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ABSTRACT

Unsupervised graph clustering is fundamental for uncovering latent structures in
graph-structured data, particularly in scenarios where labeled data is limited or un-
available. However, existing approaches often struggle to simultaneously achieve
cluster-discriminative representations and geometric consistency. Conventional
variational graph autoencoders rely on unimodal Gaussian priors in Euclidean
space, often leading to overlapping latent clusters, while contrastive approaches
depend on heuristic augmentations that may disrupt essential structural informa-
tion. To overcome these limitations, we propose Hyperspherical Contrastive Dif-
fusion (HCD), a novel unsupervised graph clustering framework that jointly lever-
ages hyperspherical geometry and diffusion-based generative modeling. HCD
constrains node embeddings to lie on a unit hypersphere and refines them via a
multi-step temporal denoising diffusion process. It integrates a Product-of-Experts
aggregation strategy, a von Mises—Fisher KL divergence to regularize angular la-
tent distributions, a spherical contrastive loss to enforce discriminative alignment,
and a cluster compactness-separation regularizer based on Student-t assignments
and entropy minimization. These objectives collectively shape a latent space that
preserves graph structure while promoting tight intra-cluster cohesion and clear
inter-cluster separation. Comprehensive experiments across diverse benchmarks
and multiple clinically and biologically significant real-world tissue clustering
scenarios (ranging from complex neuroanatomical region identification to cancer
tissue segmentation under varied conditions) demonstrate that HCD consistently
achieves state-of-the-art performance in clustering accuracy, robustness, and sta-
bility.

Source Code — https://anonymous.4open.science/r/HCD-F475

1 INTRODUCTION

Unsupervised graph clustering has become a fundamental technique for uncovering latent structures
in graph-structured data, such as citation networks, social graphs, and biological systems |Kipf &
Welling| (2016); Long et al.| (2023). Unlike supervised learning methods, which require expensive
and often unavailable annotations, unsupervised clustering enables automatic grouping of nodes
based solely on topological and attribute information, making it especially valuable in large-scale
or label-scarce domains Wu et al.| (2021)). Furthermore, accurate graph clustering serves as a cru-
cial pretext task that enhances performance on downstream applications such as semi-supervised
classification, recommendation systems, and link prediction You et al.|(2020).

Despite recent advances, current unsupervised graph clustering methods still face key challenges in
learning representations that are both cluster-friendly and geometrically consistent. Classical (vari-
ational) graph autoencoders often assume a unimodal isotropic Gaussian prior in a Euclidean latent
space, which can blur the separation between semantically distinct communities by collapsing them
into overlapping latent regions |[Kipf & Welling (2016); |[Zhang et al.| (2022a); |(Chen et al.| (2024);
Mrababh et al.|(2024). On the other hand, contrastive approaches attempt to improve discriminability
through random graph augmentations, such as edge dropping or node masking, but these often yield
unstable signals by unintentionally destroying informative structural cues Velickovic et al.| (2019);
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Figure 1: Overview of the HCD framework. The input graph representation is encoded via a T-step
denoising diffusion process, producing timestep-specific embeddings. These embeddings are fused
into a hyperspherical latent representation using a learnable PoE mechanism. Training is guided by
complementary objectives: (1) Diffusion reconstruction loss (bottom left), which reconstructs the
input adjacency matrix from latent embeddings; (2) Uniformity loss (top right), a vMF KL diver-
gence that aligns the vMF posteriors with a uniform hyperspherical prior by penalizing excessive
concentration and preventing representation collapse; (3) Spherical contrastive alignment loss (cen-
ter), which pulls positive pairs closer while pushing negatives beyond a margin in angular space; (4)
Cluster regularization and negative entropy loss (right), which tighten Student-¢ assignment distri-
butions around learnable cluster centroids and prevent degeneracy.

Hassani & Khasahmadi| (2020); |Zhu et al.| (2021); |Deng et al.| (2025). Moreover, deep graph en-
coders frequently suffer from the over-smoothing problem, where repeated message passing leads to
homogenized node embeddings and indistinct inter-cluster boundaries Zhu & Koniusz|(2020). Al-
though prior works have incorporated adversarial learning or adaptive convolutions to boost repre-
sentation quality Zhang et al.|(2019)); Pan et al.| (2019); [Wang et al.| (2019), relatively few explicitly
enforce the desirable clustering properties of high intra-cluster compactness and low inter-cluster
overlap. Crucially, most fail to uncover a latent space that aligns with the intrinsic data geometry
and reveals structure without relying on heuristics.

These limitations point to two critical gaps: (i) the lack of a latent geometry that naturally en-
courages separation and remains consistent in high dimensions, and (ii) the absence of principled
objectives that sculpt a clustering-friendly latent space without relying on heuristic perturbations.
To close these gaps, we propose a novel framework that integrates hyperspherical embeddings and
diffusion processes to construct semantically meaningful, geometry-aware representations tailored
for clustering.

In this work, we propose Hyperspherical Contrastive Diffusion (HCD), a novel unsupervised graph
clustering framework that addresses the above challenges by integrating geometry-aware embedding
constraints with temporally-aware generative modeling. Specifically, HCD constrains graph repre-
sentation to lie on the unit hypersphere and refines them through a multi-step denoising diffusion
process. This design synergistically leverages the strengths of both generative modeling and hyper-
spherical geometry to produce robust and well-separated latent clusters. As illustrated in Figure [I]
the key components of our approach include:

» A temporal variational diffusion encoder, which performs 7" iterative denoising steps and
aggregates latent representations using a Product-of-Experts (PoE) mechanism, ensuring
stability and robustness across varying noise levels;

* A von Mises—Fisher (vMF) KL regularizer, which aligns the posterior distribution with
a uniform prior on the hypersphere, mitigating representation collapse (uniformity loss);
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* A spherical contrastive alignment loss, which explicitly optimizes pairwise angular dis-
tances by pulling positive pairs closer while pushing negative pairs beyond a predefined
angular margin;

* A cluster compactness and separation regularizer, built upon using Student-¢ assign-
ments and normalized cluster centers, combined with an entropy penalty to prevent degen-
eracy and promote clear partitioning.

These objectives, together with the diffusion reconstruction loss, cooperatively shape a latent space
that is both structure-preserving and cluster-discriminative. Compared to existing methods, HCD
offers several key advantages: 1) The use of angular metrics and vMF regularization facilitates more
interpretable and well-separated embeddings in high-dimensional spaces; 2) Diffusion-based en-
coding and spherical contrastive losses enable structure-aware training without relying on heuristic
graph augmentations; 3) Temporal aggregation and entropy regularization improve stability across
noisy graphs and enhance performance in low-label or zero-label regimes; 4) The joint optimiza-
tion of geometric, contrastive, and clustering objectives within a single diffusion framework leads
to coherent representation learning and avoids the limitations of conventional two-stage training
pipelines. In summary, our main contributions are as follows:

* We propose the first unsupervised diffusion-driven graph clustering framework on the hy-
persphere, seamlessly combining denoising diffusion with contrastive learning and geo-
metric regularization.

* We introduce a novel integration of spherical KL divergence, contrastive angular align-
ment, and cluster compactness/separation objectives to directly shape a cluster-friendly
latent space.

* We conduct extensive evaluations across both canonical graph benchmarks and clinically
realistic spatial-omics datasets (spanning neuroanatomical tissue mapping and heteroge-
neous cancer microenvironments) demonstrating that HCD consistently achieves state-of-
the-art clustering performance under real-world conditions.

2 RELATED WORK

Graph clustering has been extensively studied through both classical spectral methods and modern
graph neural networks (GNNs). Spectral approaches typically formulate community detection as
a graph cut minimization problem, such as RatioCut or Normalized Cut (Ncut), but suffer from
poor scalability on large graphs [Von Luxburg (2007); [Zhao et al|(2023). To enhance efficiency,
representation learning-based methods decouple node embedding and clustering. Early examples
include DeepWalk |Perozzi et al.|(2014), GraphEncoder Tian et al.[(2014), DNGR |Cao et al.|(2016),
and adversarial variants such as GraphGAN |Wang et al.[(2018a) and GraphSGAN |Ding et al.|(2018).
However, these methods often neglect node attribute information, limiting their effectiveness on
attributed graphs.

