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ABSTRACT

We study safe online reinforcement learning in Constrained Markov Decision Processes
(CMDPs) under strong regret and violation metrics. Existing methods that achieve sublin-
ear strong reward regret inevitably incur cumulative strong constraint violation that grows
with the number of episodes T'. To address this limitation, we propose Flexible safety
Domain Optimization via Margin-regularized Exploration (FlexDOME), the first algo-
rithm in the literature that provably achieves near-constant O(1) strong constraint vio-
lation and ensures a sublinear O(T” 8) strong reward regret. FlexDOME, built on the
regularized primal-dual framework, introduces a decaying safety margin to the constraint
threshold. This margin tightens the feasible region to avoid constraint violation, which
relaxes in order O(til/ 8) to guarantee feasibility, offering a proper safety-performance
trade-off. We then propose a policy-dual divergence potential function that helps establish
a non-asymptotic last-iterate convergence guarantee. Experiments demonstrate that Flex-
DOME significantly enhances safety with negligible reward sacrifice, in full agreement
with the theoryE]

1 INTRODUCTION

Reinforcement Learning (RL) has achieved remarkable successes in recent years (Liu et al.l 2024} Ruiz
et al., [2025; Milani et al.l 2024). It formulates sequential decision making as a Markov Decision Pro-
cess (MDP), where an agent learns a policy to maximize cumulative reward (Sutton et al., [1998)). However,
classical MDPs lack sufficient mechanisms to ensure safety, hindering deployment in safety-critical environ-
ments (Garcia & Fernandez, |2015; Brunke et al., 2022). Constrained Markov Decision Processes (CMDPs)
address this limitation by incorporating constraints on cumulative costs (Altman, |1999)).

In online CMDPs, an agent needs to learn in an unknown environment while satisfying safety constraints per
episode, which makes safety particularly challenging. Classic reward regret and constraint violation allow
cancellations over time (Ding et al., 2020), obscuring prolonged unsafe behavior, which is unacceptable in
safety-critical settings (Fisac et al., 2019). This motivates strong metrics, i.e., strong reward regret (sum of
positive per-episode suboptimality) and strong constraint violation (sum of positive per-episode violations),
with no cancellation (Efroni et al., 2020). Such strong safety guarantees naturally arise in settings like power-
grid regulation, where cumulative violations induce mechanical or thermal stress, and in clinical control (e.g.,
automated anesthesia), where even a few severe threshold breaches may trigger irreversible harm (Su et al.|
2025; |Cai et al.,2023). In these cases, harms cannot be ‘averaged out,” making strong metrics more suitable
than classic ones. In this setting, a fundamental trilemma emerges among (i) stringent safety, (ii) optimal
performance, and (iii) last-iterate convergence. Existing approaches are forced to compromise: on the one

I'The code has been submitted and will be released.



Under review as a conference paper at ICLR 2026

hand, primal-dual methods achieve last-iterate convergence but their strong violations grow with the number
of episodes T' (Miiller et al., 2024; |[Kitamura et al., |2024); on the other hand, methods with tighter regrets
often sacrifice last-iterate convergence by applying only to averaged policies (Stradi et al.| [2024; 2025} [Zhu
et al., |2025). While achieving stringent safety (e.g., near-constant or even zero violation) is well-studied
under the classic regret paradigm (Liu et al.,|2021;Bai et al.,|2022; |Ma et al., [2024), these assurances vanish
under the more demanding strong metrics. This naturally raises the pivotal question:

Can we design an efficient CMDP algorithm that achieves (i) O(l) strong constraint
violation, (ii) sublinear strong regret, and (iii) last-iterate convergence?

We answer this question affirmatively. To address this challenge, we propose Flexible safety Domain
Optimization via Margin-regularised Exploration (FlexDOME), a regularized primal-dual algorithm that
achieves robust safety by tightening the feasible set with a decaying margin. The core intuition is to mimic
human strategy for risk management: maintaining a ‘margin for safety’ when operating under uncertainty.
This safety margin creates a proactive buffer against violations. At an early stage of learning, when the
uncertainty is high, we take a large margin, steering the agent away from high-risk regions; as information
accrues, the margin decays at a rate of O(fl/ 8) (t is the training time), progressively relaxing conservatism
and enabling the pursuit of (possibly) higher-reward policies near the boundary. The success of this dynamic
margin hinges on a stable learning process. Standard primal-dual methods are often plagued by oscillatory
dynamics (Efroni et al.[2020). We tame these oscillations by introducing entropy and Lo regularization to
ensure a strongly convex-concave optimization landscape.

We prove that FlexDOME attains O(1) strong constraint violation and O(T7/8) strong reward regret, with
non-asymptotic last-iterate convergence. To the best of our knowledge, this is the first primal-dual algorithm
to achieve all three guarantees; see Table [l Our theoretical analysis unfolds in three stages. We first
introduce a policy-dual divergence potential function, which establishes a linear convergence rate of our
iterates towards the optimum of the margin-regularized problem. Next, we derive per-episode performance
bounds that bridge the gap to the true CMDP optimum and characterize the inherent safety-performance
trade-off. Finally, we integrate these components with a decaying safety margin that is slow enough to
neutralize per-episode violation terms yet fast enough for the induced bias to vanish.

We conduct experiments on a randomly generated tabular CMDP, which fully corroborate our theoretical
claims. Across both stochastic-threshold and standard fixed-threshold settings, FlexDOME consistently
outperforms the vanilla primal-dual baseline (Efroni et al. 2020) and the state-of-the-art UOpt-RPGPD
algorithm (Kitamura et al.| [2024), maintaining near-zero instantaneous violations and achieving markedly
lower cumulative strong violations. An ablation study further validates our design choices, confirming that
the regularization framework is critical for preventing the oscillatory dynamics. We anticipate that our
framework can pave the way for provably safe reinforcement learning in high-stakes domains.

Related Work. Under weak regret metrics, primal-dual methods establish O(+/T') regret and constraint
violation guarantees (Efroni et al.| [2020). To enhance safety, subsequent works introduce a safety margin
to primal-dual methods, attaining O(\/T) weak regret and O(l) weak constraint violation guarantees (Liu
et al.| 2021} |[Kalagarla et al., 2025). However, their analysis relies on using the cumulative safety margin to
offset the cumulative constraint violation; consequently, the underlying primal-dual dynamics are still prone
to the oscillations that preclude guarantees for strong regret or last-iterate convergence. The allowance for
error cancellation makes weak regret an inadequate metric for safety-critical tasks. To address this, [Efroni
et al|(2020) introduce the more stringent strong regret metric, which accumulates only positive deviations
of reward and constraint. |[Miiller et al.| (2023) propose an augmented Lagrangian method which attains sub-
linear strong regret/violation with a strictly known safe policy. Relaxing the requirement of a strictly safe
policy, Miiller et al.| (2024) and [Kitamura et al.| (2024) propose a regularized primal-dual framework to
achieve the last-iterate convergence guarantee with strong constraint violation, achieving rates of O(TO'QS)
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Algorith Strong Strong Last-iterate Unknown Stochastic
gontm Regret Violation = Convergence Safe Policy = Threshold
(Miiller et al., 2023) O(VT) O(VT) v X No
(Miiller et al.,|2024) O(T%93)  O(T%93) v v No
(Kitamura et al., 2024)  O(T%/7)  O(T®/7) v v No
(Stradi et al., 2025) O(WT) O(WT) X v No
(Zhu et al ,[2025) O(VT) O(VT) X v No
FlexDOME O(T7/3) 0(1) v v Yes

Table 1: Comparison between FlexDOME and related work under strong regret and violation metrics. For
clarity, dependencies on the state space (5), action space (A), and horizon (H) are omitted here.

and O(TG/ 7), respectively. In parallel, Stradi et al.| (2024) study adversarial loss with stochastic hard con-
straints that achieves O(v/T') weak regret and near-constant strong violation. [Stradi et al. (2025) and |Zhu
et al.| (2025) attain a tighter O(\/T) strong regret and violation only for averaged policies, which limit prac-
tical use. Table[I] summarizes the theoretical results from our work and the most relevant existing methods
under strong regret and violation metrics.

2 PRELIMINARIES

Constrained Markov decision process (CMDP). We consider a finite-horizon Markov decision process
(MDP), where the state space is denoted by S (with finite cardinality .S), the action space by A (with finite
cardinality A), and the horizon by H. At step h € [H], the agent occupies state s, € S, takes action
ap, € A, and the subsequent state sp, 11 is sampled from the transition probability p : S x A x § — [0,1].
ry : S x A — [0, 1] represents the reward function at each step h. A policy 7 = (71, ..., 7y) € II specifies
a distribution 7, (- | s) € A(A) for every statestep pair, where IT := {(71, -+ ,7g) | Vh,s: mp(- | 8) €
A(A)}. A Constrained MDP augments this setting with m constraints. For constraint ¢ € [m] and step h,
a constraint d; 5, (s, a) € [0, 1] is incurred; the cumulative expectation must not fall below a given threshold
a; € [0, H]. Thus, a CMDP can be fully characterized by M = (S, A, H, p,r,d, a).

In this work, we address a more challenging online learning setting where the model parameters are stochas-
tic, including the safety thresholds. The agent has to collect samples for reward, constraints and thresholds
to optimize the policy. Specifically, at each interaction (s, a) for step h and episode ¢, the agent observes
stochastic samples: a reward 7} (s, a), constraints {d} , (s, a)}7~,, and thresholds {& , };; which are not
state-action dependent. These are drawn from stationary but hidden distributions R, {G;}, and {£;}™,,
respectively. A detailed comparison between this setting and standard CMDPs is provided in Appendix [A]

Remark 1. It is worth noting that this setting covers the standard CMDPs under known thresholds. The
fixed-threshold scenario can be viewed as a special instance of our framework, where the underlying thresh-

old distribution is a Dirac delta function centered at the known constant value. Thus, all theoretical analyzes
and results presented in this paper apply directly to the fixed-threshold setting without loss of generality.

Value and objective functions. For any vector v € [0, 1}5“‘ and policy w € II, consider the value
functions

H H

V,th(s) = ]Eﬂ—’p[z vh/(sh/,ah/) | Sp = S], g,h(S,CI,) = Eﬂ,p[z vh/(sh/,ah/) | Sp = S,ap = a},
h'=h h'=h
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where V.7, (s) denotes the expected sum of v from step ~ onward given s, = s, and Q7 , (s, a) denotes the
same expectation further conditioned on a;, = a. For notational brevity, set V' := VT, (s1). The objective
is to find a policy solution 7* to the following policy optimization problem,

max VT subjectto V7 > a; (Vi€ [m]), (1)

which identifies a policy that maximizes the expected cumulative reward while ensuring that the expected
cumulative value of each constraint signal satisfies its threshold.

Training protocol. Across T episodes, a policy 7; is selected at the beginning of episode ¢ and executed
for H steps. The goal is to simultaneously minimize its strong reward regret and strong constraint violation,

Ro(r) = ET: {V;f* - V;ffL, Rr(d) := max 3 {ai - Vd’yL.
t=1

1€[m] et

These expressions measure the cumulative sum of only the positive deviations, capturing how much the
reward underperforms the optimal or how much the constraints are violated in each episode. Each positive
error contributes its full amount to the total, and no future episode can offset it. Throughout, we assume
the following Slater condition, which is mild as it holds when there exists some (unknown) strictly feasible
policy (Efroni et al., [2020; |Ying et al., 2022; Ding et al., {2023} |Kitamura et al., [ 2024)).

