Assouad, Fano, and Le Cam with Interaction:
A Unifying Lower Bound Framework
and Characterization for Bandit Learnability

Fan Chen Dylan J. Foster Yanjun Han
MIT Microsoft Research New York University
fanchen@mit.edu dylanfoster@microsoft.com yanjunhan@nyu.edu
Jian Qian Alexander Rakhlin Yunbei Xu
MIT MIT National University of Singapore
jiangian@mit.edu rakhlin@mit.edu yunbei@nus.edu.sg
Abstract

We develop a unifying framework for information-theoretic lower bound in
statistical estimation and interactive decision making. Classical lower bound
techniques—such as Fano’s method, Le Cam’s method, and Assouad’s lemma—
are central to the study of minimax risk in statistical estimation, yet are insufficient
to provide tight lower bounds for interactive decision making algorithms that col-
lect data interactively (e.g., algorithms for bandits and reinforcement learning).
Recent work of Foster et al. [40, 42] provides minimax lower bounds for inter-
active decision making using seemingly different analysis techniques from the
classical methods. These results—which are proven using a complexity mea-
sure known as the Decision-Estimation Coefficient (DEC)—capture difficulties
unique to interactive learning, yet do not recover the tightest known lower bounds
for passive estimation. We propose a unified view of these distinct methodolo-
gies through a new lower bound approach called interactive Fano method. As an
application, we introduce a novel complexity measure, the Fractional Covering
Number, which facilitates the new lower bounds for interactive decision making
that extend the DEC methodology by incorporating the complexity of estimation.
Using the fractional covering number, we (i) provide a unified characterization
of learnability for any stochastic bandit problem, (ii) close the remaining gap be-
tween the upper and lower bounds in Foster et al. [40, 42] (up to polynomial fac-
tors) for any interactive decision making problem in which the underlying model
class is convex.

1 Introduction

The minimax criterion is a standard approach to studying the intrinsic difficulty of problems in statis-
tics and machine learning. For an algorithm ALG that collects data (either passively or interactively)
from the model M, the minimax criterion (stated somewhat informally here) is

min max Cost(ALG, M). (1)
ALG MeM

The expression reflects the best cost that can be achieved by an algorithm ALG for a worst-case
problem instance in a collection M, measured according to an appropriate cost function Cost. In
statistics, the minimax approach was pioneered by A. Wald [90], who made the connection to von

Neumann’s theory of games [84] and unified statistical estimation and hypothesis testing under the
umbrella of statistical decision theory. Minimax optimality and minimax rates of convergence of
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estimators have since become a central object in the modern non-asymptotic statistics [82, 89]; here,
for instance, ALG is an estimator of an unknown parameter based on noisy observations.

Upper bounds on the minimax value (1) are typically achieved by choosing a particular algorithm,
while lower bounds often require specialized techniques. In statistics, three such techniques are
widely used: Le Cam’s two-point method, Fano’s method, and Assouad’s method. These techniques
entail constructing “difficult” subsets of the class M. Le Cam’s method focuses on two hypotheses,
while Assouad’s method and Fano’s method involve multiple hypotheses. The relationships between
these methods are explored in Yu [96].

Classical statistical estimation is a purely passive task. A parallel line of research [57] considers
the task of interactive decision making, where ALG is a multi-round procedure that directly interacts
with the data generating process and iteratively makes decisions with the (often contradictory) aims
of minimizing cost and collecting information. Proving minimax lower bounds for interactive deci-
sion making problems presents unique challenges. The aforementioned lower bound techniques for
estimation require quantifying the amount of information that can be gained from passively acquired
data from a hard problem instance, but the amount information acquired by an interactive algorithm
is harder to quantify [4, 68, 69], since it depends on the decisions made by the algorithm itself over
multiple rounds.

In spite of the challenges, recent work of Foster et al. [40, 42] shows that a complexity measure
known as the Decision-Estimation Coefficient (DEC) leads to both lower and upper bounds on the
minimax rates for a general class of interactive decision making problems. Interestingly, the lower
bound techniques in Foster et al. [40] proceed in a seemingly different fashion from classical lower
bounds for statistical estimation; most notably, their techniques involve an algorithm-dependent (as
opposed to oblivious) choice of a hard-to-distinguish alternative problem instance.

Given the differences between the classical Assouad, Fano, and Le Cam methods, and the even
larger disparity between these methods and the interactive decision making techniques of Foster
et al. [40, 42], it is natural to ask whether there is a hope of unifying these lower bounds techniques.
Beyond the fundamental nature of this question, there is hope that a unified understanding might lead
to tighter lower bounds, or even inspire new algorithms and upper bounds; of particular interest is to
close the remaining (estimation-based) gaps between the upper and lower bounds on the minimax
rates for interactive decision making left open by Foster et al. [42].

Contributions. We present a new framework for information-theoretic lower bounds which allows
for a unifying presentation of classical lower bounds in statistical estimation (Assouad, Fano, and
Le Cam) and recent DEC-based lower bounds for interactive decision making [40, 42].

¢ Interactive lower bound framework (Section 3). Our main result is to introduce a new lower
bound technique, the interactive Fano method. The interactive Fano method generalizes the strin-
gent separation condition in the classical Fano inequality to a novel algorithm-dependent con-
dition by introducing the concept of “ghost data” generated from a reference distribution. This
technique recovers the Le Cam two-point method (and convex hull method), Assouad method, and
Fano method as special cases. By virtue of being algorithm-dependent in nature, the interactive
Fano method seamlessly recovers DEC-based lower bounds for interactive decision making as a
special case, and leads to refined quantile-based variants.

* Fractional covering number and bandit learnability (Section 4). As an application of the
interactive Fano method, we derive lower bounds for interactive decision making based on a new
complexity measure, the fractional covering number, which quantifies the difficulty of estimating
a near-optimal policy/decision, and complements the original DEC lower bounds (which reflect
difficulty of exploration as opposed to difficulty of estimation). As an application, the fractional
covering number provides both lower and upper bound for learning any structured bandit problem,
up to an exponential gap. In particular, finiteness of the fractional covering number is the first
necessary and sufficient condition for finite-time learnability of any structured bandit problem.
As a secondary result, we use the fractional covering number to close the remaining gap between
the upper and lower bounds in Foster et al. [40, 42] (up to polynomial factors) for any interactive
decision making problem in which the underlying model class is convex.

Related work. Due to space limitations, we discuss the related work in Appendix A.



1.1 Preliminaries

Let P and @ be two distributions over a space {2 such that P is absolutely continuous with respect
to (. Then, for a convex function f : [0, +00) — (—00, +-00] such that f(z) is finite for all z > 0,
f(1) =0, and f(0) = lim,_,o+ f(z), the f-divergence of between P and () is defined as

Dy(P.Q) = [ 1 (jg) aQ.

Concretely, we make use of three well-known f-divergences: the KL-divergence Dk, the squared
Hellinger distance D%, and the total variation distance Dy, for which the function f(z) is chosen
to be zlogz, 2(y/z — 1)%, and 1|z — 1| respectively. For a pair of random variables (X, Y) with
joint distribution Py y, the mutual information is defined as

I(X;Y) =Ex[Dxu(Pyx || Py)],

where Py |x is the conditional distribution of Y'| X and Py is the marginal distribution of Y.

2 Statistical Estimation and Interactive Decision Making

We work in a general framework we refer to as Interactive Statistical Decision Making (ISDM).
We adopt this framework as a convenient formalism which encompasses statistical estimation and
interactive decision making in a unified fashion. We first introduce the framework and show how
it subsumes statistical estimation (Section 2.1) and interactive decision making (Section 2.2), then
give brief background on existing lower bound techniques and gaps in understanding (Appendix A).

Interactive Statistical Decision Making. An ISDM problem is specified by (X, M, D, L), where
X is the space of outcomes, M is a model class (parameter space), D is the space of algorithms,
and L is a non-negative risk function. For an algorithm ALG € D chosen by the learner and a model
M € M specified by the environment, an observation X is generated from a distribution induced by
M and ALG: X ~ P**¢ The performance of the algorithm ALG on the model M is then measured
by the risk function L(M, X). The learner’s goal is to minimize the risk by choosing the algorithm
ALG. As described in the Introduction, the best possible expected risk the learner may achieve is the
following minimax risk:

ianLGE'D SupMeM ]EM’ALG [L(M, X” . (2)

While our main results concern the general problem formulation in Eq. (2), we focus on applica-
tions to statistical estimation and interactive decision making throughout. Below, we give additional
background on these settings and show how to view them as special cases.

2.1 Statistical estimation

In statistical decision theory [90, 13, 12], the learner is given the parameter space O, observation
space ), decision space .4, and a loss function L. For an underlying parameter 6* € ©, n i.i.d.
samples Y7, ..., Y,, ~ Py« are drawn and observed by the learner. The learner then chooses a decision
A= A(Y1,---,Y,) € Abased on the observations, and incurs the loss L(0*, A).

Any general statistical estimation problem can be trivially viewed as a ISDM instance, by choosing
the model class as M = {P, : § € ©} and the algorithm space as D = {ALG : Y®" — A}. For
model M = Py and algorithm ALG, the distribution of the whole observation X ~ P**¢ is given by

X = (Ylv"' 7)/7L7A)5 Y17"' aYn i./i\;d P97 A:ALG(Yla 7Yn)

The loss under model M is then measured by the loss of the decision A4, i.e., L(M, X) := L(0, A).

2.2 Interactive decision making

For interactive decision making, we consider the following variant of the Decision Making with
Structured Observations (DMSO) framework [40], which subsumes bandits and reinforcement
learning. The learner interacts with the environment (described by an underlying model M™* : IT —
A(O), unknown to the learner) for T  rounds. For eachround ¢t = 1, ..., T":

* The learner selects a decision 7t € II, where 11 is the decision space.
* The learner receives an observation o' € O via o' ~ M*(r'), where O is the observation space.



The underlying model M * is formally a conditional distribution, and the learner is assumed to have
access to a known model class M C (IT — A(O)) with the following property.

Assumption 1 (Realizability). The model class M contains M*.

The model class M represents the learner’s prior knowledge of the structure of the underlying envi-
ronment. For example, for structured bandit problems, the models specify the reward distributions
and hence encode the structural assumptions on the mean reward function (e.g. linearity, smooth-
ness, or concavity). For a more detailed discussion, see Appendix B.

To each model M € M, we associate a risk function L(M,-) : II — R>(, which measures the
performance of a decision in IT under M. We consider two types of learning goals under the DMSO
framework:

* Generalized no-regret learning: The goal of the agent is to minimize the cumulative sub-optimality
during the course of the interaction, given by

Regow(T) i= 31y L(M*, ), ©
where 7! can be randomly drawn from a distribution p* € A(II) chosen by the learner at step t.

* Generalized PAC (Probably Approximately Correct) learning: the goal of the agent is to minimize
the sub-optimality of a final output decision 7 (possibly randomized), which is selected by the
learner once all 7" rounds of interaction conclude. We measure performance via

RiSkDM (T) = L(M*, %) (4)

With an appropriate choice for L, the setting captures reward maximization (regret minimiza-
tion) [40, 42], model estimation and preference-based learning [23], multi-agent decision making
and partial monitoring [37], and various other tasks. In the main text, we focus on reward maxi-
mization and defer the results for more general choices L to the appendices (cf. Appendix B).

Example 1 (Reward maximization). In the reward-maximization task, R : O — [0, 1] is a known
reward function.! For a model M € M, E*"[-] denotes expectation under the process o ~ M (),
and f(m) := E*~[R(0)] denotes the expected value function. For any M € M, we let m,, €
arg max, .y f* () be an optimal decision under M, and the risk function is defined by L(M, ) =
fM(ma) — fM (), measuring the sub-optimality of the decision 7 under model M.

DMSO as an instance of ISDM. Any DMSO class (M, II) induces an ISDM as follows. For any
t € [T, denote the full history of decisions and observations up to time ¢ by H!~! = (7%, 0%)._}.
The space of observations X’ consists of all X of the form X = (HT,7), where 7 is a final decision.
An algorithm ALG = {q" },c[r)U{p} is specified by a sequence of mappings, where the ¢-th mapping
q'(- | H*~1) specifies the distribution of 7 based on ‘™!, and the final map p(- | HT) specifies
the distribution of the output decision 7 based on HT. The algorithm space D consists of all such
algorithms. The loss function is chosen to be L(M*, X) = L(M™*,7) for PAC learning (4), and
L(M*, X) = Zle L(M*, =) for no-regret learning (3). For any algorithm ALG and model M,
PM4¢(.) is the distribution of X = (HT,7) generated by the algorithm ALG under the model M,
and we let E*°[-] to be the corresponding expectation.