Graph autoencoders (GAEs), especially those incorporating node features, have emerged to jointly
capture graph structure and node attributes. Representative models include GAE and its variational
counterpart VGAE Kipf & Welling| (2016). Subsequent advancements introduce adversarial reg-
ularization |Pan et al.| (2018; 2019), kernel-based refinements [Zhang et al.| (2019; [2022a)), mixture
priors [Hui et al.| (2020), and attention-guided clustering objectives Wang et al.|(2019). More recent
pipelines—such as DAEGC [Wang et al.| (2019), SDCN Bo et al.|(2020), DFCN Tu et al.|(2021)), and
DCRN Liu et al.|(2022)—achieve strong empirical performance but remain sensitive to the quality of
the input adjacency matrix. To address this sensitivity, adaptive GAEs have been proposed to learn
graph structures directly from data |Li et al.| (2021b)); [Zhang et al.[|(2022b). In parallel, contrastive
learning has emerged as a powerful paradigm for unsupervised clustering, enhancing representation
separability without relying on label supervision (Chen et al.| (2024); Mrabah et al.| (2024)); Deng
et al.[(2025)).

In summary, state-of-the-art methods aim to integrate both topological and attribute information,
while employing explicit learning objectives (such as reconstruction, attention, or contrastive loss)
that promote cluster-discriminative and geometrically consistent representations.
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3 PROPOSED METHOD

We consider an undirected graph G = (V, ), where V and £ denote the sets of nodes and edges,
respectively. The graph structure is represented by a normalized adjacency matrix A € RV*¥ and
node attributes are encoded in a feature matrix X € RV*¥ where N is the number of nodes and F
is the dimensionality of each node’s feature vector.

To learn temporally-aware latent representations, we develop a diffusion-based encoder that operates
over T' discrete time steps. At each step ¢, the encoder produces a latent Gaussian distribution
parameterized by a mean and log-variance:

HO = (x,A), p® =0, (HDA), loga*® = ¢, (1", A), (1)

where ¢, ®u, $o are graph convolution layers [Kipf & Welling|(2017), and #(®) denotes the inter-
mediate node features at time ¢. A latent sample z(*) is drawn using the reparameterization trick:

2 = 4 exp (4 log o (t)) © e e ~ N(0,1,), )
where d is the latent dimensionality and ® denotes the element-wise (Hadamard) product.

To integrate information across time steps, we employ a Product-of-Experts (PoE) aggregation
mechanism with learnable temporal attention weights. Specifically, we define:

— exp(Vt) t) 2(t _ 23:1 we PO ou® Nxd
we= s smy PO =on(Slge? V), p= Srlng e R 0)

where 7, € R are learnable scalar parameters for temporal weighting, and P(*) represents the
element-wise precision (i.e., inverse variance) of the ¢-th Gaussian. The PoE formulation enables
closed-form inverse-variance fusion under Gaussian assumptions. A detailed derivation is provided
in Appendix Section E: “Why Product-of-Experts Helps: Inverse-Variance Fusion.”

Finally, to impose hyperspherical geometry on the latent space, the aggregated embeddings are
projected onto the unit hypersphere via row-wise fz-normalization: Z = N/ (ﬂ), where N (+)
denotes row-wise normalization such that each row of Z has unit norm.

3.1 Loss FUNCTIONS AND TRAINING OBJECTIVE

(1) Reconstruction via Temporal Variational Diffusion Decoder. Let {z(}7_, denote the sam-
pled latent trajectories across 7' diffusion steps. A linear 3-schedule defines the noise levels {3; } 7,
and the cumulative noise scaling terms /T — @ are computed with @ = [['_,(1 — Bs). Let
¢t = /1 — ay. At each timestep ¢, we compute cosine similarity matrices:

. T (t)
S :N(z(t))/\/(z(t))T, A= Ztgﬁctf ) c [07 1]N><N’ 4)
t=1"%t

where N (-) denotes row-wise ¢3-normalization. The reconstruction loss is computed as a weighted
binary cross-entropy against the normalized adjacency matrix A:

Liec = 1 BCE(vec(A), vec(A)), %)

where L. is the diffusion reconstruction loss, 7 is a global normalization scalar, and vec(-) vec-
torizes the input matrix, BCE(-) denotes the binary cross-entropy loss. As detailed in Appendix [E
the decoder in Eq. (@) is not an ad-hoc aggregation, but the closed-form solution of a noise-free

diffusion-style refinement chain Ay — Ap_1 — -+ — AO on the reconstructed adjacency matrix.

(2) KL Divergence on the Hypersphere. Each row of Z € RV *4 defines the mean direction of
a vMF distribution:

qla; p, k) = o exp(k p' x), (6)
@)1, (<)

where 11 € R? is a unit-norm mean direction, x = softplus(\) is the concentration parameter with
learnable A, softplus(z) = log(l + ef”), and T, (-) is the modified Bessel function of the first kind.
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The prior is the uniform distribution over the hypersphere, 2/(S?~!). The corresponding uniformity
loss is:

| X
Lynt = N ZKL(%‘ | p). (7

Under a uniform prior, it discourages overly peaky vMF posteriors and prevents representation col-
lapse on S~ 1.

(3) Spherical Contrastive Alignment Loss. Let Z = [21,...,2 N]T € RV*4_ We define the
positive edge set as: £ = {(i,7) | A;; = 1}, and construct a random negative edge set: £~ C
{(i,5) | Aij = 0},1€7| = |ET| nneg, Where npe, € N is a hyperparameter specifying the number
of negatives per positive. Using distance power o > 0 and margin m > 0, we define the alignment
loss:

1 . . e 1 R . o
L=z 2 Va—2l8 + 0 3 [ma0m—la-2k)] . ®
(i,5)€E* (i,5)€E~
(4) Cluster Compactness and Separation Regularization. Let C = [cy,...,cx|' € RE*? be

the matrix of learnable cluster centroids. We compute soft cluster assignments using a Student-¢
kernel:

v+l
L+ |2 — euly) 2
Dik = I(( ) ak:17"‘7K7 (9)
vl
S (1412 —cllyv) 2
r=1
where v > 0 controls the shape of the distribution. Each vector p; = [p;1, ..., pix] is a probability

distribution over the K clusters. The compactness and separation terms are defined as:

N K
1 2
Intra = NZZPMH%*%H% Inter = KK -1 Z ek = eellz, (10)

i=1 k=1 1<k</<K

Intra
Inter+10—9 *

with the overall cluster regularization loss defined as: L, =
(5) Entropy Regularization on Assignments. To avoid degenerate assignments (e.g., all nodes

collapsing to a single cluster), we include a negative entropy term on the soft assignment matrix
NxK
peR

1 N K
em—ﬁzz i Log(pix +1077). (1)
i=1 k=1

(6)Final Training Objective. The overall training objective is a weighted sum of all loss terms:
L= Lrec + AUNI‘CUNI + /\aln‘caln + )\cluﬁclu + Aentﬁent; (12)

where AyNI, Aaln, Aclu, Aent are hyperparameters balancing the contributions of each term. Complete
hyperparameter settings are listed in Appendix Section B. In addition, we provide a geometric guar-
antee showing that the spherical contrastive margin enforces a non-trivial minimum inter-cluster
angular separation. Detailed derivations can be found in Appendix Section D: Geometric Guaran-
tee: Angular Margin Implies Separation and Appendix Section F: Spherical Similarity Calibration.

The training procedure of our model is summarized in Algorithm[I} Model parameters are optimized
using either Adam or SGD, with separate learning rates: [r for all network parameters and I, for
the vMF concentration parameters. After each training epoch, we fit a vVMF mixture model with
K components via Expectation—-Maximization on the final embeddings Z, yielding the predicted
cluster labels gy, following the procedure of Taghia et al.|(2014); [Luo et al.| (2025); Li et al.[(2025).