Assumption 1. There exists an unknown policy ©° € 11 such that Vdfo > dY, where d9 > «; forall i € [m)].
Set the Slater gap = := minie[m]{d? — ;)

Notation. For any 2 € R, we define the operation [z], := max{0,z} to be the positive truncation of z.
We use O(+) and €)(+) to denote asymptotic upper and lower bounds, respectively, and O(-) when a bound
is asymptotically tight. The symbol O(-) hides polylogarithmic factors, and < denotes inequality up to
constants and polylogarithmic factors.

3 FLEXDOME

This section introduces our algorithm, Flexible safety Domain Optimization via Margin-regularized Explo-
ration (FlexDOME).

3.1 THE PRIMAL-DUAL SCHEME IN FLEXDOME

Safety margin. Our core idea is to proactively establish a ‘margin of safety’ to mitigate the effects of
uncertainty in guaranteeing safety. We translate this idea into a formal mechanism by first introducing a
time-varying safety margin ¢; ; for each episode ¢ and constraint 7 into the original optimization problem

max VI ost VI >a;+e, (Vie[m]), 2

where the constraints are tightened by the safety margins to enhance safety during learning. Correspond-
ingly, the Lagrangian function is defined as follows:

ﬁt(ﬂ', /\) = V,7r + Z /\Z (Vdﬂ; — €t — Oéi) y
i=1

where A = [Aq,. .., )\m]T € R is the vector of non-negative dual variables (or Lagrange multipliers), with
each \; corresponding to the i-th constraint.
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Regularizations. Standard primal-dual CMDP formulations lack strong convexity-concavity, which can
cause oscillatory dynamics (Stooke et al., |2020). These oscillations can breach a simple safety buffer, and
thus fail to achieve stringent safety guarantees (Moskovitz et al., 2023} Miiller et al., [2024). To overcome
this limitation, we introduce a time-varying regularization framework that provides the geometric stability
necessary for the safety margin to be effective. By augmenting the Lagrangian with dynamically scaled en-
tropy and /5-norm penalties, we reshape the optimization landscape. Entropy regularization, (), smooths
the policy space and ensures the primal objective is strongly concave, preventing extreme policy updates.
The /5 penalty, %H)\HQ, acts as a contraction mapping that suppresses excessively large dual variables and
guarantees the dual objective is strongly convex, reducing gradient oscillations. Together, these compo-
nents create a strongly convex-concave structure. The resulting regularized Lagrangian for regularization
parameter 7. > 0 at episode ¢ is formulated as:

1
&mWJ%=WW%T@?—Q—@+n(Mﬂ+2MW) 3

where H(rw) = —E, {Zthl log(wh(ah|sh))} is the policy entropy and e; denotes the vector of safety
margins. The objective is to find the saddle point of this regularized problem over the policy space II and a
compact dual domain C := [0,4H/=]™:

maxmin L, ;(m, ). 4
n€ll AeC ot (M, A) “)
The strongly convex-concave structure guarantees that this problem has a unique saddle point, (ﬂihe, AT, ,6),
which we define as the regularized optimizer for episode .

3.2 ESTIMATIONS

FlexDOME employs a hybrid estimation strategy to navigate the unknown environment. It constructs
optimistic estimates for rewards, constraints, and the entropy term to encourage exploration, while the
transition model and thresholds are unbiasedly estimated directly from empirical data. Let (sﬁl, aﬁl) de-
note the state-action pair visited in episode [ at step h. The term 1, is the indicator function; thus,

N7l (s,a) = ;;11 1y —sal —a} is the total number of visits to (s, a) at step h before episode ¢. Then,
the empirical averages for rewards, constraints, thresholds and transition probabilities can be calculated as
follows:

t—1 ~ t—1 7
At—1 L =1 TﬁL(S7 a’) 1{s§l:s,aﬁl =a} dAtil L =1 dé,h(s’ a) 1{52:5,(12:0,}
A CRORS =1 ; in (8,0) = = ;
max{1, N, (s,a)} max{1, N,""(s,a)}
t—l g~ H o oy 1 ! ®)
éj_l — =1 Zh:l QG p ﬁt_l(s/ | s a) — I=1 ~{s},=s.a},=a,s} , ,=s'}
v t—1)H h T max{1, N/~ '(s,a)}

We then construct the estimators for use in episode t. The safety threshold is estimated as the global empirical
average of all historical observations: E§ = dﬁfl. As each true threshold is constant, this method is data-
efficient and yields an estimate that is independent of any specific state-action pair. The remaining state-
action dependent estimators are constructed as follows:

_ e _ —t s _
h(s.a) 1= 77 (5,) + 647 (5.0, Gasc0) = ) 0l M0,
—t — - af—

Py (s,a) = —log(m(a|s)) + ¢4 (s,a)log(A),  Ph(s']s,a) = p '(5']s,a).
The bonus term ¢! (s,a) = (bZ’t(s,a) + qﬁfl’t(s, a) combines the uncertainties from both rewards and

transition estimations, where for any confidence parameter § € (0,1), the reward bonus is qﬁZ’t(S, a) =

@) ( %) and the transition bonus is ¢?'*(s,a) = O (H, / %).
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3.3 LEARNING ALGORITHM

We now present FlexDOME, detailed in Algorithm In each episode t, the algorithm first constructs
an optimistic empirical CMDP M, := (S, A, H,p,, 7, ds, @), using the estimators from Section It
then performs policy evaluation. To prevent optimistic bonuses from inflating value estimates unboundedly,
we use a Truncated Policy Evaluation (TPE) routine (Efroni et al., [2020). TPE computes V' -values for the
constraint estimates and Q-values for the composite objective 7, := 7y + A/ d; + 741),, which aggregates
the optimistic estimates of the reward, constraints, and entropy. See Algorithm [3|in Appendix [D]for details.
Based on this, FlexDOME executes a single primal-dual update: the policy (primal variable) is updated via
mirror ascent, and the dual variables are updated via projected gradient descent. The resulting policy is then
deployed to collect new data for the next iteration.

Algorithm 1 Flexible safety Domain Optimization via Margin-regularized Exploration (FlexDOME)

1: Input: C = [0, 2£]™, stepsize 7, regularization 7;, number of episodes 7', safety margin €; ; (Vi)
2: Initialize: policy m ,(a | s) = & (Vs,a,h), \y =0 € R™
3: fort =1to T do B o
4: Update estimators 7, d;, &, 1, and D,
Truncated policy evaluation (Algorithm 3) for 7, and d;:

5
6 (A%t()avd{) e’-l—‘l:,]-xﬂ-t)Al‘n?Iﬁata@taﬁt)

7 Policy Update (Vh, s, a): m41,n(als) o< w5 (a] s) exp(m QA}EL@ (s,a))
8: Dual Update: >\t+1 — Projc((l - ntTt)At — (th’t — €t — at)>
9

0

Rollout 7; and update counters and empirical model (i.e., 7, th, Gy, P, Nt)

10: end for

4 THEORETICAL ANALYSIS

This section establishes the theoretical guarantees for FlexDOME. We first present our main results on
strong regret and violation bounds, followed by our practical guarantee of last-iterate convergence. We then
detail the key technical lemmas that underpin these results. The full proofs for this section are deferred to
Appendix [E|and Appendix[H

4.1 STRONG REGRET BOUNDS

We first provide the main theoretical results for FlexDOME.

Theorem 1 (Strong regret bounds for reward and violation). Let n; = t=3/4 7 = ¢1/8 fort > 1, and
€+ =6vVH3Cp (t71/8 . 1og(SAHt/5’)1/4) for any constraint i. For any confidence parameter § € (0,1),
with probability at least 1 — 6, Algorithm[I|achieves the following bounds:

Rr(r) <O(T™®) and Rp(d) = O0(1),

where T' denotes the number of episodes, Cp = (1 + %) (4H\/25A (H\/g + H + 1)) dmH .\ /9H

is a T-independent constant and O hides polylogarithmic factors in (S, A, H,m,log(T), log(%)7 =).

Theoremestablishes O(1) strong constraint violation and sublinear O(77/®) strong regret. This is the first
result achieving this guarantee for online CMDPs. Our results are improved upon the state-of-the-art strong
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constraint violation O(\/T) proven by |Stradi et al.| (2025)) and |Zhu et al.|(2025) to O(l), and do not rely

on prior knowledge of a strictly safe policy. Although they achieve tighter O(ﬁ) strong reward regret,
the algorithms were only established on the convergence of the averaged iterates and and can only achieve

O(V/T) strong constraint violation.

The core mechanism is the calibrated decay of the safety margin. Its role here is fundamentally different from
its use in weak-regret settings (Liu et al., 2021 Kalagarla et al.|[2025). Rather than using the sum of margins
to cancel the total violation, our margin acts as a slowly decaying function designed to neutralize the per-
episode violation term within the cumulative sum. The decay rate O(t’l/ 8) is critical: a faster decay would
be insufficient to absorb per-episode violations, causing the cumulative violation to grow, while a slower
decay would persistently over-constrain the problem, inflating the reward regret. This precise calibration
is what enables FlexDOME to achieve constant violation while maintaining sublinear regret. Concurrently,
the diminishing learning rate 7, regularization term 7, and safety margin ¢; ; jointly ensure the algorithm’s
iterates converge towards the solution of the original optimization problem (.

4.2 LAST-ITERATE CONVERGENCE

Beyond the regret and violation bounds, we prove that FlexDOME achieves last-iterate convergence, which
is crucial for practical deployment, as it ensures the final policy is verifiably safe and near-optimal (Ding
et al.}[2023)). The detailed proof is provided in Appendix[F] For clarity, we first formally present its definition.

Definition 1 (Last-iterate convergence). A method that produces iterates {m}sen+ C Ilis called last-iterate
convergent if for any constraint 1
Vi = V=0 and [o —Vdft}+ =0 (t— ).

T

Based on the definition, we present the following theorem.

Theorem 2 (Last-iterate convergence). Conditioned on Assumption for small e > 0 and t = Q(¢77), if
ne = O(e*), v = O(e?) and €t; = O(e) for any constraint i, then we have

[‘/Tﬂ'* _ ‘/rﬂ't]Jr < @(E), [041', — tht]Jr =0 (VZ S [m])

Theorem [2| demonstrates that the final policy is guaranteed to be both c-optimal and strictly constraint-
satisfying. The core of this proof lies in the selection of the safety margin, which is set to be proportional
to . Our analysis shows that the per-episode error terms are also of order O(e). By choosing a sufficiently
large constant of proportionality for the safety margin, we guarantee that after (¢ ~") iterations, the margin
will absorb these error terms, driving the final violation to zero.

4.3 ANALYSIS SKETCH

This section outlines the core technical arguments underpinning our main theorems. Our analysis hinges on
two key techniques: first, leveraging the convergence properties of a novel policy-dual potential function,
which serves as a Lyapunov measure to track the learning dynamics, and second, rigorously characterizing
the per-episode safety-performance trade-off enabled by the safety margin within our regularized framework.