3 A General Lower Bound

In this section, we introduce our general lower bound technique, the interactive Fano method, and
use it to provide minimax lower bounds for the ISDM framework.

Theorem 1 (Interactive Fano method). Fix a f-divergence D¢. Let ALG be a given algorithm,
w € A(M) be a given prior distribution over models, and A > 0 be a given risk level. For any
reference distribution Q € A(X), we define

PAQ = IPMNM’XNQ(L(M, X) < A) &)
Then, the following lower bound holds:
sup Ex pmas[L(M,X)] > A - sup {0 :Eprp[Df(P"*,Q)] < dfs(pan)}s
MeM QeA(X),6€[0,1]

"We assume the reward function R is known without loss of generality, since the observation 0 may have a
component containing the random reward.



where we denote dy 5(p) = Dy(Bern(1l — ), Bern(p)) if p < 1 — 9, and ds s(p) = 0 otherwise.

This result generalizes the classical Fano method in the prequel (as well as more sophisticated vari-
ants [97, 36, 27]) in multiple ways:

* It encompasses general interactive learning/estimation problems in the ISDM framework, as op-
posed to purely passive estimation. This is reflected in the fact that the distribution over the
outcome X is allowed to depend on ALG itself.

* The most important and novel change is that Theorem 1 generalizes the “hard” separation condi-
tion required in the classical Fano method to a “soft” notion of separation captured by the quantile
pa,@in Eq. (5). The quantile pa g reflects the average separation under “ghost data” X generated
from an arbitrary reference distribution Q, which is independent of the true model M ~ p.

* In addition, instead of relying on mutual information, which is can difficult to quantify for inter-
active problems, we use divergence with respect to the reference distribution @, generalizing a
central idea in Foster et al. [40, 42].

In what follows, we will show that these generalizations allow the Interactive Fano method to achieve
two important desiderata: (1) unifying the methods of Fano, Le Cam, and Assouad (Section 3.1), and
(2) integrating these traditional lower bound techniques with the DEC approach [40, 42] to derive
new lower bounds (see Section 3.2).

3.1 Recovering non-interactive lower bounds

We begin by applying Theorem 1 to recover classical non-interactive lower bounds for statistical
estimation. Since a goal of our paper is to integrate the Fano and Assouad methods with the DEC
framework, this serves as an important sanity check to demonstrate that our framework can recover
the non-interactive versions of these methods.

Fano method. We specialize Theorem 1 to the KL divergence. Observe that for any reference
distribution Q,

IPJWNMXNQ(L(M,X) < A) < sup, M(M : L(.]\f7 x) < A)

By choosing Q = Ejs~,[P***¢ in Theorem 1, we obtain the following proposition, which encom-
passes prior generalizations of Fano’s inequality [97, 36, 27] developed in statistical estimation.

Proposition 2 (Recovering the generalized Fano method). Fix an algorithm ALG and prior distribu-
tion pn € A(M), and let I,, o 6(M; X) be the mutual information between M and X under M ~ p
and X ~ PM*¢, The following Bayes risk lower bound holds for all A > 0:

1, o (M;X)+log 2
E]\/[NH]EXN]PJI\/I,ALG [L(M,X)] > A (1 + logslipr;E(M:L)(JMj)<A)> . (6)

When applied to the statistical estimation setting (Section 2.1), the classical Fano method corre-
sponds to the special case of Proposition 2 where © = A = {1,2,...,m}, L(6,a) = 1(0 # a) is
the indicator loss, = Unif(©) is the uniform prior, and A = 1.

Note that in Proposition 2, the term logsup, u(M € M : L(M,z) < A) in the denominator of
Eq. (6) takes the supremum over the outcome z, resulting in a simplified expression that removes
the role of the algorithm ALG. This simplification is often sufficient to derive tight guarantees for
estimation, but is insufficient for interactive decision making in general. The DEC, which we define
in Section 3.2, more precisely accounts for the role of decisions selected by the algorithm.

Le Cam’s method and Assouad’s method. To recover Le Cam’s two-point method and Assouad’s
method from Theorem 1, we appeal to the following result, which recovers a lower bound known as
the Le Cam convex hull method [61, 96] which generalizes both approaches.

Proposition 3 (Recovering Le Cam’s convex hull method). For a parameter space © and obser-
vation space ), consider a class of distributions P = {Py | 6 € ©} C A(Y) indexed by ©. Let
L: 0 x A — Ry be aloss function. Suppose ©y C O and ©1 C O satisfy the separation condition

L(0p,a) + L(01,a) > 2A, Va€ A, by € Og,0, € Oq. @)
Then
inf sup Ey . p, L(6,ALG(Y)) > A max (1 — Dy (P®”,P®"))7
ALG gco ¢ T 2 bEA(O),v1EA(O)) vo 7



where the infimum is taken over all algorithms ALG : Y®" — A, and P,jgi’” is the distribution on
V" induced by 0 ~ v;,Y = (Y1,...,Yy) iid Py fori € {0,1}.

Le Cam’s convex hull method is the most general formulation of the Le Cam two-point method,
which—in its most basic form—corresponds to the case in which vy and v are singletons. The
convex hull method is also capable of recovering Assouad’s method [96]. It is important to note that
the classical Fano’s method, e.g. in the form of Proposition 2, cannot recover Proposition 3. This is
because of fundamental differences between the divergences (KL versus TV) used in the traditional
Fano method and the convex hull method.

3.2 Recovering DEC-based lower bounds for interactive decision making

Within the DMSO framework (Section 2.2), Foster et al. [40, 42] introduced the Decision-Estimation
Coefficient (DEC) as a complexity measure, providing both upper and lower bounds for any model
class M. We now show how to recover the lower bounds of Foster et al. [40, 42] through Theorem 1.
‘We focus on the lower bounds from Foster et al. [42], which are based on a variant of the DEC called
the constrained DEC, and provide the tightest guarantees from prior work.

Background on the Decision-Estimation Coefficient. Consider the reward maximization setting
(Example 1) under DMSO. For a model class M and a reference model M : II — A(O) (not
necessarily in M), we define the constrained regret-DEC via

- C M) — 3 2 T 2
r-decS(M, M) : pelg(fn) sup, {BrnplL(M,7)]| ExnpDfy (M(m), M(m)) <€}, (8)

and define the constrained PAC-DEC via
p-deci(M, M) := inf  sup {E.,[L(M,7)]| ExeqDf (M(r), M(n)) <%}, (9)
p,g€A(I) Mem
Here, the superscript “c” indicates “constrained”, and the superscript “r”
gret” (resp. “PAC”). We further define

p-deci(M) = sup p-deci(M,M), r-deci(M)= sup r-deci(MU{M}, M),

Méeco(M) Meéeco(M)

(resp. “p”) indicates “re-

where co(M) denotes the convex hull of the model class M.

Based on these complexity measures, Foster et al. [42] (see also Glasgow and Rakhlin [44]) provide
the following lower and upper bounds on optimal risk and regret, under mild growth conditions on
the DECs.

Theorem 4 (Informal; Foster et al. [42]). Consider the reward maximization variant of the DMSO
setting (Example 1). For any model class M andT' € N, the following lower and upper bounds hold:
(1) For PAC learning,

p-dec (M) < }\rﬁg ]\/S[lellji\)/l E***[Riskpm(T)] < p-dec 7 (M),

where e(T) < \/1/T and &(T) < \/log| M| /T (up to logarithmic factors).

(2) For no-regret learning,

- ALG MeM

Therefore, up to the log| M |-gap between the parameters £(7") and £(7") appearing in the lower and
upper bounds, the constrained PAC-DEC tightly captures the minimax risk of PAC learning, and the
constrained regret-DEC captures the minimax regret of no-regret learning.

A new complexity measure: The quantile Decision-Estimation Coefficient. We recover the
DEC-based lower bounds from Foster et al. [42] through a new variant we refer to as the quan-
tile DEC. To do so, we briefly recount the proof technique used by Foster et al. [42].

Given an algorithm ALG, the proof strategy is to first fix an arbitrary reference model M, then ad-
versarially choose a hard alternative model M € M (in a way that is guided by the DEC and
the algorithm ALG itself) such that Dpy (P ¢, PM*¢) is small, yet ALG cannot achieve low risk on
model M. This lower bound technique does not explicitly require a separation condition between



M and M, which is a departure from the classical Fano and two-point methods. Thus to recover
it, the lack of an explicit separation condition in Theorem 1 will be critical. More precisely, for any
model M, we consider the following distributions over decisions:

qrmme = EM A [% Zzzl qt(' ‘ Htil)] € A(H)a Prae = R [p(HT)] € A(H) (10)

That is, g, . s the expected empirical distribution over the decisions (7r1, cee ,7rT) played by the
algorithm under M, and p,, . is the expected distribution of the final decision 7.

With these definitions, we instantiate Theorem 1 with the Hellinger distance. We will use the sub-
additivity of Hellinger distance (Lemma C.1), which allows us to bound

D% (PMas PMac) < 7T - K [DE (M (m), M(m))]. 1)

Theorem 1 then yields the following intermediate result.

TP M ALG

Lemma 5 (Recovering interactive two-point method). Let 6 € [0,1] be given, and consider an
algorithm ALG. Define

KLGAS ‘= sup sup sup {A : \/pjr/,,m(ﬂ L(M,7) > A) > Ve + \/14TE7TN[W ALGD% (M(ﬂ),]\_4(7r))}
Meco(M) MEM A>0 ’

Then there exists M € M such that P*"*¢ (L(M, ) > AN, 5) > 0.

Using Lemma 5, as a starting point, we derive a new quantile-based variant of the DEC, which we
will show can be viewed as a slight generalization of the original PAC DEC of Foster et al. [42].

For any model M € M and any parameter § € [0, 1], we define the d-quantile risk as follows:
Ly(M,p) = suppso{A : Prop(L(M, ) > A) > 6};
this serves as a measure of the sub-optimality of the distribution p € A(II) in terms of §-quantile.
We now define the quantile PAC DEC as follows:
p-dec? 5(M, M) = inf, gearm) Supare.n { Ls(M.p) | ExnyDf (M(r), M(m)) <22}, (12)

and define p-dec ;(M) := supzeco(ar) P-dect ;(M, M). Applying Lemma 5, it is immediate to
see that the quantlle PAC-DEC provides a lower bound on the PAC risk.

Theorem 6 (Quantile DEC lower bound). Ler any T > 1 and § € [0,1) be given, and define
es(T) = 15 \/7 Then, for any algorithm ALG, there exists M* € M such that

PM* A <RiSkDM(T) > p-dngé(T)’é(M)> > g

Unlike the original constrained DEC lower bounds (Theorem 4), which are restricted to the reward
maximization variant of the DMSO setting (Example 1), the quantile DEC lower bound in Theo-
rem 6 holds for any risk function L. As a result, the lower bound applies to a broader range of gen-
eralized PAC learning tasks, including model estimation [23] and multi-agent decision making [37],
where DEC-based lower bounds from prior work are loose in general; as a concrete application, we
derive a new lower bound for interactive estimation (Example 3) in Appendix E.2.

Recovering DEC-based lower bounds using the quantile DEC. At first glance, Theorem 6 might
appear to be weaker than the constrained PAC-DEC lower bound in Theorem 4 due to the loose
conversion from quantile risk to expected risk. However, by specializing to reward maximization
(Example 3) and leveraging the structure of the risk function L, we show that quantile PAC-DEC is
equivalent to its constrained counterpart for this setting, leading to a tight lower bound.

Proposition 7 (Recovering the PAC DEC lower bound). Under the reward maximization setting (Ex-
ample 1), for any e > 0 and ¢ € [0,1) it holds that

p-dect (M) < p- dec\f sM) A+ e

As a corollary, we may choose § = % and ¢(T) = 50 \/T in Theorem 6, so that

. 1 1 c
sup e pm EM*¢[Riskpm (T)] > Zp-decq 2§(T),1/2(M) > 1 (p-decé(T)(M) — 8§(T)>.

