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Abstract

Recent frontier large language models predominantly rely on Mixture-of-Experts (MoE) architec-
tures. Despite empirical progress, there is still no principled understanding of how hyperparameters
should scale with network width IV, expert width V., number of experts M, sparsity K, and depth
L to ensure both stability and optimal performance at scale. We take a principled step toward re-
solving this gap by analyzing three different scaling regimes: (I) co-scaling N =< N, (I) co-scaling
N =< M = K, and (IIT) full proportional scaling of N, N, M, and K. For each regime, we develop
a novel Dynamical Mean Field Theory (DMFT) description of the limiting training dynamics of
MoEs that provides a formal foundation for our analysis. Within this framework, we derive the
unique parameterization for SGD and Adam satisfying all maximal-update () desiderata. We then
show that the resulting pP prescription does not reliably induce monotonic improvement with scale
or robust learning-rate transfer. We trace these pathologies to scale-dependent observables in the
aggregation dynamics, which motivates a refined set of desiderata that we term maximal scale stabil-
ity. Guided by this principle, we derive a Maximally Scale-Stable Parameterization (MSSP) for both
SGD and Adam in all three scaling regimes, and characterize the corresponding limiting dynamics -
qualitatively distinct from the pP limit - through a separate DMFT analysis. Experiments verify that
MSSP robustly recovers learning rate transfer and monotonic improvement with scale across regimes.
Combined with existing depth-scaling theory, these results provide a complete scaling prescription
for MoE architectures as a function of width, depth, expert width, and number of experts.

1. Introduction

While scale-invariant parametrizations for dense models, such as the Maximal Update Parameteri-
zation (uP), are well-developed [13, 15, 58], modern frontier large language models increasingly
employ Mixture-of-Experts (MoE) layers [19, 27], which decouple parameter count from computa-
tional cost via sparse routing [47]. In doing so, they introduce additional scaling axes that must be
coordinated jointly with width NV and depth L: the number of experts M, the expert width N., and
the routing sparsity K /M. Recent engineering advances render scaling along all of these dimensions
practically tractable [43], and a growing body of evidence indicates that increasingly fine-grained
experts outperform configurations comprising a few large experts [11, 12, 30]. Yet, little is known
about how to optimally scale fine-grained, sparse MoE architectures, which motivates the question:

How should MoE architectures and training hyperparameters be scaled to yield scale-invariant,
non-degenerate feature and prediction dynamics in various co-scaling regimes of M, N, N, and K?
As we will see in this work, developing scaling theories for MoEs is substantially more involved than
for dense networks. One cannot assume commutativity across axes (M, N, N, K); instead, joint
limits governed by their relative rates must be analyzed. Routing and aggregation in MoEs couple
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the dynamics of the router, the experts, and update statistics [16, 47]. This leads to a combinatorial
space of co-scaling regimes, each, as we demonstrate, exhibiting qualitatively distinct behaviour.
Main Contributions. We study three co-scaling regimes for MoEs: (Regime I) N =< N, — oo with
M, K fixed; (Regime II) N < M =< K — oo with N, fixed — the fine-grained / bottleneck regime
increasingly favored in modern MoE designs; and (Regime III) joint scaling N < N, < M =
K — oo. Across these regimes, we make the following contributions:
» 1P for MoEs across regimes and optimizers. In each scaling regime, we derive the parameteriza-
tions that satisfy the uP principles for SGD and Adam via signal propagation analyses which are
formally justified by a novel Dynamical Mean Field Theory (DMFT) for each scaling regime.

* Scale-dependence of 1P in MoEs. Despite formally satisfying the p-desiderata, we find that P
does not reliably deliver learning-rate transfer or monotonic improvement with scale in MoEs. We
trace this to scale-dependence in the training dynamics.

* Maximally Scale-Stable Parameterization (MSSP). We propose maximal scale stability as a
refined principle generalizing P, and derive the Maximally Scale-Stable Parameterization (MSSP)
for SGD and Adam in each regime. The required corrections to uP are structurally distinct across
regimes: zero router initialization in Regime I, amplified expert-output initialization variance
(1/N. — M/N,) in Regime II, and shared expert weights at initialization in Regime III.

* DMFT under MSSP. We derive self-consistent DMFT equations for the limiting training dynamics
in each regime under MSSP, including a four-level conditional mean-field hierarchy in Regime III
induced by the shared expert initialization, qualitatively distinct from the DMFT under uP.

* Empirical validation. We verify on MLP and Transformer MoEs that MSSP robustly outperforms
P, recovers learning-rate transfer, and restores monotonic improvement with scale across all three
regimes. We provide a complete scaling prescription for modern Transformer MoE architectures
along width N, depth L, number of experts M, expert width N, and number of active experts K.

Overall, this paper takes important steps towards stable, predictable and optimal MoE scaling that

preserves reliable hyperparameter transfer and monotonic improvement with scale.

Independent and concurrent work. Jiang et al. [28] concurrently derive a uP for Sign SGD in

Regime III. We address SGD and Adam across all three regimes, identify that uP alone does not

yield learning rate transfer or monotonic improvement with scale in Regimes II and III, and propose

MSSP as a resolution. A detailed comparison is given in App. H. Limitations and avenues for future

work are discussed in App F.

2. Setting: Architecture and Scaling Regimes

MOoE architecture. Given input z; € R”, the residual stream hY = W z; is transformed as:
I 4l—1 —ag l l,out,i l,in,i; [—1 I 1311
hy =hy + K3 copx Pri - Wi (W hy ), bt = o( B (Qihy™ 1)),

for [ € [L], and is finally transformed into output logits f; = (W) Th¥. Here ¢ is a coordinate-
wise nonlinearity, 8 a tunable inverse temperature, and o either sigmoid or softmax. Our scaling
prescriptions are local to the MoE block and apply unchanged when stacked with attention, residual
connections, and normalization (with non-MoE components parameterized via pP/mean-field), as
validated by our Transformer MoE experiments in Appendices Q.1 and Q.2.

Coordinate-wise update rules. We consider optimizers of the form W, = Wy_1 — 1, ¥i(go, ..., gt)
with g; = VL and U, acting entrywise [57]; this covers SGD and Adam.
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Scaling axes, regimes, and parameterizations We study joint scaling in width NV, expert width N,
number of experts M, and active experts K (1 < K < M). All ©, O, () are taken as n — oo along
a trajectory S(n) = (N, N, M, K)(n). We organize results by three regimes: (I) fixed number of
experts: M, K = O(1) and N < N, — oo; (I) infinite number of experts with fixed expert width:
N.=0(1)and N < M =< K — oo; (II) joint proportional scaling: N < N, < M < K — .
Here we focus on Regimes II and III; the analysis and empirics for Regime I are collected in App. C.
Depth requires separate analytical treatment; we defer depth scaling to the end of Section 4. Unless
stated otherwise, we treat all other quantities as fixed ©(1) quantities.

bcda-parametrization. A beda-parametrization fixes exponents (byy, ey, dyy) for each trainable
tensor W and an aggregation exponent g € [0, 1] such that Wy ~ N(0, n=20w),

Wy =Wy —nn= W ‘I’t(ndWQO(W), s ndwgt(W))a hi =~ e Zi‘il ¢f&,z’ hft’,(imt’

with W, applied entrywise. Our goal is to identify a set of exponents {age } U {bw, cw, dw }w that
yields stable, performant dynamics at large model scale.

Experiment Setup. We train MLP MoEs on TinylmageNet [32] and GPT MoEs on Dolma3 [39].
All details can be found in Appendix P and additional experiments in Appendix Q.

3. Maximal Update Desiderata for MoEs and their Shortcomings

The maximal-update (1) desiderata have served as the primary principled scaling rules for dense
networks [7, 13, 53, 56]. Hence they serve as a natural starting point for MoE scaling. Here, we will
derive uP for each MoE scaling regime, and uncover its pathologies when applied to MoE scaling.
Norm choice. For any vector, matrix or tensor 7', we measure average entry size with the RMS

1/2
norm ||T'||rms := (ﬁ Y icentries Tf) , and measure spectral properties of matrices W using the

Wz ||rms
lzllrRms ~
Recapitulating the Maximal Update Desiderata. Intuitively, the p-desiderata require O(1) feature

updates that propagate forward through all linear layers without vanishing or diverging. For Adam,
faithfulness ensures € scales as the layerwise gradient RMS norm.

operator norm when equipping input and output space with || - ||rass: [[Wlop := sup,o

Desideratum p:-1: Stability and feature learning. For every layer (including router and expert
sub-layers), activations and their updates neither vanish nor diverge with model scale: ||h:||rms =
O(1) forall ¢t > 0 and ||Ahit1||rms = O(1) for some ¢ > 0.

[ Desideratum u-2: Maximal effective and propagating updates. For every trainable weight\
W, and input activations x;, write h; := Wyx;. The update Ah; decomposes into an effective
update (from updates to the current layer’s parameters) and a propagating update (from updates to

| upstream layers): Ahy = AW, x; + Wy Ax,. Both contributions are O(1) at some ¢ € O(1). )

[Desideratum u-3: Faithfulness. The input to the update function ¥, is ©(1) at some ¢ > 0. J

A forward and backward signal propagation analysis yields pP in each regime (App. J). For SGD the
scaling is formally justified by a corresponding DMFT analysis (App. K-App. O).

Result 1 (u-parameterization for MoEs). For each scaling regime (I-1II) and each optimizer
(SGD, Adam), there exists a unique bcda-parameterization under which the MoE training dynamics
satisfy Desiderata p-(1-3). The exponents (by, cw, dw, (tagg ) are summarized in App. B.1.

Empirical degeneracies of ;P in MoEs. We find that uP can fail empirically in Regimes II and III:
(i) Effective and propagating updates do not remain ©(1) at initialization, and can take many steps to
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uP MSSP ~ uP MSSP
46%10 2 05

0 g

& 1ax10 8 oo _*_ ———

— % =

g 4.2 % 10' o —054d | X Tnit (Wg,lhg,i)

£ e % \ —— Prop. (W3 'ah2)

=

@ = -1.04 1 4 —— Eff-upd. (AWZ'h2')

e 38x10 8-4 —— Post-agg (Ah?99)
T T T T T T T T T T »—1.5 -7 T T T T T T T T T
0 250 500 750 1000 O 250 500 750 1000 = 0 250 500 750 1000 O 250 500 750 1000

Step Step Step Step

Figure 1: Delayed learning and scale dependent dynamics of uP resolved by MSSP (SGD,
Regime II). Training loss (left) is worse at large scale in P (the darker, the wider), but monotonically
improves in MSSP. Scaling exponents of sub-terms of the aggregated MoE activations hé (right) are
approximately O in all time steps in MSSP, signaling scale-independent training dynamics. In uP,
initially vanishing sub-terms cause cascading time-dependent scale dependence of all terms. Even
after 1000 updates, post-aggregation propagating updates still vanish in uP, as we predict.

drift toward their predicted asymptotic values (Figure Q.26). (ii) performance often degrades with
scale (Fig. 1 and 2, App. Q.4.2 and Q.4.3) and (iii) learning rates that are optimal at small scales do
not remain optimal at larger scales (App. Q.3.2 and Q.3.3). In short, uP does not reliably deliver the
scaling benefits in MoEs that motivate it in dense networks.

Diagnosing the mechanism for failure in Regimes II and III. The post-aggregation activations
AL = Bl 4 328 admit the decomposmon

agg _ Z ¢l < l Jout,i hél;l + AWl out,? hl in + Wé Jout,s Ahi 1Zn ) ) (MoE)

init. effective propagating
A single principle organizes the scaling of each term (explained in Appendix D): the cross-expert
average is © (1) (LLN-like) when the per-expert summands share a coherent direction, and ©(1/v/M)
(CLT-like) when their directions are independent across experts. App. J shows that the training-
induced update Ah;®%, contains unbalanced contributions in both regimes, most pronounced in

Regime II. If, at finite scale, Ah;®® is dominated by the CLT-suppressed contributions, feature
learning vanishes early, recovers slowly, and performance may degrade with scale (Fig. 1 and 2).

4. A More Fundamental Desideratum Beyond Maximal Updates: Scaling MoEs
Requires Maximal Scale Stability

In Section 3, we traced the failure modes of uP to scale-dependent contributions arising in the training
dynamics. This motivates a more general and fundamental desideratum, which we call maximal scale
stability: every primitive interaction obtained by decomposing each weight as W = Wy + AW
and propagating this split through the network should have a ©(1) impact on the forward and
(appropriately normalized) backward dynamics. For most settings of interest, this reduces to a
compact set of operational conditions; we instantiate the desideratum for MoEs as follows.

( Maximal Scale Stability Desiderata for MoEs.

1. Forward. The maximal update Desiderata -1, p-2, -3 hold.

2. Backward. Along any linear map h2 Wé e ! analogous to activations, gradients admit the
transpose recursion 5é ! = (W{ )T 6¢ and consequently the analogous effectlve/propagatlng
decomposition ;1 = (W) T 6f + (AW/)T 8¢, where 6} := Ve L and of := VL. Both
contributions are balanced and remain ©(1) under appropriate normalization.
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3. Forward and Backward Aggregation. Each of the init, propagating, and effective contributions
of the cross-expert aggregation (MoE) is ©(1). The analogous requirement applies to the
expert-aggregated gradient at the shared input i! (see Eq. (1.6)).

We refer to a parameterization that satisfies these conditions as the Maximally Scale-Stable Pa-
rameterization (MSSP). For linear layers with fan-in < fan-out— oo, forward and backward
desiderata coincide by the symmetry of the Gaussian initialization. MSSP desiderata reduce to
p-desiderata in dense architectures such as MLPs and Transformers. But in general, forward scale
stability does not imply backward scale stability as we will see below.

MSSP for MoEs. As for pP, signal propagation in MSSP is analyzed in App. J, with a corresponding
DMFT in App. L and N, and qualitative insights from these DMFT limits in App. E.

Result 2 (MSSP for MoEs). The parameterization summarized in App. B.1 satisfies all MSSP |
desiderata in Regimes I and III. In Regime I, it satisfies Desiderata 1-3 except that the propagating
update of 23 is of order ©(v/M ); however, its impact on the aggregate dynamics remains @(1).)

Regime II. MSSP rectifies the unbalanced
pP dynamics with a single intervention:
the expert output initialization variance
is amplified from 1/N¢ to M/N.. Al-
though failure modes in pP arise through
structurally distinct mechanisms, this vari-

ance amplification simultaneously rebal- e
ances every forward and backward cross- FLOPs (6 x num_data_points X total num_params)
expert sub-aggregate, every previously sub-
leading contribution to per-expert gradients
as well as to the gradient flowing through
the router (cf. tables in App. J.3.2 for uP
versus App. J.3.4 for MSSP). The only scale-dependent quantity under MSSP is the per-expert propa-
gating update Wé’out’i hb™ — ©(y/M), which is impossible to avoid. We argue that this divergence
is benign since its impact on the training dynamics is ©(1), and no training observable inherits this
divergence. The dynamics admits a well-defined DMFT limit under MSSP (App. L). We empirically
verify that all relevant terms remain scale-stable over time (Figure Q.26, App. Q.4.2). Consequently,
MSSP-Regime-II restores monotonic performance improvement with scale and learning rate transfer
from small to large scale for both SGD and Adam (Fig. 2, App. Q.1 and Q.3.2). .

Regime III. The viable fix in Regime IIl is structural: share the expert initialization, W§*""* = W§°"
and W:)’in’i = W})’in for all 7 and let the routing mechanism to diversify experts over time. This
restores complete scale stability (see theory App. J.4.5 and experiment App. Q.4.3). Performance of
SGD and Adam on TinyImageNet reliably improves with scale only under MSSP but not P (Fig. 2),
all relevant quantities remain ©(1) throughout training (see App. Q.4.3), and LR reliably transfers
across scales for both MLP MoEs and GPT MoEs (App. Q.1).

Hence, both regimes call for structurally distinct interventions: increased expert output initialization
in Regime 11, and shared initialization in Regime Ill. Neither solution transfers to the other regime.
A more detailed, self-contained but intuitive mechanism-by-mechanism account of how the MSSP
prescription rectifies each pP failure is provided in App. 1.

Scaling depth L. The analysis of Bordelon et al. [6] extends with minimal modification to MoEs
with residual scaling ©(1/L). Our complete MoE scaling prescription is summarized in Table B.2.
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Figure 2: MSSP outperforms pP. Across optimiz-
ers and regimes, MSSP (solid lines) outperforms P
(dashed lines) at large scale. All details in App. P.3.
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Part 1
Quick Reference

This part serves as a concise entrypoint to the appendix that enables readers to orient themselves
quickly and to navigate the subsequent parts in a structured way. Appendix A provides a roadmap
and suggested reading paths depending on the reader’s background and interests.

For practitioners, Appendix B concisely provides our complete MSSP scaling prescription for
modern MoE architectures.

Then we summarize our empirical and theoretical findings in Regime I, concisely explain the
failure mechanism of uP in Regimes II and III, and summarize our DMFT analyses.

A. Appendix Roadmap and Suggested Reading Paths

The remaining parts of this appendix are self-contained and can be summarized follows:

* Part II (Background and Extended Related Work) provides background on the established
infinite width literature, in particular the most common abc-parameterizations for standard dense
networks, necessary to understand our corrected parameterizations for MoEs (Appendix G) and a
detailed account of related work (Appendix H).

* Part III (Theory) provides three complementary levels of formalism: an intuitive scaling expla-
nation (Appendix I), followed by a full forward and backward signal propagation analysis for
deriving the uP and MSSP hyperparameter scaling rules in each scaling regime (Appendix J)
followed by a rigorous self-consistent DMFT for ©P and MSSP in each of the three scaling regimes
(Appendices K to O). Note that Regimes II and III provide differing challenges that require their
own resolutions, both in terms of scaling and analysis technique. Whenever the DMFT equations
for a differing parameterization our routing mechanism follows from an analogous derivation, we
omit the duplication and just provide the final set of self-consistent DMFT equations.

* Part IV (Experiments) contains the experimental setup for our MLP MoE and Transformer MoE
experiments (Appendix P), followed by extensive empirical evidence for our claims about learning
rate transfer and scaling properties of uP and MSSP for both SGD and Adam in all 3 scaling
regimes (Appendix Q). We close with further empirical scaling insights that practitioners should
be aware of in Sections Q.5 to Q.8.

If you only have 45 minutes: read (i) the remaining subsections of this part for concise
summaries of our empirical and theoretical insights in each regime, and (ii) Appendix 1.8 for a more
detailed regime-by-regime summary of how pP breaks and how MSSP fixes it.

For conceptual understanding: We recommend familiarizing oneself with the background on
width scaling (Appendix G), then reading Appendix I for a comprehensive introduction into the
scaling arguments necessary for understanding the signal propagation pathologies of MoEs and how
to fix them. These arguments will provide the reader with tools that are more broadly applicable to
similar scaling derivations for other non-standard architectures and optimizers. We then recommend
reading the complete MSSP recipe for modern MoEs (Appendix B), and ending with a quick pass
over the empirical results in Appendix Q. In particular, we recommend skipping Appendices J to P
during this first read.
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Deep dive: For the ambitious reader, we recommend starting with the above path for generating
sufficient conceptual understanding, before diving into the detailed signal propagation analyses
in Appendix J, and the DMFT analyses in Appendices K to O. The signal propagation analysis
decomposes all terms in the training dynamics and determines their scaling with arguments from
random matrix theory. This makes the order of contributions of all observables explicit. The DMFT
provides complementary value by clarifying how different variables interact via evolution of their
kernels.

Practitioners: For readers that are primarily interested in the practical takeaways, we recommend
starting with our complete Mixtral-style MSSP recipe in Appendix B. Our Transformer setup is
introduced in Appendix P.2 and our empirical findings are provided in Appendix Q.

Notation mapping. The notation in the appendix differs slightly from the main paper. For
readability, we write out the theory for a single block, but, as is common in the related DMFT and pP
literature [28, 58], every derivation follows in the same way for the architecture that stacks multiple
blocks that is considered in the main paper. A detailed explanation is provided in Appendix I.10.

Recall the following main paper notation.

MOokE architecture. Given input x; € RD | the residual stream h? = Wtina:t 1s transformed as:

hi = hy '+ KOs > ictopK ¢1lf,i : th’out’i @(Wj’imhi_l)a ¢fe,z‘ =o(f (Qéhé_l)i)a

for | € [L], and is finally transformed into output logits f; = (W) " hl. Here ¢ is a coordinatewise
nonlinearity, 3 a tunable inverse temperature, and o either sigmoid or softmax.

For theoretical purposes, it suffices to analyze the signal propagation through the following single
MoE block without residual connection.

Minimal MoE architecture. For readability, we work with the minimal MoE architecture

Rt =Wla, (A1)
¥ =Qh', (A.2)
¢ =o(y), (A.3)

h%t = W2ipt, i=1,...,M, (A.4)
W3t = W32, (A.5)
e % i b b (A.6)
i=1
f=W4h3, (A7)

where x € RP is the input, f € R the scalar output, and the trainable parameters are
0 = (WhQ (W, Wyl w)

with shapes W' € RVXP @ € RMXN |24 ¢ RNexN 1734 ¢ RNxNe 174 ¢ RIXN The same
scaling exponents hold under sigmoid gating with aggregation factor ;g = 1 and under softmax
gating without an explicit aggregation multiplier.

In particular, here we write h! instead of A/, and #® = §; vai | i B> instead of h!T! =
h! 4 hee,
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B. Complete Maximally Scale-Stable Parameterization for Mixtral-Style MoEs

Here, we provide our uP and MSSP scaling rules for scaling MoEs trained with SGD and Adam in
Table B.1, and then provide our complete MSSP scaling prescription for scaling Adam training of
GPT MoEs with width N, depth L, expert width N, number of experts M and number of active
experts K.

Regime I (N, N, < n — oc0) Regime IT (V, M, K < n — 00) Regime III (N, N, M, K < n — 00)

Group Qty. SGD Adam SGD Adam SGD Adam

hitc  N~'10 N-11o N-1/2 N-1/2 N-1/2 N-1/2
Router @ LR 7 N1 N1 MN-! N1 1 N1

Adam € - 1 - M1 - M1

Init o N-1/2 N-L/2 N-1/2 N-1/2 N-L/2 | (N—'l ,’2)‘ ied pN—1/2 | (N—1 ,r'2)\, ied
Expertin  LR7 1 N7t MN-! Nt M Nt

Adame - Nt - Mt - M-IN!

mite  N; V2 N2 NIV I MYRNGY2 NTYVR MYRNGY2 NSV NG yried N2 (NG Y2 )tied
Expertout LR 7 1 Nt MN Nt M N1

Adame - Nt - M-IN! - M-IN

Table B.1: uP and MSSP for SGD and Adam across scaling regimes. Scaling prescriptions as
a function of (N, N, M, K) for initialization standard deviation o, learning rate 7, and Adam ¢
for each MoE weight matrix, using expert aggregation factor a*¢¢ = 1 for sigmoid routers. Entries
where uP and MSSP differ are highlighted as uP | MSSP. All other weight matrices should be scaled
as in pP. In addition, decoupled weight decay [33] and Adam’s (31, B2 should be scale-independent.
tied: weights should be shared across experts at initialization.

Table B.2: MoE AdamW hyperparameter scaling. Columns correspond to three MoE scaling
regimes. Width and depth control terms are highlighted. For example in the bottleneck Regime II,
width NV, number of experts M and top-K are all scaling proportionally, thus could be replaced by
the width multiplier my = N/Nj in relation to some base width Ny. In AdamW as proposed by
Loshchilov and Hutter [33], weight decay should stay fixed across model scales. In the PyTorch
implementation of AdamW, the weight decay multiplier should always be the inverse of the learning
rate multiplier so that the effective weight decay 1 - wd stays scale-independent. The minimal fine-
graining of multiplier tuning at small model size recommended includes a base residual multiplier
Ohase, @ global initialization multiplier, and learning rate multipliers based on layer type (embedding,
readout, gain, router, expert in, expert out, other).

x: Router zero initialization requires initial randomness in the routing mechanism.

tied: In Regime III, expert weights should be shared at initialization.
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Parameterization Regime I Regime I1 Regime II1
N, Ne — 00 N, M, K — oo e
M, K fixed N. fixed N, M, K, Ne = oo

Emb. Init. Std. d'? d;? d,'?
Emb. Adam LR ;! ;! ;!
Emb. Adam ¢ N1 N1 N-1
Pre-LN Init. Std. 1 1 1
Pre-LN Adam LR 1 1 1
Pre-LN Adam ¢ N1t N1t N1
Hidden Init. Std. N-1/2 N-1/2 N-1/2
Hidden Adam LR Nt Nt Nt
Hidden Bias Adam LR 1 1 1
Hidden Adam ¢ N1 N1 N1
MoE routing & experts
Router (gating) Init. Std. 0* N-L/2 N—1/2
Router (gating) Adam LR N1 N1 N1
Router Adam ¢ Lt ML MLt
Expert Layer 1 Init. Std. N2 N2 (N—1/2)ried
Expert Layer 1 Adam LR Nt N1 Nt
Expert Layer 1 Adam N1 MLt N M-t
Expert Layer 2 Init. Std. NP MY2N;Y? (NG 1/2yeied
Expert Layer 2 Adam LR N1 N1 N1
Expert Layer 2 Adam ¢ N1 N'M—'L7! N=IM—'L~T
Aggregation multiplier K1 K1 K1
Aux load-balancing loss multiplier 1 1 1
Router z-loss multiplier 1 1 1
MHA Residual X!+ apage - L1 X'+ apage - L1 X'+ apase - L1

MHA(LN(XY) MHA(LN(XY) MHA(LN(XY)
MoE FFN Residual X' 4 appse - L7 - X' 4 apase - L1 X'+ apase - L7

MoE(LN(X"Y)) MoE(LN (X)) MoE(LN(X"))
Final-LN Init. Std. - - -
Final-LN Adam LR 1 1 1
Final-LN Adam e N1t Nt Nt
Unemb. Init. Std. N1 N1 N1
Unemb. Adam LR N1 N1 N1
Unemb. AdamW e 1 1 1
Unemb. Fwd. 1 1 1
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C. Regime I: Empirics and MSSP Correction

This appendix collects the empirical observations and the MSSP correction for Regime I (/V, N, — oo
with M, K = ©(1)), which were deferred from the main text because pP already broadly delivers
the expected scaling behaviour in this regime, and the MSSP correction is marginal in practice.

Empirics of P in Regime I. Under pP, training in Regime I broadly behaves as expected: loss
improves monotonically with scale, and learning-rate transfer holds across scales (Section Q.3.1).
One empirical anomaly stands out: propagating updates of the router typically vanish with scale
(Fig. Q.22), even though our derivation predicts them to be ©(1). We address this discrepancy with
the MSSP correction below.

MSSP correction in Regime I. 1P satisfies our operational MSSP desiderata for MoEs in Regime I.
However, splitting Ah!~! into the contributions of the router-gradient and the expert-gradient
pathways reveals that the former is correlated with ()¢ and contributes coherently at ©(1), while the
latter is weakly correlated with Qg and is CLT-suppressed at ©(1/+v/N). To recover residual balance
in the router’s propagating update QéAhl —1,  MSSP initializes the router to zero. The empirical
impacts of this adjustment are marginal (Fig. 2, App. Q.4.1).

Relation to the shape-based p/P-heuristic. For dense networks, it is common to scale the layerwise
initialization variance and learning rate of a weight matrix purely based on its shape [58, 59],
distinguishing input-like (fixed — c0), hidden-like (co — 00), and output-like (co — fixed) layers.
Matasnicki et al. [34] apply this heuristic to MoEs, treating the router output-like under M, K € O(1).
Table B.1 shows that the pP-heuristic coincides with P in Regime I (whereas it fails to induce all
p-desiderata in Regimes II and III, see Section 3 of the main text).

Pointers. DMFT for Regime I under pP: App. K; learning-rate transfer plots: App. Q.3.1; coordi-
nate checks: App. Q.4.1.

D. Diagnosing the Mechanism for Failure in Regimes II and III

This appendix provides a mechanism-by-mechanism walkthrough of the cross-expert aggregation
imbalances summarized in §3 of the main text. To understand these empirical failures under uP,
examine the aggregation over experts unique to MoEs. The post-aggregation activations hiﬂ can be
written as h} 4 hi%8, where h$*¢ admits the decomposition (MoE), reproduced here for convenience:

52

M
1 A - , ‘
agg l lout,i 5 L,in lout,i 5 L,in l,out,i l,in
B = 2 (WG AW AR £ Wt AR ).
i=1

init. effective propagating

A single principle organizes the scaling properties of each of these quantities. The cross-expert
average exhibits LLN-like behaviour and contributes at ©(1) whenever the per-expert summands
share a coherent direction across experts; when the per-expert summands have independent random
directions, the corresponding aggregate exhibits CLT-like behaviour which suppresses a factor of
V/M. The underlying mechanism that produces or destroys this coherence varies across these
aggregate terms and across regimes, so they can occupy distinct orders in N, and the order of hiH at
any finite scale is set by whichever sub-term dominates. We now provide intuition for how each of
these aggregates behaves. We recommend non-technical readers to skip to ‘Empirical consequences’.
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l,out,i hl in

Init aggregate. Each per-expert summand ¢! - Wy*"" hg'! is a chain Wl out;t Wé’m’z

of two inde-

pendent Gaussian matrices acting on the shared input :Ef). By rotation invariance, the cross-expert
dependence between summands is mediated by its scaled norm, ||z}|?/M, which as M — oo
converges to a deterministic scalar. Since summands are asymptotically i.i.d., the init aggregate
exhibits CLT-like behaviour and is ©(1/v/M) in both Regimes II and III.

Propagatmg aggregate The propagatmg aggregate admits a further decomposition. At leading order,
Ah i W0 AL AW 2L splitting the propagatmg aggregate into two contributions:
DI W lou lm "Azand L, ol W, Whot AW 4l The former is governed by the same

CLT mechanism as the init aggregate, w1th one caveat: Azl depends on each Wé Ay through

backpropagation. However, a single vector in R™Y cannot align nontrivially with M — oo independent
random Gaussian chains simultaneously. The per-expert summands therefore remain approximately
independent across experts, and the same CLT argument applies. This contribution is therefore
also of order ©(1/v/M) in both Regimes II and III. The second contribution behaves differently
in different scaling regimes. Substituting the rank-one gradient AW}™" oc (W) T ol+1 (21)T
(where 5l+1 \% pit1 L represents the backpropagated error signal from the subsequent layer) yields

the form -L i Zi:l ¢k G u, where G : Wl out, Z(Wl LT and u o 611 is shared across experts.

(a) Regime Il. When N, is held fixed, G; has rank N, = O(1) and after rescaling, it is the orthogonal
projector onto a O(1) dimensional subspace of R that is Haar-distributed on the Grassmannian
Gr(Ne, N) (i.e., uniformly random among N.-dimensional subspaces), and these subspaces
are independent across experts. Therefore, the per-expert vectors {G; u} —, are approximately
i.i.d. across experts with no coherent direction, and the cross-expert average exhibits (CLT-like
behaviour). Both contributions to the propagating aggregate are therefore ©(1/+/M) under P,

(b) Regime Ill. When N, =< N, Wé’out’i is generically full rank and the empirical spectrum of
G, = Wé’om’i(I/Vé’om’i)T concentrates around its mean [35]. Consequently G; ~ cIy for a
deterministic scalar ¢ = O(1), so Gju ~ cu for every i. The per-expert summands therefore
share a coherent direction u, and this contribution exhibits LLN-like behaviour at ©(1) scale.
Together with the ©(1/ VM ) first contribution, the propagating aggregate contains a strictly
subleading contribution and exhibits a milder version of the same CLT/LLN imbalance. Moreover,
the init term in both regimes exhibits CLT behaviour so remains subleading.

-
Effective aggregate. Substituting the rank-one gradient AW, ™"%" oc §i+1 (hi mll) reveals that

the summands of the effective aggregate share a coherent direction 5,{“. The effective aggregate
therefore exhibits LLN-like behaviour at ©(1) along (5?’1 in both Regimes II and III.

Empirical consequences. In summary, hy®® is composed of unbalanced contributions: the init term
is of order ©(1/+/M) in both regimes; the effective term is of order ©(1) in both; the propagating
term decomposes into a first contribution of ©(1/+/M) in both regimes, and a second contribution of
©(1/+/M) in Regime II but ©(1) in Regime III. The training-induced update Ah{%®, formed from
the effective and propagating terms, is therefore unbalanced in both regimes, with the imbalance more
pronounced in Regime II. This is confirmed empirically in Regime I under P (Fig. 1): at finite scale
Ah;®® is dominated by the scale-suppressed init and propagating terms. Feature learning is therefore
vanishing early in training and takes many optimization steps to become O(1) and performance
consequently degrades with increasing scale (Fig. 2).

20



SCALING MOES: FrRoM pP TO MSSP

E. Summary of our DMFT Analyses for MoE training dynamics

For each regime, we derive self-consistent equations describing the MoE training dynamics. Each
admits a well-defined, scale-independent DMFT limit under both ;P and MSSP. In each regime, the
limiting dynamics under MSSP enjoy several analytical properties described below. The full set of
DMFT equations is provided in App.K-N. We defer the comparison to pP limits to App. O.
Regime I (M, K € ©(1)). The DMFT has a finite-expert mean-field factorization. Residual-stream
neurons and their backward signals are i.i.d. draws from a global single-site distribution; within
each expert, hidden-layer neurons are i.i.d. draws from an expert-local single-site distribution. Both
distributions are characterized self-consistently by a finite set of macroscopic order parameters.
Because the number of experts is finite, the expert index is not replaced by a population mean
field: the experts and router variables remain explicitly represented. Averages over the global
distribution define the global feature and gradient kernels; Together with router variables, these order
parameters close the limiting dynamics. Under soft routing, the stochastic router field vanishes in
this limit, inducing deterministic routing. Without an additional symmetry-breaking mechanism
(Top- K, routing noise, or random router biases), the router remains uniform and experts stay identical
throughout training.

Regime II. The simultaneous N, M, K =< n — oo limit with N, € O(1) reveals a two-level,
conditional, mean-field hierarchy in MSSP. Residual-stream neurons and their backward signals are
i.i.d. draws from an effective global single-site distribution; experts together with their router variables
are i.i.d. draws from an effective expert/router distribution. Both are self-consistently characterized
by a finite set of order parameters. Since per-expert hidden width is fixed, the hidden layer of a typical
expert is a finite-dimensional component of the expert/router process. Averages over the global
distribution define the global feature and gradient kernels; averages over the expert/router distribution
define the routed expert-level kernels. These order parameters close the limiting dynamics.
Regime III. The simultaneous N, N., M, K =< n — oo limit reveals a four-level, conditional,
mean-field hierarchy in MSSP. Schematically,

Xalob ~ Paion (3 K), Fsh ~ Pan (5 K),

E| Fan ~ Pex/r(' | Fon; K), U | (Fan, &) ~ Poc(- | Fen, &;K),

where X101, denotes the global single-site process, Fy, the shared expert-hidden single-site process,
£ the expert/router single-site process, and U the within-expert hidden-neuron single-site process.
Global single-site process. Residual-stream coordinates and their backward signals are i.i.d. draws
from an effective distribution characterized self-consistently by a finite set of order parameters;
averages over this process define the global feature and gradient kernels.

Shared expert-hidden single-site process. Coordinates of expert-averaged hidden-layer fields, arising
from expert-averaged hidden activations and gradients, are i.i.d. draws from an effective shared
distribution. Averages define the shared expert-hidden kernels, which summarize the correlation
structure of these fields induced by the shared initial expert weights.

Expert/router single-site process. Conditional on the shared expert-hidden fields, expert/router sites
are i.i.d. draws from an effective expert/router distribution; averages define expert-level kernels.
Within-expert hidden-neuron single-site process. Conditional on the shared expert-hidden fields and
the corresponding router state, neurons in the expert hidden layers are i.i.d. draws from an effective
distribution; averages define the expert-local forward and backward kernels.
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The four processes form a closed self-consistent system: kernels defined at each level enter as
parameters of the single-site distributions at the others, and the limiting dynamics are determined by
solving all four levels simultaneously.

F. Discussion and Future Work

Scaling laws and hyperparameter transfer have become the backbone of modern model develop-
ment. Yet, for MoE architectures there remained a critical gap of how to scale the optimization
hyperparameters jointly with MoE model dimensions M, N, N, K, L. The Maximally Scale-Stable
Parameterization (MSSP) introduced here closes this gap. We believe generalizing the u-desiderata
to maximally scale-stable desiderata provides a framework for scale-invariant dynamics across a
broader set of architectures, optimizers, and scaling dimensions, with practical benefits including
predictable performance gains and hyperparameter transfer.

MSSP enables the first principled compute-optimal comparison of the three co-scaling regimes.
Earlier work on optimal expert granularity [11, 12, 30] was conducted under suboptimal model
scaling and merits reevaluation. More fundamentally, why hyperparameters transfer under scale-
invariant parameterizations, in MoEs, dense networks, or beyond, remains an open theoretical
problem.

The DMFT limits are of independent interest, opening routes to studying finite-size corrections,
expert specialization, and the role of routing. They also provide a framework for analyzing auxiliary
load-balancing and z-losses, which we verify empirically do not alter the scaling exponents but may
shed light on router collapse through their interaction with the limiting dynamics.

Limitations. In Regime II, MSSP causes the per-expert pre-aggregation Wé’om’i hi’in’i to scale as

©(v/M). Though its dynamical impact remains ©(1), at very large M this may raise numerical-
precision concerns, which a fused kernel computing the cross-expert aggregate without materializing
the per-expert quantity could address. Our DMFT derivations are at the level of physical rigor; fully
rigorous proofs remain open. Of practical interest would also be studies that capture increasing
sparsity M /K — oc.
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Part I1
Background and Extended Related Work

This part collects background on existing width-scaling parameterizations and a detailed account of
related-work.

G. Background on Width-scaling Parameterizations

Table G.1 gives an overview over the most common abc-parameterizations for training dense networks
with SGD. Yang and Hu [56] use width-dependent weight multipliers n=% - W to scale gradients
and avoid layerwise learning rates. This extra degree of freedom introduces an equivalence class of
valid pP abc-parameterizations. Mean field parameterization [5, 10, 38] is equivalent to uP, using the
multipliers fan—in~1/2 except N~ in the output layer. For practical readability, we remove this
extra degree of freedom in the main paper by using naive weight multipliers a = 0 for all trainable
weights.

Weight-multiplier version Weight-multiplier-free version
Input-like Hidden-like Output-like Input-like Hidden-like Output-like
Qg - Wl7 o) X 1 1 1
SP N(0,07), oy - 1 N—1/2 N2
n - VWzﬁ, m X N—¢ N—¢ N—¢
oW oy o 1 N-Yz2 N—1/2 1 1 1
NTP  N(0,07), o) 1 1 1 1 N—1/2 N-1/2
- Vyl, m o 1 1 1 1 N1 N1
a- W N1/2 1 N-1/2 1 1 1
pP N(0,07), oo N2 N-1/2 N-12 1 N—1/2 N1
VL, m o 1 1 1 n 1 N1

Table G.1: (Common abc-parameterizations) Standard parameterization (SP), neural tangent
parameterization (NTP) and the maximal update parameterization (uP) for MLPs trained with SGD
in their multiplier version which purely adapts the architecture and allows width-independent global
learning rates (/eft) and in their weight multiplier-free version (right). Parameterizations differ in
their layerwise choice of width-dependent weight multipliers «y, initialization variances o; and
learning rates 7;. Weight multiplier-free representatives of an abc-equivalence class purely adapt the
optimization algorithm highlighting the fact that parameterizations effectively only induce layerwise
learning rates. Knowing that uP correctly scales the updates in all layers, observe that the input- and
hidden-layer learning rates in NTP induce vanishing updates. The same holds in SP when choosing
¢ > 1 as is necessary for avoiding logit blowup in the infinite-width limit. SP with large learning
rates ¢ = 1/2 recovers stable hidden-layer feature learning despite logit divergence [20].

uP for Adam in standard architectures. Adam requires the same layerwise initialization variances
as SGD. For clarity, consider the weight-multiplier-free version of pP. Since Adam normalizes
its update, but the update direction remains correlated with the incoming activations, Adam’s
layerwise learning rate scaling simplifies to (W) = 1/fan-in(W) for any linear weight matrix
W . Rfan-in _y Rfan-out For fajthfulness, Adam (W) should always scale as the gradient RMS
norm of W, that is ©(1) for the readout layer and ©(N ~!) otherwise.
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Baseline Parameterizations: SP and the 1P Taple G.2: pP-heuristic (b, csgp, Cadam, dadam)
Xavier/Glorot-type variance scaling [18, 22],i.e. initialization A/(0, N—?). SGD requires learning

typical dense layers take by = % (withcommon  rates yy = N~ and Adam requires learning
exceptions for input embeddings), and uses the  pates 5y = N ~Casum and

same optimizer hyperparameters such as learn- gradient scaling N ~%dm . VL.
ing rate and Adam ¢ for all layers.

