacent. To show
that checking adjacency requires Ω(n) effective resistance queries, it therefore suffices to show that
determining whether the underlying graph is G or H requires Ω(n) such queries.

One can check that RG(x, y) = RH(x, y) for all x, y ∈ V \ {vi, vj}, and in particular that
RG(v1, v2) = RH(v1, v2) = 1. So, to decide whether the underlying graph is G or H , it is
necessary to perform a query involving either vi or vj . However, i, j are unknown, and so any
(possibly adaptive) sequence of queries R(x, y) necessarily including vi and vj must be of length at
least (n− 2)/2 = Ω(n).

Put together, Theorems 27 and 28 show that shortest path queries and effective resistance queries
can each be asymptotically more efficient than the other for some verification tasks, and so neither
type of query subsumes the other—they are incomparable. Understanding their relative power is
therefore quite interesting. We also note that Theorem 28 shows that testing whether a given pair of
vertices is adjacent takes Ω(n) effective resistance queries, but we do not know if this is tight. In
fact, we do not have a better upper bound than the trivial

(
n
2

)
queries needed to recover the whole

graph. Finding tight bounds for this problem is therefore an interesting question.

6. Graph Reconstruction via Effective Resistance Queries

We give algorithms solving two graph inference problems, the first being full reconstruction of a
graph from resistance distance queries given a tree decomposition, and the second being the problem
of completing a graph for which the adjacency matrix is only partially known. For the former, ,
we utilize the technique of reconstructing the Schur complement for a subset of vertices to obtain
the overall graph. For the latter one, we rely on the property that effective resistance appears as
directional derivatives of certain functions of the space of positive definite matrices.
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6.1. Graph Reconstruction from a Tree Decomposition

Next, we show that a graph can be reconstructed quickly provides a tree decomposition of a small
width. Estimating such a tree decomposition is a more challenging task that we leave as an open
question. Our results in this section relies on properties of Schur complement of Theorem 6.

Corollary 29 Let G = (V,E) be a graph, and let (B, T ) be a tree decomposition of G of width
k ∈ N. Also, let B ⊆ B be a bag of T that has degree one, and let P ⊆ B be the parent of B. For
all vertices u ∈ B \ P we can determine their neighborhood using

(
k
2

)
effective resistance queries.

Proof Any vertex u ∈ B \ P does not appear in any other bag of T , because vertices only appear
in connected induced trees of T . Thus, all its neighbors have to appear in B, because every edge
of the graph must appear in at least one bag. It follows, by Theorem 6 that the neighborhood of u
is identical in G and the Schur complement GB\P . Thus, we can discover them by reconstructing
GB\P , with

(|B|
2

)
=

(
k
2

)
ER queries using Theorem 1.

Using this, we can obtain the adjacency of vertices that belong only in a leaf bag. Recursively,
the vertices exclusive to that leaf bag can be eliminated via the Schur complement. What we show
is that removing this bag, as a node, from the tree decomposition, gives a valid tree decomposition
for the new graph, with those vertices being eliminated.

Lemma 30 Let G = (V,E) be a graph with a tree decomposition (B, T ) of treewidth k. For any
bag of degree one, B ∈ B, and its parent P ∈ B, the subtree T ′ induced by B′ = B \ {B} forms a
valid tree decomposition of the Schur complement graph G′ = GV \(B\P ).

Proof We must show (1) every vertex of V \(B\P ) is present in a bag of B′, (2) for any edge in
G′ there is a bag in B′ that contains both of its endpoints, and (3) every vertex of of G′ exists in a
contiguous subtree of T ′. Property (3) is guaranteed since we removed a leaf from T to obtain T ′,
which does not disconnect any induced subtree of T .