Thus, the quantile PAC-DEC lower bound indeed recovers the constrained PAC-DEC lower bound
in Theorem 4.



Our quantile DEC lower bound extends to regret with minor modifications, allowing us to recover
the regret lower bounds in Theorem 4. We defer the details to the Appendix E.1 (Theorem E.1).

3.3 Recovering mutual information-based lower bounds for interactive decision making

The following result uses Theorem 1 to extend classical Fano method to interactive decision making
and achieves tight dependence on the problem dimension that is not recovered by the standard DEC
lower bound in Foster et al. [40, 42].

Proposition 8 (Mutual information-based lower bound). Consider the DMSO setting. For any T >
1 and prior i € A(M), we define the maximum T'-round mutual information as

IH(T) ‘= SUPp ¢ I/,L,ALG(M; HT),
where we recall that I,,,7A|_G(M; HT) is the mutual information between M and HT under M ~ o

and HT ~ PM*¢, and the supremum is taken over all possible DMSO algorithms ALG. Then for any
algorithm ALG,

sup EM*[L(M,7)] >
MeM

N | =

1
sup sup {A suppu(M : L(M,7) < A) < — exp(—QIH(T))} .
HEA(M) A>0 7 4

Using Proposition 8, along with mutual information bounds from Rajaraman et al. [70], we recover
a Q(d/+/T) PAC lower bound for d-dimensional linear bandits, which in turn recovers the Q(dv/T)
regret lower bound [30, 73, 57, etc.].

Corollary 9. For d > 2, consider the d-dimensional linear bandit problem with decision space
O = {r € R?: ||n|ls < 1}, parameter space © = {6 € R¢ : ||0||2 < 1}, and Gaussian
rewards. The model class is M = {Mpy}gco, where for each § € O, the model My is given by
My(m) = N((m,0) ,1). Then Proposition 8 implies a minimax risk lower bound:

infy 6 SUP 1y e oq BV [Riskpw (T)] > Q2 (min{d/ﬁ, 1}) . (13)
In Section 4, we also instantiate Proposition 8 to derive a new complexity measure for DMSO.

4 Application to Interactive Decision Making: Bandit Learnability and
Beyond

In this section, we focus on the DMSO setting and apply our general results (Theorem 1) to derive
new lower and upper bounds for interactive decision making that go beyond the previous results
based on the Decision-Estimation Coefficient [40, 42] by incorporating hardness of estimation.

Background: Gaps between DEC-based and upper and lower bounds. A fundamental open
question of the DEC framework is whether the log | M|-gap between DEC lower and upper bounds
in Theorem 4 can be closed. To highlight this gap in a more interpretable fashion, we re-state
Theorem 4 in terms of a quantity we refer to as the minimax sample complexity. Let us focus on
regret. Recall that for a fixed model class M, the following notion of minimax regret (2) is the
central objective of interest:

Reg (M, T) := infuyssup ey Y [Regpu(T)].
Given a parameter A > 0, we define the minimax sample complexity
T*(M,A) :=infr>1{T : Reg*(M,T) < TA} (14)
as the least value 7" for which there exists an algorithm that achieves AT regret. Clearly, character-
izing T*(M, A) is equivalent to characterizing the minimax regret Reg* (M, T).
Consider the following quantity induced by DEC for a class M and parameter A > 0:
TPC(M, A) = infeo,1y{e? : r-deci (M) < A} (15)
With this definition, Theorem 4 is equivalent to the following characterization of the minimax sample
complexity T*(M, A):
TS (M, A) S T*(M,A) STE(M, A) - log |[M]. (16)
That is, Theorem 4 characterizes the minimax sample complexity up to a multiplicative log| M|
factor. Our main result in this section will be to use the fractional covering number and interactive
Fano method (Theorem 1), to (i) tighten the above characterization (16) for various special cases

of interest, and (ii) give a new characterization for 7* (M, A) in structured bandit problems which
avoids spurious parameters such as log| M| altogether.



4.1 New upper and lower bounds through the fractional covering number
For the a model class M and parameter A > 0, we define the fractional covering number as follows:

1
Nerac (M, A) := inf sup .
M= Bl 32 o LOLm < )
Informally, the fractional covering number Ny, (M, A) represents the best possible coverage over
A-optimal decisions that can be achieved through a single exploratory distribution in the face of an
unknown model M € M. As we will now show, this quantity naturally arises as a lower bound on
optimal risk through the interactive Fano method. We begin with the following assumption.

a7)

Assumption 2 (Regular model class). There exists a constant Cky, > 0 and a reference model M
such that Dxr,(M () || M (7)) < Cky, forall M € M and = € 1L

Assumption 2 is a mild assumption on the boundedness of KL divergence. As an example, for
structured bandits with means in [0, 1] and Gaussian rewards, Assumption 2 holds with Cky, = %
Details and more examples are provided in Appendix B.2. Our main lower bound based on the
fractional covering number follows by specializing Theorem 1 to KL divergence.

Theorem 10 (Fractional covering number lower bound). Suppose that M satisfies Assumption 2
with parameter Cxy, > 0. Then for any algorithm ALG and A > 0, unless T' > W,
there exists M* € M such that PM"**[L(M*,7) > A] > 1.

In particular, for (generalized) no-regret learning, fractional covering number also implies a regret
lower bound through Theorem 10. That is, for any algorithm to achieve AT-regret, it is necessary to
have T = Q(log Nac (M, 2A)). Combining this with Theorem 4, we conclude that boundedness of
both the DEC and the fractional covering number is necessary for learning with any model class M.

Upper bounds based on the fractional covering number. We now complement Theorem 10 by
showing that for any reward maximization instance of the DMSO setting (Example 1), boundedness
of the fractional covering number alone is also sufficient to derive upper bounds on the sample
complexity of learning. The caveat is that while the lower bound is logarithmic in Ng,c (M, A), the
upper bound will be polynomial.

Theorem 11 (Fractional covering number upper bound). Consider the reward maximization task
(Example 1). There exists an algorithm that for any class M and A > 0, ensures that with proba-
bility at least 1 — 6,

Regpu(T) <T-A+ O(log(T/6)) - /T - Nggac (M, A).

Combining Theorem 10 and Theorem 11 yields the following bounds on T* (M, A) (omitting poly-
logarithmic factors):

10g Nfrac (M,2A " Nirac(M,A/2

O8N M2R) < TH(M, A) Nl 272, (18)
The gap between the lower and upper bounds of (18) is exponential; However, for model classes
with Ckr, = O(1), (18) suffices to characterize finite-time learnability. As a special case, we now
show that fractional covering number characterizes the learnability of any structured bandit problem.

4.2 Application: Bandit learnability

We consider a structured bandit setting given by a reward function class H C (II — [0, 1]). The pro-
tocol is as follows: For each round ¢ € [T, the learner chooses a decision 7 € TI, then receives a re-
ward rt ~ N (h,(7%), 1) in response, where the mean reward function %, € H. This corresponds to
an instance of the DMSO framework with induced model class My, = {7 — N (h(m),1) | h € H}.
We define the fractional covering number for H via

1

Nerac(H, A) := Ngac (Mg, A) = inf su , (19)
fae(H, 8) = Nivae (Mo ) = I o0 G han) — () < A)
where we denote 7, := argmax, . h(m). This exactly coincides with the notion of maximin

volume of Hanneke and Yang [45], which was shown to give a tight characterization of learnability
for the special case of noiseless binary-valued structured bandits. We discuss the connection to
Hanneke and Yang [45] in more detail in Appendix G.2.

It is straightforward to show that for any structured bandit problem, the induced class My, satisfies
Assumption 2 with Ck1, = % (Example 7). This leads to the following lower bound.



Corollary 12 (Lower bound for stochastic bandits). For the bandit model class My defined as
above, it holds that T*(Ma, A) > 21og Ngpac (H, A) — 2.

Combining this result with the upper bound in Theorem 11, we obtain the following bounds on the
minimax-optimal sample complexity for the structure bandit problem with class :

108 Nivac (H, 28) S T*(Myy, A) < NraeBLA2) (20)
This implies that N¢o (H, A) characterizes learnability for structured bandits.

Theorem 13 (Structured bandit learnability). For a given reward function class H, the bandit prob-
lem class My is learnable for finite T' if and only if Ngeae (H, A) < +o0 for all A > 0.

We remark that the lower and upper bound in Eq. (20) cannot be improved in terms of the fractional
covering number alone: (1) For K -armed bandits, we have Ng.c(H, A) < K, meaning the upper
bound is tight. (2) For d-dimensional linear bandits, we have log N¢c (H, A) = £(d), meaning the
lower bound is nearly tight. Nevertheless, the exponential gap in Eq. (20) can be partly mitigated
by combining the fractional covering number with the DEC, as we will show in Section 4.3.

Our characterization bypasses the impossibility results of Hanneke and Yang [45]. Specifically,
Hanneke and Yang [45] show that for noiseless structured bandit problems, there exist classes H
for which bandit learnability is independent of the axioms of ZFC. Therefore, their results rule
out the possibility of a characterization of noiseless bandit learnability through any combinatorial
dimension [11] for the problem class. Our characterization is compatible with this result because
the argument of Hanneke and Yang [45] relies on the noiseless nature of the bandit problem, and
hence does not preclude a characterization for the noisy setting. Additional discussion is deferred to
Appendix G.2.

4.3 Improved upper bounds for general decision making

To close this section, we derive tighter upper bounds that scale with log Ngoc (M, A) by combining
the fractional covering number with the Decision-Estimation Coefficient. For simplicity of presenta-
tion, we focus on regret minimization under the setting of Example 1, and we assume the following
condition to simplify our bounds (the fully general upper bound is detailed in Appendix G.3).

Assumption 3 (Regularity of constrained DEC). A functiond : [0, 1] — R is said to have moderate

decay if d(e) > 10e Ve € [0, 1], and there exists a constant ¢ > 1 such that c@ > @ Sfor all
g’ > e. We assume the function € — r-dec;(co(M)), as a function of ¢, satisfies moderate decay
for a constant creg > 1.

This condition essentially requires that the DEC for co(M) exhibits moderate growth, which means
that learning with co(M) is not “too easy”.We now state our upper bound, which tightens Theorem 4
by replacing the log| M| dependence in the upper bound with log N¢.c (M, A) (with the caveat that
the upper bound scales with the DEC for the convexified model class co(M)).

Theorem 14 (Upper bound with DEC and fractional covering number). Consider the reward max-
imization variant of the DMSO setting. Let M be any class for which Assumption 3 holds, and
assume that 11 is finite. Let £(T) < /1og Nrac(M, A)/T. Then for any A > 0, Algorithm 1 (see
Appendix G.3) ensures that with high probability,

Regpy < T - A + O(crogTV10g T) - r-decs r (co(M)).

Restating this upper bound in terms of minimax sample complexity and combining it with the pre-
ceding lower bounds yields the following result.

Theorem 15. For any class M that satisfies Assumption 2 and 3, we have
10g Nfrac (M,2A
max { T (M, A), 122N A28 b < 7o (0, A) S T co(M), A)-log Nirac(M, A/2), 1)
up to dependence on cyee and logarithmic factors.

In particular, when the model class M is convex (i.e. co(M) = M) and Cky, = O(1), Theorem 15
provides lower and upper bounds for learning with M that match up to a quadratic factor. Indeed,
for convex model classes, the upper bound of (21) is always tighter than (16) (and also tighter than
the result in Foster et al. [40, 41]), as by definition we have

log Nfrac (M, A) < log Ngrac(M, 0) < min {log|M|,log|I1|}, VA > 0.
As applications, we apply Theorem 15 to structured bandits and contextual bandits (Appendix G).
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A Related Work

To motivate our results, we briefly survey the most relevant lower bound techniques for estimation
and decision making.