Computational Complexity. A detailed analysis of the computational and memory complexity,

along with empirical wall-clock runtime benchmarks and accuracy—efficiency trade-offs, is provided
in Appendix Section



Under review as a conference paper at ICLR 2026

Algorithm 1 HYPERSPHERICAL CONTRASTIVE DIFFUSION (HCD)

1: INPUT: Graph G = (V, &), feature matrix X € RV *¥, normalized adjacency A € R™*", number of
clusters K, diffusion depth 7', loss weights Aunt, Aain, Aclu, Aent
: INITIALISE: Encoder parameters {¢'"), ¢,., ¢ }i—1, Product-of-Experts weights {:}7 , cluster centres
C € R¥*? (row-wise £2-normalised), vMF concentration parameter ), optimiser ADAM
: for epoch = 1 to Eyax do
fort =1to 1 do
H® <_¢(t) (X, A)
p g (HD, A), loga?® ¢, (HM, A)
Sample 2z ~ N(p"), diag(a? "))
end for
PoE aggregation: compute element-wise precisions PO = exp(— log o? (t>); soft weights w; =
exp(y:)/ 22, exp(7s)
ST w0, PO p®
# ZtT:1 w PO
11:  Normalize Z =N/ (ﬁ) // node embeddings on S¢*
12:  Diffusion decoder: reconstruct A using cosine-sim. trajectory and compute Lrec
13:  Uniformity loss: Loxi= = >, KL(q:[[U/(S*™")) where g; is YMF(2;, k), £ = softplus())
14:  Contrastive alignment: sample negatives £, compute Lan
15:  Cluster assignments: p;j < Student-t(2;, cx)
16:  Compactness/separation:  compute L., using intra/inter distances; Entropy: Lo =
% 21 Pik log(pir +1077)
17: Total loss: £=Liec + AuniLunt + AainLain + ActuLlets + AentLent
18:  Update all parameters via back-propagation on £
19: end for .
20: Clustering: fit a K-component VMF mixture on Z and assign labels gy
21: OUTPUT: cluster labels g, hyperspherical embeddings Z

[\

e

._
e

4 EXPERIMENTS

We evaluate our method in two domains: (i) standard graph benchmarks and (ii) clinically relevant
spatial transcriptomics datasets, enabling rigorous benchmarking and and real-world validation.

4.1 DATASETS

Large-scale graphs. We first consider two large-scale node classification datasets from the Open
Graph Benchmark (OGB)|Hu et al.|(2020): ogbn-arxiv (a citation network of 169K nodes and 1.1M
edges) and ogbn-products (an Amazon co-purchase network with 2.4M nodes and 123M edges).

Medium-scale graphs. We additionally evaluate on three widely used medium-sized benchmarks:
ACM and DBLP, both representing co-authorship networks Bo et al.| (2020); and Wiki, a web page
linkage graph|Yang et al.|(2015).

Clinically relevant spatial transcriptomics datasets. To assess applicability in biomedical do-
mains, we test on three real-world tissue datasets: (i) STARmap (mouse visual cortex): 1,207
cells profiled by in situ sequencing across 1,020 genes |Wang et al.| (2018b)); (ii)) DLPFC (human
prefrontal cortex): section 151672 from 10x Visium, with 3,888 spatial capture spots spanning
six cortical layers [Maynard et al.| (2021)); (iii) BRCA (human breast carcinoma) includes 3,798
capture spots from tumour and stromal regions [Polyak et al.| (2011): 3,798 capture spots from tu-
mor and stromal regions, measured with 10x Visium [Polyak et al.|(2011). Each spot in the spatial
transcriptomics is annotated with Cartesian spatial coordinates and raw gene expression profiles.

4.2 BASELINE METHODS

Graph Domain Baselines. We compare against a comprehensive set of baselines, including: Tra-
ditional Methods: K-means and METIS [Karypis & Kumar| (1998)). Embedding & Self-Supervised
Methods: Node2Vec |Grover & Leskovec| (2016), DGI|[Veli¢kovié et al.| (2019), S?GC [Devvrit et al.
(2022), BGRL [Thakoor et al.| (2022), DMoN [Tsitsulin et al.| (2023), CVGAE [Mrabah et al.| (2024),
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Table 1: Clustering performance (mean + standard error) on ogbn-arxiv and ogbn-products datasets.
ogbn-arxiv ogbn-products

(|V| = 169,343, |€| = 1,166,243) (IV] = 1,939,743, |€| = 21,111,007)

ACC(T) NMI(T) ARI(1) ACC(T) NMI(T) ARI(1)

K-means 17.6£0.24  21.6+0.38  7.4+£0.18 | 20.0+0.18 27.3+0.10  8.24+0.40
MinCutPool 24.2+0.10 38.0+0.19 13.94+042 | 25.7+0.18 43.0£0.13  13.0£0.57

Method

METIS 20.9+0.50 34.5+0.16 12.6%0.11 | 29.44+0.29 46.84+0.29 14.5+0.31
Node2vec 29.0+£0.11  40.6+0.28 19.0£0.24 | 35.7£0.53 48.9£0.19 17.0+0.16
DGI 31.4+0.19 41.240.56 2234030 | 32.04+0.53 46.7£0.36 17.4+£0.09
DMoN 25.0+£0.20 35.6+0.48 12.7£0.31 | 30.4+0.29 42.84£0.58 13.9+0.60
S3GC 35.0+£0.29 46.34+0.27 27.04£0.33 | 40.24+0.07 53.6£0.10 23.0+0.54
BGRL 22.74£0.60 32.1+£0.10 13.040.18

CVGAE 3544047 47.0+0.58 27.6+0.60 | 39.7+£0.45 5294044 22.6£0.57
THESAURUS | 34.2+0.85 45.840.67 26.440.71 | 39.3+0.63 53.1+0.54 22.4£0.48
Ours 41.3+£0.62 50.4+0.45 31.5+0.43 | 45.0+0.60 57.6+0.36 28.2+0.49

Table 2: Clustering results of different VGAE-based models on three benchmarks. Best scores are
in bold (mean = standard error, expressed as percentages).

DBLP ACM Wiki
ACC(1) NMI(T) ARI(T) ACC(1) NMI(T) ARI(T) ACC(T) NMI(T) ARI(T)

Graphite 65.5+£0.48 32.7+0.28 30.9+0.42 | 85.7£0.46 56.7£0.19 62.2+0.15 | 42.6£0.44 41.5£0.27 24.3£0.08
GDN-VAE 57.74£0.31 27.3£0.17 16.0+0.56 | 79.44+0.25 49.4£0.50 46.0+0.53 | 45.0+0.18 42.3+£0.42 24.1+0.28
N-VGAE 59.0+£0.21 21.3+0.10  21.7+0.48 | 84.7+£0.25 5424034 59.8+0.43 | 44.9+0.52 40.0£0.24 25.3+£0.07
D-VGAE 59.4£0.53  27.940.20 18.0+0.37 | 79.6£0.59 49.0£0.08 47.4+0.38 | 46.3£0.25 40.3£0.48 24.4+0.30
GMM-VGAE | 54.6+0.59 23.54+0.12 23.940.55 | 83.1+£0.16 54.0+£0.08 56.3+0.30 | 42.7£0.34 39.5+£0.50 23.6+0.43
SI-VGAE 62.0+0.57 26.3+0.46 24.1+0.17 | 62.0£0.29 32.6+0.57 29.1+£0.56 | 42.3£0.40 40.1£0.42 22.3£0.13
DCGL 64.24+0.55 33.5+£0.33 31.3+0.42 | 84.840.24 553+0.44 61.9+0.36 | 47.840.16 41.3+£042 25.1+0.26
Ours 76.2+0.46  46.0+0.15 51.840.37 | 86.7+£0.28 60.7+£0.51 67.4+0.22 | 54.6+0.17 44.7+0.48 31.6+0.39

Method

and THESAURUS |Deng et al.| (2025). VGAE-Based Methods (for Table E]): Graphite |Grover et al.
(2019), GDN-VAE [Li et al.| (2021a), '~-VGAE and D-VGAE [Li et al| (2020), GMM-VGAE Hui
et al.| (2020), SI-VGAE Hasanzadeh et al.|(2019), and DCGL |Chen et al.| (2024).

Spatial Transcriptomics Baselines. We benchmark against both traditional and GNN-based ap-
proaches designed for spatial tissue modeling: Traditional Spatial Methods: Scanpy Wolf et al.
(2018)), SpatialPCA |Shang & Zhou| (2022). GNN-Based Models: SpaGCN Hu et al.| (2021},
STAGATE Dong & Zhang| (2022), SpaceFlow Ren et al.| (2022), CCST [Li et al.| (2022), and
GraphST |Long et al.|(2023).

4.3 IMPLEMENTATION DETAILS

The encoder architecture consists of two graph convolutional layers followed by a T-step temporal
diffusion module. All latent embeddings are ¢2-normalized to lie on the unit hypersphere. Train-
ing is conducted for 1,000 epochs using the Adam optimizer, with a learning rate of 5 x 10~3 and
weight decay of 5 x 10~4. The learnable VMF concentration parameters are updated separately
using a learning rate of 1073, For fairness, all baselines are reproduced using the authors’ offi-
cial implementations and default settings. Clustering performance is evaluated using three standard
metrics: Accuracy (ACC), which measures label assignment correctness; Normalized Mutual Infor-
mation (NMI), which quantifies information overlap between predicted and ground-truth labels; and
Adjusted Rand Index (ARI), which accounts for chance-adjusted clustering agreement. Complete
hyperparameter configurations for each dataset are detailed in Appendix Section B.