We begin by introducing the policy-dual divergence potential function as follows:
* 1 2
o, = ;Pﬁ;tﬁg[sh = S KL (72, 0 (18), (1)) + 545, = Aol

It quantifies how closely the current policy-dual iterate (¢, A+) approximates the optimal margin-regularized

policy-dual pair (77, ., A%, ). We prove that this function contracts at each step.
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Lemma 1 (Convergence to margin-regularized saddle points). Let 1, 7z < 1 and a confidence parameter
0 € (0,1). With probability at least 1 — §, the policy-dual divergence potential of Algorithmholds

t t t t ¢
HC+ D
D41 <exp | — g 175 | @1+ —5 E 77]2- exp | — E MeTr | + g n;0;exp | — g Nk Tk
j=1 j=1 k=j+1 j=1 k=j+1

where C' = exp (ntH (1 + % + 7 log(A))) <2A’7tTtH2 (1 + % + 7 log(A))2 + 12877,2\/2) D —

e2
m(H +7 ()" and §; = Vi v+ (VC% T Vd?)'
Lemma [I] shows that the iterates of FlexDOME contract towards a neighborhood of the margin-regularized
saddle point. The upper bound consists of three primary components: (i) a decaying term dependent on
the initial potential ®4; (ii) the accumulated optimization error from the primal-dual updates; and (iii) the
statistical error from estimating the unknown CMDP model.

Remark 2. Our analysis extends the framework of |Miiller et al.|(2024) in two critical aspects. First, our
framework accommodates decaying learning rates 1, and regularization T, which are essential for achieving
our final regret bounds. Second, the statistical error term, 0;, in our analysis explicitly incorporates the
uncertainty from estimating the stochastic safety thresholds.

To bridge the gap to the original CMDP, our analysis divides the episodes into two parts, divided by C" =
O((H®Cp)*log*(H*Cp)). For episodes t < C”, the margin may be large, so we bound the per-episode
regret by H. For episodes ¢t > C”, the decaying margin is guaranteed to be sufficiently small such that
€;+ < Z/2. Consequently, for this regime, the optimization problem (E]) has at least one feasible solution
by Assumption [I] and exhibits strong duality. Our main technical lemmas are therefore derived for these
episodes. We then introduce error bounds linking the convergence metric with performance guarantees.

Lemma 2 (Per-episode trade-off). For anyt > C", any constraint i and any sequence {T}cr), it holds

Vv, < B (28 Hlos(A)r+ B
e AH

. o= V7], < [0 20+ -]

Lemma[2]is the crux of our analysis, as it mathematically crystallizes the safety-performance trade-off. The
first inequality shows that the reward sub-optimality is upper-bounded by three terms: learning error, regu-
larization bias and safety margin bias. The second inequality reveals that the constraint violation is bounded
by the same learning error and regularization bias, but is directly counteracted by the safety margin. This
formalizes the trade-off': a larger margin ¢; ; provides a stronger buffer against violation but simultaneously
increases the potential reward sub-optimality. The main theorems are then established by integrating these
lemmas and meticulously calibrating the decay schedules of all parameters to navigate this trade-off.

5 EXPERIMENTS

We conduct experiments comparing our FlexDOME algorithm with the vanilla primal-dual baseline (Efroni
et al., 2020) and the state-of-the-art (SOTA) UOpt-RPGPD algorithm (Kitamura et al., [2024)). Vanilla PD
provides a standard primal-dual update that allows us to isolate the effect of the time-varying regularization
and safety margin, while UOpt-RPGPD represents the strongest existing method with a proven last-iterate
convergence guarantee. Our comparison therefore focuses on algorithms that are most relevant to the last-
iterate regime studied in this work. Targeted ablation studies are performed to dissect the contributions of
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Figure 1: Performance comparison of FlexDOME (ours) against UOpt-RPGPD and baselines

under both stochastic-threshold (top row) and fixed-threshold (middle row) settings. The bottom row
presents an ablation study on key components of our method: the safety margin, regularization, and the
stochastic threshold mechanism. All plots show the mean and standard error over 5 seeds.

our algorithm’s key components. Performance is measured by the instantaneous optimality gap and con-
straint violation, alongside their corresponding strong regrets. The evaluations are performed on randomly
generated tabular CMDPs. Following the setup in |Kitamura et al.[(2024), we construct environments where
the objective and the constraint are in conflict to create a non-trivial trade-off between reward maximiza-
tion and violation minimization. We evaluate in two threshold settings: a stochastic environment where the
per-episode threshold is drawn from a Gaussian distribution, and a standard fixed-threshold case. We set
S =20, A = H =5 and focus on a single constraint for clear visualization. All results are averaged over 5
independent runs with different random seeds. Further experimental details are provided in Appendix [G}

Our empirical results fully corroborate our theoretical findings. Figure [I] shows that, in the stochastic-
threshold environment, FlexDOME is the only algorithm that maintains near-zero instantaneous violation,
leading to a flat, near-constant cumulative strong violation curve. In contrast, both the baseline and the
SOTA method exhibit oscillatory behavior and incur growing strong constraint violation. The middle row
of Figure [T] shows that FlexDOME retains its safety advantage in standard fixed-threshold environments;
however, this robust constraint satisfaction comes at the cost of a slight trade-off in reward regret compared
to UOpt-RPGPD. The ablation studies (bottom row) confirm that removing the regularization framework
reintroduces the severe oscillations characteristic of standard primal-dual methods, underscoring its neces-
sity for stable learning. FlexDOME closely tracks an oracle (with access to the true threshold), confirming
that our estimation mechanism is efficient and does not compromise safety or performance.
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6 CONCLUSION

This paper addresses the challenge of achieving stringent, provable safety in online CMDPs under strong-
regret metrics. We propose FlexXDOME, a novel regularized primal-dual algorithm that incorporates a de-
caying safety margin to navigate the safety-performance trade-off. We prove that FlexDOME can simulta-
neously achieve a near-constant O( 1) strong constraint violation, sublinear O(TW 8) strong reward regret,
and a non-asymptotic last-iterate convergence guarantee. To our best knowledge, FlexDOME is the first
algorithm in the literature to achieve these three guarantees concurrently. Our experiments corroborate these
theoretical findings. Our work provides an affirmative answer to the open question of whether an efficient
primal-dual method can achieve constant strong constraint violation with sublinear strong regret. However,
a gap remains to the optimal O(ﬁ) strong regret. We hope our analysis inspires further research on no-
regret learning in CMDPs, including extensions to settings with function approximation and infinite-horizon
problems.
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A CLARIFICATIONS ON THE DISTINCTION BETWEEN STANDARD CMDPS AND
CMDPS WITH STOCHASTIC THRESHOLDS

This section provides a rigorous analysis of the fundamental differences between the standard Constrained
Markov Decision Process (CMDP) and the CMDPs with stochastic thresholds, as introduced in this work.
We first formally define each setting, contrast their optimization objectives by highlighting the informa-
tional disparity, analyze for the non-degenerate nature of our problem formulation, and finally discuss the
generality of our results.

A.1 FORMAL DEFINITIONS OF CMDPS WITH STOCHASTIC THRESHOLDS

We begin by formally defining the two problem settings.

Definition 2 (Standard CMDPs). A standard episodic CMDP is defined by the tuple M =
(S, A, H,p,r,d,cx), where S, A, H,p,r,d are the state space, action space, horizon, transition dynam-
ics, reward function, and constraint functions, respectively. The threshold o = (a1, . . ., @y, ) is a vector of
scalars, where each a; € R is a pre-specified and known constant given as part of the problem definition.
Definition 3 (CMDPs with stochastic thresholds). An episodic CMDP with stochastic thresholds is defined
by the tuple M' = (S, A, H,p,r,d,{L;}™ ), where the first six components are as defined above. For each
constraint i, L; is an unknown probability distribution from which the agent observes stochastic samples
0757 n ~ L at each step h and episode t. The expectation of these samples defines a threshold ci; = E, [di nh
where «; is a scalar constant that is unknown to the agent.

Algorithm [2| depicts this interaction, where at each episode t, the agent executes a policy 7; and observes
not only rewards and constraints, but also the thresholds themselves.

12
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Algorithm 2 Agent-Environment Interaction for ¢ € [T]

Require: Policy 7, € I1
1: Environment initializes state s; € S

2: forh=1,...,Hdo

3 Agent takes action ap, ~ (- | sp)

4: Agent observes reward 7, (s, ap,), constraint d , (sy, a ), and threshold &t , for i € [m]
5 Environment evolves to 5,11 ~ p(- | sp,an)

6: end for

A.2 CONCENTRATION OF THE EMPIRICAL THRESHOLD ESTIMATOR

We analyze the concentration properties of the empirical threshold estimator defined in Equation [5] The
following theorem establishes a high-probability bound on the deviation of this estimator from the true
mean threshold «;.

Lemma 3 (Concentration of empirical thresholds). Assume the stochastic thresholds déﬁ 5, are independently

drawn for each episode | € [t] and step h € [H|. Further, assume that each sample is bounded, such that
di.h € [0, H]. Let the empirical estimator for the threshold of constraint i at the beginning of episode t + 1

be defined as
H

¢
1
NS Z 1
Q; = Qi s
tH =
and let the true mean be «v; = E[&ﬁ’h]. Then, for any 6 € (0, 1), with probability at least 1 — ¢, the following
bound holds:
Hlog(2/0
At oy < ogi /) ._ s

Proof. Let {X;}"_, be a set of n = tH independent random variables, where each X; corresponds to one
of the observed stochastic thresholds &, for [ € [t],h € [H]. By assumption, each random variable is
bounded within the interval [0, H], thus for all j, the range (b; — a;) is H.

The empirical estimator &; " is the sample mean X = £ 3" | X;. The true mean a; is the expected

value of this sample mean, E[X]. By Hoeffding’s inequality and Substituting our parameters (n = tH and
b; —a; = H), we have:

2(tH)%c?

&EH — ai’ > c) < 2exp (—)

H

2tc?
= 2 _—
exp ( e )

We set the right-hand side of the probability bound: § = 2exp (— 2;?2 ) Solving for the deviation ¢, we

P

obtain
| Hlog(2/6)
c=1\——".
2t
Thus, with probability at least 1 — 4, the error |&§+1 — «;] is bounded by c¢. This completes the proof.  [J

13
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Lemma 4 (Union bound for empirical thresholds). Given § € (0, 1), with probability at least 1 — §, the
Sollowing holds uniformly for each constraint i € [m] and episode t € [T):

6 o] < ¢,

Hlog(2mT/s
where ('t = 703;(22” £9)

Proof. By Lemmal3] for any given confidence level §" and given constraint i, we have:

I /
P|lattt — o] < Hloif/é)] >1-4.

Taking a union bound over all possible choices of i € [m] and ¢ € [T], we have:

PO {lai =i <Y > 1-mTd.

it

Letting 6 = mT'¢’ and substituting into (t“ we derive the stated uniform bound with probability at least

1 — 4. This completes the proof. O

The theorem demonstrates that the empirical estimator at“

O(1/V).

converges to the true mean «; at a rate of

B PREPARATION LEMMAS

Lemma 5 (Miiller et al. (2024)). Let V := A([d]), and g € RE $o =t X. Then & := arg maxXyex g T —
%KL(&:7 r) and arg max,cy g' T — —KL( , &) exist and are unique. Moreover, if g only has non-negative
entries, then for all x* € V we have

KL(z*,xz) — KL(z*, 2’) ii
Mt 2 =

Lemma 6 (Miiller et al.|(2024)). The performance gap admits the decomposition:

Vi =V

_ 1t Tt

L Vyt

+ 3 E[Q alon ) w1 sn) = mon(- | su) 51,75 07)
he[H]

+ E{—Q%hh(sm )+ Ye,n(Shan) + <ph(' | sn,an), V5t7h+1(')> | 8177T:“57p]
he[H]

Lemma 7 (Altman| (1999)). Suppose the transition function is P. For any mixed policy "% = Bﬁﬂr1 +
(1 — B,)n?%, where B, is a Bernoulli distributed random variable with mean ~y. Then there exists a Markov
policy 7 that

mix

Vﬁh(p) = ‘/7‘7:-’1 (p)? \V/T, S, h.

