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This paper develops stochastic unrolled neural networks as learned optimizers for
empirical risk minimization (ERM) problems. We view a fixed-depth unrolled
architecture as a parameterized optimizer whose layers define a trajectory from an
initial random model to a task-specific solution. To handle full datasets, we let each
layer interact with randomly drawn mini-batches from the downstream dataset, so
that the optimizer incrementally absorbs the entire task. We then train the unrolled
optimizer under descent constraints that encourage reductions in loss gradient
norms along this trajectory, shaping its dynamics to mimic a convergent stochastic
descent method. We prove that such stochastic unrolled networks converge to near-
stationary downstream models and quantify performance changes under shifts in
the task distribution. As a case study, we instantiate this framework in federated
learning by designing an unrolled graph neural network (GNN) architecture derived
from decentralized gradient descent, and show that it maintains strong performance
under data heterogeneity and asynchronous communication on collaborative image
classification tasks.

1. Introduction

Algorithm unrolling has recently emerged as a learning-to-optimize paradigm that unfolds iterative
algorithms via learnable neural networks, thereby enabling learning the parameters of the iterative
algorithm. The layers of the unrolled architecture correspond to the iterations of the standard
algorithm while the outputs of these layers form a trajectory toward the optimal. A key reported
advantage of learning these parameters is much faster convergence [1], together with state-of-the-
art performance in many applications such as computer vision [2-6], wireless networks [7-12],
and medical imaging [13-16], among others [17-22]. Yet, the viewpoint that learning itself is an
optimization process and that unrolling can shape the learning dynamics has received far less attention.

In this work, we adopt the viewpoint that an unrolled network can serve as a learned optimizer for
entire learning problems. Each task in a meta-distribution specifies an empirical risk minimization
(ERM) objective over its own dataset, and the unrolled network is trained to map that task to a
fitted model in a fixed number of layers. Unlike meta-learning [23, 24], which typically learns an
initialization and still relies on a few gradient steps at test time, our goal is to learn an optimizer
whose forward pass implements a complete optimization run, producing a task-specific solution
without external iterative refinement. Two challenges, however, arise. First, the natural input to
an optimizer is a full dataset, while an unrolled network has a fixed, relatively low-dimensional
input interface, making it impractical to feed all samples at once. Second, the optimizer must behave
reliably across a family of ERM problems, so it is not sufficient to learn a good end-to-end mapping
from data to final model parameters. That is, the layerwise dynamics must be stable, progressive,
and robust under variations in the task distribution.

To address these challenges, we introduce stochastic unrolling, a framework for training unrolled
neural networks as learned optimizers in the ERM setting. Rather than feeding an entire downstream
dataset into an unrolled architecture with fixed, relatively small input size, we inject independently
sampled mini-batches from the dataset at each layer, so that the whole dataset is seen across the
depth of the unrolled network. This stochastic feeding scheme makes the layerwise updates resemble
stochastic gradient methods as each layer sees only a noisy view of the loss landscape, and the
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resulting descent directions are random. To prevent this stochasticity from undermining convergence
and robustness on new tasks, we impose descent constraints during training that force the norm of the
stochastic gradient of the loss to decrease across layers, effectively training the unrolled architecture
to behave as a convergent optimizer. These constraints were reported to improve the robustness of
classical unrolled networks [25], and we prove that they provide similar guarantees for stochastic
unrolled networks. We theoretically show that such a stochastic unrolled network converges to a
near-stationary downstream model and provide bounds that quantify its out-of-distribution (OOD)
generalizability under distribution shift in the task distribution.

As a concrete case study, we instantiate stochastic unrolling in federated learning (FL). We consider a
vanilla FL setup in which multiple clients collaboratively solve ERM problems over local datasets. We
call the resulting FL optimizer Stochastic UnRolled Federated learning, or SURF, realized via a graph
neural network (GNN)-based unrolled architecture, termed U-DGD, that unrolls decentralized
gradient descent (DGD). In U-DGD, we encode communication and local computation through
learnable graph filters and shared fully-connected perceptrons, respectively. This yields an unrolled
optimizer that can operate both over general communication graphs (decentralized FL) and star
topologies (classical server-based FL). This construction illustrates how stochastic unrolling and
descent constraints can be combined with problem-specific algorithmic structure to produce learned
optimizers that are both data-driven and endowed with convergence-oriented inductive biases.

In summary, our contributions are as follows:

o We develop stochastic unrolling, which enables processing of entire datasets by unrolled
networks and thereby extends algorithm unrolling to ERM learning problems.

e We force the unrolled architecture to learn to converge by imposing descent constraints
during training, requiring the stochastic gradient norm of the loss to decrease across layers.

e We theoretically prove that a stochastic unrolled network converges to near-stationary down-
stream models and provide out-of-distribution (OOD) generalization bounds.

e As a case study, we focus on vanilla FL and design U-DGD by unrolling DGD in GNN-based
unrolled layers that can handle both decentralized and classical FL problems.

2. Related Work

Learning to Optimize (L20). Our work is mostly related to the broad research area of L20 [26],
which aims to automate the design of optimization methods by training optimizers on a set of
training problems. L20 has achieved notable success in many optimization problems including
¢;-regularization [27], neural-network training [21, 24], minimax optimization [28], and black-box
optimization [29], among many others.