Minimax bounds for statistical estimation. There is a vast body of literature on minimax risk
bounds for statistical estimation, including Hasminskii and Ibragimov [47], Bretagnolle and Huber
[17], Birgé [15], Donoho and Liu [33], Cover and Thomas [29], Ibragimov and Has’Minskii [48],
Tsybakov [81] as well as references therein. For minimax lower bounds, the most widely applied
techniques are Le Cam’s two-point method and convex-hull method [61], Assouad’s lemma [8], and
Fano’s method [29]. Variants and applications of these three methods abound [2, 27, 67, 36]; Fano’s
method in particular has perhaps the largest number of variants, of which the most general version

17



we are aware of is due to Chen et al. [27], which is recovered by our interactive Fano method (cf.
Proposition 2). Another celebrated thread, starting from the seminal work of Donoho and Liu [32],
provides upper and lower bounds for a large class of non-parametric estimation problems based on
Le Cam’s two-point method through the study of a complexity measure known as the modulus of
continuity [33, 34, 60, 67].

Lower bounds for interactive learning. There is a long line of work studying the fundamental
limits of online learning and reinforcement learning (RL), including lower bounds for structured ban-
dits [30, 73, 79, 57, 52, etc.], contextual bandits [72, 39, etc.], Markov Decision Processes (MDPs)
[66, 31, 98, 92, 91, etc.], partially observable RL [53, 64, 25, 26, etc.], dynamical systems and con-
trol [80, 50, 78, 85, 99, etc.], and offline RL [71, 93, 88, 51, 24, 62, 86, etc.]. Most of these lower
bounds are proven in a case-by-case basis, as the constructions of hard instances are specialized to
the specific settings.

Decision-Estimation Coefficient. Toward a unifying understanding of the minimax complexity
for interactive decision making problems, Foster et al. [40, 42] introduce Decision-Estimation Co-
efficient (DEC) as a complexity measure and show that it characterizes the minimax-optimal regret
up to a log| M| factor. The DEC can be viewed as an interactive counterpart of the modulus of
continuity [32], and captures hardness of interactive decision making related to exploration, but not
necessarily estimation. An active line of research has built on the DEC to encompass a variety of
more general decision making settings [40, 41, 23, 42, 37, 44], including adversarial decision mak-
ing [41], PAC decision making [23, 42], reward-free learning and preference-based learning [23],
and multi-agent decision making and partial monitoring [37].

However, there is a remaining gap between the DEC lower and upper bounds [40, 42], which closely
relates to the complexity of estimation. Specifically, through the DEC framework, the sample com-
plexity (number of rounds required to achieve e-risk) is characterized as

TPEC(M,e) < # sample complexity < TP“(M,e) x Est(M),

where TP¢( M, ¢) is a quantity measuring the complexity of exploration,* and Est(M) is a measure
of the complexity of online estimation over M. The dependency on Est(M) can be necessary: For
example, in linear bandits, the optimal sample complexity scales as d?/e%, while T?5¢(M,e) =<
d/e?, and Est(M) = d. However, the complexity of estimation Est(M) is missing from the DEC
lower bound. This gap remains one of the main open questions in the DEC approach.

One potential reason is that the DEC lower bound does not recover Fano’s method or Assouad’s
lemma, as it essentially generalizes Le Cam’s two-point method. More specifically, while the statis-
tical estimation task is subsumed by the DMSO framework, the DEC lower bound specialized to this
setting at best recovers Le Cam’s two-point method. On the other hand, the (d? /&%) lower bound
for linear bandits is typically proven through Assouad’s lemma [18] or Fano’s method [70], similar
to its statistical estimation analog. Therefore, to close the remaining gap in the DEC approach, it is
necessary to have a deeper understanding of the latter two methods in the interactive setting.

Additional related work. A large portion of the aforementioned lower bounds for interactive
learning are proven using (variants of) the two-point method and can be recovered by the DEC
lower bound approach [40, 42]. Beyond the two-point method, comparatively fewer lower bounds
for interactive learning have been established using Assouad’s lemma or Fano’s method [21, 72, 3,
69, 39, 78, 70, etc.]. The approaches in these papers are specialized to the specific settings under
consideration, and there is not a general principle through which Fano’s method or Assouad’s lemma
can be lifted to handle interactivity. Indeed, the challenge of applying Fano’s method in interactive
contexts has been highlighted in various prior works, e.g., Arias-Castro et al. [7, Section 1.3] and
Rajaraman et al. [70, Section 1.5.4].

The DEC is also closely related to a Bayesian complexity measure known as the information
ratio [75, 76, 56, 55, etc.],which was originally introduced to analyze Bayesian algorithms such
as posterior sampling. It is also related to a more recent generalization known as the algorithmic
information ratio (AIR) [94], developed for frequentist algorithms. Additionally, the DEC is
connected to asymptotic instance-dependent complexity, as explored by [87].

?Formally, the quantity 7°%°(M, €) here is the sample complexity implied by DEC (cf. Section 4).
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B Additional Background on DMSO Framework

The DMSO framework (Section 1.1) encompasses a wide range of learning goals beyond the reward
maximization setting [40, 42], including reward-free learning, model estimation, and preference-
based learning [23], and also multi-agent decision making and partial monitoring [37]. We provide
two examples below for illustration.

Example 2 (Preference-based learning). In preference-based learning, each model M € M is
assigned with a comparison function C* : IT x IT — R (where C* (1, 75 typically the probability
of 4 = 1 formy ~ (M,m1), 72 ~ (M, m2)), and the risk function is specified by L(M, ) =
max,« C*(7*, 7). Chen et al. [23] provide lower and upper bounds for this setting in terms of
Preference-based DEC (PBDEC).

Example 3 (Interactive estimation). In the setting of interactive estimation (a generalized PAC learn-
ing goal), each model M € M is assigned with a parameter 65, € O, which is the parameter that
the agent aims to estimate. The decision space IT = Il x O, where each decision 7w € II consists
of T = (7o, #), where T is the explorative policy to interact with the model?, and @ is the estima-
tor of the model parameter. In this setting, we define L(M, ) = Dist(6ys,6) for certain distance
Dist(-, -).

This setting is an interactive version of the statistical estimation task, and it is also a generalization
of the model estimation task studied in Chen et al. [23]. Natural examples include estimating some
coordinates of the parameter ¢ in linear bandits. We provide nearly tight guarantee for this setting
in Appendix E.2.

Applicability of our results Our general interactive Fano method Lemma 5 applies to any gen-
eralized no-regret / PAC learning goal (Section 1.1). Therefore, our risk lower bound in terms of
quantile PAC-DEC Theorem 6 and fractional covering number lower bound Theorem 10 both apply
to any generalized learning goal. For a concrete example, see Appendix E.2 for the application to
interactive estimation.

B.1 Examples for statistical estimation (Section 2.1)

Example 4 (Mean estimation). For the mean estimation task, the parameter space © C R, and for
each§ € ©, Py = N (0, I;). The goal is to estimate the ground truth parameter 6*, i.e., the decision
space is A = R%, and the loss is given by L(, A) = ||§ — A||, where ||-|| is a norm over R?.

Example 5 (Functional estimation). In the functional estimation task, a function 7" : ©® — R is
given, and the goal is to estimate the value of T'(6*), i.e., the decision space is A = R, and the loss
isL(0,A) = |T(0) — Al

Example 6 (Density estimation). In the density estimation task, the goal is to estimate Py-, i.e.,
the decision space A C A()Y), and the loss is given by L(6, A) = D(Py, A), where D is a certain
divergence (e.g., TV distance or KL divergence).

B.2 Examples for Assumption 2

In this section, we provide three general types of model classes where Assumption 2 holds with mild
Cxkr- It is worth noting that in Assumption 2, the reference model M does not necessarily belong
to co(M).

Example 7 (Gaussian bandits). Suppose that 7 C (A — [0,1]) is a class of mean value function,
and M+, v is the class of the model M associated with a h" € H:

M(r) = N(h™(x),1), 7€ A

Then, consider the reference model M given by M (1) = N'(0,1)¥r € A. It is clear that for any 7,
and model M € My v,

Dic (M (@) || M(m) = 3 (r)? <

)

DN | =

and hence Assumption 2 holds with Ckp, = %

3In other words, M () only depends on 7 through 7.

19



Example 8 (Problems with finite observations). Suppose that the observation space O is finite.
Then, consider the reference model M given by M (7) = Unif(O)Vr € II. It holds that

Dgr(M(m) || M(m)) <log|O],  Vr el
and hence Assumption 2 holds with Ckp, = log |O|.

Example 8 can further be generalized to infinite observation space, as long as every model in M
admits a bounded density function with respect to the same base measure.

Example 9 (Contextual bandits). Suppose that H C (C x A — [0, 1]) is a class of mean value
function, and M, v is the class of the model M specified by a value function A" € H and a
context distribution vy; € A(C). More specifically, for any 7 € II = (C — A), M(n) is the
distribution of (c, a, ), generated by ¢ ~ v, a = 7(c), and 7 ~ N (h*(c,a), 1).

Then, consider the reference model M specified by v3; = Unif(C) and hM = 0. It is clear that for
any 7, and model M € My, v,

Dy (M(m) || M(m)) <log|C| + 1
and hence Assumption 2 holds with Ckr, = log |C| + 1.

The factor of log |C| in Example 9 is due to the definition (45) of log Ngac(H, A), where we take
supremum over all context distribution . This factor can be removed if we instead restrict the model
class to have a common context distribution (i.e., the setting where context distribution is known or
can be estimated from samples).

C Technical Tools

The following lemma is the “chain rule” of Hellinger distance [49] (see also Duchi [35, Lemma
11.5.3] and Foster et al. [43, Lemma D.2]).

Lemma C.1 (Sub-additivity for squared Hellinger distance). Let (X1, F1),..., (X, Fr) be a se-
quence of measurable spaces, and let Xt = H£:1 X; and Ft = ®§:1 F;. Foreacht, let P(- | )
and Q'(- | -) be probability kernels from (X'~ Ft=1) to (X, ).

Let P and Q be the laws of X1,..., X1 under Xy ~ P(- | X145 1) and Xy ~ QU(- | X1.4-1)
respectively. Then it holds that

T
Di(P,Q) < TEp| Y DE(P'(- | X1:4-1), Q' (- | X1a-1)) |- (22)

t=1

In particular, given a T-round algorithm ALG and a model M, we can consider random variables

X1 = (7, 0Y), -+, X7 = (n7,0T). Then, PM*¢(X; = - | X1.;_1) is the distribution of (7, o'),
where 7t ~ pi(- | w10t 7wt 0'71), and of ~ M(7t). Therefore, applying Lemma C.1 to

D% (P4e PMAC) gives the following corollary.

Corollary C.2. For any T-round algorithm ALG, it holds that

%DTV (IEDIM,ALG, IP)IW‘ALG)2 < DI%I (IP)]\/I,ALG’ ]P;JVI,ALG) <7T- Eﬂ-NpM,ALG [DI%I (]\4(7-‘—)7 M(T())} .

Lemma C.3 (Foster et al. [40, Lemma A.4]). For any sequence of real-valued random variables
(Xt),<p adapted to a filtration (Fy), . p, it holds that with probability at least 1 — 6, for all t < T,

t t
> —logE [exp(—X,)| Fa1] < ) X, +1log (1/5).
s=1 s=1

Lemma C.4. For any pair of random variable (X,Y), it holds that

Ex~ey [Dii (Pyix,Qyvix)] <2D% (Pxy,Qx.y)-
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Lemma C.5. Suppose that for a random variable X, its mean and variance under P is up and o3,
and its mean and variance under Q is pg and 0(2@. Then it holds that

1
lup — pgl? < 4(0% + 04+ 5l - u@2>D%1 (P,Q).

In particular, when up, pg, op, oqg € [0, 1], we have D (P, Q) > 1—10\,up> — pgl?
On the other hand, when P = N (up,1),Q = N'(ug, 1), then D} (P, Q) < |up — pol*

Proof. Letv = "£2 be the common base measure and set y = “2742 . Then

lup — pol? = [Ep[X — p] — Eg[X — u?

Eu[(g—g>()(—u)]
<E, (@@)2 E, <@+@)2(Xu)2

< 2D} (P,Q) - 2(Ep(X — p)? + Eq(X — p)*)

1
= 4(a2+04 + glus — ol ) D (2. 0).

2

D Proofs from Section 3
In this section, we present proofs for the results in Section 3, except Section 3.2.

Before proceeding to proofs, we first discuss the classical Fano’s method to motivate our approach.

