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ABSTRACT

Optimization with matrix gradient orthogonalization has recently demonstrated
impressive results in the training of deep neural networks (Jordan et al.,[2024; |Liu
et al) [2025). In this paper, we provide a theoretical analysis of this approach.
In particular, we show that the orthogonalized gradient method can be seen as a
first-order trust-region optimization method, where the trust-region is defined in
terms of the matrix spectral norm. Motivated by this observation, we develop the
stochastic non-Euclidean trust-region gradient method with momentum, which
recovers the Muon optimizer (Jordan et al.l |2024) as a special case, along with
normalized SGD and signSGD with momentum (Cutkosky & Mehta, 2020} |Sun
et al.}|2023). In addition, we prove state-of-the-art convergence results for the pro-
posed algorithm in a range of scenarios, which involve arbitrary non-Euclidean
norms, constrained and composite problems, and non-convex, star-convex, first-
and second-order smooth functions. Finally, our theoretical findings provide an
explanation for several practical observations, including the practical superior-
ity of Muon compared to the Orthogonal-SGDM algorithm of Tuddenham et al.
(2022) and the importance of weight decay in the training of large-scale language
models.

1 INTRODUCTION

Over the past couple of decades, a substantial amount of optimization research has been dedicated
to adaptive gradient optimization algorithms (Duchi et al. 2011} [Tieleman, 2012} [Kingma & Ba,
2014;|Gupta et al.||2018; Reddi et al.| [2019), with the primary application being the training of deep
neural networks (LeCun et al., [2015). One of the most notable results of this line of research is
the development of the AdamW optimizer (Loshchilov & Hutter, 2017; |Zhuang et al.| 2022), which
has become the standard algorithm of choice for training large language models (LLMs) (Achiam
et al.l 2023} [Liu et al., 2024; |Grattafiori et al., [2024} |Anil et al., [2023). However, recently, Jordan
et al.| (2024); Liu et al.|(2025) have made significant progress in the ambitious task of surpassing
AdamW in training LLMs using the idea of neural network optimization with orthogonalized gra-
dients (Tuddenham et al., 2022; |Jordan et al., 2024). In our paper, we aim to establish theoretical
foundations for this promising research direction. Formally speaking, we consider the following
composite optimization problem:

min [F(z) = f(z) + R(@)], (1)
where X is a finite-dimensional vector space endowed with the inner product (-,-): X x X — R,
f(-): X — R is a bounded from below and differentiable objective function, and R(-): X —
RU{+oc}isa proper closed, and convex regularizer. Our goal is to study the convergence prop-
erties of gradient methods for solving problem in the stochastic non-Euclidean smooth setting.
We provide a formal description of this setting below and justify our interest in this setting in the

upcoming Sections[I.T]and [I.2]

Stochastic gradient estimator. We assume access to a stochastic estimator g(-;£): X — X of the
gradient V f(-), where £ ~ D is a random variable sampled from a probability distribution D. We

"Function R(z) is called proper if there exists x € X such that R(z) is finite.
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assume that the stochastic gradient estimator g(-; ) is unbiased and has bounded variance, that is,
the following relations hold:

Eeup [9(2;€)] = Vf(z) and Eeup [[lg(z;€) — VS(2)|3] <o forallz e X, (Al
where o > 0 is a positive variance parameter, and ||-||2 is the standard Euclidean norm induced
by the inner product (-, -), i.e., ||z]]2 = \/{(x,x). These assumptions have been widely adopted

for the analysis of many stochastic gradient optimization algorithms (Ghadimi & Lan, [2013}; 2016
Cutkosky & Mehta, [2020; [Sun et al.| 2023} Horvath et al.l 2023} |(Gorbunov et al., 2020).

Non-Euclidean norm setting and Lipschitz continuous gradient. We assume that vector space
X is equipped with a norm ||-||: X — R, which possibly does not coincide with the Euclidean
norm ||-||2. In addition, we assume that the gradient V f(-) is Lipschitz continuous with respect to
the norm ||-||, that is, the following inequality holds:

IVf(z) = V@)« <Ll|lz—2'| foralzz' e X, (A2)

where L > 0 is the gradient Lipschitz constant, and ||-||..: & — R is the dual norm associated with
[[I], i-e., |z]l. = supyj,/ <1 (x, ") forall z € X'. The assumption of gradient Lipschitz continuity is
also widespread in the analysis of first-order optimization methods (Ghadimi & Lan, 2013} (Gower
et al., 2019; (Cutkosky & Mehta, |2020; Horvath et al., [2023} (Gorbunov et al.,|2020). It is important
to highlight that while Assumption uses the dual norm ||-||. to measure the difference between
the gradients, the variance in Assumption is measured with respect to the Euclidean norm ||-||3,
which is necessary to properly utilize the unbiasedness property of the stochastic gradient estima-
tor g(-;&). Therefore, we need to provide a connection between these norms using the following
inequality:

|zl < p-[lz]l2 forallz e X, (A3)
where p > 0 is a positive constant. Note that such a constant always exists due to the norm equiva-
lence theorem, which always holds in the finite-dimensional space X.

1.1 MAIN MOTIVATION: OPTIMIZATION WITH ORTHOGONALIZED GRADIENTS

The main motivation for this work is the recently proposed idea of using orthogonalized gra-
dient updates for the training of deep neural networks (Tuddenham et al., [2022; |Jordan et al.,
2024). To explain the idea, we consider the problem of minimizing a differentiable matrix func-
tion F(-): R™*™ - R

min  F(X), (2)
XGR””. Xn

which is clearly a special instance of the main problem (TJ), as long as we choose X’ to be the space of
m X n matrices, X = R™*", and assume zero regularization, R = 0. The iterations of the simplest
version of the orthogonalized gradient method for solving problem (2) can be written as follows:

Xpt1 = X —n0g, Op = orth(Gk), G, = VF(Xk) 3)

where 1 > 0 is the stepsize, and orth(-): R™*"™ — R™*" is the orthogonalization function, which
is defined as follows:

orth(G) = (GGT)2G forall G € R™", (4)

where % denotes the square root of the pseudoinverse matrix. The name jjorthogonalized; is at-
tributed to the fact that in the case where the gradient VF'(X},) is a square and full-rank matrix, the
update Oy, can be equivalently expressed as O, = UV, where Uy and V, are the orthogonal
matrix parts of the singular value decomposition of the gradient, i.e., VF(X},) = U, XV, , where
¥, € R™*" is a diagonal matrix with non-negative entries.

Combining iterations with momentum leads to the Muon optimizer (Jordan et al., 2024) for
solving the stochastic version of problem (2). It has been empirically shown that this algorithm can
considerably outperform AdamW in the training of both small-scale (Jordan et al.,|2024) and large-
scale (Liu et al., [2025) language models. However, to the best of our knowledge, the understanding
of the effectiveness of Muon is highly limited. In addition, it is worth mentioning the Orthogonal-
SGDM optimizer (Tuddenham et al.| [2022), which differs from Muon only in the order in which
the momentum and orthogonalization are applied. Unfortunately, Tuddenham et al.| (2022) were not
able to outperform a well-tuned standard SGD with momentum using their algorithm, and [Jordan
et al.| (2024) reported that Muon performs substantially better in practice than Orthogonal-SGDM.
To the best of our knowledge, an explanation for this phenomenon is missing from the literature.
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1.2 SUMMARY OF CONTRIBUTIONS AND RELATED WORK

Motivated by the above discussion, we set the main goal of this paper to develop the theoretical
foundations for optimization with orthogonalized gradients. More specifically, we provide the key
contributions listed below/]

Gradient orthogonalization as non-Euclidean trust-region optimization. Jordan et al.| (2024);
Bernstein & Newhouse| (2024) found an interpretation of the orthogonalized gradient method (3]
as the standard gradient descent under the non-Euclidean matrix spectral norm. However, this in-
terpretation is highly inaccurate, as further discussed in Section [2.3] In Section 2] we develop a
completely new interpretation of the gradient orthogonalization as a trust-region gradient method,
where the trust-region is defined in terms of the non-Euclidean spectral norm. This interpretation is
accurate because it allows us to recover the iterations (3) exactly. Moreover, using this interpreta-
tion, we obtain several meaningful theoretical results, which we describe further. We also discuss
the benefits of using the matrix spectral norm in the training of neural networks in Appendix

Stochastic non-Euclidean trust-region gradient method with momentum. Motivated by our new
interpretation of gradient orthogonalization, in Section |3} we develop the stochastic non-Euclidean
trust-region gradient method with momentum (Algorithm|T)) for solving problem (T)). This algorithm
is designed to work with an arbitrary non-Euclidean norm ||-||, and recovers several existing opti-
mization algorithms: normalized SGD with momentum (Cutkosky & Mehta, |2020)), signSGD with
momentum (Sun et al., [2023), and Muon. We also prove the 1/&? iteration complexity of Algo-
rithm [T] for non-convex functions, which yields the first convergence result for Muon and matches
the existing optimal results for SGD-type methods for non-convex functions (Ghadimi & Lan,2013j
Arjevani et al., 2023). In addition, in Appendix [B] we use our results to provide a theoretical ex-
planation of why Muon outperforms its natural contender, Orthogonal-SGDM (Tuddenham et al.|
2022), in practice, and justify the subtle differences in the design of these algorithms.