Prior work in L20O can be divided into two categories: model-free and model-based optimizers.
Model-free L20 aims to train an iterative update rule that does not take any analytical form and relies
mainly on general-purpose recurrent neural network (RNNs) and long short-term memory networks
(LSTMs) [24,29-33]. Model-based L20, on the other hand, provides compact, interpretable learning
networks by leveraging both model-based algorithms and data-driven learning paradigms [27, 34].
As part of this category, algorithm unrolling aims to unroll the hyperparameters of a standard
iterative algorithm in a neural network to learn them. The seminal work [27] unrolled the iterative
shrinkage thresholding algorithm (ISTA) for sparse coding problems. Following [27], many other
algorithms have been unrolled, including, but not limited to, projected gradient descent [35], the
primal-dual hybrid gradient algorithm [36, 37], and Frank-Wolfe [38].

Learning to Learn (L2L). L2L refers to frameworks that extend L20 to training neural networks in
small data regimes, e.g., few-shot learning [23]. Learning to learn has strong ties to meta-learning,
but they differ in their ultimate goal; meta-learning, e.g., model-agnostic meta-learning (MAML)
[39], aims to learn an initial model that can be fine-tuned in a few gradient updates, whereas L2L



aims to learn the gradient update and the step size. General purpose LSTM-based models, e.g.,
[21, 24, 40] are the most popular among L2L models.

Algorithm Unrolling using GNNs. Algorithm unrolling has also been introduced to distributed
optimization problems with the help of graph neural networks (GNNs). One of the first distributed
algorithms to be unrolled was weighted minimum mean-square error (WMMSE) [41], which
benefited many applications including wireless resource allocation [42, 43] and multi-user multiple-
input multiple-output (MU-MIMO) communications [9, 44-48]. Several other distributed unrolled
networks have been developed for graph topology inference [49], graph signal denoising [50, 51]
and computer vision [52], among many others.

3. Stochastic Unrolling

We aim to train an unrolled network ® : 7 — W that acts as a learned optimizer for a family of tasks.
A task T € 7 is a statistical risk minimization (SRM), or equivalently an ERM problem, that fits a
downstream model W* € W to a data distribution D. The model fitting task is with respect to some
statistical loss f, e.g., regression or entropy, shared among all tasks. Each task is therefore distinct
only through the data distribution it fits. The training problem can be cast as

0" = arg(f)nin ]ET[J?('II'(D; 0); D)}, (1)

where ® = {6,}%, is the unrolled parameterization of the L-layer model ® and the expectation is
with respect to the task distribution Dr. At inference, the unrolled network predicts a model W’
for an unseen task T’. This setup resembles meta-learning in that we train over a distribution of
tasks, but our objective is fundamentally different. Problem (1) does not learn an initialization to be
fine-tuned by a hand-designed optimizer in a few gradient steps, as in meta-learning. Instead, it
learns the optimizer itself, so that the L layer forward pass of ® directly outputs a task specific fitted
model for each downstream data distribution.

Two challenges, however, arise in training unrolled networks via (1). First, the unrolled network
effectively takes entire data distributions (or datasets) as inputs to predict the fitted models, which
becomes increasingly difficult to realize as dataset sizes grow. Second, the training objective in
(1) does not guarantee that the trained unrolled network behave reliably across a family of ERM
problems and it does not provide robustness guarantees under even mild distribution shifts in the
task distribution. To this end, we introduce stochastic unrolled neural networks, whose layers process
randomly drawn mini-batches and are trained under descent constraints, alleviating both challenges.

3.1. Stochastic Unrolled Neural Networks

We devise stochastic unrolled neural networks, whose layers imitate stochastic gradient descent
(SGD) over the loss landscape. Rather than feeding an entire downstream dataset into the unrolled
architecture at once, we inject independently sampled mini-batches from the dataset at each layer. For
a given task determined by a data distribution D, the /-th layer independently samples a mini-batch
B, and pushes the output of the previous layer W;_; into a new estimate,

W, =& (W;_1,B;6;), VI, (2)

where Wy is a random initialization. In order to ensure that no data point is systematically discarded,
we choose the number of layers L and the batch size so that, within a single forward pass, every
training sample is seen by at least one layer. The batch size is then held fixed, as it determines the
input dimension of each layer.

The sequence of layer outputs {W;}, thus defines a trajectory of models, starting from a random
initialization Wy and ending at W,. To prevent mini-batch stochasticity from undermining conver-
gence, we make descent along this trajectory a feasibility requirement of learning. The training of



stochastic unrolled networks, therefore, becomes the constrained problem,

©®* = argmin E[f(ti)(D; 0); B)}
° _ ) (3)
st E|[[Tw /(Wi B)| = (1= ) [VwF(Wirs Bia)||| <0, v,

where B = UL | B, is the set that contains all mini-batches along the forward pass, || -|| is the Frobenius
norm, and € € (0, 1) is a design parameter. The constraint enforces that, on average across tasks, the
norm of the stochastic gradient decreases by at least a factor (1 — €) from one layer to the next, even
under the randomness introduced by relying on mini-batches to estimate a descent direction. This
makes the learned dynamics mimic a convergent optimization algorithm across the entire task family,
rather than merely fitting the final outputs. Since the loss function f is typically non-convex with
respect to W, we focus on convergence to local minima. We analyze this convergence guarantees in
Section 3.3 after providing a training algorithm for (3).