In contrast, uP is designed so that maximal- b
update behavior (and, for adaptive methods,

CSGD CAdam dAdam

faithfulness) hold in the infinite-width limit for ~ nPut-like 0 -1 0 1
dense networks [56, 57]. Practitioners often use Matrlx—h.ke 0.5 0 1 1
Output-like 1 1 1 0

the following pP heuristic: classify a weight
tensor by whether it maps fixed— n (input-like),
n — n (matrix-like), or n —fixed (output-like), and assign (b, ¢, d) accordingly as summarized in
Table G.2. For MoEs in Regime I, this heuristic treats expert MLP weights matrix-like, while router
projections are output-like due to the fixed number of experts M. In Regime I, ;P heuristic indeed
satisfies all y desiderata, but it does not suffice in Regimes II and III, when co-scaling the number of
experts M — oo.

H. Detailed Related Work

Mixture of Experts models. Mixture of experts models have a long history in machine learning [25],
with instantiations such as hierarchical models [29], Gaussian processes [50] or Dirichlet processes
[46]. After the first application in deep networks by Eigen et al. [14], Shazeer et al. [47] sparked the
use of MoEs in modern architectures, using the top-k operation for sparsification and trainable noise
for load balancing. Fedus et al. [16] lowered communication and computational cost for improved
scalability, using Kaiming initialization and simplifying the load balancing auxiliary loss. Most
MOoE architectures still use a width-independent initialization of 0.006 [12]. The trend in recent
frontier models goes toward increased fine-graining, from 2 out of 8 in Mixtral 8x7B and 8x22B
[27] to 8 out of 256 in Deepseek-R1 [19]. Zoph et al. [60] introduce the router z-loss for router logit
regularization; Haas et al. [20] suggest that miss-scaling causes logit divergence, hence the additional
regularization might be unnecessary in MSSP. Insightful empirical investigations can be found in
the fully open OIMOoE report [39]. They identify removing the need for the load balancing loss as
an important future direction, since it significantly constrains the model flexibility and may prevent
experts from sufficiently specializing over the course of training. To date, the theory of MoEs is very
limited. Chen et al. [9] show that MoEs are able to learn data with cluster structure using two-layer
nonlinear convolutional neural networks as experts.

Scaling theory. Infinite-width theory dates back to Jacot et al. [26], Matthews et al. [36], Neal [40].
The Tensor Program series [55-57] has served as a crucial tool for developing flexible and general
infinite-width theory allowing to study non-vanishing feature learning limits [15, 20, 51]. This theory
gave rise to the maximal update parameterization (uP) [58] under which the optimal learning rate
and further dynamical properties [42] have been observed to transfer to larger model width. The
mean-field parameterization is equivalent to uP. DMFT has proven useful as it allows to simulate
from the limit [5, 6, 10, 38]. Similar techniques allow infinite depth limits [7, 8, 21, 41]. These works
apply depth-dependent scaling factors like L~1/2 or L~ [13] to the residual stream; it remains open
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whether these interventions suffice. Dey et al. [13] show that L~ outperforms L~'/2 in Transformer
training, but Sun et al. [49] argue that scaling should depend on the layer index.

Scaling mixture of experts models. Clark et al. [11], Krajewski et al. [30] and Dai et al. [12,
Figure 3] all suggest that increasingly fine-grained experts outperform fewer larger ones in terms of
learning performance, with saturating gains. Boix-Adsera and Rigollet [4] prove an exponentially
improved expressivity due to fine graining. Mayaki [37] provides theory showing that performance
can improve either by scaling active capacity or by increasing the number of experts, depending
on the dominant bottleneck. In practice, eventually the increased communication cost of routing
dominates compute-optimality considerations, but increasingly efficient implementations are being
developed. NVIDIA [43] provides a highly optimized distributed training framework across scaling
regimes, that also allows efficient training with many fine-grained experts. He [23] proposes PEER
layers that take fine graining to the extreme. However, all existing works use suboptimal model
scaling, hence it will be crucial to evaluate the impact of granularity on scaling in MSSP.
Independent and concurrent work. Jiang et al. [28] derive a parameterization for Sign SGD in
Regime III via a DMFT analysis, and present Transformer MoE experiments showing approximate
learning rate transfer when scaling one axis at a time with all others fixed. We derive uP for SGD
and Adam across all three Regimes I, I, and III using a signal propagation analysis complemented
by a DMFT for each regime, and our experiments scale jointly along the axes each regime prescribes.
Our 1P in Regime III coincides with theirs up to a larger router initialization. More importantly, we
identify that in Regimes II and III, P principles do not suffice to robustly yield learning rate transfer
or monotonic improvement with scale in MoEs, due to scale-dependent dynamics, and we propose
MSSP as a resolution. In Regime III, our DMFT for MSSP is qualitatively distinct: it exhibits a
four-layer mean-field hierarchy (versus a three-layer hierarchy under pP), and we additionally derive
novel DMFT limits for Regimes I and II under MSSP. We provide a detailed account of further
related work in Appendix H.

Under Regimes II and III (M, K — c0), uP differs from shape-based ;/P-heuristic. For dense
networks, it is common to scale the layerwise initialization variance and learning rate of a weight
matrix purely based on its shape [58, 59], distinguishing input-like (fixed — o), hidden-like
(0o — 00) and output-like (co — fixed) layers. Matasnicki et al. [34] apply this heuristic to MoEs,
treating the router output-like in Regime I (M, K € ©(1)). Table B.1 shows that uP-heuristic
coincides with uP in Regime I, but fails to induce all u-desiderata in Regimes II and II1.
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Part 111
Theory

This part of the appendix presents our scaling analysis at three levels of formalism, each progressively
more precise. We start with an intuitive explanation in Appendix I, then provide the detailed signal
propagation analysis in Appendix J, and finally provide a full DMFT analysis for each scaling regime
in Appendices K to O.

I. Intuitive Explanations of the Shortcomings of 1P for MoEs and How MSSP Fixes
Them

To set the stage for our formal results, we provide intuition for how to derive scaling rules for MoE
blocks that satisfy Desiderata 1 and 2. In each scaling regime, these desiderata determine a unique
(b, ¢, d, o)-parameterization (up to the rescaling invariance of homogeneous optimizers discussed in
Section 2). Table B.1 reports a canonical parameterization of this equivalence class. The SGD scaling
in each regime is formally justified by the corresponding DMFT derivation. In addition, Adam
scaling is heuristically derived but is directly guided by the same DMFT analysis. The conditions
under which these parameterizations satisfy Desideratum 3 are discussed in Section J. Here and
throughout, asymptotic notation (e.g., ©(-)) is understood with respect to the joint scaling trajectory
S(n) as n — oo, specialized to the scaling regime (I-III) under consideration. For the intuitive
explanation, we focus mainly on Regimes II and III. Regime I is more straightforward and is omitted
for brevity.

I.1. Overview

Let’s start by recalling the Maximal update desiderata’.

I.1.1. MAXIMAL UPDATE DESIDERATA

The Maximal Update Desiderata require that in each layer, the effective and propagating updates
remain O(1) in RMS at some ¢ > 0:

175 @) Irus = 1AW 2 |[rus = ©(1), [ Toeop ) IRMs = W5 Az lrus = O(1).
.1
For the MoE aggregation layer, we additionally require that the updates to the aggregated representa-
tion remains non-vanishing and non-diverging:

| ARTEE(t)||rms = O(1). (1.2)

1.1.2. EFFECTIVE AND PROPAGATING UPDATES

Alignment exponents for effective and propagating updates. In all regimes, the asymptotic scales
of forward and backward effective and propagating terms are governed by the training-induced
correlation structure between the two factors appearing in each product. Following Everett et al.

1. We omit an explicit discussion of the optimizer faithfulness desideratum here for brevity but we will briefly discuss e
scaling.
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[15], Yang et al. [59], we summarise this effect via alignment exponents p, and q, (peV and qeV
analogously for backward), defined by

|AW i lraas = © ((nk)™ 1AW llras 12~ lrass ) -

1.3)
W8 Az lrats = O ((nky) Wi lrass [1A2f ™ s )

where nfn := dim(z*~!) denotes the fan-in of layer /. Informally, p, quantifies the degree of

alignment between AW/ and the current features 2471, while ¢, quantifies the degree of alignment
between the initial weights W(f and the upstream feature change Amf -1

From (py, q¢) to scaling rules for optimizers. Fix a layer ¢ and suppose the alignment exponents
(pe, q¢) are known. Assume inductively that at some time ¢ > 0 the previous-layer quantities satisfy
267 [rms = ©(1) and || Az |rms = ©(1). Enforcing Desideratum 1 at layer ¢ then reduces,
via (1.3), to choosing scales for || W{||rms and || AW/||rms so that the effective and propagating
updates remain O(1). These marginal scales are directly controlled by optimizer hyperparameters:
initialization variances set the scaling of ||W¢||rms, while learning-rate scaling sets the scaling of
| AW/ ||ras once the scale of the layerwise gradients is known. For Adam, optimizer faithfulness
further requires € to remain ©(1) relative to the typical gradient scale; accordingly, we choose €
to scale with the layerwise gradient RMS norm. The same reduction applies to the backward pass,
with backward alignment exponents (pev, qzv) playing the role of (py, g¢) in setting the leading-order
scales of (W) "6f and (AW/) 5, where §f := V neL denotes the pre-activation gradient passed
backward.

1.1.3. DMFT PREDICTIONS.

Our DMFT analysis provides the regime-specific asymptotic inputs needed to instantiate the above
program. It predicts the forward alignment behaviour (py, g¢), the backward alignment behaviour
(p),q) ), and the leading-order scaling of expert-indexed aggregates that enter both Ah?88(t) and
the gradients at shared representations when M and K scale. Together, these predictions determine
the regime-appropriate scaling of initialization variances, learning rates, and (for Adam) ¢, yielding
the canonical parameterizations reported in Table B.1.

The remainder of this section follows the programme described above in two stages. Section 1.2 treats
single linear maps W - x and the alignment exponents (py, ¢¢) that govern them. Section 1.7 treats the
MoE-specific cross-expert aggregations, organized as a small taxonomy of structural mechanisms
that determine whether each aggregation term survives at leading scale or is suppressed by the
cross-expert CLT effect. The same taxonomy makes the imbalances under pP in Regimes II and III
transparent, and identifies, for each mechanism, the structural change that MSSP introduces to restore
balance.

L.2. Per-layer alignment: scaling of linear (forward) maps W - «

Each of the products entering the alignment-exponent decomposition (I1.3) is a single linear map W z,
and the prefactors in ||Wz||grums are governed by random-matrix and rank-1-alignment arguments
below. We focus mainly on the forward pass; the backward arguments are analogous.
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[.2.1. RANDOM-MATRIX PRELIMINARIES

Let A € R™*" have i.i.d. entries A;; ~ N(0,0?). Then A acts as a near-isometry rescaled by o/n
along almost every direction in R™: its singular values are © (o +/n) throughout the Marchenko-Pastur
bulk [2, 35], and the corresponding singular vectors are uniformly distributed on S™~* [1, Ch. 2].
The directions along which A fails to act as such an isometry, namely those aligned with its smallest
singular values, span only a vanishing fraction of R and form an exponentially thin set on the
sphere [e.g. 52, §3.1]. Therefore, for generic € R™ (even when = depends on A, provided it is not
adversarially chosen to lie in this subspace),

[Azll2 < ov/n |z

Equivalently, in RMS norm,

[Az|rms = V7 l|Allrus |12l Rws-

We refer to this as CLT-like scaling: each entry of Ax is a sum of n uncorrelated mean-zero terms,
so its typical magnitude grows only as y/n relative to the per-term scale, in analogy with the Central
Limit Theorem. Later, we will contrast this with LLN-like scaling, where the prefactor becomes n
rather than \/n.

1.2.2. PROPAGATING UPDATES

Standard MLP hidden layer: CLT-like scaling. Applying the arguments above to a standard
MLP hidden layer, with initial weights (Wj) an i.i.d. Gaussian matrix whose fan-in and fan-out both
diverge at rate n, a propagating perturbation Az inherits this CLT-like scaling:

[Wo Az|lrms =< vn[|[Wollrus || Az]|rums.

Non-trivial feature learning requires the previous layer’s updates to satisfy ||Az||gms = ©(1), and
for the propagating update to remain ©(1) after passing through the weight matrix we therefore need

[Wollrms = ﬁ, equivalently, o =< ﬁ

The CLT-like scaling above hinges on A mapping between two diverging dimensions: for an n x n
i.i.d. Gaussian, the operator norm is ©(o+/n), which caps the prefactor at \/n regardless of how x
depends on A. No alignment, however structured, can lift the scaling to n in the oo — oo case. When
at least one dimension of A is finite or A has an extremely skewed aspect ratio, this argument no
longer applies and alignment-induced LLN scaling becomes possible, although whether it actually
occurs depends on the surrounding network dynamics; we shall give some examples below to
illustrate this. In the co — co case, = has too few degrees of freedom to align coherently with all n
rows of A at once: maximal alignment with any single row boosts only the corresponding entry of
Ax to LLN order, while the remaining n — 1 entries stay at CLT order and dominate the norm. There
is no way for one z to align with n independent rows simultaneously.

Remark. In all three regimes, propagating updates (both forward and backward) of all the layers
that have diverging input and output dimensions admit CLT-like scaling. For instance, in Regime III
all the layers (including the experts and the router), except the input and the output layer, fall into
this category.
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Readout layer: the canonical LLN-like scaling. For the readout layer of a standard network,
Wy € RF*™ maps the diverging width n to a fixed output dimension k. The perturbation Az € R”
entering the layer has been shaped by backpropagation through VVOT , SO its entries acquire systematic
alignment with the columns of Wj. The inner products (a(j ), Az) no longer cancel, and the LLN-like
prefactor is realized in the diverging dimension being summed over:

[Wo Az||rms < n|[Wollrus [|Az||rus.

MokE first expert layer (Regime II): alignment broken by expert independence. The MoE
bottleneck regime (Regime II) is an instructive intermediate case. The first expert layer Wéi) €
RNeX™ maps the diverging width n to the finite expert hidden width N,, geometrically the same
situation as a readout layer, so alignment-induced LLN scaling is in pr1n01ple permitted. Yet the
alignment mechanism is broken here: the M expert first-layers {WO 1 are independent at
initialization, and a 51?3gle shared input perturbation Az cannot s1multaneously align with the column
1

structure of every W;". CLI-like scaling therefore survives,

WS Azllras = v [WE ras | Az

MOokE second expert layer (Regime II): alignment is restored at finite dimension. The second
expert layer Wéz’m € R™*Ne maps the finite hidden width N, back to the diverging width n. Here
the relevant sum runs over only N, terms, so the LLN prefactor cannot exceed N, regardless of
alignment. The perturbation entering this layer is private to expert ¢ and is propagated by training

(3,2)T

through its own W;"™" *, so the alignment is realized:

W Azllrats = Ne WS lras 1Az ]rus = [V ||ras [|Az]rus — since N, € O(1).
LLN-like in the fixed dimension being summed over.

1.2.3. EFFECTIVE UPDATES: RANK-1 ALIGNMENT

The SGD update AW = —n (VL) x " is rank-1, so applying it to x saturates Cauchy-Schwarz:
IAW - z||2 = [|[AW || F ||x||2, equivalently

AW - z|lrms =< n[|AW|rus [|z]|rMs,

where n is the layer’s fan-in. The prefactor n (vs. the \/n of CLT) reflects the rank-1 alignment
between AW and x due to gradient descent, which precludes any mean-zero cancellation. When
the fan-in is fixed (as for the second expert layer in Regime II, with N, = ©(1)), the prefactor is
O(1) rather than diverging. By transpose, the backward effective piece (AW) ' satisfies the same
alignment relation with fan-out replacing fan-in. Together with the gradient scale at the layer, the
rank-1 relation places a constraint on the SGD learning rate at every layer in any regime; the gradient
scale is the only missing input to instantiate it.

In contrast, for Adam, entrywise normalization sets AW entries to O (nadam) regardless of the
gradient scale, so the alignment argument alone constrains 774 4am: the input-side LLN factor gives
NAdam = 1/m when the input dimension diverges and 1agam = 1 when it is fixed. Setting Adam’s
€, however, still requires the gradient scale: € must remain © of the typical per-coordinate gradient
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magnitude (else either € dominates and the update becomes trivial, or the gradients dominate and the
normalization becomes vacuous), so it scales with the gradient at the layer.

Together with the propagating analysis above, this yields per-layer constraints relating o,  (and ¢ for
Adam) to the layerwise gradient scale, which is in turn determined by the cross-expert aggregations
of Section I.7. Our goal is a parameterization that simultaneously satisfies these per-layer constraints
together with the cross-expert balance constraints below; trade-offs between competing constraints
can in principle require expanding the hyperparameter space (e.g., layer-specific scalings) to admit a
feasible solution.

Crucially, the uP desideratum (that the layerwise effective and propagating terms in the forward pass
remain ©(1)) already pins down a unique parameterization: the per-layer initialization variances,
learning rates, and (for Adam) . We refer to this parameterization as the uP baseline. The alignment-
exponent framework (I.3) furnishes the analytical machinery for solving the corresponding ©(1)
conditions. The uP desideratum, however, imposes no explicit constraints on the backward pass or
on the cross-expert aggregations (1.4), (1.6); as discussed in §1.1.1, balance across the terms of these
decompositions constitutes the additional desiderata required of an MoE parameterization. In what
follows, we proceed case by case through the P baseline, identifying where it produces imbalances
under our extended desiderata and showing how MSSP resolves each.

1.3. MSSP Desiderata
For MoE blocks, the analogous requirement applies to each term in the effective/propagating
decomposition of the aggregated representation. Writing W3%(t) = W3%(0) + AW>i(t) and
h%i(t) = h%4(0) + Ah?%(t), the aggregation h*88(t) = Zf‘il ¢;(t) W3i(t) h%i(t) decomposes as
M . .
agg 3 z 2 z 3 z 2 z . 3,1 2,
h Z ¢ W3 (0) h? +Z GiWH(O) AP )+ i AWH(1) W (1).

Al: init. A2: propagating A3: effective

1.4)
The MoE-specific extension of Desideratum 1 requires each of these three contributions (init.,
propagating, effective) to remain ©(1) in RMS at some ¢ > 0. Expanding the propagating term
one step further (substituting Ah%¢(t) ~ W24(0) Ah! + AW?2¢(t) h1(0)) yields the four-term
decomposition h*88(t) = Ay + Az + A’272 + A3 which will be used in the case studies below.
Backward desiderata. Recall that the same structure carries over to the backward pass. Along
any linear map hf = W/ z} -1 , writing 0 := V eﬁ and 6¢ := Vhfﬁ, the transpose recursion

5£ ! = (W )Téf admits the analogous effectlve/propagatlng split

ot = wWHT st + (AWH T el (L5)
S——— ————
propagating effective

When backpropagation crosses a representation that fans out into M expert branches, the gra-
dient at the shared node aggregates expert contributions in the same form as the forward ag-
gregation. Writing ¢>*(t) := V2L for the per-expert gradient at the bottleneck repre-
sentation, the expert-pathway contribution to the gradient at the input shared across experts is
SLexp(t) = M gi(t) (W2(t))T g%i(t), and expanding W2 (t) = W2i(0) + AW?i(t) and
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g (t) = g>'(0) + Ag*'(t) gives

gl,exp(t) _ Zj\il <W2 7,( )T 2 z + Z W2 7 O) A92 ) _|_ Z _1 W2,i(t)>T 92,i(t)

A4: init. AS: propagating AG: effective

{1.6)
Desideratum 1 extends naturally to the backward pass: each piece of the backward decomposition
(the layerwise effective/propagating split (1.5) and each term in the expert-aggregation decomposition
(1.6)) is required to be balanced, i.e. to share a common scale within each decomposition. (Under an
appropriate per-layer normalization that places backward signals on a scale comparable to forward
signals, the common scale is ©(1); since this normalization depends on architecture, algorithm, and
layer type, we work with the normalization-free balance statement throughout, and omit the explicit
normalization.)

L.4. Backward scaling

The forward arguments above transpose directly to the backward pass at every layer with diverging
input and output dimensions: (W{) T d inherits the same CLT-like scaling as W§ Az, and (AW)T§
inherits the same rank-1 alignment as AW - z (with fan-out replacing fan-in). We do not repeat
these case studies.

L.5. Aggregation layers

In MoEs, aggregations across experts arise in both the forward pass (Eq. (I.4)) and the backward pass
(Eq. (1.6)). The aggregation operator introduces sums over expert-indexed contributions (weighted by
routing), and the leading-order scale of these sums depends on the evolving cross-expert correlation
structure. In particular, expert sums can exhibit CLT-type scaling (weak cross-expert correlations),
LLN-type scaling (strongly correlated contributions), or mixed behaviour across different contribu-
tions; our analysis makes these distinctions regime-by-regime.

I.6. Width dependence in ;P and how MSSP fixes it
Below, we provide some case studies on the key imbalances in MoE dynamics under P and follow
this by how MSSP fixes them.
1.6.1. EXPERT HIDDEN LAYER GRADIENT O f/0h%!
Consider the four-piece decomposition
Af o> o (W' + AW3H)T (Wi + AW T,

In Regime III, (W) T(AW#)T admits CLT-like scaling, since W' has diverging input and
output dimensions. In Regime II, Wg’ " is a low-rank matrix and AW is shaped by Wg’ . through
backpropagation, so LLN- hke scahng is in principle possible. However, AW* is built from sums
over all M — oo experts’ VV0 , and hence cannot simultaneously align with any single Wo ; the
term therefore also admits CLT-like scaling.

W) T (AW Tlirvs = VN I(W5™) Tlrus (AW Tllrns = VN-1//Ne-1/N - under uP.
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Now consider the term (AW?3) T (W) . As discussed in the effective-updates section, since the
updates to the second expert-layer weights are rank-1 in structure, the rank-1 alignment argument
applies, yielding LLN-like scaling:

HAWHTWS) Hrms = N AW T lrus [[(Wg) T [lrms < N - 1/Ne - 1/N under pP.

The remaining two contractions in the four-piece expansion follow the same scaling laws:
(WM T(W)T behaves identically to the CLT-like term analysed above, and (AW34)T(AW4)T
behaves identically to the rank-1 term.

In Regime III we have N, =< N, so both terms are of order 1/N and are therefore balanced (and,
under the appropriate normalization, both terms are of order 1). In Regime II, N, € O(1), and the
two terms have scales 1/v/N and 1 respectively.

In summary, in Regime III, |W5”Z = O(1/v/N) and |[AW?!| = ©(1/N), leading to an entry-
size gap of v/N. This /N exactly compensates the CLT-vs.-rank-1 alignment-type gap, so both
contractions land at ©(1/N): balanced. In Regime I, |[W3"'| = ©(1) and |AW3| = ©(1), so the
entry sizes are equal (since O'g = 1/N, = ©(1)). The CLT-vs.-rank-1 alignment-type gap is no
longer cancelled, so the two pieces split by v/ N: imbalanced.

MSSP correction in Regime Il.  The MSSP-Regime-II boost o5 = M /N, increases the scale of
|Wg”l| from ©(1) to ©(v/M) = ©(v/N), while the update | AW3?| = ©(1) is unchanged (the SGD
learning rate 3 = nM N is identical to its uP-Regime-II value). The entry-size ratio | ATV 37|/ |Wg’ d
thus moves from ©(1) under P to ©(1/+/N) under MSSP, restoring the buffer to the same v/ N
value as in Regime III. The CLT-vs-rank-1 alignment-type gap is then cancelled exactly, and the four
pieces of 3 f /Oh>! all sit at the leading ©(1/N) scale.

L7. Cross-expert aggregation: a taxonomy of mechanisms

We now turn to the MoE-specific cross-expert aggregations. Two such aggregations arise: the forward
aggregation h*8(t) of (I.4), with expanded four-term form h*#8(t) = Ay + A1 + A) 5 + Asz; and
the backward aggregation 0P (¢) of (I.6), which collects the expert-pathway contributions to the
gradient with respect to the input h! shared across experts, with an analogous decomposition. Each
summand depends on the per-expert weights WO2 " Wg’ " and their updates; the leading-order scale
of the aggregate is determined by the cross-i correlation structure of these summands. The scaling
of these aggregation terms is determined by the crude CLT-LLN dichotomy: summands sharing a
coherent direction aggregate by LLN (no 1/ /M suppression), whereas summands with i.i.d. random
directions aggregate by CLT (1/+v/M suppression). The structurally interesting question, however,
is: What generates a coherent direction in the first place, or prevents one from emerging? The four
mechanisms identified below (A-D) classify the case studies that follow according to the algebraic
feature that controls this question, and we examine each in turn under the pP baseline and under
MSSP. For each mechanism we (i) state the algebraic feature and case-study term it governs, (ii)
state its scaling under the yP baseline, and (iii) close with a paragraph describing the corresponding
behaviour under MSSP.

I.7.1. MECHANISM A: CROSS-EXPERT CLT UNDER INDEPENDENT OR WEAKLY CORRELATED
SUMMANDS

Mechanism A governs aggregates A := ﬁ > bi Wg’ & I/VO2 "' v with v shared across experts. Terms
Aj and Asg ;1 in the forward aggregation are of this form, with v = h! and v = Ah! respectively. In
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both cases a cross-expert central limit theorem applies, suppressing the aggregate by 1/+/M relative
to the per-summand scale.

Independent case (A;). Take v € R" independent of all expert weights. With Wo2 g RNexN
Gaussian (entries N'(0, 03)), '
We'tv ~ N(0, o2 |Jv)* In,),

isotropic on R™ and depending on v only through ||v||2. Conditional on Wo2 ‘o,

ui =Wy Wit | Wetv ~ N0, o3 [Wo' v]|? In).

Marginalising over Wo preserves rotation invariance: the distribution of w; depends on v only
through ||v||%. Across experts, (W02 ! Wg’ l) 2, are i.i.d., so the only source of cross-expert depen-
dence among {u;} is the shared ||v||%.

The scalar ||v]|? = ©(N) does not itself converge. Combined with the 1/M aggregation pref-
actor and M =< N, it appears in the aggregate variance E||A|*> < M1 E||u;|? as ||v[|?/M =
|v]|?/N = ||v||&ps» Which converges deterministically under standard initialisation. The summands
are asymptotically independent at the aggregate level, and a multivariate CLT applies.

Weakly dependent case (A21). Ah! is shaped by gradient backflow through every expert and
depends on each VVO2 "0 strict independence fails. A single vector in R"Y cannot, however, align
nontrivially with M ~— oo independent Gaussian matrices simultaneously: the dependence of
Ah' on any one VV0 enters through a single summand of the cross-expert loss gradient and is of
relative order 1/M. Decompose Ah! = ALLF) 4 ARLG) with ARL(#) independent of VVO2 * and
|ARY@ /]| ARY|| = O(1/M); the dominant term W™ W' AL is governed by the previous
paragraph, the residual by a 1/M -suppressed correction.

Per-summand and aggregate magnitudes.
Elluil® = Nog - Neoj [0l = o305 N Ne |||,
o903+ N

v
— H RS-

This holds in both Regime II (V. fixed) and Regime IIT (N, =< N). Under pP, 09 = 1/ V/N and
03 = 1/v/Ne, so || A1[rus, [[A2,1[[rus are of order 1/v/M, strictly subleading to A5 , and Aj at
O(1).

Juillrms =< (02VN)(o3v/Ne) o] Rus, [Allrms =<

MSSP correction. The two MSSP fixes resolve this in regime-specific ways. In Regime III,
MSSP shares expert weights at initialization (VVO2 ' = W¢ and W03 " = W for all 4); the per-expert
summands then become strongly correlated across ¢ rather than independent, the cross-expert CLT
collapses to an LLN, and both terms are lifted to ©(1) along the shared direction WZWE h! (or
its Ah! analogue). In Regime II, MSSP boosts o3 from 1/y/N, to \/M/N,; the per-summand
RMS scale is amplified by v/M, exactly compensating the 1 / VM cross-expert CLT suppression and
lifting both terms to ©(1) in expert-specific directions.
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1.7.2. MECHANISM B: GRAM OPERATORS ON A SHARED VECTOR

We will use the quantity Al2,2 = ﬁ > 0i2 Wg’ o AW 20 h(l] to illustrate this mechanism. Each
summand has the form G;u, where G; = Wg’ Z(WO?’ ’i)T acts on a vector u that is shared across
experts (no ¢ index). The cross-expert direction of G;u is then governed by whether G; is full-rank
(so G; =~ Nea:% - I and G;u inherits the shared direction u) or rank-deficient (so G; is, after rescaling,
a projection onto a random N,-dimensional subspace of R, distinct across experts). The same rank
threshold separates Regime III (N, < N, isotropic, LLN) from Regime II (N, = ©(1), anisotropic,
CLT).

Intuitive scaling of A), across regimes. Substituting the rank-1 update AW?" o
(V[/g"i)T(VVS‘)—r (h$)T and using A, W2 bl oc ||A|2 (Wg’i)T(Wé)T, each summand of A} , re-
duces to o ' S

Wo AW b oc [lhg||* W (We™) T (W)
Writing u := (Wé)T € RY, the analysis splits into a within-expert step (the action of G; on the
fixed vector u) and a cross-expert step (the aggregation (1/M) > ".).

Within-expert structure (fix i). The matrix Wg’ " ¢ RN*Ne has rank min(N, N,) generically, and
so does G;. The image of G; is the column space of Wg’ " in RY; let II; denote the orthogonal
projection onto it. By rotational invariance of the entries of Wg " the random subspace col(Wg Z) is
Haar-distributed on the Grassmannian Gr(min(N, N), N). ‘

The non-zero eigenvalues of G; are the squared singular values of W2 which concentrate around
N a§ by Marchenko—Pastur [35]. Consequently GG; admits the operator-level approximation

Gi =~ (No3)1I;,

giving Gyu ~ (No?) I;u. Since u is independent of Wg "2 and col(VVé3 ') is Haar-distributed, each

projection retains

min(N, N,)
N

Cross-expert structure. The matrices {WS’ a M arei.i.d., so the projections {II;u}}, are indepen-
dent across experts, each marginally Haar-distributed in direction within RY .

w3 = a3

Regime Il (N, < N ): isotropic Gram matrix preserves LLN scaling. For each fixed i, since Wg’ s
generically full rank at leading order, so II; ~ I and

Giu ~ (Neo3)u = 0(1) -u

(taking J§ = 1/N¢). The Gram acts as a near-scalar multiple of the identity, and the result lies along
u = (I/Vél)T (shared direction across all experts). Cross-expert aggregation admits a law of large
numbers like scaling:

145 2rs = 1g]1? - Neod - [[(Wg) T llras = ©(1) along (Wg)"  under uP

2. The same argument holds under weak correlations
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Regime Il (N, fixed, N — o0): anisotropic Gram yields CLT scaling. For each fixed i, the column
span col(VV(‘;3 ") is a fixed-dimensional random subspace within a diverging ambient space, on which
G, has eigenvalue No3 = N/N, under pP. By rotational invariance, the Haar distribution of this
subspace implies || TT;u||3 < (N./N) ||u||3: each orthonormal basis vector of col(I/V(‘;3 ") is uniform
on SV~1 by rotation invariance, contributing ||u||? /N in expectation, and there are N, such basis
vectors. Therefore,

IGiullz = (NoF)y/Ne/N|lull2 = o3/ NN |[ull2,

with G;u lying entirely in the expert-specific subspace col(Wg’ l) Across experts, these subspaces
are independent random elements of the Grassmannian, so the directions {G;u/||Giull2}£, are
independent and there is no shared coherent direction along which {G;u}; can accumulate. Cross-
expert aggregation therefore proceeds by the central limit theorem rather than the law of large
numbers: A’z’2 is suppressed by an additional 1/ VM relative to the per-summand scale, and is not

aligned with (W) T.

MSSP correction. The Regime II imbalance is removed under MSSP-Regime-II by the amplifica-
tion ag = M /N, which raises the eigenvalue of G; on its rank- N, column span from N a% = N/N.
under 4P to No2 = NM/N, under MSSP. The per-summand scale ||G;ul|2 < 02/ NN, ||ul|2 is
thereby amplified by exactly /M, and the cross-expert 1/+/M CLT cancellation is exactly absorbed;
Aj , then sits at ©(1), in expert-specific directions rather than along (W) T. In Regime III, Ay
is already ©(1) under P (the Gram is isotropic and aligned along u); MSSP-Regime-III’s shared
experts collapse the marginal randomness of {II;} entirely, but do not change the ©-class.

1.7.3. MECHANISM C: EXPERT SUMS OF EFFECTIVE CONTRIBUTIONS

Let us use the term A3 of the forward aggregation to illustrate. Each summand has the form AW 3/ x;
with AW37 rank-1 of the form ugpared viT , where ugpareq 1S @ backpropagated factor shared across
experts and v; is expert-specific. The product AW gy = (v, ;) Ushared then writes the summand
as a (per-expert) scalar times a shared direction. Cross-expert aggregation reduces to a scalar mean,
and the LLN survives whenever that scalar mean is dominated by a strictly positive contribution.
Unlike Mechanism B, the shared direction is forced by the rank-1 structure of the gradient itself
rather than recovered from a Gram acting on a fixed vector, so this mechanism is regime-insensitive.

Scaling A3. Recall that
1 L
Ay = 57 D O AWy,
(2

where

P12 M3 X Pit—1 J )
AW R = — R (W by (W) T

Therefore, the per-summand is a single inner product times the shared readout direction. Decompos-
ing the inner product,
2, 24\ _ 24 2 2, 2,
<ht—1’ h; > = ||ht—1”2 + <ht—17 A¢h l>-

The first term, Hh?ﬁl 12, is strictly positive for every expert (non-zero mean across experts). The
second term is a smaller fluctuation around it: at ¢ = 1 it is random across ¢, while at t = 2 it
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becomes coherent via the alignment chain. In either case the sum is dominated by the strictly positive
||h?’f1 |2, so the cross-expert scalar average is LLN-preserved:

" G i (W B = R,
)

Substituting back,
UER j T
Ay = =B 23 L)

along the shared readout direction and in ©(1) in Regime II under both P and MSSP. In Regime III,
the same argument shows that these terms are ©(1) under pP. Under MSSP (which uses shared
experts), similar arguments show that these terms are ©(1) as well.

1.7.4. MECHANISM D: SCALAR SELF-PAIRING STRUCTURAL INVARIANCE

Certain quantities in the aggregation are built from summands that comprise scalar self-pairings
u ! Gyu rather than a vector G;u. The expectation E[u" G;u] = ||u||3 depends only on the diagonal
mean E[(G;)aa] = Neo3, which is ©(1) in both Regimes II and III under P (and is therefore regime-
symmetric). The per-layer parameterization, however, is calibrated against the (regime-asymmetric)
vector form, so when the structure happens to be scalar the calibration finds nothing to act on and
passes through unattenuated, leading to width dependence.

Mechanism: The structural mechanism underlying the imbalance of Ag. The term Ag arises
in the expansion of the backward expert-pathway gradient SL¥P(1) of (1.6). Specifically, Ag =
(1/M)Y, diy (AW2H)T (VVS”’)—r (W), the contribution in which AW is the perturbed expert
factor while W3 remains at initialization. Substituting AW?2? into Ag produces the scalar self-
pairing

S = u' Giu = [|[(WgHTuls, wi=(WHT, Gi= Wt wihT.
Since (Gi)ab = oy (W) ak (W )y, with entries i.i.d. V'(0,03),
E[(Gi)ab} = Negg 5ab = 5ab (O-g = 1/Ne)7

hence
E[S;] = |lull3 = ©(1/N) in both regimes.

The remaining terms of the decomposition of the aggregated gradient depend on Wg ot only through
linear, vector-form quantities, which are regime-asymmetric by a factor of v/N in per-coordinate
magnitude and which are accounted for by the parameterization. Due to the regime symmetry of
Ag, the parameterization therefore passes through it unattenuated, yielding imbalanced scaling in
Regime II.

Ag € ©(1/N?) inRegime II, Ag € O(1/N) in Regime III.
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MSSP correction. The MSSP-Regime-II boost 03 = M /N, promotes the diagonal mean to
E[(Gi)aa] = Neo? = M = O(N), so the scalar self-pairing satisfies E[S;] = M||ul|3 = O(N) -
O(1/N) = O(1). The O(N) amplification of the scalar exactly fills the v/N - /N deficit that
uP-Regime-1I's vector-form-calibrated parameterization had been unable to address, and Ag moves
from ©(1/N?) to ©(1/N), the leading scale in Regime II. The structural symmetry of E[G;] oc T
that made Ag inert under uP-Regime-II is exploited in reverse by MSSP: the boost is precisely tuned
so that the regime-symmetric part of G; becomes regime-asymmetric in the way the parameterization
expects. In Regime III, Ag is already at the leading scale under P, and MSSP-Regime-III’s shared
experts do not change its ©-class.

L.8. Summary: regime imbalances under ;P and how MSSP resolves them

Regime II. In Regime II, MSSP introduces a single change to the uP baseline: the initialization
variance of the second expert layer is increased to 03 = M/N,. Although the change operates
through a single parameter, it restores width independence in all four sources of imbalance present
under pP in Regime II. The cross-expert CLT under independent or weakly correlated summands
(Mechanism A) is corrected because the increased variance amplifies each per-summand by /M,
exactly offsetting the 1/+/M suppression of the cross-expert sum. The Gram operators on a shared
vector (Mechanism B) and the scalar self-pairing structural invariance (Mechanism D) are corrected
by the corresponding amplification of the Gram’s eigenvalues and diagonal entries. The gradient at the
expert hidden layer (§1.6.1) is corrected because the increased o raises HWS’ || to a scale that allows
the four contractions of 9 f/0h*' to balance. The same change to the parameterization therefore
corrects all four structurally distinct sources of width dependence in Regime II simultaneously.
Regime III. In Regime I1I, MSSP introduces a different single change: expert weights are shared at
initialization, so that all experts begin from a common pair (W, W§). Under uP, the only mechanism
that produces a width dependence in Regime III is the cross-expert CLT under independent or weakly
correlated summands (Mechanism A). With shared experts, the per-expert summands are identical
across ¢ and accumulate by an LLN rather than cancelling by a CLT, and the affected terms are lifted
to the leading scale. The remaining mechanisms (the Gram operators on a shared vector, the expert
sums of effective contributions, the scalar self-pairing structural invariance, and the gradient at the
expert hidden layer) are already balanced under P in Regime III, and shared experts leave their
leading behaviour unchanged.

The two fixes cannot be interchanged. The two fixes are matched to the two distinct sources of
width dependence in their respective regimes, and cannot be interchanged. Applying the Regime-1I
fix in Regime III would amplify the second expert layer’s initial weights too aggressively, causing
the backward gradient at the expert hidden layer to scale as v/N above its target; this is the very
imbalance that the Regime-II fix was introduced to repair in Regime II. Conversely, sharing experts
in Regime Il would correct only Mechanism A: the Gram operators on a shared vector, the scalar self-
pairing structural invariance, and the gradient at the expert hidden layer would all remain imbalanced,
since shared experts do not affect the o3-dependent scales through which those mechanisms operate.
Regime II requires the boosted variance; Regime III requires shared experts; each is the appropriate
fix for its regime and would cause width dependence in the other.
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1.9. Justification of MSSP in Regime II

We close the Regime II analysis by addressing a structural feature of the MSSP parameterization (Def-
inition 5) that distinguishes it from conventional feature-learning parameterizations: the per-expert
hidden state h3* (specifically the initial and propagating contributions Wg’ ’1hg’z and Wg’ " Ah>?) has
coordinate scale ©(v/N) vs the standard © (1) scale. We argue in this subsection that this is admissi-
ble because h> never functions as a primitive variable in the dynamics, and that MSSP-Regime-1I is,
up to structurally equivalent reformulations, the unique parameterization that achieves the correct
O(1) scale for the decomposition of the aggregated activation k% in Regime II while confining the
resulting amplification to a quantity that the dynamics avoid as a primitive.

The dynamics never realize 1,>* as a primitive variable. We claim that, throughout both forward
and backward passes, every place at which h%* would arise in a natural decomposition of the
dynamics admits a contraction-order rewriting that bypasses it. The forward aggregate is computable
directly:

M
1 o
h3 = ME o W R (L.7)
=1

without forming any h>? explicitly. The backward gradients factor through small-dimensional
contractions:

rhé,i = %(WS’ MU (L8)
Wi X]\? WHT(R>HT, (L.9)
0 1 - -
a;; = M(W4W3”)h2*’. (1.10)

The gating gradient (I.10) is the only quantity in which ~3* would appear under the natural decompo-
sition df /Op; = (1/M) (h>*)T (W*)T. The contraction reordering on the right-hand side replaces
the formation of 3 € RN with the inner-product chain W* W37 ¢ R™Ne an N,-dimensional
row vector. Because N, = O(1), this object is small-dimensional and may be formed at numerical
magnitude ©(v/N) without storage or precision concerns.