Convergence analysis for star-convex functions. In Section d.I] we develop the stochastic non-
Euclidean trust-region gradient method with weight decay (Algorithm 2)) for solving problem (T) by
utilizing the popular weight decay mechanism (Loshchilov & Hutter,|2017). We obtain the improved
1/3 iteration complexity of Algorithm 2] under the star-convexity assumption (Nesterov & Polyak,
2006). In addition, in Appendix |C, we prove the same 1/¢% complexity result for Algorithm
without weight decay, by additionally assuming the boundedness of dom R. Our results support the
practical evidence for the importance of incorporating weight decay into Muon for the training of
large-scale language models, and explain why it may be less important for the training of small-scale
language models, as reported by |Liu et al. (2025); Jordan et al.| (2024). Another important remark
is that our theoretical results for star-convex functions hold substantial practical interest because
there is empirical evidence (Zhou et al.| [2019; [Kleinberg et al., 2018)) suggesting that deep neural
networks may adhere to star-convexity or its variants.

Convergence analysis for second-order smooth functions. Inspired by the theoretical results of
Cutkosky & Mehta) (2020), in Section[5} we develop the stochastic non-Euclidean trust-region gra-
dient method with extrapolation for solving problem (1)) by incorporating a certain extrapolation step
into Algorithm 2l We obtain the 1/£3-® complexity for non-convex functions under the additional
second-order smoothness assumption, which matches the results of |(Cutkosky & Mehtal (2020); [Sun
et al.| (2023) for normalized SGD and signSGD and improves upon the standard 1/e* complexity
for SGD-type methods for non-convex functions (Ghadimi & Lan| 2013} |Arjevani et al.| [2023). In
addition, we provide a convergence analysis for Algorithm |3|for star-convex functions, which also
shows an improvement over the results for Algorithms|[I]and[2]

2 NON-EUCLIDEAN TRUST-REGION GRADIENT METHOD

2.1 GRADIENT DESCENT AS MAJORIZATION-MINIMIZATION

It is generally known that the standard proximal gradient descent can be seen as an instance of the
majorization-minimization (MM) algorithm (Hunter & Lange, 2004)). In particular, we can replace

In Appendixwe compare our results with the concurrent work of Pethick et al.|(2025), which we found
only after the initial version of our paper appeared online.
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the objective function F'(z) in problem (1)) with the following approximation at an arbitrary point
z € X:
U(z;2) = f(2) +(VF(2), 2 = 2) + 55llz — 2]|* + R(2), (5)

which is constructed by replacing function f g:r) with its first-order Taylor approximation at point z
and adding the squared norm regularization 5 || — z||?. This approximation is accurate at point z,
i.e., F'(z) = U(z; z), and using standard arguments, one can show that U (x; z) majorizes F'(x), i.e.,
F(z) <U(x;2z) forall z € X, as long as § > 1/L and Assumption holds. Consequently, the
iterations of the MM algorithm can be written as follows:

ZTp1 = argmin (x; z). (6)
zeX
One can immediately observe that these iterations coincide with the proximal gradient method (Nes-
terovl [2013) as long as we assume the Euclidean norm setting, i.e., ||-|| = |||« = ||[]2:

Tt1 = ProXgp(.y (T — OV f(z1)). (7)

The convergence guarantees for this algorithm were established in the Euclidean setting for both
non-convex and convex functions f(z) by Nesterov|(2013).

2.2 NON-EUCLIDEAN TRUST-REGION GRADIENT METHOD

The trust-region optimization approach (Conn et al., | 2000; Jiang et al.,2023)) is a notable alternative
to the MM principle discussed above. It is usually employed when access to the second-order
derivatives of the objective function is assumed. This approach involves minimizing a second-order
Taylor-like approximation of the objective function at a given point within a certain neighborhood
of that point, which is called the trust-region.

Further, we construct a first-order, i.e., gradient, trust-region optimization algorithm for solving
problem . More specifically, we replace the objective function F'(x) with the following approxi-
mation at an arbitrary point z € X:

Alz; 2) = f(2) +(V[(2),2 — 2) + R(z), ®)

which does not necessarily majorize function F(x) due to the lack of squared norm regularization,
in contrast to U(x; z) in eq. (5). Thus, the iterations of the trust-region method minimize this ap-
proximation only within the ball of radius 7 > 0 defined in terms of the non-Euclidean norm ||-|| as
follows:

ZTpt1 = argmin A(x; i) st |l —ag] <. 9)

reX
As a particular example, it is easy to verify that in the Euclidean norm setting with zero regulariza-
tion, i.e., where ||-|| = ||||« = |||l and R = 0, these iterations coincide with normalized gradient
descent (Shor, [2012):
n
Tyl = T ”Vf(xk)HQVf(xk)- (10)

The convergence guarantees for the iterations (T0) were established in the convex case by [Grimmer
(2019) and in some non-convex scenarios by [Nesterov| (1984). However, to the best of our knowl-
edge, convergence results for the trust-region gradient method (O) with a general non-Euclidean
norm ||-|| and an arbitrary proper closed and convex regularizer R(-) are unknown for both convex
and non-convex functions f(x). We provide such results for non-convex functions in Section
and for star-convex functions in Appendix

2.3  GRADIENT ORTHOGONALIZATION FOR MATRIX FUNCTION OPTIMIZATION

Now, we revisit the minimization problem (2)) over the space of matrices X = R™*™, which is a spe-
cial instance of the main problem (IJ) with zero regularization R = 0. We choose the non-Euclidean
norms ||-|| and ||-||. to be the spectral ||-||o, and the nuclear ||-|| e matrix norms, respectively. That
is, for an arbitrary matrix X € R™*", we have || X|op = [|6(X)]co and || X|lnue = [|o(X)]]1,
where o (X) is the vector of singular values of X. Thus, one can verify that the non-Euclidean
trust-region gradient method () is exactly equivalent to the orthogonalized gradient method (3)).
This is one of the key observations of our work. It is in sharp contrast with Bernstein & Newhouse
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(2024), who suggested the interpretation of the orthogonalized gradient method as the gradient de-
scent (6) in the same non-Euclidean setting. As mentioned in Section this interpretation is
highly inaccurate because the iterations (6)) reduce to the following:

X1 = X — 0]|GillnucOx, (1)

where G, = VF(X}), and O, € R™*" is defined in eq. . Indeed, there is an extra nuclear norm
factor ||Gg||nuc in the update (IT). More importantly, in contrast to this interpretation of Bernstein
& Newhouse| (2024), we can use our trust-region approach to establish convergence guarantees for
Muon.

2.4 CONVERGENCE ANALYSIS FOR NON-CONVEX FUNCTIONS

In this section, we provide a convergence analysis for the non-Euclidean trust-region gradient
method (9) for solving the non-stochastic version of problem (I)) with the non-convex objective
function f(z) in the following Theorem|I|and Corollary[I] The proof is available in Appendix D.1]

Theorem 1. Letr Assumption (A2)) hold and let vy € dom R. Then the iterations Q) satisfy the
following inequality:
3Ln

. - Ay
< =9 4 2=
k:rﬁmKHVf(xk) + VR« < K + 5 (12)

where VR, € OR(zr), Ao = F(x0) — inf, F(x).

Corollary 1. To reach the precision ming—1 i ||V f(xy) + VR I« < € by the iterations (9) under
the conditions of Theoreml|l| it is sufficient to choose the stepsize n and the number of iterations K

as follows:
LA
nzo(%), K:O<620>. (13)

We make two remarks regarding Theorem [I] and Corollary [I] First, the generalized stationarity
condition ||V f(z1) + VRy|. < e is widely adopted in the literature (Nesterov, [2013). In the
case of zero regularization, R = 0, it reduces to the standard definition of an e-stationary point,
[V f ()]« < e. Second, the obtained iteration complexity K = O (LA /e?) matches the standard
result for gradient descent in the Euclidean setting by [Nesterov| (2013)) and cannot be improved in
general (Carmon et al.|[2020).