7"7

14
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Lemma 8. Let {A;}5°, and {B;}32, be two sequences of positive real numbers. Assume that the limit of
their ratio exists and is a constant L strictly less than 1:

LA

Then the partial sum St = 23;1[141% — By]+ is bounded by a constant that is independent of T, i.e.,
St = O(1), where [z]4 := max(0, z).

Proof. To prove that the sum is O(1), it must be shown that the corresponding infinite series >, [A;—B]+
converges. For a series of non-negative terms, it is sufficient to show that the summand is identically zero
for all terms beyond a finite threshold ¢y. A non-zero term in the sum occurs only if A; > B;.

The given condition is lim;_, o %j = L, where L < 1. By the formal definition of a limit, for every € > 0,

there exists a positive integer ¢( such that for all £ > ¢, the inequality "é—: — L‘ < ¢ holds. This is equivalent
to: 4
L-e<Zt<L+e

By +
The objective is to prove that % < 1 for sufficiently large ¢t. To achieve this from the inequality above, it is
sufficient to ensure that the right-hand side, L + ¢, is strictly less than 1. Since L < 1, the distance 1 — L is
a fixed positive number. A valid and convenient choice for ¢ is therefore:

1-L

3 T

This choice of ¢ is guaranteed to be positive.

For this choice of ¢, the right-hand side of the limit inequality becomes:
1-L 2L+1-L 1+1L

2 2 2
Since L < 1, it follows that 1 + L < 2, and therefore % < 1.

L4+e=L+

By the definition of the limit, for the chosen ¢, there must exist a threshold ¢y such that for all £ > ¢,:

A, 1+ L
B, <L+e= —5
As it has been shown that % < 1, it follows that for all £ > tg:
Ay
B, ’

Since B; is a positive sequence, the inequality %: < 1 implies A; < By, which in turn means A; — By < 0
for all £ > tg. Therefore, the summand of the series becomes:
[At — Bt]Jr = HlaX(O7 At — Bt) = O7 Vit > to.
The total sum can then be split into a finite part and a tail of zeros:
T to T to

DA =Bl =) [A =By + Y 0= [A — B,

t=1 t=1 t=to+1 t=1
This is a finite sum of finite numbers, which evaluates to a constant value that is independent of the upper
limit T" (for T' > ty). Therefore, the sum is bounded by a constant, and the conclusion is that:

T

> (A = By = 0(1). O

t=1
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C FEASIBILITY AND STRONG DUALITY FOR THE MARGIN-REGULARIZED CMDP

Recall €, = 6v/H3Cp (t71/8 - log(SAHt/§')'/*) for all constraint i, where &' = §/4 and Cp = (1 +
8”%1{ ) (4H V2SA (H VS + H + 1)) + 4"éH v2H . The existence of a feasible solution to can be
guaranteed if ¢;;, < Z. Let C” be the smallest value such that for any t > C”, ¢;; < Z=/2. Then this
optimization problem @) has at least one feasible solution for any ¢ > C”. By calculation, we can obtain

C"=0(K*- log? (K )), where K = H3Cp and then C" is a constant and T-independent.

We establish the fundamental theoretical properties of the regularized Lagrangian formulation presented in
Section [3] Our analysis proceeds by reformulating the problem in the space of occupancy measures. For
clarity, we restate the regularized Lagrangian for a fixed episode ¢ and regularization parameter 7, > 0:

-
Lo 2) = VI (p) + AT (Vi (p) = e — ) + A () + o A,

where the optimization problem is max, e minyec L, +(m, A) over the policy space IT and the compact

dual domain C := [0, )™,

Lemma 9 (Strong duality of the margin-regularized problem). For any fixed episode t > C" and regular-
ization parameter 1, > 0, the regularized CMDP problem exhibits strong duality. That is,

maxmin L., (7, \) = minmax L., (7,
T€Il AeC Tt’( ? ) \eC mell Tt’( ? )7

and both optima are attained.

Proof. Let q™ € RS54 be the occupancy measure corresponding to a policy 7 € I, defined as qr(s,a) ==
Plsp, = s,an = a|sy1;p,7]. The set of all valid occupancy measures forms a convex polytope, denoted
by Q(p). By definition, the police entropy is H(7) = —E[>, log 7 (an|sx)]. The expectation can be

rewritten as a sum over the state-action space: H(m) = —>_, ., qn(s,a)log (%) = H(q).

The value functions and policy entropy can be expressed as linear and strictly concave functions of ¢,
respectively. We can thus define an equivalent Lagrangian over the domain Q(p) x C:

_ 7
Lr (g, N) = rTg+MNd q—e —a)+7H(g) + §t||/\||2a

where r, d € R¥54 are the vectors.

The optimization problem is equivalent to max,ecq(p) Minrec L., +(q,\). We verify the conditions for
Sion’s Minimax Theorem ((Sion, |1958)):

1. The domain Q(p) x C is the product of a polytope and a hyperrectangle, and is therefore a non-
empty, compact, and convex set.

2. The function £, +(g, \) is continuous over its domain.

3. For any fixed A € C, L, +(q, ) is strictly concave in ¢. This is because 7' ¢ + A\(d"q — €; — @) is
linear in ¢, and the entropy term 7, H(q) is strictly concave for 7; > 0.

4. For any fixed ¢ € Q(p), L, +(q, \) is strictly convex in A. This is because A(d " ¢ — ¢; — ) is linear
in A, and the term Z+||\||? is strictly convex for 74 > 0.

Since all conditions are met, it guarantees that the max-min and min-max values are equal and that optimizers
exist. O
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Lemma 10 (Saddle point inequalities). Let (7%, ., Ak, ) be the saddle point of L, ;. Then for any episode

t > C", any policy 7 € Il and any dual variable )\ € C, the following two inequalities hold:
(i) VI+ AT (VI —e—a)+7H(m) < Ve 4 AT (V e _ € —a) + T H(m:

Tt ,€ Tt € ‘rt,e)

(i) A, (Vg™ €t_04)§)\T(VdﬂTt)€_€t_a)+5(ii)‘ii2 1A%, 1)

Tt, e(

Proof. According to Lemma E], we immediately obtain L., (7, A% ) < L, (7 AX

Tt,€ Tf € M1y, e)
Lmt(ﬂ'; > A). The inequalities are derived by expanding the saddle point definition from £, ;(m, AL )

Lo, 4(mr AL Jand Lo, (75 A5 ) < Lo, (77, o, A), respectively. "

Tt,€9 VT € ‘rt,ev Tt ,€

CHINIA

Tt ,€7

D PROPERTIES OF THE MODEL

Estimators For each constraint ¢ € [m], state s, action a, episode ¢ € [TJ and step h € [H], define

(s}, al,) as the state-action pair visited in episode [ at step h, and let (s}, a},, s}, . |) denote the state-action
pair (sﬁz, aﬁl) is visited and the environment evolves to next state sél 41 atstep b in episode [, let 1 x represent
the indicator function of X and N} (s,a) = >/_, Lis =5, al —a} is the total number of visits to the pair

(s,a) € S x A at step h up to episode t € [T]. We first give the empirical averages of the thresholds,
rewards, constraints and transition probabilities as follows:

& = Z &i,hv (Vi € [m])

Zl 17:}1(5 a) 1{9 =s,a},=a}

Ph(s,a) = max{1l, Nf(s,a)} ’
5 Zi—l Czi h(S’ CL) l{sl =s,al =a}
d SpL. h=25 Vi
z,h(sva) max{l,NfL(s,a)} ) ( (S imi)
t
(6 | 5,0) im D ks =)

max{1, N}(s,a)}

Next, we define optimistic estimators for the reward, constraints and entropy bonus, and unbiased estimators
for transition probabilities and thresholds as follows:

al=alt (7a)
(s, a) == 711 (s,0) + ¢ ' (s, ), (7b)
d (5, 0) = d!5 (s,0) + 0 (s, ), (7¢)
Ph(s']s,a) := Py, (s']s, a), (7d)
Dn(s,a) = ¥l (s,a) + b (s,a) log(A). (Te)

The bonus term ¢}, combines the uncertainties arising from both reward and transition estimations at step h

in episode t: ¢!, (s,a) = ¢} (s,a) + @2 (s, a), where the reward bonus ¢ (s,a) = O ( %)
NG,

and the transition bonus d)ﬁ’t(s, a) =0 (H %) for any confidence parameter §' € (0, 1).
s IV (S,
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For convenience, we deonte
Y =1+ A:d'i‘ Ty,
o i=To+ N di + 7.

Success event Fixing a confidence parameter § > 0 and defining 0’ := §/4, we first introduce the follow-
ing failure events:

Foo= {3 [al! - ag] 2 1)

F o= {Bs,0.h 0 747 (5,0) = rus,0)| = 6 (5,00}

Fl .= {Hs a,h,i: cif;ll(s,a) - di,h(s,a)‘ > (b;’fl_l(s,a)},

FP = {3s,a,n pucls,0) = 557 Cls, )|, H = 68 (s,0)
FN :={3s,a,h: Nj'(s,a) < th s, a) Hlog(S?/H)

]<t

Then, we define the union of these events over all episodes,

re=JFr, Fr={UJFIUIUF).
te([T] te[T] te([T]

FP = U FP, FN .= U FN.
te[T) te(T)

Furthermore, the success event £ is defined as the complement of those failure events:

E=F*UFrUFPUFN.
We have the following lemma.

Lemma 11 (Success event). Setting §' = £, we have P[] > 1 — 4.

Proof. We apply the union bound to each event separately. By Lemma 4] we have P[F'*] < §’. Using
Hoeffding’s inequality and union bound arguments over all state-action-step combinations, similarly, we
obtain P[F"] < ¢’. Using concentration inequalities for multinomial distributions ((Maurer & Pontil, 2009))
and the union bound, we derive P[F?] < §’. Employing similar techniques as in ((Dann et al.,[2017)), by
bounding occupancy measure deviations, we obtain P[FV] < ¢'.

Combining these results with the union bound, we have

P[F*UF"UFP U FN] <P[F*] + P[F"] + P[F?] + P[FN] < 4§’ = 6.
Thus, P[] =1 - P[F*UF"UFPUFN]>1-4.
This completes the proof. O
Truncated policy evaluation Truncated policy evaluation is essential in CMDPs under stochastic thresh-
old settings. Given the presence of stochastic constraints and additional exploration bonuses, unbounded

value estimates can lead to instability and hinder theoretical analysis. We employ truncation to maintain
boundedness and numerical stability of value functions.
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Formally, for given estimates of reward 7, (s, a), constraint functions d; 5 (s, a), transition probabilities py, (- |
s,a), we iteratively compute truncated ) and V' value estimates. The truncated Q-value update at each
timestep h is expressed as below,

Q’;L(s,a;z,ﬁ) = min {lh(s,a) + th(sf | S,G)V{hﬂ(s’), H—-h+ 1},

S

where [, (s, a) denotes the generalized immediate payoff (reward or cost with bonus), and Vh” (s;1,p) denotes
the truncated value function,

V() = (Qh(s, L) wha ] 9)).