To show property (1), note the vertex set of G′ is exactly V \ (B \ P ). Let v ∈ V \ (B \ P ).
If v /∈ B then there is a bag B′ ̸= B such that v ∈ B′, otherwise (B, T ) is not a valid tree
decomposition. Otherwise, if v ∈ B then it must be the case that v ∈ P , since v ∈ V \ (B \ P ).
Therefore, v is in a bag of B′, namely P .

Finally, we show property (3). For any edge e in the Schur complement graph GV \(B\P ), either
e ∈ E or e is created during the Schur complement process. If e ∈ E then it is in a bag of B,
therefore, in a bag of B\{B}. Otherwise, e = (u, v) such that u, v are in the neighborhood of B\P ,
as the edge is created after reducing B\P . In this case, since all the neighbors of B\P are in P , we
have that u, v ∈ P , as desired.

Having shown both that we can obtain the entire adjacency of ‘interior vertices’ of a leaf bag, and
that removing such bags gives a tree decomposition of the Schur complement with those vertices
eliminated, the algorithm becomes clear.

Theorem 31 Let G = (V,E) be an undirected weighted graph and suppose that a tree decompo-
sition (B, T ) of G is given that has width k. There exists an algorithm to reconstruct G in O(k2n)
ER queries.
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Proof Our algorithm inductively reconstructs G by considering its tree decomposition T . Let B
be a bag of T with exactly one neighbor P in T , and let U = B\P . We can assume U is non-
empty, as otherwise, we can drop B and obtain a tree decomposition of T with fewer bags. We can
compute all the neighbors of all the vertices in U with O(k2) ER queries by Theorem 29. Then,
we recursively compute the Schur complement GV \U . To that end, we use the fact that T\{B} is
a valid tree decomposition of GV \U , which holds by Theorem 30, and that the ER queries between
two vertices of V \U return their effective resistance in this Schur complement (which is equal to
their effective resistance in G).

To finish our reconstruction, we need to build G provided the neighborhood of U (computed by
the algorithm of Theorem 29) and the Schur complement GV \U (computed recursively). To that end,
let L be the Laplacian of G, and observe that we know L(U,U), L(U,U) and L(U,U), since we
know the neighbors of every vertex in U . Moreover, we know LU from our recursive computation.
Hence, we can compute L(U,U), as by the definition of Schur complement (Equation (4)),

L(U,U) = LU + L(U,U)L(U,U)+L(U,U).

Overall, we know all four submatrices of L, hence we know L.

6.2. Graph Completion with Minimal Query Complexity

Next, we consider the problem of graph completion. Let G = (V,E) be a connected weighted
graph whose adjacency matrix is partially known, with exactly k unknown entries. The goal of the
graph completion problem is to identify these unknown entries using the minimum number of ER
queries.

It is straightforward to recover G using O(n2) ER queries by simply ignoring the known part of
the adjacency matrix and applying Theorem 1. Furthermore, by leveraging the Schur complement,
one can recover G with O(k2) ER queries (Theorem 32). However, we show that k ER queries are
sufficient to reconstruct G when the edge weights are drawn from a finite set, and in particular, for
unweighted graphs (Theorem 37).

6.2.1. QUADRATICALLY MANY ER QUERIES

To warm up, we present the following simple application of the Schur complement together with
the known algorithm for fully reconstructing a graph, to recover G with O(k2) ER queries.

Theorem 32 Let G = (V,E,wG) be an weighted graph. Suppose k entries of the adjacency
matrix of G are not known. There exists an algorithm to reconstruct G (i.e. to find the missing k
weights) with O(k2) ER queries. (The running time of the algorithm is poly(k) · n2).