4.4 RESULTS

Open Graph Benchmarks. Table [I] reports clustering performance (ACC, NMI, and ARI) on
OGBN-ARXIV and OGBN-PRODUCTS. Our method, HCD, achieves the best performance across all
metrics on both datasets. On OGBN-ARXIV, HCD surpasses the strongest baseline (CVGAE) by
+5.9 ACC points (41.3 vs. 35.4), +3.4 NMI points (50.4 vs. 47.0), and +3.9 ARI points (31.5 vs.
27.6). On OGBN-PRODUCTS, HCD improves over the best baseline (S?GC) by +4.8 ACC points
(45.0 vs. 40.2), +4.0 NMI points (57.6 vs. 53.6), and +5.2 ARI points (28.2 vs. 23.0).
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Figure 2: Murine visual cortex slice profiled by STARMAP, annotated with expert cell type labels.
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Figure 3: Human dorsolateral prefrontal cortex (DLPFC) section from 10x Visium (specimen
#151672), visualized with clustering assignments from each competing method.

These improvements are attributed to three key factors: (i) the hyperspherical latent space, which
enhances angular separability at scale; (ii) the temporal diffusion encoder, which effectively miti-
gates over-smoothing; and (iii) the integration of uniformity, contrastive, and cluster regularization
losses, which stabilize training without relying on heuristic graph augmentations.

Canonical Graph Benchmarks. Table[2]presents results on widely-used canonical graphs: ACM,
DBLP, and WIKI. HCD outperforms all VGAE-based baselines. On the high-degree DBLP graph,
HCD achieves an ACC of 0.762, improving significantly over Graphite (0.655), with corresponding
gains of approximately 13% in NMI and 21% in ARI. On the structurally saturated ACM graph,
HCD yields consistent improvements across all metrics. For the highly imbalanced WIKI graph, it
obtains the highest ARI (0.316) and NMI (0.447), demonstrating robustness to skewed community
sizes and hub-dominated centrality. These results highlight the effectiveness of the hyperspherical
prior and the cluster compactness-separation regularizer in handling heterogeneous topologies.

Real-World Spatial Transcriptomics Benchmarks. Figures and [] present evaluations on
spatial transcriptomics datasets: STARmap, DLPFC, and BRCA. Across all three datasets, HCD
achieves the highest ARI and AMI scores, with particularly notable margins on complex tissue
structures. For instance, HCD surpasses the best competing method by +6.3 ARI points on the
STARMAP mouse cortex, and by +1.8 ARI points on the heterogeneous DLPFC sample. These
results underscore the model’s ability to preserve spatial continuity and capture biological layering,
facilitated by diffusion-based refinement combined with hyperspherical embeddings.

Qualitative analyses further confirm the biological plausibility of the inferred clusters. In the mouse
visual cortex (Fig.[2), HCD accurately resolves cortical layers, clearly distinguishing layer 2/3 from
layer 4 despite subtle transcriptional gradients. In the human DLPFC (Fig. [3), it delineates white
matter boundaries and successfully recovers the thin layer 4 band, which is often missed by com-
peting methods. In the BRCA carcinoma sample (Fig. d), HCD maintains coherent tumor—stroma
boundaries across multiple clustering resolutions (k € {10, 15,20}), illustrating the stability in-
duced by entropy regularization and Student-r—based soft assignments. See Appendix G for addi-
tional discussion.

4.5 ABLATION OVERVIEW

Scope. We conduct a comprehensive ablation study to evaluate the individual contributions and
design choices within our framework. A brief summary is provided below, with complete experi-
mental details available in the Appendix Section A: (i) Component removal: we sequentially drop
vMF uniformity, spherical contrastive alignment, cluster compactness/separation, and entropy regu-
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Figure 4: Breast carcinoma (BRCA) tissue measured with 10x Visium, demonstrating the impact of
varying the number of target clusters on spatial segmentation.

Table 3: Ablation results on OGBN-ARXIV. Each row reports performance when one component is
removed from the full model.
Variant ACC?t NMIt ARI}

Full HCD 41.3+0.62 50.4+0.45 31.54+0.43
w/o vMF uniformity 39.2+0.58 48.1+0.44 29.1£0.39
w/o spherical contrast ~ 38.6+0.55 47.6+£0.47 27.8+£0.41
w/o cluster regularizer  37.9+0.63 47.1+£0.50 27.1£0.45
w/o entropy penalty 38.1+£0.39  47.3+0.32  27.3£0.49

larization to assess their necessity. (ii) Geometry choice: we compare hyperspherical and Euclidean
latent spaces while fixing the decoder to cosine similarity. (iii) Diffusion depth and aggregation: we
vary the number of diffusion steps 7', noise schedules, and aggregation strategies, including the PoE
mechanism. (iv) Hyperparameter sensitivity: we analyze the effects of varying npe,, angular margin
m, distance power «, and loss weights. (v) Robustness analysis: we evaluate model stability under
edge sparsification, noisy node features, as well as structural and heterogeneous noise.

Table [3] shows that each loss component contributes meaningfully on OGBN-ARXIV; removing any
single term reduces both accuracy and stability. Table[disolates the effect of latent geometry under a
fixed cosine decoder, demonstrating that hyperspherical embeddings yield cleaner partitions on both
large-scale and medium-scale graphs. For the main model, we set 7' = 10 with PoE aggregation, as
this configuration provides the best trade-off between accuracy and efficiency.

Table 4: Clustering performance with hyperspherical versus Euclidean embeddings.

ogbn-arxiv ACM
Geometry
ACCYT NMIt ARIT ACCYT NMIT ARIT
Hyperspherical 41.3£0.62 50.44+0.45 31.5+£0.43 86.7+0.28 60.7+0.51 67.4+£0.22
Euclidean 37.5+0.64 46.7+0.52 27.0£0.46 85.0+£0.37 58.1+£0.50 64.14+0.33

5 CONCLUSION

We introduced HCD, a novel unsupervised graph clustering framework that unifies hyperspherical
embeddings, multi-step denoising diffusion, and contrastive learning within an end-to-end archi-
tecture. By jointly optimizing a vMF-based KL divergence, a spherical contrastive alignment loss,
and a Student-t compactness—separation regularizer, HCD constructs a geometry-aware latent space
tailored for cluster-discriminative and geometrically consistent representations. Empirical results
across both standard graph benchmarks and real-world spatial transcriptomics datasets demonstrate
the effectiveness and robustness of the proposed approach. Future research directions include: (i)
extending HCD to dynamic or temporal graphs with evolving topologies, and (ii) generalizing the
framework to multi-view scenarios, enabling joint clustering over graphs enriched with auxiliary
modalities such as text or images. (iii) exploring fully hyperspherical variants of HCD where the
diffusion process itself is defined on S¥~! with Riemannian (geodesic) noise. (iv) exploring alter-
native latent geometries such as hyperbolic or mixed-curvature manifolds for graphs with stronger
hierarchical or tree-like structures; and (v) investigating how the proposed hyperspherical diffusion-
based latent fusion mechanism can be adapted to non-graph data (e.g., images or tabular features).
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APPENDIX AND SUPPLEMENTARY MATERIAL

LLM USAGE

We disclose the use of large language models (LLMs) in accordance with the ICLR 2026 Author
Guide and policy.

Models and tools. We used ChatGPT (GPT-5), 2025-08 build.
Purpose and scope. LLMs were used for text polishing of grammar and wording.

Human oversight. All LLM outputs were checked and, when necessary, rewritten by the authors.
The authors take full responsibility for all content.

A ABLATION STUDIES

We conduct a comprehensive ablation analysis along five axes to evaluate the effectiveness and
necessity of HCD’s design components:

* Loss Components: Evaluate the individual contributions of vMF uniformity, spherical con-
trastive alignment, Student-¢ cluster regularization, and entropy regularization;

* Latent Geometry: Compare hyperspherical versus Euclidean latent spaces while keeping
the decoder fixed;

* Diffusion & Aggregation: Vary the number of diffusion steps 7', the noise schedule, and
aggregation mechanisms including Product-of-Experts (PoE);

* Sensitivity: Assess the impact of contrastive hyperparameters (1npeg, m, ) and loss weights;

* Robustness: Test model behavior under edge sparsification, feature corruption, and mis-
matched cluster counts.

Unless stated otherwise, all results are reported as mean + standard error over five random seeds,
using Hungarian-matched ACC, NMI, and ARI. Experiments are conducted on one large-scale graph
(OGBN-ARXIV) and one medium-scale graph (ACM) to capture performance across domains and
scales.

A.1 DO THE PROPOSED OBJECTIVES MATTER?