3  STOCHASTIC NON-EUCLIDEAN TRUST-REGION GRADIENT METHOD
WITH MOMENTUM

3.1 THE ALGORITHM

In this section, we present Algorithm|T]for solving problem (TJ) in the stochastic setting. We call this
algorithm the stochastic non-Euclidean trust-region gradient method with momentum. The main
idea is to replace the gradient V f () in the trust-region gradient method (9) with the momentum
term my,.1, which is updated according to eq. (I4). While the idea is inspired by the results for
normalized SGD with momentum by [Cutkosky & Mehtal (2020), their analysis is not applicable in
the case of a non-Euclidean norm ||-|| and a nonzero regularizer R # 0. We provide the convergence
analysis of Algorithm [I] for non-convex functions in Section [3.2] and for star-convex functions in

Appendix [C]

It is also important to highlight that by choosing different norms ||-||, Algorithm [I|can be reduced
to several important special instances: (i) Euclidean norm, ||-|| = ||| — normalized SGD with
momentum (Cutkosky & Mehta, [2020); (ii) infinity-norm, ||-|| = ||-||oc — signSGD with momentum
(Sun et al.l 2023); (iii) spectral norm, ||-|| = ||-||op — Muon (Jordan et al.,[2024). The latter reduction
is implied by the discussion in Section[2.3]

3.2 CONVERGENCE ANALYSIS FOR NON-CONVEX FUNCTIONS

In this section, we provide the convergence analysis for Algorithm [I]for solving problem (T} in the
stochastic non-convex case in the following Theorem[2] The proof is available in Appendix
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Algorithm 1 Stochastic Non-Euclidean Trust-Region Gradient Method with Momentum

1: input: xg, mg € X

2: parameters: stepsize 77 > 0, momentum « € (0, 1), number of iterations K € {1,2,...}
3: fork=0,1,..., K —1do

4: Sample &, ~ D
5.

Compute my41 as follows:
mi1 = (1 — a)my + ag(a; &) (14)
6: Compute x4 as follows:
Tpy1 = argmin[(mgy1, ) + R(z)] st |z —xzk]| <7 (15)
rzeX

7: output: T € X

Theorem 2. Let Assumptions to hold, and let z( € dom R and mo = g(xo,&o). Then the
iterations of Algorithm/[I|satisfy the following inequality:

. o Ay 2p0 7Ln  2Ln
\V/ ) AV < — _ _ R
EL-T??,x' fwe) + R’“”*} SuK T Y R A (16)

where VRy, € R(x), Ao = F(z0) — inf, F(z).

Corollary 2. To reach the precision E [minkzlmK IV f(xg) + VR, ||*} <eby Algorithmunder
the conditions of Theorem[2] it is sufficient to choose the parameters of Algorithm[I]as follows:

. [e & . e?
no(mln{L,M}), O{O(mln{17p202}>, (17)

3 .3 2 2
K—O(max{p;,p 0" LA LAop’o }) (18)

g3 g2 gt

Using Theorem[2] we obtain the explicit complexity result for Algorithm|[I]in Corollary[2] Similarly
to the convergence result in Corollary || for the deterministic non-Euclidean trust-region gradient
method (@), Corollary [2] establishes the convergence result for Algorithm [T]in terms of the gener-
alized expected stationarity. The iteration complexity (I8) is proportional to 1/¢*. It matches the
existing state-of-the-art results for SGD-type methods (Ghadimi & Lan, 2013}; Cutkosky & Mehtal,
2020; [Sun et al.l 2023) and cannot be improved (Arjevani et al., 2023) under Assumptions
to (A3).

Another important remark is that Algorithm [I] with the spectral norm ||-|| = [|-||op and zero regular-
izer R = 0 exactly matches Muon. As previously discussed, there is another variant of the orthog-
onalized gradient method with momentum, namely, Orthogonal-SGDM. While Muon demonstrated
strong results in the training of small-scale language models (Jordan et al.,[2024), it was reported by
‘Tuddenham et al.[(2022)); Jordan et al.|(2024)) that Orthogonal-SGDM performs worse than Muon or
a well-tuned SGD with momentum. Our theoretical results may provide a possible explanation for
this practical difference. We discuss this in Appendix

4 ALGORITHMS WITH WEIGHT DECAY FOR STAR-CONVEX FUNCTIONS

4.1 NON-EUCLIDEAN TRUST-REGION GRADIENT METHODS WITH WEIGHT DECAY

In this section, we develop non-Euclidean trust-region gradient methods for solving problem () in
the case where the objective function f(x) is star-convex, that is, the following inequality holds:

fBz" + (1= p)z) < Bf(«") + (1= p)f(x) forallz e, (A4)

where 2* € X is a solution to problem (T). We start with the non-stochastic version of the problem.
It turns out that under assumption (A4)), it is possible to obtain improved convergence guarantees for
the iterations (9) as long as these iterations are bounded. Unfortunately, proving the boundedness
of these iterations requires additional assumptions, such as a bounded dom R, or bounded sublevel
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Algorithm 2 Stochastic Non-Euclidean Trust-Region Gradient Method with Weight Decay
1: input: xg, mg € X

2: parameters: 77 > 0, « € (0,1), K € {1,2,...}, weight decay 3 € (0,1)

3: fork=0,1,..., K —1do

4: Sample &, ~ D

5.

Compute my41 as follows:
mi1 = (1 — a)my + ag(a; &) (20

6: Compute x4 as follows:
g1 = argmin[(mg41, ) + R(x)] st |la — (1 = Bag] <7 (21)

TEX

7: output: T € X

sets of the objective function F'(x), which often do not hold. We tackle this issue by shifting the
center of the trust-region in eq. by a factor of (1 — ) towards the zero. This idea leads to the
non-Euclidean trust-region gradient method with weight decay (19).

Tpy1 = argmin A(z; xg) st |l — (1= B)ag] < 7. (19)
reX

It is not hard to verify that the iterations (I9) are bounded. On the other hand, the original and
shifted trust-regions do not differ much. In particular, it is possible to show that they have a non-
zero intersection. Hence, the shift modification will not hurt the convergence properties of the
iterations (I9), which we prove in Section[4.2]

Furthermore, we apply a similar modification to Algorithm [I| This modification leads to Algo-
rithm 2] which we call the stochastic non-Euclidean trust-region gradient method with weight decay.
Similar to the discussion in Section one can show that by choosing different norms ||-||, Algo-
rithm 2] reduces to the normalized SGD, signSGD, and Muon with momentum and weight decay.

4.2 CONVERGENCE ANALYSIS FOR STAR-CONVEX FUNCTIONS

In this section, we provide the convergence analysis for the iterations and Algorithm 2] for solv-
ing problem (1)) in the star-convex case. We start with the result in Theorem [3| for the deterministic
iterations (T9). The proof is available in Appendix [D.3] Next, we obtain the convergence result for
the stochastic Algorithm[2]in Theorem[d] The proof is available in Appendix

Theorem 3. Let Assumptions and (A4)) hold, and let x:o € dom R. Let the parameters 1) and 3
satisfy the following inequality:

n = Bmax {||zoll, |7} . (22)
Then, the iterations (19) satisfy the following inequality:
4Ln?
Flag) = ") < (1= B (F(eo) = F(")) + =5 23)

Theorem 4. Let Assumptions to hold, and let xy € dom R and mg = g(xo,&y). Let
the parameters n and B satisfy eq. (22). Then, the output of Algorithm |2| satisfies the following
inequality:

Va

BIP(ex) — P)) < (1= 9 (o) — o)+ 2 (1 + X0 ) + 280 (14 1) o

Finally, using Theorems |3| and |4} it is not hard to obtain the explicit iteration complexities for the
iterations and Algorithm 2]in Corollaries [3] and [] respectively. The proofs are omitted due to
their simplicity.

Corollary 3. Under the conditions of Theorem[3| let ||zo|| < ||z*|| = D. To reach the precision
F(zx) — F(x*) < ¢ by the iterations (19), it is sufficient to choose the parameters 1) and 3 and the
number of iterations K as follows:

n=pD, B:O(min{l,%}), K:(’j(max{l,LgD2}>. (25)
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Corollary 4. Under the conditions of Theorem ] let ||zo|| < ||z*|| = D. To reach the precision
E[F(zk) — F(a*)] < £ by Algorithm[2} it is sufficient to choose the parameters as follows:

— o (wmin]1 g2 —o(min {1 € € g3 g3 5
4= i "D2p252 [ ) p= S T Dpo’ D3p3c3’ LD3p2%02 | )’ (26)

_ LD? D D333 LD3p%02
n:ﬂDa KO(max{l, : pJ7 re ’ Ego— }) (27)

€ g3

Both Corollaries (3| and E] recover the standard iteration complexity O(LD?/¢) of gradient descent
(Nesterov et al. [2018) for solving deterministic convex minimization problems, up to logarithmic
factors. This complexity cannot be improved in the general non-Euclidean norm setting (Guzman &
Nemirovskil [2015). In the stochastic setting, Corollary [4] implies complexity proportional to 1 /e3.
This improves upon the 1/23% result of (Cutkosky & Mehta| (2020); Sun et al.| (2023), which was
obtained only for normalized SGD and signSGD with momentum, and for non-convex second-order
smooth functions [