Proof Let L be the Laplacian of G. Let U be the set of vertices that are incident to the edges with
unknown weights, and note |U | ≤ 2k. We use

(
2k
2

)
ER queries to obtain all ER values between

all pairs of vertices of U , and use Theorem 1 to compute the Schur complement LU . Then, since
L(U,U), L(U,U) and L(U,U) are already known, we can compute L(U,U) from the Schur com-
plement formula, Equation (4), LU = L(U,U) − L(U,U)L(U,U)+L(U,U) . Therefore, we can
have all four submatrices of L, hence G is recovered.
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6.2.2. LINEARLY MANY ER QUERIES

Next, we show that the effective resistance values between every pair of vertices whose correspond-
ing adjacency matrix entry is missing are sufficient to reconstruct G. We show that these ER values,
together with the known adjacency values, uniquely determine the graph. Specifically, given an
adjacency matrix of G with k entries missing we are able to fully reconstruct the adjacency matrix
using k ER queries.

The proof of this uniqueness result is, at a high level, very similar to the idea presented in the
MathOverflow post by Speyer (2021). However, we needed to adapt that idea to our setting with
effective resistance (Theorem 36) and establish a connection between the derivative of the function
studied there and effective resistance (Theorem 35). The application of this work to the context of
effective resistance is not immediately obvious, as, firstly, the Laplacian is not an invertible matrix,
and secondly, the construction of a function with strict convexity whose gradient is equal to a certain
set of effective resistance is non-trivial.

Basic matrix calculus. We briefly introduce some background from matrix calculus that we use
in this section. We refer the reader to Magnus and Neudecker (2019) for a comprehensive review.

We use X = (xi,j)(i,j)∈[n]×[n] to denote an n × n matrix of variables xi,j . We work with
functions f : Rn×n → R that map n × n matrices to real numbers. The derivative of such a
function f is an n× n matrix, denoted

∂f

∂X
=

(
∂f

∂xi,j

)
(i,j)∈[n]×[n]

.

A differentiable function f : D → R for D ⊆ Rm is strictly concave on D if D is convex and
if for any a, b ∈ D,

f(a)− f(b) <

(
∂f(a)

∂x

)T

(b− a).

See Boyd and Vandenberghe (2004, Section 3.1.3).
One can show that strict concavity implies uniqueness of gradients over the domain, i.e., that

∂f(a)/∂x ̸= ∂f(b)/∂x for a, b ∈ D,a ̸= b. Hence, we have the following lemma.

Lemma 33 ((Griewank et al., 1991, Theorem 1)) Let f : D → R be a strictly concave function
on a convex domain D ⊆ Rm. Then ∂f(a)/∂x ̸= ∂f(b)/∂x for any distinct a, b ∈ D.

We consider the function log det(·) defined on the set of n×n matrices. We specifically work on
the restriction of this function on the set of (symmetric) positive definite matrices, denoted S++

n ⊂
Rn×n. Positive definite matrices are invertible since all their eigenvalues are non-zero. Furthermore,
the set S++

n is known to form a cone and, in particular, is convex. We use the following fact, a proof
of which can be found in Boyd and Vandenberghe (2004, Section 3.5.1).

Lemma 34 The function f : Rn×n → R be the function defined as f(X) = log det(X) is strictly
concave on the set of positive definite matrices.

Uniqueness and reconstruction. We are now ready to present the main result. First, we establish
the uniqueness of graph completion given the ER values corresponding to the pairs of vertices with
unknown entries in the adjacency matrix.
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To this end, we study the function f = log det(·) and its derivative on the space of positive
definite matrices, which includes regularized Laplacians (recall Equation (3)). First, we show that
the directional derivatives of f in certain directions correspond to the effective resistances in graphs.
In the following proof, we define Es,t to be the n×n matrix whose (s, t) entry is equal to one and has
all other entries equal to zero. Recall from Section 2 that the edge Laplacian of an edge (s, t) ∈ E
is the matrix Ls,t := Es,s + Et,t − Es,t − Et,s. It is called the edge Laplacian as it is Laplacian of
the graph with n vertices and one edge (i, j).