D.1 Additional background on classical Fano’s method

To motivate our approach, which can be viewed as a generalization of the classical Fano method
[29], let us briefly recall the classical approach and highlight some shortcomings. The classical
Fano method applies to the statistical estimation setting Section 2.1 (a special case of ISDM), and
takes the following form.

Proposition D.1 (Classical Fano method). Consider the statistical estimation setting (Section 2.1)
with parameter space ©. Suppose that there exist 01, . . . ,0,, € O such that the following separation
condition holds:

L(6;,a) + L(6;,a) > 2A, Vi#jem],Vae A (23)

Let 1 be the uniform distribution over {61, - - - , 0., }, and let 1,,(0;Y") denote the mutual information
of (0,Y) ~ P, generated by 0 ~ pandyY = (Y1,...,Y,) il Py. Then for any algorithm ALG, we
have
Eomp,y~p, [L(0,ALG(Y))] > A -sup{d : I,(6;Y) <kl(1 -6 1/m)}, (24)
6>0
where the binary KL divergence is defined as kl(p || ¢) = Dxr.(Bern(p) || Bern(q)). This implies
the minimax lower bound
infu g suppeo By p, [L(0,ALG(Y))] > A (1 - M) . (25)

logm

The log m factor in Eq. (25) reflects the complexity of estimation in the parameter space, which is a
key concept we aim to incorporate into interactive decision making. Looking deeper, the “estimation
complexity” term log m in Eq. (25) arises from the "quantile" parameter 1/m appearing in the Eq.
(24). This parameter reflects the fact that under the separation condition (23), the following quantile
probability is at most 1/m for any distribution Y ~ Q:

Pop,y~(L(6,ALG(Y)) < A) < supPgpu(L(f,a) < A) < (26)

1
m
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Note that in this expression, # is drawn from the uniform prior x and Y is drawn independently of
6. To deduce Eq. (24), it suffices to choose Q = Egy., Py and apply data-processing inequality:

L.(6;Y) > KI(P,(L(0,ALG(Y)) < A) || Poopymg(L(0,ALG(Y)) < A))
> KI(P, (L(6,ALG(Y)) < A) || 1/m).

In particular, for any 6 € (0, 1) such that I,,(6;Y) <kl(1—4 || 1/m), we have P, (L(6,ALG(Y)) <

A) <1 — 0, using the monotonicity of the KL divergence. This argument gives Eq. (24) immedi-

1,,(0;Y)+log 2
logm

ately, and by choosing 6, = 1 —
Eq. (29).

To summarize, the structure of the classical Fano lower bound involves (i) a prior p, (ii) a reference
distribution Q = Eg.,Fy, and (iii) a quantile parameter J determined by the (iv) separation
condition (23) in the argument above. Crucially, we understand that the complexity of estimation
log m arises from the quantile probability Py, y ~q(L(8,ALG(Y")) < A), and the only use of the
traditional separation condition (23) is to further bound this quantile by 1/m as in Eq. (26).

in Eq. (24), we arrive in the canonical statement in

Having gained these insights into classical Fano method, we would like to point out several
limitations:

* First, in the form above, it is only applicable to statistical estimation rather than general interactive
settings.

e Second, it relies on mutual information due to the choice of the reference distribution, which
depends on the evolution of the algorithm over all 7" rounds in interactive settings, making it
difficult to analyze in many interactive problems.

* Third, and perhaps most importantly, the separation condition (23) must hold for an arbitrary
decision a. This “hard” separation condition is unlikely to hold for general model classes, as
noted throughout the DEC approach [42, Remark 2.3] line of work.

To address these shortcomings, we make use of core concepts (prior, reference distribution, quantile
parameter, separation condition) above, but adopt a new perspective that emphasizes and generalizes
the role of the quantile probability Pg..,, y~q(L(,ALG(Y)) < A).

D.2 Proof of Theorem 1

In the following, we fix a prior 1 € A(M), parameter A > 0, f-divergence Dy, and an algorithm
ALG. For simplicity, we denote Dy (z,y) = Dy(Bern(z), Bern(y)) for z,y € [0, 1].

We first prove the following quantile lower bound:

PN[N#’XNPIW.ALG (L(M7X) > A) > sup {(5 : EMNu[Df(]PM’ALG,Q)] < df’g(pA’Q)} .
QeA(X),6€[0,1]
27

We only need to prove the following claim.

Claim. Suppose that there exists a reference distribution Q such that
drs(pan) > Ernn Dy (B, Q),

then ]PMN},L,XNPJM’ALG (L(M7 X) Z A) Z 0.

We denote pao = Py, xopvas(L(M,X) < A), and recall that we define prgq =
Prrep, x~o(L(M, X) < A). We then consider the following two distributions over M x X

Py: M~ p, X ~ P Pr:M~uX~Q.
By the data processing inequality of f-divergence, we have
Dy(pa, pag) < Dy(FPo, P1) = Eney Dy (P, Q).

Therefore, using df’g(pA’Q) > EMNMDf(PM’ALG, Q), we know that df}(;(pA’Q) > Df(ﬁA,pA’@).
In particular, this implies pa g < 1 — J, and

Dys(pa,pag) < Dy(1—=96,pa0)
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Hence, we consider two cases: (1) pa < pa,@, and (2) pa > pa,q. For case (1), we have pa <
pa,g < 1 — 0. For case (2), we can use the monotone property of Dy (Lemma D.2), which also
implies pao < 1 — 4.

Therefore, it holds that pa < 1 — ¢, and
PA{NPHXN]P)M,ALG (L(M, X) > A) =1- ﬁA > 4.

Hence, the proof of Eq. (27) is completed. The in-expectation lower bounds then follows from the
fact that

EnanEx oprrns[L(M, X)] A - Py xpmas (LM, X) > A).
O
Lemma D.2. For x,y € [0,1], the quantity Dy (x, y) is increasing with respect to x when x > y.

Proof of Lemma D.2 Fixany 1>z > z > y > 0, we define

r—z r—z
0,1 —1-(1—y)- 0,1].
m_yE[,L q (1-y) x_yE[,}

pP=y-
Then, by definition,

p(l—z)+qr=2 pl—y)+qy=y,

and hence for the channel P from {0, 1} to itself given by P(:|0) = Bern(p), P(-|1) = Bern(g), it
holds that

P o Bern(z) = Bern(z), P o Bern(y) = Bern(y).
Therefore, by data-processing inequality, we have
D¢(Bern(z),Bern(y)) < Dy(Bern(x), Bern(y)).
This is the desired result. O

D.3 Proof of Proposition 2

Fix the parameter A > 0 and let 4 € A(M) be given. To apply Theorem 1, we consider KL
divergence (corresponding to f(x) = xlog x) and choose the reference distribution

Q = Epyoo P
Then, by the choice of (Q and definition of KL-divergence, we have

Enrmpn D, (PP || Q) = Iy a(M; X),
and by definition, we have

a0 =Prepx~o(L(M,X") < A) <suppu(M : L(M,z) < A), (28)

By Theorem 1, for any § € (0,1) such that 1, » 6(M; X) < kI(1 -9 || pa,g), we have
EprapEx oprrmc[L(M, X)] > SA.
In particular, we may choose

IH,ALG(M;X) + 10g2

0, =1 .

+ logsup, (M : L(M,z) < A)
As long as 6, > 0, we have I, a¢(M;X) < kI(1 — 6. || pag), and hence
EnrepExopmas[L(M, X)) > 6,A. This gives the desired lower bound (note that if 6, < 0,
there is nothing to prove). O
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D.4 Proof of Proposition 3

We recover this result by applying Theorem 1 with TV distance. We first frame the problem in the
ISDM framework. Consider the “enlarged” model class M = {M, : v € A(©)}, where for any
algorithm ALG : Y®" — A, the distribution PM»AC is given by

X = (V,ALG(Y)) ~ PMoAS . 9y Y = (Y3, -+, Y,) A0 Py

In other words, PM»ALC is the distribution induced by the prior v and the algorithm ALG. We then
extend the loss functionto L : M x X — R, as

L(M,,X):= inf L(6,ALG(Y)), VX = (Y,ALG(Y)), v € A(©).

6csupp(v)

By the separation condition (7), we have L(M,,,X) + L(M,,,X) > 2A for any vy € A(Oy),
vy € A(©1). Therefore, choosing the prior pr = Unif ({M,,,, M,, }) and the reference distribution
Q = Epgo, P4 gives

paQ = Prop x~o(L(M, X) < A) < 1/2,
and by the data-processing inequality,

1 ,
E]\JNM[DTV (HDM’ALG,Q)] — i(DTV (]P)M,,O ,ALG’Q) + DTV (IP)I\J,,I 7ALG’<@))
1 1 n n
< 5Dy (PMro 8, PHAAE) < - Doy (PR", PR

Therefore, for any 0 < § < % — %DTV (P®” PE"), we have

vo

Enrrp[Drv(PY*,Q)] < dtv,s(pan),

and hence applying Theorem 1 gives

A
]EQN%EYNPQ [L(0,ALG(Y))] > EpsmpExprrns [L(M, X)] > 5(1 — Dyy (P2, P2™)).

vo
Taking the supremum over vy € A(Og) and v, € A(BO;) gives the desired result. O

We can use the Le Cam convex hull method to recover the classic two-point method and Assouad’s
method, as follows.

Example 10 (Le Cam’s two-point method). In Proposition 3, we can take the distribution vy (1)
to be supported on a single point in ©( (01), to recover the classical two-point method. Concretely,
under the setting and assumption of Proposition 3, we have the following two-point lower bound:

infa g supgee Ev~p, L(0,ALG(Y")) > % MAaXg, 0,0, €0, (1 — Drv (ng”, ng")),

where P2" is the distribution of Y = (Y3, -+, Y,,) "X Py, p

Example 11 (Assouad’s method). Suppose that © = {—1, l}d for some d > 1, and that the loss
function has the following coordinate-wise structure:

d
L(0,a) =Y L;j(6,a), V0€O,acA
j=1

We write § ~; 6’ if 6 and ¢’ differ only in the j-th coordinate. Assume that the following separation
condition holds for all j € [d]:

Lj(ﬁ,a) + LJ(Q’,a) >2A, Vac A6 ~j 0.

To apply Proposition 3, we consider ©/ = {# : 6; = i} fori € {0,1} and j € [d]. Then, for

each j € [d], the separation condition (7) holds for the loss L; and the subsets O, ©]. Therefore,

applying Proposition 3 for each j € [d] with v/} = Unif(©}) and ] = Unif(©7) gives the following
Assouad-type lower bound:

dA

inf sup Ey.p, L(0,ALG(Y)) > -

A e min (1 — DTV (Pégm, Pg?n))

3j:0~j0’



D.5 Proof of Corollary 9

Consider the following setup of linear bandits: let * € R? be an unknown parameter. At time
t, the learner chooses an action ¢ € {m € RY : ||r|2 < 1} and receives a Gaussian reward
rt ~ N((0%, 7ty 1). For T € N, let HT = (zt,71,--- 7T, rT) be the observed history up to time
T'. The central claim of this section is the following upper bound on the mutual information.

Theorem D.3. For any r > 0, we define the prior 11, over BY(r) by

7"2

JT ~N<O,4d

ANGEER
Then for any algorithm ALG, we have

2
.yT <]
IMMALG(H*’H ) < dlog(l + W)

Proof. Denote A = %. We first prove that if 6* ~ p = N (0, AI4/d), then

) d AT
Loac(0%HT) < 51og (1 + d2). (29)

By the Bayes rule, the posterior distribution of #* conditioned on (H!~!, 7t) is

p(e* ‘ rHt—l ﬂ_t) x exp _d‘le*”% _ EZ(T‘S _ <9* ﬂ_s>)2
) 2)\ 2 ) Y

s<t

which is a Gaussian distribution with covariance (3X¢~1)~!, where
2= e Y )T
A
s<t
Therefore, by the chain rule of mutual information, we have

T
I,LL,ALG(G*;HT) = ZI;L,ALG(G*;Tt | Htilﬂrt)

t=1 |:
r T
1 det(3Y)
— ERALE | 2 1
52 log det(Zt—l)]
t=1
1 det(27)
— E,u,ALG 71
12778 (a/n)1
fd. Te(27)/d
< EHAS | Z log —— 21~
= 12°® 7 a/n

<£l10 1—|—£

which is exactly Eq. (29).