Another important remark is that Algorithm [2| with the spectral norm ||-|| = ||-||op and zero regu-
larizer R = 0 exactly matches Muon with weight decay, as previously discussed in Section 4.1} It
was empirically shown by |[Liu et al.| (2025) that incorporating weight decay in Muon is crucial for
outperforming AdamW in the training of large-scale language models. In particular, they reported
that without weight decay, the iterations of Muon grow too large and the performance gains of Muon
over AdamW diminish. Our theory suggests that combining Muon with weight decay may be the
right solution for both issues. Indeed, we prove that the iterations of Algorithm [2]are bounded and
obtain the improved complexity 1/&3 of Algorithm in Corollary

5 ALGORITHMS WITH EXTRAPOLATION FOR SECOND-ORDER SMOOTH
FUNCTIONS

5.1 STOCHASTIC NON-EUCLIDEAN TRUST-REGION GRADIENT METHOD WITH
EXTRAPOLATION

In this section, we modify Algorithms [I] and [2] to solve problem in the stochastic setting in
the case where the objective function f(x) has an H-Lipschitz Hessian with respect to the non-
Euclidean norm ||-||, which implies the following inequality:

1(V2f(z) = V2f(a")(x —2')||. < H||xz —2'||*> forall z,2’ € X, (A5)

where H > 0 is the Hessian Lipschitz constant. The idea for the modification is inspired by
Cutkosky & Mehta| (2020). In particular, we replace the stochastic gradient g(zy, &) in the update
of the momentum term my; in egs. and with the stochastic gradient g(Ty; &) computed
at a different point Ty, which is updated using the extrapolation step (30). This modification leads
to Algorithm [3] which we call the stochastic non-Euclidean trust-region gradient method with ex-
trapolation. While we borrow the idea for the analysis of the extrapolation step from |Cutkosky’
& Mehtal (2020); [Sun et al.| (2023)), their analysis is limited to normalized SGD and signSGD for
non-convex functions with zero regularization R = 0. In contrast, in Section[5.2} we provide a con-
vergence analysis for Algorithm [3|with an arbitrary non-Euclidean norm ||| and regularizer R(-) in
the non-convex and star-convex cases.

Note that, similarly to Algorithm[2]described in Section[4.T] Algorithm [3lmakes use of weight decay
in eq. along with the extrapolation step when dealing with star-convex functions. Another
important remark is that Algorithm [3|with the matrix spectral norm ||-||p, turns into a new variant of
Muon with extrapolation. We discuss this further in Section[5.2]

5.2 CONVERGENCE ANALYSIS

We provide the convergence analysis for Algorithm [3] for solving problem (I)) with the non-convex
objective function in Theorem [5] and with the star-convex objective function in Theorem [] The
proofs of Theorems [5]and [6]are available in Appendices and respectively.

3 Additional details on the correctness of this comparison are provided in Appendix
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Algorithm 3 Stochastic Non-Euclidean Trust-Region Gradient Method with Extrapolation

1: input: xo = Tg,mg € X
2: parameters: 7 > 0, « € (0,1), K € {1,2,...}, 8 € (0,1), extrapolation y > 0
3: fork=0,1,..., K —1do

4: Sample & ~ D

5 Compute my41 as follows:
mpt1 = (1 — a)my + ag(Tr; &) (28)

6: Compute x4 as follows:
Tp1 = argmin[(mygi1,2) + R(z)] st |l — (1= B)zg| <n (29)

reEX

7: Compute Ty as follows:
Tht1 = Tk + ¥ (Tht1 — k) (30)

8: output: vx € X

Theorem 5. Let Assumptions to and @) hold, let xy € dom R and mg = g(x0, &), and
let B = 0 and v = 1/«. Then the iterations ofAlgorithmE]satisfy the following inequality:
Ao TLnp  Hn?>  2po

. = < =9 T e =
E [k_IR%F,K||Vf(xk)+VRk||*] <K to o + 2v/apo, (31)

where VR, € OR(zy), Ao = F(xg) — inf, F(x).
Theorem 6. Let Assumptions (A1) to hold, and let xy € dom R and my = g%o, &o)- Let the

parameters 1 and 3 satisfy eq. (22), and let v = 1/ . Then the output of Algorithm|3|satisfies
X N 1 @ 4Lm?  4Hn?
BIF(ox) ~ Fe)] < (1= 9F(Plao) ~ Fa™) + 20po (£ + X2 ) 4 280 L 2B )

Using Theorems [5] and [6] it is not hard to obtain the explicit iteration complexities Algorithm [3]in
Corollaries [3 and ] for non-convex and star-convex functions, respectively. The proofs are omitted
due to their simplicity.

Corollary 5. 7o reach the precision E {mink:l_“K IV f(xx) + @Rk ||*} <eby AlgorithmHunder

the conditions of Theorem[3] it is sufficient to choose the parameters as follows:

_ 0 ) c 51/2 55/2 _o ] 62 _
n= min Z,W’W 5 o = min ].,W s ﬂ—o, (33)

~ po pPod LAy HY2A, HY2A¢p*c?
K =0 (max< —, , , , .
c ) g3 7 g2 23/2 =7/2
Corollary 6. Under the conditions of Theorem|d] let ||zo|| < ||z*|| = D. To reach the precision
E[F(zk) — F(z*)] < e by Algorithm[3| it is sufficient to choose the parameters as follows:

(34)

i e e agl/? ) g2
ﬂ:o (mln{l,LD27DpU,H1/2D3/2 }) s aO(mln{l,W}> , (35)
_ Dpa D3p303 LD2 H1/2D3/2 H1/2D7/2p20.2
K=0 (max {1, v =7 . n=8D. (36)

Corollary [5| establishes an improved 1/&35 iteration complexity compared to the 1/¢* complexity
of Algorithm[I]in Corollary [2] matching the results of [Cutkosky & Mehtal (2020); [Sun et al.| (2023)
for normalized SGD and signSGD for non-convex second-order smooth functions.

Unfortunately, Algorithm |3 cannot achieve a major improvement over Algorithm [2[in the case of
star-convex functions, since both have the term (poD/c)? in their complexities in Corollaries
and [0] respectively. However, the practical success of Muon and the discussion in appendix
may indicate that the “geometric” terms, which depend on the Lipschitz constants L and H, play a
more important role compared to the purely “stochastic” terms, which depend only on the variance o.
Hence, the improvement in the “mixed” term /p*c* H D7 /£® in Corollary |§I over the corresponding
term p?0>LD? /3 in Corollary [f] may be significant. Overall, it is an important open theoretical and
practical question whether the extrapolation step can improve the convergence of Muon.
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A  ADDITIONAL DISCUSSIONS

A.1 MOTIVITION FOR THE NON-EUCLIDEAN SMOOTHNESS ASSUMPTIONS

In this section, we provide a short discussion on the benefits of using the matrix spectral norm,
Il = |Illop in the training of neural networks. In particular, we consider the following simple
example of problem (2), which motivates the smoothness Assumptions (A2)) and (A3):

. 1o
in F(X) = ¥ ; Li(Xa;) |, (37)
where a; € R™ are some vectors, and £;(-): R™ — R are loss functions. Our example can be
seen as a generalization of the example in Proposition 6 by Bernstein & Newhouse| (2024) and is
also inspired by some earlier works of (Carlson et al.[(2015bza). This example holds interest in the
context of deep learning due to the matrix-vector multiplication term Xa,;, because similar structures
appear in hidden layers of neural networks.

We show that Assumptions and are implied by the standard first- and second-order
smoothness assumptions of functions £;(-) with respect to the standard Euclidean norm ||-||2 in
the following Lemmas [T] and [2] respectively. The proofs are available in Appendices[A.4]and [A.5]
The main observation here is that the smoothness constants L and H depend on the Euclidean norm
|IXa;||2, which can be naturally upper-bounded using the spectral norm as || Xa;||2 < [|X||opllaill2-
Note that a similar upper bound can be obtained using the standard Euclidean, aka Frobenius, norm
of matrix X, which, however, would be much less tight. Also, note that besides the matrix spectral
norm ||-||op, it is also possible to obtain similar upper bounds using more general operator norms. A
more detailed study of this question is provided by [Pethick et al.| (2025).

Lemma 1. Let each function L;(-) in problem be continuously differentiable and have a -
Lipschitz gradient with respect to the standard Euclidean norm ||-||a. Then function F(-) satisfies
Assumption with the matrix spectral norm, ||-|| = ||-||op, and the gradient Lipschitz constant

| X
L:)"NZ”‘”H%' (38)
i=1

Lemma 2. Let each function L;(-) in problem be twice continuously differentiable and have a
A-Lipschitz Hessian with respect to the standard Euclidean norm ||-||2. Then function F () satisfies
Assumption with the matrix spectral norm, ||-|| = ||-|lop, and the Hessian Lipschitz constant

1 N
H=X5> il (39)
i=1

A.2 COMPARISON WITH |PETHICK ET AL.|(2025])

In this section, we provide a brief comparison of our results with the concurrent work of |Pethick
et al.[ (2025). We discovered this work only after the first version of our paper appeared online.
In contrast to our trust-region approach, [Pethick et al.| (2025) build their analysis on the stochastic
conditional gradient method of[Mokhtari et al.|(2020). Both these approaches are closely related, and
we leave further investigation of this connection for future work. Besides, they provide analysis for
arbitrary non-Euclidean norms, just as we do. However, their theoretical results have the following
disadvantages:

(i) The analysis of [Pethick et al.| (2025) is limited to the case where the regularizer R(-) is the
indicator function of some closed and convex set. In contrast, our analysis works with an
arbitrary proper, closed, and convex regularizer.