3.2. Training of Stochastic Unrolled Networks

The formulation in (3) is a nonconvex constrained problem, which is in general difficult to solve.
Rather, we resort to its dual problem. The latter is formulated through the Lagrangian function,

£(6,) = E[F(@(p }+zAz [IvFwe B | - (- VWi B[] @

where A € RY is a vector collecting the dual variables {\;}/ ;. The dual problem can then be cast as

~

D* = iré?é mén ﬁ(@ A), (5)

where L is the empirical Lagrangian, evaluated over () task instances. The max—min formulation in (5)
can be interpreted as solving a family of regularized ERM problems in sequence, each corresponding
to a different choice of Lagrange multipliers. In this view, the multipliers play the role of adaptive
regularization weights and are updated by projected gradient ascent to maximize the dual function.
Solving the dual problem thus amounts to an alternating scheme, which is minimization with
respect to © followed by projected gradient ascent in A, resulting in the primal-dual procedure
summarized in Algorithm 1. As could be envisaged, our training method is agnostic to the underlying
task-dependent structure of the stochastic unrolled network.

While classical duality theory [53] affirms that nonconvex constrained problems may exhibit a
nonzero duality gap, recent work has shown that training deep neural networks exhibits small
duality gap [54]. We capture these observations in the theorem below to keep the subsequent
discussion self-contained.

Theorem 1 (Constrained Learning Theorem (informal)). A stationary point of (5) is a near-optimal
and near-feasible solution to (3) under some mild assumptions. That is, for each i,

E|[Vw (Wi B1)l| = (1 =) [YwF(Wes; B ] < ¢(@.),
with probability 1 — §, and ((Q, §) measures the sample complexity.

A formal statement of this theorem is provided in Appendix A. The first implication drawn from
Theorem 1 is that (3) has the same sample complexity as (1), and therefore it is equally easy. The
second implication is that (5) yields with high probability near-optimal, near-feasible solutions to
(3). Consequently, each unrolled layer satisfies the descent constraints up to an error controlled by
the sample complexity and takes a step in a stochastic descent direction with probability 1 — §. The
value ¢ depends on the number of training tasks ) and can be kept arbitrary small.



Algorithm 1 Primal-dual Training Algorithm

1: Inputs: number of epochs, step sizes 11,72 > 0
2: Initialize: © = {6, }7. . X = {\},
3: for each epoch do
for each batch do
Sample a task T € 7 with associated data distribution D

4
5:
6: Execute the forward pass @ (D; ©) by feeding a mini-batch B, ~ D to layer [ for all |
7 Compute the Lagrangian L(©, ) as in (4)

8

: Primal update: ® = © — )1 Ve L(O, A)
9: Dual update: A = {)\ + 12 VAL(O, A)}
+

10: Return ©* + ©O.

3.3. Convergence Guarantees and OOD Generalizability

Theorem 1 is not, by itself, sufficient to obtain convergence guarantees. Its conclusion is that the
trained network satisfies each constraint with probability 1 — J, even though (3) requires each layer to
enforce descent. The probability that all L constraints are satisfied is then (1 — §)¥, which can become
very small when L is large. As a result, Theorem 1 does not directly ensure the convergence behavior
we ultimately seek. In this section, we track the minimum gradient norm along the trajectory in
Theorem 2 and use a supermartingale argument to show that this minimum is eventually small and
controllable. Finally, we show in Theorem 3 that this neighborhood degrades gracefully under shifts
in the task distribution.

o~

Theorem 2. Assume that the loss function f(W) is M-Lipschitz and consider a sequence of { W}, generated
by a stochastic unrolled network trained via Algorithm 1. Then, it holds that

lim E | min||VF (Wi By)||] < 1 (g(Q,a) + 5M> a.s. (6)

[So0 k< € 1-6

The detailed proof of Theorem 2 is relegated to Appendix B.1. Theorem 2 confirms that the stochastic
unrolled network is guaranteed to converge to a region around a local minimum. The size of this
region depends on the sample complexity, the Lipschitz constant of the loss function and its gradient,
and lastly a design parameter € of the imposed constraints. The larger ¢, which is equivalent to
imposing an aggressive reduction on the gradients, the closer we are guaranteed to get to a local
optimal W*. Moreover, the sample complexity controls the failure probability , and for sufficiently
large ), we can keep § arbitrary small and eliminate the second term of the bound.

Driving the gradient norm to a small value only certifies approximate stationarity and does not
automatically ensure convergence to a good minimum. The quality of the attained stationary point
can depend on additional factors such as the size of the downstream dataset associated with each
task and the expressivity of the function class WW. To keep the presentation focused, we adopt the
standard assumption that datasets are sufficiently large and models sufficiently expressive so that
approximate stationarity corresponds to near-optimal solutions for the tasks of interest.

Finally, we analyze how the descent constraints behave when the task distribution shifts. Let Dy
denote the training task distribution and D’- a shifted distribution. We consider the stochastic
unrolled optimizer trained on tasks from D7 and apply it to tasks drawn from D’-. The next lemma
shows that, under this shift, the layerwise descent constraints remain approximately satisfied, with a
violation that grows at most linearly with the distance d(D, D%-).

Lemma 1. Under Assumption 6 (Appendix B.2), a stochastic unrolled network trained over a distribution
Dy generates when executed on an OOD distribution D’ a sequence of layer outputs {W}, that satisfies

Ep, [ HVWJ?(WIQ B))|[—(1—¢) ||VWJ?(WI—1§ Bi_1) M < ¢(Q,0) +2M d(D7, D7), (7)

with probability 1 — & each, where d(-,-) is a bounded symmetric distance metric.