The full forward and backward dynamics therefore close on the variable set

Vo= {h o, ¢, (B R3 f (WL (WM W QY. (L11)

none of whose elements simultaneously carry both large coordinate magnitude (@(\/N )) and large
dimension (©(XV)). The amplified per-expert hidden state h3* — the unique object in the architecture
that combines both — is structurally absent from ) as a primitive variable.

Mean-field interpretation. The structure above is the signature of a mean-field theory: per-particle
quantities are amplified, the aggregate is the natural order parameter, and the closed dynamics involve
only aggregated moments of per-particle quantities together with low-dimensional inputs. The DMFT
effective fields associated with MSSP-Regime-II can be expressed entirely in terms of aggregated
weight-product moments such as

M M
- 1 3 112 — 1 2 2inT 1172
Gy = M;¢Zt Wt Wt ) K = M;¢i,t (Wt ) Wt >
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together with the per-expert layer-1 activations {h?*}, all of which sit at the standard ©(1) coordinate
scale. The per-expert hidden state h** does not appear in the effective theory.

L.10. Composability with depth: stacked MoE blocks under MSSP-Regime-I1

The boost-and-cancel mechanism that defines MSSP-Regime-II is structurally local to a single MoE
block: it operates within that block’s cross-¢ CLT on the aggregated activation, and its scaling
justification (Definition 5) does not refer to any architectural element outside the block. We formalize
this observation by showing that stacking K MoE blocks under MSSP-Regime-II preserves the
leading scales of every primitive variable in the forward pass and every backward gradient at every
block boundary. The parameterization composes with depth without per-block modification.

Stacked architecture. Let K > 2. We consider the composition

1 4
w hl block 1 h3’(1) block 2 h3’(2) N block K h?”(K) w f,

T

where each block k € [K] has its own gating Q) expert weights {W2") 340}, 5 and
aggregation
¢(k) _ Q(k)h&(’f—l)’ ¢l(k) _ O.(wi(k)),
P20 2 (R) 3 (o=1),
P00 3 (R) 2 (k)

M
p3:(k) — 1 Z ¢(k) B30, (k)
M =1

with the convention 239 := K. All weights are drawn independently across blocks at initialization.
Each block adopts the MSSP-Regime-II parameterization (Definition 5): per-block init variances
O'é =1/N, 03 =1/N, 02 = M/N,; output W} = 0; and SGD learning rates g = 12 = n M /N,
n3 = nM N, ny = n/N within each block.

Forward composability.

Proposition 1 (Forward depth composition) Under the stacked MSSP-Regime-II architecture
above, for every k € [K] at initialization:

(i) hg’i’(k) € O(1) entry-wise.
(ii) hg’i’(k) € O(V'N) entry-wise.

(iii) The aggregate hg’(k) € O(1) entry-wise via cross-i CLT.

Proof [Sketch] Induction on k. The base case k£ = 1 is the single-block analysis (§J.3.3) with
input h' € ©(1). For the inductive step, suppose hg’(k_l) € ©(1) entry-wise. Then h%’i’(k) =
Wg’i’(k)hg’(k_l) has variance per entry o3 ||hg’(k_1)||2 = (1/N)-©(N) = O(1), giving (i). Next,
hg’i’(k) = Wg”i’(k)hg’i’(k) has variance per entry N, 03 ©(1) = N, - (M/N,) = M = ©(N), giving
(ii). Finally, the aggregate variance is (1/M?) ", gﬁ%o N.020(1) = ©(c3/M) = O(1) via cross-i
CLT, giving (iii). The inductive hypothesis enters only through the ©(1) entry scale of the input

h3’(k_1) — exactly the property required to start the per-block boost-and-cancel. |
0 y property req p
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Backward composability.

Proposition 2 (Backward depth composition) Azt = 1 — when only W* has updated, with
W = —naxo (hg’(K))T having entries ©(1/N) — the propagated gradient at every inter-block
aggregate satisfies

(9f1/8hg’(k) € O(1/N) entry-wise, ke{0,1,..., K — 1},

where hg’(o) = hl.

Proof [Sketch] Reverse induction on k. Base case £ = K — 1: the expert pathway through block K
is

af/ong "V = Z<z> (W N T g N T )T

The intermediate (Wg ’i’(K)) (WHT € RNe has entries ©(1) — the boost in 02 = M /N, produces
(Wg’l’(K))Thg’(K) € O(N), multiplied by —n4xo = —1/N to give ©(1). Then (WO’ (K )) acting
on this ©(1) vector via the rank-deficient initialization Gram (§J.3.1) produces per-summand entries
©(1/+v/N) in mostly-random directions; cross-i CLT over M approximately-independent summands
cancels this to ©(1/vMN) = ©(1/N). The router pathway through block K contributes ©(1/N)
similarly.

Inductive step: assume 0 f; / 8h3’(k+1) € O(1/N) entries. The expert pathway through block &k + 1
is .y

3,(k) (k+1 2, J(k+1 3,4, (k+1 3,(k+1
8f1/8h0( exp _ MZQS ) i ))T(Woz( ))Tafl/aho( ).

The intermediate (Wg’l’(kﬂ)) (9f1/8h0’ (1) ¢ RNe has variance perentry N - 03 - O(1/N?) =
N - N - (1/N?) = 1, hence coordinate scale ©(1) — the boost in o3 exactly compensates the
inductive ©(1/N) scale of the incoming gradient. The remainder of the calculation reduces to the

base case: (VVO2 ’i’(kﬂ))—r acting on a ©(1) vector produces per-summand ©(1/+v/N), cross-i CLT
yields aggregate ©(1/N). Router pathway analogous. |

Theorem 3 (Depth composability of MSSP-Regime-II) Under the stacked MSSP-Regime-II ar-
chitecture above, for every K > 1 and every block k € [K]:

(i) Every primitive variable at initialization in block k has the same coordinate scale as in the
single-block (K = 1) MSSP-Regime-II analysis (§J.3.3).

(ii) Every backward gradient at every primitive variable at t = 1 in block k has the same co-
ordinate scale as in the single-block analysis (§J.3.3), and consequently the SGD updates
AWZLE) AW35K)AQW) within block k retain their single-block scales.

(iii) Every per-expert hidden state h35(K) remains non-primitive: the contraction-reordering identity
(hgzzz(k))TrU — (UTWSalv(k)) hQ,Z,(k)

bypasses formation of h***) for any vector v € RN at coordinate scale O(1/N), with the
small-dimensional intermediate v W3%(*) € RNe at coordinate scale ©(1).
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Consequently, MSSP-Regime-1I composes with arbitrary depth K without any per-block parameter
modification.

Proof [Sketch] (i) is Proposition 1. (ii) follows from Proposition 2 together with the single-block

backward analysis: once the gradient at block k’s output aggregate 0f;/ 8h3’(k) € O(1/N) is
established, all backward computations within block k& proceed exactly as in §J.3.3, since they depend
only on the input gradient’s coordinate scale and the in-block weight structure. (iii) is the algebraic
identity together with the entry-scale calculation v W) ¢ ©(1) for v € ©(1/N) entries, which
is precisely the intermediate computation in the proof of Proposition 2. |

I.11. Approaches We Tried That Do Not Restore Scale Stability

Before settling on the parameterization-level prescription that defines MSSP, we explored a number
of architectural and parameterization-level interventions intended to remove the delayed-learning
phenomenon and the underlying width-dependent subterms in MoE training under puP. None of
the interventions enumerated below, applied on its own, restored clean refined-coordinate-check
exponents while avoiding delayed learning at scale. We document them here because each is a natural
intervention that practitioners may consider, and the reasons they fail clarify why the underlying
problem is structural and why a parameterization-level fix is necessary.

I.11.1. RMSNORM (OR LAYERNORM) AFTER THE AGGREGATION

A natural first response to the observation that ||h*%8 ||gyg vanishes with width under p(P-Regime-II
is to insert a normalization layer after the aggregation, rescaling ~222 back to ©(1). We tested this
intervention with both RMSNorm and post-aggregation sigmoid and observed that neither restores
width-independent dynamics. The reasons fall into four distinct points.

Norm layers preserve ratios, not balance. The post-aggregation activation h?¢ decomposes
into multiple subterms with distinct width scalings under pyP-Regime-II — most notably the LLN-
aligned effective contribution A3 € ©(1) and the CLT-suppressed propagating contribution Ay ; €
O(1/v/N) (§).3.2). RMSNorm divides the entire aggregate by its own RMS norm, rescaling
every subterm by the same factor. The relative magnitudes of the subterms are preserved: after
normalization, the post-norm activation is dominated by the effective contribution at the leading
scale, while the propagating contribution sits at ©(1/v/N) of the signal — a vanishing fraction. The
propagating channel that should carry information from upstream-layer updates into the current block
has been effectively erased.

The norm’s ¢ has to be width-scaled, and the right scaling is exactly the imbalanced-
subterm structure we are trying to avoid having to track. Practical RMSNorm computes
h = h/\/h]? + €2, where ¢ prevents over- and under-flow. With [|h5¢%||2 € ©(1/N) in pP-
Regime-1I, there is a width-dependent crossover between two regimes: when ||h||?> < €2 the norm
acts as a constant rescaling A /e (no normalization in the limit), while when ||2|2 > €2 the norm acts
as a full RMS normalization. A fixed e therefore behaves qualitatively differently at small versus large
widths, and the threshold between the two behaviors moves with N. To recover width-independent
behavior, € would need to be scaled in proportion to ||h?88||; but || h?88|| in uP-Regime-II is itself a
sum of subterms with mixed scaling exponents, and the dominant subterm changes during training.
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There is no single power-of-N schedule for e that works across widths without first having solved
the underlying scaling problem. The norm therefore moves the scaling burden into a different
hyperparameter rather than eliminating it.

The backward pass through the norm introduces its own width-dependent rescaling. The
Jacobian of RMSNorm scales as 1/[|h?88||, so gradients flowing backward through the norm layer
are inflated by that factor. At initialization in zP-Regime-II this factor is v/, and gradients upstream
of the norm are amplified by a width-dependent multiplier whose magnitude also evolves over
training as ||h?88|| climbs. The effective layerwise learning rate on every parameter upstream of
the norm therefore becomes a function of both width and step number — the time-varying width-
dependence that scale stability is designed to remove. So even granting the loss of the propagating
channel discussed above and the hyperparameter burden of scaling €, the backward pass through a
normalization layer is itself a fresh source of instability rather than a fix for the existing one.

A post-aggregation norm cannot reach imbalances that live elsewhere in the dynamics. The
imbalanced subterms in pP-Regime-II are not localized to h®%&. The four-piece expert-hidden-
gradient buffer 0 f /0h>* (§1.6.1) and the scalar self-pairing imbalance in Ag (Mechanism D, §1.7.4)
sit on the backward pathway and never pass through any post-h?88 operation. Even granting that
a post-aggregation norm somehow fixed the forward aggregation, three of the four mechanisms
identified in §1.7 would remain broken. A single normalization layer placed at one point in the
architecture cannot address imbalances that arise across multiple structurally distinct points in the
dynamics; this is one of the empirical reasons we converged on a parameterization-level fix rather
than an architectural patch.
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J. Signal Propagation Analysis

Here we provide a self-consistent forward and backward signal propagation analysis through an MoE
block for the two more interesting Regimes II and III.

This analysis complements the rigorous DMFT treatment in the subsequent sections. We use the
minimal MoE architecture defined below, which places the MoE block between an input and an
output layer so that its incoming and outgoing signals carry the same asymptotic scaling as in a
standard dense architecture. The arguments therefore extend to MoE blocks embedded in larger
networks, such as a Transformer MoEs, whenever additional modules preserve this scaling. This is
precisely what pP’s layer-wise parametrization guarantees [56, 58]. This compositionality is verified
by our Transformer MoE coordinate checks in Appendix Q.2. For brevity, we omit the analysis for
Regime I, which follows the known arguments for standard architectures.

J.1. Preliminaries

Minimal MoE architecture. We work with the minimal MoE architecture

hl =W, (d.1)
¥ =Qh, (d-2)
b = o (1), J.3)
h%t = W2ipl, i=1,...,M, J.4)
h3,’i — W3,ih2,i’ (JS)
1 & :
h3 — M Z qbz h37z, (J6)
i=1

where 2 € RP is the input, f € R the scalar output, and the trainable parameters are
6 = (Wl, Q7 {WQ,Z" W3,i}£\il7 4)

with shapes W' € RV*P Q@ € RMXN 24 ¢ RNexN 173 ¢ RNXNe 1174 ¢ RIXN Here N is
the hidden width, NV, the expert hidden width, M the number of experts, and D the input dimension.
The derivations below are written for sigmoid gating, o(1); = (1 +e~¥¢)~!, paired with the explicit
1/M aggregation factor in (J.1); the same scaling exponents hold under softmax gating without an
explicit aggregation multiplier.

Scaling regimes. As described in the main paper, we analyze three asymptotic regimes, distinguished
by which of the width parameters N, N, M diverge:

* Regime I: (N, N, < n — oo with M, K = 6(1)),
* Regime II: (N, M, K < n — oo with N, = ©(1)),
e Regime III: (N, N., M, K < n — o0).

The heuristic derivation for Regimes II and III is provided in Sections J.3, and J.4 respectively.
In each of these regimes, we want to understand the scale of all quantities that arise in the forward
and backward computations in the network, both at initialization and during training. While the
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initial random parameters are independent of the data distribution, correlations develop over time
since updates carry information about the data; this is the case for both SGD and Adam [15, 57, 58].
To derive the correct scaling it is crucial to consider the correlations that arise during training and
how these correlations propagate forward and backward through the network. In general, after one
step of SGD the full set of post-update correlations is already present[5, 15, 56, 58], so analysing the
first two forward and backward passes suffices to determine the asymptotic width scaling of every
quantity arising in the computation?.

J.2. Standing assumptions and notation

We track leading-order coordinate-scale exponents only, ignoring ©(1) prefactors.

Standing assumptions.
(B1) x: = 0L/0f; € ©(1) at every step t; absorbed into ©(1) scalar prefactors throughout.

(B2) Nonlinearities preserve leading scaling exponents. For sigmoid gating with 1 /M aggregation,

Gits Pig € O(1).

Notation. X € O(a) denotes entry-wise (coordinate) scale. Cumulative SGD updates: W} =
WE+ AW, AL X = X; — Xy—1, with init values subscripted by 0.

Standard tools. We invoke the following standard probabilistic facts as needed, without per-
instance citation:

* Central limit theorem (CLT) for sums of approximately independent terms;
» Law of large numbers (LLN) for empirical averages;

* Operator-norm concentration for iid (sub-)Gaussian matrices: for W € R™ ™ with iid
N(0,0?) entries, |W |, = o(v/n + +/m) (14 o(1)) with high probability [52].

Feature update decomposition. For hf = W/h!—1,

ALY = WEARTY + AW RS + AW AR
e’

Cross term

propagating effective

J.3. Scaling derivation for Regime I1

In this section, we provide the heuristic scaling derivation for Regime II.

Definition 4 (1P baseline, Regime II)

o Initialization. All parameters are drawn independently according to:
Wa ~ N(0,D7Y), Qo ~ N(0,N7Y), W' ~ N(0,N71),

W ~ N(0,N.1), W ~ N(0,N72), fori € [M].

. en = U, only the readout updates n the first step, since the gra 1ent into €very non-rea out parameter
3. When WL°), = 0, only the read dates in the first SGD ince the gradient i d

carries a factor of WLT_H that vanishes at initialization. A third forward and backward pass at 6 is then needed, since
the non-readout parameters first move at t = 2.
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* SGD learning rates. 1 =n N, ng =n(M/N), no = (M/N)n, n3=(MN)n, ng=nN""
* Adam learning rates. 11 =1, ng =n2=n1=nN"', n3=1/Nen.
 Adam epsilon. ¢; = e N7, €Q = eM ™ eo=eM™!, e3=eN M1 ¢ =c¢
Definition 5 (SSP, Regime II)
* Initialization. All parameters are drawn independently according to:

Wi ~ N(0,D7Y), Qo ~N(0,N71), Wy ~ N(0, N7,

W' ~ N0, MNY), Wi ~ N(0, N72), fori € [M].

* SGD learning rates. ;1 =n N, ng =n(M/N), no = (M/N)n, n3=(MN)n, ng=nN""
o Adam learning rates. m, =17, 19 =m2=n1 =1 N1, n3=1/Nen.

* Adam epsilon. €, =eN L eQ:eM_l, co=eM™ ! es=eN"TM1 ¢ =c¢

J.3.1. DERIVING pP IN REGIME II

This subsection presents a self-contained derivation for the yP baseline (Definition 4) in Regime II.
Setup and standing assumptions

Architecture. As in §J.1: minimal MoE with sigmoid gating and explicit 1/M aggregation
W= (1/M) 3, éi h**.

Initialization (P baseline). Per Definition 4, with all parameters drawn independently:

(W()l)abNN(O71/D)7 (QO)zaNN(O71/N)7
(W5 )ap ~ N(0,1/N), (Wo)ab ~ N(0,1/Ne),
(Wo)a ~ N(0,1/N?).

Resulting entry scales: W entries ©(1/N), WOQ’i entries ©(1/v/N), W(‘)“ entries O(1) (since
02 =1/N, = ©(1)).

Learning rates (SGD). 71 = nN, ng = nM/N, n2 = nM/N, n3 = nMN, ns = n/N,
n € 0(1).

Gating. Sigmoid: ¢; 4, ¢;; € O(1).

Auxiliary scaling lemmas We reuse Lemma 10 from §J.4.4.

Specialization of Lemma 10 to the rank-deficient initialization Gram matrices in Regime II.
For the random initialization Wg’ ' e RNXNe with 0%, = 1/N, and N, = ©(1), the Gram matrix
Wg l(Wg T e RV*N has rank at most N, = ©O(1): its diagonal mean is 1 and its off-diagonal
entries have coordinate scale ©(1) (variance 1/N, = ©(1)). Consequently, acting on a vector
v = (W§)T with entries of coordinate scale ©(1/N), the product Wg’ ’(Wg’ )T v has entries of
coordinate scale ©(1/y/N) in mostly-random directions, not aligned along v.
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Analogously, for the random initialization I/VO2 e RNeXN with 0%, = 1/N, the Gram matrix
(Wg’i)TWg’i € RY*N has rank at most N, = O(1) and entries of coordinate scale ©(1/N). Acting
on h}, it produces entries of coordinate scale ©(1/ V/N) in mostly-random directions, not aligned
along h{. ‘ ‘ ' .

We refer to W' (W) T and (W) TWE" collectively as the rank-deficient initialization Gram
matrices of Regime II.

First forward pass

hi =Wiz € ©(). (CLT; 07 =1/D, |z||*> € ©(D)) (R2u-F1.1)
Yo =Qohy € O(1). (CLT; 0 = 1/N, [Ihg|* € O(N)) (R241-F1.2)
¢i0 =0(ip) € ©(1). (sigmoid bounded; gating assumption) (R24-F1.3)

het = W' ht € ©(1),  independent across i
(CLT; 03 = 1/N, |Ihg]* € O(N);
1he"[|> = N, - ©(1) = ©(1) since N, = O(1), not O(N,) = 0).  (R2u-F1.4)

= WA < o)
(variance per entry U% I hﬁ’i!

= (1/Ne)-0(1) = 6(1);
direct variance, not asymptotic CLT, since N, = O(1)). (R2p-F1.5)

hy = (1/M) Y, diohy" € ©(1/VM) = ©(1/VN)
(cross-i CLT on entries of coordinate scale ©(1);

{hg’i} independent across 7). (R2u-F1.6)

fo=Wg hi = (Wg, hi) € ©(1/N)
(variance >, ©(1/N?)-©(1/N) = ©(1/N?);
h{ entry scale ©(1/v/N) via (R2u-F1.6)). (R2u-F1.7)
First backward pass and step-1 updates

New intermediate scaling. The intermediate quantity (Wg’ ’Z')T(I/Vél)T has entries of variance
o2 [WH|? = (1) - ©(1/N) = ©(1/N), hence coordinate scale ©(1/v/N).

Per-layer gradients (with W} /AW* split).
dfo/Ohd = (WHT € ©(1/N). (W entries O(1/N); A;W*=0att=0) (R2u-Bl.1)
0fo/Ohg" = (di0/M)(W3)T € O(1/(MN)) = O(1/N?). (dio € O(1))  (R2u-B1.2)

0fo/Ohg" = (610/M)(Wy™) T (W5)T € ©(1/(MVN)) = ©(1/N*72)
((Wg’ NTWHT € ©(1/VN) from new intermediate scaling above). (R2-B1.3)
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0fo/0di0 = (1/M)(hy", W) € ©(1/N*/?)
((hg", Wty variance Y, ©(1) - ©(1/N?) = ©(1/N), coord O(1/v/N);
h" entry scale ©(1) via (R2u-F1.5)). (R2;-B1.4)

(0f0/Ohg)esp = (1/M) 32 6i0(Ws )T (W) T(W)T € ©(1/N*72)
(at t = 0 only the all-init A4 piece is non-zero;
per summand (I/[/[)Q’i)—r acts on (Wg’i)T(Wé)T € 6(1/VN)
with [v]]2 = N, ©(1/N) = 6(1/N);
variance (1/N) ©(1/N) = ©(1/N?), per-i coord O(1/N);
cross-i CLT). (R2u-B1.5)

(0fo/Ohd)router = (1/M)Qg v, v; := so(hg", W)
€ O(1/N%/?)
(vi € ©(1/V/N) via (R2u-B1.4); |jv]|2 = M ©(1/N) = ©(1);
cross-layer CLT giving Q] v coord ©(1/v/N);
W3isplit v; = viI + le where
of = dio((Wo g, W)
v = qz.SZ-70<(A0W3’i)h3’i, W) = 0 since AgW>* = 0;
so (1/M)QJ v = ©(1/N3/?) and (1/M)QivY =0).  (R2u-B1.6)

dfo/Oh = (8fo/Ohd)exp + (Dfo/Ohd)router € O(1/N3/?). (R2u-B1.7)

Step-1 parameter updates.

AW = —(n/N)xo(hi)" € ©(1/N*?)

(h3 entry scale ©(1/v/N) via (R2u-F1.6); sub-leading vs W € ©(1/N)).
(R2-U1.4)

AW = —ngxo(ds0/M)YWe) T (hg") T = =nNxodio (W) (hg")T
€ O(1) rank-1 along (W) " ® h?)’i
(n3 = nMN; hy' € O(1) via (R2-F1.4);
same scale as Wog’i € 0(1)). (R2p-U1.3)

AW = —(xodio/N)(We ™) T(W5) T (hg) " € ©(1/N?/?) rank-1
(ne = nM/N; (Wg’i)T(Wé)T € ©(1/V'N) from new intermediate scaling;
sub-leading vs W' € ©(1/V/N)). (R24-U1.2)
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AW = —nix0(dfo/0RY) 2" € ©(1/VN)

(m = nN; dfo/0h} € O(1/N>3/?) via (R2u-B1.7)). (R2u-Ul.1a)
ARl = AWz e @(1/\/ﬁ) aligned along 0 fo/Oh. (R2u-Ul.1b)

AM1Q = —ngxo(Dfo/0¢)(hg) T € O(1/N??). (0fo/d¢ € O(1/N*/?) via (R2-B1.4))
(R24-U1.Q)

Second forward pass

hi = h{ + Akl € ©(1). (b} € ©(1) dominates A;h! € ©(1/v/N) via (R2u-U1.1b))
(R2u-F2.1)
Y1 =1+ A1 € O(1), ¢ € O(1) (R2-F2.2-R241-F2.3)
(A1 € ©(1/V/N) from QoA1h! and A1 Q h;
scales by (R2u-Ul1.1b), (R2u-U1.Q);
cross A1Q A1ht € ©(1/N?/?) sub-leading via 9 fy/Oh} via (R2u-B1.7))

(R2u-F2.4) h%’i = W12 g h}, four-piece decomposition:

W2 = he' + W ALK + A W2 R+ A W2 ARL (R2p-F2.4)
init: W'y = he' € ©(1).  (R2u-F1.4) (R24:-F2.4a)
prop: W' A1k € ©(1/VN) (R2/1-F2.4b)

(o3]lA11 ) = (1/N) ©(1) = ©(1/N);
|A1RY? € ©(1) via (R24-U1.1b))

eff: AyW2' hi = —(nxodio/N) |hd]1? (WEHTWHT € ©(1/VN) (R2-F2.4c)
((R2p-U1.2)substitution;
(VV{;3 HTWHT € ©(1/V/N) from new intermediate scaling;
312 € O(N))

cross: Ay W2 Aih = —(nxo¢io/N) (he, ArhY) (W) T (W) T
€ O(1/N3/?) (R24-F2.4d)
((Wg’i)T(Wé)T € ©(1/v/N) from new intermediate scaling;
(h$, A1h!) € ©(1) random, derived via
dfo/Ohy € ©(1/N3/?) via (R2u-B1.7);

sub-leading vs propagating and effective)
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(R2p-F2.5) hi”i = W13 & h%z four-piece decomposition:

W' = ' + W AR + A W3 bt + AW AR (R241-F2.5)
init: 3" € O(1).  (R2u-F1.5) (R2-F2.5a)
prop: W' A1h%% € ©(1/V/N) (R241-F2.5b)

(031> |? = ©(1) - ©(1/N) = ©(1/N);
|ALR%)? € ©(1) via (R2u-F2.4))

eff: Ay W31 hg’i = —nNxo0®i0 Hh%’iH2 (W) € ©(1) along (W) " (R2pu-F2.5c¢)
((R2p-U1.3)substitution; ||hg"||? € ©(1) via (R2u-F1.4);
(W) € ©(1/N))
cross: A W3 A1h?" = —nNxoio (h%’i, AR (WHT € ©(1/VN) along (W) T
(R2u-F2.5d)
((R2p-U1.3)substitution;
dominant piece of Ajh?? (Wg’ HTWHT via (R2u-F2.4¢),
s0 (hg", ATh™") ~ —(nxo6/N)||hg|I* (", W) € ©(1/VN)
random across 7, via (R2u-B1.4);

random sign across ¢, sub-leading vs effective)

Effective dominates: A1 € ©(1) aligned along (W) " — the engine of feature learning at

t=1.
(R2u-F2.6) h} = Ay + Aa 1 + Aso + Az + D, where
Avi= 47 3 din by, Ag1 = 35 30 i Wy ' W5 Arhl,
Ay 1= g7 325 it W' Ay Ag = 47 X din AaW RgY,
D = ﬁ S dia AW AR
Ay € ©(1/VN). (cross-i CLT on O(1)-entry independent vectors) (R2u-F2.6a)
Ayq € O(1/(VMVN)) = ©(1/N) (R2/-F2.6b)

(per summand chain CLT entries ©(1/v/N) random;
|ARY? € ©(1) via (R2u-Ul.1b); cross-i CLT)

Az = —(mxo/N) 1hg1* 3 i bindio W (W) T (W) T
€ O(1/N) in mostly-random directions (R24-F2.6¢)
((R2p-U1.2)substitution;
Wg Z(Wg’ HTWHT € ©(1/V/N) in mostly-random directions
by rank-deficient initialization Gram (§J.3.1);
|h3]|? € ©(N); per summand entries ©(1/v/N), cross-i CLT)
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Az = —nNyxo (Wg)T (ﬁ > Pi1bio ||h(2J’iH2> € O(1) along (W) " (R2u-F2.6d)
((R2p-U1.3)substitution; ||hg"[|? € ©(1) via (R2u-F1.4); LLN;
(Wg)" € ©(1/N); entry nN - (1/N) - ©(1) = ©(1))

D = —nNxo (WSL)T ﬁ > bi10io <h3’i, Aq1h%Y)
€ O(1/N) along (W) " (R2u-F2.6e)
((R2p-U1.3)substitution;
(h', A1h>%) € ©(1/V/N) random across i
via (hy", Wi) € ©(1/V/N) via (R2u-B1.4);
cross-¢ CLT in the random factor;

sub-leading vs A3 € O(1))

h3 € ©(1) along (W) ", from Aj alone. (R24-F2.6)

fo = Wi~ (W, As) = —nNxo IR (3 224 duadio [1051) € ©(1)  (R2u-F2.7)
(A3 aligned along (W) " via (R2u-F2.6d);

WG 12 = N - (1/N?) = 1/N; |hg'||* € ©(1) via (R24-F1.4);

net 7N - ©(1) - (1/N) = ©(1))

Second backward pass and step-2 updates
New intermediate at ¢ = 1.
(A3 T (W) T & —nNxodio |[Will* ho € ©(1) aligned || g
((R2u-U1.3)rank-1 substitution; |[Wg||* = 1/N;
he' € ©(1) via (R2u-F1.4); net N - (1/N) = ©(1))

This O(1) aligned—along-hg’i contribution from the rank-1 update is what drives Jf;/ Gh%i to climb
from ©(1/N3?)att =0to ©(1/N) att = 1.

Per-layer gradients (with W} /AW* binary split).
df1/0h3 = (WH T + (A WHT € ©(1/N) (R24-B2.1)
(W¢ € ©(1/N) dominates A;W* € ©(1/N3/?) via (R2;-U1.4))

0f1/0hy" = (i1 /M)W € O(1/N?) (R2-B2.2)
(init piece O(1/N2); AW piece ©(1/N*/2) via (R2u-U1.4))
(R2-B2.3) f1/0h>" = (i1 /M)W T(WHT, four-piece decomposition:
(61 /MWD T (WHT € O(1/N2) (R24-B2.3)

((I/V(:;”i)T(T/Val)T € ©(1/V'N) from new intermediate scaling at ¢ = 0)
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(i1 /M)W (AW T = —(nx06i0/ (MN)) (W) hi
€ O(1/N?) (R24:-B2.3b)
((R2u-Ul.4)substitution;
(W) "hi € ©(1)

from j = i coherent contribution to the average)

(¢ia/M)(AW3HT(WHT € ©(1/N) along he” (R24-B2.3¢)
(A W3HT(WHT € O(1) along hY’

from new intermediate at ¢ = 1 above; dominant)

(pi1/M)(AW3H T (A WHT € ©(1/N?) (R24:-B2.3d)
(same alignment as (R24-B2.3c¢);
AW smaller by 1/vV/'N via (R2u-U1.4))

df1/0hT" € ©(1/N) along hy’, from (R2u-B2.3c). (R24-B2.3)

0f1/0¢in = (1/M)(hY", W) € ©(1/N) (R2/1-B2.4)
(Decompose hi”i = (ng) h%’i + (A W) hP and Wit = Wi + AW,
four-piece grid:
(init - init) (W) b3, W) € ©(1/V/N)
via random IP (hy", W) € ©(1/V/N) (R2u-B1.4);
(init - update) (W) 7", Ay W) = —(xo/N)(h{", h§) € ©(1/N)
via (h', h3) € ©(1) (j = i diagonal (¢,0/M)||h3"||* = O(1) in uP);
(update - init) ((A;W3) b3, W) = —nNxodiol|hy 1PV 1> € ©(1)
via rank-1 alignment of AlW?”ihg’i with (W) T: 7N -©(1) - ©(1/N) = ©(1);
(update - update) (A W) b3 AyWH) = (W, AW?) € O(1/N)
via k € ©(N) (rank-1 prefactor) and (W, A;W?) € ©(1/N?);
JM: (©(1/N3/?), ©(1/N?),0(1/N), ©(1/N?)) respectively;
(update - init) dominates; total ©(1/N))

Expert pathway: (0f1/0hl)exp = A4 + As + Ag + E, full 8-piece expansion. Each of
Ay, As, Ag, F splits into a .1 piece (using Wé) and a .2 piece (using Ay W4):

A4q € ©(1/N3/2). (R2u-B1.5) (R2u-B2.5a.1)
Ago € O(1/N?). (A W* smaller by 1/v/'N via (R2u-U1.4)) (R2-B2.5a.2)
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Asy = 17 3 dia (W) T (A W) T (W) T
€ O(1/N) in mostly-random directions (R24-B2.5b.1)
(A W3HT (W) T € ©(1) along hg’i from new intermediate at ¢ = 1;
(Wg’i)Thg’i = (Wg’i)TWOQ’ih(l) € ©(1/V'N) in mostly-random directions
by rank-deficient initialization Gram (§J.3.1);
coherent (N,/N) h} piece is ©(1/N) sub-leading;
cross-i CLT: ©(1/V'N)/VM = ©(1/N))
Aso € @(1/N2). (same structure as (R24-B2.5b.1); A, W* smaller by I/W via (R2p-U1.4))
(R2u-B2.5b.2)
Ag1 =52 Gi (A W2 T (WD) T (W T
= ~(nx0/N) g 57 2 6i1di0 Si € O(1/N?) along hj (R2y:-B2.5¢.1)
((R2p-U1.2)substitution; S; := WiWw' (W' )T (W) € ©(1/N)
quadratic form in W across rank-N, Gram, leading piece ||W{|?;
per summand entries (1/N) -1 - (1/N) = ©(1/N?) aligned along h)

Ago € O(1/N?). (same structure as (R2-B2.5¢.1); Ay W* smaller by 1/v/N via (R2u-U1.4))
(R24-B2.5¢.2)
By = 47 3 0in(AMW2H T (A W) T(WH T € ©(1/N?) (R2-B2.5d.1)
(combining (R24-U1.2), (R24-U1.3) substitutions;
per summand involves (W, hg’i) € ©(1/V'N) random via (R2-B1.4);
per summand entries ©(1/N>/?); cross-i CLT)
Ey € ©(1/N°/?).  (same as (R2u-B2.5d.1); A;W* smaller by 1/v/N via (R24-U1.4))
(R2u-B2.5d.2)
(0f1/0h)exp € ©(1/N) in mostly-random directions, from As 1 alone. (R2-B2.5)
Router pathway. Decomposing v = v(?) 4+ v(&) where VZ(O) = gbm(hi”i, Wi € ©(1) (coherent
via the alignment in h‘z”i from (R2u-F2.5¢) / (R2u-B2.4)) and Vz(A) € O(1/N) (via (R2u-Ul.4)):

(1/M)Q4 v\?) € ©(1/N) random direction (R24-B2.6a)
(Qo indep. of v(¥; 03 = 1/N; |[vO|* € ©(M))

(1/M)Q4v'® € ©(1/N?). (R2/:-B2.6b)
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(1/M)A1Q v € ©(1/N?) along h} (R2y-B2.6¢)
(A;Q rank-1 along (h}) " via (R2u-U1.Q);
(wo, vIV) = (¢*/M) > “[ric; + 73] € O(1/N)

(2

(both the cross-i CLT piece Z ric; ~ 1 and the LLN self-pairing
72 ~ M/N contribute ©(1) before the (1/M) prefactor);

AQ v = h(l)ang<w0,v(0)> ~ 1/N entries;
after (1/M): ©(1/N?) — sub-leading vs (R2u-B2.6a))

(1/M)A1QTvA) € ©(1/N?). (R2/-B2.6d)
(f1/0h))router € O(1/N), from (R2u-B2.6a) alone (other three pieces sub-leading).
(R2,-B2.6)

W3 _imbalance propagates into the router pathway. The W3 -split of (R2p-B2.4), v = v + vV
with v! = gbll((WgZ)h%Z, W) and vV = éiJ((Ale’i)h%i, W, transmits as: v/ € O(1/vV/'N)
random across 4 (from (hy", W), giving ||[v![|2 € ©(1) and (1/M)Q[ v € ©(1/N3/?) via
cross-layer CLT; whereas vV € ©(1) coherent across i (rank-1 alignment with (W;)T), giving
[vV[2 € ©(M) and (1/M)Q[ vV € ©(1/N). The same v/N deficit between W'~ and AW -
pieces is transmitted into 0 f; /Oh{ via the router pathway.

Of1 /0t = (Df1/0h))exp + (Of1/OR} )router € O(1/N). (R24-B2.7)

Step-2 parameter updates.

AW = —(Xl/N)(h‘{f)T € O(1/N). (h? € ©(1) via (R2u-F2.6); now comparable to W)
(R24-U2.4)

AW = —nNx16i 1 (WHT (B2 T € ©(1) rank-1 along (W) T © h}" (R24-U2.3)
(same structure as (R2u-U1.3);
WHT e ©(1/N); h*' € O(1) via (R2u-F2.4))

AWt = —(nxl¢i71/N)(Wf”i)T(Wf)T(h%)T € O(1/N) rank-1 along h%’i ® h (R2u-U2.2)
((T/Vl?’Z)T(VVfl)T € O(1) along hg’i via new intermediate at t = 1;
VN larger than A W' € ©(1/N%/2))

AW = —mx1(0f1/0h1) =" € ©(1) (R2-U2.1a)
(n = nN; df1/0h} € ©(1/N) via (R2u-B2.7))

Ash! = AgW 2 € ©(1) aligned along h}. (embedding feature-learns at t = 2) (R2u-U2.1b)
AsQ € O(1/N). (9f1/0¢ € O(1/N) via (R2u-B2.4)) (R24-U2.Q)
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Third forward pass We compute activations at #(2). The cumulative embedding change Ah! :=
hy — h§ = Arh! + Agh!, with Ajh! € ©(1/v/N) via (R2u-U1.1b) and Ash! € O(1) aligned
along h} via (R2p-U2.1b); the latter dominates.

hi =hi+ Aht € ©(1). (R2u-F3.1)

(R24-F3.2) hy' = W' hl, four-piece decomposition with cumulative AT 2

init: WZ'hg = ho' € ©(1).  (R2u-F1.4) (R24:-F3.2a)

prop: WOQ’iAh1 €0(1) (R21:-F3.2b)
(o3]|AR* = (1/N) O(N) = ©(1);
|ARY|? € O(N) via Agh! € ©(1) via (R2u-U2.1b))

eff: AW bl = —(x16i1 /N)WP)T(WHT (kY hE) € ©(1) along h2*  (R2u-F3.2¢)
((R2p-U2.2)substitution;
WD T(WHT € ©(1) along hg’i via new intermediate at t = 1;
(h1, hl) € O(N) coherent)

cross: Ao W2* ARl = —(nx1¢i71/N)(W13’i)T(Wfl)T (h1, ARY) € ©(1) along hg’i (R2p-F3.2d)
((R2p-U2.2)substitution;
(Wf”i)T(Wfl)T € O(1) along h%’i via new intermediate at t = 1;
(h1, AhY) € ©(N) coherent via Ah! || h} from (R2u-U2.1b);
leading-scale contribution)
Ah%* € ©(1) entry-wise, with the coherent @(1)—along—h3’i piece emerging from (R2u-F3.2¢) +

(R2-F3.2d). o
(R2u-F3.3) hy' = Wi'"h3", four-piece decomposition with cumulative A3+

init: h2' € O(1).  (R2u-F1.5) (R2-F3.3a)
prop: Wg”iAh“ € 0(1) (R2-F3.3b)

(a3 1AR[1* = ©(1) - ©(1) = O(1);
|AR%Y2 € O(1) via (R2u-F3.2); N, = O(1))

eff: AW ho' = —nNx1¢i1 b2 (W) T € ©(1) along (W) T (R2u-F3.3c)
((R2p-U2.3)substitution; ||h2"||? € ©(1) via (R2u-F1.4);

(WHT € ©(1/N) dominated by (W) ")
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cross: Ag W3 AR? tracked as part of D" in (R2u-F3.4). (R21-F3.3d)

Ah®? € O(1) aligned along (W) .
(R2u-F3.4) hiy = A} + Ay + Ab 5 + Ay + D', where
b= ar 2 i Wy WG ARY,

3,
A/1 = ﬁ Zz Pi2 hoza 2,1 =
/ 1 3,0 i 1 1 i 7251
22 = M Zz bi2 Wy " AW htl)a 3= M Zz bi2 A W34 hq ',

D' = 57 ¢io AW AR
(cross-i CLT on O(1)-entry independent vectors; same as (R24-F2.6a))

Af € ©(1/VN).
(R2pu-F3.4a)
Ay, € ©(1/VN) (R24:-F3.4b)
(climbs from ©(1/N) at t = 1 because ||Ah!||?
grows from O(1) to ©(V) via (R2u-U2.1b))
Ay, € 0(1/ V/N) in mostly-random directions (R2u-F3.4c)
(same mechanism as A ;; |ARY|? € O(N) via (R24-U2.1b);
rank-deficient initialization Gram (§J.3.1)
still does not collapse, so sub-leading)
Ay = —nNx1 (Wg) " (ﬁ 2 bi2dia ||h(2)’iH2) € O(1) along (W) (R2/1-F3.4d)
(same structure as (R2/:-F2.6d) with cumulative A TW3+%)
D' = —qNoet W) 47 i diadin (g, AR*)
(R2u-F3.4¢)

€ O(1) along (W) "
(climbs from ©(1/N) att = 1to O(1) att = 2;
<h3’i, Ah?%) € ©(1) coherent across i via (R2-F3.2¢)+(R2-F3.2d),
replacing the ¢ = 1 random factor <hg’i, W) € ©(1/V'N) via (R2u-B1.4);
LLN gives empirical average ©(1) rather than ©(1/v/M))

h3 € ©(1) along (W), from Aj + D' (R24-F3.4)
fo=Wihi e 0(1). (R2-F3.5)
(A4 + D' aligned along (W) T [|[WiH||2 = 1/N; netyN - ©(1) - (1/N) = ©(1))

Third backward pass The structure parallels (R2u-B2.1)—(R24-B2.7) with cumulative AW’s.
The key change att =2 vs t = 1:

(AWHT € ©(1/N), climbs from O(1/N3/?)att = 1

(h3 € ©(1) via (R2u-F2.6); (AsW*) T € O(1/N) via (R24-U2.4);

now comparable to (Wg)" € ©(1/N))

Combined with the alignment mechanism (driven by (W3, h?z) € ©O(1) coherent across i via

(R2u-B3.1)

(R2pu-B2.4)), several pieces climb at t = 2:
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Router pathway 0 f2/0¢; 2.