For composite variable 7;, we define its truncated value function as follows:

a(s0) = Qh(s,0) + 30 MiQly (52 0) +7QY, (5,00,

i=1
Vin(s) = (Qi(s,:7.p), mh(- | 5))-
The detailed truncated policy evaluation algorithm is shown in Algorithm

Estimation error We next show bounds on the estimation error of empirical estimator 7, d and ).

Lemma 12 (Bound on the estimation error). Let T’ € [T] be a number of episodes. The total estima-
tion error for the reward function and constraint function, conditioned on the success event &, satisfies the
following upper bound:

T/

. 2HT'
SV v < (2VI +2HV/L,) (6HSA +2HV/SAT + 2HS Alog(I") + 5log = ) :
t=1

I 2HT
S -V < (2\/LT n QH\/E) : (GHSA + 2HVSAT + 2HS Alog(I") + 5 log — ) :
t=1

T ,
Z(‘A;[%t _ VJ;‘:) < 2H log(A)\/[Tp (6HSA+ 2HVSAT" + 2HSA10g(T’) 5log 2];551 ) .
t=1

where L, = %log (W) and L, = 25 + 2log (S‘%{{T).

Proof. We first bound the total estimation error by the sum of the expectations of the bonus terms from
Miiller et al.| (2024).

T’

T H T H
DV =V <23 N Rley T (shyah)] 2 ) Bl sk ap))-

t=1 t=1 h=1 t=1 h=1

By substituting the definitions of the bonus terms b™ and b” and factoring out the shared summation structure,
the total error is bounded by:

T T’

>V -V < (2\/L7+ 2H¢fp) EH:E

t=1 t=1 h=1

1
Vni—1n(s),a}) Vv 1] 7
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Algorithm 3 TPE (Truncated Policy Evaluation)

Require: estimates 7, d ,,, p},. policy 7},.
I Initial Vi i (8) = Vg 4 (s) = Vi
2:. forh=H,H—-1,...,1do
3: for (s,a) € S x Ado
4 Compute truncated Q-function:

5 Q% 1, (s,a) = min {fh(s,a) + (Pu(- | s, a)V;“hH(-)% H-h+ 1}

6 25, n(s,a) = min { & (s,a) + G- | 5, @)V, () (s,0) + (H — b+ 1) log(4) }
7: fori=1,...,mdo

8: iniiyt,h(&a) = min {Ji,h(57a) =+ <ﬁh( | S, a)Vd{.yt’thl('»v H—h+ 1}

9: end for

p41(s) =0foralls,i.

10: end for

11: for all s € S do

12: Compute truncated V-function:

B V() = (@l ) mh (] 9)

14: VEL(8) = (@5 u(s. ) mh(- | 9))

15: fori:=1,...,mdo

16: Vdéhh(s) = < td_i,,,,h(s’ .)’F;L(. | S)>
17: end for

18: end for

19: end for

20: for h =1,...,H and all (s, a) do

21: Qh, n(s,a) = QL ,(s,a) + >y )‘t»iQiZ,;,t,h(s’ a) + TthZ)f,,h(S’ a)
22: end for

23: return {Q%“h(s, a)} y and {V{iwhh(s)}s .

19y

where L, = 1log (W) and L, = 25 + 2log (24£T). The core summation term involves

the inverse square root of visitation counts. Using the high-probability bound for this term from Liu et al.
(2021)), it can be shown that:

t=1 h=1

2HT'

! ] < GHSA+2HVSAT' + 2HSAlog(T") + 5log —5—.

Ve 1n(sh,ap) V1

To put all term together, we get our final result:

’

T
. 2HT'
S -V < (2\/LT +2H /Lp) : (GHSA + 2HV/SAT + 2HS Alog(I") + 5log = ) .

Tt
t=1

The proof for d; (Vi € [m]) is identical. For entropy bonus, we have

T’ T H
SV, Vi) <230 Y E |6 (sh.ah) log(4)]
t=1 t=1 h=1
and the rest of the proof follows as in the proof of the case of reward function. O
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Lemma 13 (Bound on cumulative estimation discrepancies). Conditioned on the good event £, for any
episode T' € [T, the cumulative sum of the per-episode estimation discrepancies 0; is bounded as follows:

T/
/ AHT -
> 6 < Cpy/T"log S s+ O(S%/2AH?).

i=1

where Cp = (1 + @) (4H\/ 25A (H\/§ + H + 1)) + %\/ 2H and 0 is defined as the composite
error at episode t:

b= (W =V V> v (= Vi) (V8 = Vi )+ A o — s+ 3 2 (75, — V).
i=1 i=1 -1 = ’ /

Proof. The proof proceeds by decomposing the total sum Zf:/l 6¢ and bounding each component term
individually. Conditioned on the good event £, we have:

m

T’ T’ T 8H T’ T m
So <3 (Vv )+ S (Vv )+ (VE -V ) 30 D dalal - el
t=1 t=1 t=1 1=1 t=1

t=1 i=1

(4) (B) (©) (D)

®)

We bound each of the four terms on the right-hand side of Equation equation §]

Bounding terms (A), (B), and (C): These terms represent the cumulative estimation errors for the value
functions of the reward, constraints, and the policy entropy proxy 1, respectively. We can bound them by
leveraging Lemma|[12]

For term (A), using Lemma and inequality v/a + b < \/a + /b, it yields:
(A) < <\/2 log QSAH((S—”,“JFDT +2HV28 + 2H/21og S“g”) : (QH\/SAT’) +O(S32AH?)

< <\/2 log(2(m + 1)) + 2HV2S + (1 + 2H) 4/ 2log S‘AHT> : <2H\/SAT’) +O(S%2AH?)

6/

SAHT

5+ O(5%/2AH?)

< <4H(H +1)V254 + 4H25\/2A) T'log

For term (B), we use the fact that the dual variables are bounded, i.e., A;; < (%) for all ¢ € [m]. This
allows us to write:

@ < (S (v i)

i=1 t=1

SAHT

6/

O(S32AH?).

<4H(H +1)V254 + 4H28\/2A) T’ log
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For term (C), we apply the bound from Lemma T2}

(©) = iﬁ (Vi, - Vg)
t=1

SAHT

< max{r} - <4H(H +1)V254 + 4H25\/2A) T'log == + O(S*/? AH?)
< <4H(H +1)V254 + 4H25\/2A) T"log S/tf T o3 am?)

Bounding term (D): This term represents the cumulative error from the online estimation of the stochastic
thresholds. Based on our derivation from Theorem 2, we have established a high-probability bound for this
sum:

T

(D)= " Nilal -] <m (4H> V/2H log(2mT /6)T".

t=1 i=1 -

Combining all terms: By substituting the bounds for (A), (B), (C), and (D) back into Equation equation
we obtain the final upper bound for the cumulative discrepancy:

T/
AHT = ~, .
Z(Si < Cgy/T'log & 5 + O(S3/2AH?)

i=1

where Cp = (1+ SmH) <4H\/ 25A (H\/§ + H+ 1)) + %\/ 2H. This completes the proof. O

(2-Value function bounds We present the bounds for )-value.

Lemma 14 (Miiller et al.| (2024)). For every state s, action a, step h, horizon H, and policy m; at t-th
episode, it holds that

H

Z —log(me,nr (an |sn)) | sp = s,a, = a] < Hlog(A) — log(mtn(a|s)).
h'=h

E

Lemma 15 (Q-Value function bounds). For any state s, action a, step h, we get
dmH
0<Qr (s,a) < —mlog(mn(a| s)) + H(1+ —— + 7 log(A))

r’+>\;r d+T7et,h

Moreover, we have

Z ﬂ—t,h(a’ | S) exXp (ntQ:;)\,TdJrnwt,h(s’ a)) Q:fl’)\:d‘i"rt’i[}t:h(s’ a)2
a

AmH AmH 2 12872/4
< exp (ntH (1 + m? + 7 10g(A))> (214"*"”H2 (1 + m? + 7 log(A)) + 87}) .

e2
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Proof. We first prove the bound for Q;;, where y; = r + )\: d + 1. For all s, a, h, we have

0 QT gy (5:0) < Qo)+ DN [QF |+ 7 |QT
AH A
<H+m (:) H+7E | Y —log(men (an [ sn)) | sn=s,an =a
- h'=h

<H <1 +m (45) + T log(A)) —7¢ log(myn(als)).

—

Co

The last inequality holds by Lemma According to the definitions, we have y; 5(s,a) = 7 p(s,a) +
N din(s,a) + T n(s,a), where ¥y p(s,a) = —log(m n(a | s)). Moreover, according to Euclidean
triangle inequality (a + b)? < 2a? + 2b%, we can obtain

Qp(s,a)* <2H*(1+m <4H ).

i

1
+ 7 log(A))? +272 log?(————
) relom( ) 42 log* (s

C1

We then get the following inequality:

Z 7. n(al]s)exp (77,5 ‘(s, a) (s,a) 2< Z 7 n(al]s) exp (77t ‘(s, a))Cl

€]

—|—Zﬂ't7h(a\ exp (ntQ ¢ (s, a))QT75 log ( ).

1
e n(als)

(2)

For term (1) on the right-side, we first show

men(als) exp (n:Qj (s, )) <m h(a
vnla

s)exp (1:Co — ne7¢ log(men(als)))
5)177”” exp (n:Cop).

|
|
Thus, we obatin

1)< ZC1Wt,h(a‘5)1_nm exp (1:Co)

< AT exp (1, Co)Ch

2
=A™ exp (UtH <1 + @ + T log(A)>) <2H2 (1 + 417;H IOg(A)) ) : ©

The second inequality holds because >, m p(a | )" < max, y., mp(a| s)t =™ < AT This
is because the extreme case is the uniform distribution. Furthermore, for term (2), we follow the analysis
in Miiller et al.| (2024). Assuming 7;7; < 1/2, we have 7 ,(als)' ™™™ < 7 (als)'/2. We then use
the property that ¢'/*log?(1/q) is universally bounded by 64/e? for any q and apply the Cauchy-Schwarz
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inequality to the remaining sum. This yields:

1
@) < X malals) explnCo2rion? (- )

1
= exp(n:Co) 277 Z men(als)' =" log? (>
64\/Z>
2

Sexp(ﬁt00)27t2< p

12872V A
= — 5 — o mCo). (10)

Combining equation [9) and equation[I0} we have
Z 7, (a|s) exp (77t o (s, a)) o (s, a)?

4mH 4mH ?
< exp (mH <1 + m? + 7 log(A))> (214’7"7‘17{2 (1 il Tt log(A)) +

—
—

12873\/Z>

e2

O

The bounds established for @ also apply to the truncated Q. This is because Qyt,h < H —h+1 by definition,
and is less than or equal to the initial bound Cy — 7 log(m; 5 (a|s)) used in the proof above. We express the
result as follows.

Lemma 16 (Q-Value function bounds). For any state s, action a, step h, we get

dmH

0< QL u(s,a) < —rlog(myn(al s)) + H(1+ + 7, log(A)).

Moreover, we have

>~ mnlals)exp (mQ, 1(s,0)) Qb 1(s,0)*

2
< exp (ntH (1 + @ + 7 log(A))> <2A77‘”H2 (1 + @ + 7 log(A))

e2

. 12873\/Z> .

Error summation bounds To establish our main regret bounds, we need carefully analyze the cumulative
effect of two primary sources of error that arise from our learning algorithm: the optimization error stemming
from the primal-dual updates, and the statistical error resulting from estimating the unknown CMDP model.
The following two lemmas provide crucial bounds on summations that capture the behavior of these error
terms over time.