Lemma 1, therefore, guarantees that, even under task distribution shift, each layer update remains
an approximate descent step, with the deviation from ideal descent controlled by d(D+, D%-). As
a consequence, the learned optimizer retains stable, approximately descending dynamics under
task-level distribution shift, and its trajectory converges to a neighborhood of a stationary point
whose size depends on this term, as formalized in the next theorem.
Theorem 3. The sequence of layer outputs {W}; generated according to Lemma 1 also satisfies
. . n 1 oM
lim Ep, | min||VF (W By) ||| < < (¢(@.6) +2Md(D7, Dy) + 7= ).
xde el S =

1-5 ®)

4. Stochastic Unrolled Federated Learning

As a case study, we consider a vanilla federated learning (FL) scenario, in which n clients coordinate
to fit a model w to a data distribution D. Formally, the federated problem can be expressed as

1 ~ 1
P* = min foi(wi), st.  w; = mjg\; w;, VieV, 9)

where w; is a local version of the global variable w stored at agent i, and all w;’s are arranged in
the rows of the matrix W. The local objective ﬁ(wl) fits a model w; to the local data distribution
D; while the constraints mandate that each local model remains equal to the average of the direct
neighbors’ models. When satisfied, these constraints boil down to constraints of the form w; = w;
for all 7 and j, hence leading to consensus among agents.

It is customary to solve the decentralized problem in (9) using the DGD algorithm, which relies on
limited communication between agents. At each iteration [, DGD performs the update rule:

wil) = Y ayw(l—1) = BV fi(wi(l = 1)), Vi, (10)
JEN;U{i}

where (3 is a fixed step size and «;; = «j;. The weights «;; are chosen such that Z?zl a;; = 1 for all
i to ensure that (10) converges [55]. The update rule in (10) can be interpreted as letting the agents
descend in the opposite direction of the local gradient V f;(w; (I — 1)) as they move away from the
(weighted) average of their neighbors’ estimates w; (I — 1). Each iteration can then be divided into
two steps; first the agents aggregate information from their direct neighbors and then they update
their weights based on the gradient of their local objective functions.

4.1. GNN-based Unrolled DGD

We design a graph neural network (GNN) architecture as the unrolled parameterization ®, whose
layers are crafted to mimic the DGD update in (10). Concretely, we implement each iteration of
(10) using a combination of graph filters for neighbor aggregation and single-layer fully connected
perceptrons for local updates. We further distinguish between two settings: (i) decentralized FL
over a general communication graph, and (ii) classical FL over a star topology with a central server.

Decentralized FL. We unfold the update rule of DGD in a learnable neural layer of the form
wig = [Hi(Wi1)], — U(Mz [Wii—1l[bi] + dl), (11)

where []; refers to the i-th row of a matrix, | denotes a vertical vector concatenation, b;; is a
vectorization of the mini-batch sampled by agent ¢ at layer [, and ¢ is a non-linear activation function.
In (11), we replace the first term in (10) with a learnable graph filter (see (12)) and the second term
with a single fully-connected perceptron. The learnable parameters are then 8 = {h;, M;,d,;}, which
we elaborate on in the rest of this subsection.

The graph filter, the building block of GNNs [56], aggregates information from up to K-hop neigh-
bors,

K
HW,_ 1) =Y heSFW,_y, (12)
k=0



where S is a graph shift operator, e.g., graph adjacency or Laplacian. The graph filter executes a
linear combination of information gathered from up to K-hop neighbors, and, in turn, requires
K communication rounds. Here, the filter coefficients h; = { hk,l}f:o that weigh the information
aggregated from different hop neighbors are the learnable parameters. Equation (12) and the first
term of (10) are essentially the same when K is set to 1 and hy, to 1 for all £ and S is chosen to be the
(normalized) graph adjacency matrix. In U-DGD, however, the goal is to learn the weights hy, ; to
accelerate the unrolled network’s convergence.

The other component of (11) is a single-layer fully-connected perceptron, which is implemented
locally and whose weights M; and d; are shared among all the agents. The role of this neural
perceptron is to perform the local update of the weights once every K communication rounds. The
input to this perceptron at each agent is the previous estimate w; ;_; € R concatenated with a
mini-batch b, ;. Each batch is a concatenation of the sampled data points, where the input data and
label of one example follow each other. Since the parameters of the fully-connected perceptron are
shared between all the agents, U-DGD learners inherit the permutation equivariance of graph filters
and graph neural networks, as well as transferability to graphs with different sizes and stability to
small graph perturbations [57, 58].

Classical FL. Classical FL can be retrieved from (9) when the underlying graph is a star topology.
In such a topology, the nodes only communicate with one another through a central node, which
can function as a server in classical FL settings. Therefore, U-DGD can extend to classical FL with a
minor adjustment to account for the fact that the server does not possess local data.

The unrolled layer of the server, denoted as node 0, employs only a graph filter to aggregate informa-
tion only from their direct neighbors, i.e.,

wo, = h[SWi_1]o. (13)

The fully-connected perceptron in (11) is excluded here since the server node does not locally execute
a weight update. Furthermore, (13) is identical to the first row of (12) when K is 1 and k¥ = 0 is
omitted. This means that the server only performs a weighted average of the information received
from the other nodes based on the values at the first row of S. The rest of the nodes with indices
i > 0, on the other hand, apply the exact form of (11) while constraining K to 1.

4.2. Numerical Experiments

We run experiments to show the convergence rate of SURF under different settings.!