Table [AT] presents results from ablations in which each loss term is removed individually. We ob-
serve the following:

* Removing vMF uniformity increases hub attraction, degrading cluster separation on OGBN-
ARXIV.

* Disabling spherical contrastive alignment reduces boundary sharpness, leading to consis-
tent drops in ARL

* Omitting the cluster compactness/separation regularizer destabilizes assignments and re-
duces performance.

* Eliminating the entropy penalty results in mode collapse, especially under class imbalance.

These findings support the complementary roles of geometry-aware priors, contrastive alignment,
and distributional regularization in stabilizing training and promoting discriminative clustering.

13
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Table A1l: Component-wise ablations on two representative datasets. Each row removes exactly one
component.

. ogbn-arxiv ACM
Variant
ACC?t NMIT ARI?T ACCYT NMIT ARI?T
Full HCD 41.3+0.62 50.4+0.45 31.5+0.43 86.7£0.28 60.7+0.51 67.4+0.22

w/o vMF uniformity 39.2+0.58 48.1+0.44 29.1£0.39 85.6+0.33 58.84+0.46 65.14+0.28
w/o spherical contrast ~ 38.6+0.55 47.6£0.47 27.8+£0.41 85.1+0.35 5824049 64.0+0.30
w/o cluster regularizer 37.94+0.63 47.1£0.50 27.1+£0.45 84.9+0.37 5794052 63.6+0.32
w/o entropy penalty 38.1+£0.39 4734032 27.3£0.49 852+0.60 58.4+0.58 63.9£0.49

A.2 1S HYPERSPHERICAL GEOMETRY NECESSARY?

To assess the contribution of hyperspherical embeddings, we compare them against Euclidean latent
spaces while keeping the decoder fixed to cosine similarity. As shown in Table[d} the hyperspherical
geometry consistently improves cluster boundary sharpness and inter-cluster separation, especially
on large and heterophilous graphs, where angular distance metrics scale more stably than Euclidean
norms.

Table A2: Effects of diffusion depth T" and aggregation strategy.

Setti ogbn-arxiv ACM
etting

ACCtH NMIt ARIT ACCH NMIt ARIT
T=5, PoE 39.9+0.37 49.24+0.35 30.1£0.29 86.0+£0.32 59.84£0.49 66.3+0.27
T=10, PoE 41.3+0.62 50.4+0.45 31.5+0.43 86.7+£0.28 60.7£0.51 67.44+0.22
T'=20, PoE 41.2£0.50 50.3+0.47 31.44+046 86.7+£0.29 60.6£0.57 67.3£0.29

T=15, mean-agg 39.1+£0.68 48.5+0.47 2924041 85.5+£042 59.1+£0.44 65.3+0.39
T'=15, attn-agg 39.6+£0.41 4894049 29.8+0.46 85.8+£0.33 59.4+0.48 65.94+0.26

T=15, PoE 40.940.61 50.040.46 31.040.42 86.4+0.54 60.34£0.46 67.140.37
427\ T T \7 34T T ] 54 [T -
9 1/./0—-0 = 321 = 52 :
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Figure Al: Sensitivity analysis over key contrastive and regularization parameters.

A.3 HoOw MUCH DIFFUSION AND HOW TO AGGREGATE?

We study the effects of diffusion depth 7" and aggregation strategy. Table|A2|shows that a moderate
depth (T' = 10) yields strong performance, with diminishing returns beyond that point.

Among aggregation schemes, PoE outperforms naive averaging and attention-based alternatives by
adaptively down-weighting uncertain timesteps via inverse variance.

To disentangle the effect of PoE itself from the temporal reweighting induced by ~;, we further
compare PoE with fixed uniform weights (w; = 1/T) against PoE with learnable ~; (Table .
Both variants substantially outperform mean / attention-based aggregation, confirming that inverse-
variance fusion is the main driver of the gains, while learnable ~; provides small but consistent
improvements across datasets (about 0.5-1.0 points in ACC/ARI).
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Table A3: Ablation on temporal weights w, in PoE aggregation. We compare fixed uniform weights
and learnable 7, on two representative datasets.

. ogbn-arxiv ACM
Variant
ACCYt NMIt ARI?T ACCYt NMIT ARI?T
PoE (uniform w; = 1/T) 40.7+£0.59 49.84+0.48 30.7£0.40 86.3£0.31 60.1£0.46 66.84+0.26
PoE (learnable ;) 41.34+0.62 50.4+0.45 31.5+0.43 86.7+t0.28 60.7+0.51 67.4+0.22

Table A4: Robustness under corruption. We report ogbn-arxiv results when applying edge drop and
feature noise at test time.

Edge drop (%) Feature noise (stdev)
0 20 40 00 05 1.0

ACCT 413 396 379 413 405 39.1
NMIt 504 489 472 504 49.6 48.1
ARIT 315 298 279 315 306 29.1

Setting

A.4 SENSITIVITY TO CONTRASTIVE PARAMETERS AND LOSS WEIGHTS

We perform sensitivity analysis over key contrastive and regularization parameters. Figure[AT|shows
that small angular margins m yield weak separation, while overly large m over-penalizes mid-range
pairs. Increasing ny,e, improves performance until saturation. We sweep Ayni, Aain, Aclus Aent O
a log scale and find stable optima across datasets. A practical range for loss weights (from log-
scale search) that works across datasets is: Ayny € [0.01,1], Mgy € [0.1,1], Aey € [0.1,2], Aent €
[0.001,0.1].

A.5 ROBUSTNESS UNDER GRAPH AND FEATURE CORRUPTION

To simulate noisy real-world conditions, we randomly drop edges and inject Gaussian noise into
node features (z-scored per dimension) during testing. Table [A4]shows that HCD degrades grace-
fully, maintaining stronger NMI and ARI than baselines. We attribute this robustness to: (i) angular
normalization, which reduces noise amplification; and (ii) diffusion-based encoding, which aggre-
gates across steps and mitigates over-smoothing.

A.6 CLUSTER COUNT MISMATCH AND ASSIGNMENT STABILITY

In realistic deployments, the true number of clusters is often unknown. We evaluate HCD’s stability
under mismatched K values by varying the number of clusters around the ground truth. Table [A3]
shows that HCD remains stable within a range of K =+ 2, with smooth degradation beyond that. The
entropy regularization term plays a key role in preventing fragmentation when K is overestimated.

A.7 ROBUSTNESS TO STRUCTURAL AND HETEROGENEOUS NOISE

To further assess robustness beyond simple edge sparsification and global Gaussian noise, we eval-
uate HCD under (i) degree-preserving structural perturbations and (ii) heterogeneous feature cor-
ruption. For structural noise, we randomly rewire a fraction p € {0.2,0.4} of edges while approx-
imately preserving the degree distribution. For heterogeneous feature noise, we select 30% of the
nodes and, only for this subset, mask 50% of the feature dimensions and add high-variance Gaus-
sian noise, while the remaining nodes receive mild Gaussian perturbations as in the main robustness
experiment.

Table[AQ reports the results on OGBN-ARXIV. Overall, clustering performance decreases smoothly
as the noise level increases, and HCD maintains reasonable ACC/NMI/ARI under all tested struc-
tural and heterogeneous noise settings.
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Table A5: Cluster-count K sensitivity on ACM.

K K—-2 K-1 K (nominal) K+4+1 K+2 K+4
ACCT  84.1 85.7 86.7 86.1 85.4 83.9
NMIT 58.6 60.0 60.7 60.2 594 57.8
ARIT 64.8 66.5 67.4 66.8 66.0 64.1

Table A6: Robustness of HCD to structural and heterogeneous feature noise on OGBN-ARXIV.

Noise setting ACCT NMItT ARIT
Clean graph 41.3 50.4 31.5
20% edge rewiring 38.7 47.8 28.7
40% edge rewiring 35.6 44.8 25.3
Heterogeneous feature noise 38.4 47.7 28.5

Rewiring + heterogeneous noise ~ 35.8 45.1 25.1

B SPECIFIC HYPERPARAMETERS

We summarize the default hyperparameter settings in Table and provide per-dataset configura-
tions in Table[A8] covering all experiments in this work.