Lemma 17 (Bound on the optimization error). Let 7, = t~3/* and 7, = t~/% fort > 1. Let Cy =
VHC + D. Then for any T > C"”, the following inequality holds:
1/2

T t t
S mVECTD (Y e (- S mn || <k,

t=C" j=1 k=j+1

where K = 18 H3/2\/HC + D\/((3/2) + 4V2.
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Proof. Let S denote the sum. We factor out the constants and define the inner term X;

T t t
S = H%?C, Z th/Q, where X, = ijg/Q exp | — Z kT8
t=c" j=1 k=j+1
To bound X, we split the sum over j into two parts: j € [1, |t/2]|] and j € [|¢/2] + 1,¢].
For j € [1, |t/2]], the sum in the exponent is large. We can bound it from below by integrating over the

second half of the range: ZZ:J.H E=7/8 > j;t;;il w7/ 8dx = 8((t + 1)1/ — (t/2 +1)1/8) > ¢1t'/® fora

constant ¢; = 8(1 — 271/8). This is thus bounded by:

L£/2] 1/8 1/8 e 1/8
Z j73/2€7clt < e—cit Zj73/2 — <(3/2)€761t ]
j=1

j=1
This term decays exponentially with £.

For j € [|t/2]| + 1,t], we have j—3/2 < (t/2)~3/2 = 23/2¢t=3/2_ We find a lower bound for the exponent’s
sum: ZZ:J.H k=7/8 > (t — j)t~7/8. This gives the bound on the sum for this part:

t
> 22 Pexp (—(t - j)t’”s) .
J=1t/2]+1
Letting [ = t — 7j, this becomes 23/2¢3/2 Z{i/oﬂfl(e_tq/s)l. For large t (guaranteed by the assumption
on C”), t~7/8 is small. Using the inequality 1 — e~* > /2 for sufficiently small z > 0, we bound the sum
of the series by - _11,77 75 < 0 = 2¢7/8. The bound for this second part is therefore:

1
1/2)t=7/8

t t
Z 32 exp | — Z T8 | < 23/2473/2 9y7/8 _ g /3. 458,
j=[t/2]+1 k=j+1

Combining the two parts, X; < C(S/Z)e‘cltl/8 + 44/2t~5/3. Since the exponential term decays faster than
any power law, for t > C” we can define a constant Kx = ((3/2) + 4v/2 such that X; < Kxt~%/8.
Consequently, th/2 < VK xt=5/16,

Substituting this back into the expression for S

T
S < H32Co\/Kx Z $=5/16

t=C"

The sum is for a p-series with p = 5/16, which we bound with an integral:

) T 16
Z =5/16 < / 2316 gy < 2 11/16,
t=C" Cc’-1 11

Combining all terms yields the final bound:

S < H¥?Cy\/Kx Gf:ﬁ“/w) = %Hg’/z\/HC + D\/¢(3/2) +4V2 - TS,
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Lemma 18 (Bound on the statistical error). Let 1, = t=3/* and 7, = t='/® for t > 1. Let {6;}]_, be a
sequence whose partial sums are bounded by Zsz/l 0; < Cpy/T'log S‘%# + O(S3/2AH?) .= B(T"),
where Cp = (1 + %) (4H\/2SA (H\/§—|— H+ 1)) + %\/ZH. Then for any t > C", the following
inequality holds:

1/2

T t t
Z V2H3 277]'5]' exp | — Z Nk Tk <O(T"®),
=1

t=C k=j+1

Proof. Let S; denote the sum. We can write it as S; = vV2H? Zthc” v/|Y:|, where the inner term Y; is
defined as:

t t
Yo=Y midiexp [ — > mem
Jj=1 k=j+1

The presence of the sequence d;, for which we only have a bound on its cumulative sum, necessitates the
use of summation by parts. Let f; ; = n; exp (— ZZ:J-H 77ka) and A; = 37_, §;. A critical property
for this method is the monotonicity of f; ; with respect to j. We examine the ratio:

frigt1 _ nim
Tt nj

exp(1417;+1)-
Based on the choice of 7; and 7;, this ratio is greater than 1 for all j > 1. Thus, f; ; is strictly increasing in
j. Applying the summation by parts formula to Y; = 25:1 fri(A; — A1) (with Ay = 0):

t—1

Vi = fialde =Y A (fren = fg)-

j=1
Using the triangle inequality and the established monotonicity (f; j+1 — fi; > 0):

t—1

Vil < |feellAel + Z 18G|(fej41 = frg)-

j=1
We use the given bound |A;| < B(j). Since B(j) is an increasing function of j, we can bound |A;| <
B(t — 1) for all terms inside the summation. The sum is a telescoping series equal to f;; — f;1. Since
B(t—1) < B(t) and f; 1 > 0:

Vil < feaB(t) + B(t = ) (fie = fr1) < fraB() + B(8) fr.e = 2f14 B(?).
Fort > C”, we have f;; = = t—3/4. Substituting the form for the bound B(t):

SAHT

5/

;| < 2t73/4B(t) = 20t~ /% /log +O0(S*2AH?) - t73/4,
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Taking the square root and factoring out the dominant term and using inequality va + b < \/a + /b, we
obtain a bound for /|Yz|:

AHT -
VY < \/QCBt—l/‘l log 5 5 + O(S3/2AH?) - t—3/4

¢2th iy flog 22 [o(ssrz anzy-

=./2Cp -t~/ (1 SAHT) + O(S¥/ AV HY 17378,

6/

The main sum is thus bounded by:

SAHT 1/4 T . T
Sy <+ /8H3CB (log 5 ) . Z 4—1/8 +O(S3/4A1/2H)- Z t—3/8,
=C t=C""
SAHT
o’

16

/ .
2H3Cp (log ) T8 4 O(S3 /M AV2H) - T8,

< O(T"®).

E REGRETS OF REWARD AND CONSTRAINT VIOLATIONS

In this section, we prove the bounds for the strong reward regret and constraint violation of Algorithm[I] We
first establish the linear convergence of the primal-dual divergence potential functions.

Lemma 1 (Margin-regularized convergence). Let 1y, 7, < 1 and a confidence parameter § € (0,1). With
probability at least 1 — 6, the policy-dual divergence potential of Algorithm[I| holds

t t t

t t
D, <exp *Z’I]jTj ¢1+@Zn?exp — Z N Tk JrZ?]jéjexp — Z Tk

j=1 j=1 k=j+1 j=1 k=j+1

where C = exp (niH (1+ #2% + 7 log(4))) (QA"t”H 2 (1+ 42 4 7ylog(4))” + YA,
D=m(H+m (%))Qandéj:f/ — Vg3 (VJ _Vdij)

Proof. Conditioned on success event £, we first decompose the primal dual gap for every episode ¢:

‘CTht(ﬂ-:t,e?)\t) — Ly, (T, Ny, ) = Loy o (7 Ty e M) — Loyt (e, M) + Lo, 1 (7, M) — ﬁTf,,t(’/Tt7>\7*—t7e) .

Tt,€

(e)) 2)
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Bounding term (1) For term (1), by Lemmas|[5and[T3] we have

(1) = Lo (7%, M) = Lo (10 M)
_ V Tfe _Vﬂ'f

_ 1
r+Alg r+ATg (9= d— ﬁa)
+thqh 7Tth )log(ﬂth _TtZQhng Tt,eh( | )IOg( ‘rteh( |S))
s,a,h s,a,h
_ Tt € T
‘/tf'+>\Tg+7'twt th‘;>&¥?+ﬂ’¢%
+ T Z QhTt’E (S)ﬂ-:“e,h( | )1Og(7rt rla — Tt Z qh Tt,67h( I ) IOg( 7',576 h( |S))
s,a,h s,a,h
_ V 7't € Tt ;

" 72, onlals)
r+/\tTg+nwt Vr+/\tTg+nwt — KLy (KLe =320 000 " ()77, n(als)log (fi))

m¢,n(als)
oy — VT — KL,

- KL; — KL H
< (7 - v ¢ KRR

—C - TtKLt
ui 2
N 1-— KL; — KL H
< (V_t O ( 7 )KL g Mt c, (11)
Yt Yt ) 2

where C = exp (n:H (1 + “Z2 + r,1og(A))) (QA”tTtH2 (14428 47 log(A))2 + 1282\/2).
Bounding term (2)

(2) =Y (i = AL ) (Vi =i — e+ Tidei) + (i = A%, ) (Vi = Vi) = IIAt A el

)

H>\Tt5_)\t||2_ ||)"rte )‘t+1||2

+2(%) \ v

(1 — )AL, = Ml = IS« = Xeal® e 4H
t,€ € 7D -
M, Ty +§; =

where D < m(H+7 (4£))2. Because ®; = KL;+1 A —A
it holds

+ %HV; —a— e +TN?

- *le\t I

Tt7

Tt

dm_ d;

; 12)

|2, combining equation 11 and equation ,

) |

TtE

n? 4H
(I)t+1 <(1*77t7_t)(1)t+ (HC+D)+77)§ ( Vﬂ—t+2( )

_ YT
dt i V:ii

=104
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Applying the recursion inductively, we get

t

t t i 2
77'
oo < J[A=mm) | 214> (5 (HC+D)+7U5J> IT a—mm)
1 =

k=j+1

[Ta—nm)|e+> |2 i HEC+D) | T (1= meme)
j=1 i=

i k=j+1
t t
+Z 1i0; H (1 — i)
j=1 k=j+1
! HC+ D ¢ é
<exp ZT]]TJ b+ —— 5 Z 77 ex Z NeTk
j=1 j=1 k=j+1
t t
+ midjexp [ = > mem | (13)
j=1 k=j+1

where the last inequality holds according to (1 — ) < exp (—z) for z < 1. This completes the result. [

While we have established its theoretical convergence, it doesn’t tell us how close our solutions truly are
to the optimal policy. Therefore, we prove the error bounds to bridge this gap, linking our theoretical
convergence directly to practical performance guarantees.

Lemma 2 (Per-episode trade-off). For anyt > C", any constraint i and any sequence (7).er), it holds

[V V], < HY?(29,)" + 7 H log(A) + gem,

4H
e os — V7, < (92 (200 4 () - url.

Proof. We first bound the reward distance between the optimal policy and the actual policy.We present the
decomposition as

*

VI VI = VI VT VT
) @

*
T¢,€

We bound terms (1) and (2) respectively. For term (1), to bound the difference between VT”* and V: <,
we first construct a feasible policy for the more constrained problem, i.e., V] (p) > o + €. We define a
probabilistic mixed policy for any ¢ > C”

= (1 - Bt)ﬂ'* + Bt’ﬂ'o,

where B, is a Bernoulli distributed random variable with % and 7 is the feasible policy under the original
optimization problem (as shown in Assumption|[I). Then, we have that for any constraint

Vdele (1 _ 671715) Vd

—

> (1— Eﬂt)a‘ L

=+ €t
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™% may not a Markov policy. However, by Lemma [7] l there exists a markov policy #™*, which has the
same performance as 7™*, which is the feasible policy for the problem below

max VIi+rH(m) st VI >oai+e, (Vie[m]). (14)
TE

This indicates that _

v o +TH(E D)= VE T HE™).