Set-up. We consider a network of n = 100 agents, which collaborate to train a softmax layer of an
image classifier. The softmax layer is fed by the outputs of the convolutional layers of a ResNet18
backbone, whose weights are pre-trained and kept frozen during the training process. To train
a U-DGD network, we consider a meta-training dataset, which consists of 600 class-imbalanced
datasets. Each dataset has a different label distribution and contains 6, 000 images (that is, 45 training
examples/agent and 15 for testing) that are evenly divided between the agents. The training details
are relegated to Appendix C.

Convergence Guarantees. To assess the effects of the descent constraints on the training performance,
we compare the test loss and accuracy with and without these constraints in Figure 1. The network
among the agents is chosen here as a 3-degree regular graph. The figure shows that SURF, depicted
in blue, converges gradually to the optimal loss/accuracy over the layers. However, the standard
unrolled optimizer trained without the descent constraints failed to maintain a similar behavior
even though it achieves the same performance at the final layer. In fact, the accuracy jumps from
0% to 96% at the last layer, which would make the optimizer more vulnerable to additive noise and
perturbations in the layers’ inputs, as we show in the following experiment.

Decentralized FL. We run experiments with two arbitrary graph topologies, specifically 3-degree
regular graphs and random graphs, to create decentralized FL environments. In the former topology,

'Our code is available at: https://github.com/SMRhadou/fed- SURF
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Figure 1: Convergence Guarantees. Evolution of the loss and accuracy (evaluated over 30 test
datasets sampled from MNIST) across the unrolled layers of U-DGD, trained with and without the
descent constraints. Observe that constrained U-DGD (SURF) converges gradually to the optimal.
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Figure 2: Convergence rate under different topologies. Comparisons between the accuracy of
U-DGD and FL benchmarks for both i) decentralized FL over 3-degree regular graphs (left) and
random graphs (middle), and ii) classical FL with a star graph (right). U-DGD achieves faster
convergence rates in all settings surpassing both decentralized and centralized FL methods.

each node connects to exactly 3 other nodes, while in the latter, an edge is connected between any
two nodes with probability p = 0.1. For both scenarios, we train a U-DGD that consists of 10 unrolled
layers, each of which employs a graph filter that aggregates information from up to two neighbors
(i.e., K = 2). This results in a total of 20 communication rounds between the agents.

We compare the accuracy of U-DGD to other decentralized FL benchmarks: DGD in (10), distributed
stochastic gradient descent (DSGD), and decentralized federated averaging (DFed AvgM) [59].
Figure 2 shows that U-DGD exhibits a faster convergence rate as it takes only 20 communication
rounds compared to the 200 communication rounds required by the others. This behavior is consistent
with U-DGD acting as an accelerated method, and should not be interpreted as diminishing the
quality of the baseline algorithms.

Classical FL over a star graph. In addition, we consider a star graph with one of the nodes acting as
a server. We set 19 = 1073, ¢ = 0.1, and K = 1 while the rest of the parameters are kept the same
as they were in the decentralized experiment. We compare the convergence rate of U-DGD with
other FL benchmarks: FedAvg [60], SCAFFOLD [61], MOON [62], FedProx [63], and FedDyn [64].
For fair comparisons, all the methods, including U-DGD, let only 10 agents to share their updated
weights with the server node at each communication round. Figure 2 (right) shows that U-DGD has
a notably faster convergence than all the benchmarks. The figure also shows the relative accuracy of
these methods compared to centralized training. It suggests that SURF almost achieves the same
performance attained by central training in 10 communication rounds while the other benchmarks
need 25 rounds to reach almost 80% of the centralized performance.

Heterogeneous settings. We evaluate U-DGD on a network of heterogeneous agents that sample
their data according to a Dirichlet distribution with concentration parameter «, where smaller values
of a indicate greater heterogeneity among agents. The agents are connected through a 3-regular
graph. For each value of a, we generate 30 heterogeneous downstream datasets and report the
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Figure 3: Heterogeneous settings. Comparisons between the accuracy of U-DGD and other decen-
tralized benchmarks, evaluated over 30 class-imbalanced CIFAR10 datasets sampled according to a
Dirichlet distribution with a concentration parameter (Left) o = 1, (Middle) a = 0.7, and (Right)
a = 0.3. The lower « is, the more heterogeneous the agents are.

average accuracy in Figure 3. For the baselines, we retrain the downstream models from scratch
for each new « using the same step size (i.e., without re-tuning hyperparameters). In contrast,
U-DGD is kept fixed and only executed on the new datasets, without any retraining. The plots
show that the performance of all methods deteriorates as o decreases. However, the degradation for
U-DGD is noticeably slower than for the baselines, indicating stronger OOD generalization of our
descent-constrained optimizer to new downstream tasks with increasingly shifted label distributions.
This behavior is consistent with the theory in Section 3.3.

Asynchronous Communications. We also evaluate
U-DGD, trained with descent constraints, under per-
turbations induced by asynchronous communication. 0.95
In this setting, at each layer n,syn randomly chosen

>
agents fail to update and send their estimates in sync e 0-90
with the rest of the network, so their neighbors in- g 0.85
stead use outdated versions communicated at previ- < 0.80
ous layers. This induces a shift in the input distribu- ' — SURF
tion at each layer, which can degrade the performance 0.75  —— standard unrolling
of the neural optimizers. We compare the constrained 0 5 4 6 s 10
U-DGD (SUREF) to its unconstrained counterpart in Nasyn

this asynchronous regime and report their perfor-

mance in Figure 4 ‘The figure shows that SURE isno- gure 4: Asynchronous Communications.
ticeably more resilient. Its performance deteriorates Comparison of the test loss and accuracy
more slowly than that of the unconstrained U-DGD as i different communication environments
Nasyn increases. This supports our central claim that where Nasyn agents are asynchronous with
enforcing descent constraints at training time is what the rest of the network.

makes the learned optimizer robust to distribution

shifts in its inputs, whether they arise from heterogeneous data or asynchronous communications.