In this section, we will view the regularized Laplacian of a graph as a function of its edge

weights. Specifically, define the map L̃ : R(
n
2)

≥0 → Rn×n as L̃(w) =
(∑

s,t∈(V2)
ws,tLs,t

)
+ 1

nJ , i.e,
the regularized Laplacian of the graph with weights w. Likewise, denote the graph with weights w
as G(w). A pair of nodes with weights ws,t = 0 means the edge (s, t) is not present in the graph.

Lemma 35 Let w ∈ R(
n
2)

≥0 be a set of graph weights such that G(w) is connected. Then for any
s, t ∈ V , we have

∂ log det L̃(w)

∂ws,t
= RG(w)(s, t) .

Proof Using the chain rule,

∂ log det(L̃(w))

∂ws,t
=

∂ log det(L̃(w))

∂L̃(w)
· ∂L̃(w)

∂ws,t
.

By (Petersen and Pedersen, 2012, Equation 51), ∂ log det L̃(w)

∂L̃(w)
= L̃(w)−1. The partial derivative

∂L̃(w)
∂ws,t

= Ls,t. Therefore,

∂ log det L̃(w)

∂L̃(w)
·∂L̃(w)

∂wst
= L̃−1(w)·Ls,t = L̃−1

s,s(w)+L̃−1
t,t (w)−L̃−1

s,t (w)−L̃−1
t,s (w) = RG(w)(s, t) ,

where · is the inner product of matrices, and the second equality follows from Theorem 5, Item 2.

Next, we present our uniqueness result based on the lemma above. At a high level, we con-
sider the space W of all regularized Laplacians that are consistent with the known part of G. We
show that the function log det(·) has distinct derivatives at every pair of points in W . Moreover,
these derivatives are uniquely determined by the effective resistances between pairs of vertices with
unknown adjacency entries. We conclude that knowing ER values between pairs of vertices with
missing adjacency values uniquely determines G.

Let G = (V,E,w) be a connected weighted graph with n vertices and non-negative edge
weights. Let K ⊔ U be a partition of

(
V
2

)
such that the weights on K are known and the weights of

U are unknown. Define the function L̃K : RU → Rn×n as

L̃K(x) :=
∑

(u,v)∈K

wu,vLu,v +
∑

(s,t)∈U

xs,tLs,t +
1

n
J .

That is, L̃K will be the regularized Laplacian of the graph with the same weights as G on K but
weights x on U . In particular, L̃K(wG|U ) = L̃(wG), where wG|U are the weights of G restricted
to the set U . We denote the graph with weights wG|K on K and weights x on U as GK(x)

24



GRAPH INFERENCE WITH ER QUERIES

Theorem 36 Let G = (V,EG, wG) be a connected weighted graph with nonnegative edge weights.
Let K⊔U be a partition of

(
V
2

)
, i.e., all pairs of vertices. If H = (V,EH , wH) is a connected graph

such that wG(u, v) = wH(u, v) for all (u, v) ∈ K and RG(s, t) = RH(s, t) for all (s, t) ∈ U , then
G = H , i.e., wG(s, t) = wH(s, t) for all (s, t) ∈ U .

Proof Throughout the rest of this proof, we will restrict the domain of L̃K to the space CK :=
{w ∈ RU

≥0 : GK(w) is connected}. We can make this restriction as both G and H are connected
by assumption. Observe that the image L̃K(CK) ⊂ S++, as the regularized Laplacian of connected
graphs are positive definite (see Theorem 5, item 3).

Now consider the composition log det L̃K : CK → Rn×n. By Theorem 34, log det is strictly
concave within S++

n . Thus, as the image of L̃K is contained in S++
n and the function L̃K is affine,

then the composition log det L̃K is strictly concave (see (Boyd and Vandenberghe, 2004, Section
3.2.2)).

Now, consider the partial derivative (∂ log det L̃K/∂ws,t)(x) for some (s, t) ∈ U . By The-
orem 35, this derivative equals (∂ log det L̃K/∂ws,t)(x) = RG(x)(s, t). In particular, for any
(s, t) ∈ U , the assumption of the theorem implies

∂ log det L̃K

∂wst
(wG|U ) = RG(s, t) = RH(s, t) =

∂ log det L̃K

∂wst
(wH |U ).