We then obtain . . .
v (e, ) 2 (1= E) v+ BV ™)

Putting the difference term on the right side, it thus holds that

(v = V") () = ™)

~

* .
Vﬂ* _ Vﬂ'-rt,e < €4,
r =

T

IN
2 m

(1]

- H + 1. H log(A). (15)

In terms of Term (2), we have

ZE [Z "'f | ) Wt»h(a|5))Q:fh(57a) ‘ 50]

'r

() D (w7, nlals) = men(als) Q75 (s, 0)

a

| /\

I /\

T

2

’2
quh”é Mz, (-s) = m(-ls)lla (since |QTY, (s, a)| < H)
- 1seS
"2

Z qhﬁ . \/2KL 7x L (18), men(-]s)) (by Pinsker’s Inequality)
1seS

<var | [ S ) [ S o oKL, (19 mn(1)
s,h

s,h

< ﬂH\/HZqZ%’E(s)KL(w:t,h(ws),m,h<-|s>> (since g (s) < H)
s,h

s,h

NG (16)

Combining equation [I5]and equation [T6|together, we obtain
x H
[V = V], < HY? (2KL,)"? + 7 H log(A) + Zei

H
< B2 (28,)"% + 7, Hlog(A) + =€

Next, we bound the maximum constraint violation between the thresholds and the policy. For any constraint
i € [m], we give the decomposition as

* *
T Trs e Tre e T
Vit =a =V, VT =V

(3 4)
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We then bound terms (3) and (4) respectively. The bound for Term (3) is derived from the properties of the
saddle point (7% _, A% ). Specially, we use the second inequality from Lemma. Wthh states that for any

Tt € Tt,€

AEC: AT (V e _ e —a) < )\T(V e _ er — a) + Z([|AI? = A%, |I?). Rearranging this inequality,

Tt ,€

it holds that: .
A=A DTV —ea—a) + (IIAII2 — X%, ) = 0. a7
For any constraint j € [m], we construct a specific A vector by choosing \; = A7, _; forall i # j, and

A; = z for some z € [0, (%)] Substituting this into equation |17|reduces it to terms concerning only the
j-th dimension

Tt.€ Tt *
(2= Xes) (Vd € — O‘j)+5( = (M%) ?) = 0.
The dual solution does not lie on the boundary of the feasible set (i.e. A7, _ ﬁ) Thus we can choose a

value z such that A}, ; < z < (%), which means z — A%, ; > 0. After rearranging, we get

(3) =5 — VdT;Tt‘e < 7(’2 + )‘:t 6]) €5t

<n <4fl> e (18)

[\V]

—

For term (4), a similar analysis to that of the reward gap (in equation[I6), we have

(4) = V7o — VI < HY/2(2KL,) V2. (19)

Then we combine the bounds from equation[I8]and equation [I9together to get the upper bound below:

4H
Vﬂ-t < H3/2 (QKL )1/2 Tt <,_‘) - Ei,t

=
—

< H32 (20,)"* + 7, <4H> —

—
—
fln

Since this holds for any constraint ¢, we can take the positive part on both sides and then the maximum over
7 to obtain the final result:

max [ai — Vdft}+ < [H3/2 (2<I>t)1/2 + 7 (4H> — emh_.

i€[m] =

—
—

E.1 STRONG REGRET BOUNDS

We are now ready to establish the bounds for strong reward regret and strong constraint violation of Algo-
rithm[Il

Theorem 1 (Bounds for reward regret and constraint violation regret). Let 1, = t=3/% 7, = t=/% for
t>1, and¢;; = 6/ H3Cp (t_1/8 . log(SAHt/6’)1/4) for all constraint i. For a confidence parameter
0 € (0, 1), with probability at least 1 — 6, when T is sufficiently large, Algorithmachieves the following
bounds:

Rr(r) <O(T™®) and Rp(d) = O0(1).
where T denotes the number of episodes, Cp = (1 + %) <4H\/ 25A (H\fS + H + 1)) + 4 = 2.\/0H
is a T-independent constant and O hides polylogarithmic factors in (S, A, H, m,log(T), log(%) =).
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Proof. For episode ¢t > C”, according to Lemmas [1]and [2] we can obtain that for any constraint 4

[V — V], < H32\/2®, 4+ 7, log(A)H + gei,t
t t t 1/2
SHS/Qexp(onjTj/Q) 20, + H*?>/HC + D Zn?exp - Z Mk Th
j=1 j=1 k=j+1
. . 1/2 Y
+ V2H3 Z n;0jexp | — Z Nk Tk + 7 log(A)H + —€iy-
j=1 k=j+1 -

Since the strong reward regret Ry (1) = 3~ (7 [V™" — V7], it can obtain by summing all the terms over
T episodes. Thus, we have

c'—1 T
x - H
Rr(r) < Z Ve — V™), + Z (Hd/2 /20, + 1, log(A)H + :Gi,t>
t=1 t=C" -
<(C"-1)H
T t
+ Z HS/QeXp(onjTjﬂ)\/Q(I)l (a)
t=C" j=1
T t t 1/2
+ Z H3?*\/HC + D anz-exp - Z Nk Th (b)
t=C" j=1 k=j+1
1/2
T ¢ ¢
+ Z V2H3 anéjexp - Z M Th (©)
t=C" j=1 k=j+1
T
+ Y mlog(A)H (d)
t=C"
T
H
+ Z =€it- ©
t=C"

Since (C" —1) H is a constant that is T-independent, we will proceed to analysis the bound for term (a)-term
(f) separately.

Bounding term (a) According to the definition of &1, we have /2®; < \/ZH log(A) +m (%)2 =C'.
Thus, it holds

T t
(a) < H32C" Y~ exp(— > m;7/2)
t=C"’ j=1
T t
= H32C' Z exp(— Zj‘7/8/2). (20)
t=C" j=1

32



Under review as a conference paper at ICLR 2026

For the exponent, it yields that 2321 T8 > ff“ 2~ 7/8 = 8(t+1)'/8 — 8. Substituting this lower bound

into the summand yields:

t
1
exp | =5 Zj_7/8 <etexp (—4(t + 1)1/8) .
j=1
The sum over ¢ is therefore bounded by

fi et exp (—4(t+ 1)) < fit#exp(—4u+—nlm)

t=C" —ey
o
< / et exp (—4(:10 + 1)1/8) dx

< 464(0//)7/8 exp (_4(0//)1/8) i

Combining this result with the constant, it yields:

(a) < H32C (464(0")7/8 exp (f4(c")1/8)) =0(1).

Bounding term (b) We first calculate the bound of the term HC + D as follows:

dmH

dmH
HC + D =H exp <ntH <1 + m? + 7 log(A)>> <2Am”H2 (1 + —=— +7log

4H

+mw+n(5)f

2
<H exp <H (1 + @ + log(A))> <2AH2 (1 + @ + log(A)) +

—

+ m(H + 2)2

We can find that the right-hand side of the second inequality is the order of constant, i.e., 0(1) Moreover,

by Lemma|[I7] it yields
(b) < K- T/,

where K = 18[13/2\/HC + D\/((3/2) + 4V/2.

Bounding term (c¢) For term (c), by Lemma[I8and Lemma|[I3] we obtain

(c) <O(T™®).

Bounding term (d) In terms of (d), it holds

T T
(d) =Y mlog(A)H <log(A)H Y t71/8=0(T"*).
t=C" t=C"
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Bounding term (e) For term (e), by our setting,
Z €10 = O(T™").
= t=C"

We now calculate the regret bound for constraint violation. By Lemma [2} for episode ¢ > C”, the per-
episode constraint violation is bounded by:

max [ai — 1/(17:’5]Jr < [H3/2x/2‘1>t + 7 (4£I> — € t]+-

i€[m] =
Let P, := H 3/ 220, 4+ 74 (%) The cumulative constraint violation is bounded by
c" -1 T
Ry(d) < max lo; = Vit + Z [P — €]+
reiml oy t=C"’

S(C// H+ Z ezt

t=C"
<(c"-1) H+Z H*?\/28, exp(— ZWJ/Q w
—C" J=1
+
(a’)
) t . 1/2
3 |wVECED (Yo (= Y ma| | -2
t=C" Jj=1 k=j+1
I +
()
~ 1/2
T ‘ t ) 40 4
(S £ ) o] £,
t=C" j=1 k=j+1 = _ +
i +

(d")
(¢')
where €; ; > e( t) + e( ) 4 (3) + e( t) We will show that with the appropriate choice of e( ) for any ¢ € [4],

the bound for each term (a ) (d ) is O( ).

Bounding term (d’) For term (d’),

S C

t=C"' -
With the choice of egi) = (&) ¢t~/8, we immediately get that (d') =

Bounding term (a’) For term (a’),

T ¢
(') = z:[Hg/2 20 exp(— Zj /8 19) — )}+.
t=C"" j=1

With the choice of ez(-,lt) = 0 and the same analysis as term (a), it yields that (a’) = O(1).
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Bounding term (b’) For term (b’) and any ¢t > C”,

1/2
T t
¥)= > [H*VHC+D | j ™ exp |- Z kT8 — e
t=C"’ j=1 k=j+1

/2
By Lemma [17} it yields that (Zt Li3 % exp (— ZZ —it k*7/8)) is of the same asymptotic order
t=5/16 We can choose e( ) — H3/2\/HC + D - t~1/%. Since the term ¢~5/16 decays strictly faster than
t=1/% by Lemma we thus obtain (b') = O(1).

Bounding term (¢’) For term (c’),

1/2
T ¢
() < Z V2H3 Z 105 €Xp Z Mk Tk - 6531‘,)
t=C" =1 k=j+1

+
By Lemma (18| and Lemma we pick egi) = 4VH3Cp (t7V/8 - log(SAHt/§")Y/*), where Cp =
(1+52i0) (4HV2SA (HVS + H + 1)) + 22030, Tt holds that limy o0 4 < 1, where 4, =

1/2 ~
2H3 (23:1 n;0; €xp (— ZZ:j-H nka)> and thus it holds (') = O(1).
Sum the terms from eglt) to 6542, we find that ¢; ; > eglt) + 6(2) + 6(3) + 6(4) Moreover, sum all of the bounds
for reward regret and constraint violation together we get the ﬁnal result

Rr(r)=O0(T™®) and Ryp(d) = O(1).

F LAST-ITERATE CONVERGENCE

In this section, we present the property of Algorithm[I] showing that the primal-dual iterates of FlexDOME
converge in the last iterate. In contrast to Lemma|[I] which accounts for estimation errors, we analyze a more
fundamental scenario. Here, we assume the model is known, thereby allowing us to neglect the effects of
estimation errors. This setting enables a more direct proof of its intrinsic convergence guarantee, as shown
in the following lemma.

Theorem 2 (Convergence for potential functions). Let 1, 7 < 1. The policy-dual divergence potential
holds

(I)t+1 < (1 — tTt)q)t + (HC + D)

m

where C' = exp (mH (1+ 222 + 71.10g(A))) (QA’“”H2 (1+422 47 log(A))2 + 1282#) and
H

Proof. We recall the definition of the potential function ®; = 3 ) Pr: [sn = 5] KL( 7, 18), men (-]
) 5 H)‘n e — At H2 We first decompose the primal-dual gap,
‘C‘Ftyt(ﬂ-n,e? At) - LTt7t(7Tt7 A:—j s) = ‘CTt t( T e At) ‘C‘Ftyt(ﬂ-ta )‘t) +£Tt7t(7rta At) - ETtvt(ﬂ-ta )‘:,,,e)

(€)) 2)
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and we next deal with (1) and (2), separately.