C GEOMETRIC GUARANTEE: ANGULAR MARGIN IMPLIES SEPARATION

Let Z € SN*(d-1) pe the normalized latent embeddings, and let £ and £~ denote the sets of
positive and negative pairs. The alignment loss is:

1 O 1 SO @
Lam = Gl Z 12: — 25|12 + & Z [m — |2 — Zj||2]+, (13)
(i,j)€€Er (@,5)e€~
where m € (0, 2) is the margin, and o > 1. Assume the embeddings follow a K-component vMF
posterior with concentration « and means fty, ?:1-

Proposition 1 (Angular Separation Lower Bound). If L,},, = 0 and each vMF component satisfies
K > Kmin > 0, then for any two clusters k # {, the angle 0,y = arccos(,uz;tg) obeys

min

O > 2arcsin( 5 )~ Olwl’) (14)
2 N———
intra-cluster spread

Proof: On the unit sphere, ||2; — 2|2 = 2 sin(egj ) with 6;; the angle between embeddings. A

zero hinge loss on negatives forces ||2; — 2;[|2 > m hence 6;; > 2arcsin(m/2) across negatives.

Table A7: Global hyperparameters used across all datasets.

Category Symbol  Value
Latent dimension d 64 /128
Diffusion steps T 30/10/20
KL weight AUNI 0.1
Contrastive weight Aaln 0.1
Cluster reg. weight Aclu 0.1
Entropy weight Aent 2e-3
Student-¢ d.o.f. v 1
negative sampling rate 7ipeg 8
Distance power @ 2
Margin m 1
Learning rate Ir 1x 1074
vMF LR Ir, 1x1073
Epochs 1000
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Table A8: Dataset-specific configurations.
Dataset d T (V| Notes

ogbn-arxiv 128 10 169,343 citation (OGB)
ogbn-products 128 10 2,449,029 co-purchase (OGB)

Wiki 64 10 2,405 web graph

ACM 128 10 3,025  co-author

DBLP 128 10 26,128 co-author
STARmap 64 20 1,207 tissue RNA-seq
DLPFC 64 20 3,888  Visium #151672
BRCA 64 20 3,798  Visium tumour slice

Within a vMF distribution, samples concentrate in a cone of half-angle O(ﬁ’l/ 2) around pty.. Thus,
the angle between any two cluster means must exceed the negative-pair threshold minus twice the
intra-cluster spread, establishing the bound. |

Implication. The combination of vMF uniformity (bounded x) and angular margin m guarantees
a nontrivial minimum inter-cluster angle, strengthening cluster separability.

D WHY PRODUCT-OF-EXPERTS HELPS: INVERSE-VARIANCE FUSION

At timestep t, each node has a Gaussian posterior A (u(t), diag(o? (t))). Assuming conditional
independence across ¢, the product posterior is

T
p(z | {t}) o< [TV (23 2, ding(o* ) = M= . diag(62) ), (1s)
t=1
with precisions P(*) = diag(l/d2 (t)) and

i — (; p(t))_l(; P<t>ﬂ<t>>, 52— ;p(t). (16)

The learnable weights w; modulate per-step trust. When the diffusion noise is high, resulting in
large o>(*), the PoE mechanism naturally down-weights these steps.

E SPHERICAL SIMILARITY CALIBRATION

Let 2 ~ vMF(, k) be a unit vector on S, For any unit reference v € S?~1, the inner product
2T v concentrates around its mean with a sub-Gaussian tail: there exists an absolute constant ¢ > 0
such that, for any € > 0,

Pr([2Tv—E[z"v]| >€) < 2exp(—cré?). (17)

Here, Pr denotes probability and E[-] denotes expectation. Larger « implies stronger concentration
and hence more stable similarities.

Implication for hinge thresholds: Because inner products are tightly concentrated, a fixed hinge
threshold in the alignment loss induces a predictable error rate for negatives. This threshold is
therefore approximately calibrated when « is moderate. In practice, we use £ € [5,20], which
yields close agreement between expected hinge activation and the observed false negative rate.

F DETAILED DIFFUSION PROCESS

In the main text we define the diffusion reconstruction by

SV =N(E=)N(E=W)T, (18)

ST . gD

A= 2zt ST g g (19)
Zt:lct
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Algorithm 2 Noise-free forward process q(A;_1 | A¢, Ag)

1: Input: observed adjacency .4, number of steps 1’

2: Initialize terminal state: Ay +— A

3: fort=1T,T — ,1do

4: Set At—l — .At

50 {q(Ai—1 | Ay, Ap) is the identity (noise-free) transition }
6: end for
7: Return {A;}1

Algorithm 3 Reverse process pg(A;_1 | A;)

1: Input: latent embeddings {z®17_ 1. schedule {ee}E,

2: Qutput: reconstructed adjacency A

3: Initialize reconstruction at terminal step: A < 0 € RYV*N

4: fort=T,T—1,...,1do

5. Compute normalized similarities: S + A (z() N (z®)T

6:  Update reconstruction: At_l — At +c¢ 8™

7: end for

8: Normalize the accumulated matrix using Eq. equatlon A A, / (ZS 1 cé)
9

. Return A

where N (-) denotes row-wise £y-normalization, {z(*)}]_, are the step-wise latent embeddings, and

= /1 — &, follows a standard linear diffusion schedule. This appendix provides the algorithmic
view of the reconstruction rule in Eq. equation[I9|and shows that it is exactly the closed-form solution
of a noise-free diffusion-style refinement process acting on the reconstructed adjacency matrix.

F.1 NOISE-FREE FORWARD PROCESS

We consider a degenerate, noise-free forward process on the adjacency matrix. Let 4 € RV*N
denote the observed (normalized) adjacency, and let {A;}~_, denote its forward trajectory. We set
the terminal state to the observed graph:

Ar = A, (20)
and define the forward transition as the identity kernel:
q(Ai—1 | Ap, Ag) = 6( Ao — Ay). (21)

In our setting, the prediction target is a discrete adjacency matrix that encodes graph connectivity.
Applying continuous Gaussian noise to .4 in the forward process would introduce two major issues:
(1) it may disrupt the underlying graph topology by creating off-manifold or invalid edge patterns,
and (ii) it introduces a mismatch with the decoder, which ultimately operates in a discrete (edge /
non-edge) regime unless additional projection or thresholding mechanisms are introduced. To avoid
these problems, we deliberately design a noise-free, structure-preserving forward process. So that
all intermediate states satisfy Ap = Ap_; = --- = Ay = A, as shown in Algorithm[2]

While the forward path remains deterministic and topologically faithful to the input graph, the re-
verse model is kept probabilistic and uncertainty-aware through the latent posteriors g ( ),
which allows the model to capture diverse generative reconstructions in latent space.

F.2 REVERSE REFINEMENT AND CLOSED-FORM SOLUTION

On the decoder side, as described in Algorithm [3] we maintain a sequence of reconstructed adJa-

cencies { At}t o and refine them in a multi-step fashion. Starting from an initial reconstruction Ap
(e.g., the zero matrix), we update:

A=A+ SY, t=T,T—-1,...,1, (22)
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where S(*) is the similarity matrix computed from the step-specific embeddings z(*), and ¢, =
V1 — &y is the diffusion-style weight at timestep ¢. The final reconstruction is obtained by normal-
izing the accumulated matrix:

~ 1 ~
A= —— A, (23)

T
Zszl Cs

Closed-form equivalence. Unrolling the recursion in Eq. equation 22] yields:
T—1 T
g =Ap+ ) 8D => ¢80, (24)
t=1 t=1

since A is initialized to zero. Substituting this expression into Eq. equation directly recovers
the decoder in Eq. equation[T9}

T
4o Tiies®)
Zt:l Ct

Therefore, the reconstruction rule used in the main text is precisely the closed-form solution of a
noise-free diffusion-style refinement process on the adjacency matrix, where temporal structure is
encoded in the sequence {S™ 17 | and the diffusion schedule {c;}7.;.

(25)

G ADDITIONAL THEORETICAL DISCUSSION

This section provides further theoretical justification for two central design choices in HCD: (i)
the use of multi-step diffusion with Product-of-Experts (PoE) aggregation, and (ii) the adoption of
hyperspherical latent geometry. The goal is to complement the empirical evidence in Section [
and to clarify under which assumptions these choices are expected to be beneficial. The detailed
derivations are already contained in Appendix [D] Appendix[C] and Appendix [E} here we summarize
the main insights and their implications for clustering.

G.1 MULTI-STEP DIFFUSION WITH POE VS. SINGLE-STEP ENCODERS

As discussed in Appendix [D] the temporal encoder in HCD produces, for each node ¢ and diffusion
stept € {1,...,T}, a Gaussian latent posterior of the form:

2 ~ N (") diag(o? ™)), (26)
and the PoE aggregation combines these step-wise posteriors into a single Gaussian with mean f;

and precision equal to the sum of per-step precisions (modulated by learnable temporal weights). To
make the role of PoE explicit, we adopt the following simple generative view.