0f2/00i0 = (1/M)(h5", W) € O(1/N), (R2/1-B3.4)

four-piece grid (same decomposition as (R2u-B2.4) at t = 2) :

(init - init) ((Wgz) h2' W) € ©(1/vV/N) random, unchanged from ¢ = 1;

(init - update) (Wg") hy’, AgW?) € ©(1/VN), climbs from O(1/N) att = 1
via (hy', A3) € O(VN) (43 || (W) T from R2u-F2.6d)
followed by the 1/N prefactor of AW,

(update - init) ((AyW3?) h3", W) € ©(1) via rank-1 alignment, unchanged;

(update - update) ((AxW3%) h2', AgW*) € ©(1), climbs from ©(1/N) att = 1
via (W, h3) € O(1) from A3
(k € O(N) rank-1 prefactor times (W, AyW?) € ©(1/N));

JM: (6(1/N%?),©(1/N3/?),0(1/N), ©(1/N)) respectively;

both update - x pieces dominate; total ©(1/N);

the entire Wg’ * row stays at O(1/N3/?): V/N deficit preserved.

Climbing pieces in expert pathway (0 f3/0h))exp.

Ao € O(1/N3/2),  climbs from ©(1/N?) att =1 (R24-B3.5a.2)
(V/N lift via (R21-B3.1); still sub-leading vs A4.1)

Aso € O(1/N), climbs from O(1/N?) att =1 (R24-B3.5b.2)
(combined V'N lift via (R2p-B3.1) and alignment-driven mechanism;
(W, h:1“> € O(1) coherent via alignment of h?l”i along (W) "
from (R2u-F2.5¢); joins Az at leading scale)

A1 € O(1/N?) atevery step; Aga € O(1/N3)att =1, O(1/N*) att =2 (R2u-B3.5¢)
(Ag1 = S; := Wit My - (W) T has trace-induced coherent piece
o2 - tr(My) = ©(1/N) at every step, LLN preserves ©(1/N?);
Agoatt =1:S; random (A; W4 indep of WSL), cross-¢ CLT gives 1/\/N
combined with A; W4 smaller by 1/V/N via (R2u-U1.4) = O(1/N3);
Agoatt =2 : AW* acquires alignment with W via h3
(FL piece in (R2u-F2.5¢)), restoring trace-induced coherent piece in .S;;
combined with AW? climb to ©(1/N) via (R2u-B3.1) gives ©(1/N?);
both stay sub-leading vs A5 ., E, € O(1/N))
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Ey € ©(1/N), climbs from ©(1/N?) att = 1 (R2u-B3.5d.1)
(alignment-driven climb;

inner product structure inside £ no longer CLT-cancels but LLN-accumulates
once (W73, hi’l> € O(1) is coherent via (R2u-B2.4);

joins leading scale)

Ey € ©(1/N), climbs from O(1/N*?)att =1 (R2/1-B3.5d.2)
(combined alignment-driven climb and VN lift via (R2u-B3.1);

joins leading scale)

(0f2/0h3)exp € O(1/N), from As 1, A2, E1, Fo. (R2u-B3.5)

Router pathway.
(D fa/Ohd)router € O(1/N), all four pieces at leading scale. (R2-B3.6)

The V(A)—pieces lift via (R2u-B3.1); the AQTv(© piece remains coherent via the rank-1 alignment
of AyQ with v(?) (extending (R24:-B2.6¢) to cumulative A¢Q).
W3i_imbalance preserved at t = 2. Define v; := ¢,~72<hg’l, W) and split v; = v{ + UZU where

vf = Gia((We)hs", W),

v = dia((AaWH)RST W)
= @(1/\/ﬁ) random across i (both (Wg’i, W) and (Wg’i, Ay W) entries are ©(1/+v/N), the
latter via <hg’z, As3) € O(V/N) followed by the 1/N prefactor of AoW*). v¥ € ©(1) coherent.
Cross-layer CLT then gives (1/M)QJ v! € ©(1/N3/2) (sub-leading) and (1/M)QJ vY € ©(1/N)
(leading). The entire Wg "_row of the router pathway sits a factor v/ N below the Ao W3 -row.

df2/0h € ©(1/N), (R24:-B3.7)

with leading-scale contributions from As 1, As.2, F1, Fo in the expert pathway and all four pieces in
the router pathway.
J.3.2. SUMMARY TABLES OF SIGNAL PROPAGATION FOR P IN REGIME II

Notation: A;W?* denotes the cumulative update W} — Wg. Green = at the proper feature-learning
scale at ¢ = 2; red = sub-leading throughout.

Forward.
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Quantity t=20 t=1 t=2

hi = h{ + Ah? e(1) e(1) 0(1)
init: h§ = Wix o(1) o(1) o(1)
effective: Ajht = AWz 0 O(1/vVN) | e(1)

Y, Gt o(1) o(1) o(1)

h o(1) o(1) e(1)
init: o' = W' h} O(1) o(1) o(1)
propagating: Wg’iAthl 0 O(1/vVN) | e(1)
effective: AW h} 0 O(1/VN) | o(1)
cross: A W2t Ayht 0 O(1/N3/2) | ©(1)

n o(1) o(1) o(1)
init: byt = W' he? 0(1) 0(1) 0(1)
propagating: Wg”iAth“ 0 O(1/VN) | o(1)
effective: A, W37 h2" 0 o(1) o(1)
cross: AW Ayh2 0 O(1/VN) | ©(1)

h} = A+ Aoy + Ago + A3+ D O(1/VN) | ©(1) o(1)
Ay = (/M) ¢y by’ e(1/vN) | (1/VN) | 6(1/VN)
Ay = (1/M) S, e Wy ' W5 Aeht | 0 ©(1/N) O(1/VN)
Agn = (1/M) S, s W AW | 0 O(1/N) 0(1/vVN
Ay = (1/M) S, iy AW B2 0 o(1) o(1)
D = (1/M) Y, iy AW Agh2i 0 O(1/N) o(1)

fe=Win O(1/N) | o) ©(1)

Backward.

58




SCALING MOES: FrRoM pP TO MSSP

Quantity t=20 t=2
Ofe/oh} = (W) + (AW T ©(1/N) ©(1/N)
init: (WO) ©(1/N) O(1/N)
update: (AtW4)T 0 ©(1/N)
Ofe /Oy = (¢i0/M)(W)T e(1/N?) O(1/N?)
init: (¢;:/M)(WHT O(1/N?) O(1/N?)
update: (¢;+/M)(AWHT 0 O(1/N?)
aft/ah?”'zwi,t/M)(vv“)( HT O(1/N%?) O(1/N)
init-init: (¢;./M)(Wo')T(WHT O(1/N3/2) O(1/N3/2)
init-update: (¢i,t/M)(W(§”) (AWHT 0 O(1/N3/2)
update-init: (¢; /M) (AW3H)T(WHT 0 O(1/N)
update-update: ((;52‘7,5/M)(AltW“?”i)T(AIJ/V‘l)T 0 O(1/N)
0fi/0¢is = (1/M)(h", W) O(1/N%7?) e(1/N)
init-init: (1/M)((WS") b2, W) O(1/N3/2) O(1/N3/2)
init-update: (1/M)((W") hi', AW ) 0 O(1/N3/2)
update-init: (1/M)((AW3) b2, W) 0 O(1/N)
update-update: (1/M)<(AtW37i) htz’i,AtW‘l) 0 O(1/N)
(0ft/Oh)exp O(1/N3/2) ©(1/N)
Agr = (1/M) Y dix (WG T (W T (W T O(1/N3/2) O(1/N3/2)
Asz = (1/M)Y; 61 <W§Z>T<W§’>T<A whT o O(1/N?/2)
Asa = (/M) S, ¢ W) T(AWSHTWHT |0 O(1/N)
Asy = (/M) Y dix (W) T (AW T(AWHT |0 O(1/N)
A61—<1/M)Zi¢m<AtW“) (W) T (W)™ 0 O(1/N?)
= (1/M) Y, it (AW2)T(WFHT(AWHT |0 e(1/N?)
= (/M) Y, dig (AW T (AW T(WH T 0 O(1/N)
E2=(1/M)Zi¢i,t(AtW2’) (AW3HT(AWHT |0 O(1/N)
(01/0 Jrouter = (1/M)Q] (it (1, W), O(1/N*/2) O(1/N)
(1/M)Qq it (W R, W] O(1/N3/2) O(1/N3/2)
(1/M)QJ [\ (W5 ", AW 0 O(1/N?*7?2)
(1/M)Q] (b1 { (AW W] 0 O(1/N)
(1/M)QJ b4 { (AW, AW )], 0 O(1/N)
(1/M)AQT (it (W), W] 0 O(1/N?)
<1/M>AtQT[¢'>M<<W§”>h“ AWH); 0 O(1/N?)
(1/M)AQT [ 1 (AW, Wi, 0 O(1/N)
(1/M)AQT (it (AW3)RE, A4, 0 O(1/N)
Of/Oht = (0ft)Oh})exp + (Ofe/Ohrouter O(1/N3/2) O(1/N)
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J.3.3. DERIVING MSSP IN REGIME II

This subsection presents the MSSP-Regime-II derivation per Definition 5, with the user-specified
modification Wé‘ = 0. MSSP-Regime-II differs from pP-Regime-II (Definition 4) in exactly two
places: the variance of Wg’ "is M /N, (entries ©(v/N)) rather than 1/N, (entries ©(1)); and W = 0
rather than variance 1/N2. All other init variances, learning rates, gating, and standing assumptions
are identical to pP-Regime-II.

Two structural consequences propagate through the derivation:

1. The boosted W' variance gives hi" entries of scale ©(v/N) (vs ©(1) in yP), which after 1/M-
aggregation with the cross-i CLT gives hg entries O(1). So the aggregated activation is at the
leading scale at init, even though the prediction fy = 0 vanishes.

2. Since Wé‘ = 0, every gradient at ¢ = 0 that carries a VV6L factor is zero, so only W* updates at
t = 1. Hidden weights first move at ¢ = 2. Three forward + three backward passes are needed to
capture all post-update correlations.

Compared to /P-Regime-II: MSSP-Regime-II’s larger W3+ init means the bottleneck-layer expert
weights start big and the per-expert hidden state A inherits that scale; updates to W3+ are then
sub-leading relative to its init (vs comparable in ;P-Regime-II). The aggregated h?> still feature-learns
at ©(1), just through a different mechanism: the prediction reaches f; € O(1) att = 1 purely from
the W* - h} contraction (since h3 € ©(1) entries, ||h3||> € ©(V)), with no hidden updates required.

Setup and standing assumptions
Architecture. Same as in §J.3.1.

Initialization. Per Definition 5 with Wél =0:

(Wol)ab NN(Oa 1/D)7 (QO)m NN(Ov 1/N)7
(WOZi)ab NN(Ov 1/N)a (Wg,i)ab NN(OvM/Ne)7
Wy = 0.

All parameters drawn independently across ¢. Resulting entry scales: Wél =0, VVO2 e o(1/ VN ),
W' e (VM) = O(VN), Wi € 6(1), Qo € O(1/V/N).

Learning rates (SGD). Same as pP-Regime-II: 1 = nN, ng = nM /N, na = nM/N, n3 =
nMN, ns=n/N.

Gating. Sigmoid + 1/M aggregation: ¢; , qﬁ,t € 0(1).

Auxiliary scaling lemmas We reuse CLT, LLN, and Lemma 10.

Specialization of Lemma 10 to MSSP-Regime-II. For W = Wg’ e RNXNe with 0%, = M/N,
and N = ©(1):

. Wg”i(Wg”i)T € RNV*N has rank < N, = O(1). Diagonal mean no? = M = O(N), off-diagonal
entries variance no* = M?/N, = ©(N?), coordinate scale ©(N). Every entry is O(N) —
much larger than pP-Regime-1I's ©(1) entries.
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. (Wg”i)TWS’i € RNexNe rank-N, full. Diagonal mean mo? = NM /N, = G)(NQ)A, off-diagonal
coord scale ©(c2,/m) = O(N3/?). So acting on a ©(1)-coordinate N,-vector h%’z gives entries
of coordinate scale O(N) - ©(1) + O(N?3/2) - ©(1) = O(N?) at leading.

The other Gram products (W02 . versions) are unchanged from pP-Regime-II.

First forward pass

hi =W¢ze®©(). (CLT; o7 =1/D, ||z|* € ©(D)) (R2s-F1.1)
Yo = Qohg € ©(1). (CLT; 03 = 1/N, [|hg|* € O(N)) (R2s-F1.2)
®io = 0(¥io) € ©(1). (sigmoid bounded; gating assumption) (R2s-F1.3)

hg’i = Woz’i h¢ € ©(1), independent across i
(CLT; o3 = 1/N, |hg]|* € ©(N);
1he"[|? = N. - ©(1) = ©(1) since N, = O(1)). (R25-F1.4)

hot =W het € O(VN), ||hd'||? € ©(N?) (boosted by MSSP variance) (R2s-F1.5)
(CLT; 02 = M/N, = O(N); ||h2"||* € ©(1) via (R25-F1.4);
variance per entry O(N) - ©(1) = O(N))

hd = (1/M)Y, iohd' € ©(1) (R2s-F1.6)
(cross-i CLT on hg’i entries ©(v/N) via (R2s-F1.5);
{hg’i} independent across i;
variance per entry (1/M?) 3", $70O(N) = O(N/M) = 6(1);
VM cross-i CLT cancellation balances the v/ M amplification of hg’i)
fo=Wihd=0. (W§ =0by MSSP-Regime-II standing assumption) (R2s-F1.7)

First backward pass and step-1 updates By the chain rule, every hidden gradient at ¢ = 0
(Dfo/Oh3, Ofo/ ont o fo/ o>t 9 fo/9i.0, and both expert and router contributions to 9 fo/Oh})
carries a W = 0 factor and is therefore zero. Hence W = W{ for £ € {1,Q, (2,4), (3,)}; only
W4 is updated at t = 1.

Step-1 parameter update.
AW = —(nxo/N) (B3)T € ©(1/N). (h} € ©(1) via (R25-F1.6)) (R2s-U1.4)

Second forward pass Since the non-readout weights are unchanged at ¢ = 1, every hidden
activation is unchanged: h{ = hf for £ € {1,(2,1),(3,4),3}, ¥1 = o, 1 = do.

fi=Wihi = -2 r3|? € ©(1). (||h]|? € O(N) via (R25-F1.6)) (R2s-F2.7)

Second backward pass and step-2 updates
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New intermediate at ¢t = 1.

: € entry-wise
(W5™)Thj € O(N) entry
(using (R2s-F1.6) to expand hij = (1/M) Y " ¢;0hg”;
J
j = i piece (¢io/M) (W) TWS'hy" with
(Wg”i)TWg”ih(Q)’i € ©(N?) from Lemma 10 specialization,
giving (¢5,0/M) - O(N?) = O(N);
J # i pieces give cross-j noise of comparable ©(V) scale)
= (W) T(WHT = —(nxo/N) (W) "hi € ©(1) entry-wise
(W via (R2s-U1.4))

Per-layer gradients.
df1/oh3 = (WHT € ©(1/N). (via (R2s-U1.4)) (R2s-B2.1)

0f1/0hT = (¢i0/M)(W)T € O(1/N?). (dip € O(1); M =O(N))  (R2s-B2.2)

0f1/OnT" = (¢io/M)W5")T (W) € ©(1/N) (R25-B2.3)
((Wg’ HTWHT € ©(1) via the new intermediate above)

0f1/0¢i0 = (1/M)(hy", W) = —(nxo/ (MN))(hi", hi) € ©(1/N) (R25-B2.4)
(Four-piece grid: only (init - update) is non-zero at t = 1,
since Wy = 0 kills the * - init column
and A1 W3% = 0 (hidden weights frozen) kills the update - * row;
(init - update) (W) b2, Ay W4 € ©(1)

expanding h3 = (1/M) Z ¢j70hg’j gives
J

(" 1) = (d1.0/ M) |1> 4+ (1/M) ;.5 050 (" iy
j = i diagonal term: (¢; o/M)||hY"||*> = (1/M)O(N?) = O(N)
2 € ©(N?) via (R2s-F1.5);
j # i off-diagonal terms give comparable O () via cross-j CLT;
s0 (hy", hiy) € O(N);
substituting: 91/91.0 = —(nxo/ (MN)) - O(N) = ©(1/M) = O(1/N);
lifted from £zP-R2’s (init - update) = ©(1/N?) entry
by the boost 03 = M/N,)

using th’i
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(0f1/0h])exp = (1/M) 32, i0(We) T (We ') T(WiHT € ©(1/N) (R25-B2.5)
((VV(‘;3 HTWHT € ©(1) via the new intermediate above;
(T/T/()Q’i)T acts on a ©(1) vector with ||v||*> = N.©(1) = O(1);
variance per entry (1/N)©(1) = ©(1/N), coord ©(1/v'N) random per i;
cross-i CLT: ©(1/N))

(0f1/0h)router = (L/M)Qv, vi = diolhy’, W) € O(1/N) (R25-B2.6)
(v; € O(1) via (R2s-B2.4); ||v]|* = MO(1) = O(M);
Qg v entries variance (1/N)©(M) = ©(1) via cross-layer CLT;
(1/M)6(1) = 6(1/N);
W3 isplit v; = vi] + sz where
of = dio (W ko', W)
oY = i o (AW R Wit = 0 since Ay W3 = 0;
v! € ©(1) coherent via boost (cf. R2s-B2.4);
(1/M)Q v = O(1/N) and (1/M)Q] o = 0)

0f1/0h = (Of1/0h1)exp + (3f1/0h1 )router € O(1/N). (R25-B2.7)
Step-2 parameter updates.

DAoW* = —(x1/N)(h)T € ©(1/N). (hd € ©(1) via (R25-F1.6)) (R2s-U2.4)

AW = —nNx1io (W) T (hY")T € ©(1) rank-1 (R25-U2.3)
(WHT € O(1/N) via (R2s-U1.4); hY' € ©(1) via (R2s-F1.4);
sub-leading vs W € ©(VN) via (R25-F1.5))

AW = —(mxagio/N) (W) T (W) T (h§) T € ©(1/N) rank-1 (R25-U2.2)
((I/Vg”i)T(VVfl)T € O(1) via the new intermediate;
sub-leading vs W € ©(1/V'N))

AW = —ix1(8f1/0nH) 2" € ©(1) (R2s-U2.1a)
(m =nN; 0f1/0hi € ©(1/N) via (R25-B2.7))
Aght = AW 2 € ©(1), aligned along hy. (R2s-U2.1b)
AsQ € O(1/N). (8f1/0¢ € O(1/N) via (R25-B2.4)) (R25-U2.Q)

63



SCALING MOES: FrRoM pP TO MSSP

Third forward pass
hi=h} + Asht € ©(1). (Agh! € ©(1) via (R2s-U2.1b); h} € ©(1)) (R2s-F3.1)
(R2s-F3.2) h%’i = VV22 b, four-piece decomposition:
hy' = hg' + W Aoh' + AW ihg + AW Agh! (R25-F3.2)
init: ho' € O(1).  (R2s-F1.4) (R2s-F3.2a)
prop: W' Aqh! € ©(1)

(03]|A2h || = (1/N)O(N) = ©(1);
|Aght||? € O(N) via (R25-U2.1b)). (R25-F3.2b)

eff: AW hi = — (i /N[0 (Ws ) "W T e ©(1)
((R2s-U2.2)substitution;
(I/I/(?’Z')T(T/Vf)T € O(1) via the new intermediate at t = 1;
|hd|I? € O(N)). (R2s-F3.2¢)

cross: AgW>* Agh' = —(nxa¢hi,1 /N) (hi, Aok YW ) T(WHT € ©(1)
((Wg’i)T(Wfl)T € O(1) via the new intermediate;
(h$, Aght) € ©(N) coherent via (R2s-U2.1b)). (R2s-F3.2d)

Agh*' € O(1) entry-wise.
(R2s-F3.3) k" = W' h2", four-piece decomposition:

hy' = hy' + W Aoh®' + AW e + Ag W3 Agh?*. (R25-F3.3)
init: B3 € O(V'N).  (R2s-F1.5) (R2s-F3.3a)
prop: W' Axh®t € O(V'N)

(03|A2h> > = ©(N) - ©(1) = O(N);
|Agh?"||? = N.©(1) = ©(1) via (R2s-F3.2); N, = ©(1)). (R2s-F3.3b)

eff: AgW " = —nNxagia b3 [P W) € ©(1)
((R2s-U2.3)substitution;
[he"||? € ©(1) via (R25-F1.4);
(WHT € ©(1/N) via (R2s-U1.4)). (R25-F3.3¢)

cross: Ao W3 Ash?? tracked as part of D in (R2s-F3.4). (R2s-F3.3d)
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Propagating dominates: Ay € ©(1/N) — same scale as hg’i at init. The effective piece ©(1)
is sub-leading per-expert but contributes coherently to the aggregation in (R2s-F3.4d).
(R2s-F3.4) h% = A+ A2,1 + A272 + As + D, where

Ay = 55 bk, Agy 1= 15 3 $i2W W Aghl,
Agg i= 34 3 i g Wi Aa Wik, Az = 330 i2 D WHREY,
D= ﬁ Zz ¢i72A2W3’iA2h27i.
A1 € ©(1). (cross-i CLT, same calculation as (R2s-F1.6)) (R2s-F3.4a)
A271 S @(1)

(per summand Wg’iwg’iAghl € O(VN) random;
|Azht||? € ©(N) via (R25-U2.1b);
cross-i CLT: ©(VN/VM) = ©(1)). (R2s-F3.4b)

Ao € O(1)
(per summand Wg”i[AQWZ’ih(l)] € O(VN)
since A2W2’ih(1) € O(1) via (R2s-F3.2¢);
cross-i CLT: ©(VN /v M) = O(1)). (R2s-F3.4¢)
Ag = =N (W) (7 X, duadiallng2) € ©(1)
((R2s-U2.3)substitution;
1he"||? € ©(1) via (R25-F1.4); LLN;
WHT e ©(1/N)). (R25-F3.4d)

D =—nNxa(Wi)" 1 3, diadia by, Aoh??) € ©(1)
((R2s-U2.3)substitution;
<h(2)’i, Ash®") € ©(1) coherent across 7,
from two pieces: Axh! || b via (R2s-U2.1b),
and the j = ¢ Gram self-overlap in the effective piece (R2s-F3.2c¢);
LLN gives empirical average O(1)). (R2s-F3.4e)

h3 € ©(1) entry-wise. (R2s-F3.4)
fa =Wy hi = —(n(xo + x1)/N)(hj, h3) € O(1)
(Wat = Wit 4+ AW via (R2s5-U2.4);

(h3,h3) € O(N) coherent, dominated by A3 + D via (R2s-F3.4);
netn - (1/N)-©O(N)=0(1)). (R2s-F3.5)
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Third backward pass The structure parallels (R2s-B2.1)-(R2s-B2.7) with cumulative weights at
step 2. Since Wé = 0 in MSSP, the four “.1” pieces A4.1, As.1, Ag.1, £1 — using WéL rather than
AW* — are identically zero at every step; only the four “.2” pieces contribute. With Wi = AW*
now non-zero (via (R2s-U2.4)), all gradients are non-zero.

Per-layer gradients.
df2/0h3 = (W3)T € ©(1/N). ((R2s-U2.4)) (R2s-B3.1)

0f2/Ohy" = ($ia/M)(W3)" € O1/N?). ($iz € O(1); M=O(N))  (R25-B32)

0f2/0hy" = (6i2/M)W5") (W) € O(1/N)
((Wg’ YT(Wi)T € ©(1) via the cumulative analog of the new intermediate at ¢ = 1;
(AW3HT(WHT € ©(1) via (R2s-U2.3)). (R2s-B3.3)

Router pathway 0 f2/0¢; 2.

O fa)0¢ia = (1/M)(hy", Ws) € O(1/N), (R25-B3.4)
Four-piece grid: * -init column is identically zero (W = 0);
(init - update) <(Wg’1) hat AWy € O(1):
(g, W) = =202 (g 1),
expanding hy = (1/M) Y y qu,ohg’j gives the diagonal j = i term
(¢i0/M)|[RS 1> = (1/M)O(N?) = O(N) via (R2s-F1.5);
J # i off-diagonal terms give comparable © (N );
so (hy", W) € ©(1);
(update - update) ((AaW37) hy', AaW4) € ©(1):
(AW hy", Wo) = (W) T, W3)
with & = —nNy16i1[|h*>"|* € O(N)
and (W', W3) = (xo(xo + x1)/N?)[|h* € ©(1/N);
net O(N) - O(1/N) = O(1);
substituting: df2/0¢; 2 = (1/M)(O(1) +O(1)) = ©(1/M) = ©(1/N);
lifted from P-R2’s grid (©(1/N%/2),©(1/N3/%),0(1/N),0(1/N))
to MSSP-R2’s (0, ©(1/N),0,0(1/N)) via W = 0 and 65 = M/N.,.

Expert pathway: (0f2/0hd)exp = Aaa + As2 + Ag2 + Ea.

Agz = & 3 6i2(WeH) T (WO T(WHT € ©(1/N)
((Wg HTWHT € O(1) via the cumulative analog of the new intermediate;
(I/VOQ’i)T acts on O(1) vector with ||v*> = ©(1);
coord ©(1/v/N) random per i, cross-i CLT: O(1/N)). (R2s-B3.5a)

66



SCALING MOES: FrRoM pP TO MSSP

Aso = 4 3 dia(WeH T (A W3H)T(WHT € ©(1/N)
((R2s-U2.3)substitution gives (Ao W) T (W T € ©(1) along h%’i;
(W Thy' € ©(1/V/N) random per i;
cross-i CLT: ©(1/N)). (R2s5-B3.5b)

Asz = 17 20 $i2(DaW) (WG T(WH T € ©(1/N)
((R2s-U2.2)substitution;
per summand — (1x1¢i,1/N)h - S; where
Si = Wi W' (W) T (W) " e o(1)
(Lemma 10 specialization: Wg Z(Wg’ T entries O(N),
acting on (W3)T € ©(1/N) gives O(VN);
W contraction yields ©(1));
per summand entries ©(1/N), cross-i avg: ©(1/N)). (R2s-B3.5¢)

By = 37 > 6i2(Da W) T (AW3H T (WS T € O(1/N)
(combining (R2s-U2.2), (R2s-U2.3) substitutions;
(AW T (W)™ € ©(1) along he';
(Wi k") = —(nxo/N)(h3, hg') € ©(1)
(coherent j = 7 piece via th,ng € O(N?) from (R2s-F1.5);
plus j # ¢ random of comparable scale);
per summand entries ©(1/N);
cross-i LLN on coherent piece: ©(1/N)). (R2s-B3.5d)
A fo/Oh)exy € O(1/N , all four non-zero pieces at leading scale. (R2s-B3.5)
2)exp
Router pathway.
(8f2/ah%)router = (1/M)Q;—v’ Vi 1= ngi,2<h§’iv W24> € 9(1/N)
(v; € ©(1) via (R2s-B3.4);
by the analysis of (R2s-B2.6) extended to cumulative Q2 = Qo + A2Q;
Qo piece via cross-layer CLT;
A5 Q) piece coherent via (R2s-U2.Q);
both contribute at ©(1/N)). (R2s-B3.6)
W3’i-balance_transmits through the router pathway. The W3i_split of (R2s-B3.4), v = vl vV
with v/ = ¢io((W Ry, AgW4) and vV = ¢ 2((AaW3 )" AgW?), transmits as: both
vl € ©(1) and v¥ € ©(1) coherent across i — the boost 07 = M /N, promotes the Wg’ _piece’s
diagonal j = i contribution to ©(1) (cf. R25-B3.4), matching the rank-1-aligned AW 3**-piece. So

(1/M)Q; vl € ©(1/N) and (1/M)Q/vY € ©(1/N): balanced, in contrast to the v/N deficit
under puP-R2.

Of2/0hy = (0f2/0h3)exp + (0 f2/0h3)router € O(1/N). (R2s-B3.7)
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J.3.4. SUMMARY TABLES OF SIGNAL PROPAGATION FOR MSSP IN REGIME II

Forward features.

Quantity t=20 t=1 t=2
h} (init) o(1) (1) O(1)
Aht — 0 (no update) | O(1)
effective AW ! x — 0 O(1)
(o (1) o(1) 0(1)
A — 0 (1)
effective AQ h} — 0 0(1)
propagating Qo Ah! — 0 0(1)
Pt o) | en) o(1)
A — 0 o(1)
hZt o(1) o(1) o(1)
Ah? — 0 (1)
effective AW2ih} — 0 O(1)
propagating I/Voz’iAh1 — 0 O(1)
e O(VN) | 6(VN) O(VN)
A¢h3? — 0 O(vN)
effective AW&ihg’i — 0 O(1)
propagating Wg AR | — 0 O(v'N)
h} 0(1) (1) o(1)
Ji 0 O(1) o(1)
Forward aggregation: h} = Ay + Ay + Ags + A3 + D.
Piece t=0|t=1|t=2
Ay = (1/M) Y ¢hg' e(1) | e) | e
Apy = (/M)W W' ARt o |0 | e(1)
Aoy = (1/M) S gW ' AW2ihg |0 |0 | ©(1)
Az = (1/M) Y pAW3ip2"! 0 0 o(1)
D = (1/M) Y. AW AR2? 0 0 0(1)
Total h} O(1) | ©(1) | (1)

Backward gradients (per-layer with W /AW split).
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Piece t=0|t=1 t=2
(WhHT 0 0 0
(AWHT 0 ©(1/N) | ©(1/N)
Of:/Oh; total 0 O(1/N) | ©(1/N)
df,/On;" total 0 O(1/N?) | ©(1/N?)
(¢/M)(Wy") T (W' 0 |0 0
(o/ M)Wy T (AW T 0 O(1/N) | ©(1/N)
(6/M)(AWPH) T (W) T 0 0 0
(¢/M)(AW>H) T (AW T 0 0 ©(1/N)
8f:/Oh" total 0 O(1/N) | ©(1/N)
init-init: (1/M){((W5") b, Wi 0 0 0
init-update: (1/M)((W5") h2", AW 4) 0 O(1/N) | ©(1/N)
update-init: (1/M)((AW37) 2", W) 0 0 0
update-update: (1/M){(AW31) b2 A,W4) | 0 0 O(1/N)
df:/ ¢+ total 0 O(1/N) | ©(1/N)
Expert pathway: 8-piece decomposition.
Piece Afactors | t=0|t=1 t=2
Asq (no AW?) none 0 0 0
Ayo (with AW wH 0 O(1/N) | ©(1/N)
A5.1 (no AW4) W3’i 0 0 0
As.o (with AW | W38 W4 |0 0 O(1/N)
Ag.1 (no AWH) W2 0 0 0
Ag.o (wWith AW | WL W4 |0 0 O(1/N)
E; (no AW?) W2t W3 |0 0 0
Ey (with AW?) all three | 0 0 O(1/N)
Expert total — 0 ©O(1/N) | ©(1/N)
Router pathway.
Piece t=0|t= t=2
(1/M)Q] [di¢(h", AW )], (total) 0 O(1/N) | ©(1/N)
(1/M)Q] [dit (Wy )R, AW, 0 O(1/N) | ©(1/N)
(1/M)Qq [ ((AWAHRZ , AWH]; |0 |0 O(1/N)
(1L/M)AQT st (We B, AWH)]; [0 |0 O(1/N)
(1/M)AQT s 1 (AW, AW )] | 0 0 ©(1/N)
Total backward.
Quantity [ t =0 |t=1 [t=2
dfi/oh; |0 | ©(1/N) | ©(1/N)
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J.4. Scaling derivation for Regime III

In this section, we provide the heuristic scaling derivation for Regime III. Throughout we work under
the proportional limit N < N, < M < K — oo.

Definition 6 (1P baseline, Regime III)
* Initialization. All parameters are drawn independently according to:
Wa ~N(0,D7Y), Qo ~ N(0,N~1), WZ' ~ N(0,N71),

W' ~ N(0, N V), Wit ~ N(0, N72), fori € [M].
* SGD learning rates. 1y =n N, ng=mn, 2 =n3=nM, g =nN"1L
* Adam learning rates. m, =7, ng =m =n3 =n1=nN"L
 Adam epsilon. ¢; = e N7, €Q = eM ™! eg=e3=eN"'M1 ¢ =c
Definition 7 (Maximally Scale-Stable Parameterization (MSSP), Regime III) MSSP adopts
the same per-layer initialization variances and learning rate scalings as the uP baseline (Defi-

nition 6), with the sole exception that expert weights are shared across experts at initialization: a
single pair (WE, W§) is sampled and assigned to every expert, such that

W' =W and WJ'=W§ foralli=1,..., M.

J.4.1. COMPOUND AGGREGATE LEMMAS IN REGIME III

The analyses in this section invoke three compound aggregate-level results stating how sums across
M independent experts of products and Gram products of the per-expert weight matrices behave
under proportional scaling. All three are exact moment computations under Gaussian initialization,
with independence across experts and from the input vector v as the only inputs.

Lemma 8 (Cross-layer product sum across experts) Let {W?? f‘il have i.i.d. centered Gaus-
sian entries of variance o3 = 1/N in RNV and let {W3}M | have i.i.d. centered Gaussian
entries of variance 02 = 1/N, in RN*Ne with all matrices mutually independent across i and
across the two layers. Let ¢; € ©(1) be approximately independent of these weights, and let v € RV
have entries of coordinate scale ©(«), independent of all W, W3, Then

M
— 1 2,0\ T 3,4\ T NxN
G.M;ci(W)(W) e RNV

has zero mean, entries of coordinate scale ©(1/v/ NM), and Gv has entries of coordinate scale

O(a/VH) = O(a/VN).

Proof E[G.p] = (1/M)> , cE[>, W,?;Wlflz] = 0 by independence across the two layers.
Variance:

1 . ) 1 050:
Var(Gas) = 33 20 Va3 WEIWL) = g 30k Neoof = ©( 7)) = 6 )
7 k %
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Cross-entry covariances E[G 4, Gqp,] for by # by vanish by independence, so Var((Gv),) =
>y Var(Gop) vi = N -O(1/(MN)) - o = ©(a?/M). |

Lemma 9 (Gram concentration across experts) Let {W '} have i.i.d. centered Gaussian en-
tries of variance o in R™ ™, independent across i. Let ¢; € ©(1) be approximately independent
of the weights, with empirical mean ¢. Let G%' denote either Gram (W) TW®i ¢ R™ ™" or
Wi (Wae)T € R™*™ and let v be a vector of compatible dimension at coordinate scale ©(c),
independent of all W®". Then

M

1 )

i E ¢ G = ¢ (tr-dim - 6%) v + 7, r at coordinate scale ©(*/mn/M o),
=1

where tr-dim is m for the inner Gram (W) TW %) and n for the outer Gram (W (W) T),
For the specific instances used in this section:

o Inner Gram: W% € RNXN with 02 = 1/N gives leading constant ma* = N./N; W3 ¢
RNXNe with 02 = 1/N, gives leading constant mo? = N/N..

s Quter Gram: both layers give no? = 1.

All leading constants are © (1) under proportional scaling, with random correction ©(a/v/'N).

Proof Inner Gram case: E[G, ;] = (1/M) >, ¢, E[>, WC‘;JWS;} = ¢ma? §;, with off-diagonal
variance ©(mo?/M) giving coordinate scale ©(o?y/m/M) and off-diagonal contribution to
(Gv); — emo?v; at coordinate scale ©(o?y/mn/M «). Outer Gram case is the same statement
with the roles of m and n swapped, equivalently obtained by applying the inner-Gram result to W "
(whose entries are i.i.d. Gaussian of the same variance with the dimension pair swapped). |

J.4.2. DERIVING pP IN REGIME III

This subsection provides a self-contained derivation of the heuristic width scaling for the yP baseline
(Definition 6) in Regime III. We invoke the compound aggregate lemmas of §J.4.1 for sums across
independent experts of weight-product structures, and use CLT/LLN inline for single matrix-vector
products and gating averages.

The principal structural consequence is the following. Although hidden weights move at t = 1 (since
W # 0in pP), the embedding update Ah! comes out at ©(1/+/N), not ©(1), because both the
expert and router contributions to dfy/0h} cancel across independent experts via CLT. Full ©(1)
feature learning at the embedding emerges at ¢ = 2, when the rank-one updates Ay W% Ay W3
inject coherent contributions (As, Ag) into the expert pathway gradient that align across experts
along (Wé‘)—r and so escape the cross-i cancellation. We therefore analyse three forward and three
backward passes.

First forward pass

he =Wgx €©(). (CLT; o7 =1/D, |z||* € ©(D)) (R3u-F1.1)
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Yo = Qohg € ©(1). (CLT; 03 =1/N, [|hg|* € O(N)) (R3u-F1.2)

oo = o(1hg) € O(1). (sigmoid bounded; gating assumption) (R3u-F1.3)

he' = W' bl € ©(1), indep. across i. (CLT; o2 = 1/N, ||h}||?> € O(N))  (R3u-F1.4)
hdt = W' hd' € ©(1), indep. across i.  (CLT; 02 = 1/N,, |h2"||*> € O(N.)) (R3u-F1.5)
= (1/M)" éiohiy’ € ©(1/VM) = O(1/VN). (cross-i CLT) (R31-F1.6)

fo=Wgihd=W§,nd) € ©(1/N). (CLT; W, entries ©(1/N) indep. of h3)  (R3u-F1.7)

First backward pass and step-1 updates

dfo/Oh = (W3 T € ©(1/N). (R3p-B1.1)
Dfo/Ohy" = (din/M)(W3)" € O(1/(MN)). (R3-B1.2)
0fo/Ohg" = (1,0/M)(Wy") T (W)T € ©(1/(MN)). (R34-B1.3)

(WgHT (W) € ©(1/N) by CLT; 0% = 1/N.)

0fo/d¢i0 = (1/M)(hy", W5) € ©(1/(MVN)) = ©(1/N*/?). (R3;-B1.4)
((hg", Wg) € ©(1/VN) by CLT)

(3) = 50 WEYT (W) T W)

0 Jexp
€ @(0203\/]76 (W) || /v/M) random direction (Lem. 8; cross-i CLT)
=0(1/VN-1/y/N.- /N, -1/VN -1/VM) = ©(1/N3/?). (R3u-B1.5)

(%)router - ﬁQa—v, Vi ¢i70<W047 hgjz>
€ O(oq||v||/M) random direction  (Q indep. of v; cross-layer CLT)
=0O(1/VN-1-1/N) = ©(1/N>/?) (R34-B1.6)
(oé =1/N; v; € ©(1/V/N) random across i = ||v]|? € ©(1)).

0 fo/OhE = (0fo/Ohd)exp + (D.fo/Ohd)router € O(L/N?/2). (R3u-B1.7)
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Step-1 parameter updates.