Bounding term (1)
(1) = ﬁfrt t(W:tiv)\t) - E-rt,t (Wt, )\t)
_ Tt e ™
K+A?g o ‘/T;/\?g
+ 7 Z qh 8)en( )IOg(Wt nla — Tt Z tht o :,,e,h(a|3) IOg(ﬂt,e,h(ﬂS))
s,a,h s,a,h
— Tt € s
‘/7+)\?g+7twf ‘/7‘-‘!i)\?9+7't¢t
+7 Y qh"‘e(s)ﬂ;,e,h( als) log(m,n( > an qh 817, e nlals) log(m,  n(als))
s,a,h s,a,h
n
=V " — VT — TtKLt

rA gt A g
i
=V, " =Vt — miKLy.
By Lemmal[5] we have
™ T
Vyt b — Vy? = th ! <Q527h(87 ')aﬂ—:t,h(' | S) - 7Tt,h(' ‘ S)>

s,h
w*, o (KL p(s) — KLgyan( L -
< 3 (KLl eesal) L 57 oo esp @3 0.0) @5 50
s,h

According to Lemma |15} it holds that ) n(a | ) eXp(Q;T:)h(s,a)) Q;Tf)h(s,a)2 < C, where C =

exp (mH (1 + 222 log(A))) <2A77f”H2 (1+ 222 47 log(A))2 + 12822\/2). Then we obtain
™ KLy n(s) — KLip1,n(s)  me
V O ( , n —C’)
Z o >
KL — KL H
_ t t+1 T Tt C.
ui 2
Therefore, we get
o KL; — KL H 1-— KL H
(1) = Vy e =V =KL, < —— =2 2 o pkE, = — g, - == 2o o)
‘ ul 2 ul ul
Bounding term (2)
(2) = Loy (T, Ae) = Loy 1 (T4, AT, )
Tt Tt Tt
= Z )‘t’i(Vdi —6,5—0[7;)— Z )“rt,e Z(V - _ai)+§‘|)‘t||2_7”)"rt e”
i€[m] i€[m]
=) i = AL )V — e~ i+ TA) — H>\t A ell?
i€[m]
||)\Tt€ _)‘tHQ_ H)‘n, )\t+1||2

Mty 7 2 Tt 2
Ly — e — A2 = 2|
2nt + 2 H d et a+7—t t” 2 H t Tt,EH
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Since |V — & — af| < /mH and [|A]| < /m (%), we have ||V — e, — a; + T A l|> < D, where
D=m(H+m (%))2 Hence, it holds that

e e P T N
2n 2 2

* 1 *
X% e = Al = N = AegalP o+ 5D, 22)

IAe =A%, ol

Tt,€

(2) <

1- NeTe
2n

Tt ,€ Tt,€
By combining equation 21]and equation 22] we obtain
1
D1 =KLy + §||>‘t+1 - )\:t,e”2

2
< (1= ) (Lo + 1A = A2, ) + (O + D) — (1) + (2)

2

< (1= )@y + %(HC + D), (since (1) + (2) > 0)
— 4mH T 172 AmH 2 | 12872VA
where HC+D = H exp (m:H (1 + 222 + 7. 1og(A))) (QA’“ tH? (1+ 222 + 1 log(A))” + 67’2>+
m(H + 7 (4))% 0

Building upon the linear convergence of the regularized scheme established in Lemma [2] and error bounds
guaranteed by Lemma[2] we now demonstrate that the iterates converge to the optimal policy of the original
and unregularised problem. We first prove the following lemma and then provide the last-iterate convergence
guarantee.

Lemma 19 (Asymptotic bound on the recursive error sum). Let ¢ € (0,1) be a sufficiently small positive
number. Assume the step-size and regularization parameters satisfy 1; = ©(e*) and 7; = ©(&?) for all
j € [t]. Further, assume the number of steps t = Q(c~7). Then the following bound holds:

¢ ¢
Zn?exp Z e | = O(?).
Jj=1

k=j+1
Proof. Let the expression be denoted by S;. By the definitions of asymptotic notation, there exist positive
constants ¢, 1, ¢ 2, Cr.1, Cr 2 such that for all j € [t]:
Cn,154 <n; < Cn’254 and 07—7182 <7; < 67’252.
The proof proceeds by establishing a matching upper bound (O) and lower bound (£2).

Let C := ¢y 1¢-,1. The sum in the exponent is bounded below by ZZ:;‘H et > (t — §)C1%. We then
have:

52 Y (@) exp (1~ )O)

m
= cfhgeg (670186) (m=t—j)
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Since 1 —e™* = O(z) for small z > 0, the term in the parenthesis is O(¢~°). Thus, S; < ¢} ,e®-O(e %) =
O(g?). Let Cy := ¢, 2¢,2. The sum in the exponent is bounded above by ZZ:;‘H et < (t — §)Caeb.
We then have:

Z: exp —(t —j)02€6)

t—1

m
2 8 —0256
.

m=0
The finite geometric sum is 2= C2e® Ast = Q(e7), the term tCoe® = Q(~1) approaches
infinity as ¢ — 0. Therefore, rt = exp(— t02€ ) approaches 0, which implies 1 — 7! is bounded below

by a positive constant for sufficiently small e. The denominator 1 — 7 is ©(£%). Thus, the sum is Q(e~°).

Combining these terms, we obtain the lower bound: S; > ¢ 1% - Q(e7%) = Q(e?). This completes the

proof. O

Building upon the lemmas above, we now give the guarantee of last-iterate convergence.

Theorem 3 (Last-iterate convergence). Conditioned on Assumpnonl for smalle > 0 andt = Q(e77), if
ne = O(e*), 7. = O(e2) and €; + = O(¢) for all constraint i, then we have

[VT7r - V;”]Jr <0O(), [oi-— Vd’:t]Jr =0 (Vie[m)]).

Proof. According to Lemma we have @y < (1 — )Py + g(HC + D), and thus it holds that

t

t
@tJrl H ’17]7'] @14‘2 77] HC+D) H (1—77ka)

j=1 k=j+1
HC+D !
H (1 —mn;75) ¢1+7z n; H (1= 1e7k)
Jj=1 Jj=1 k=j+1
: HC+ D <
<exp | — Zﬁﬂj P+ s 113 exp Z Mk Tk
j=1 j=1 k=j+1

Combining Lemmas [1|and [2) we obtain the reward distance between the optimal policy and the exact policy
as

t
[V = v, SHY exp (=Y mim/2)V/ @1 (a)
. , 1/2
+ H3*/HC + D Z 77]2- exp | — Z M Tk (b)
Jj=1 k=j+1
+ 7.H log(A) ©
+ gﬁt- CY

—
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We now analyze the order of each term with the chosen parameters 7; = ©(g2), 7, = O(e*) and t = Q(¢7 7).
we discuss each term individually.

For term (a), the product in the exponent scales as:
t
Znﬂj =0 0EY) Qe ) = .
j=1

As € goes to zero, the exponent 22:1 ;7T grows to infinity, causing exp (— 23:1 n;T;/2) to decay to zero

faster than any polynomial in e. For potential term ®;, we have ®1 < (H log(A4) + im (%)2)1/2. Thus,
it shows

(a) = ofe). 23)
For term (b), by Lemma@], we have
. . 1/2
an— exp | — Z M Tk = 0(c2/?) = O(e).
j=1 k=j+1
We can find that H3/2\/HC + D is a constant. Thus, we have
(b) = O(e). (24)
In terms of (c), we immediately get
(c) = 7w Hlog(A) = O(c?). (25)
For term (d), it holds
@) =2, =0c). 26)

—

By Lemma(I]and Lemma[2] the constraint violation between the thresholds and the policy satisfies

[ — Vd?] Hg/2 exp ( ZUJT]/Q (@)
, , 1/2
+HPVHC+D | Y niexp | = > mem (b)
Jj=1 k=j+1
" (4;{) o ©)
- Gt]+~ (d)

The bounds of terms (a’) and (b’) are equal to that in the case of reward analysis. For term (c’), with the
choice of regularized parameter 7;, we have

()= (45[> = 0(c?). (27

—
—

Let E; = (a’) + (V') + (¢/). The dominant term in E; is (b'), which is of order O(e). The terms (a’) and
(¢') are of order o(g). The sum of a ©(¢) term and o(e) terms remains O(g). Thus, there exists a constant
Cerr > 0 such that for sufficiently small e, the total error is bounded by F; < Cee.
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The safety margin is chosen as ¢; ; = C'e for a constant C, > 0 that we control and any constraint 7. The
expression inside the operator is therefore bounded as:

Et - ei,t S (Oerr - Ce)g-

By choosing the constant for the safety margin to be sufficiently large, specifically C'e > Cey, the coefficient
(Cerr — C¢) < 0. Consequently, for all sufficiently small ¢, the term E; — €, is negative.

This implies that its positive part is zero, leading to the following:

[O[i — Vd‘f?]_p 5 [Et — Ei’t]Jr = 0

This means [; — V"] . < C'-0 = 0. This completes the proof. O

G ADDITIONAL DETAILS OF EXPERIMENTS

All experiments are conducted in a randomly generated CMDP, with results averaged over five distinct
random seeds. The environment is defined by a state space of S = 20 states, an action space of A = 5
actions, a finite horizon of H = 5 steps and m = 1 constraint. The environment’s dynamics are stochastic;
for each state-action pair (s, a) and step h, the transition probabilities py, (+|s, a) are sampled from a Dirichlet
distribution with a low concentration parameter of 0.1 to foster sparse transitions.

The learning challenge is shaped by the conflicting design of the reward and constraint functions. The
reward 7, (s, a) is binary. At initialization, we independently draw 7, (s, a) ~ Bernoulli(0.5) for each step
h and state-action pair (s,a). Hence, each 74 (s,a) € {0,1}. The constraint value dp(s, a) is defined in
opposition to the reward function: dp(s,a) = 1 — 7,(s,a). This design creates a challenging learning
problem where the agent must balance the conflicting objectives of maximizing rewards while satisfying the
constraint (Moskovitz et al.,[2023)). At the beginning of each run, the initial state sg is selected uniformly at
random and remains fixed for all subsequent episodes.

We assess algorithm performance under two threshold scenarios. In the fixed-threshold setting, the threshold
« is set to half of the maximum achievable expected constraint value: o = % maxrer V. This ensures
the constraint is both feasible and non-trivial. To model more dynamic conditions, the stochastic-threshold
setting samples a constraint value «; for each episode ¢ from a Normal distribution, a; ~ N (e, (0.5a)?),

centered at the fixed threshold value, with a standard deviation equal to half of its mean.

Each algorithm is executed for 7" = 80000 episodes, with the confidence parameter 6 = 0.1. To effectively
translate theoretical guarantees into practical performance, we introduce empirically tuned scaling factors.
The exploration bonus is scaled by a factor of 103, akin to that of Kitamura et al.| (2024). Similarly, the
safety margin is scaled by a factor of 10> to mitigate the over-conservatism of the theoretical bound and
observe the algorithms’ behavior in relatively smaller episodes.

All experiments were performed on a Lenovo ThinkBook 14 G5+ APO with an AMD Ryzen 7 7840H.

H DECLARATION ON LARGE LANGUAGE MODELS

Large Language Models were used for (1) polishing the wording of the manuscript for clarity and readability,
(2) brainstorming about algorithm names and their abbreviations, and (3) assisting in formalizing proof
sketches into some lemma statements, which is later manually checked to ensure correctness.
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