(i) [Pethick et al.| (2025) obtain the same 1/¢* complexity for Muon, both with and without
weight decay. In particular, they do not obtain the improved 1/ complexity under the
star-convexity assumption. Besides, their theoretical results provide a limited explanation
for the success of Muon with weight decay in the training of large-scale language models
(Liu et al., [2025), and for the success of Muon without weight decay in the training of
small-scale language models (Jordan et al.| [2024). In contrast, we discuss both cases in

Section 4.2 and appendix
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(iii) In the case of non-convex functions, Pethick et al.| (2025) establish only the complex-
ity 1/e*, which is standard for non-convex functions. In contrast, we obtain the im-
proved 1/3® complexity by utilizing an additional extrapolation step and the second-order
smoothness assumption.

A.3 COMPLEXITIES FOR NON-CONVEX AND STAR-CONVEX FUNCTIONS

In this paper, we often compare the complexities of finding an e-accurate solution to problem ()
with non-convex and star-convex objective functions f(z). It is important to highlight that we use
the approximate first-order stationarity ||V f () + VRg||» < & for non-convex functions, and the
approximate functional suboptimality F'(z)) — F(z*) < e. For instance, in Section[3.2] comparing
the 1 /23 complexity result in Corollary[d]for star-convex functions with the 1 /3 result of|Cutkosky
& Mehtal (2020); |Sun et al.| (2023) for non-convex functions may seem incorrect.

However, by slightly modifying the proof of Theorem[8] we can obtain the same improved complex-
ity 1/¢3 for finding an -stationary point under the star-convexity Assumption and bounded do-
main Assumption (A6). This can be correctly compared with the results for non-convex functions,
such as Corollaries [2]and [5] On the other hand, under these assumptions, we can upper-bound the
functional suboptimality as follows:

F(ax) = F(z*) < D[V f(zx) + VR | (40)
Hence, the generalized (¢/D)-stationarity ||V f (21, ) + V Ry|| implies the e-approximate functional

suboptimality as well. Note that, strictly speaking, these considerations are not valid for the case of
zero regularization, R = 0. We leave further investigation for future work.

A.4 PROOF OF LEMMA[I

The inequality in Assumption (A2)) is implied by the following inequality, which we further prove:
VF(X1)[H] — VF(Xa)[H] < L[ X1 — Xslop|[Hllop. (1)

where X, H € R™*". We proceed as follows:

VE(X1)H] - VF(X,)[H]

@1 <
SN ; (VLi(Xya;)[Ha,] — VL;(X2a;)[Ha,])
B 1
= N AIXya; — Xaai|2|[Ha |2
=1

o1

IN
2|~
M-

Il
—

)\”Xl - X2”opHHHop”aiH§

(2

@
= L[IX1 = Xallop[[Hl[op,
where (a) uses the linearity of the first differential; (b)) uses the A-Lipschitzness of the gradients V£,
9

with respect to the standard Euclidean norm ||-||2; (c) uses the properties of the matrix spectral norm
[[/lops (d) uses the definition of L in eq. (38). O

A.5 PROOF OF LEMMA[2]
The inequality in Assumption (A5 is implied by the following inequality, which we further prove:

V2F(X)[X; — Xo, H] — V2F(X,)[X; — Xy, H] < H||X; — X2||§p||H||Op, (42)
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where X1, X, H € R™*"™. We proceed as follows:
V2F(X1)[X1 — X2, H] — V2F(X2)[X; — X, H]

N
@ % Z (Vzﬁz(Xlal)[(Xl — Xg)ai, Hal] — Vzﬁz(XQG,Z)[(Xl — Xg)ai, Hai])

i=1

B 1 <
< ¥ 2 AlIXiai — Xaail|2|(X1 — Xao)ai || Hai

=1

N
1 .
N DX = Koz, [Hloplai 3
i=1
D H11%1 — X2, Hop,
where (@ uses the multilinearity of the second differential; (b)) uses the A-Lipschitzness of the Hes-

sians V=L, with respect to the standard Euclidean norm ||-||2; (c) uses the properties of the matrix
spectral norm || ||op; (d) uses the definition of H in eq. (39). O

INE

B MUON VS ORTHOGONAL-SGDM

As previously discussed in Section 3.1} one can verify that in the case of the non-Euclidean spectral
norm ||-|| = ||-||op and zero regularizer R = 0, Algorithm|[I|exactly matches the Muon optimizer as it
was originally described by Jordan et al| (2024). As mentioned in Section[I.T] there is another vari-
ant of the orthogonalized gradient method with momentum proposed by [Tuddenham et al.|(2022),
namely, Orthogonal-SGDM. We provide pseudocode for both algorithms in Algorithm [4] While
Muon can achieve impressive practical results (Jordan et al., [2024; [Liu et al., 2025)), Orthogonal-
SGDM is unable to outperform Muon or well-tuned standard SGD with momentum (Tuddenham
et al.| [2022; Jordan et all 2024)). In this section, we provide a possible explanation for this phe-
nomenon using our theoretical insights from Section 3.2}

Algorithm 4 Muon/Orthogonal-SGDM (Jordan et al., 2024} Tuddenham et al.| 2022)
1: input: Xy, M, € R™*"
parameters: n > 0, € (0,1), K € {1,2,...}
fork=0,1,..., K —1do
Compute Gy, such that E [G] = VF(X)
Compute X1 and My as follows:
Xk+1 = Xk — ’I]Ok+1, MkJrl = (1 — Ot)Mk + OéGk7 Ok+1 = OI‘th<Mk+1) (MUOH)
Xk+1 = Xk — an+1, Mk+1 = (1 — Oé)Mk + Oéok+1, Ok+1 = orth(G;C) (OSGDM)
6: output: X € R™*"

The main difference between the updates (Muon) and (OSGDM) is the order in which the momen-
tum and orthogonalization are applied. Our theory, in particular Lemmas ] and [5]in Appendix
suggests that the update rule (Muon)) is preferable:

(i) First, by analyzing the proof of Lemma 5] one can conclude that the momentum accumu-
lates a weighted sum of the terms (x = V f(xx) — g(xk,&). On the other hand, from
Assumption (AT), it follows that the variance of (j, is bounded. What is even more impor-
tant, this assumption implies that the random variables (; are independent and centered,
i.e., E[¢x] = 0, which means that the total variance of their weighted sum is reduced due to
the so-called batching effect. Refer to the proof of Lemma5]in Appendix [D.2.2]for details.

(ii) Second, recall our trust-region interpretation of the orthogonalized gradient descent. Ac-
cording to the discussion in Section [3.1] it is natural to feed the momentum term my4; to
the trust-region optimization step ith the non-Euclidean spectral norm, which results
in the jjorthogonalized momentum;; Oy, in eq. rather than the jjmomentum of

orthogonals; My 1 in eq. (OSGDM]). These considerations are supported by the proof of
Lemma]in Appendix
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In contrast, the considerations above are not applicable to the update rule (OSGDM). Indeed, there
is no reason to believe that the terms Oy, 1 in eq. are unbiased in any sense or that their
accumulated variance can be reduced. Additionally, it is unclear what the possible interpretation
of the momentum term My, 1, constructed from the orthogonalized parts Oy in eq. (OSGDM),
could be.
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C ALGORITHMS WITH WEIGHT CLIPPING FOR STAR-CONVEX FUNCTIONS

As mentioned in Section it is possible to obtain improved convergence guarantees for the it-
erations (9) under the star-convexity Assumption (Ad)), provided that these iterations are bounded.
Recall that the iterations (I9) and Algorithm 2] use weight decay to achieve this. An alternative
approach is to simply assume the boundedness of dom R, which implies the following inequality:
|z —2'|| <D forall z,z’ € dom R, (A6)

where D > 0 is the diameter of dom R. In this section, we provide convergence guarantees for the
iterations (9) and Algorithm [I]for star-convex functions under the additional Assumption (A6).