Next we deduce the claimed result from Eq. (29). Consider the random variable Z =
1{]|6*||2 < r} € {0,1}, and then

d T
3 log <1 + d2> > I;L,ALG(G*;HT)
> I;L,ALG(G*;HT ‘ Z)

>P(Z=1)-1, ne(05;H'|Z =1)
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=P ([0%l2 < ) - L, s (0% HT).
Here the first inequality is Eq. (29), the second inequality follows from I(X;Y) — I(X;Y |
f(X)) = I(f(X);Y) = I(f(X);Y | X) > 0, the third identity follows from the definition of
conditional mutual information. Finally, noticing that P,,(||¢* |2 < ) > 3 by concentration of x?
random variable, we arrive at the desired statement. O]

Next we show how to translate the mutual information upper bound in Theorem D.3 to lower bounds
of estimation and regret.

Theorem D.4. Let T > 1, r = min { M, 1} for a small absolute constant co, and consider the

VT
prior i, = . For any T-round algorithm with output T, Proposition 8 implies that
o |°| .1
Exre |l — —— > —.
l 171 ] 3

Therefore, we may deduce that

* d

sup EM "“[Riskpm(T)] = min {, 1} .
p BV [Riskou (7)) 2 min |

Proof. We first prove the first inequality by applying Proposition 8 to the following risk function
L(My, ) = |7 — normalize(8)]|2,

where we denote normalize(6) = GH € B4(1). Notice that for § € ©, we have

Ten
0 | -
L(Mg,m) = |0 — (0, ) = [|0] - ||m — ol = 0[] - (Mg, ).
For A € (0, 1), we first claim that
PA = supu(@ . L(My, ) < A) = O(\/;iA(d_l)/z). (30)

To see so, by symmetry of Gaussian distribution, we know for fixed any 7 € R9,
(03 (Mo, m) < A) = Py (0 10— 7l* < A),

and hence we can instead consider the uniform distribution over the sphere S?~!. By rotational
invariance, we may assume that 7 = (,0,- - ,0), with > 0. Then

;C2+1—A}C{9€Sd—1:91>m}'

{pestti0-n3 <A} = {0 esil.g, >
x
By Bubeck et al. [19, Section 2], for § ~ Unif (S?~!), the density of #; € [—1, 1] is given by

_ I'(d/2) 21 (d—3)/2
f(61) = W(l — o)V,
Therefore,
pa < / f(61)do, = O(Vd) - (1 — V1= A)AUE=3/2 = o(\/&A“H)/?).
V1-A

With the upper bound (30) of pa, we know that for A = %, it holds
log(1/pa) = 21,(T),
as long as ¢y is a sufficiently small constant. Therefore, Proposition 8 gives that
s [||% - normanze(e)nﬂ — Eps [i(Mm)} > %
This completes the proof of the first inequality.

Finally, using the fact that Py, (||0*|] < c17) < 155 for a small absolute constant c1, we can
conclude that

. . c1r . d
su EM**¢Risk T > E~*[L(M , > — = min —, 1 .
M*elj\/t [ DM( )] B [ ( ’ W)} -8 ( {\/T }>

This is the desired result. O
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E Additional Results from Section 3.2

In addition to the reward-maximization setting (Example 1), we also introduce a slightly more gen-
eral setting. In this setting, we assume that for each model M € M, the risk function is L(M, 7) =
fM(ma) — fM (), but £ is not assumed to be the expected reward function (Example 1). Instead,
we only require f* satisfying the following assumption, where M*™ C (II — A(O)) is a pre-
specified model class of reference models that contains co(M) (following Foster et al. [42]). The
lower bound we prove can be stronger by allowing M™ to be a larger model class.

Assumption 4. Let M+ C (IT — A(O)) be a given class of reference models, such that co(M) C
M. Forany M € M, the risk function takes form L(M,w) = f™(m,) — fM(n) for some
functional f™ : 11 — R, so that f* can be extended to M™, such that for any model M € M and
reference model M € M™ we have

| (7)) — ()] < C’rDH(M(ﬂ'),ZW(ﬂ)), Vr eIl 31

In some cases, considering a larger reference model class M™ can be convenient for proving lower
bounds, see e.g., Appendix B.2 and Appendix H.7.

E.1 Recovering DEC-based regret lower bounds

In this section, we demonstrate how our general lower bound approach recovers the regret lower
bounds of Foster et al. [42], Glasgow and Rakhlin [44]. We first state our lower bound in terms of
constrained DEC in the following theorem.

Theorem E.1. Under the reward maximization setting (Example 1), for any T-round algorithm ALG,
there exists M* € M such that

T
RegDM > 5 . (r'deCE(T) (M) — 6§(T)> -1

with probability at least 0.01 under PM" ¢, where ¢(T) = m.
Theorem E.1 immediately yields an in-expectation regret lower bound in terms of constrained DEC.

It also shaves off the unnecessary logarithmic factors in the lower bound of Foster et al. [42, Theorem
2.2].

For the remainder of this section, we sketch how we prove Theorem E.1 in a slightly more general
setting (Assumption 4), following Appendix F.3. Before providing our regret lower bounds, we first
present several important definitions.

Definition of quantile regret-DEC We note that it is possible to directly modify the definition
of quantile PAC-DEC (12), and then apply Theorem 6 to obtain an analogous regret lower bound
immediately. However, as Foster et al. [42] noted, the “correct” notion of regret-DEC (cf. Eq. (8))
turns out to be more sophisticated. Therefore, we define the quantile version of regret-DEC similarly,
as follows.

Throughout the remainder of this section, we fix the integer T'. Define

T
PN 1
IIr = {Wtﬂ' TZ&”’ where 7y, -+, 7T EH} C A(ID),

t=1

i.e., II7 is the class of all T-round mixture decision. We introduce the mixture decision space II1
here to handle the average of T-round profile (71, - - , ) of the algorithm. In particular, when II
is convex, we may regard 11 = II.

Next, we define the quantile regret-DEC as
r-dec? ;(M, M) :== inf  sup { Ls(M,p) V Epp[L(M, )] ‘ Epp D2 (M(r), M(7)) < 52} :
pEA(IIT) MeM
(32)

and define r-dec ;(M) := supgze g+ r-decd (M, M).

The following proposition relates our quantile regret-DEC to the constrained regret-DEC (proof in
Appendix F.6).
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Proposition E.2. Suppose that Assumption 4 holds for M. Then, for any M € M, it holds that
r-dect (M U {M}, M) < 2-r-decd (M, M) + ¢5Che,

where we denote cs = max { 1‘%5, 1}. In particular, it holds that

r-dec | ,(M) > ;<max r-deci(MU{M}, M) — Crs>.

Mem+

Lower bound with quantile regret-DEC Now, we prove the following lower bound for the re-
gret of any 7-round algorithm, via our general interactive Fano method (Lemma 5). The proof is
presented in Appendix F.5.

Theorem E.3. Suppose that Assumption 4 holds for M. Then, for any T-round algorithm ALG,
parameters €,6,C' > 0, there exists M € M such that

1
P4 (Regpy (T) = T+ (1-dect (M) — CCe) = 1) > 6 — o — VTER,

As a corollary, there exists M* € M such that

Regpn(T) > L. <max r-decg (MU {M}, M) — 4Crs(T)) -1
2 \Mem+ =
T ¢
> (r-decé(T) (M) — 4Cr§(T)) 1

. D) M™* ALG — 1

with probability at least 0.01 under P , where (T') = oo

Theorem E.1 is now an immediate corollary, because for reward-maximization setting, we always
have C, = /2 in Assumption 4.

E.2 Results for interactive estimation

More generally, we show that for a fairly different task of interactive estimation (Example 3), we
also have an equivalence between quantile PAC-DEC with constrained PAC-DEC.

Recall that in this setting, each model M € M is assigned with a parameter 6,, € ©, which is the
parameter that the agent want to estimate. The decision space II = IIj x O, where each decision
7 € II consists of m = (g, 8), where 7 is the explorative decision to interact with the model, and
0 is the estimator of the model parameter. The risk function is then defined as L(M, ) = p(6y,, ),
for certain distance p(-, -).

In interactive estimation, we can show that the quantile DEC is in fact lower bounded the constrained
DEC, as follows (proof in Appendix E.7).

Proposition E.4. Consider the setting of Example 3. Then as long as § < %, it holds that
p-dec; (M) < 2 - p-dec ;(M).

In particular, for such a setting (which encompasses the model estimation task considered in Chen
et al. [23]), Theorem 6 provides a lower bound of estimation error in terms of constrained PAC-
DEC. This is significant because the constrained PAC-DEC upper bound in Theorem 4 is actually
not restricted to Example 1, and we have hence shown that
p-dect (M) <inf sup EY"*“[Riskpm(T)] < p-decs (M),
£ ALG prs e M

where e(T') < 1/1/T and &(T) =< +/log|M|/T. Therefore, for interactive estimation, constrained
PAC-DEC is also a nearly tight complexity measure.

Remark E.5. The log | M|-gap between the lower and upper bound can further be closed for convex
model class, utilizing the upper bounds in Appendix G.3. More specifically, we consider a convex
model class M, where M +— 6,, is a convex function on M. Then, a suitable instantiation of
ExO™ (Algorithm 1) achieves

Riskpm(T) < A+ inf (p-decz(M) n log N(©,A) + log(l/é))7
¥>0 T
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where N (©, A) is the A-covering number of O, because we have log Ngae (M, A) < log N(©, A)
by considering the prior ¢ = Unif(©g) for a minimal A-covering of ©. Similar to Theorem H.5,
we can upper bound p-dec? (M) by p-dec?(M). Taking these pieces together, we can show that

under the assumption that p-dec: (M) is of moderate decay, ExO™ achieves
Riskpm(T) < p-dec ry (M),

where £(T') < /log N(©,1/T)/T.

In particular, for the (non-interactive) functional estimation problem (see e.g. Polyanskiy and Wu
[67]), the parameter space © C R, and hence by considering covering number, we have log |©| =
O (1). Therefore, for convex M, under mild assumption that the DEC is of moderate decaying
(Assumption 3), the minimax risk is then characterized by (up to logarithmic factors)

. M* ALG . - Ao c

}\I&é Ms*uelivt E [Riskpm(T)] < p dec\/l/—T(/\/l).
This result can be regarded as a generalization of Polyanskiy and Wu [67] to the interactive estima-
tion setting.

F Proofs from Section 3.2 and Appendix E

Additional notations For notational simplicity, for any distribution ¢ € A(II) and reference
model M, we denote the localized model class around M as

Mg e(M):={M € M :ErDf (M(r), M(r)) <%}.
F.1 Proof of Lemma 5
To apply Theorem 1, we consider the squared Hellinger distance (which we recall is a f-divergence

corresponding to f(z) = 3(y/z — 1)?). Consider a fixed tuple (M, M, A) with M € M, M €

co(M), and A > 0 that satisfies
Vosne(m: LM, 1) > A) > V6 + /14T E D2 (M(r), M(r)). (33)

We choose the reference distribution to be Q = P**¢, and take y to be the singleton distribution
supported on M. Recall that for the DMSO framework, the observation is X = ("HT, 7), and the
loss function is L(M, X) = L(M,7) (Section 2.2). Then, by definition, we have

pag =Pxg(L(M,X) < A) = pyus(m: LM, 7) < A).
Further, using the sub-additivity of Hellinger distance (11), we have
D (PM**,PM*°) < 7T -E D§ (M (m), M(m)) .
Therefore, using the condition (33), we have

1 2 _

5(\[_ M) > DIQ—I (]P)IW,ALG’]P)IW,ALG) ]
Hence, it holds that DZ (P**¢, Q) < D% (1 — 6, pa,g), and applying Theorem 1 gives

PMASY(L(M,7) > A) > 6.
Taking supremum over all pairs (M, M, A) satisfying Eq. (33) gives the desired lower bound.  [J
F.2 Proof of Theorem 6
Fix any algorithm ALG and abbreviate ¢ = £5(T"). Take an arbitrary parameter A, < p-dec? ;(M).
Then there exists M such that Ay < p-dec{ 5(M, M). Hence, by the definition (12), we know that
Do < sup { L(M, pisuc) D (M(r), M(r)) < &%}
Mem

Therefore, there exists M € M such that

ET(N(]M,ALGDIQ_I (M(T('), M(ﬂ-)) S §27 P

This immediately implies
Vo i LM, 1) > A) > /01 + \/ 4T E gy o D (M(m), M(m)),

where /01 = V0 — /14T2. Notice that §; > g by the choice of ¢ = ﬁ\/z, and hence

applying Lemma 5 shows that there exists M € M such that PM*(L(M,7) > Ag) > g. Letting
A¢ — p-dec? ;(M) completes the proof. O

T~GA ALG

TGN ALG

E

TGN ALG

(L(M, ) = Ag) = 6.