Gaussian approximation. Assume that for each node 7 there exists a latent “clean” representation
z7, and that each diffusion step provides an independent noisy estimate:

2~ N(2,%r), t=1,...,T, (27)

with 3J; positive definite and conditionally independent across ¢ given z7. Under this model, the PoE
posterior over z; is Gaussian with

T e
ziw./\/'(zi, (;g ) ) (28)

i.e., the covariance of the aggregated estimate is the inverse of the sum of per-step precisions. This
corresponds exactly to the inverse-variance fusion derived in Appendix [D]

Proposition 2 (Variance reduction of temporal PoE). Under the Gaussian approximation above, the
PoE estimate z; is the minimum-variance linear unbiased estimator of z;. Moreover,

T p—
(Z 2;1) "2, forallte{l,...,T) (29)
t=1

that is, the covariance of z; is no larger (in the Loewner ordering) than the covariance at any single
diffusion step. The single-step encoder is recovered as the special case T'=1.
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Proof. The result follows from standard Gaussian conditioning and the properties of generalized
least squares: the PoE posterior coincides with the solution of a linear minimum-variance estimation
problem where each zgt) is treated as a noisy observation of the same ground-truth latent z7. We
refer to Appendix [D|for the full derivation.

Implications for clustering. Our clustering objective ultimately depends on pairwise distances
between node embeddings. Proposition [2] shows that, under mild assumptions, multi-step diffu-
sion with PoE yields embeddings that are more concentrated around the underlying latent z; than
any single-step encoder. This variance reduction directly translates into: (i) tighter intra-cluster
scatter, and (ii) more stable decision boundaries between clusters. Intuitively, different diffusion
steps provide complementary views of each node at different noise levels; PoE performs principled
inverse-variance fusion of these views instead of committing to an arbitrary single step. This theo-
retical perspective helps explain why, in our experiments, multi-step diffusion with PoE consistently
improves clustering performance over single-step encoders.

G.2 WHEN DOES HYPERSPHERICAL GEOMETRY HELP?

HCD constrains the aggregated mean directions z; to lie on the unit hypersphere S~ via row-wise
{5-normalization, and uses a VMF prior as described in the main text. This choice interacts with the
contrastive and clustering losses in two important ways.

Angular margins and cluster separation. On the hypersphere, the Euclidean distance between
two unit vectors Z; and Z; is a monotone function of the geodesic angle 0;;:

12; — 2]l = 2sin(0;;/2). (30)
Therefore, the hinge margin used in our spherical contrastive loss can be interpreted as an angular
margin. Appendix [C|formalizes this intuition: Proposition [I]shows that, when the vVMF components
have non-trivial concentration, driving the alignment loss to zero enforces a strictly positive lower
bound on the angle between any two cluster means. Equivalently, the combination of hyperspher-
ical normalization, vMF regularity, and angular margin yields a guaranteed minimum inter-cluster
separation in angle space. This kind of margin-to-angle guarantee does not hold in unconstrained
Euclidean space, where the same Euclidean distance may arise from different combinations of norms
and angles.

Norm control and avoidance of hub dominance. In an unconstrained Euclidean latent space, the
encoder is free to increase vector norms without bound. As a consequence, distances can be dom-
inated by a few “hub” nodes with very large norms, leading to skewed cluster centers and blurred
cluster boundaries. By constraining all embeddings to S~ ! and using a uniform hyperspherical
prior, HCD removes this degree of freedom and encourages representations that are primarily en-
coded in the direction rather than in the magnitude. Appendix [E] further shows that the vMF dis-
tribution yields sub-Gaussian concentration of inner products around their mean, which stabilizes
similarity scores and makes the hinge thresholds used in our loss approximately calibrated.

H COMPUTATIONAL COMPLEXITY

H.1 THEORETICAL ANALYSIS

For a graph with |V| nodes, |£| edges, diffusion steps T', and latent dimension d, a single forward
pass of HCD costs:

ot l& o+ Pl ) G1)
~—~ ~—~
GCN message passing ~ PoE + vMF ops

which is linear in both edges and nodes. The spherical contrastive and Student-7 losses add: O(|€ |+
|V|K), which is dominated by the GCN term when K < |V|.

H.2 SCALABILITY ON LARGE-SCALE GRAPHS

We briefly clarify how HCD is implemented to remain practical on million-node graphs.
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Table A9: Training time (seconds =+ std) per epoch on OGB graphs (single RTX 4090, 24 GB).

Method ogbn-arxiv  ogbn-products
S3GC 29+ 3.1 89+ 3.9
CVGAE 36 £4.0 117£5.7

HCD (ours) 47 +5.7 145 +£5.3

Sparse encoder. The adjacency matrix is stored and used in sparse form throughout training. Each
graph convolution layer applies a sparse—dense matrix multiplication of the form A7, where A is
the normalized adjacency and H is a dense node feature matrix. The cost of the encoder is therefore
O(|€|d) per layer, and no dense N x N matrices are materialised.

Edge-wise diffusion decoder and contrastive loss. In practice we never construct Aor any N x
N similarity matrix explicitly. The diffusion reconstruction loss and the spherical contrastive loss
are both evaluated only on node pairs: observed edges and randomly sampled non-edges. Let B be
the number of such pairs used in one optimisation epoch. For each pair and each diffusion step, we
sample latent representations, project them to the hypersphere, and accumulate cosine similarities.
This yields a decoder and contrastive cost of O(7'Bd) in time and O(d) per micro-batch in memory,
independent of N.

Clustering regularisation. The Student-¢ cluster compactness/separation term and the entropy
regulariser operate on node—centroid distances, with complexity O(|V|Kd), where K is the number
of clusters (typically small). The vMF mixture used at the end of training has the same order. These
terms do not introduce any quadratic dependence on V.

Overall cost on large graphs. A training epoch therefore consists of one full-batch sparse GNN
encoder pass, a fixed number of edge-wise diffusion/contrastive updates, and node-wise clustering
regularisation, with overall cost O(|€|d + T'Bd + |V|Kd). In our experiments this setup scales
to graphs with up to 1.9 x 10° nodes and 2.1 x 107 edges using a single modern GPU, without
additional system-level optimisations.

Memory footprint. In terms of memory, HCD does not materialise any dense N x N adjacency
or similarity matrices. The encoder stores node features and latent activations for all nodes, which
requires O(|V|(F + T'd)) memory, where F' is the input feature dimension and T is the diffusion
depth (typically 7' < 20 in our experiments). The normalized adjacency is held in a sparse for-
mat, which adds O(|€|) memory. The edge-wise diffusion decoder and spherical contrastive loss
operate on sampled node pairs only, and therefore use O(Bd) memory per mini-batch for pair em-
beddings. The clustering and vVMF mixture components depend on K cluster centres and mixture
components, contributing O(K d) parameters. Ignoring constant factors due to back-propagation,
the peak memory usage is thus

O(IV|(F +d) + |€] + Bd + Kd), (32)
up to constant factors in 7', which is linear in graph size.

Practical accuracy—efficiency trade-offs. In resource-constrained settings, HCD exposes several
simple knobs that allow practitioners to trade clustering accuracy for runtime and memory: (i) re-
ducing the diffusion depth 7', which decreases both encoder and decoder cost almost linearly; as
shown in Table[A2] T'=5 or T=10 already yields strong performance; (ii) decreasing the number
of sampled node pairs B used in the diffusion decoder and spherical contrastive loss, which lowers
the O(T'Bd) component while preserving linear scaling in || and |£]; (iii) using a smaller latent
dimension d on extremely large graphs; and (iv) applying standard early-stopping criteria based on
clustering metrics or proxy objectives on a small validation split.

H.3 EMPIRICAL WALL-CLOCK BENCHMARKS

As shown in Table[A9] HCD is approximately 1.2x to 1.4 slower per epoch than a standard VGAE.
This overhead arises from: (i) 7' = 10 diffusion steps, (ii) additional objective terms, and (iii) the

21



Under review as a conference paper at ICLR 2026

Table A10: End-to-end time-to-target comparison on OGB datasets. For each method, we report
the best ARI achieved during training, the number of epochs and wall-clock time required to reach
95% of that ARI (time-t0-0.95 X ARlI,s), and the total time to reach ARIy.s. All runs use a single

RTX 4090 GPU (24 GB).
Dataset Method ARlpes (%)  Epochs to 0.95xARIhese  Time to 0.95X ARIpes (min)  Epochs to ARIheq  Time to ARIpey (min)
ogbn-arxiv CVGAE 27.6 284 170.4 392 2352
& HCD (ours) 31.5 231 181.0 315 246.8
ogbn-products CVGAE 22.6 178 347.1 246 479.7
£00-p HCD (ours) 28.2 149 360.1 210 507.5

absence of sigmoid activations, which reduces memory traffic and computation per step, keeping the
runtime overhead moderate.