AW =23 T € ©(1/N*?).  (h} € ©(1/V'N) by (R3u-F1.6)) (R3u-Ul.4)
AW = —ixodio W) (hg") T € O1/N). (3 =nM) (R3p-UL.3)
AW = —nxodio (W) T (W) T ()T € O(1/N). (R3p-U1.2)

(W) T (W) € ©(1/N) by (R3u-B1.3))

AW = —nNxo (8fo/0hd)zT € ©(1/VN). (R3u-Ul.1a)

(m =N, fo/ohj € ©(1/N?/?) by (R3u-B1.7))
Arhl = AyWlz € ©(1/V/N), sub-leading vs h} € O(1). (R3p-Ul.1b)
A1Q = —ngxo diag(do) (0fo/d9) (hg) " € O(1/N?/?). (R34-U1.Q)

(0f0/0¢ € ©(1/N*/2) by (R3p-B1.4); g = 1)
Second forward pass

hi =hy+ Aht € ©(1). (h$ € ©(1) dominates A;h' € ©(1/VN) by (R3p-Ul.1b))
(R3u-F2.1)

Y1 =10+ A1 € O(1), ¢1€06(1). (R3u-F2.2-R3-F2.3)
(A1 € O(1/VN) from QoA k' and A1 Q hi; scales by (R3u-Ul.1b), (R31-U1.Q))

(R3u-F2.4) h%’i = Wf Rl four-piece decomposition:
W' = hy' + W ALkt + AW b + AW AR (R3-F2.4)

init: W2'hy = h2" € ©(1).  (R3u-F1.4) (R3u-F2.4a)
Op-norm of iid Gaussian Wy Ajh! € ©(1/v/N) by (R3u-U1.1b):

prop: WOQ’iAlhl € O(1/VN). (R3-F2.4b)

eff: A W2 bl = —nxodioWEH) T (WHT |1hd]1? € ©(1). (R3p-F2.4¢)
(We)T (W) € ©(1/N) by R3u-B1.3); [|hg]|* € O(N))

cross: AW AhY = —nxogio (W) T (W) T (hd, ArhY) € ©(1/N). (R3-F2.4d)
(WZHT (W € ©(1/N) by (R3u-B1.3); (h), Arh') € ©(1) by CLT)
(R3u-F2.5) h?’i = I/Vl3 g h%’i, four-piece decomposition:

B =BG W AR+ AW G+ AW AR (R3-F2.5)
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init: h2' € O(1).  (R3u-F1.5) (R3-F2.5a)
prop: Wg’iAlhz’i € ©(1). (op-norm of iid Gaussian Wg”i; A1h* € ©(1))  (R3u-F2.5b)

eff: AW e = —nxodioWH) T |h21? € ©(1). (R3u-F2.5¢)
(1h"1I* € ©(NVe); (W)™ € ©(1/N))
cross: A W3 A1 h? tracked as part of D in (R3u-F2.6). (R3u-F2.5d)
(R3u-F2.6) h} = A1 + Asq + Az o + A3 + D, where
Av = 3r S din by Ay = 57 X3 dia Wo ' Wo ™ Arh?,
Agp = 3: > bin Wé”” AW h, Ag = 55 3 i AW h%”,
D = ﬁ ZZ ¢i,1 A1W3’i Ath’i.
Ay € ©(1/VN). (cross-i CLT on O(1)-entry independent vectors) (R3u-F2.6a)
Ay1 € ©(1/(VNVM)) = O(1/N). (R3u-F2.6b)

(Lemma 8; A;h! entries ©(1/v/N) by (R3u-Ul.1b))

Azp = —nx0 [BSI1? 3 X2 diadio Wo (W) T (W) T
€ O([lhgll* 5 Xo; bindio) - (W) T along (W)™ (Lem. 9)
=O(N-1-1/N)=0(1) along (W)™ (R3u-F2.6¢)
(Ihol* € O(N); LLN: 17 3~ 69 € ©(1); (W)™ € ©(1/N))

Ag = =m0 W) (7 32, duadio g
(A" € O(N.); LLN)

\2) € O(1) along (W) (R3:-F2.6d)

D= 33 it AAWS AR = —nxo (W T 5 35 di10io <h§’i, A h?t)
€ O(3 X diadio (hy', Ah>h)) - (W) T along (W) T
(cross-i CLT: (-, -) random across ¢, mean 0)
= O(N/VM -1/N)=0O(1/N) along (W) " (R3u-F2.6¢)
((hg", Ah™) € O(VN); (W) € ©(1/N); M € O(N))

h3 € ©(1) along (W) T, from Ay s + As. (R3-F2.6)

Wi h3 = (W, Agg + A3) +--- € O(1). (R3-F2.7a)
(Ag2, Ag aligned along (Wé)—r; <W64,A3> = —nXOHW(?HQENe € 0(1))

AW h3 = —(xo/N)(h3,h3) € O(1/N). (R3-F2.7b)

fi=wW{nd eo(). (R3-F2.7)
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Second backward pass and step-2 updates
df1/ohi = (W' = (W' + (AW € ©(1/N). (R34-B2.1)
(Wg € ©(1/N) dominates A, W* € ©(1/N3/2) by (R31-U1.4))
0f1/0Ony" = (i1 /M)W T € O(1/(MN)). (R3;-B2.2)

0f1/ONT = (¢in /M)W T (W) T € ©(1/(MN)). (R3/:-B2.3)
(W) T (W)™ € ©(1/N) by (R3u-B1.3); (A, W) TW € ©(1/N);
¢i1 €O(1); M € O(N))

8f1/0¢i1 = (1/M)(R", Wiy € ©(1/M). (R3p-B2.4)
(B, W) = —nxosiollhg [PIW3 1> € ©(1) via eff. term of (R3y-F2.5);
k5" 1> € O(Ne); [[WH|* € ©(1/N))
(R31-B2.5) (0f1/0h})exp = As + As + Ag + E, where

Ay = 5 o (W T (W) T(W)T,
As 1= 7 50, 00 (W) T (A W3 T (W,
Ag = 3 32 it (AW T (W T(WHT,
G (AT (AT ()T
Ay € O(1/N¥2). (Lemma8; v = (W)T € 6(1/N)) (R3y:-B2.52)

As = —nxo WG 112 47 2 diadio (We) W
€ G(HWSLH2 3 bi1¢i0) - hy along b (Lem. 9)
=0O(1/N-1-1) = ©(1/N) along h} (R3-B2.5b)
(IW3]]* € ©(1/N); LLN: 57 " ¢¢ € O(1); hf € ©(1))

Ao = —nx0 hg 1 S Gi1i0 WaW (W) T (W) T
O (g7 Xoi Pindio WG |?) - hi along hy
(Lem. 9: W5 (Wo') T(WiH) T — (W) 75 (Wi, (WHT) — [[W)1%)
=0O(1-1/N) = ©(1/N) along h, (R3-B2.5¢)
(IW§* € ©(1/N); LLN; kg € ©(1))

E = 373 6ia(MW>H) T (A WH T (W T
= PxG h 27 S Bindto (Wi by (B3 T(WHT  (substituting (R34-U1.2),(R3p-U1.3))
€04 >, (W, h?”i>) - h§ along h$  (cross-i CLT: (W, hf’)’i) random across ¢, mean 0)
= O(1/VN -1/vVM - |h3||?/N) = ©(1/N?) along h} (R3u-B2.5d)
((Wg, hg") € ©(1/VN) by (R3u-BL4); [|hi]|* € ©(1); M € O(N))
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(0f1/0h)exp € O(1/N) along h{. (R31-B2.5)

(8fl/ah%)r0uter = ﬁ@gv’ Vi = éi,l <hz1Ma W14>
€ ©(ogllv||/M) random direction
(Qo indep. of v; cross-layer CLT; A;(Q sub-leading by (R3u-U1.Q))
= O(1/VN VM -1/M)=0(1/VMN) = 6(1/N) (R3.-B2.6)
(04 = 1/N; v; € ©(1) via (R3u-B2.4) = |[v|* € ©(M); M € O(N))
0f1/0hy = (9f1/0h)exp + (0f1/ 01 )router € O(L/N), (R3-B2.7)
the proper feature-learning rate, an order of magnitude larger than 0 f/ 8h(1).

Step-2 parameter updates.

AWt = —XL(n})T € ©(1/N). (ki € O(1) by (R3u-F2.6)) (R3u-U2.4)

AW AW € ©(1/N). (R3u-U2.3, R3p-U2.2)
same structure as -Ul.3), p-Ul.2) with cumulative weights
(R31-U1.3), (R3p-U1.2) with lati igh

AW = —mixa(9f1/0h}) 2T € ©(1). (R3u-U2.1a)

(m = N, 9f1/0hi € ©(1/N) by (R3u-B2.7))
Aght = AgW' x € ©(1) aligned along h). (embedding feature-learns at t = 2) (R3yu-U2.1b)
AsQ € O(1/N). (8f1/0¢ € ©(1/N) by (R31-B2.4)) (R3,-U2.Q)

Third forward pass We compute activations at (2. The cumulative embedding change Ah! :=
hy — b = Arh! + Aght, with Ajh! € ©(1/v/N) by (R3u-Ul.1b) and Axh! € O(1) aligned
along h} by (R3p-U2.1b).

hi=hi+ Aht € ©(1). (R3u-F3.1)
(R3u-F3.2) h%’i = W22 7ih%, four-piece decomposition with cumulative AW?2¢:
init: Wo'hs = he' € ©(1).  (R3u-F1.4) (R3-F3.2a)
prop: VVOQ’iAh1 € O(1). (op-norm of iid Gaussian Wg’i; Ah! € ©(1) by (R3u-U2.1b))
(R3u-F3.2b)
eff: A,W2IhE = —nxo(W2 ) T(WE )T (b1, hd) € ©(1). (R3u-F3.2¢)

(WE)TWE )T € ©(1/N) by (R3u-B1.3)/(R31-B2.3);
(hl |, hl) € O(N) coherent via (R3u-U2.1b))

cross: AWHAR = —nxo(W) T(Wi,) T(hi_y, AR') € ©(1). (R3):-F3.2d)
w2 T (WA )T € ©(1/N) by (R34-B1.3)/(R31-B2.3);
t—1 t
(h}_1, ARY) € ©(N) coherent via (R3u-U2.1b))
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ha' e e(1). (R31-F3.2)

(R3u-F3.3) hg’i = I/V23 ’ihg’i, four-piece decomposition:
init: Wo'he" = h3' € ©(1).  (R3u-F1.5) (R31-F3.3a)
prop: Wg”iAhQ’i € O(1). (op-norm of iid Gaussian Wg”i; Ah*" € (1)) (R31-F3.3b)
eff: AW RS = —nxd(Wik )T (h2' by € ©(1). (R3p-F3.3¢)

(WL )T € ©1/N); (b, h2") € O(N,) coherent)
cross: AW A% tracked as part of D" in (R3u-F3.4). (R3u-F3.3d)
ha' e O(1). (R3u-F3.3)
(R3u-F3.4) hi = A} + Ay | + Ap, + Ay + D":

Al =1/M)Y, c;Si,ghg’i € O(1/V/N). (cross-i CLT) (R3u-F3.4a)
b1 €0O(1/VM)=06(1/VN). (Lemmas8; Ah' € ©(1) by (R3;-U2.1b))  (R3u-F3.4b)
Ay = —nx1 (b1, ho) 3 O bi2din Wt wPHTwH T

€ O((h1,hy) 1 > dindin) - (W) along (W) T (Lem.9)
= O(N-1-1/N)=0(1) along (W)"

((h}, h}) € O(N) coherent; LLN; (W)™ € ©(1/N)). (R3u-F3.4c)
AL € O(1) along (W) T.  (AW3h)" € ©(1) along (W) T; LLN) (R3p-F3.4d)
D' € ©(1) along (W) . (R3-F3.4e)

(<h%’i, Ah*") € ©(N,) coherent via alignment chain through (R3y-F3.2); LLN)

h3 € ©(1) along (W) . (R3-F3.4)
(R3u-F3.5) fo = Wih3, with Wit = Wi + A W4 + AW

Wi hi € ©1). (Ahy+ A+ D' = w(Wy)" with k € O(N); 6| Wy ||* € O(1)) (R3u-F3.5a)
AW h3 = —(x1/N)(hi, h3) € ©(1). (R341-F3.5b)

((h3,h3) € O©(NN) via aligned components along (W) ";
h} € ©(1) along (W) by (R3u-F2.6))

AWAR3 € ©(1/VN). (A W* € ©(1/N3/?) sub-leading by (R3u-U1.4))  (R3u-F3.5¢)
f2 € O(1). (R34-F3.5)
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Third backward pass We compute gradients at (2), with Wi =W+ AW + AyW* where
Wg € ©(1/N), A, W* € ©(1/N3/?) by (R31-Ul.4), and AoW* = —(x1/N)(h3)T € ©(1/N)
aligned along (h3) T by (R3u-U2.4).

dfa/0h3 = (W4T € ©(1/N). (R3u-B3.1)
(Wi € ©(1/N) and Ay W* € ©(1/N) by (R3-U2.4) both contribute;
AW? € ©(1/N3/?) by (R31-U1.4) sub-leading)

0f2/0h3" = (dia/M)(W3)" € O(1/(MN)). (¢i2 € O(1)) (R34:-B3.2)

0f2/0h5" = ($12/M)(W3") T (W3)T € ©(1/(MN)). (R311-B3.3)
(WEHT(WHT € (1/N) via (R3u-B1.3);
(AW T(WHT € ©(1/N) via Lem. 9 on aligned components)

Of2/0¢iz = (1/M)(hy", W3) € O(1/M). (R3u-B3.4)
((hg’i, Wy) € ©(1) via the (W) " -aligned effective
and propagating components of (R3u-F3.3))

(R3u-B3.5) Expert contribution. The chain through the experts gives

(3f2

OBY 3 ealWET (WY (W)
8h2 exp

Expand Wy’ "t = Wy ' 4 AW with cumulative update AW = A Wi+ Ay W, The four-term
decomposition is:

A = 57 30 0i2 (W) T (

A = 5 X di2 (W) TAWSH T (W),
AG = 57 2, di2(AW? (

B = L, 6ia(AW)T

A e ©(1/N%?). (Lemma8; v= (W3) € ©(1/N)) (R31-B3.5a)

AL = = WGP 47 X2 iz (W) TWG Iy + -+
€ O(IWolI* 47 32; bi20) - h along A
(Lem. 9; A; and Ay contributions share leading direction)
= ©(1/N -1-1) = ©(1/N) along h} (R3/-B3.5b)
(IWEI? € ©(1/N); LLN; hb € ©(1))
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A} € ©(1/N) along h}. (R34-B3.5¢)
(Lemma 9; LLN; (AW?%)T rank-1 with leading direction h$ ® (W(?WO?’ )

B =1 b 47 3 0626 (W 0 ) ()T (WHT 4+
€ O(57 Zi(Wi hg") - (b, W3)) - hf along h
(att = 2: (W}, hfz) € O(1) coherent via eff. term of (R3p-F2.5); LLN)
=0O(1-1) = ©(1/N) along h}, (R3-B3.5d)
(after multiplying by (h3, W3) € ©(1) by (R3u-F3.5); prefactor n%|Wj||? € ©(1/N))

(0f2/0hy)exp = Af + Al + Af + E" € ©(1/N) along hy. (R3u-B3.5)

(0f2/Oh3)router = Q0 v + 17 (82Q) v, vy = (k" W)
€ O(ogllv||/M) random direction + © ((9f1/9¢,v) /M) hi along hy
(Qo piece via cross-layer CLT; A() piece coherent)
= O(1/VN VM -1/M)=0(1/VMN) = 6(1/N) (R3.-B3.6)
(04 = 1/N; v; € ©(1) via (R3u-B2.4) = |[v||* € ©(M); M € O(N))

Of2/0h3 = (0 f2/0hd)exp + (Of2/Oh3)router € O(1/N), (R3u-B3.7)

dominated by AY + A} + E” along h}; same scale as 0, /Ohi att = 1, with E” now matching
A, A{ via the alignment-coherence shift.

J.4.3. SUMMARY TABLE OF SIGNAL PROPAGATION FOR uP IN REGIME 111

Notation: A;WW* denotes the cumulative update W/ — W(f .
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Forward.

Quantity t=20 t=1 t=2

hi = h{ + At o(1) o(1) o(1)
init: h} = Wiz e(1) o(1) 0(1)
effective: Aiht = AWa 0 O(1/V/N) | ©(1)

b, o) | e o)

h2t o(1) o(1) o(1)
init: o' = W' h} 0(1) 0(1) 0(1)
propagating: Wg’iAthl 0 O(1/VN) | O(1)
effective: AW2% b} 0 o(1) (1)
cross: A W2 Aght 0 O(1/N) o(1)

h o(1) o(1) o(1)
init: B3 = W h2" o(1) o(1) o(1)
propagating: Wy A;h% 0 e(1) o(1)
effective: A, W3 h2" 0 o(1) o(1)
cross: A W3 Ayh2 0 O(1/N3/?2) | ©(1)

hi = A1+ Asq + Aso + A3+ D O(1/V'N) | (1) (1)
Ay = (/M) ¢ihg' e(1/VN) | ©(1/VN) | ©(1/VN
Apy = (/M) 3 600 Wy W Akt | 0 e(1/N) | 6(1/VN)
Ago = (1/M) S s W AW | 0 o(1) o(1)
Az = (1/M) S, iy AW B2 0 o(1) o(1)
D = (1/M) Y, ¢it W3 Ah?? 0 O(1/N) 0(1)

fi = Win3 o(1/N) | o) o(1)
init: W b3 ©(1/N) | ©(1/N) O(1/N)
propagating: Wi A¢h3 0 O(1) O(1)
effective: A,W* h} 0 O(1/N) O(1/N)
cross: AyW4 Ayh3 0 O(1/N O(1)
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Backward.
Quantity t=0 t=1 t=2
Ofi)oh3 = (WHT + (A WHT O(1/N) O(1/N) O(1/N)
init: (W) T O(1/N) O(1/N) O(1/N)
update: (A W4T 0 O(1/N3/?) O(1/N)
fe)OnY = (¢1.4/M)(WHT O(1/(MN)) | ©(1/(MN)) | ©(1/(MN))
init: (¢,0/M)(Wi)T O(1/(MN)) | ©(1/(MN)) O(1/(MN))
update: (¢;+/M)(AWHT 0 O(1/(MN3/2)) | ©(1/(MN))
O fe) M = (o/ M)W T (WiH)T ©(1/(MN)) | ©(1/(MN)) ©(1/(MN))
init-nit: (¢i,0/M) (W) T (W) ©(1/(MN)) | ©(1/(MN)) ©(1/(MN))
init-update: (¢;¢/M)(Wo)T (AW T 0 O(1/(MN3/2)) | ©(1/(MN))
update-init: (¢; ,/M)(AW3) T (W T 0 O(1/(MN)) O(1/(MN))
update-update: (¢; 1/M)(AW3) T (AWH)T 0 O(1/(MN?)) O(1/(MN))
fe)06is = (1/M)(h, W) O(1/N3/2) | e(1/M) ©(1/M)
init: (1/M)(h>", W O(1/N3/2) | ©(1/M) O(1/M)
update: (1/M)(hY", A,W4) 0 O(1/N3/2) O(1/M)
(0fe/ O} )exp O(1/N?/%) | ©(1/N) ©(1/N)
Asp = (1/M) 3, i (W Z)T(Wd“) W)’ O(1/N?/2) | ©(1/N*7?) O(1/N?/2)
Agp = (/M) 32, i (W) T (W) T (AW T 0 O(1/N?) O(1/N?/2)
Asa = (/M) 32, i (W5 ) T (AW T (W) T 0 ©(1/N) ©(1/N)
Asz = (/M) 3, i (W5 ) T (AW T(AWHT |0 O(1/N?) ©(1/N)
Agp = (/M) Y, i (AW2)T (W) T(WHT |0 O(1/N) O(1/N)
Aga = (/M) 32, i (AW TVFHT(AWHT |0 O(1/N?) ©(1/N)
By = (1/M) X2, ¢ig (AW T (AW T (W) T 0 O(1/N?) ©(1/N)
By = (/M) 32, ¢ig (AW T(AW) T(AWHT |0 O(1/N?) ©(1/N)
(ft/0h})router = (1/M)Q v O(1/N3/%) | ©(1/VMN) ©(1/VMN)
init: (1/M)QJ v O(1/N3/?) | ©(1/vVMN) O(1/VMN)
update: (1/M)(AQ) v 0 O(1/(MN)) ( IN

J.4.4. DERIVING MSSP IN REGIME III

This subsection provides a self-contained, heuristic scaling analysis for the Maximally Scale-Stable

Parameterization (MSSP, Definition 7) in Regime III.

Auxiliary scaling lemma

Lemma 10 (Gram concentration) Let W € R™*™ have i.i.d. centered entries of variance JIQ/V.

Then
E[(WTW);1] = mafy Sz,

E [(WWT)U] = nUIQ/V 5@',

with off-diagonal fluctuations of order o3,+/m (resp. oi,/n). For any fixed v € R™ with ||v||? €
O(n) that is independent of W, W' W v = mo3, v + r with r of coordinate scale ©(oi,\/mn).
The analogous statement holds for WW T acting on v' € R™ with ||v'||? € ©(m).
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Proof [Sketch] (W W), = > Wa;i Wy is a sum of m centered i.i.d. products with mean 03,6,
and variance a%, off-diagonal. The residual » = (WTW — ma%[,[ )v has entry-wise variance

4,2 4 2 : 2
> moy, v = moyy ||v]|*, hence coordinate scale oy, /mn. |

Specializations of Lemma 10 under proportional scaling. Both Gram matrices of W02 1 and of
Wg ! produce ©(1)-coordinate output when applied to ©(1)-coordinate input vectors (independent
of or weakly correlated with the corresponding W):

WEHTWEt v = (N./N) v+, WEWEH T =+,
WA T = (/N -+, WV T =l 417,

where each residual is of the same ©(1) entry-wise order as the leading deterministic part. The Gram
approximation is order-of-magnitude correct, with comparable random fluctuations.

First forward pass

hy =Wiz € ©(). (CLT; 02 =1/D, |z||* € ©(D)) (R3s-F1.1)
o = Qohy € O(1). (CLT; op = 1/N, [|hj||* € O(N)) (R3s-F1.2)
¢o = 0o(¢p) € O(1). (sigmoid bounded; gating assumption) (R3s-F1.3)

hy' =hy' =Wyt hi € ©(1)
(CLT; 02 = 1/N, ||h$]|? € ©(N); ho" = hZ' by MSSP). (R35-F1.4)

he' =hot =Wt hyt € ©(1)
(CLT; 02 = 1/N,, |h2']|> € ©(N.); hy' = hd' by MSSP). (R3s-F1.5)

hy = (1/M)S2; diohy' = (X, dro/M)hi' € ©(1)
(32, dr0/M) € ©(1) by LLN). (R3s-F1.6)

fo=Wyh3 =0. (standing assumption Wy = 0) (R3s-F1.7)

First backward pass and step-1 updates By the chain rule, every hidden gradient (0 fo/0hJ,
dfo/OR", dfy/ORE", Ofo/0¢i0, Ofo/OR} via either the expert or router path) carries a W = 0
factor and is therefore zero. Hence every non-readout weight is unchanged at t = 1: W{ = W{ for
e {1,Q,2,3}.

Step-1 parameter updates.
AWt =X (p3)T € ©(1/N). (aligned along (h3)") (R35-Ul.4)

Second forward pass Since the non-readout weights are unchanged at ¢ = 1, every hidden
activation is unchanged: h{ = hf; for ¢ € {1,(2,1),(3,1),3}, 11 = o, &1 = ¢o.

fi=Wihy ==X hd|I> € ©(1). (||hd]]> € O(N) via (R3s-F1.6)) (R3s-F2.7)
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Second backward pass and step-2 updates
Of1/0h3 = (WHT = (A WH T € ©(1/N). ((R3s-Ul.4); Wi =0) (R3s-B2.1)
Of1/OhT" = (dio/M)(WH)T € O(1/(MN)). (¢i0 € O(1)) (R3s-B2.2)

Of1/OhT" = (din/M)(WgH)T(WHT € ©(1/(MN))
(WEHTWWHT = =202 ¢) (WS TWh2! € ©(1/N) by Lem. 10;
bi0 € O(1)). (R3s-B2.3)

0f1/0¢i0 = (1/M)(hg")T(WiHT € ©(1/M)
() TWHT = = 2% @) Ihg ' |1? € ©(1) by LLN;
Ih3t||? € O(N,) via (R35-F1.5); N./N € O(1) in Regime Il).  (R3s-B2.4)

(5, = GrZa) T hTamT
€03y 320) - (W5) Thy /N along (Wg™) Thg!
(Lem. 10 on (Wg”l)Thg)
—©(1-1/N) = ©(1/N)
(LLN; (W' Th2! € ©(1) by Lem. 10). (R3s-B2.5)

(35).  =HQiv.  vi= o) V)T
€ O(og||v||/M) random direction (Q indep. of v; cross-layer CLT)
=0(1/VN-VM-1/M) =06(1/VMN)
(04 =1/N; v; € O(1) via (R3s-B2.4) = [|v]|* € ©(M)). (R35-B2.6)
Of1/0hy = (0f1/0])exp + (0f1/Oh )router € O(1/N). (R35-B2.7)
Step-2 parameter updates.

MW= 3¢ (h))" € ©(1/N), Wy = XX (hi) "

(ki = h{). (R35-U2.4)
AW = —X%0 p3 (p21T € @(1/N).  (n3 = M; (R3s-B2.2)) (R35-U2.3)
AWt = — X80 (W3 TR3 (ph)T € O(1/N). (W) Thd € O(1) via (R3s-B2.3))
(R35-U2.2)
AW = —nix1(df1/0R}) 2T € ©(1)
(n = N; 8f1/0h} € ©(1/N) via (R3s-B2.7)). (R3s-U2.1a)
Agh! = AWtz € ©(1) aligned along 0 f1 /Oht. (R3s-U2.1b)
D@ = —ngx1 (0f1/0¢) (h)T € ©(1/M) = ©(1/N)
(ng = 1; 8f1/0¢ € O(1/M) via (R3s-B2.4)). (R35-U2.Q)

83



SCALING MOES: FrRoM pP TO MSSP

Third forward pass We compute activations at (2, expanding each updated weight as Wf =
W§ + A W*.

hy = hi + Asht € ©(1). (Agh! € ©(1) via (R35-U2.1b)) (R3s-F3.1)

(R3s-F3.2) h%’i = VV22 b}, four-piece decomposition:
hy' = byt + Wt Ash' + DoW?' hi + AgW* Agh!, (R35-F3.2)
init: W' h = ho' € ©(1).  (R3s-F1.4) (R3s-F3.2a)

prop: VVOQ’1 Ash' € ©(1)
(op-norm of iid Gaussian Woz’l; Asht € ©(1) via (R3s-U2.1b)).

(R3s-F3.2b)
eff: AW hy = X2 (WIHThi ||hd]|* € ©(1)

(W ThS € ©(1) via (R35-B2.3); ||h)|> € O(N)). (R3s-F3.2¢)

cross: Ao W2 Aght = —%%(WS’I)Thg (hd, Aght) € ©(1)

(W Th3 € O(1) via (R35-B2.3);
(hd, Asht) € ©(N) coherent via (R3s-U2.1b)). (R3s-F3.2d)
(R3s-F3.3) hg’i = W23 g hg’i, four-piece decomposition:
hS,i o h3’1 3,1 2,0 3, 1,2,1 3,i 2,3

5 =hy" + WO Agh“" + AW hO + AgW* Agh=t. (R3s-F3.3)
init: 3" € ©(1).  (R3s-F1.5) (R35-F3.3a)

prop: Wg”l Ash®t € O(1)
(op-norm of iid Gaussian Wg’l; Ayh®t € ©(1) via (R3s-F3.2)).

(R35-F3.3b)
eff: AgW 3 h! = X80 13 || p21 2 € ©(1)
(|he]1? € ©(N.); hi € ©(1) via (R3s-F1.6)). (R3s-F3.3¢)
cross: Ag W3 Agh?? tracked as part of D in (R3s-F3.4). (R3s-F3.3d)
(R35-F3.4) h3 = Ay + Ay + A3 + D, where
Avi= 5 0, 002 Wy g A = 57 3 dip Do W b,
Ag = ﬁ Z,L (bi,? Wg)’l AQhQ’i, D = ﬁ Zz ¢i,2 A2W3’i Aghz’i.
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Ay = (X ¢.2/M) hy' € ©(1).  (i-independent matrix; LLN) (R3s-F3.4a)

Ay =— w( quzgqmo)hoe@( ) along hj

(Hho’ |?/N € ©(1); LLN). (R35-F3.4b)
Az € @(1)
(three-piece expansion of Ash?* from (R35-F3.2);
Lemma 10 on h3, h); (hi, Aah') € ©(N); LLN). (R35-F3.4c)

D= —Xhi & 30 diadio (hy', Ao
O (37 Xoi bi2dio0 <h3’17 Agh®') /N) - hi along I
(Lem. 10; LLN)
= O(N/N) = ©(1) along hJ
((he', Agh*?) € O(N) coherent via (R3s-U2.1b); kg € O(1)). (R3s-F3.4d)

hi = A1+ Ay + A3+ D € ©(1). (R3s-F3.4)

fo =Wy hi = —XEXL(R3 h3) € O(1)
((h3, A1) = (X b.2/M)(h3, hy") € O(N) coherent via (R3s-F3.4a);
(h3, Ay + Az + D) € O(N) via aligned components (R3s-F3.4b)—(R3s-F3.4d)).
(R35-F3.5)
Third backward pass
Ofs/Oh3 = (Wy)| = XX b3 € 9(1/N).  ((R3s-U2.4); hi € O(1)) (R3s-B3.1)

0fa/0hy" = (dia/M)(W3)" € O(1/(MN)). (¢i2 € O(1)) (R3s-B3.2)

0f2/Oh5" = (din/M)(Wy') T (W3) T € ©(1/(MN))
(WEHT(WHT € O(1/N) via (R3s-B2. 3),
(DW3H) T (W) T € ©(1/N) along h'' using ||h3]|2 € O(N) via (R35-F1.6);
di2 € O(1)). (R35-B3.3)

0f2/0iz = (1/M)(hy")T(W3)T € ©(1/M)

(h5")T(W3)T = XX (n3" ) € O(1);
(h3" h3) € ©(N) coherent via (R3s-F3.3)). (R3s-B3.4)
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(R35-B3.5) (8f2/0h))exp = As + As + Ag + E, where

Ayi= 4 3 i W) TV H T (W) T,

As 1= 47 X i (W) T (AeW3) T(WHT,
Ag = 2 3 big (MW T (W T(W)T,
E =33 dig (AoW2H) T (AW3H) T(WgH T

Ay = XX (570 o /M) (W) T (W) Th
€ O(Wg ") (W5 Thy/N)
(i-indep. matrix under MSSP; Lem. 10; LLN)
= ©O(1-1/N) = ©(1/N)
(WEHTWEHTh € ©(1) via (R35-B2.3)). (R3s-B3.52)
Ay = Xl(Xo#;)\%) [IA311> % S bindio (Wg’l)—rhg’l
€ O(|h3]1? & X; bi2i,0/N?) - h{ along h}
(Lem. 10: (W) Th2' — hi)
=O(N -1-1/N?) = ©(1/N) along h}
(|[h3]* € ©(N) via (R3s-F1.6); LLN; hj € ©(1)). (R3s-B3.5b)

Ag = —%F ho ar 2 90 Sis Si o= (W) TWSWEhH T (whT
€ O(57 X2 6,0 Si/N) - h along h{
(Lem. 10: S; € ©(1); LLN)
=O(1-1/N) = ©(1/N) along hg
(S € ©(1); g € B(1). (R35-B3.5¢)

B = OBV 18 b 5, 6k (48, )
€ O((h3. h3") [HIP/N?) - b along b
(LLN; (h3, h3’1> coherent under MSSP)
=O(N - N/N?®) = 0O(1/N) along h}
((h3, hd") € O(N) coherent via (R35-F1.6); ||h¢]|? € ©(N) via (R3s-F1.6)). (R3s-B3.5d)

(0f2/0h3)exp € O(1/N) along h{. (R3s-B3.5)
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(8f2/6h%)router = ﬁQoTv + ﬁ(AQQ)T% Vi 1= éiﬂ(hg’i)T(Wzél)T
€ O(ogllv||/M) random direction + O ((9f1/d¢,v) /M) hi along hy
(Qo piece via cross-layer CLT; A() piece coherent under MSSP)
=0(1/VN-VM-1/M) =06(1/VMN)
(05 = 1/N; |[v||* € ©(M) via v; € ©(1) from (R3s-B3.4);
(0f1/0¢,v) € ©(1) via MSSP coherence). (R3s-B3.6)

Ofa/Ohy = (0f2/0hd)exp + (D f2/0hd)router € O(1/N). (R3s-B3.7)

J.4.5. SUMMARY TABLE OF SIGNAL PROPAGATION FOR MSSP IN REGIME III

Notation: A;W?* denotes the cumulative update Wf — W(f .

Forward.
Quantity t=0|t=1|t=2
hi = h} + Ah? e(1) | (1) | (1)
init: h} = Wiz O(1) | ©(1) | (1)
effective: Ayh! = AW e 0 0 O(1)
Vr, ¢ 1) | 6(1) | 6(1)
h2! o(1) | 1) | 1)
init: W' h) o(1) | e@) | e@)
propagating: W02’1Ath1 0 0 O(1)
effective: AW b} 0 0 0(1)
cross: AWV A b 0 0 0(1)
h o(1) | e@) | @)
init: W' h2! o(1) | e1) | (1)
propagating: W' A2 0 0 0(1)
effective: A, W3 p2! 0 0 O(1)
cross: AyW34 A h24 0 0 o(1)
h} = A1+ As+ A3+ D O(1) | ©(1) | (1)
Av= (/M) X6 Wo'hg' 1 e(1) | 6() | e()
Ay = (/M) Y, dig AW T | 0 0 o(1)
Az = (1/M)Y; ¢is Wyt Akt | 0 0 o(1)
D= (1/M)Y; it AW Ah> | 0 0 O(1)
fi = Wihi 0 o(1) | (1)
effective: A,W* h 0 e(1) | 9(1)
cross: AyW4 Ah3 0 0 O(1)
Backward.
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Quantity t=01|t=1 t=2
Of/On3 = (AW T 0 O(1/N) O(1/N)
Oft)ORP" = (¢ /M)(AWHT 0 O(1/(MN)) | ©(1/(MN))
/07" = (14 / M)W T (AW T 0 | O(1/(MN)) | O(1/(MN))
init: (¢,0/M)(Wo'') T (AW T 0 | O(/(MN)) | O(1/(MN))
update: (¢ ¢/M)(AW3H)T(AWH)T 0 0 O(1/(MN))
0fi/0is = (1L/M)(h}', AW*) 0 | e@/m) o(1/M)
(0f1/Oh})exp 0 | e(/N) O(1/N)
A4 = (/M) Y, i (W) T(Werh) T (AW T 0 O(1/N) O(1/N)
= (1/M) Y diy W) T (AWH)T(AWHT |0 0 O(1/N)
= (1/M) % ¢ie AW TWeHTAWHT |0 0 O(1/N)
= (/M) 32, ¢ie (AW T(AWHT(AWHT [0 |0 O(1/N)
<aft/ah%>muter = (1/M)Q[ v 0 | e(/vYMN) | ©(1/v/MN)
init: (1/M)Qgv 0 ©(1/vVMN) | ©(1/V/MN)
update: (1/M)(AtQ)Tv 0 0 @(l/m)
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K. DMFT Analysis for Regime I
K.1. Setup

We use the following architecture:

h}t = W1$H
1
Up = Qo (hy)
¢, = softmax(v),,)
1
2 2 1
h‘u,i - ﬁWz U(hu)v
1
et = —wito(hl,), €€{2,3,...,L—1}
X \/N i n,i)o 9Dy ey
M
L __ 7 L
hy = Z Pu Ty
i=1
Rt = \/%wLHThﬁ (K.1)
1
Ju= ;hﬁﬂ
wEt(0) ~ N(0,1)
Wis:(0) ~N(0,1) for € € {2,3,...,L},i € {1,2,..., M}
Wa5(0) ~ N(0,1)
Qap(0) ~ N(0,1)
n =7
v=%VN
Mo, Yo ~ 0(1)

Ty € RP is the embedding vector of input 1 € {1,2, ..., P}, Py € RM gives the router’s preferences
for each of the M experts, (% denotes the i*" component of ¢, fori € {1,2,..., M}, o is an element-
wise nonlinearity, @ € RM*N w? € RN, W2 W32 € RVN Wl € RVXP | the preactivations
h are in RY, except for k%, which is a scalar. We define softmax : R — (0,1)?, p > 1 as the
function which takes a tuple z = (z1, 22, ..., 2p) € RP, and computes each component of the vector
softmax(z) € (0,1)? with [softmax(z)]; = %, where T' = % is the temperature of the
softmax. We will be interested in the low tempér;ture limit 5 — oo, where softmax implements
Top-1.

We denote for brevity @ = Vec{W?!, W{, wr*t Q};,, fori € {1,2,..,M}and ¢ € {2,3,...,L},
and define the gradients
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ORLH!
g, =vVN—t on ,Le Vee{l,(2,4),(3,4), ..., (L,i), L, L + 1};
o 8h£+1 (K.2)
9y = —F=
VN 0oy

g" has two terms, as we must track the gradient flowing both through the router, and through the
experts. Using K.4, the components of gff are

L+1 L+1 L
- UL Lo
I 1 I
In addition, we define the following pre-gradient fields which are defined as the gradients with
respect to the activations instead of the pre-activations. For linear layers, they clearly reduce to the
gradient fields.

L+1

L
I = *u
Ly __ L _ 3
9t =20 = 9

=w

1
‘o ‘o L+1T _(+1 .
9 =0 )@zw, zw—\/—NW 97, €€{23.4,.,L—1}ie{l,2,.. .M}
1 .
Ngﬁ hk. i€ {1,2,.., M}

(gﬁ)l = (Zﬁ)l [Ix3)

gp=0(h,) Oz, =z —Z\FWQT!JM#QTQ,?

(K.4)
For convenience, we define Eff =Q7 gﬁ and Eiz = \/LWQT 9,,;- Then we have z}i Zf\/[ 1 ~}$ i

and sz = Zﬁ.

We define also the following feature and gradient kernels (The gradient kernels may be considered to
be defined in terms of the z-objects via K.4) :
<I>2V =Ty Ty,
D, (5,1) = - 0k (s)) - o (RL(1))
¥, (5.1) = - o(hls(s) ol C€ (2,3, L 1),
D, (5,1) =~ W (s) - (1) (K.5)
Gl 1) = -0h(5) - gb(0),

1
Gﬁuz( ) = N'gﬁﬂ(s) : gf,i(t) le {2,3, ,L}
Gﬁy(’S? t) = gﬁ(s)gi(t)

All of these kernels are normalised to be order unity in N.
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K.2. Dynamics

We train using gradient flow with learning rate 7 on the loss function

P
1
L=52 Ufuvn) (K.6)
pn=1
This induces the following dynamics:
T YN
P < "o &K7)
oL '
Ay =——r
H 8fu
In particular, fora MSE loss £ = £ >, (v, — f,)?, we have A, = 2(y, — f,).
The logits update as
dfu(t) 3fu d9 _n NTK
= Aq K, (t,t K.8
L Z ) (K.8)

0fult) Dfals)
00 00
We can derive from this definition and the repeated use of chain rule that

where K EE Kit,s) = is the neural tangent kernel. (K.9)

VR (1) = GO, + Z i W+ZGuuz¢ﬁui |+ @+ Gl (K10

Hence

P
M:@Z[ (t, 1)), + Z G2, (£, 1), (1) —|—ZGW2tt¢>e Lt )]+ @, (8,1

s
v=1

+ GO )@}, (1,6)] A (1)

Using the learning dynamics K.7, we find for the weight matrices (K.11)
Cm;(t) = 77(;30 D Augut), (K.12)

d M;Q _ 77070 Z A, gu’ hl (K.13)

dmc/lj WO ZAugM (', e {3,4,.,L} (K.14)
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L+1 L+1
dw (t) noWo\ﬁZA u _77070\/>Z:A 1 hﬁ %;)70 ZAuhﬁ (K.15)
"

dt H O L+1 7N
P
dQ(t) _ moy
A0 _ W70 5™ A, (1) gh(t) [0 ®.16)
m 'LL:l eR]\/le €R1><N

We can now integrate these expressions and use the definitions of the pre-activations from K.1 to
obtain:

Wi = w0+ [as 1S Bl

0

— RL(t) = W (0)z, "”0 d ZAV gi(s

W) = w20+ [ ds %jj LT ACLCE

—W2(0)0 (L (1)) + ™20 dZAygm L (s.1)

WE(t) = W) + ””0 d ZAugM o he )T

— hl(t) = WvWZ.‘(O)a(hf;jl( ) + ’7070/d ZAygw )l l(s 1), e {3,4,..,L}

Q(t) = Q(O) + 10 d ZA (hi()"
pn=1
— 00 = 5 QO a(hl) + 220 [ ZA b (51

(X.17)
This is useful, because we hope to average over the weights at initialization to obtain expressions in
terms of only features. These expressions K.17 motivate the definition of the following fields:

= W0)z, € RY

X <t> 7W2<o>a<hi<t>> eRN

Xoa(t) = wa(())a(hf;il(t)) cRY (e {3,4,.. L}

XGU0) = QO (k1)) € R

(K.18)
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We repeat the analysis of K.17 for the gradient fields which are defined as zﬁ =
ﬁ WL ()T gfﬁl( ), where ¢ indexes the layer, and may involve an expert index too, and
sz(t) =Qt)'yg ff( t): In particular, we have Vi € {1,2,..., M}
S\ _ P 77070 d Ay( G¢
2, (t) = &) + Z ()Gl (, 5)
Zhi() = €7(8) + 158 d > B (hy(8)) Gi(s.1)
770’70 (K.19)
2hi(t) =€) + d ZA o(hl(s) Gok(s,t) £€{2,3,..,L -1}
70770
2e() = wi Tt = (1) + Od ZAh
where we define the following fields:
&1(t) = Q(0) " gp(t)
1
&it) = —=W o) Tg b (1) e{1,2,.,L—1} (K.20)

\/N i
& = wh(0) ~ N(0,1)

Note that {ﬁ is in fact time-independent, and equal to the initialization of w”*!. We know that
this object has entries distributed as A(0, 1), and we will also recover this from the DMFT for
completeness.