Sensitivity Analysis on . We conduct a sensitivity analysis on the constraint parameter €. As shown
in Figure 5, the choice of the parameter does not affect the last-layer performance. Its primary effect
is on the layerwise convergence profile. For very small values of ¢, intermediate-layer accuracy
remains near zero before jumping sharply at the final layer. As e increases, convergence becomes
progressively faster, yielding trajectories with steeper and more monotone improvements across
layers. For larger values, however, the descent constraints become more stringent, and we observe
more frequent constraint violations.

5. Conclusions

In this paper, we introduced a general framework of stochastic unrolled neural networks as learned
optimizers for empirical risk minimization. We treat the layers of an unrolled architecture as the steps
of a stochastic update procedure that interacts with a task through mini-batches, and by training
under constraints that encourage progressive reduction of the loss gradient norm along the trajectory.
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Our theoretical analysis shows that such stochas-
tic unrolled optimizers converge to near-stationary
downstream models and that their behavior under
task distribution shift can be quantified through
bounds on the size of the region they approach, which
expands gracefully as the source and target distribu-
tions diverge.

To make these ideas concrete, we specialized the
framework to FL and designed U-DGD, a GNN-based
unrolled architecture that mirrors decentralized gra-
dient descent. Experiments on collaborative image
classification tasks demonstrate that U-DGD attains
target accuracies in substantially fewer communica-
tion rounds than standard baselines, and that the
constraint-shaped training improves robustness to
both data heterogeneity and asynchronous commu-

Accuracy
B D [
(=] (=] (=)

[3e]
(=)

Layer /

Figure 5: Sensitivity Analysis on ¢ for the
case with a Dirichlet concentration parameter
a = 0.3. The same pattern is observed for
other values of a.

nication. These results suggest that stochastic unrolling, combined with principled control of the
optimization dynamics, offers a promising recipe for designing learned optimizers that are fast and
resilient across families of tasks.
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A. Constrained Learning Theory

In this section, we provide a rigorous statement for CLT theorem and the assumptions under which
it holds.

Assumption 1. The loss function f(-) in (3) and the gradient norm ||V f(-)|| are both bounded and M-
Lipschitz continuous functions.

Assumption 2. Let E be the sample mean evaluated over Q) realizations. Then there exists ((Q,0) > 0 that
is monotonically decreasing with @, for which it holds with probability 1 — ¢ that

~

1. [E[f(®(9;6))] - E[f(®(9;0))]| < (Q,5), and

2. [E[|VF(Wi(0; )] - E[IVF(Wi(0;0))]]] < ¢(Q.5) for all Land all 6 € RP.

Assumption 3. Let ¢jo....¢1 € P; be a composition of | unrolled layers parameterized by 0., and P =
conv(Py) be the convex hull of Py. Then, for each ¢jo...o¢; € P and v > 0, there exists 0;.; such that
E [[¢1o. .. o1 (Wo,0;01,) — §jo... 001 (Wo,9)|] < v foralll.

Assumption 4. There exists ® € H that is strictly feasible, i.e., E[HVJ?(WZ)H —(1—¢) HVf(Wl,l)H] <
—Muwv, VI, with M and v as in Assumptions 1 and 3.

Assumption 5. The conditional distribution p(9|W) is non-atomic for all W.

The above assumptions can be easily satisfied in practice. Assumption 1 requires the loss function
and its gradient to be smooth and bounded. Assumption 2 identifies the sample complexity, which
is a common assumption when handling statistical models. Moreover, Assumption 3 forces the
parameterization ; to be sufficiently rich at each layer I, which is guaranteed by modern deep
learning models. Assumption 4 ensures that the problem is feasible and well posed, which is
guaranteed since (3) mimics the parameters of a standard iterative solution. Finally, Assumption 5
can be satisfied using data augmentation.

Theorem 4 (CLT [54]). Let P* be the optimal value of (3) and (0*, X*) be a stationary point of (4). Under
Assumptions 1- 5, it holds, for some constant p, that

|P* = D[ < Mv + p¢(Q,0), and (14)

(VW — (1= &) [VAWi|] <¢(@Q.08), VL. (15)
with probability 1 — & each and with p > max{|A*|, | X" ||}, where X* = argmax, ming £(8,\).

CLT asserts that the gap between the two problems is affected by a smoothness constant M, the
richness of the parameterization 6, and the sample complexity.

B. Proofs

In this section, we provide the proofs for our theoretical results after introducing the following
notation. Consider a probability space (€2, F, P), where Q is a sample space, F is a sigma algebra,
and P : F — [0, 1] is a probability measure. With a slight abuse of this measure-theoretic notation,
we write P(X = 0) instead of P({w : X(w) = 0}), where X : Q — R is a random variable, to keep
equations concise. We define a filtration of F as {F;};>0, which can be thought of as an increasing
sequence of o-algebras with F;_; C F;. We assume that the outputs of the unrolled layers W, are
adapted to F;, i.e., W; € F;. Intuitively, the filtration F; describes the information at our disposal at
step [, which includes the outputs of each layer up to layer [, along with the initial estimate W,

In our proofs, we use a supermartingale argument, which is commonly used to prove the convergence
of stochastic descent algorithms. A stochastic process X}, is said to form a supermartingale if
E[Xk|Xk—1,-..,Xo0] < Xj_1. This inequality implies that given the past history of the process, the
future value X}, is not, on average, larger than the latest one. With this definition in mind, we provide
the proof of Theorem 2.
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B.1. Proof of Theorem 2

This proof follows the lines of the proof of Theorem 2 in [25].