We start with the result in Theorem [7] for the deterministic iterations (9). The proof is available in
Appendix[D.7] Next, we obtain the convergence result for the stochastic Algorithm[I]in Theorem|]
The proof is available in Appendix Finally, using Theorems [7] and [§] it is not hard to obtain
the explicit iteration complexities for the iterations (9) and Algorithm [I] in Corollaries [7] and
respectively. The proofs are omitted due to their simplicity.
Theorem 7. Let Assumptions (A2), and ([A6) hold, and let xo € dom R. Then the iterations (9)
satisfy the following inequality:
K

D 3LD
Theorem 8. Let Assumptions to and @) hold, and let ¢y € dom R and mo = g(xg,&o)-
Then the iterations of Algorithm|l|satisfy the following inequality:

K
E[F(zx) - F(z")] < (HDD) (F(xo)—F(CE*))+2\/5DpU+277§U+3L21)77+2LDH

Corollary 7. Under the conditions of Theorem([]] to reach the precision F (z k) — F(z*) < ¢ by the
iterations ), it is sufficient to choose the stepsize 1) and the number of iterations K as follows:

~ LD?
n=0 (%) , K=0 <max{1, . }) . (45)

Corollary 8. Under the conditions of Theorem 8] to reach the precision E [F(zx) — F(z*)] < ¢
by Algorithm|[l} it is sufficient to choose the parameters as follows:

(43)

. (44)

) e € g3 g3 . &2
n =0 | min D p—a, D203 LDAp2o? , a=0 | minq1, 7D2p202 , (46)
N LD2 D D3 3 3 LD4 2 2
K=0(max{1,=2= 22 2P0 2P0 1) (47)
€ € g3 g3

The complexity of the iterations (9) without weight decay in Corollary [7] matches the complexity of
the iterations (6) with weight decay in Corollary[3] Similarly, the complexity of Algorithm[I|without
weight decay in Corollary |8|matches the result for Algorithm [2| with weight decay in Corollary 4} It
is important to highlight that Assumption obviously does not hold in the case of zero regular-
ization R = 0. To tackle this issue, one could choose the regularizer R(-) as the following indicator
function:

R(z) = — _, where D > ||z¥|. 48
(z) {—|—oo lz|| > D = [l="l (“48)
In the case of the infinity norm ||| = |||/, Algorithm [I| with the regularizer (48] can be easily

implemented and reduces to signSGD with momentum and weight clipping. Weight clipping is
used in various machine learning applications (Elsayed et al., 2024} Bernstein et al.,|2020; |Arjovsky
et al, [2017) and can be seen as an alternative to weight decay used in Algorithm 2]

Unfortunately, in the case of the spectral norm ||-|| = ||-||op, Algorithm [1] with the regularizer @8),
such a clipping procedure is not easily implementable, which justifies the use of weight decay in
Muon. On the other hand, [Liu et al.|(2025) reported that in cases where language models are small-
scale and/or the training time is not lengthy, the iterations of Muon do not grow excessively large.
Hence, with a reasonable choice of the radius D, the weight clipping step in Algorithm [1| would
be skipped. Thus, the fact that we obtain the same complexity results for Algorithm [T| with weight
clipping and Algorithm 2] weight decay may support the practical evidence that weight decay is not
necessary for the training of small-scale language models (Liu et al.,|2025; Jordan et al., [2024)).
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D PROOFS OF THEOREMS

D.1 PROOF OF THEOREM[I]

We start with the following Lemma [3] which allows us to incorporate an arbitrary proper, closed,
and convex regularizer R(x) into the non-Euclidean trust-region optimization step. The proof is
available in Appendix [D.T.T]

Lemma 3. Ler zy € X be defined as a solution to the following trust-region optimization problem:

zy =argmin¥(x) + R(z) st |z —z| <, (49)
TeEX

where U(-): X — R is a differentiable function, z € dom R is a center of the trust-region, and
n > 0 is the trust-region radius. Then the following inequality holds:

R(z) + (VU(24), 2 = 21) > R(z4) + 1| V¥(z4) + VR, (50)
where VR € OR(zy).

Now, we are ready to prove Theorem We can upper-bound F'(xj41) as follows:

Flapsn) & f(arin) + R(zess)

®

< flzw) + (Vf(@r), Tpp1 — z) + 2L[|zpg1 — zi]* + R(Tg1)

X

< flzn) + R(zy) — 0|V f(zr) + VRyga ||s + 3L zps1 — 2]

D f@r) + Rler) = 0V (@rs) + VRl + 0V f(@rir) — V()]s
+ s Ll|wkyr — ke )?

® .

< f(x) + R(xy) = IV f(@r41) + VR lle + Inllzren — anl + S Llzppr — 2l
@ .

< f(zx) + R(zk) = nlIV f(2ks1) + VRppall« + 3L

® Faw) = nllVF@r) + VRl + 3102,

where () and (g) use the definition of F'(z) in problem . (b) and use Assumption (A2); () uses
Lemma [3| with U(z) = (Vf(xg),z) and (2,24) = (vk, Tht1); | uses the trlangle 1nequa1-

ity; (f) uses the fact that |41 — 21| < n, which is implied by eq.

D.1.1 PROOF OF LEMMA[3|

The objective function in problem (49) is lower semi-continuous, because function R(z) is proper,
closed and convex, and the constrained set in this problem is obviously compact. Hence, there exists
at least a single solution 2™ € X to the problem.

Let function I, (x) be the indicator function of the constraint set in problem (49), i.e.,

0 lz—zll<n
I = 51
o) {+oo lz =zl >n’ ey
and let function R, () be defined as follows:
R, (z) = R(z) + I (). (52)

It is easy to verify that function R, (z) is proper, closed, and convex, and problem is equivalent
to the following:

;Iéi‘;lvl V(z) 4+ Ry (z). (53)

Therefore, 2z satisfies the following inequality for all z € X:

() + Ry () 2 W(zy) + Ry(zy). (54)
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Our next goal is to show that —VW¥(z,) € OR,(z4), which we prove by contradiction. Suppose
that the opposite holds, i.e., —V¥(z1) ¢ OR,(zy). This implies the existence of z € X and § > 0
such that

Ry(@) — Ry(z4) + (V¥(24),2 — z4) = —6. (55)

On the other hand, by the definition of the differentiability, we have
Uz +7(@ —24)) = W(zy) = 7(VU(24), 2 — 24)

lim —0. (56)
7—0 T
Hence, there exists 7 € (0, 1) such that
U(zy +7(w—24)) = U(z4) = 7(VO(24), 2 — 24) < 307 (57

Hence, we obtain the following:

5B R (@)~ Ry(z) + (VO(e) 2 — 2

g) %(Rn(er +7(x — 24)) = Ry(24) + 7(V¥(24), 2 — 24))
(W 7w~ 24)) — W) — TV(z), 7 7))
@,

Z 775;

2

where () uses eq. (55); (b) uses the convexity of function R;,(z); (c) uses eq. @ uses eq. (57).
)-

This implies the contradiction § < 0. Thus, we have shown that —V¥(z) € 8R

Our next goal is to show that ridom R Nridom I, # @. In the case where z € ridom R, this
statement is obviously true because z € ridom J,,. Hence, it remains to consider the case z ¢
ridom R. By Theorem 6.3 of Rockafellar (1997), we have cl(ridom R) = cldom R > dom R.
Hence, there exists a sequence of vectors {z}3>, C ridom R such that limj_, o ||zx — 2|| = 0.
Since In(x) is the indicator of the ball with the center at z, we can find x;, € ridom I,,. Thus, we
have z, € ridom I, Nridom R # @.

Using the definition of R, (z) in eq. , the fact that ridom R Nridom I, # &, and Theo-
rem 23.8 of Rockafellar (1997), we have OR,)(24) = OR(24) 4+ 0I,)(z+). Hence, using the fact that
—VU(z4+) € OR,(z4), we have

VU (zy) + VR + VI, =0, (58)

where VR € R(z,), and VI, € 91, (2, ). Therefore, we obtain the following:

R(2) + (VU(24),2 — >d§)R(z+)+<V\IJ( L)+ VR, z—z,)
B R(=s) = (VI —24)
= R(z4) + (VI 24) = (VI 2)
B R(zy) + L(22) + T(VI,) — (V1. 2)
Q R(zs) + 0V L1
8 R(zy) +nllV¥ () + VR,
where @) uses the convexity of function R(z); @ and (EI) use eq. . uses the Fenchel-Young

equality; @ uses the definition of I, (x) and standard calculations. O
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D.2 PROOF OF THEOREM 2]

We start with the following Lemma [4] which describes the update rule (I3). It can be seen as an
adaptation of the famous descent lemma in the context of trust-region optimization. The proof is, in
many ways, based on Lemma [3]and is available in Appendix [D.21]

Lemma 4. Ler Assumption (A2) hold, and let o € dom R. Then the iterations of Algorithm [I]
satisfy the following inequality:

F(xp41) < F(ar) = nlVf (@e1) + VRigalls + 20V f(@r41) — mugalls + 3L7°,  (59)
where @Rk-u € OR(xp41)-