Note also that the final gradient is gﬁ = +/N, so we can think of the final equation in K.19 as
involving the identity kernel.

Finally, we write

(K.21)

€7 (1) = —— gL T (1) WE(0) o(hL (1)), (K.22)
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K.3. Mean field theory

If we can show that the kernels defined above concentrate then our DMFT will be determined by the

stochastic fields F = {x,; X3 i X s - ,Xﬁlxﬁ, pir & e ,55115 5[’2}2-6{172,__7]\4}. Therefore

to construct the DMFT, we must compute the moment generating functional of these stochastic

processes.
For brevity, we define, alongside the set F of fields, the set & of sources, which
contains a corresponding source j (or v) for every x (or &) in F. So § =
12 . 1 P 1 2 L 1 . . .
{ju,j%i,jmi,...,jmiju,vmi,v‘u’i,. oV wvﬁ}ie{l’sz}. This notation is constructed so that

we can write F - S to denote ju(t) }L(t) + j?“(t) : ngm(t) + .. + vff(t) : @qf(t). Note
that UZ’ € RM but all the other dummy variables are in RY. We also define 6y =
Vec{VVl(O)7 W2(0), ..., Wk (0) ,wl*1(0), Q(O)}ie{l,..‘,M} .

The MGF with which we are concerned is therefore

Z[{j,v}] <exp<2/ooodt]:-5)> (K.23)

o

vfj € RM  but all the other dummy variables are in RV,
In order to integrate, we enforce definitions of our random fields using resolutions of the identity to
obtain:

< o SNHH/ dt{exp(Z/ dt F - S)

p=1i=1

/ dF exp [ <xu (k= WHO),) + 25 (Wi — \;NW?(O)U(@(W)
1 1
+ wa (s = W Oy ) + Zsﬂz AR AR OAR0)
# & (g -t ON + 3 (38 - N@(O)a(h,t(t))) +- (5 - Q0740
(K.24)

¢ trmtonos))]
o
10'2|CL‘2 to

We then integrate using the fact that for a Gaussian variable z ~ N(0,02), (e7"?), xc e 2
obtain
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mﬁﬁ;ﬁ/jdt/dt/d;
xexp{—Z/ dt/ ds[xu KL(s) B0, (1, 5)

p,v=1

. . 1, . ¢
(R (8) X0,0(8) + X5 (8) - XD()) @y (t: ) +wa ) X1,i(8) i (5,1)

+qu, €L (1) Gl () + EH(s). L“<>+s#<>-é$<t>Gfi,,<t,s>}

P 00 00 L
—i Y /0 dt | ds [fom - gha(t Af;m<t,t)+>zfj(t)-gf(t)Aﬁu(t,w]

p,v=1
P o0 o0 _

#> [Car [Cas [Z (G 8) + 80 (0) - i (8) + (i) + 86 ) - €hs(D))
p=1"0 0 =2

+ () +i%(0) - xu(8) (o + (1) - €5()
+ (ia(8) + %504 (0) - X (8) + (va(8) + &) (1) - €, 4(0) + (of +60(1)) - €2(1)

1
uw,
) . b 2 ®
42 HIE0) G0 + 0F + i 0) - ”
(K.25)
Where we have defined the kernels

¢ Li(s)-o(hy(t) £=2
Ai(5:8) = {—ggw. Ys)-o(hy; (1) Le{3,4,...L} (K.26)

A9, (5,1) = —E0(5) - o (RL(1)) (K27)

There are also three terms arising from the coupling of £9 ? to itself and to the forwards and backwards
fields at layer L. These vanish as %, so have been excluded from K.25 for brevity.

The ® and G kernels are required for computing the evolution of the function output, via the NTK.
The kernels A are not involved in the NTK, but rather arise from the coupling of the fields across a
single layer’s initial weight matrix. We now enforce the definitions of all three types of kernels using
integral representations of Dirac delta-functions. In particular, for each pair u, v of samples, each
expert 7 and each pair ¢, s of times, we multiply by

L / d®,(t,s)ddY, (¢, s)

2T

exp {‘i)gy(m s) (@?w(t, S) — Ty - x,,)} (K.28)

exp [é}w(t, s) (NOL (t,5) — o (hL(1)) - a(hi(s)))} (K.29)

L / o}, (t,s)dd],(t, s)
2ri N1
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Aol .(t,s) dD* X
1= / W/Z(QTI'Z)N llWZ( ) exp |:c1)fw1( )(Nq),uul( )_U(hfm(t)) ' O-(hl{ﬂ(s)))} (K.30)

(e{2,3,...L—1}

Aol (t,s)ddL (¢, A
1= / i (23;\[—? (t,s) exp [¢5V(t, s) (N®L,(t,5) — hk(t) - hg(s))} (K.31)
dGl (t,s)dG (s )
1= / b (M)N,; ( )exp[G}w(t, ) (NG (1.5) — gh(0) - g1(s) | K32)
dG* dG
1= / W(;;)N im( )exp[aw(t s) (NG, (¢, )fgﬁ’i(t).gg’i(s))} )
te{2,3,...,.L}

1:/dAiuz(t S) dB,qu( )

2mi N—1 exp[ BEWZ( )<NA;2wz(t 5)+l§ (t) - U(hi(s)))} (K.34)

. / dA%,(t, ) dBD,(t, 5)

2mi N-1 xp [_B fo(t:9) (N Ap(t,5) + i€ (1) - U(hi(S)))} (K.35)

1= / dAfwz(t S)dBﬁuz(t 3) exp[ Bﬁyz( )(NAf;yz(t S) —I—Zf ( ) U(hf;l(s)))}

2mi N—1
te{3,4,...L}
(K.36)
o] ) X
1= / dGu(t, SQ):Z»GW(t7 s) exp {ijy(t, s) (ij,,(t, s) + gfj(t) . gf(t))] (K.37)

We call the conjugate kernel of A B, rather than A. This is because it will turn out to be equal to
X - g, which appears in the gradient stream update equation in the final DMFT.

Multiplying in all these factors of unity, we arrive at a partition function which factorises over each
of the N sites in each hidden layer. There are two things to note here:

1. We want to treat g,h as scalars, so each of the resolutions of the identity K.28 to K.37 above will
be duplicated N times leading to an extensive factor N, which pulls through to the front of the
exponential, since all the neurons in a given layer are indistinguishable in the limit, so have the
same ® or G. That is, we can write for instance

. / dG}W(t,s) d@by(t,s)
2mi N1

exp| NGl (1, s) (Gl (1, 5) = gh(Dgb(s) | (K38)

Where gb € R are the components of the former vector of the same name, which are considered
statistically indistinguishable in the limit. The exception to this however is K.37, since g,dj € RM,

M is not being taken to the infinite limit, so we cannot consider the M components of gfj to be
indistinguishable. Rather we must sum over them:

. / G5 (t, 5) G (1, 5) Z G (1,9) (G (1, 8) + 925 (0955(0) | - (K39)

21
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2. Each term in the argument of the exponential in K.25 is a dot product of two vectors in RY, so
contains N terms which are identical in the limit. We can therefore bring out a factor N here
too. Once again, the exception is the term ( jff( t) +i d)( ))xfj(t) which is repeated M times.
Therefore when we bring a factor N out front of the action, we must include a prefactor % with
this term.

Define the set /C of all order parameters. This includes all the kernels defined above .

Zo [ ] dk exp(NS[{ci),@,é,G,A,B}]) (K.40)

M7V7t757i
Where the DMFT action Sis O(1), and has the form

S[{6,8,C,G, A, BY] = Z/ dt/ ds[GL, (1. 9)C, ts)+ZGmts)GW(t,s)

+ @, (t,5)P), (¢, s)+2q>w (t,5)®2,:(t,s) + L (¢, 5)DL, (L, 5)

- ZBW (t,8)Apy(t s) + NG’fL(t $)Gy (t,5) = By, (t,5) AL (1, 5)

1 NS .
+ NZlnzN@,@,G,G,A,B,M,% ZanM [, G2, 5]
a=1 6 1
(K.41)

such that it consists of inner products of the order parameters {®, G, A} and their duals {®, G, B},
in addition to the single-site MGFs
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Zy[{®,9,G,G, A, B, j,v}]

_H/ dt/d]-"

6.t
L

P o0 ~
xexp<+z | ds[Z((jﬁ,i<t>+i>zﬁ,i<t>>.xﬁ,i(t>+<vﬁ,i<t>+igf;,i>'sf;,z«t))
u:

1 (=2
+ (7, () + ifc,ﬁ(t)) X)W AT () - €50 + G +ixG () - xa(t)

xexp<z / a / a5 (05 80, 0:9) + (5,02,

JTRZX)

1
+ Nxz)(t) t S +quz Xyz (I)f;,jll S, t +Z£ﬁz gﬁz uuz( )

TR () E1F (1) 1 E2()EX ()G (, s>]

—ZZ/ dt/ dstw (D) A (1)

p,v=1

+ZZ/ dt[h?’ OIACG Zw ]
X exp < Z/ dt/ dt [:cux,,@ +o hl( t)o (hi(s))(i)iw(t, s)
+ z_:o(hﬁ,i(t)) V()0 (t,8) + hL (DR ()DL, (1, 8) + g5 (1) g0 (5) G (2 5)

L
+Zgﬁ,i(t)g£,i( /,LI/Z(t S) +€,uz( ) (hl( )) ,uuz( )

+ZZ§,” o (hy () Blyi(t, s) + i€ (0o (hy,(s)) BE, (¢, S)D

(K.42)
And
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Zul{@', 67, j5)]

“11 /0 "t [ A58 500 8 0) exp (G750 + s (OG0 + (03 i€ (0) €1 ()

wu,v,t
NSRS ()R 1 5) — 58 505G (1, 5) — X ()9 (DAL, (1,1))

(K.43)
The sum over 3 is an average over sites (rows of vectors in RM). We regard h,,(t) and g,,(t) as
functions of x and &.
It is manifest in the form of K.40 that the actual state of the system in the limit N — oo will be
a saddle point of the action. This is the point where .5 = 0 for any variation of our many order
parameters. That is, we impose the following Vi, s, i, v, i:
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5G}W(t, s)
0S
‘
5Gw’i(t, s)

6S
5<I>Ll,(t, s)

5S
ot

/,LV,’i(t7 S)

0S

6L, (t,5)

0S
SAL

,Lw,i(t7 S)

0S8

SAD,(t,s)

0S

5G,(t,s)

0S8

5<I>Ll,(t, s)

oS

=
6@,,,(t.s)
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“ 0Z ~
_ Al 4 _ Al _
=Gt s) Z 3G, (1,5) G, (ts)—0=0
N
A 1 0z A 11 ~ “
- G/.LV,l(t7 S) Z 5G£V’Z(t, S) G,LLV,’L(t? 8) 2 N C;l<€ ,Z(t)gll,l(s)>a 0
I TASTE SR YR VRS ST SN
prAT deb}w(t,s) HrAT 2°'N prt st valt/ra
11 &
i o o _
1 6z 11 &
_ &l _ — ol _ = AN =
- (plll/,l(t7 8) Z 6@f“j’l(t, S) Q‘ul/,z(t7 8) 2 N ;<X#,Z(t)><l/,l(8)>a O
_ &L 16z s _
_<I>W(t,s) Zé@ﬁy(t,s) <I>W(t, 5)—0=0
N
1 0Z 1 .
= —Bﬁu,i(t7 s) — Em = _Bﬁy,i(ta s) — 'N Z<Xﬁ,i(t)g£,z(3)>a =0
(22 AN a=1
1 62 1 Y
= —B%,(t, —= = —B% (t,s) —i— ()92 (s))s =0
e R LR R OB LL L
N
1 . 0z 1 11 .
_ Ao — Al _ - ] (] _
NGMV( ’ ) Z&Gﬁy(t,S) NGM(t? 8) 2N 0;<£M(t)£l/(8)>a 0
N
=, (t,5) N > Ao(hp () (hi(s))a =0
a=1
| N
- ﬁu,z(t78> - N Z<U(hﬁ,z(t)> a(hﬁl(s)))a =0
a=1
L N
= Bl (1,5) — o S (LR (5))a =0
a=1

(K.44)
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58S 1
_ 1 - 1 1 -
5CL (ts) Gt s) = ;@#(t)gu(sm =0
5S 1 X
M%A)=G@ﬂwwyvgxﬁﬁm@@mzo
68 1.
BB, (5) — ALt s) — i ;< ni(t)o(hy(s)a =0
N (K.45)
05 ¢ 1 > £e -1
55T, (5] —Ailtys) =i ;@W(t)a(hm (5)))a =0
58S 1L
Bt — AL (t5) — i Zl<§;¢<t)a(h;(s))>a —0
M
0S 7G¢ tS Nzg,u gV 5—0

5Go,(t,s) N 2

Here the average (), denotes the o' single-site average of an observable O({x, &, u}), defined as:

O = g2 [ T TT avidehexo(=Hi 6 Gol)OGgh) Kao)

]a ’ © layers

Where H is the logarithm of the integrand in K.42 or K.43.
At zero source j, v — 0, all single-site averages over N terms are equivalent, and we can write (for
instance) <I>1 = (o (hl) (hl) ), Where (-) is the average over single-site distributions for j, v — 0.

The sum ZB 11X ( )X (s)>5 — 0 in the limit, but notably, Zgiﬁgﬁ(t)gf(s»g remains
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O(1) but doesn’t concentrate. We have

0S - 1 0z .
[ — Gly(t’ 5) S — Gll,(t,S) _0=0
6G,(t,s) " Z6GL,(t,s) "
0S 1 6Z )
[— GZ b= GZ ¢ 4+ ¢ —0
5wa1( ) uuz( ) Z(SGﬁyl( ) /“/l( S) <§,u 1( )éu,z(s»

58 =0 1 52 20 1 ~1 ~
507, ~ T Zoay, — T oy W) =0

0S 0Z

5oL 5~ Pt~ Zar gy — B(t9) — (GO =0
08 1 0Z - 1
W N (I)le( ) ZW - q)ﬁl”i(t’ 8) - 7<X£z(t)X1/z( )> =0
oS A 1 0Z R
m - (bﬁu(t7 s) — EW = q’ﬁy(t, s)—0=0
oS 52 o
W BfLV’L( ) Z(SAﬁ,/l( ) Bﬁyz(t 8) _2<X,€,i( )guz( )> =0
0 i L 92 o=
ALt 5) Bill:s) Zoab e (6] =0
98 _lee 102 L o Lo
(5Gz)y(t, S) N HV(t ) ZéGﬁy(t,S) N u(t ) 2<§u<t)fu( )> 0
6&)1625) = @}Ll,(t, s) — <U(ht(t))a(h11,(5))> =0 (K.47)
S g = Y9~ {olHL ) o0 6) =0
5 i e
o7 ~ Tt~ (o) =0
S, $) — (d (D) al(s)) =
3 ) O~ muas) =0
oS
0 Gt s) — (gl (0ghi(5) = O
5G£m( s) H
S~ ~Ailts) = (o) = 0
puyi
By = )~ L0 ) =0
ISt (1,) — 0o hL(s))) = 0
SBY,(t, ) AT s v
0S M
5Gh(t,s) le
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K.4. Averages of dual variables

We see that the dual variables {®, G, B} are given in terms of such correlators as (). We will now
show that these vanish, finding along the way expressions for the fields {x, £}, as well as the kernels
{A, B}.

It will serve brevity to work with a vectorised notation. To wit: let x¢ = Vec{ Xf”(t)} pe{l,... P} teRt
denote the vectorization of the stochastic field over different samples and times, with anal-
ogous objects defined for the other fields. We denote the dot product between such ob-
jects a - b = Zle Jo~ au(t)bu(t). A similar procedure is applied to matrices by defining
® = Mat{®,,}, 1, P} sert> With the appropriate matrix product defined as [Ab],; =
Jids kS0, Ayt 5)bu (s).

With this notation in place, we can write (x¢x!) for £ € {3,...,L — 1} in terms of the moment
generating function for )Zf , and the dummy field w

0 0? ) .
(XiXi) == 5o <eXP(zw : xf)> ‘w:O
s 1 00 Ry
= ~ 5w T g/dXi dx; exp(zw~xi) eXp(—H) .

1 00 LT b—1ol | - ¢ N
Z—gm/d% dx; eXP<—§Xi e, X +Z(_Xi+w+Aigi)'Xi) .
1@ dnt 1 ¢ AleD\T g1 ¢ Alg!
= ZiwowT | i eXP(—g(—Xi+w+ ig) (@, (—xi tw+ 1g7,)>

w=0
1
= g/dxf exp(~4 (= x! +w+ Algh) (877 (- x/ +w + Alg/))
X ([i’f_l]*l — (@ (- X +w+ Algf) (- xi +w+ Afgf)T[‘Pf‘l]*l)
w=0
=@/ @) (- Algl) (xf - Algl) )@/
(K.48)

Where we use the definition K.46 of the average, and retain only the relevant parts of the integral.
Through similar derivations, we obtain also the following:

(x) = (@7 — (@7 (0 - Ae]) (] - Ale)) )@ (K 49)

x'xh) = [@°] " - [@°] " <x1x”> EX (K.50)

€€ = e -G (¢~ Ble) (6!~ Blg) )G e (23l)  (KSD

(€0€%) =[G - (G (67 - Bg?) (67 - Bg?) )G (K52
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(x%/s/) ({T< (—iwx{ gi”>‘w:0
)

T@Z 1o

Lax! exp(-3 %! x{+ilxd+w - Algl)x!) 8|

w=0

= exp(—4 (! +w— Algh) @) (! + w - Alef)) 8|

- 2w |
18/
Z 0 w=0
/d - exp(—f(xz +w - Algh) @7 (xf + w - Algl))
[‘I’f 1] (XiJFW Ae ) ET’

=@/ (! - Alel)elT) te{2.3,..1)

(K.53)
—z'<éfa(hf—1) > - [Gf]‘1<(gf - Bfa<hf—1) ) a(hf_l) > te{3,4,.,L} (K54
—i <é¢ a(h1)> = [G¥] ‘1<(g¢ ~ B (h")) J(h1)> (K.55)

—i(€*o(n') ) = [G*] 7 ((e* ~ Bis(h') ) o(n') ) (K.56)

Now the Hubbard Trick [24] states that

exp(—3 xTAX) = [na Mi“dm exp(—2uTA lu —iu-x) = <exp(—iu.x)>uNN(0yA).

(K.57)
This allows us to rewrite the quadratic terms in our single-site MGF as follows:
exp(—Z/ dt/ dsxu )@0 (t, s)) =
(K.58)
= <exp (—iZ/ dt a}(t) x;(t)>>
w0 al~GP (0,80)
exp ( Z/ dt/ ds X2 (t) - i (s )‘Piy(t?s)) =
%z
(K.59)
<exp<12/ dta sz ))>
{a%}Ng,P (07‘:1)1)
exp<_2/ dt/ ds Xuz Xﬁz( )(I)fj,l/lz(t S)) =
Nz
(K.60)

<exp(zZ/ dta/“ X,“ ))> te{3,4,..,L}

{al}~gP (0,0¢71)
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exp(—Z/ dt/ ds &, ;(t) - & .(s) W(m)):

. (K.61)
<exp (ZZ/ dt 6 {l”( )) > te{2,3,4,..,L}
{B{3~gP (0.GY)
exp| — = Z dt ds fLH Af“(s)) =
( Nz / /
(K.62)
<6Xp (7]2/ dt BL+1 L+1( )) >
{BLF1}~GP (0,1)
exp(—Z/ dt/ ds fu {V )) = <exp (12/0 dt 55@) éﬁ(t))>

pe i {B9}~GP (0,G)
(K.63)

We can now easily integrate over all the {¥, é } variables, since the argument of the exponential in Z
has been linearised with respect to them all. Doing so yields the following delta functions:

/H dX” exp zx (Xl — al)) = 5()(1 — al) (K.64)

JIE ol o) oot o -als!) <2am
(K.65)

M €L (€2~ 32 —B?T 5(h! _ofe2_ g2 p2T (1
/ [1=5 exp(ié- (& -87-BY o(n') )) =6(& -8} —BY o(n))  (K66)
it

M Y £ pl plT /-1 _ Ll plT /-1
JTTE st et (o)) =l -t -8
,t

te{3,4,.. L}
(K.67)

B L)) R (A e
it

FL
ST i (040 pt)) =ofe - 1) )
w,t
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Using these in the expressions K.49 to K.56, we note that all four classes of correlators vanish, since
the average term collapses to the covariance matrix of the respective Gaussian process {a, 3}, which
cancels with its inverse, giving zero overall. We summarise this as follows (where the expression is
implied to hold for all allowed arguments, superscripts and subscripts):

~ A A~

G=b=(xx)= (&) =0 (K.70)

K.5. The coupling kernels A and B

What of A and its dual B? Well inserting K.66 into K.54, and inserting this in turn into the relevant
saddle point equation, we obtain for ¢ € {3,4, ..., L}

Al it s) = —i (&L () o(hiT(s)))
= [6!)7((&" = BLo(n{71)) o(ni ™))

[ oa(h, (1)
G
In the final line, we use Stein’s lemma [48] which states that for a normally distributed random
variable X with expectation y and variance o2, and differentiable function g, E[g(X)(X — u)] =

o?Elg'(X)].

(K.71)

Similarly:
A2 i(t,s) = <a(;<?(<3>> (K.72)
AS(t,s) = <m> (K.73)
Bty s) = <(j§’2{8> (K.74)

Note that the saddle equations tell us that Bﬁ,,(t, s)=0.

K.6. Final DMFT

To remedy the asymmetry manifest in equations K.66 and K.67, we redefine B as its transpose. We
also rescale A to ypnoA, and B to vpnoB. This makes it clear that the non-Gaussian corrections to h
and z are O(vpnp). We also replace instances of g with their corresponding z using K.4.

We then have the following complete self-consistent DMFT equations:
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GP(0,d1(t,s)) =2
GP(0, 7 (t,5) €€ {3,4,..,L}

Bi(t) ~ GP(0,G (8, 5) £e{1,2,...,L—1},  BL(t)~ (0 1),

BO(t) ~ GP(0,G(t,5)) @, = (zuwy), P (t,s) = (a(hy(t)o(hy(s))),
07, (t,5) = (o(hy, (1) o(hy () £€{2,3,..,L—1},

al(t) ~GP(0,8%),  ak(t) ~ {

o
G (t,s) = ([6(h), (1) © 2, (][5 (R, (5)) © 2,(s)])

Gﬁu,i(tv s) = <[d(hﬁ,i(t)) © Zﬁz(t)”‘f(hﬁz(s)) © Zfz(S)D e€{2,3,...,L -1},

Gty s) = (21 (0)20(9))

do(ht=
Ae7(us)::<6;;&£?)> (e {3,4,..,L},

6(J(h/€,2(t))zﬁ,z(t))> = {2,3, L — 1}, Bﬁyz( ) = <88az§l|l—((l;))>

BLL(1) = AL, (1) + 0 / s S 1Bfulor1) + B0(5) G, o (5

55(0) = pO(t) + 100 / s 318G 5, ) (1105

=1
£ () = Bl () + 1000 / s SIBL 6D + AL 5 D01 )
tef{2,3,. ., L—1}

2L(t) = pE(1) + 10 / DIV 2L i() = 6 (1)2E (1)
(K.75)
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hh(t) = al ’7”0 d ZA 09, (5(hl) ® z\(s)),
B2a(t) = afi(t) + 8 d Z A2, (5, 8) + Dy ()P, (5,6)] (6(h2(5)) © 224(5)),

Rt (1) = of, (t "”0 d Z L i(5,1) + A ()DL L (s, 0)] (6(Rli(5)) © 254(5))

e{3,4,...,L—1},

hia(t) = af;(8) + 58 d Z L (s, ) + Ay ()@ 1 (s, )] 2L (s).
Z(;Sl M, ¢ (t) = softmax (¢, (1))
dfgt()zﬁ [ (t, 1), + Z G2,i(t, )DL, (L) —i—ZGu,}Ztt(I)f;Ulltt)]

+ oL, (t £) + GO, (6, )L (¢, )]Ay(t)
vh = 128 d Z (.) + D)0}, (5,0)] [g(5)] .

g2()], = "070 d ZA )GL(t,5) DL (¢, 5) 0 (s)
(K.76)
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L. DMFT Analysis for Regime II (MSSP)
L.1. Architectural definitions

Here we distinguish the external width N and the internal width N, maintaining a standard con-
tinuous MoE architecture, but now with Q € RM*N and Wf’m e RNexN Al other architectural
objects live in the standard spaces and the total number of experts is M.

We are concerned with the thermodynamic limit where M, N — oo at a fixed ratio. Specifically, we
define k = %, where k is a constant of order unity in /N. The internal expert width N, will also
remain strictly order unity in this setting. The forward pass, following the MSSP, is defined as:

1 1
RV > h, = ﬁwlxu RM 5y, = \/—NQa(h;)
. 1 .
RNe 5 hi’f = \/—NWiz’la(h}L) RM 5 ¢, = softmax(¢),,)
M L.
RN h2,o . kN W2,0 h2,in RN h3 _ i h270
> e N, ( U( st ) 2y, = Z ¢M HyT
i=1
1 1
4 _ 4T3 _ L4
R3h,=—=w""h, fu==Hh,

VN ¥

L.2. Learning rates and initialization
To ensure that the network evolves dynamically in the infinite-width limit without gradients vanishing
or exploding, we apply specific learning rate scalings:

n=m"  me=m’k  v=2%VN .70 ~0(1) (L.2)

The network weights are initialized from standard Gaussian distributions:

1

wh(0), (W) W) Whs(0), Qus(0) ~ N (0. 1) (L3)

For brevity in our derivations, we denote the collection of all network parameters as 6 =
Vec{W, W2 W2yt QY.

Due to the normalization constraint of the softmax operator over M experts, the routing probabilities
scale as ¢! ~ O(-%). It is mathematically tidier to formulate the DMFT using variables which
remain O(1) in the limit. We therefore define and track the rescaled routing variables:

¢l == kN¢), (L.4)

L.3. Gradient definitions

We mathematically define the pre-activation gradients, ensuring they contain the correct scaling
factors to remain finite in the N' — oo limit:
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8h4 ~ oh’
1 2,in o
= = N :
9= VN g Ini mﬁahiy
2out . Ard ahﬁ 3. \/N% a3
9 =K 8hi’2 G = oS =w" =z
1 ont 9
i = ﬁﬁ = AN 66 = B
(L.5)
2,in | __ K 2,0ut T _2out ~b . 1 T 1,¢>
2, NN Wi gy zy, = \/>Q
1
~1 L 2,in T 2m 1. T 1,0 2mT 2m
= Wt g 2= —=0 g%+
fhiem LT f Seyw
/N - i T Fp
Note that the components of the router gradient g,qf naturally scale as O(1):
1 oht 1 OnY omnd 1
(95)i = ;= §oa =g’ R =0(). (L.6)
VN O¢,  \/NOhj 0¢i, N ’

The backward pass through the router dictates that the gradient at layer 1 involves the quantity g''®
defined component-wise to handle the Jacobian of the softmax:

KN ' kN _ (Z;k
95" = "N Y gl 6 (0 — o) = 39l 0 (6 — ) (L.7)
=1 =1

L.4. DMFT Kkernels and order parameters

We define the following macroscopic kernels, all of which are Oy (1) and will serve as the funda-
mental order parameters in the dynamics:

<I>2V = %xu - Ty <I>I1W(s,t) = %J(h/i(s)) 'O‘(hi(t))
B2 (s,0) = o(h20() oBZI0) (s ) = - o) ol 1)
@3, (51) = W) () Clals,1) = 1 94(5) - g1(0) (L8)
GE(svt) = 5 9(s) - G200 G (s,1) = 7 29(5) - g2 (0)
Gl 5,1) = o gh(s) - g7 () G (5,1) = 3 05(5) - 631

With the exception of the input data Gram matrix ®°, all of these kernels are dynamically evolving
macroscopic variables.
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L.5. Learning Dynamics and the Neural Tangent Kernel

We train the network using continuous-time gradient flow. The variable learning rate scheme defined
previously is necessary so that the activation updates within the experts and for the router scores do
not vanish or explode as N, M — oo.

Taking a standard empirical risk minimization loss of the form:

P
Z (fyu ) (L.9)
The network parameters evolve according to:
oh*
Z Aug
dt Py a0
(L.10)
A O
Ofy

For a Mean Squared Error (MSE) loss where £ = % >, (y» — f,)?, the error signal (or residual)
simplifies to A, = 2(y, — f).
The logits update dynamically via the chain rule, driven by the Neural Tangent Kernel (NTK):

dfu(t) _ 0fu(t) df _ Ofu(t) ng afa _n NTK
= S =% ZA ZA KNI (¢, 1) (L.11)

Where the infinite-width NTK is defined as:

NTK _ 0fu(®) 9fals)
Ko~ (t8) = =55 50 (L.12)

L.6. Decomposition of the MoE NTK

To explicitly compute the NTK, we require that the magnitude 7 91 “( ). of “0( $) remains order 1 for

each parameter block 6;. We evaluate this constraint block by block
For the expert input layer W2i":

AN Neo N 8{h?’i“] - a[h?,in}m
7702 Z Z [hf’in} 8Wj2k,il8[h?’i“} vz .

i=11lm,j=1k= 1a gk

m

=110 NRXNI i > L 2‘“} [gfyin}ma(h’l“) o) s 5
lem,]lle\ﬁ wW/N VN VN Y

(L.13)
N N, N
Ne 1 < 1 . 2,in 2,in 1
= 2 | 2 9 o | e
J= k_l
N, 1 X N,
=m0t > o Gire! G?*o!
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For the expert output layer W 2:°ut:

kN Ne 9 [hf,out]l oni 0 [h?,out]m

7702 Z Z |:h2 OutL aW]?];out 5 [h?’om}m aWjQ];out

i=1 l,m,k=1 j= 18

«N N, 20ut 2,out
. Z Z Z[ } [gz } ma([h?vi“] )\/K,NU(|:h27in} Yoyl (L.14)
3/2 3/2 i AT i m,
i=1l,m,k=1 j=1 KN/ KN \/ﬁe K V/Ne k
_,’70 ZGQOut 21r1
For the shared base layer W'
D N
oh* Ohl On* ohl T Tk 140
HOZZ 1 3] 1 ?:OZZ nmnj‘smj =G @
k=1 j3,m=1 ahn 8WJI€ 8hm aWJk k=1j3mmn=1 \/>\/> ff
(L.15)

The router weight matrix () involves the complex Jacobian of the softmax operator. Integrating this
out, we find:

N N kN kN

on' on' 1o 0 i gi j j 11
— P — LY B — —_— 7¢
MDD 500, = N D D @l gr ¢ 6" (8 — ) (6us — &) = m®'C
j=1 k=1 J J Jj=1l1i4'=1
(L.16)
Aggregating these contributions yields the full macroscopic evolution equation:
df(t) ZA () D (t,t +——ZG2‘“H<I>1( t)
dt st
L.17)
—~ ZGi;";‘ i:,“l(t t) + @3, (t,t) + Db, (8, )GLI(L 1)
L.7. Evolution of weights, preactivations, and pregradients
The updates to the router weights are:
dek Z afu WOVH\ﬁZ i 77070/€N ZA 8h4
" 0Qjk ”662 ik “362 ik
_ 770'70 A N Bl
= Z o |5 Zga Pa(0aj — 05) | o(h}) (L.18)

_ 77070 ZA

112



SCALING MOES: FrRoM pP TO MSSP

‘We obtain thus:

U) = = Q1) (1)
= X5(t) + 10 / ds ZA s,1)g,°(t) (L.19)
gt =4y +7m°/ dtZA G0

The other preactivation and pregradient updates follow similarly:

dwl(t) UUVO\/NZAN(t) g9.(t) 1

i P VN VD"

1 t
1rgy 1 070 1 0
= B = WO [ TR 80 ko) 2t

VD
AWt VN ORE!
- t) _ 7707(])3 Z“:Au(t) g:,\/ﬁ ﬁ"(hi(t))
= hT() = \/1NWi2,in(0)a(h,{L(t))+mgo i ds 3 A, (s) g2 (5) B, (¢, 5)
AW (1 VN ) VN
- (t) _ 770%])3 ZA“( g]ﬁw/z% U LU0)
_ gﬂ\'yfo NN Z 20ut( )O_(h?,in(t))
= Bt = %WE"’“(O) ok (1)) + 120 d ZA g2 (s) B2 (8, 5)
w4

(L.20)
Using the same expressions for the evolution of the weights to derive expressions for the pregradients:
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(1) = g(0) = wi(t) = §(0) + 5° d >
258 = kg (1) = (1) g2(0) = 10 / DO

W2 outT( ) gi:(;ut(t)

NN

= 670 + B d 2 Au(s) G ) o1 (0)

2Lt = WA T (t) g ()

g UOVON/d ZA 3}1;11 t)a(hll,(s))

Finally for the router gradient:

kN
1 ~ ~.
Lo _ Z 6 gm g
g?, K}N gm¢ (’%Néml ¢)
gl 770’70 3§,2,0m i Ti 770’70 3&2,9n 1i
=gt - 0d§AGc1> digt — 1000 dEjA(;cp &',

L.8. Stochastic initial fields

To isolate the purely deterministic part of the trajectory from the random initialization, we define a
set of initial stochastic fields /. These fields encapsulate the randomness of the initial weights:

F = {0 0,3 (0, x5(0), € 1(8), €280 (8), (1), €2(8), €% (D Yieqn,. My per, P}
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Xu_ﬁwl(o)v%
GO = = W0 oA (1)
Xi,,(z)ut(t) _ "j\][:fwf,out(o) (h21n( ))
() = 1 0(0) o (L
XH0 = 7 QO o0 6) s
wi(t) = (W) gpih (@)
G0 =\ (V2(0) T g0
L) ﬁjﬁ@mm}ﬁ()
€010 = o (VWP 0) o (h22(0)

A critical step in rendering the MoE partition function computationally tractable is distinguishing
between expert-local fields (which are specific to an expert 7) and global fields (which impact the
shared base layer or the final aggregated output). This distinction allows the massive partition
function to factorize over the experts.

We define the router-averaged stochastic fields to capture the macroscopic effect of the local processes:

Yo —~ qu)’ 2"‘“ (L.25)
1 kN
L) = el L2
Eult) = — m;gﬂ(t) (L.26)

Substituting these, the global aggregated output hz and the gradient arriving at the base layer z}t can

be expressed entirely in terms of order parameters that are smooth over the ensemble of experts:

B3 (1) = X5(t) + 77”0 dZA (5) D% (s, 1)25(s) (L.27)

0 = B () + b + 10 d S [fai;%s 0+ GLo(s. )] o(hl(s) L28)

115



SCALING MOES: FrRoM pP TO MSSP

L.9. Deriving the DMFT Action

We formulate the DMFT by writing the moment-generating function for the system’s trajectories and
performing a disorder average over the initial weights 6.

Z o<</dfexp (Z/Ooodm [x;.(X; - jﬁwl(om)

+Z>zi‘f (i = W2 O (1)

kN
R _ 1 < kN in
+35 (G- o DGt WO ®)

+6 (8- MZ 0) 7 0)

_i_Zng ( 21Zn - NN W2 out( )TQZ:;?Ut(t)) _’_52(53 —w4(O)T)
6. (v — L o0)e(n! 210 (ero_ L o) Tole
it (v - %00 <hu<t>>)+£ﬂ (64 - 00 k20
KN
+ng,;fi<t>( Lo () —KNZ FN 3T<t>vvf’°“‘a(hi’;“<t>)¢,z<)(nNazm—qb;zL(t)))D
XeXp(Z/ dt |:7H XH +Z]2m Xilln )+]H +Z 21n 21n )

+ () - EL () + v €00 + () - X0 + op? () - 0 (1) + vl (1) - €8 ()D>

0o
(L.29)

The resulting partition function obtained after the integration over the initial weights 6y is:
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Z /dfexp{ - ;%;/OOO dt /OOO ds [;glg(t).x;(s) o), (t,5) + (é ()R (s)
R RE) Dbt ) + 28 (5)-EL(0) G251
+*Z§2m (1) G3, (5, )1, (5) L (1)
+ s,;(s> E5() + fél’d’(S) E0 (DG (8 9)
+n25 €97 (1) B2 (5,) G2, (5, 1) () Di(h)

o . 1 & in
#8200 (3600 200 | <5 [T [T s (A0 x50 20

N

RS P AD (5,) + 1 D (E20(s) - (W2 (0) 5 (9)51(0) B (5,1
€ i=1
+Z£;‘if (1)30(5) Ay (1:5)] +Z/ a [au Xt +Z;“‘ RAHOREHORO

+Zv2m () + v;<t)-§;(t>+v2-§f:<t>+jf3<t)-xﬁ(t>+vb¢<t>-fb¢<t>]}

(L.30)
Where we have introduced the O(1) kernels (also called response functions)
n2,in i s
Byi(st) = =3 X,(5) - 0(1)
— /L faS
Ab(s,1) = —<EL(5) - o (L)
i .
Al@(sat) =~ 51’¢(5) : o—(h}/(t)) (L.31)
o . 2,in 3 i L¢ 2,in 3 7i
A, i (t5) = w® 5 (8 s) Gt s) 9,(8) AL, (E, ) + KA, (E5) G, (E,5) 6,,(E)

. A . Lo
+ @ (t,5) 0,(8) BRh(t, ) +§f<&<1>,2ui“(ta $) G (t,s) A9, (. 5)

+ @5ty 8) B (L, s) + kAZ(t, 5) Gy (L, 9)

We must constrain the solutions to be physical, so for each i, i1, v, s, we multiply in the following
resolutions of the identity to enforce the definitions of the order parameters.

. / d®l,(s,t)d®L,(s,1)

N1 exp [‘i)}“,(s, t) (NCI’}W(S, t) — O’(hb(s)) . U(hi(t))ﬂ (L.32)
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1= / (0 DAl Y exp (0 (s ) (Nl (5, 8) — o (21 (5)) - o (2 (1)) )|

2miN, ! .
dGL (s,t)dGL (s, t) X
= / T exp |Gl (5.1 (NG (,8) = gh(s) - b)) (L.34)

L /dGi:‘x )G (5,1

e |G (s ) (NG (5, 0) — g24() - g2a0) | L3S)

L / dG3,(s,1) dG3 ,(s,1)

St exp [wa(s, ) (NGf’W(s, t) - g(s) gg(t)ﬂ L.36)

AGED (s,t) dGLE (s, .

2,in 12,in
1_/dBW(st)dA V(sit)

A p [ AZ0(s, ) (NBER(s,0) +iXa(s) - g3(1)) | @L38)

. / dAiV(s,t) dB}W(s,t)

et exp [—B;V(s, ) (NA;V(S, £) + i€k (s) - a(hi(t)))} (L.39)

1,0 1,¢
= / AR P 0 e [ Bl 5,0) (N AL 5,0) + €90 - o010 ] 1,40

- / dAg," (s,t)dBg" (s,1)

2ri(rN)-1 p [‘Bgy(& t) (HN AT (5,1) 46977 (s) - q%(t))} (L41)

ynx J12%)

1= i
2miNg

dA2m ¢ dBQm ¢ . .
/ (5.8 dByyils 1) (B2 (5, 1) (NoAZD (s,1) +8€230(5) - o (n20(1)) )| (L.42)

L / d®3,(t,s)dd3 (¢, s)

i exp [ci»fw(t, s) (N®3,(t,5) — h3(1) hi(s))} (L.43)

2,in = 2.in
- [ )

211

Ciz’,ijn(t, s) (HNCDZ (e, s) Z ¢>’ ’ f“‘/“l(s, t))]
(L44)

L / AG%M (¢, 5) Gt 5)

i2,in N 21n 2m L.4
2 (V)1 exp |G, (t,s) (m G (t,s) ZGWM (L.45)
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L.10. Softmax
We need to encode the behaviour of softmax in the DMFT. Recall that @' = softmax(v)'), so
¢" = kN¢' = kN softmax (). That is,

RUACQ)

Pu(t) = KN@),(t) = W (L.46)

This invites the definition for each input u of the global order parameter
1 < j
Su(t) == —~ Z evn®, (L.47)
j=1
which we enforce via the Fourier-transformed delta function

1= /Wexp S.(t) (HNS Zewﬂ >] (L.48)

2mi (kN )1

L.11. Partition function

Define the set of all kernels and conjugates (indexed for time and feature, although this is omitted for
brevity in L.49):

IC = {@1 (I)l ¢)2m q)?,in’(i)zin’(%Q,in,(I)S’(iS,Gl’Gl’G2,in7é27in7G?,in’G?,in, w10
G37G37G1,¢’le,(b,Al,Bl’BZ,in,AQ,in’A1,¢>7Bl,¢,Ag1’¢7Bng”BiQ,in’A?,in}

We can partition these order parameters into the set Kgjopq Of global order parameters, and the set
Kezp—ioc of expert-local order parameters.