Thus, ∂ log det L̃K/∂w(wG|U ) = ∂ log det L̃K/∂w(wH |U ). By Theorem 33, this implies that
wG = wH , which means that G is equal to H .

To recover the unknown part of G, we first query the effective resistance for all pairs of vertices
with unknown adjacency entries. Theorem 36 ensures that these k values, together with the partially
known adjacency matrix of G, uniquely determine the graph. We then search over the set of possible
weights for the unknown adjacency entries to find a configuration that is consistent with our ER
queries.

Theorem 37 Let G = (V,E,w) be a connected undirected weighted graph with nonnegative edge
weights. Suppose that k of the edge weights of G are unknown (and the rest are known). Then
there exists an algorithm to reconstruct G (i.e., find the missing k weights) using k ER queries. As
a consequence, if the weights of G come from a known set of size s then the running time of the
algorithm is at most sk · poly(n), where n := |V |.

Proof Let K ⊔ U be a partition of
(
V
2

)
such that ws,t is known for (s, t) ∈

(
V
2

)
. Our algorithm

spends k = |U | ER queries to obtain the effective resistances for every pair of vertices in U .
Then, our algorithm search for edge weights of the pairs in U by exhaustively trying all sk

possibilities. For each candidate set of k weights W , our algorithm computes all pairs of effective
resistances in the completion of G with W , and checks if they are consistent with the k ER values
that are queried. If so, our algorithm returns W as the completion of G. By Theorem 36, there exists
exactly one set of weights that are consistent with our ER queries, therefore, our algorithm will find
them.

There are sk possibilities for the edge weights in U , and computing all of the effective resis-
tances of the graph corresponding to each of them takes poly(n) time. Hence, the entire process
takes sk · poly(n) time.
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6.3. Graph completion via convex optimization

In this section, we show that the graph completion problem can be solved with k effective resistance
queries by solving a convex optimization problem. As in Theorem 36, we assume there is a partition
K ⊔ U of

(
V
2

)
such that the weights of K are known, the weights on U are unknown, and the

resistances on U are known.
Recall the notation from the proof of Theorem 36 of the set CK := {w ∈ RU

≥0 : GK(w) is connected}.
Consider the constrained optimization problem:

minimize f(x) =
∑

(s,t)∈U

xs,t ·RG(s, t)− log det
(
L̃K(x)

)
subject to x ∈ CK

(5)

We need the following lemma.

Lemma 38 The space CK := {w ∈ RU
≥0 : GK(w) is connected} is convex.

Proof Let w1,w2 ∈ RU
≥0 be such that GK(w1) and GK(w2) are connected. Let t ∈ [0, 1]. If

t > 0 (respectively, t < 1), then all of the edges in GK(w1) (respectively, GK(w2)) are contained
in GK(tw1 + (1− t)w2). Thus, GK(tw1 + (1− t)w2) is connected.

Theorem 39 Let G = (V,EG, wG) be a connected weighted graph with nonnegative edge weights.
Let K ⊔ U be a partition of

(
V
2

)
such that the weights of K are known, the weights on U are

unknown, and the resistances on U are known. The vector of unknown edge weights wG|U is the
unique solution to Problem 5.

Proof First, we verify that this problem is convex. By Theorem 38, the feasible region CK is convex.
We therefore only need to show the objective function f is convex. The objective function f is the
difference of

∑
(s,t)∈K RG(s, t) · xst, which is an affine function, and the log-determinant function.

For x ∈ (R≥0)U , the matrix L̃K(x) is positive semidefinite as it is the regularized Laplacian of a
graph with non-negative edge weights, so the log-determinant function is concave by Theorem 34
for all points in the domain. As f is the difference of a convex function and a concave function, it
is convex.