Let A; € F; be the event that the constraint (15) at layer ! is satisfied. By the law of total expectation,
we have

E[IVFWI ] = PAOE[IIV W) 4] + PASE[IVFW0)| 145, (16)

with P(4;) = 1 — 4. On the right-hand side, the first term represents the conditional expectation
when the constraint is satisfied and, in turn, is bounded above according to (15). The second term is
concerned with the complementary event Aj € F;, when the constraint is violated. The conditional

~

expectation in this case can also be bounded since i) the gradient norm ||V f(W,)|| < M for all W,
since f is M-Lipschitz according to Assumption 1, and ii) the expectation of a random variable

~ ~

cannot exceed its maximum value, i.e, E||V f(W;)|| < maxw, |V f(W;)|| < M by Cauchy-Schwarz
inequality. Substituting in (16) results in an upper bound of

E[[VFW)I] < (1=8)(1— € E[VF(Wi1)|| + (1 = 6)¢(Q, 6) + M, (17)
almost surely.

In the rest of the proof, we leverage the supermartingale convergence theorem to show that (17)
indeed implies the required convergence. We start by defining a sequence of random variables {Z, },
each of which has a degenerative distribution such that

Z =E|VFW)| as. VI (18)
Then, we form a supermartingale-like inequality using the law of total expectation. That is, we have

ElZi| Fia] < (1 =0)(1 =€) Zi1 + (1 - 6)¢(Q,0) +0M

) oM (19)
= (1=0) Zier = (1= 9)(eZim1 = ¢(@,0) = 7).

The structure of the proof is then divided into two steps. First, we prove that when [ grows, Z; almost
surely and infinitely often achieves values below 2 ({(Q,8) + M /1 — §). Second, we show that this

~

is also true for the gradient norm ||V f(W;)|| itself. This implies that the outputs of the unrolled
layers enter a near-optimal region infinitely often.

To tackle the first objective, we define the lowest gradient norm achieved, on average, up to layer [ as
ZPest = ming,<;{Z;.}. To ensure that Z; enters this region infinitely often, it suffices to show that

1
lim Z7* < = ({(Q,8) +0M/1—6) a.s. (20)
=00 €
To show that the above inequality is true, we start by defining the sequences

o = Zl.]_{Zlbest > %(C(Q76)+(5M/1—5>},

,_ oM best 1
Bui= (€20 C(Q.0) = 17— ) 1{ZF™" > = (c(Q.9) + 3M/1-4) },
where 1{.} is an indicator function. The first sequence ¢ tracks the values of Z; until the best value
Zpest drops below the threshold 1 (¢(Q, ) 4+ 6M /1 — §) for the first time. After this point, the best

value stays below the threshold since ZP& < ZP*! by definition, which implies that the indicator

(21)

function stays zero and «; = 0. In other words, we have
. Z l<T
A= { 0 otherwise, (22)

with T := min{l | ZP** < 1(¢(Q,6) + 6M/1 — §)}. Similarly, the sequence 3; follows the values

of eZ; — ((Q,0) — %M until it falls below zero for the first time, which implies that 5; > 0 by
construction. Moreover, it also holds that oy > 0 for all [ since Z; is always non-negative.
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We now aim to show that o; forms a supermartingale, so we can use the supermartingale conver-
gence theorem to prove (20). This requires finding an upper bound of the conditional expectation
E[oy|Fi—1]. We separate this expectation into two cases, a;—; = 0 and a;_; # 0, and use the law of
total expectation to write

E[al‘-/—'.l—l] = ]E[Oél‘-r.l—l7 a1 = O]P(al_l = 0) + E[al|ﬂ_1, ap_q 7& O]P(al_l 7& O) (23)

First, we focus on the case when oy_; = 0, and for conciseness, let n := 1 ({(Q, ) + 6M/(1 — §)) be
the radius of the near-optimal region centered around the optimal. Equation (21) then implies that
the indicator function is zero, i.e., Z}’eSt < 1, since the non-negative random variable Z; cannot be zero
without Zlbes‘t < 1. It also follows that ;1 is zero since it employs the same indicator function as .
As we discussed earlier, once «;_1 = 0, all the values that follow are also zero, i.e., ap =0, Vk > 1 —1
(c.f. (22)). Hence, the conditional expectation of o; can be written as

E[Ozl|.7:l,1, a1 = 0] =0= (1 - (5)(04171 - ﬂlfl). (24)
On the other hand, when «;_1 # 0, the conditional expectation follows from the definition in (21),
Elog|Fi—1, 1 # 0] = E[Z; - 1{ZP*" > n}Fi1, qu_y1 # 0]

<E[Z)|Fi-1, ;-1 # 0]

25
SO0 21— (0= 0) (i - (@)~ ) )

1-96
= (1-0)(au—1— Bi-1).
The first inequality is true since the indicator function is at most one, and the second inequality
is a direct application of (19). The last equality results from the fact that the indicator function
1{ZlbQSt > n}is 1since a;—1 # 0, which implies that g1 = Z;_; and 8j_1 = €¢Z;_1 — ((Q, ) — %M.
Combining the results in (24) and (25) and substituting in (23), it finally follows that
Elag|Fia] < (1 = 6)(r-1 = Bi-1)[P(ai-1 = 0) + Pas1 # 0)]
= (1= 0)(u-1 = Bi-1),

and we emphasize that both «;_; and §;_; are non-negative by definition.