/Cglobal _ {@17 (i)l, (i)2,in7 (i)mn’ (1)3’ @37 Gl’ é1’ Gv2,in’ é2,in7 GW, Gﬂ,d)’ G3, st

AL Bl Bin A%in ALé plé 49"’ pet?) (L.50)
ICeﬂﬁp—loc {(1)2 - 2 1n’ (I)?,Out’ (i)?,om’ G?,in’ G%ina Bf,ina A%in} (L.Sl)
7 / (H Hd/Cglobag) exp (N S[IC]), where (L.52)

v ts
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Z/dt/ds[ (t,s) <I>1 Lt s) + éiw(t, s) Giw(t,s) +n@};§’(t, s) Gi’j’(t, s)

_ 1,¢ 1,¢
- Aiin(t? S) B;Qflin(ta S) - B,tluz(t’ 8) A;ltu(tv 8) - Blli;/qj(t? 8) A;ljljb(t? S) - /iB;gU/ (ta S) AZV (t7 S)
+ D% (8,5) B, (1 5) + RPENE, )P, 5) + KGR (¢, )G (1, 5)

+ KSu(t) Suls) + G3,(t,5) G2 (8, s)]

N
1 lobalr -1 =3 ~1 1, localr :2,in  2jin .3.out -
+N§ In Z8 G, 53, v vp? vl + NE In Zlocal [0 p2i0 R 9]

(L.53)

In 2L, 33,50, uh?, 0] = Z [t [ as[xhierebo) ot s) + &0
+ 15%)5%) G2 (1,5) + T EMDENSICRE, ) + K1) K5 (1) )
-3 [t [ as[@l 000k 0) o)
- Gl J(5) A1) gb(s) + B (1, 5) WE(OBL(s) + G (1, 5) g3 (1) g3(5)]
zZ/dt/ds BW t, )2 (H)a(hL(s)) + BL,(t, s)EL () (hL(s))
+ AZR(E )X (0)95(5)]

Y / Q| (05, + €50 (€5 (1) + (05(8) + L2 (D)ELLWD) + (Gha(?)

+ X ()X () + (T (8) + X5 ()X (8) + (D) (1) + ifﬁ,n(t))ét,i,n(t)]
(L.54)

o0 oo
glocal[j2 42 i ;) / (HHd/cmp_loc) X exp (Z /O dt /0 ds [N OO (t,5) DI (L, 5)

pr t,s puv

2,in 2,in 2,in 2,in
+ No G (k) Gt (1, 8) + Ne Bih (¢, 5) AR, s>})

g L [, 7] 2 ot

(L.55)
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s 1], 4] ] = [ a7 0 33 [ [l [0, [, whten
o [Gro] [gre)], W(s,tm(swz()
+ 1Gizy(s,t>o<[h2’;“<s>]j>a<[hi;;“u)}j)éﬁi(t)éij’xs)]
—zZ/dt/ds [ Xilzn ' gi;n(s)]j fl}w(t, s)
s [E0] o {h3:;n<s>]>]
_Z/dt/ds &2 ts) ol (120 0)] ol[R20e)] )
+ G (L) [git“m]j )] |

o3 [al((e], + o)) o),

+tJiro] mlaro]) fgrol, I}

J
(L.56)

Zy[ie, 097 = /d}‘ exp{—Z/dt/ds )Xo () @1, (E,5)
1€ (5) €L (¢ ><1>i;“m<s 1) Gl (s,) &7 (5) 67" (1)
> [t [ s [ 00264k 0) + 7 O3) (B (05) + Ay (1.9)]
+Z / dt / ds [AZin,, (5,060 (5)6."(8) BE(s,0) |
—Z [t [ as[Glte.s) ghino) abits) + B s) G20 ()R )
+G2"‘< 5) G2 (1, 5)]

> / dt S, (1) e’ ™ +% " / (78 (1) iX D (1)) X o () + (0 () + 69,7 (1)) €97 <t>}.
Iz M
(L.57)

L.12. Saddle point approximation

To write down the saddle point equations, we define first the single-site distributions.
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We can write

lobal = 1 lobal 1,0
Zgo ¢ []nﬂjg? 'rlvvn(z)? n fd]: exp{ o ’H?VO ‘ [{XMmX,unvfumgﬂ”’ /»tn?jnajnavrlwvn ,1)2 M]
(L.58)

Zulifl = [aF ex { - HM[{x;ﬁ,m,jﬁ,m}u]} (L.59)

Where H in each case is the logarithm of the integrand of the corresponding Z. We can then define
for each Z € {Z9°* Zx_;, Zar} and the corresponding H the average

Oeez=7 [ [T expl=Hi ) o0 (L60)

With this apparatus in place, we can take saddle equations. We treat expert-local kernels as microvari-
ables which are implicitly defined in terms of x, £, and so do not take saddle equations of them at
this point.

L.13. Saddle-Point Equations

Since the integrand in eqn.L.52 has the form elVs [’q, in the limy — oo we can use the saddle point

approximation, which consist in finding the set of equations that lead to a stationary action S[K].
We note the following:

* At zero source, all single site averages () Zolobal Lo 3] Ar€ equivalent, so we may write
N

FEVERCE R
() zgtovar for the average over the single-site distributions when g1, 3%, 81 v v = 0.
N
* Conditional on the set K g,pq1 0f global kernels, Zlocal factorises over experts, and so we can write
)z i|Kiobar fOT the conditional average over the distribution defined by Zy, ; “ 12 m} , [vf’in} ]
. J J
as j2" v®in — 0, and ()

ZM[jﬁl,v,’f} as j‘i’,'vgl’q5 — 0.

Zar|Kgiopa TOT the conditional average over the distribution defined by

* Expert-local variables follow single-site processes, so we can drop expert indices

* By a derivation similar to that in sec.K, we can prove that conjugate kernels defined as covariances
between conjugate fields vanish, since they have no physical meaning and can not influence the
dynamics in addition to imposing constraint when introducing kernel definitions.

The global kernels are given by their expectation values over the single-site global distribution
Zﬁobal:
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By (5,) = (0 (R (5)) o (I, (1)) o

&3, (5,1) = (3(5) B(0)) uumm

Gl (3:8) = (g,(5) 5 (t)) paiona

G (5:) = (9a(5) 95(2)) ggtonat (L.61)
AL (s, t) = =i(E?(s) o (hy (D) (£)) patovar

AL (s.8) = =i (EO (R () o

B2in(5,1) = i (3 (1)95(5)) gto

The router kernels require expectations over the expert ensemble distribution Zj;, conditioned on
the global fields:
(I)Qm _<¢u )(1)2m($ t)>

GQ m — <G2 ,in

Zm|Kgiobal

s t
>ZM|’Cglobal

o 16 (5) (L.62)
2 (s, 1) = (9,%(s) g

(t)>ZMVngobaz
- <ewu © >ZM [KCglobat

L.14. Expert-local order parameters

The local kernels are determined by independent processes within each expert’s internal dimensions:

Ne
200(5,6) = 5 Do (I (0)] ) o ([12"(s)],)
e =1
. 1 e
G5, 1) = 3 L"), (2™ (s)],
“ =1 (L.63)
Ne )
AP0 =in Y (G0 o(["])
j=1
B2 (5.6) = = 3 (0u()00(0) 24 B 51

All non-physical conjugate kernels identically vanish at the saddle point: 3 = Pl = Gl = p2in =
-=0.
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L.15. Hubbard-Stratonovich transformation

The Hubbard-Stratonovich trick allows us to rewrite the quadratic terms over conjugate fields as
Gaussian integrals over linear conjugate fields:

exp(—2RTAR) = [o (%)Wiiudm exp(—3u'Alu—iu-k) = (exp(—i u'i)>u~N(O,A)'
(L.64)
where X is a generic conjugate fields in the partition function above. Using Stein’s lemma, (integration
by parts on a Gaussian variable), we can reformulate the definitions of each of the kernels A and B
as response functions:

At 8) = =1 (&0, o(hi (9)))ge (o)
= [a 7 (et — Bl o(ht! =1
=[G (6 = Blor ) oh ),

oo(h (1)

It easier now integrate over all the X’s, since the argument of the exponential in Z has been linearised
with respect to them all. Doing so yields delta functions that give us the final DMFT dynamics.

(L.65)

L.16. DMFT Dynamics

Piecing together the self-consistent order parameters and the exact integrations over the Hubbard-
Stratonovich fields, the fully rigorous DMFT description of the infinite-width MoE is summarized

below. _
al(t) ~ N(0,8°)  a?(t) ~GP(0,@")  [a*"] ~GP(0,d")

a*(t) ~ GP(0, ™) B9 ~ GP(0, kD" GpG)
21 Ne =2in 2,in K ~377 (L.66)
B (t) ~ GP(0, ?G ) [5 ]j ~ GP(0, EG ®9)

50~ NO1) 5(0) ~ PO, -G)
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RORT AR d > 0a (5,8) [ 2 (s, 0)u (£) — B2 (5, 1)]
Mﬂm )
2 (1) :B;(t)+éb¢(t)+”‘go/o ds Y [BL?(s,t) + B}, (s,1)

v

+ A4 ()G (5,1)] (hl( )

), = [5m0)], + e [ > [Aa)G ) 6u(s) G0+ B 0)] o (170
( ) = 53 770’70 d ZA
Bl (t) = 77070 d ZA @), )& (hy(s)))

(1)), = o) + 150 d Z (A, (s)®L, (2, 5)
+;A}w(s, 0] (o ([n2mw],) © [2()],)

(1) = a (1) + 8 d Z [AZI0(t, ) + A, ()82 (s, 1)] 25(s)
(L.67)
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M. DMFT Analysis for Regime II (1.P)

For pP in Regime 1I, an analogous derivation as in the previous section, which we omit for concise-
ness, yields the following set of self-consistent DMFT equations:
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al(t) ~ N(0,8%)  a®(t) ~GP(0,9")  [a®"] ~GP(0, ")
F(5) ~ GP(O,55GHM) B0 ~ N(O,1) 5(0) ~ GP(0, - GM)
80, = Tl L (1) = (o (R (b (5))) sy

Ne

B (s, ) = ]\17 > (m ] ) o (A" (9] ) 2y, K

J
Jj=1

@ (5:8) = (ha(Oh(5)) ggtovar, G (t5) = {[0(h, (1) © 2, (][ (R (5)) © 2, (9)]) gtoba

(i)Q’in(S t) = <¢/L( )‘7311( ) m (s,1) >ZM|1CqI bal Gz ' (5:1) <G2 v (5,2) >ZMVCqI bal

Ne
G2 m S t ﬁ Z |: h2 ln [ i’m(t):l]:| [U([hzﬂn(s)}]) © I:Zl%’in(s)}j] >ZN€J‘ICglObU/l
( )>ZM|ICglobaz’ wa(s,t) = <Z2(é) Zg(t»Zf\fwbal

_ 9 (h (1)) _ N /O [gi ‘“(t))] )
Alu(tvs) = < L > 5 Bly(tas) = <J>
2 Bﬁ,}T(S) Zglobal ® 2_: 9 [OzZ’mT(S)}

Jj=1 v .
7 2N, j|IKglobal

do(hL(t)) 70)
ALo Billts) ={ -«
[ (t’ 5) < 6ﬂ1 ¢T( ) >Zglobal 7 " (t’ S) < 8Q$T(S) ZmIKgiobat

g°() W%/dZA 0) [8207(5,06(0) — 827 (5,0)] Bu)

2a(t) = BA(t) + BLe(t) + 50 dXXBWst+Bl@w+A<>Pw@w+wamHomuw

[220n(1)], = ’7070 d ZA G (s,1) du(s )&u(t)a([hi’i“(s)b)v Jefl,2, Ne}
h(t) = B + 15 dZA
BL(1) = al(t ”m/mza¢ )6(hL(5)))
(R (@)], = aZ(e) + 130 dsZ{ L, (1) + A,l”,( )} (6 (2mw)],) © [276),) . v

t .
) =00 [ s 30 ()82 0200
K 0 >

o) = 5o Sult) = (D) e Gt =m0, (0),

my(t) = 1(Yu(t) — (1)) where 7,(t) is chosen such that p = (mAt))ZMWMM

dfu(t)
025 st

N, ..
G0 (1) + |22 G0 + G20 @b (r.0

+ KRG, (4, )DL (¢, 1) + O (2, )]
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N. DMFT Analysis for Regime III (MSSP)
N.1. Architectural Definitions

In this section we are considering the case in which M, N, N, — oo at a fixed ratio. Specifically, we
definex = 4 |, = %, where k,. are order one in N. The forward pass, following MSSP, is defined

N
as:

RV sl = Ly, RM 5 4, = ——Qo(hl)

w VD H H VN W

. 1 .
RVe 5 hi’;-n = \/—NWiQ’la(ht) RM 5 ¢,, = softmax(v,,)
M (N.1)
RN 5 p2ow = L yp2ouyp,2in) RN 5 13 = ¢} h23
,2 ) N 1 12 ,2
H \/N M — H

1 1
4 _ 4T3 _ L4
R>h, = w* " hy, Ju==h,

VN v

N.2. Learning Rates and Initialization
To ensure that the network evolves dynamically in the infinite-width limit without gradients vanishing
or exploding, we apply specific learning rate scalings:

n=m7  ng=m7"k ne=mr’N y=%VN  m,0~0(1) (N2

The network weights are initialized from standard Gaussian distributions:

wh(0), [WEO)] W) WA5(0), Qus(0) ~ N (0. 1) (N.3)

but noticing that for each expert’s matrices Wf’ln, f’om we share the same initial weights

VVf’in(O) = W2in(0), I/Vf’out(()) = W2°U(0) For brevity in our derivations, we denote the col-
lection of all network parameters as 6 = Vec{W!, W>™ W>*" w* Q}.

Due to the normalization constraint of the softmax operator over M experts, the routing probabilities
scale as ¢! ~ O(-%). It is mathematically tidier to formulate the DMFT using variables which

remain O(1) in the limit. We therefore define and track the rescaled routing variables:
¢y, = kN, (N.4)

N.3. Gradient Definitions

We mathematically define the pre-activation gradients, ensuring they contain the correct scaling
factors to remain finite in the N' — oo limit:
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ohy, s Oh?
1 / 2,in 3 o
I = 1 9y = KN2 2,i
ah ahu,lin
4 4
2,0ut 3 ah,u 3 8hu 4 3
9.0 = kN2 5. gN::\/N—S:w =z
a oh oh3
1 On}
¢ . M 20ut |
9 = ~ 90 Z, = /iNqSMgM qﬁugu
2,in 1 goutT 2,0ut 1) 1 T 1,0 (N.5)
G = e W G R
1 ; ; 1
~1 I 2,in T 2,in 1. T 1¢> 2,in T 2m
= W: : z = — ' —|— — E wo
Fhd kVN " i m/NQ
1 M
= 51 51,0
E Z,; tZ2
kv N P por R

Note that the components of the router gradient g,d,f naturally scale as O(1):

1 Oh} 1 oht ond 1 )
(92 = L= Lot = —g’ b =0(1). (N.6)
" VN O¢i,  /NOh} 0¢i, N Hs

The backward pass through the router dictates that the gradient at layer 1 involves the quantity g»¢
defined component-wise to handle the Jacobian of the softmax:

KN ' kN _ ék
= wNY 900 G — ¢F) =D gl 0 — ) (N.7)
=1 i=1

N.4. DMFT Kernels and Order Parameters

We define the following macroscopic kernels, all of which are On (1) and will serve as the funda-
mental order parameters in the dynamics:

2, = &y, D}, (5,1) = - o(}(s) - o(h(1))
D2 (s, 1) = - o(h20(5)) o(EP(0) B0, 0) = - o(25(s)) - o2 (1)
B3, (5,1) = W) () Gh(5,) = 3 94(5) - 93(1)
G2 ,1) = o g20(5) - 42000 GEM(5,) = 1 22 (5) - g2 0)
Gl (.1) = 2 gh(s) - a2 (0) G (s,1) = - 63(5) - 630)

(N.8)
With the exception of the input data Gram matrix ®°, all of these kernels are dynamically evolving
macroscopic variables.
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N.5. Learning Dynamics and the Neural Tangent Kernel

We train the network using continuous-time gradient flow. The variable learning rate scheme defined
previously is necessary so that the activation updates within the experts and for the router scores do
not vanish or explode as N, M — oo.

Taking a standard empirical risk minimization loss of the form:

P
Z (fyu ) (N.9)
The network parameters evolve according to:
oh*
Z Aug
dt Py a0
(N.10)
A O
Ofy

For a Mean Squared Error (MSE) loss where £ = % >, (y» — f,)?, the error signal (or residual)
simplifies to A, = 2(y, — f).
The logits update dynamically via the chain rule, driven by the Neural Tangent Kernel (NTK):

dfu(t) _ O0fu(t) df _ Ofu(t) ng 3fa _n NTK
b=t = ZA ZA KNI (¢, 1) (N.11)

Where the infinite-width NTK is defined as:

NTK _ 0fu(®) 9fals)
Ko (t,8) = =5 50 (N.12)

N.6. Decomposition of the MoE NTK

To explicitly compute the NTK, we require that the magnitude 7 91 “( ). of “0( $) remains order 1 for

each parameter block 6;. We evaluate this constraint block by block
For the expert input layer W2i":

AN Neo N o 8{hf’i“} - a[h?,in}m
(PIPIPS 27 8Wfk,ila[h27in} W,
i, i

i=11lm,j=1k= 18 gk

m

N o) i N R LT M

i=1 l;m,j=1k= kN3 wN32 /N VN

(N.13)
L1 kN 1 Ne
. L L 2,in 2,in
2{ L.L RIEDEC
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For the expert output layer W 2:°ut:

kN N. N opl 6[h2’°m]l o a[hg,out]m

3 7

7702 Z Z [hlgput}l aW]?];out 5 [h?’om}m aW]?];out

i=1I,m,k=1 j= 18

kN N, 20ut 2,out
=my, > Z[ ), ], ”“Na([h?vi“] )”“Na({h?vin} V661
i=1 ,m,k=1 j=1 RN3/2 kN3 /N, © IR VNe BT
_,’70 ZGQOut 21r1
(N.14)
For the shared base layer W':
niiah‘lah}l Oht onl, ZZ 9y n 5 s Th T o G @
0 1 1 1 1 — "o nj Omj =
k=1jm=1 8hn awjk ahm 8W1k k=1 jm,n= 1\/7\/7 \/7\/7
(N.15)

The router weight matrix () involves the complex Jacobian of the softmax operator. Integrating this
out, we find:

kN N kN kN

oh* on* ; ;
mKY Y =Ny D" @' gl gl 6 6" (015 — ¢) (0 — &) = @' G1
— —~ 0Qjk OQji
7=1 k=1 Jj=1l1i4'=1
(N.16)
Aggregating these contributions yields the full macroscopic evolution equation:
dult “ = ONTAL |G (1) B “laEn o aly o!
- Z ( ) + - K JriZx) + (t t) (t7t) Mu(t7t)
(N.17)
L — .
+ G (6 ) (6, 1) + @, (4 1)
N.7. Evolution of weights, preactivations, and pregradients
The updates to the router weights are:
d d hi, N oht
ka . Z A# fu WOVﬁf Z . u 770’)’0"i Z A
dt P Qi 3@ ik "0Q ik
_ 77070 A N
Z w |k Zga Pa(0aj — 05) | o () (N.18)

77070 ,
- Z Apg; i o(hi)
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‘We obtain thus:

wmf):} (t) o(h,w))
= xp(t) + 12 d ZA 5. t)gh?(t)
gt =4y +7m°/ dtZA G0

The other preactivation and pregradient updates follow similarly:

dW'(t)  noywvN g9.(t) 1

dr - 33 ZAu(t)L\/ﬁﬁﬁu
S hl() = \/%Wl(()) Tt /0 ds ™00 57 A, (s) g3 () 89, (1, )
AWz NN ()

) _ mov N 52 8) 272 o)

SR = \/%vai“(c))a(h;(w) m d > A g2

dWizput(t) 77070 \/7N 92 . (t) 1 ,in

dt ZA N3/2 T (h2 (t))

2,0ul 1 2,0ul 2,in 770705 2 ;ou
SRR () = —— WEON(0) o h2 (1)) + /0 ds ZA {(

VN

dw?(t)
dt

v N A I 3. M0 3
= (t) = hp(t) = —5= D> Ault) hy(t)
2 Z AV P %: pb) oy,

(N.19)
L (t,s)
$) B2 (¢, 5)
(N.20)

Using the same expressions for the evolution of the weights to derive expressions for the pregradients:
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(1) = g3 (t) = wh(t) = £3(0) +
2 (t) = kgh (1) = 9,(1) gi(t) =

in 1 T
z:- (t) = N Wig’om (t )92,01“( )
Zi(t) = W () g2 (1)
:g:_t’l(t) nOfYOL\/O\ ds ZA

Finally for the router gradient:

1 kN _ _
0" = L 2 IS (N = 6

TIO’YOL

_59 P

N.8. Stochastic Initial Fields

77070

770’70

ds Y A,GPOT G —
O 1%

d ZA
/dsZA

(N.21)
$) G2 (s,t) o(h(s))
) G2 (s,t) o(hl(s))

(N.22)

t . ~ .
Mool / ds Z AVGBCI)Q’WQbZ.
0 14

Pk

To isolate the purely deterministic part of the trajectory from the random initialization, we define a
set of initial stochastic fields . These fields encapsulate the randomness of the initial weights:

F = 00,5 (0,05 (0, X500, €u.a(0, 50 (1), €5(0), 60.(1),
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TW (0) 2
HOE TWQ'"() o(hy(t))

Xy =

0 - }W““%m A1)

X (t) = —=Q(0) a(hy(t))

) \/1N . ! ' (N.24)
£l.(t) = ﬁ(wf’mw)fgz’,;“(t)

€2in(1) = } (W2(0)) T g2 (1)

£L9(1) = } Q)T g% (1)

E07(0) = g0l (0 WE(0) o (h20(0))
A critical step in rendering the MoE partition function computationally tractable is distinguishing
between expert-local fields (which are specific to an expert ¢) and global fields (which impact the
shared base layer or the final aggregated output). This distinction allows the massive partition
function to factorize over the experts.
We define the router-averaged stochastic fields to capture the macroscopic effect of the local processes:

Z B (0 (N.25)
1 KN
al £l
t) = (T (N.26)
MO = 7 28
Substituting these, the global aggregated output hi and the gradient arriving at the base layer zi can

be expressed entirely in terms of order parameters that are smooth over the ensemble of experts:

n3(t) = X3(t) + "OW/ ds ZA )BH (s, 1)23(5) (N.27)

(1) = EL(1) + €40 (1) + 100 / ds ZA {\ﬁai;n(s t)+ GLY(s,1)| o(hl(s)) (N.28)
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N.9. Deriving the DMFT Action

We formulate the DMFT by writing the moment-generating function for the system’s trajectories and
performing a disorder average over the initial weights 6.

< / dF exp (Z / dti lX“ - \}le(O)xu) + (X,%m — \/%Wliﬂ(c))a(h;(t)))
+30 (3 - Zw —W? SO () + & (8 — Z f 2in(0)T g2 (1))
+— Z G- (6 = WA 0T g2 ) + - (51 - w'0))
PR (xﬁ - Q) + 64 (6 - QT4
" Zg (1) (gnt) — ZN 7z T OW (B2 1) ) (N G — (1)) )D

X exp ( 3 /0 at [j,i(t) XR(E) + G2 X () + ) - XA () + F%N z;vi’f;‘(t) & (D)
I

F L) - EL () + b - 3(8) +50(E) - XD(t) + kO (t) - L (E) + 077 (t) - zl’¢<t>D> .
0o

(N.29)
Given the shared initialisation across experts we now have terms coupling different experts (e.g.
O’(hi ), o (h2! M) (bz 7). In order to obtain a stable set of order parameters that scale coherently
with N we define the following set of "averaged fields":

22.in
1 :/dgléw(t) [gim( ) (HNng ZQQIH )]

2.7 2in _ . EN : ~
1— / w exp lé(hf"“(t)) (m&(hﬁ'"(w) — Za(hi’,&“(t))qﬁ’(t))]

=1

2 ,in =N
- / dot(h (1) [ ) (nN&‘b(huQ’i“(t)) - Za(hi’,ﬂ“(t))a?i(t)éfl’¢(t))]

2 ‘
=1

dé&in t 2 in S 1n ,in
1 :/MQTI'( ) exp [537 (t) (HN{T/% g §2 )]
(N.30)

We must constrain the solutions to be physical, so for each 7, i, v, s, ¢ we multiply in the following
resolutions of the identity:

. / ddl, (s, t)ddL, (s, 1)
2miN—1

exp [cﬁ}w(s, ) (N<I>llw(s,t) —o(hl(s)) -o—(hi(t)))} (N.31)

dGL (s, 4)dGE (s,t) X
1‘/ ConiNt O [Giu@vt)(NGLV(S’t)—g,i(s)-gi(t))] (N.32)
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- / dG3,(s,1)dG3 (s, 1)

2miN -1 exp [@iy(s, t) (N G (5,) = gp(s) - gi(t))] (N.33)

dGE2 (s, 1)dGEd (s, t .

in (s, 6) (LN @R (5.1) — o (1270 () - o (b (1)) )|
(N.35)

exp |G (s, ) (INGE (,) — g24(5) - 62:(1)) | (N36)

d(1>21n d(I)21n 5.1
_/ IWZ( ) ,uuz( )e D |:
2mi(LN) 1

| [
2mi(LN) 1

L / d/_l}“/(s,t)dBiy(s,t)
2miN—1

exp [—B}w(s, ) (NA,IW(S, £) + itk (s) - a(h},(t)))} (N.37)

1,6 1,6
1= / dALS (Z;rti)]c\lffy (5) oxp [_B,}j’(s,t) (NA}jg(s,t)Hg}ﬁ(s) .J(hi(t))ﬂ (N.38)

gly<f> gl"f’
1o [ 00 (),

2mi(kN) 1 P [—lelj’d’(s,t) (nNAzy(s,t) L i€g (s) qéy(t)ﬂ (N.39)

L / d®3,(t,5)dD3 (¢, s)

5 N1 exp [éiy(t, s) (N®3,(t,5) — B3 (t) - hi(s))} (N.40)

ADZ (¢, 5) DB (¢ . o
1 :/ |4 ( 78) : 1% ( 73) exp [(I)Z,:/n(t’s) </€N(I>2m t S qul /2“/2 ))] (N41)

211

~2,in ~2,in —A.

dézli/n S, b dé&;n 5,1 [ A2.in ~2,in in —2.in
! :/ - 2(7ri <)LN)51( exp G2in(s,) (N GE(s, 1) = g2(s) - g27()) | (N43)

ddji' (s, t) d&)iﬁ“(s, t) 29 %9 in _2in _2in
1= / 9mi (LN) 1L exp [(I);w (s,1) (LN @ (s, ) — 0, (s) -0y, (t))} (N.44)

dBZ(5,1) DL (s,8) T2y N . |

— v ) v ) ;in, 2,in,¢ _ =2ind( . | =2,in

! _/ 2mi (LN) L exp [(I)l“’ (s,2) (LN 2 (s,t) — 67 (s) - 7 (t))]
(N.45)
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- / d=Z230 (s, 1) d250 (s, 1)

27 (LN) 1 exp [éiiﬂ(s,t) (LN éi’f,“(s,t) _ gz,in(s) ) gzy,in(t)ﬂ (N.46)

- / dDGO> M (s, 1) dDGS> M (s, 1)

D T e (s, 0) (N AN (s,0) — g (s) - oL 0)) |

(N.47)

- / dAR (s, t) B (s, 1)

i) P [—Bﬁi"(s, t) (LN A2 (s, 8) — 52 (s) - gf’i“(t)ﬂ (N.48)

dAd);?,in(S’ t) dé%},in(s, t) ~92in —_— o )
= / 3 2mi (LN)lil exp [7B;w (s,1) <LN Ai’y (s,t) — o'ﬁ’2’ (s) .5_3’ (ﬂ)}

(N.49)

N.10. Softmax

As for the previous regimes we enforce the softmax layer order parameter via the Fourier-transformed
delta function

L / dS,,(t) dS,(t)

2mi (kN )1 P

kN
5,(1) (HN Sut) =Y 6“’“”)] (N.50)
=1

N.11. Partition function

Define the set of all kernels and conjugates (indexed for time and feature, although this is omitted for
brevity in N.51):

1 &1 &#2in £2,in &3 &3 ~1 Al ~A2in A2in F2,in §2,in ~2,in A2in
}C:{q)acbmq) a® a(I)a(DaGaGaG 7G 7q)i 7q>7; aGi aGi )
A A =1 51 52i 1,6 1,6
GS’GB’Gl,(ﬁ’G1,¢’A1’Bl,BQ,ln’A1,¢>’B1,¢’Ag . BY ,B3,A3,
~2,in ~2,in:2,in F,2,in :2,in7 F,2,in, R2,in  A2,in  P2in, A2,in, é&,in =2,in & d¢,2,in ,2,in
G%in GFing2in @2in §2iné @2iné p2in g2in p2ing¢ A2in¢ =Lin Z2in §oé2in §oé2in)
(N.51)

We can partition these order parameters into the set Kgpq Of global order parameters, the set

Kezp—ioc of expert-local ones, together with the shared fields ]:jz’in’Sh, the router fields ]-"f, the

]:-i2jn i fq%lobal-site .

experts fields

]Cglobal — {(1)17 (1)1, (i)Z,in’ (i)2,in7 (1)3, <I>3, Gl, Gl, GQ,in’ C;«2,in7 Gl,qﬁ’ G1’¢, G3, GS’ Al, Bl’ AQ,in7 Al,qﬁ’
1.6 16 L6 A2 A 2,in ~o; 22in =9 in.g 22,in,¢ ~5;

5 5 3 ,11 ;1N 5211 , 1N

B 7Ag 7Bg 7G 7G 7¢ 7¢ 7¢ 7® 7B )

AVZ,in’EQ,in,qS’A'Q,in@’ éQ,in7éZin, Pro2in Goo2in g g}_
(N.52)

Kexptoci = {7, &7, GI™, G (N.53)

K3 K3
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2,in,sh ~2,in _2,in 22in —2,in 22in 2,in 2,in F2,in =2,in
‘/_-.j ™= {X#»J ( ) gu] ( ) g/.l,] ( )7 O—‘u’j (t)70-‘u,j (t) ¢7] (t> Zf] ( )75’“,]' <t)7€p,,j (t>}l¢7t'

dFP™ = T, AT (0 dg2 R (a2 (1) x do i (4)ds 2 (0)da’ 2™ (66?2 (1) x dEXT (6)dE2™ (1),

# J 122%) 122%) 122%) 122%) 122%)
(N.54)
= DX X0 (), g (8), €900 (1), €907 (1), 31,(), UL () - (N.55)
Fom = O (), o (1), g (1), €00 (), £ (6) Y- (N.56)

FRoPSE = B, (), G (8), X (s X (8), hf’m( )s G (8,65 (8), 650 (8),
L), €00, X (0, X5 (1), €L (1), 6 (D) bt

Then the partition function can be written as:

Zx / (HHd’Cglobad) exp { N Sgioba1 Kgloball } X H Zelobal[;1 53 51yl 43

w,v t,s n=1
Ne ) Ne .
x/ Hd}"jQ’m’Sh X [exp ZSf’m’Sh
i1 =

% Hzlocal [ 21117 121n7j?,0ut7jz¢? V! gl,é . {fZ Jin, Sh} } ]

with the global action defined as:

138



SCALING MOES: FrRoM pP TO MSSP

Sglobal = Z / dt / ds [(i)}tu(ta S)Q),}ty(ta S) + G;lw(t’ S)G,Llw(t? S) + Iiéi’f(t, S)G}L’f(ta 5)
"%
51 71 1, 1, 23 3
- B,uz/(ta S)A,Lbu(ta 5) - B,uz?(ta S)A,ul?(ta S) + (I);w(t’ S)q)ul/(t) S)
+ ROt 5) D70 (8, 5)
+ KGER(E, )G (¢, 5) + 58,u(H)Su(s) + G2, (t,5)G3, (¢, 5)
~2,in _
— By, (t,5) A0, (£.5) +1G, (£,5)G (1, 5)

~2,in 22,in,¢

+1D,, (t,5)P20(L,8) + 1D, (t,5)PZM0(L, 5)

— (BER(t, ) ABR (L, 5) — LBE (8, 5) AL (L, 5)

+ Léign(t, §)Z20(t, 5) + 1 BOSN (1, 5)DIS1N (1, 5)
+iRAZD (L, )G (8, 5) AT (1, 5) — %éignc;?)

+ AL (1,5) A9 (1, 5)G (1, 5) B2 (1, 5)

+iR®20 (1, 5)GD (1, 5) AILO (8, 5) — é@ﬁf’g’m(t, )G, (t, s)

T6,2,in 3 . 72,in 3 1,
- mAﬁV (t,5)G}, (t,5) + kALt 5)G, (1, S)AZV¢(t, s)}

and the single-site global action as:

nvn ren

lobalr .1 =3 — . P
Z]g\fo a []}L’j?“vl U17¢> 1)3] = /dlC%lObal site exp {Sglobal s1te} ‘
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eloblsite _ Z [t [ as[thon ()80 1.5) + €, 06,0
+ L MELS()GR 1, s)}
—z [t [ (@000 (bl () (5)) + Gk 0, 9)9h ()55
+<I>3 St )RS ()RS (s) + G5, (¢, 8)g5 (1) g (s)
ST )T (T 0 5) + 5 G198 (D8 (5)
— @A kA2
-3 [t [ (Bl G0 b0 9) + Bt 0t (5)
+ m<1>2’1“’¢ ’393]
+3 [t (@00 + i€, 0)gE(0) + (i) + i€ )0

+ (i ®) + 1) X () + (o (8) + X (D) X D)
+ (@0 (8) + €0 (1) 0 (8)]-

A 2,in .
21nsh__7§ :/dt/dsN 2111 A21n( )(I)l ( ) Gu ( )gizn(t)gi,;n(s)
2 ,in . 22,in,¢ .
2,in —2,in 2,in _2,in
- q) (t 5) y,j (t)o-y,j (8) - Qul/ (t S) i,] (t)o—l/,j (S)

SR )R (R ()
(I)¢>¢>2 m(t S) ¢>2 m(t) 57]2 m( ) B2 m(t 8) iljn(t)?7i‘n(3)

= B2t )0 “‘“(t)éi;;-“(sﬂ
—ZZ/dt 21n 21n( )+6_21n( )Ui:;n(t)

+0.¢21n(t)0_¢21n(t) +€Z’3n(t)gi’;n(t):|

2, 2
—13 g /dt/ds — 5(1)11“/ )Xml;(t)xy,?(s)]'
Z}OC&I |:,]Z 7m,rUZ'7ma.7i7OUt7jj)7 v; ghe. {]C ons }jvzel] ::/dlcexp—loc,i

/d/c¢ X exp {Sexl’ foc +S¢} x ﬁ ﬁ U K exp {52 “}] .
j=1
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sexploe Z / it / ds 1820 (4, )OI () + GG )| vy

=3 | deaizwaroc: - %Z [t [ as[sgoiioml o)
> [t [ as[xiua oAk - Bkt g 00|
- Z / dt [ ds[Glo 919l (Dl (5) + B 915, (03,0255

[z

3 a0+ Y [ a0 + 85 ONG0 + (00 + i€ )¢ ).

+ 02 20n (1, 5) G2 (¢, s)]

21“:—12/dt/d5 0920 (5) AL (1, 5)]
> [ gz 2o (1200) 6,0
A0 (RE(0)) BLERC () — R (ER (15,(0)]
. Z [t [as[@zi oo (@) o (n25(9) + Gt g2 (052 )]
+3 [ N[+ I ONEE 0+ (et + o))

One way to look at it is the following: there are four conditional factorization levels in the full partition
function. The first is the standard global /N-site DMFT factorization over n. The remaining three form
a nested local/shared sector: a shared N.-component factorization over 7, an expert factorization over
i conditional on the shared j-fields, and an intra-expert N.-component factorization over (3, j)-local
fields. The important point is that these are conditional factorizations.

N.12. Saddle Point Approximation

To write down the saddle point equations, we first define the single-site distributions, where H in
each case is the logarithm of the integrand of the corresponding Z. We can then define for each
Z e {29 Zy, 2N, j, Zur} and the corresponding H the average

Oeez=7 [ [T esol-Hx ), Lo} )O( € (N58)
With this apparatus in place, we can take saddle equations. We treat expert-local kernels as microvari-
ables which are implicitly defined in terms of x, £, and so do not take saddle equations of them at

this point.
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N.13. Saddle-Point Equations

As in Regime II, we can use the saddle point approximation, which consist in finding the set of
equations that lead to a stationary action S[K].

We note the following:

* At zero source, all single site averages () zgiobat, () z,, are equivalent.
N

* Conditional on the set K gjopai, Fsn of global and shared kernels, Zlocal gactorises over experts, and
so we can write () z, . for the conditional average over the distribution over the experts neurons

and () z,,| Kg1ona fOI the conditional average over the distribution of the router’s neurons.

* Expert-local variables follow single-site processes, so we can drop expert indices

* By a derivation similar to that in K, we can prove that conjugate kernels defined as covariances
between conjugate fields vanish, since they have no physical meaning and can not influence the

dynamics in addition to imposing constraint when introducing kernel definitions.

The global kernels are given by their expectation values over the single-site global distribution

global
Zglobal,

hi(s)) O'(hi (t))>z;g\iobal

(o(

@3, (s,t) = (h3(s) hi(t»zg"ba'ucglobaz
(
(

I’Cglobal

1 — (gt 1
GMV(S, t) = gM(S) gV(t)>ZIg\I]nbal|’Cglobal
3 — (3 3
G/ﬂ/(s’ t) - gu(s) 9v (t)>zjgvl0bal|lcglobal
Ay (s 8) = =62 (5) o (hy (D) (1)) ggtovanc

A;lw(&t) = —1 <§/11'(t)o-(hi(S))>Z#Obal|lcglobal

B2N(s,1) = —i (R()63(5)) ot

global

(N.59)

The shared kernels are given by their expectation values over the single-site shared distribution Zgp:

~2,in - _2711'1 _2711'1
G (s,t) = <gu,j ()3, (t)>zshucglobal’

_2,in _2,in
o (s)a) (T >
#d ( ) v ( ) Zsh\/Cglobal7

2 (g 1) — <f¢,2,in $)52in (s > 7
w (s1) i ( )UV’J ®) Zsn|Kgiobar

(0 >Zsh [ICatoba

F99,2,in _ [/ =9,2,in —¢,2,in
(I)/W (Sjt) N <U“’j (S)Uy’j (t)>ZShUCgloba1
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A GO GOl O) S (N.65)
Ag2in(s 1) :< 5o (s ){j;}n(t)>25hmgmbal (N.66)
B2in(s,t) = inG3,(s,1) A9, (5,1) (N.67)
BN (s,t) = —ikGS, (s, ) (N.68)

The router kernels require expectations over the expert ensemble distribution Zj;, conditioned on
the global kernels and shared fields:

2,i 1n 2,in
@ s,t) = <¢u )q) (S t >Z]\/1|’Cglobal7]:shared

G2 1n — G2 1n S t
7 < >Z]\l |’Cglobal7]:shared

Lé (g (s
G <g gu > Z 1 | KCatobal s Fshared

t
Sﬂ(t) = <ew“( )>ZM|}Cg]0bal7]:Shared

A9 s,t) = —i<Agl’¢ )y (t >
e ( ) ’ ( )¢ ( ) ZM"Cglobalv]:shared
Bl (s, 1) = —in (X0()95°(1))
BI (s,8) = + i AZ0 (8, )G, (, 5) + AL (1,5)G3, (1, 5) D2 (¢, 5)

+ Z.L@Z}i,rh(ﬁ(t, S)Gzy(tj S) + ZA;Z,J;H (tv S)G?,LV (t7 S) - L&);%;i/n<>£<3g3>Z]V[|’Cglobalv]:shared
(N.69)

ZM |’Cglobal 7]:shared

N.14. Expert-Local Order Parameters

The local kernels are determined by independent processes within each expert’s internal dimensions:

(I>2 F(s,t) = (of [hQ "(t)] ~)U([h%in(s)]j»zz\/ejl’Cglobalfshared
G/QL,Ii/n(S’ t) = <[g/2jin >]j [gg 1n< >] ‘>ZNej|’Cglobal7]:shared
A2 ln S t < |: 2 ln :|] g [h2 1n:| )>ZNe j‘lcglcbalyfahare(i

B, (s,t) = <><Z‘“( Vg™ (1))

(N.70)

ZNe J ‘Kglobah]:shared

All non-physical conjugate kernels identically vanish at the saddle point: 3 = Pl = Gl = p2in =
-=0.
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N.15. Hubbard-Stratonovich transformation

The Hubbard-Stratonovich trick allows us to rewrite the quadratic terms over conjugate fields as
Gaussian integrals over linear conjugate fields:

exp(—2RTAR) = [o (%)Wiiudm exp(—3u'Alu—iu-k) = (exp(—i u'i)>u~N(O,A)'
(N.71)
where X is a generic conjugate fields in the partition function above. Using Stein’s lemma, we can
reformulate the definitions of each of the kernels A and B as response functions:

At 8) = =i (€La(0) o5 (9))) e o)

=[] ((&! = Bl o(nf7)) o(hf ™) >5ﬁ,i<s>

L OO)

It easier now integrate over all the X’s, since the argument of the exponential in Z has been linearised
with respect to them all. Doing so yields delta functions that give us the final DMFT dynamics.