Now we prove that a solution exists to Problem 5 and is unique. For any x ∈ CK , L̃K(x) is
positive definite by Theorem 5. As log det is strictly concave on the set of positive definite matrices
by Theorem 34, then f is strictly convex on CK , and Problem 5 has a unique minimizer. Finally, we
know that the feasibly region CK is non-empty as wG|U ∈ CK because we assume G is connected.

We now show that the vector of missing edge weights of G, wG|U , is the unique solution (min-
imizer) to Problem 5. We will use the standard fact that minimizers x∗ of convex functions f are
the only points that satisfy ∂f(x∗)/∂x = 0 (see, e.g., (Boyd and Vandenberghe, 2004, Equation
4.22)).

Let (s, t) ∈ U . First, note that ∂
∂xs,t

∑
(s,t)∈U RG(s, t)xs,t = RG(s, t). Then recall that

GK(wG|U ) is exactly G. Finally, note that

∂

∂xs,t
log det

(
L̃K(x)

)∣∣∣
x
= RGK(x)(s, t)
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by Theorem 35. Thus, ∂
∂xs,t

f(x∗) = RG(s, t)−RGK(wG|U )(s, t) = 0, and the gradient

∂f(wG|U )/∂wG|U = 0.

Therefore, the vector of hidden edge weights x∗ is the unique solution to Problem 5.

Algorithms. The constraint that x ∈ CK is equivalent to saying that L̃(x) is positive definite
by Theorem 5. This constraint is called a linear matrix inequality (LMI). LMI constraints are com-
mon in convex programming, and problem with LMI constraints can be solved with standard al-
gorithms for convex problems like the interior-point method (Boyd et al., 1994, Section 2.4); see
also (Boyd and Vandenberghe, 2004, Section 11). Interior-point methods require a feasible point as
the starting point. We can use the all-ones vector 1 as the starting point. As G is assumed to be
connected and as EG ⊆ EGK(1), then GK(1) is connected and 1 is feasible.

Definition 40 A function f : R → R is self concordant if, for all x ∈ dom(f),∣∣∣∣∂3f(x)

∂x3

∣∣∣∣ ≤ 2
∂2f(x)

∂x2

3/2

.

Generally, for every n ∈ N, a function f : Rn → R is self concordant if, for every i ∈ [n] and for
every x ∈ Rn, the function in a singular direction, f̃(t) = f(x+ t · 1i), is self concordant.

Fact 41 ((Boyd and Vandenberghe, 2004, Example 9.5)) The function f(X) = − log(det(X))
is self-concordant on the set of positive definite matrices S++

n .

As a corollary, we see that the function f : Rk → R from the equation of problem 5 is self
concordant on all x ∈ R such that L̃K(x) ∈ S++

n , a domain which corresponds to all completions
of the graph such that it is connected.

Corollary 42 The function f : Rk → R defined by

f(x) =
∑

(s,t)∈U

xs,t ·RG(s, t)− log det
(
L̃K(x)

)
is self concordant on the domain corresponding to connected completions of G.

Proof Firstly, note that for all x ∈ Rk such that LK(x) is the Laplacian of a connected graph we
have that L̃K(x) ∈ S++

n .
Recall that ∂

∂xs,t
f(x) is given by

∂

∂xs,t
f(x) = RG(s, t)−RGK(x)(s, t).

Then, the left term RG(s, t) is a constant, and will disappear when we take the second derivative
∂2f/∂x2s,t, so this second derivative is equal to the same second derivative of − log det(L̃K(x).
Since − log det(L̃K(x) is self concordant for all L̃K(x) ∈ S++

n , it follows that f is self-concordant
for all completions x ∈ Rk such that LK(x) corresponds to a connected graph.

The rate of convergence for minimization problems over self-concordant functions is polyno-
mial (see equation 9.56 of Boyd and Vandenberghe (2004)).
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