The next Lemma [5] describes the dynamics of the momentum term, which is updated according to
eq. (T4). In particular, it upper-bounds the expected distance between the momentum my, and the
true gradient V f(xy). The proof can be seen as an adaptation of the proof by [Cutkosky & Mehta
(2020) to the non-Euclidean norm setting and is available in Appendix[D.2.2]

Lemma 5. Let Assumptions to hold, and let o € dom R and mqo = g(xo,&). Then the
iterations of Algorithm|[I| satisfy the following inequality for k > 0:

Ln

E[|lmig+1 — Vf(xp)]l«] < (1fa)k+1p0+\/apa+j. (60)

Now, we are ready to prove Theorem[2} Using Lemmafd] we obtain the following inequality:

F(zo) — inf, F(z) n 3Ln
k=1,..., - nkK 2

E.
E
N:
<
=
)
z
+
<>
=
.
A\

9 K
+ g2 LIVI@0) —

F(xo) —inf, F(x) 7Ln 2

K—-1
K to % kZ:OHVf(xk)—mkHH*a

INE

where (a) uses the triangle inequality, Assumption (AZ)), and eq. (I3). Using Lemmal[5} we obtain

F(xog) —inf, F(x 7L 2L 2po
(0) ()+J+J+L+2\/apg
77K 2 (6]

E minKHVf(xk)—l—?RkH* <

k=1,..., aK
D.2.1 PROOF OF LEMMA]
We can upper-bound F'(xj1) as follows:

Flar) @ f(ang) + Rlans)

®

< flaw) + (Vf(@r), Tps1 — z) + 2L[|zpgr — zx]|? + R(zptr)

= f(zy) + %L||:Uk+1 — x> + R(zry1)

+ (mey1 + VI (@rg1) — mrgr + V(@) = VI @kt1), Thrr — 1)
< flar) + 3Llzkyy — okl + R(zps) + (Mpyr, Trg1 — ox)

k1 — 2l IV F(@r1) — Mgl + 1z — 2k IV (2r) = VF(@rs1) s

@
< f(@r) + 3Lllwrr1 — zll® + |21 — 2|V f (@rt1) — Mg lls
+ R(®rq1) + (Meg1, Torr — )

@

< f@r) + 2Ln? + 0|V (@rs1) — masalle + R(@pp1) + (Mip1, Thgr — 1)
@ .

< flar) + 3L0* + 0|V f(zre1) — mesalls + R(zk) — nllmesr + VRiygalls
B p(ay) + 2002 + 0V (@ki1) — mialle — nllmess + VRl

D Pan) + 2002 1 209 Flanss) — mialle — IV F (@rss) + VRisa o
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where i and use the definition of function F'(z) in problem (I); (b) and (d) use Assump-
tion ( uses the definition of the dual norm (€) uses the fact that ||z — il < n,
wh1ch is 1mphed by eq. (15); (f) uses eq. and Lemma [3| with ¥(2) = (mgy1,2) and
(24, 2) = (zr41,2x); (0 uses the triangle 1nequa11ty O

D.2.2 PROOF OF LEMMA[3

We can express my41 — V f(zy,) as follows using eq. (14):
M1 — V(o) = (1 — a)my + agzr; §p) — Vf(wk)
=1 —-a)(mi— Vi(zi—1))+alg(re; &) — Vi(zw))
+ (1= a)(Vf(zrp-1) = Vf(zp)).

This implies the following for all £ > 0:

k—1
mip1 — Vf(ax) = (1= )" (mo = Vf(w0)) + > (1 — ) (Vf(2:) — Vf(ig1))
=0
k
+>_all =) (g(xi.&) = V().
i=0
Using this, we can upper-bound E [||my1 — V f(zx)||.] for & > 0 as follows:

Efllmis1 = V(@] ¢ (1= )" E[|lmo — V.f(z0)l:]

k—1
+ > (1= a)* [V f(@) = V(@)

1=0

+E

k
HZ a(l —a)* " (g(ws, &) — Vf(ﬂfz))”*]

=0

k—1
(1= E o — Vi)l + (1 - @) In
1=0

K
HZ a(l — ) (g(z:, &) — Vf(xz))”*]

1=0

+E

S

k—1
< (1= a)* ™ pE [lmg — V(o) 2] + > (1 — ) "Ly
i=0

k
+PE Y a(l =) (g(wi, &) = V(@ ))”21
i=0
@ k+1 2 S k—i
2 (1 - o) py[E[lmo — VA o)lB] + 31— a)* Ly
i=0
k
+ 3| E I et —a)b=i(g(w, &) — Vf(%))%]
i=0
8 k-1 K
< (1—a)po + Z(l — )" Ly + apo (1 — a)2(k—1)
i=0 i=0
<(1—a)f oo+ % +Vapo,

where uses the triangle inequality; (b)) uses Assumption and eq. (I3); uses Assump-
tion ; (d) uses Jensen’s inequality; (e)) uses Assumption and the fact that samples & ~ D
are i.i.d.. =
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D.3 PROOF OF THEOREM[3]
We start with the following Lemma[6] The proof is available in Appendix [D.3.1}
Lemma 6. Under the conditions of Theorem[B] let z € X be defined as follows:
x=pz*+ (1 - B)xk. (61)
Then, the following inequalities hold:
e = (L= B)ael <m, Mo —arll <20, o —2zenll <20, (lorn -2l <200 (62)

Now, we are ready to prove Theorem We can upper-bound F'(xy1) as follows:

F(rp41) 8 f(@rt1) + R(2rt1)

D fwn) + (VF@r), 21 — o8 + Sl — 2l + Rizer)

< Flan) + (VS (@n). 2 — ax) + Rlzisr) + 200

‘%" f(xr) + (Vf(zk),z — xx) + R(z) + 2Ln?

%) f(z) + 2L||lz — z4|* + R(z) + 2Ln?

% f(@) + R(z) + 4Ln?

2 81" + R + (L— B)(f (@) + Rar)) +AL?

B 3r@a) + (1 - B)F(ax) + AL,

where (a) and @ use the definition of function F'(z) in problem ; and (EI) use Assump-
tion (A2); (c) and () use Lemma [6} (d) uses eq. (T9) and the inequality [z — (1 — B)zx|| < n,
which is implied by Lemma@; uses assumption (A4
rearranging, we obtain

F(zxi1) = Fa®) < (1= B)(F(xx) — F(2%)) + 4L,

which implies the following inequality:

) and the convexity if function R(x). After

4Ln?

F(zg) = F(z") < (1= B)(F(zo) — F(2")) + 3

D.3.1 PROOF OF LEMMAI6]

First, we can show that ||z | < 7 by induction. Indeed S||zo|| < 7 due to eq. (22), and for all
ke€{0,1,..., K — 1}, can obtain the following:

@ B
Blersrll < Bllestr = (1 = Blax| + (1 = B)Bllk|l < 0B + (1 = B)n <,

where (a)) uses the triangle inequality; (B) uses eq. (I9) and the induction hypothesis. Hence, we can
prove the desired inequalities as follows:

o — (1 - Bl & gl 2,
&) " @ " @
o= ol @ 1z — 2l @ Blla*) + Bleall & 2m,
@
o= isall 2 o — (= Beall + e — (1= B)awll S 2,

&
21 = @kll < [[2r1 = (1= Bkl + Bllax] < 20,

where () and (c) use the definition of z in eq. (61)); (b uses eq. (22); (d), (f) and (h) use the triangle
inequality; (e) uses eq. and the previously obtained inequality SB|zk| < 7; (g) uses eq.
and the previously obtained inequality ||z — (1 — B)ag|| < n; (i) uses eq. and the previously
obtained inequality S|z || < 7. O
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D.4 PROOF OF THEOREM 4]

In this proof, we are going to use Lemma [6] which is valid not only for the iterations (I9), but
also for Algorithm @ We also obtain the following Lemma [7] The proof is almost identical to the
proof of Lemma [3] in Appendix [D.2.2] with the only difference being that we use the inequality
|2k+1 — x|l < 21, which holds due to Lemmal6]

Lemma 7. Let Assumptions (.) to (.) A3) hold, and let ¢ € dom R and mo = g(xg, o). Then the
iterations of Algorithm2| satisfy the following inequality for k > 0:

2L
E [[|mir1 — VIl < (1 — ) po + Vapo + 7’7 (63)

Now, we are ready to prove Theorem We can upper-bound F'(xy1) as follows:

Flain) @ f(ang) + Rlans)
D Fon) + (V) nen — 21) + Ao — axl? + Riznn)
Flar) + (Vf(zp) = mig1, egr — 2x) + 200° 4 (Mpy1, Trgr — 7%) + R(zp41)
g f(@e) + (V (@) = Mig1, Togr — k) + 2L0° + (Mg, @ — 1) + R(2)
= flzr) + (Vf(xr), 2 — zx) + 2L0° + R(z) + (mpy1 — V(@) 2 — Tp41)
D fen) + (V@) x— ax) + 2L+ R(@) + 2~z [ — V()]
D Fwn) + (VS n)x — 1) + 2007 + BE@) + 2nllmics — VI )]s
D fw) + 3Ll — a4 2LP + R@) + 2llmes — V)l
D 1) + 4002 + R(@) + 2mllmess - V@0,
© 5(r(w") + R™) + (1= H)(F () + Rla) + AL + 2ylmiar — VI 0]
@

BF(x*) + (1 = B)F(wr) +4Ln* + 2nllmis1 — V fzr) |,

where (a) and use the definition of function F( 1n problem (] . (IE[) and (g ) use Assump-
tion (A2); and (h) use Lemma 6} (d) uses eq. and the inequality ||z — (1 — )z < 7,
which is 1mphed by Lemma|§|; (€) uses the definition of the dual norm; . uses assumptlon (A4) and
the convexity if function R(x). After rearranging, taking the expectation, and using Lemma [7| we
get

E[F(2rs1) — F(2*)] < (1= BE[F(a1) — F(a*)] + 2npo(1 — a)F + 2npo/a

4Ln?
ALy + L,
o
which implies the following inequality:
1 Q 4Ln? 1
BF(a) - Fa")] < (1= 6) (Fan) = Fe™) + 2000 (3 + 5 ) + 220 (14 7).
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D.5 PROOF OF THEOREM[3]

In this proof, we are going to use Lemma 4] whis is valid for the iterations of Algorithm [3]as long
as § = 0. We also obtain the following Lemma 8] which describes the dynamics of the momentum
my, under the second-order smoothness. Similarly to the proofs of Lemma[5]and eq. (20), it can be
seen as an adaptation of the proof by |Cutkosky & Mehta! (2020) to the non-Euclidean setting and is
available in Appendix [D.5.1]

Lemma 8. Let Assumptions (Al H) A3) and hold, and let zy € dom R and mo = g(zg, &o)-
Then the iterations of Algorithm E satisfy the following inequality for k > 0:

H 2
E [[mis — V@)l < (1= )+ po + vapo + 55 (64)

Now, we are ready to prove Theorem[5] Using Lemmafd] we obtain the following inequality:

F(xo) —inf, F(x) 3Ln
K ot ;Hfok — mi |

i Y <
oo [V (@) + VR

F(zg) —inf, F(x ) 7L77
- nK 2

K—
ZHVf Tr) — Mt
k=0

where () uses the triangle inequality and Assumption (A2). Using Lemma(8] we obtain the follow-
ing:

F —inf, F 7L Hn? 2
E | min ||Vf(:1:k) + VR|. (z0) = inf,, F(z) p L 2 77 ik + 2v/apo.
k=1,..., nkK 2 a?

D.5.1 PROOF OF LEMMAIS]

We can express my41 — V f(zy,) as follows using eq. (28):

mi1 — V(o) = (1 = a)my + ag(@r; &) — Vf(zk)
= (1 —a)(mi — Vf(rr-1)) + a(g(Tk; &) — VF(Tr))
+aVf@y) + (1 —a)Vf(zp-1) = Vf(zk)

This implies the following for all £ > 0:

k
mp1 = V(zy) = (1= ) (mg = Vf(w) + D a(l— ) (9(zi, &) — V(@)

i=0
k-1

+ Z(l — )N aV (@) + (1= )V f (@) = Vf(@ig1))-
i=0
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Using this, we can upper—bound E[lmr+1 — Vf(xr)||«] for & > 0 as follows:

E[llmpsr — VI (ze)ll+] < (1 a)HE [mo — V f(x0)|l:]

+

)T aV f (Tigr) + (1= a)Vf(z) = Vf(@ig)ll

:O

<.

k
HZ a(l —a)f i (g(@;, &) — Vf(%))”*}

Jr
B (1~ )R [mo — V(o))

k—1
+) (1=a) " HaVf(@it1) + (1 = @)V f(zi) = V(i)
i=0
k .
+pE (1Y a(l — ) (g(@, &) — Vf(xi))HQ]
i=0
< (1 - ) o\ JE (llmo — V£ (x0) 3]
k—1
+) (1=a) " HaVf(Titr) + (1 = @)V f(zi) = V(@i
i=0
k
+ o[BI a(l = a)f=i(g(@, &) — Vf(lfi))lgl
i=0
@ k
<(1- oz)kﬂpa + apo Z(l _ a)z(kﬂ‘)
i=0
k—1 ‘
+ Z(l — )" aV (i) + (1 — )V (i) = V(i)
i=0
@ k+1
< (1-a)" po+ Vapo
k—1 _
+ (=) HaV2 (i) (@Tit1 + (1= @)z — x|+
=0
k—1 ;
H(l — k—i—1
+ T (s — el + (- @)l — e )
i=0
k-1 ;
H(1—a)k?
@ (1 — )" po + apo + Z ¥||xl — i |?
@ (1 — a)k—?
Ca- >k+lpo+fpa+§j—)
1 k+1 f H772
< (1 =a)™po + Vapo + o5,
where () uses the triangle inequality; (b) uses Assumption (A3); uses Jensen’s inequal-
ity; (d) uses Assumption and the fact that samples & ~ D are i.i.d.; () uses the triangle
inequality and Assumption ; (@ uses eq. (B0); (g) uses eq. 29). O
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D.6 PROOF OF THEOREM[@]

In this proof, we are going to use Lemma [f] which are valid for the iterations of Algorithm [3]
We also obtain the following Lemma ] The proof is almost identical to the proof of Lemma [§]in
Appendix[D.5.1] with the only difference being that we use the inequality ||z 441 — 2| < 27, which
holds due to Lemmal6l

Lemma 9. Let Assumptions , and hold, and let xy € dom R and mg = g(xo,&o)-
Then the iterations of Algorithm|3|satisfy the following inequality for k > 0:

2Hn?
E [|mesr — VI@e)l.] < (1 — ) po + vapo + —5 (65)

a?

Now, we are ready to prove Theorem [f] Similarly to the proof of Theorem []in Appendix [D.4] we
can upper-bound F'(xy1) — F(z*) as follows:

F(zi) = F(a*) < (1= B)(F(ar) — F(a)) +4Ln* + 2nlmiry — V f ()]
Using Lemmal8] we obtain the following inequality:
E[F(ers) - Fa*)] < (1 - BE[F(ay) — F(a")] + 2npo(1 - a)* + 2npov/a

H773

4
+4Ln® + —5—,
o

which implies the following inequality:
4Ln?  4Hn?

E[F(ax) — F(e*)] < (1 - B (F(ao) — F(a)) + 2npo (i n Va) + 400 28

B

D.7 PROOF OF THEOREM[]|

We start with the following inequality obtained in the proof of Theorem [I]in Appendix [D.I}
F(zi1) < Flai) = |V f (@) + VRl + 3 L. (66)
Using this inequality, we can upper-bound F'(zj41) as follows:
F(ain) & f(ern) + Rlan)
42) f(@*)+ R(x™) + (Vf(zps1) + @Rk+1,$k+1 —x*)
) + (Vf(zri1) + VR 1, Tr — %)
%) + |wrr = 2V f (@r1) + VRipa |«

F
F
F(z*) + D|Vf(wr41) + VR |-
F

NS NG INE

(") + (D/n)(F(2x) = F(ars1)) + 5LDn,

where (a) and (d) use the definition of F'(z) in problem (I); (b) uses the convexity of function R(z)
and Assumption (A4); (d) uses the definition of the dual norm; () uses Assumption (A6) and the
fact that 2,41, 2* € dom R; (f) uses eq. (66). After rearranging, we obtain

() - P+ 220,

F —F(z*) <
(Tht1) (z%) < n+ D

which implies the following inequality:

D

Flzg)—F(z*) < <77+D
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D.8 PROOF OF THEOREM§]

Similarly to the proof of Theorem[7]in Appendix we can obtain the following inequality:

F(xpy1) < F(z*) 4+ DV f(zhi1) + VRiy1|+. (67)
Combining this inequality with Lemma ] gives the following:
. D . 3Ln*
Plonn) - Fe®) £ 2 (Flan) = P + 2019 axn) = . + 250
® D . 7Ln?
8 2 () - Pl + 295 ) — sl + ).

where () uses the triangle inequality, Assumption (A2)), and eq. (I5). After taking the expectation
and using Lemma 5] we obtain the following:

D 2Ln?  3Ln?
E[F “F)] < [ —Z= ) E[F(zy) — F(z*
(Flon) ~ PO < (-5 ) B - Fa) + 225 + 25

+2(1 = a)"*'npo + 2V/anpo,
which implies the following inequality:

K

D 2 3LDy 2LD

E[F(cg) — F(z*)] < <M> (F(x0) — F(z*)) + 2/aDpo + ”Oi’” + = 7y - n

O
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