(N.72)

N.16. DMFT Dynamics

Piecing together the self-consistent order parameters and the exact integrations over the Hubbard-
Stratonovich fields, the DMFT description of the infinite-width MoE is summarized below.

t
TIo"0 T
h),(t) :a}ﬁ? i ds> A, gi(s)®), o' ~N(0,K")

t
,in in 1070 n ,in in
ot (6) = (@) + 5 [ sy 800L,(5,6) + Ab(5,0)] 2(s) 0"~ N (0,01 (1))

t
(0 = a0 + TR [ ds 37 [AELNs,0) + R (5, 0)] als) 0~ N0, 827 (0)

with RY,(s,1) = kAZ5(s,) + kO (s, 1) — kD20 (s, 1) AL (s, 1)

t P
Yult) = af + 120 /0 ds 37 [Aule)0h, (5,0) + AL gh9(s) o ~ N0, @1 0))
v=1

- e¥u(t) .
bu(t) = %7 Yu(t) = mu(t)Yu(t), my,(t) = 1(1/}M(t) — 7u(t))

where 7,(t) is chosen such that p = <m“(t)>ZMIIngobaz

(N.73)
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gi(t) = 1 / ds ZG (1, )0 | @01, 5)0y — B2, (t,5)] A,

2h(8) = BL() + BLO(E) + 77070/61 Z[Bl + B () + [ Ay G2 (5,1)

+ DG (s,0)] | o(hh(5))
Bu(t) ~ N(0,G*"(, t)) Bu? () ~ N(0,GH9(t,1)

() = B (0], + dZA a(h2(s)) G2, (s, )by BPM(t) ~ N(0,G3 (L, 1))

2t = B(1) + ”0”0/ I3 NS 8~ NTO)
(N.74)

145



SCALING MOES: FrRoM pP TO MSSP

O. DMFT Analysis for Regime III (1/P)

In this section we are considering the case in which M, N, N, — oo at fixed ratios. Specifically, we

define k = %, L= % where k,. are order one in N. The forward pass, following pP is defined as:

1

RV 5 h}L = \/EWI:L"#
1
RM 5y, = TNQU(hL)

RM 5 ¢, = softmax(v,,)

. 1 .
N, 2in 2, 1
R%e 5 hM‘;’ = ﬁVVZ mo(hu),
1 .
N 2,out 2,out 2,in
R™ > h’,u,,i = WWZ O'(h#ﬂ' ),
M .
SRV Y e
"11 (0.1)
4 _ 4T3
R > hU = ﬁ’w hU
1
fu=
I v o
n =y’
ne =y’ N
nQ = moY’k
v =%VN
Mo, Y0 ~ O(l)
wh(0), [WEO)] W) Whs(0), Qus(0) ~ N (0. 1)
Again, we let @ = Vec{W!, Wf’m, Wf’out, w*, Q}, and define
¢y, = kN, (0.2)

Following an analogous derivation as in Appendix L, which we omit for conciseness, we arrive at the
following self-consistent set of DMFT equations.

146



SCALING MOES: FrRoM pP TO MSSP

al(t) ~ N(0,2) B3(t) ~ N(0, 1) BY(t) ~ GP(0,G"?)
a®(t) ~ GP(0,") a®™(t) ~ GP(0,9") pEN(t) ~ GP(0,6 6 G?)

1 . . .
80, = swual, Oh () = (G )o () pyomr,  BEN(5,1) = (o2 (0) o (WE" () 5

D
(T)Zin( ) = <¢”(S) (z)”( q)Q,’i’n(S’ t)>ZM|’Cgloba,z Gi}lﬂ(S’ t) = <G12;’i’n(8’ L‘)>2"1v1|lcglolmz

= (BSOS ggorat, Gl (t,5) = {[6(hL(1) © A (B)5 (B (5)) © 25 (5)]) o
G2 m 8 t _ < [O’ h2 1n @ ZQ 1n(t)] [('T(h,%’in(s)) ® Zg,in(s)] >ZN€|]Cglobal
G1 ?(s,t) <g 2(t) >ZMVngobaz’ wa(s,t) = <22(s) Zg(t)>zlgvlobal

A1¢

>
o (1) At 5) = = (8u0du(5) A% 1. 5))
8@% 1nT (s) Zn Kostonar ’ p e\ #2001 K groban
e globa

Do (hL (1)) Bl — (2070 Bl (s.0) = { 29" )
05T (8) ) s 0 =\ 0o P a2 (o)
gl obal v ZmIKgiobat ZNe|Kglobal

o =2 ["as 5 A 5,0 #5600 = B (5,0)] 6105

2h(8) = BLO(D) + @ dsz {Blu(s.) + Bl (s,0) + Auls) [SG2N s, 0) + Gl (s.1)| } 0Bl (s)
G = B + B dZA b (5:0) 0u(5) u(0) 0 (W7(s)) G € 1,2, Ne)

( ) = ﬁu( 77070 d ZA

hh(t) = ak(t) ”070 d ZA 0, - G(hh(s)))
h2(t) = a2 (1) ”7070/d ZA s) (6 (h2™(1) ©227(s)), € {1,2,..., N}

0 ”7070/ Z [A200(t,5) + A, (5)B%0 (s, 1)] 23(s)

50 = a0+ 222 [ s S [A1206.0) + 8,05) 0 (5,0)] 0170

- ePu(®)
bu(t) = m7 %t(t) My (8)Yp(t), mu(t) = 1(Yu(t) — 7u(t))

where 7,(t) is chosen such that p = (m,(t))

0,
=B e

+ G (OB (1) + @, t)}

Zm|Kgiobat

L =2.in
()00, (68) + [ SGER (1) + G (1,1)| @), (1)
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Comparison to pP. Limiting dynamics under uP admit a simpler mean-field structure than under
MSSP. Under pP, the expert weights are initialized independently across experts. Consequently, there
is no expert-hidden disorder shared by the expert population, and the limiting theory does not require
a separate shared expert-hidden single-site process. The expert averages self-average directly over
independently initialized experts. The corresponding DMFT is provided in App.O.
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Part IV
Experiments

This part covers the experimental setup for our MLP MoE as well as Transformer MoE experiments
in Appendix P, provides more details concerning the main figures in Appendix P.3, followed by
detailed empirical evidence for our claims about learning rate transfer and scaling properties of uP
and MSSP for both SGD and Adam in all 3 scaling regimes in Appendix Q. We close with further
empirical scaling insights that practitioners should be aware of in Sections Q.5 to Q.8.

P. Experimental Setup

Upon acceptance, we plan to make open source code to fully reproduce our experiments publicly
available on GitHub.

P.1. MLP MoE experiments on TinyImagenet

MOoE Architecture. We train the same embedding-MoE-readout architecture with 2-layer fully
connected experts that we analyse theoretically (without scale-dependent weight multipliers) using
PyTorch [45]. It consists of a linear input layer with GeLU activation function, a linear router
layer, 2-layer expert MLPs with GeLU activation function, followed by M ~!. sigmoid aggregation,
followed by a linear output layer. In this architecture without normalization layers and residual
connections, instabilities in the scaling procedure become apparent at more moderate scale.

Data. We train single pass over all 50000 available images from 100 classes of TinyImageNet [32]
for 1000 update steps with batch size 50. Our initial experiments used CIFAR-10 [31], but robustly
benefitting from expert specialization in MoEs requires more diverse data.

We vary the optimizer (SGD and Adam), the scaling regime (fixed M, bottleneck and all-scaling),
the routing mechanism (soft routing and top-k routing) and the parameterization (4P and MSSP).

P.1.1. SCALING CONFIGURATIONS

Unless otherwise specified, we initialize the last layer to zero.

MSSP. Depending on the optimizer and scaling regime, Table B.1 summarizes our proposed parame-
terization MSSP as a function of width NV, expert width N, and number of experts M. Scaling of
non-MoE trainable weights remains in uP.

uP. Table B.1 specifies yP for SGD and Adam in each scaling regime. The provided HP scaling rules
achieve stability as well as scale-independent effective and propagating updates after sufficiently
many update steps, as verified in Appendix Q.4. However their initial vanishing signal propagation
induces more scale dependence in the dynamics, delayed learning and/or no monotonic improvement
with scale.

For Regime I, we compare the baseline router init std 1/N (standard muP) versus zero router
initialization for improved scale independence. Both variants barely differ.

P.1.2. MULTIPLIER TUNING

For MLPs, we use base width 1, which uncovers scaling properties of each parameterization at more
moderate scale. Before running extended evaluations or learning rate sweeps, we tune multipliers at
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small model scale N = 128. The network at size N = 128 has dimensions (N = N, = 128, M =
8) in Regime I, (N = 128, M = N/16, N, = 16) in Regime Il and (N = N, = 128, M = N/16)
in Regime III, from which we scale up proportionally N — oo.

We observe that the optimal multipliers can be as far as 10° from all ones (since the gradient RMS
norm of the expert output layer decays as fast as N2 in Regimes II and III (see Sections Q.4.2
and Q.4.3)), and some update terms can be negligibly small without tuning, resulting in non-balanced
learning (Appendix Q.6).

For each configuration of optimizer, parameterization, routing mechanism and scaling regime, we
tune the following set of multipliers:

* global initialization variance,
* global learning rate,
* layerwise learning rate multiplier (input, router, expert input, expert output, output layer)

Due to interactions between these multipliers, we sweep all six multipliers jointly at size N = 128,
amounting to at least 55 = 15625 runs for each combination of parameterization and scaling regime.
Our tuning algorithm proceeds as follows. We first tune the learning rate at width N = 128, then
run a broad 6D grid of the above init and layerwise learning rate multipliers, then run a full 6D grid
with 5 grid points per dimension centered at the optimum from the previous stage at multiplicative
resolution 4. This is possible since several small model training runs in parallel take less than 40
seconds on one A100 GPU.

Figure P.1 shows the example of the last step for the case of SGD MSSP in Regime II. Top-5
validation accuracy optima tend to me more localized than training accuracy optima. Hence we
choose the optimum based on top-5 validation accuracy. The optimal initialization variance multiplier
tends to be very clearly localized and essential in all combinations of optimizer, parameterization
and scaling regime.

Appendix Q.7 shows that a cheaper multiplier tuning procedure, which starts with a random search
over the grid, followed by extensive 2D sweeps over all combinations of multipliers does not suffice
to reliably provide a near-optimal combination of multipliers.

P.1.3. COORDINATE CHECKS AND LEARNING RATE SWEEPS

For each scaling configuration, we repeat the same experiment for 4 independent random seeds,
affecting the random weight initialization as well as data shuffling. Uncertainty bands denote 20-
confidence bands. If not mentioned otherwise, MLP experiments use soft routing, and the same
compute budget for multiplier tuning was invested for P and MSSP.

P.2. Transformer MoE experiments

We adapt the nanoGPT and nanoMoE codebases to train transformer models with a simple but
modern architecture.

General Architecture and Training Details. By default, models have 8 blocks with mixture-
of-expert layers (no dense layers). We scale the number of attention heads proportionally with
width, while the head dimension remains fixed at d_head = 64. We use standard d_head_l/ 2
attention scaling, which can be viewed as a tunable multiplier since d_head remains fixed. We use
pre-attention and gk-RMSNorm [54]. We train for 4768 steps using AdamW with a single, tuned
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Figure P.1: 6D multiplier sweeps at small scale N = 128 (MSSP, SGD, bottleneck). 2D heatmaps
showing training accuracy (left) and top-5 validation accuracy (right) of all HP pairs, while fixing all
remaining HPs at the optimum. The optimum in each multiplier remains consistent across HP pairs.
Train and validation optimum can slightly differ.

maximal learning rate, (31, 32) = (0.9, 0.95), e = 1078, sequence length 1024, batch size 512, 700
steps of warmup followed by cosine learning rate decay to 10% of the maximal learning rate, weight
decay 0.1, and gradient clipping.

MoE layers. Mixture-of-expert layers are scaled according to the respective scaling regime, using a
sigmoid activation function and an auxiliary loss with weight 0.01 for load balancing [47]. We use
token-choice routing and the number of active experts per token is half the total number of experts.
We do not drop tokens.

Architecture for Regime III. In all all-scaling Regime III experiments, we use the following
architecture. At base width N = 256 each of the 8 MoE layers has nx, = 8 experts of hidden width
Ne = N/2 = 128; at N = 2048 the same layer has ney, = 64 experts of hidden width N, = 1024.
At width N = 2048, this amounts to 2.5B total parameters.

Architecture for Coordinate Checks in Regime II. For the coordinate checks in bottleneck Regime
II, we use 8 MoE layers with a fixed expert hidden width of N, = 16. For keeping a total expansion
ratio of 4, the expert count is M = 64 at N = 256 and grows to M = 512 at N = 2048.
Architecture for Learning Rate Sweeps for Regime II. For the learning rate sweeps in bottleneck
Regime II, we use a more computationally efficient bottleneck architecture due to compute constraints.
We use 4 blocks alternating between dense and MoE layers (Dense, MoE, Dense, MoE). At width
N = 256, each MoE block holds M = 32 experts of fixed hidden width N, = 32, scaling to
M = 256 experts at N = 2048. This amounts to 408M parameters at N = 2048.

Data. Models are trained on 2.5B tokens of dolma3_mix-150B-1025 [44].
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P.2.1. SCALING CONFIGURATIONS

As in the MLP experiments, models are trained with the respective scaling configuration. We initialize
the last layer to zero.

P.2.2. MULTIPLIER TUNING

For every layer type, we tune initialization and learning rate multipliers. We also tune the global
learning rate. Multipliers are tuned at width 256 by training on 1B tokens. We experiment both
with random search and with round-robin algorithms that tune multipliers individually and across
2D grids. We evaluate multipliers across four different seeds, and find that both approaches obtain
similar. An exhaustive grid search for multiplier tuning, as described for MLPs in Section P.1.2, was
not computationally feasible for transformers because of the significantly longer training time.

P.2.3. COORDINATE CHECKS AND LEARNING RATE SWEEPS

We use torch-module-monitor to monitor the training dynamics and perform coordinate checks. We
use soft routing for the coordinate checks.

P.3. Figure details

Figure 1: P uses zero last-layer initialization. Under maximal stable last-layer initialization
o =< 1/N, exponents are even more unstable and learning even more delayed. More detailed
evaluations are provided in Section Q.4.2. All width-scaling exponents Expon(vy ) are computed as
OLS linear regression in log-log-space, hence fitting & € R in a model vy = C - N based on all
available widths.

The right subplots show, at each time step the width-scaling exponents of the individual terms of
Equation (MoE) and the overall updates to the post-aggregation activations | AR} | rass, which are
the sum of effective and propagating updates, where the M ~! aggregation scaling is included in all
terms.

Figure Q.26 shows width-scaling exponents of the propagating and effective updates of each linear
weight matrix for the same setting as in Figure 1. The expert output weights are also evaluated
pre-aggregation. Missing lines indicate that the respective term is exactly 0 (such as propagating
updates in the input layer). Section Q.4.2 shows that for Adam in Regime II, while less severe,
analogous width dependence in uP is resolved by MSSP, and monotonic improvement with scale is
recovered.

Figure 2: We compare the top-5 training accuracy averaged over the last 50 steps of uP (dashed
lines) and MSSP (solid lines) for the soft routing MLP MoE Adam scaling runs from each scaling
regime in App. Q.4.1 for Regime I, Q.4.2 for Regime II and Q.4.3 for Regime III. Where both
variants are available, we use the 0 last-layer initialization variant for the uP baseline for direct
comparability with MSSP. These experiments use the optimal multipliers and learning rate from
N = 128 and transfer them to large model scales, as is common for P in dense networks. Both yP
and MSSP use the same compute budget for multiplier tuning at small size N = 128. In Regime I,
wP and MSSP barely differ, so that the lines overlap heavily for both SGD and Adam.
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Q. Additional Experiments

Q.1. Learning rate sweeps for Transformer MoEs

Figure Q.1 shows that learning rate transfer is achieved more cleanly in MSSP than in pP. The
optimal learning rate in uP-Regime-II tends to grow (due to vanishing terms in the expert aggregation
operations). Since at base width N = 256 both parameterizations are equivalent, scaling differences
only become apparent at large scale. Both parameterizations perform similarly well with MSSP
having slightly more variance in Regime II.

uP Regime II MSSP Regime II uP Regime III MSSP Regime III
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Figure Q.1: Learning rate sweeps for uP and MSSP (Adam). Training loss (top) and validation
loss (bottom) for GPT MoEs trained with Adam in P and MSSP for 2.5B tokens in Regime II
(N, € ©(1) left) and Regime III (N, N., M, K — oo right), with o-confidence bands across 4 seeds
for bottleneck Regime II. Observe LR transfer and monotonic improvement with scale in MSSP.

Q.2. Refined coordinate checks for Transformer MoKEs

We use torch-module-monitor to measure refined coordinate checks as a sanity check for
correct implementation of the MSSP scaling rules in each scaling regime. Propagating update
exponents 0 verify correct initialization variance of the respective layer, given correctly scaled
inputs. Effective update exponents 0 verify correct learning rate scaling of the respective layer, given
correctly scaled inputs. One could isolate the effect of the layer’s learning rate scaling by normalizing
the input activations i, /||zin || Rars. We instead verify that ||ziy|| rars = O(1) approximately holds
in all layers (not shown).
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Figure Q.2: Propagating updates in MSSP (Adam, Regime II). Propagating updates of some
example layers approximately approximately follow the desired scaling exponents. First and second
expert layer stem from a single expert. Measuring such small experts is particularly noisy, depending
heavily on how many tokens are routed to them in the respective step. Recall that the desired
propagating update exponent in the expert output layer expert0.c_proj is 0.5 in Regime II.
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Figure Q.3: Effective updates in MSSP (Adam, Regime II). Effective updates of some example
layers are approximately scale-preserving at all times. First and second expert layer stem from a
single expert. Measuring such small experts is particularly noisy, depending heavily on how many
tokens are routed to them in the respective step.
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Figure Q.4: Propagating updates in MSSP (Adam, Regime III). Propagating updates of some
example layers are approximately scale-preserving at all times. First and second expert layer stem

from a single expert.
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Figure Q.5: Effective updates in MSSP (Adam, Regime III). Effective updates of some example
layers are approximately scale-preserving at all times. First and second expert layer stem from a

single expert.

Q.3. Learning rate sweeps for MLP MoEs

Generally observe cleaner learning rate transfer across model sizes in MSSP than in uP. Also observe
more robust monotonic improvement with scale in MSSP across optimizers and scaling regimes.

Q.3.1. REGIME I: FIXED NUMBER OF EXPERTS

While the optimal learning rate transfers and performance monotonically improves with scale, the
performance saturates at large scales. The differing router initialization has negligible impact.

1P (SGD, N, Ne ~ n — «)

1P (SGD, N, Ne ~ n = «) — soft, router init=1/N
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Figure Q.6: LR sweep, 1P with 1/N router init (SGD, soft, Regime I).
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Figure Q.7: LR sweep, MSSP with zero router init (SGD, soft, Regime I).
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Figure Q.8: LR sweep comparison (Adam, Regime I).

Q.3.2. REGIME II: FIXED EXPERT WIDTH

Observe greatly improved learning rate transfer of MSSP over uP in both SGD and Adam in Regime
II. Larger performance gains from small to large model width result in improved absolute performance
at scale across optimizers.

The optimal learning rate in uP tends to grow toward the instability threshold since subcomponents
of the expert aggregation dynamics are vanishing at fixed learning rate. Since the correctly scaled
subcomponents of the expert aggregation would diverge when increasing the learning rate, the
stability threshold does not grow with width. These conflicting objectives of stability of some
terms versus effective learning in others results in worse performance at scale. By balancing all
subcomponents, MSSP recovers width independence of both the maximal stable and most effective
learning rate scaling for all terms in the training dynamics, so that monotonic improvement with scale
is preserved. Slight saturating growth of the optimal learning rate can occur in MSSP. Analogous
slight shifts have often been observed in dense architectures in uP [3, 17, 58].
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Figure Q.9: LR sweep, 1P baseline (SGD, soft, Regime II). Ending lines denote divergence of the
training run. The optimal learning rate drifts toward the maximal stable threshold, which does not
increase with width. Observe delayed learning in the corresponding coordinate checks, which results
in performance getting worse with model scale.
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Figure Q.10: LR sweep, MSSP (SGD, soft, Regime II).
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Figure Q.11: LR sweep, 1P baseline (Adam, soft, Regime II).
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Figure Q.12: LR sweep, MSSP (Adam, soft, Regime II).
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Q.3.3. REGIME III: JOINT PROPORTIONAL SCALING

Similar to Regime II, the optimal learning rate in P saturates at the maximal stable learning rate.
The optimal learning rate in MSSP approximately transfers from small to large scale, and achieves
better performance than uP at large scale by consistently recovering monotonic improvement with

scale.
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Figure Q.13: LR sweep, P without shared experts (SGD, soft, Regime III).
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Figure Q.14: LR sweep, MSSP with shared experts (SGD, soft, Regime III).
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Figure Q.15: LR sweep, ;P without shared experts (Adam, soft, Regime III).
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Figure Q.16: LR sweep, MSSP with shared experts (Adam, soft, Regime III).
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Figure Q.17: LR sweep, MSSP with shared experts (Adam, top-k, Regime III).

Q.4. Fine-grained scaling evaluations in MLP MoEs

Here we show standardized evaluation figures for training the optimal configuration of many combi-
nation of optimizer, parameterization, routing mechanism and scaling regime. Across the board, we
observe more desirable scaling properties in MSSP than in uP.

The first row shows training loss, training accuracy, the cumulative feature learning of the entire
MOoE ||AR¥ || rass, as well as the routing logit norm || || rars before the sigmoid. These allow to
verify delayed learning versus monotonic improvement with scale, as well as the scale dependence
in feature and router learning.

The second and third rows show refined coordinate check exponents as a function of width N. The
general desired exponent for propagating and effective updates is zero, signaling scale independence
of the respective component of the training dynamics (with the exception of expert output propagating
update exponent 0.5 in MSSP in Regime II). The expected layerwise gradient scaling exponents
vary between —2 and 0, depending on the scaling regime. Dashed horizontal lines indicate where
expected exponents are non-zero. Decomposition exponents (third row first and second subplots)
should generally be balanced, otherwise subcomponents of the dynamics strictly dominate others,
which causes strong finite-width effects. Exponents should ideally also be independent of the step,
otherwise non-trivial initial dynamical effects such as delayed learning are to be expected.

Missing lines in the propagating update and decomposition plots denote O values due to zero
initialization of the relevant layer. For example under zero last-layer initialization, the initial gradient
is zero except in the output layer. This helps to reduce width dependence from vanishing initial
terms.

We show both raw effective updates (second row, center) and a variant with normalized incoming
activation norm (second row, right) to distinguish width dependence from the combination of the
current and previous layers versus isolated width dependence in the current layer.
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In all regimes, the predicted exponents hold surprisingly well across training, suggesting that our
theory is predictive of practical training dynamics far beyond the first few iterations. The router
gradient exponents are most noisy, but the closest clean exponent of all layers still follows our
prediction in MSSP remarkably well throughout training.

In pP, width dependence in individual subterms of the training dynamics cascades into the entire
dynamics such that exponents become much more width and time dependent across layers, and often
converge to intermediate values between the clean exponents {—0.5,0,0.5}.

Extensive layerwise multiplier tuning for each scaling config, optimizer and routing type is paramount
for achieving stable training at all.

Q.4.1. REGIME I: FIXED NUMBER OF EXPERTS

Under maximal stable router initialization o = 1/N, the propagating updates in the router are too
small. Setting the router initialization to O removes this source of width dependence and results in
cleaner scaling exponents. The effect of this intervention on the final performance is negligible.
The top-k selection mechanism with k£ < M does not change any expected scaling exponents in this
paper. Indeed, Figures Q.20, Q.21, Q.24 and Q.25 verify that all exponents remain unaltered, albeit
slightly more noisy.
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Figure Q.18: uP with 1/N router init (SGD, Regime I).
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Figure Q.19: uP with zero router init (SGD, Regime I).
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Figure Q.20: uP with 1/N router init (SGD, Regime I, top-£).
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Figure Q.21: MSSP with zero router init (SGD, Regime I, top-%).
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Figure Q.22: P with 1/N router init (Adam,
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Figure Q.23: MSSP with zero router init (Adam, Regime I).
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Figure Q.24: uP with 1/N router init (Adam, Regime I, top-£).
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Figure Q.25: MSSP with zero router init (Adam, Regime I, top-£).

Q.4.2. REGIME II: FIXED EXPERT WIDTH

To ensure a stable baseline, we provide pP both with maximal stable and with 0 last-layer initialization.
Both suffer from the same scaling degeneracies for SGD and Adam.

Starting with SGD, we observe strong delayed learning under maximal stable last-layer initialization
o = 1/N. This delay is visible not only in training loss, but also feature and router logit learning.
Initial vanishing terms in the expert aggregation cascade even stronger into all layers than under
last-layer O initialization presented in the main paper, resulting in final exponents that do not follow
any clean scaling exponent from {—0.5,0,0.5}. uP with last-layer zero initialization starts out too
small but partially self-corrects, which verifies that this parameterization indeed satisfies the uP
desiderata, as any larger initialization or learning rate scaling would induce divergence in at least one
layer after sufficiently many steps.

Adam in pP stabilizes much faster than SGD, and, while exponents are still not clean, they differ less
from 0. Still, performance does not monotonically improve with scale and reduced feature learning
at large scales is visible. Again, MSSP resolves these issues and shows monotonic improvement with
scale as well as clean and balanced scaling exponents.

Propagating update scaling in ¢P remains vanishing throughout training for both SGD and Adam, as
our theory predicts.

Note that, as predicted, expert output layer gradient entries decay extremely fast as ©(N~2) in both
SGD and Adam. If ignored, this can cause numerical precision issues in practice at moderate model
sizes. We recommend layerwise gradient scaling or equivalent Adam moment scaling to prevent
numerical underflows.
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Figure Q.26: Consistent exponents in MSSP, but not ;P (SGD, Regime II). Corresponds to
Figure 1. Initially vanishing post-aggregation terms in pP induce width-dependence to cascade into
all layers. Over time, exponents partially self-correct in P and almost recover width-independent
propagating updates (left) as well as effective updates (right) in all layers. By allowing diverging pre-
aggregation propagating updates (red dashed line), MSSP recovers approximately width-independent
effective updates at all time steps.
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Figure Q.27: uP baseline (SGD, Regime II).

166



SCALING MOES: FROM pP TO MSSP

pP (MSSP, but smaller expert out init) (SGD, M, N ~ n - »)
soft routing, last-layer init=1/N

2
46x10° 012 [ 7
- >
15x100 S S 0s
2 aaxi00 o1 2 o003 g s
& aaan § oo z m
= < 5 8 04
£ a2x100 5 005 g on 5
k| o g g 5 034
g arx10 = g p
& axio 004 3 oo § 021
39100 002 g 2 o
: : : : : r R : : : : : . . : : : r
o 20 40 G0 80 1000 & 0 20 40 60 80 1000 o 20 40 60 80 1000
Step Step Step
Width Layer
w= N=256 === N=512 === N=1024 == N=2048 === N=4096 =~ Input —— Router - ExpertIn - ExpertOut - Output
5 10 10 £
= [ X
3 = S
3 os T e 2 o
= E X
E pe ES 3
g =
2 ) 5
& -os & o5 g s
/,__v_____,,._,.__..._—.—-— & g
& e &
g & &
£ ol ; . . =, ; \ . -
o 200 100 600 800 1000 o 200 100 600 800 000 &
Step Step
1o 1o 2 oos
g s arman g 05 Decomp. term I o
—_— | g
- Decomp. term g X mitwZhTgh | g s
= i 3,ip 2.1 = s
% ol x X Init (Wg'hg") 2 s —— Prop. (W) T Ag) g 1o
T 3, 2, S
£ —— Prop. (Wg'ah*’) [ Eff.-init. (AW2) T gj) £
£ -104 —= g -0
£ Eff.-init. (AW/h3) 2 — Eff.prop. (AW>)TAg) === | & 21
& 0 —— Eff.-prop. (AW3-'Ah?7) g1 X g -254
3] =l 'g
20 20 T — £ -30
o 200 400 600 800 1000 o 200 400 600 800 1000 ©
Step Step Step

Figure Q.28: uP baseline with 1/N last-layer init (SGD, Regime II). Interesting initial growth in
training accuracy even though training loss and features are barely moving. Learning is still delayed
with increasing width.
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Figure Q.29: MSSP (SGD, Regime II). Note that the propagating update exponent 0.5 of the expert
output layer is desired here, since it is cancelled out by a clean CLT effect in the expert aggregation.
The width independence of all other quantities throughout training verifies that the divergence of
the individual expert outputs ~2°" through this propagating update term results in approximately
width-independent training dynamics.
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Figure Q.30: uP baseline (Adam, Regime II)
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Figure Q.31: uP baseline with 1/N last-layer init (Adam, Regime II).
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MSSP (ours) (Adam, M, N ~ n = =)
soft routing, last-layer init=0

€ o5
46x10° 0.16 To e
0.14 z s
o £ 04
TR iz | z 2 125
aﬂxmv 8o 2 o3 ; 100
£ 5 008 4 g o2 B s
£ . 3
= 4 2
38x100 0o ri 2 25
0.02 4 5 4
: : : : : . T : : : : — 3 "l : : : : : o0y : : : : r
0 200 400 600 800 1000 0 200 400 600 800 1000 B 0 200 400 600 800 1000 0 200 400 600 800 1000
Step Step Step Step
Width Layer
~— N=256 = N=512 = N=1024 = N=2048 =—— N=4096 —— Input —— Router ~~—— Expertln —— ExpertOut —— Output
- 10 10 £
= £ =
> = S
3 o0 X oos E os
E El 3
ET 5 004 - D)
2 § E)
£ g
& 2 §
& -os & o5 g s
= 2
& -0 T T T T T T -1.0 T T T T T T 5 -10 T T
o 200 100 600 800 1000 o 200 100 600 800 00 5 o 200 100 600 a0 1000
Step Step Step
10 Lo E o5
) & I
g o5 g 054 Decomp. term 3 o
5 rm 5 =3
0o s DecOmP. te g Prop. (W2') T Agh) —_— g s
k-l " 3,ip2,i © = o M WNWMANAA A
3 X Tnit (W3''h2") 3 —— Eff.-prop. (AW2)) T Agl) § -0
g o5 % 05 5
£ —— Prop. (W3''an2") 3 & -1s
£ 104 - i E -10 )
g Eff.-init. (AW/h3) £ £
5 5
R —— Eff-prop. (AW Iah>) £ 5
20 - T T T T T -20 L T T T T — £ 30 T T
o 200 400 600 800 1000 0 200 400 600 800 1000 © 0 200 400 600 800 1000
Step Step Step

Figure Q.32: MSSP (Adam, Regime II). Note that the propagating update exponent 0.5 of the expert
output layer is desired here, since it is cancelled out by a clean CLT effect in the expert aggregation.
The width independence of all other quantities throughout training verifies that the divergence of
the individual expert outputs ~2°" through this propagating update term results in approximately
width-independent training dynamics.
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Figure Q.34: Monotonic improvement with scale only in MSSP, not in 4P (Adam, Regime III).
Training accuracy difference compared to P with 1/N (left) and O (right) last-layer initialization at
N = 128, with separately tuned multipliers. MSSP outperforms both versions of pP.
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Figure Q.33: Monotonic improvement with scale only in MSSP, not in ;P (Adam, Regime II).
Same as Figure 1, but for Adam. While Adam’s stability is less severely impacted at moderate model
scale, expert output exponents are not clean and performance does not improve with model scale in
uP.

Q.4.3. REGIME III: JOINT PROPORTIONAL SCALING

For SGD, observe delayed learning in pP similar to Regime II. In both ;P and MSSP, the router
gradient norm is very noisy, but this does not affect the width-independent signal propagation in
MSSP.

Adam in pP is surprisingly stable in the all-scaling Regime III. Still, Adam’s performance only
improves robustly and significantly with scale in MSSP, both under soft and top-k routing.

top-k selection does not affect qualitative scaling properties as theoretically predicted.

As in Regime II, note that expert input and output layer gradients are decaying extremely fast with
exponent —2 as predicted in both SGD and Adam, requiring layerwise gradient or Adam moment
scaling to prevent numerical underflows at moderate scale.
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no shared experts, soft routing,

SCALING MOES: FROM pP TO MSSP
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Figure Q.35: uP without shared experts (SGD, Regime III).
MSSP (ours) (SGD, M, N, Ne ~ n — «)
shared experts, soft routing, last-layer init=0
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Figure Q.36: MSSP with shared experts (SGD, Regime III).
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pP (SGD, M, N, Ne ~ n = )
no shared experts, top-2 routing, last-layer init=1/N
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Figure Q.37: uP without shared experts with 1/N last-layer init (SGD, Regime III, top-k).
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Figure Q.38: MSSP with shared experts (SGD, Regime III, top-£).
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pP (Adam, M, N, Ne ~ n - »)
no shared experts, soft routing, last-layer init=0

SCALING MOES: FROM pP TO MSSP
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Figure Q.39: uP without shared experts (Adam, Regime III).
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Figure Q.40: uP with 1/N last-layer init, no shared experts (Adam, Regime III).
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shared experts, soft routing, last-layer init=0
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Figure Q.41: MSSP with shared experts (Adam, Regime III).
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Figure Q.42: uP without shared experts with 1/N last-layer init (Adam, Regime III, top-£).
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Figure Q.43: MSSP with shared experts (Adam, Regime III, top-%).

Q.5. Soft softmax routing collapses to uniform for ;P in Regime I

Here we train with single pass SGD with the optimal learning rate under MSE loss using soft softmax
routing over binary classification from CIFAR-10 using all data points from class ’airplane’ 41 and
class automobile’ —1 with batch size 64.

Figure Q.44 shows learning rate sweeps scaling with P versus standard parameterization (SP) under
MSE loss. Lines ending on the right indicates divergence with NaNs under larger learning rates.
Validation performance gets worse with scale in SP. Due to router collapse, performance does not
improve with scale under soft routing in pP either. The optimal and maximal stable learning rate
shrinks with width in SP, but transfers in pP.

As theoretically predicted, the router gradient vanishes with increased width (Figure Q.45), which
results in vanishing router updates inducing vanishing router logits inducing uniform routing. Fig-
ure Q.46 shows that this collapse prevails over the entire course of training.
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Figure Q.44: Learning rate transfer in Regime I (soft softmax routing, MSE loss, CIFAR-10).
Top: training loss. Bottom: validation loss. Left: pP. Right: SP. Ending lines denote divergence.
Observe the maximal stable and optimal learning rate shrinking in SP, but staying consistent in pP.
Performance does not monotonically improve due to router and expert collapse.
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Figure Q.45: Effective updates across layers (P, soft, Regime I). Columns (left to right): input
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Figure Q.46: Soft softmax routing collapses to uniform in ;P in Regime 1. Here, we train single
pass SGD in uP over the CIFAR-10 subset described in this section. Columns (left to right): feature
learning || Ah”|| rass, normalized post-softmax routing weights, router logit norm ||¢|| zass. Routing
collapses as routing logits converge to 0 with scale over the entire course of training. Feature learning

is still approximately width-independent.

Across several settings, we found that expert specialization does not necessarily improve performance
on CIFAR-10, as the dataset is too small and not diverse enough. Hence we use TinylmageNet for all

other MLP experiments.

177



SCALING MOES: FrRoM pP TO MSSP

Q.6. MoEs require layerwise learning rate tuning

Without layerwise learning rate multiplier tuning, effective updates in router and expert input layer
can initially vanish even in MSSP (Figure Q.47).
Figure Q.48 shows that, while all exponents are approximately 0 as theoretically predicted, the
propagating updates dominate the effective updates in absolute scale in the first steps by a factor of
more than 10° in both the forward and backward pass aggregation operations.
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Figure Q.47: MSSP without tuned multipliers (SGD, Regime II). Here we set all initialization
variance and layerwise learning rate multipliers to 1.0 and only tune the global learning rate.
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Figure Q.48: Without tuned multipliers, sub-term contributions differ by orders of magnitude
(MSSP, SGD, Regime II). The forward pass expert aggregation components (top) and the backward
pass components to V1 L;. Propagating updates dominate the effective updates in absolute scale
for several hundred steps. In the forward pass, propagating updates start out at around 10° and
effective updates around 106, In the backward pass, the propagating update term starts around 10~
at N = 1024 and ¢ = 2, whereas the effective update term starts around much smaller 10~!8. Hence
the weight updates contribute vanishingly to the overall first-layer gradient V1 L;.

Hence, in parameterizations where correctly scaled effective updates should dominate vanishing
propagating updates, the propagating updates can still dominate in absolute value for several hundred
steps at realistic scales. Hence it can seem that the empirical exponents do not follow the predicted
ones, when not measured in sufficient granularity.

After layerwise learning rate tuning, which can consequently require grids with ranges beyond
10°, we observe that propagating and effective updates generally end up having a similar order of
magnitude in the first 1000 steps, and hence we accurately measure the predicted limiting exponents
at moderate model scales.

Overall this highlights that extensively tuning layerwise learning rate multipliers is even more
essential in MoEs than in dense models.

Q.7. Random search and 2D multiplier tuning do not suffice

Instead of full 6D sweeps, one could also tune multipliers more efficiently by running a random
search, and, starting from the HPs found in the first stage, doing 2D sweeps of all HP pairs around
the optimum. This approach finds near-optimal HPs if the suboptimality of the random stage is
predominantly restricted to a subspace allowing 2 interacting multipliers.

However, Figure Q.49 shows that 2D sweeps after a random sweep do not suffice. For example in
SGD P Regime III (left), all 2D sweeps containing the expert input or output layer Ir multiplier
suggest that smaller values would perform better, but the joint change of (Ir router, Ir out) dominates
and does not allow a third change. Similarly in SGD uP Regime II (center) the pair (Ir router, Ir
expert2) marginally dominates other improvements such as even smaller expert output learning rate.
Hence, after such a 2D sweep, it remains unclear whether the new expert output learning rate, and
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all other HPs, are indeed robustly near-optimal, or whether higher-order interactions continue to
induce an indefinite 2D update without ever converging to a local optimum. In Adam MSSP Regime
I (right), (Ir router, Ir in) are updated and it remains unclear whether the global optimum would also
include a reduced expert output Ir multiplier.

Figure Q.49: 2D multiplier sweeps at small scale N = 128 from random search stage. 2D
heatmaps showing top-5 validation accuracy of all HP pairs, while fixing all other multipliers at the
optimum found from a random sweep over at least 1024 runs. From left to right: SGD pP Regime
III, SGD p:P Regime II, Adam MSSP Regime 1. White circles denote the optimum after this 2D stage,
red ’x’ denote the optimum within the respective 2D sweep. Often these do not align, suggesting that
higher dimensional interactions make this hyperparameter tuning strategy insufficient.

Q.8. Global Adam ¢ induces width dependence at sufficient scale

Here, we mimick the effects of further scaling — which we cannot run due to compute constraints — by
increasing Adam ¢, since gradient RMS norms decay with model scale. We compare naive constant
Adam ¢ versus our layerwise Adam ¢ scaling under allscaling and layerwise LR multipliers tuned at
width 128. Figure Q.50 shows more time-dependent and less clean effective and propagating update
exponents under global ¢, especially of expert effective updates. Figure Q.51 shows feature learning
and router learning is reduced with scale under global epsilon, as updates are beginning to vanish.
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Figure Q.50: Global Adam ¢ induces entangled exponents. RCC exponents of Adam MSSP in
Regime III with layerwise € scaling (Ours, top), the same scaling rule with constant global € (bottom).
Columns (left to right): Effective Updates (Normalized), Effective Updates (Raw), Gradient Norms
(Raw), Propagating Updates (Raw).
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Figure Q.51: Reduced feature learning and router learning under global Adam . Adam MSSP
in Regime III with layerwise ¢ scaling (top) versus the same scaling rule with constant global Adam
¢ (bottom). Columns (left to right): Training loss, router concentration (0.5 indicates uniform routing,
solid lines denote the maximal and dotted lines the minimal routing weight in relation to uniform
routing), average RMS norm difference between experts, accumulated feature learning (|| AhY|| rass),
router logit norm ||| rass-
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