TP M ALG
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F.3 Proof of Proposition 7
In this section, we prove Proposition 7 under the slightly more general setting of Assumption 4.

Proposition F.1. Under Assumption 4, for any reference model M € M* and e > 0,6 € [0,1), it
holds that
2eCy

p-decg/ﬂ(M,M) < p-dec ;(M, M) + T35

For Example 1, we always have C; < v/2, and hence Proposition 7 follows immediately from
Proposition F.1.

Proof of Proposition F.1.  Fix a reference model M and a Ao > p-dec? s(M, M). Then, we pick
a pair (P, ) such that

o> sup { Lu(M,p) | BargDf (M(m), M(m)) < %},
MeMmM

whose existence is guaranteed by the definition of p-decg’ s(M, M) in (12). In other words, we
have

Pop(L(M,7) < Ag) > 16, VM € Mg (M)

Consider ¢ = @ and ¢’ = Also let

o

M := argmax [ (m,).
MEM,LE/(M)

Now, consider p € A(II) given by
p() = p(-1L(OTL, ™) < Ao).
By definition, for m ~ p we have fM (m) > fM(TF ) — Ag, and hence
BrnpL(M, m)] = [ (7rs) = Exnplf™ ()]
< S (Tas) = By | £7(7)] + Cr B D (M (), M () )
< [ (mar) = 7 (7) + Do+ Cr By D (M (), H(7) )
Notice that for any M € M, (M), we have f*(7,,) < M ( 1) and also

1
p L(Mvﬂ') < AO)

EpDy (M(w), M(w)) < EpDy (M(w), M(w))

—_

< (Eﬂ—NﬁDH (M(7), M (7)) + ErpDu (M(ﬂ')a MW)))

—_
(%)

[\]

19
=71_

Combining these inequalities gives

A

(o2

2eC.
1-9

p-dect, (M, M) < sup {]EWNP[L(M,w)]EWNqD%I (M(m), M(m)) <

}§A0+
MeM

<
2
Letting Ag — p-dec ;(M, M) completes the proof. O

F.4 Proof of Proposition 8

Recall that we frame the DMSO setting as an instance of ISDM in Section 2.2, where the observation
is given by X = (HT,7), and the loss is L(M, X) = L(M,7). In particular, for any prior x €
A(M), we have

sup w(M:L(M,X) <A)= Slelg w(M : L(M,m) < A),
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and by definition, I, ao(M; X) < I,,(T). In particular, for any pair (A, 1) such that

1
up (M ¢ L(M,7) € &) <~ exp(~21,(1)), 34
we have Sﬁ;ﬁf%}i)(ﬁ‘f)i x5 2 —2%, and hence applying Proposition 2 gives

supprepm EYC[L(M, 7)) > %. Taking supremum over all pairs (A, p) satisfying (34)
gives the desired lower bound. O

F.5 Proof of Theorem E.3

Our proof adopts the analysis strategy originally proposed by Glasgow and Rakhlin [44].

Fix a0 < A < r-dec{ ;(M) and a parameter ¢ € (0,1). Then there exists M € M such that
r-dec? (M, M) > A.

Fix a T-round algorithm ALG with rules p1, - - - , pr, we consider a modified algorithm ALG’ : for t =
1,---,T, and history H~1, we set p}(-|H¢=D) = p, (-[HE= D) if 120 L(M, 7%) < TA -1,
and set p;(-|H(*~Y) = 1, if otherwise. By our construction, it holds that under ALG', we have
23:1 L(M,7t) < TA almost surely. Furthermore, we can define the stopping time

¢

T:inf{t:ZL(M,ws) ZTA—lort:T—i—l}.
s=1

If 7 < T, then it holds that Y";_, L(M,7*) > TA — 1.

Now, we consider p = P4 (L Zthl nt =) € A(Il7). Using our definition of r-dec?, we know
that E..,,L(M, ) < A by our construction, and hence there exists M € M such that

Prp(L(M,7) > A) >0,  Ezop,Df (M(7),M(7)) < .
By definition of p and Lemma C.1, we have

T
P (Z L(M, ") > TA> >0, D (PM,PYA) < TTE, (35)
t=1

We also know

EM,ALG’

< E}VI,ALG’

1 « .
T2 = P
t=1

z S 2D (M(x), M(ﬂ)]
t=1
= C?Er.,Df (M(7), M (7)) < C2e,
and hence by Markov inequality,
prr (1 SUF ) - 7] 2 ccrs> <o
T~ - - C?

In the following, we consider events

T
& = {ZL(M,H) > TA},

t=1

and the random variable X := ZtT:1|fM(7rt) — fM(zY)]. By definition, PM*¢ (&) > 4,
P’ (X > CTCre) < @z We have the following claim.

Claim: Under the event & N {7 < T'}, we have

> L(M,x')>TA-X —1.

t=1
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To prove the claim, we bound

Y LM’y = L(Mx")— Y L(M,x")
t=1 t=1 t=7+1
T
>TA= > [f(m) = (7))
=7+ .
>TA*(T T)f (7TM)+ Z fﬁ(ﬂt)iX
t=7+1

=TA— (T =) (f*(m) — f"(73r)) — X,
where the first inequality follows from &;, and the second inequality follows from
ZZ:THUCM (rt) — fM(x*)| < X. On the other hand, we can also bound

T

Y L(M,at) = [ () — M (7))
t=1

t=1

>TfM 7TM ZfM

=7 (fM(ﬂ'M fM

ZLMW

+TA—1—X

vv

>T- (fM (TI'M fM 7TM

where the first inequality follows from Y_;_, |f* (7") — f*(n")| < X, and the second inequality is
because Y _;_, L(M,nt) > TA —1 given 7 < T, which follows from the definition of the stopping
time 7. Therefore, taking maximum over the above two inequalities proves our claim.

Now, using the claim, we know
AT 1
A <Z L(M,7t) > T(A - Ce) — 1) > P (E N{X <CTe}) 20— .
t=1
Notice that D12{ (]P’M'ALG',IPM ’ALG') < 7Te?, and hence for any event &, it holds P¥*¢ (&) >
PY A (£) — /14T€2. In particular, we have

TAT
P (Z L(M,7") > T(A — CCye) — 1) > 65— % — V14T=2.
t=1

Finally, we note that ALG and ALG’ agree on the first 7 AT rounds (formally, ALG and ALG’ induce the
same distribution of (7!, --- , 77"T)), and hence

TAT

M ,ALG 1

P <§ L(M,7t) > T(A — CCye) — 1> >0~ o5 — VTSR,
t=1

The proof is hence complete by noticing that ZTAT (M, 7t) < ZtT:l L(M,7*) = Regpy(T)
and taking A — r-dec{ ;(M).

F.6 Proof of Proposition E.2
Fixa M € M*, and A > r-dec? ;(M, M). Choose p € A(IIr) such that

Ly(M,p)VE,p[L(M,7)] <A, VM e M, (M).

The existence of p is guaranteed by the definition (32). In other words, we have E,.,[L(M,7)] < A
and

Prrp(L(M,7) > A) <6, VM € M, .(M).
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We then has the following claim.
Claim. For any model M € M, it holds that
Errp[L(M, 7)) < Epp[L(M, )] + A + ¢sCErp Dy (M (), ]\7(7r)) (36)
Fix any M € M, we prove (36) as follows. Consider the event £ = {7 : L(M, ) < A}. Then,
p(E)(f¥(mar) = ¥ (m31)) = Byl {€} (L(M,m) — L(M, ) + f¥(m) — f¥(m))
<p(E)A + CErpl {€} Dy (M (m), M (7)),
where the inequality uses L(M, 7) < A for 7 € £ and Assumption 4. Therefore,
ErpL(M,7) =Erpl {EYL(M,7) + Erpl {E°} L(M, )
< P(E)A +Ernpl {E} (f¥ (mar) = [ (i) + f (m) — f¥ (m) + L(M, ))
o Cr T c Vi
U B L (€} DM () F(m) + €\ Byl (£°) Dia (M (), ()
p(£°)
< 2A 4 max {
p(€)
This completes the proof of our claim.
Therefore, using (36) with E,.,[L(M,7)] < A yields
Ermp[L(M, )] < 2A 4 ¢5Ce, VM € M, -(M).

<2A +

, 1} C\Ey ey Dyt (M (), B (7).

This immediately implies
r-decS(M U {M}, M) < 2A + ¢sCie.
Finally, taking A — r-dec{ (M, M) completes the proof. O

F.7 Proof of Proposition E.4
Fix a reference model M and let Ag > p-dec ;(M, M). Then there exists p,q € A(TI) such that

sup { Ly(M,p) | ExnqDft (M(m), M(m)) <22} < A,
MeM
Therefore, it holds that

Prrp(L(M,m) < Ag) > 11—, VM € M, .(M).

If the constrained set M, (M) is empty, then we immediately have p-decg (M, M) = 0, and
the proof is completed. Therefore, in the following we may assume M, (M) is non-empty, and

M e M, (M).
Claim. Let § = 65 and 7@ = (7o, 5) for an arbitrary g, it holds that
L(M,7) < Ao, VM € M, (M).

This is because for any M € M, (M), it holds that

Prmp(L(M, ) < Ag, L(M,7) < Ag) >1—26 > 0.
Hence, there exists § € O such that p(6,,,0) < Ag and p(65,0) < Ag holds. Therefore, it must

~

hold that p(6,,,6) < 27 for any M € M, .(M).
The above claim immediately implies that

p-deci(M, M) < sup {L(M,7)| ErqDf (M(r), M(r)) <} < 2A,.
MeM

Letting Ag — p-dec? (M, M) yields p-dect (M, M) < 2p-dec (M, M), which is the desired
result. O
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G Additional Discussion and Results from Section 4

G.1 Properties of the fractional covering number

Before proceeding to applications, let us briefly discuss some connections between the fractional
covering number and classical notions of covering number considered in the context of statistical
estimation.

To start, we recall that for many standard statistical estimation tasks such as regression and non-
parametric estimation, the risk function L is given by a (pseudo) metric (e.g., /> distance between
parameters or mean-squared error in predictions). The following lemma shows that in this case, the
fractional covering number coincides with the classical covering number induced by the metric, e.g.,
in location estimation (Example 4), density estimation (Example 6), etc.

Lemma G.1 (Connection to classical covering numbers). Suppose the decision space 11 is equipped
with a pseudo-metric p : I1 x II — R and there is a map M — m,, € Il such that the risk function
is given by

L(M,r) = p(mp, m), VM e M, eIl (37)

Let Ty = {my : M € M} C 11, and define N(Ilpq, A) to be the A-covering number of I
under p. Then

N(ITrq, 2A) < Npac(M, A) < N(ITpg, A).

Duality between fractional covering and fractional packing For classical covering numbers
with respect to a pseudo-metric (as in Lemma G.1), it is known that there is a duality between
covering and packing. In spite of a lack of metric structure for the general setting we study, we can
show that fractional covering number naturally admits a dual representation in terms of a fractional
packing number. Specifically, it holds that
inf supu(M:L(M,7)<A sup 1nfp7r L(M,7) <A
s O L) < ) = sup (s L) < ),

as long as the minimax theorem can be applied (e.g. when II or M are finite or satisfy appropriate
compactness conditions). Therefore, in this case, we have

1
Nfeac(M,A) = sup inf (38)
pea(m)T€l p(M : L(M, ) < A)
which can be interpreted as a fractional packing number. We mention in passing that using this
interpretation, it is possible to derive Theorem 10 directly from Proposition 8.

Recovering the Yang-Barron method. As a simple example of the fractional covering number,
we recover and further generalize the well-known Yang-Barron method [95] for statistical estimation
problems (see also [89, Section 15.3.5]).