(26)

Given (26), it follows from supermartingale convergence theorem [65, Theorem 1] that (i) a; con-
verges almost surely, and (ii) Y ;°, §; is almost surely summable (i.e., finite). When the latter is
written explicitly, we get

S (- €(Qu0) ~ NS 5 gy <00, as. (27)
=1

The almost sure convergence of the above sequence implies that the limit inferior and limit superior
coincide and sAr

lim inf (GZZ —¢(Q,0) - 13
The latter is true if either there exist a sufficiently large I such that ZP* < n = 1(¢(Q, ) + 6M/1—9)
or it holds that

)1{2}’est >n} =0, as. (28)

oM
lim inf (eZl — Q) — —) =0, as. (29)

l—o0 1-96
The above equation can be re-written as sup; inf,,>; Z, = (¢(Q,6) + £24). Hence, there exists
some large [ where Z}’es’t < sup; inf,,,>; Z,,, which again reaches the same conclusion. This proves

the correctness of (20).

To this end, we have shown the convergence of ZP*t, which was defined as the best expected value of

IV f(W)|| It is still left to show the convergence of the random variable |V f(W,)|| itself. Start with
writing Z; = [ ||V f(W;)||dP, which turns (29) into

oM

m7 a.s. (30)

liminf / VAW [P = ¢(Q.5) +
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By Fatou’s lemma [66, Theorem 1.5.5], it follows that

/nmmfeuvf(wl)ndp < liminf/eHVf(Wl)HdP c(@,8) + 2 (31)
l—o0 l—o0 1-9
We can bound the left hand side from below by defining fP* := miny.<; IV f(Wy)|| as the lowest

gradient norm achieved up to layer I. By definition, fPt < liminf,_,o. |V f(W;)]| for sufficiently
large I. Therefore, we get

- M
e/flbeSth < e/lilminf IVf(W)||dP < {(Q,9) + 16—5, a.s. (32)
—00 —
for some large I. Equivalently, we can write that
1
lim [ fPstap < = (¢(Q,0) + ﬂ a.s. (33)
l—00 € 1-9

which completes the proof.

B.2. Proofs of Lemma 1 and Theorem 3

Assumption 6. There exists a non-negative symmetric distance d between the input distribution D and the
OOD distribution D% such that

o, [|VF(W: B)||| - Eo, [V F(W: B)||]| < ad(Dr, D)

uniformly over y with M being a Lipschitz constant.

Proof. We start by adding and subtracting the following two quantities Ep., [HVJ?(W;; B)) H] and
(1 — ¢)Ep, [HV]?(Wl—l; B, 1)

], ie., we get

Ep, [[|VF (Wi B))|]| = (1= ) Ep, |[VF(Wi1; Bi) |
- ED,T[Hw(wl; B[]~ Eo [|VF(Wis B
+(1=9)[Eo, [|VF(Weoss Bt ] = By [IVFWimss B

+Ep, [[|VF(Wis B)||| = (1 =€) En, [[VF(Wi1; Bia) .

(34)

The right-hand side consists of three terms that can be bounded above with positive quantities
according to Assumption 6 and (15). Therefore, the descent constraints under the new distribution
D, can be bounded above by

Ep, [[IVF (Wi B)|] = (1 = ) Ep, || VF(Wio1; Bi) |
< Md(D7, D) + M(1 — €)d(Dr, D) + ¢(N, ) (35)
< 2Md(D7,D%) + ((N,4).

Notice that this inequality holds with probability 1 — ¢ since the upper bound in (15) also holds
with the same probability. This completes the proof. O

The proof of Theorem 3 follows directly from Theorem 2 and Lemma 1.

C. Experiments Details
Training. At each epoch, we randomly choose one image dataset from the meta-training dataset

and feed its 45 training examples/agent to a 10-layer U-DGD network in mini-batches of 10 exam-
ples/agent at each layer). The training loss is computed over the 10 testing examples/agent and
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optimized using ADAM with a learning rate 1y = 1072 and a dual learning rate p, = 1072. We
utilize ReLU activation functions at each layer, and the constraint parameter e is set to 0.01. The
performance of the trained U-DGD is examined over a meta-testing dataset that consists of 30 class
imbalanced datasets, each of which also has 45 training examples and 15 for testing per agent. Similar
to training, the training examples are fed to the U-DGD in mini-batches while the testing examples
are used to compute the testing accuracy. The results are reported for CIFAR10 dataset [67]. All
experiments were run on an NVIDIA® GeForce RTX™ 3090 GPU.

Decentralized FL benchmarks. In both DGD and DSGD, the agents update their estimates based
on their local data through one gradient step at each communication round. The gradients in DGD
are computed over a mini-batch of 10 data points/agent compared to one data point in DSGD. In
DFedAvgM, each agent takes 6 gradient steps with momentum at each communication round. The
step sizes are 103, 10%, 102 in DGD, DSGD, and DFed AvgM, respectively.
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