H.4 END-TO-END TIME-TO-TARGET ANALYSIS

To make the accuracy—compute trade-off more explicit, we further provide an end-to-end time-to-
target analysis in Table[AT0}

For each method and dataset, we track the clustering ARI over training and define ARI. as the max-
imum value attained. We then compute the smallest epoch index e* such that ARI.« > 0.95x ARIpeg
and report both e* and the corresponding wall-clock time (time-1t0-0.95 < ARI.5;). We also report the
number of epochs and total time required to reach ARl itself.

On both OGBN-ARXIV and OGBN-PRODUCTS, HCD requires a modest per-epoch overhead com-
pared to CVGAE (Table [A9), but attains substantially higher ARI with a comparable end-to-end
wall-clock budget, thereby quantifying the claimed accuracy—efficiency trade-off.

I EXTENSION TO HETEROGENEOUS AND DYNAMIC GRAPHS

Our empirical evaluation in the main paper focuses on static, homogeneous graphs and spatial tran-
scriptomics graphs. Although we do not provide experiments on heterogeneous or dynamic graph
families, the structure of HCD makes it possible, to combine the proposed hyperspherical diffusion
framework with encoders that are designed for heterogeneous or dynamic graphs. Below we briefly
discuss how such extensions could be formulated.

Heterogeneous graphs. In heterogeneous graphs, nodes and edges can belong to multiple types
and relation categories. The core components of HCD (PoE-based temporal aggregation, projection
onto the unit hypersphere, the vMF KL regularizer, the spherical contrastive alignment loss, and the
Student-7 cluster compactness—separation regularizer) are all defined on node embeddings and on
sampled node pairs. They do not depend on a particular choice of encoder as long as the encoder
produces node representations.

In principle, one can replace the homogeneous GCN encoder ¢(*), ®u, @ in Eq. (1) with a hetero-
geneous GNN that explicitly models different node and edge types, while keeping the remainder of
the HCD framework unchanged. In that case, the adjacency A in our notation can be interpreted as
an aggregation or block representation over relation-specific adjacency matrices. This modification,
necessitates the design of relation-aware positive and negative sampling strategies for the spherical
contrastive loss. A systematic empirical investigation of these design choices lies beyond the scope
of this work.

Dynamic graphs. Dynamic graphs exhibit time-varying node features and/or edge sets. In our
current experiments, we work with a single static snapshot (X', .A) for each dataset, and the diffusion
depth index ¢ = 1,...,T is an internal denoising time for the latent variables rather than a graph
time index.

To handle dynamic graphs with evolving topology, one possible extension is a snapshot-based for-

mulation. Given a sequence of graphs {G(7) = (V(7), E(T))}Zd:'vl, HCD can be applied to each snap-
shot with shared parameters, which produces embeddings {Z (T)} that are then aggregated across
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graph time, for example by temporal averaging, attention, or a PoE-style fusion, before clustering.
An alternative formulation is to treat the graph time index 7 explicitly in the encoder, replacing
pM (X, A) by ¢t (X7 AT while reusing the same hyperspherical and clustering objectives
over the joint set of embeddings. Both variants preserve the geometric structure of HCD but add an
extra temporal dimension. A comprehensive empirical evaluation in these settings is an important
direction for future work.

J ADDITIONAL BIOLOGICAL INTERPRETATION OF SPATIAL
TRANSCRIPTOMICS RESULTS

Here we provide additional qualitative comments on the spatial transcriptomics experiments in Fig-
ures 2H4l with an emphasis on how the inferred domains relate to known tissue biology.

STARmap mouse visual cortex. The STARmap annotations we use correspond to expert-defined
neuronal and glial cell types in the mouse visual cortex reported by [Wang et al.| (2018b)) and subse-
quent studies, which are based on transcriptomic profiles and previously established cortical markers
and cell-type taxonomies. The “True annotation” panel in Figure 2] shows a laminar organization
from superficial to deep layers. Compared to other methods, HCD produces clusters whose spa-
tial arrangement and boundaries more closely track these laminar transitions: superficial excitatory
layers, intermediate layers, and deeper layers are separated by relatively sharp, horizontally aligned
borders, with only limited mixing across layer boundaries. This qualitatively matches the expected
columnar—laminar organization of the visual cortex.

Human DLPFC (10x Visium). For the DLPFC section, the ground-truth labels we use follow
Maynard et al.[(2021) and later re-analyses, where cortical layers and white matter are delineated
based on histology (H&E-stained sections) and known layer-specific markers. In Figure 3} HCD re-
covers six cortical layers and white matter as spatially continuous bands with smooth boundaries and
a narrow layer-4 band between upper and deeper layers. Several competing methods either fragment
the white-matter region or blur the thin layer-4 domain into neighboring layers. The close alignment
between HCD’s clusters and these curated layer labels suggests that the hyperspherical diffusion
embeddings preserve both the laminar architecture and the underlying molecular distinctions used
by experts to annotate this dataset.

Breast carcinoma (BRCA) tissue. The BRCA “True annotation” in FigureEl follows the manual
domain labels provided with the Visium sample Polyak et al.|(2011), which distinguish different in
situ and invasive carcinoma regions, tumor-edge zones, and histologically healthy tissue. Across
different choices of k£ (10, 15, 20), HCD yields spatially coherent tumor cores, peri-tumoral edge
regions, and stromal/normal compartments. In particular, the main tumor mass remains a contiguous
cluster, while peri-tumoral clusters form shells around it instead of being scattered throughout the
slide. This behavior is consistent with the expected spatial organization of carcinoma versus stroma
in breast cancer tissue and indicates that the learned clusters respect both spatial continuity and the
expert-defined pathological compartments.

Overall, these qualitative observations complement the ARI/AMI scores in the main text: because
the expert annotations themselves are derived from histology and marker-based domain definitions,
the strong agreement between HCD and the “True annotation” panels provides indirect biological
validation without relying on additional supervision. A more detailed, gene-level marker enrichment
analysis would be a valuable extension, but we leave such systematic biological studies to future
work.

K LATENT-SPACE DIFFUSION VS. GRAPH-SPACE OPERATIONS

We analyze the rationale for applying the diffusion process in the latent space instead of directly
operating on the raw adjacency matrix or node features.

Avoiding repeated mixing in graph space. Over-smoothing phenomena in deep GNNs have been
widely attributed to repeatedly propagating information along graph edges using the same or similar
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propagation rules. As more layers are stacked, node representations within a connected component
can become nearly indistinguishable, and community boundaries are progressively blurred. In HCD
we explicitly decouple these two roles: information propagation over the graph is handled by a
relatively shallow GNN encoder, and the subsequent multi-step refinement is carried out purely in
the latent space without further message passing along edges. This design allows us to benefit from
a deep reverse refinement chain while avoiding additional rounds of graph-space mixing that would
exacerbate over-smoothing.

Why diffuse in the latent space instead of on adjacency/features. At each diffusion step ¢, the
encoder produces a Gaussian latent distribution with mean p*) and diagonal covariance. Under the
Gaussian approximation used in Appendix [D|and Appendix the Product-of-Experts aggrega-
tion can be interpreted as an inverse-variance fusion of these step-wise posteriors: uncertain steps
contribute less, and the aggregated latent embedding has smaller variance than any single step. In-
tuitively, the multi-step diffusion in HCD acts as a sequence of learned denoisers that progressively
refine a shared “clean” latent representation, rather than repeatedly smoothing raw graph signals.

Applying such a denoising chain directly to the adjacency matrix would require operating in a very
high-dimensional and combinatorial space, where small perturbations may easily destroy graph con-
nectivity patterns that are important for clustering. Applying it directly to raw node features would
ignore the structural information encoded by the graph and would treat all nodes as independent in-
puts. By first using a GNN encoder to map the graph into a hyperspherical latent space that already
reflects the topology, and then running diffusion in that latent space, HCD lets the denoising process
focus on refining cluster structure instead of reconstructing raw edges or features.

Relation to community structure. Graph-structured data used for clustering are often approxi-
mately piecewise-smooth: node features tend to be relatively homogeneous within communities, but
can change more abruptly across community boundaries. The hyperspherical latent space in HCD,
together with the vMF regularizer and the contrastive and clustering objectives, encourages different
communities to occupy well-separated angular regions, which helps tighten intra-cluster cohesion
without introducing additional mixing across communities in the original graph.
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