Example 12 (Yang-Barron method). For a statistical estimation problem with model class M, we
define the KL covering number of M as

Nk (M, ¢) == min{k :3AMY, - M* € M, such that VM € M,m%ﬁDKL(M | M%) < 52} .
1€

For a fixed parameter ¢ > 0, we can pick k¥ = Ngp(M,¢e) and M*',--- , M* € M such that
min,e[k] Dgr(M || M%) < &2 for all M € M. Then, let us consider the localized sub-class

={MeM: DKL(M | M*) < &2} for each i € [k]. It is clear that Assumption 2 holds for
each M,; with Ckp, < 2. Further, using M = |JI_; M, we have

10g NfraC(M7 A) < m?k)]( 10g Ntrac (Ml7 A) + IOg k. (39)
i€

For details, see Appendix H.4. Therefore, applying Theorem 10 to M and take supremum over i €
[k] and € > 0 gives the following result: For any algorithm ALG to achieve supyecg E**°L(M, ) <
A, it is necessary that

log Nfrac (M, A) < ir>1g (2T<* + log Nkr.(M, €)) + 2

When the risk function L is given by a metric (cf. Eq. (37)), this inequality coincides with the
Yang-Barron method formulated in Wainwright [89, Section 15.3.5], as the fractional covering num-
ber Ngyac (M, A) can be lower bounded by the covering number (Lemma G.1).
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Recovering the local packing lower bound for statistical estimation. As a simple example of
the fractional covering number, we recover the well-known local packing-based lower bound [15]
for the classical problem of location estimation [89].

Example 13 (Local packing lower bound for location estimation). In the location estimation task
(Example 4), recall that the model class is given by M = {Mjy : § € O}, where My = N (0, 1,).
Consider the local packing number of © around 6* € ©, which is given by

Nioc(©, A; 0*) := max {k (30, 0% c o,

007 < A,

C oA
oo >2,v27&]}.

Then, for the localized sub-class M. g« := {Mpy : ||0 — 6*|| < £} C M, Assumption 2 holds
with Ck1, < %52, and we also have Ngac (Mo g+, €/4) > Nioe (O, €; 0*). Therefore, we can apply
Theorem 10 to M ¢~ and take supremum over all * € © and € > 8A to show the following result:
For any algorithm ALG to achieve supycg E**||7 — 0|| < A, it is necessary that

T> sup log Nloc(?,s) -2
e>8A €

9

where Nioc (0, €) = supg.ce Nioc (O, €; 0*) is the local packing number of ©. This lower bound is
known to be tight in general [14, 15, 59, etc.]. <

G.2 Additional discussion from Section 4.2

In the literature on statistical learning, there is a long line of work which characterizes learnabil-
ity of hypothesis classes in terms of abstract complexity measures. Examples include the Vapnik-
Chervonenkis dimension for binary classification [83, 16], the Littlestone dimension [63] for online
classification [10] and differentially private classification [20, 6], and their real-valued counterparts
(e.g. scale-sensitive dimensions) for regression [9, 5].

Beyond the settings above—particularly for interactive settings—learnability is less well under-
stood. The question of what complexity measure characterizes bandit learnability has been explored
in Russo and Van Roy [74], Abernethy et al. [1], Simchowitz et al. [79], Hashimoto et al. [46, etc.],
but a complete resolution has yet to be reached. Remarkably, Ben-David et al. [11] demonstrate that
there exists a simple and natural learning task for which it is impossible to characterize learnabil-
ity through any combinatorial dimension. More recently, Hanneke and Yang [45] provide similar
impossibility results for characterizing the learnability of noiseless structured noiseless bandits with
real-valued rewards.

Our characterization bypasses the impossibility results of Hanneke and Yang [45]. Specifically,
Hanneke and Yang [45] show that for noiseless structured bandit problems, there exist classes H
for which bandit learnability is independent of the axioms of ZFC. Therefore, their results rule
out the possibility of a characterization of noiseless bandit learnability through any combinatorial
dimension [11] for the problem class. Our characterization is compatible with this result because the
argument of Hanneke and Yang [45] relies on the noiseless nature of the bandit problem, and hence
does not preclude a characterization for the noisy setting.

Connection to the maximin volume. Hanneke and Yang [45] propose maximin volume, a complex-
ity measure that tightly characterizes the complexity of learning noiseless binary-valued structured
bandit problems. For such problem classes, the fractional covering number is exactly the inverse of
the maximin volume. While the fractional covering number can be viewed as a generalization of
the maximin volume in this sense, we emphasize that the fractional covering number directly arises
from our general lower bound framework, and is applicable to general decision making problems in
the DMSO framework.

Noise distribution. We note that the upper bound in (20) applies to any reward distribution with sub-
Gaussian noise (cf. Appendix H.2). Meanwhile, since the lower bound in Corollary 12 is specialized
to Gaussian noise, it acts as a lower bound for the broader class of sub-Gaussian noise distributions
as well. We expect the lower bound to extend to other “reasonable” noise distributions.

G.3 Exploration-by-Optimization Algorithm

In this section, we present a slightly modified version of the Exploration-by-Optimization Algorithm
(ExO™) developed by Foster et al. [41], built upon Lattimore and Szepesvdri [58], Lattimore and
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Algorithm 1 Exploration-by-Optimization (ExO™)

Input: Problem (M, II), prior ¢ € A(II), parameter 7' > 1, v > 0.
1: Setq' =q.
2: fort=1,---,T do
3:  Solve the exploration-by-optimization objective

(pt,€t)<— argmin 'y (p, /)
peA(IL) el

4:  Sample 7t ~ pt, execute ¥ and observe of
5. Update

qt+1(7r) o ¢t (7) exp(£(m; 7t 0"))

Gyorgy [55]. The original ExO™ algorithm has an adversarial regret guarantee for any model class
M, scaling with r-dec (co(M)), the offset DEC of the mode class co(M), and log [TI|, the log-
cardinality of the decision space. For our purpose, we adapt the original ExO™ algorithm by using
a prior ¢ € A(IT) not necessarily the uniform prior, and with a suitably chosen prior ¢, ExO™ then
achieves a regret guarantee scaling with log N (M, A), instead of log |II| (cf. Foster et al. [41]),
which is always an upper bound of log N.ac (M, A).

Offset DEC for regret. We first recall the following (original) definition of DEC [40]:

r-decS (M, M) := peig(fn) sup. Erp[L(M,7)] = VErpDf (M (7), M (7)),  (40)

and r-dec? (M) := supjzecoom) r-decs (M, M). Through the Estimation-to-Decision (E2D)
algorithm [40], offset regret-DEC provides an upper bound of Regp), for any learning problem,
and it is also closely related to the complexity of adversarial decision making.

As discussed in Foster et al. [42], in the reward maximization setting (Example 1), the constrained
regret-DEC r-dec® can always be upper bounded in terms of the offset DEC r-dec®. Conversely,
in the same setting, we also show that the offset DEC can also be upper bounded in terms of the
constrained DEC (Theorem H.5), and hence the two concepts can be regarded as equivalent under
mild assumptions (e.g. moderate decaying, Assumption 3).

Exploration-by-Optimization algorithm. The algorithm, ExO™, is restated in Algorithm 1. At
each round ¢, the algorithm maintains a reference distribution ¢ € A(IT), and use it to obtain a
decision distribution p! € A(II) and an estimation function ¢! € £ := (Il x I x O — R), by
solving a joint minimax optimization problem based on the exploration-by-optimization objective:
Defining

qu"/(pa 4 M, 7T*) :Eerp[fM(ﬂ—*) - fM(ﬂ—ﬂ (41)
— VErpBornt () Err g1 — exp (U(n; 7, 0) — £(7*; 7, 0))],

and

Fq,'y(p; K) = sup Fl]v’)’(p7£;Ma ﬂ*)a (42)
MeM,n*ell

the algorithm solve (p*, £*) <= arg min, ¢ A1) s 2 gt (P, £). The algorithm then samples 7* ~ p,

executes 7¢ and observes o' from the environment. Finally, the algorithm updates the reference

distribution by performing the exponential weight update with weight function £¢(-; 7, o?).

Guarantee of ExO". Following Foster et al. [41], we define

exol/V(Mv q) = p€A%%§ L Fq,'y(pv f), (43)

and ex0y /(M) = SUPgea (1) ex01/,(M, q). The following theorem is deduced from Foster et al.
[41, Theorem 3.1 and 3.2].
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Theorem G.2. Under the reward maximization setting*(Assumption 4), it holds that

r-dec? /4 (co(M)) < exoy/, (M) < r-decs jg(co(M)), ¥y > 0.

Now, we present the main guarantee of Algorithm 1, which has the desired dependence on the prior
q € A(II).

Theorem G.3. It holds that with probability at least 1 — 6,

1
R <T(A + r-dec; ) 1
s <78+ o (o) 910 (e ey =)
Proof. Consider the set IT* := {7 : f*" (m,+) — f (7) < A} and the distribution ¢* = q(-|TI*).
Following Proposition G.4, we consider
Xy (7", 0") i= Eproge [Et(ﬂ'; wt, ot)} —logErqt [exp (ft(ﬂ; 7t ot))],
and Proposition G.4 implies that

T
37 X(r, o) < log(1/q(IT")).

t=1
Applying Lemma C.3, we have with probability at least 1 — 4,

T T
Z —logE;—1 [exp (=X, (7", 0"))] < ZXt(’ﬂ't, o') +log(1/9).

t=1 t=1
Notice that

E;1 [exp (—Xt(ﬂt, ot))] = ErnptEonnrs (r) Exr gt [exp (Et(ﬂ’; 7,0) — Epu g ' (%5, 0))].
Using the fact that 1 — x < —log x and Jensen’s inequality, we have

T
ZEW*Nq*Err(pt,Et; ¢, M*, %) <log(1/q(IT*)) + log(1/6),

t=1
where we denote
EI‘I‘(p, 67 q, M*v ﬂ-*) = EWNPEONM*(ﬂ')Eﬂ'/N(] [1 — €exXp (E(ﬂ-,? T, 0) - E(ﬂ-*; , O))} .
Therefore, it holds that
T

Regpy = Y Erope [f () = £ ()]

~+
—

[M]=

S A + Eﬂ'*/\/q*Eﬂ'tmpt [fM* (7‘('*) _ fM* (ﬂ—tﬂ
t=1
T
=TA+~ ZEﬂ*NQ*Err(pt, gt M*, )
t=1

T
+ Y Erings [Ereape [£7(7%) = £47 ()] = 4Ere(p!, £ ¢, M*, 7¥)]
t=1

=Lt (pt L M*,m*)

T
< TA + y(log(1/q(I1*)) + log(1/8)) + Y Tqr (9", ')

t=1
< T(A + exo1/, (M) +1(log(1/q(I1")) + log(1/5)).
Applying Theorem G.2 completes the proof. O

*We remark that their proof applies as long as f* can be linearly extended to co(M).
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Proposition G.4. For any ¢ € A(TD), it holds that
T
ZE”N‘J/ [0*(m; 7", 0")] — log Ergt [exp (ét(ﬂnrt, ot))] < Dx1r(qd' || 9)-
t=1

Proof. This is essentially the standard guarantee of exponential weight updates. For simplicity, we
assume II is discrete. Then, by definition,

a(m)exp (XL, £(m 7, 0%))

qt(ﬂ-) = t—1 ’
S penalm) exp (XU (i, 0%))
and hence
t
log B gt [exp (¢ (m; 7", 0"))] = log Erngexp <Z 0 (mym®, os)>
s=1
t—1
—logE g exp (Z 0 (7w, os)> )
s=1
Therefore, taking summation over t = 1,--- , T, we have

T
— Z log Ergt [exp (ft(w; 7t ot))} = —logE g

t=1

T
exp (Z (et ot)>] .

t=1
The proof is then completed by the following basic fact of KL divergence: for any function & : II —
R’

Erq [1(7)] < log Errq exp(h(7)) + Dir(d" || 9)-

G.4 Application: Structured bandits
We now instantiate our general results to give tighter guarantees for structured bandits, improving
the upper bounds in Section 4.2.

DEC for structured bandits. We consider the same structured bandit protocol as in Section 4.2;
recall that H denotes the reward function class and My, denotes the induced model class. In what
follows, we simplify the results in Theorem 15 to be stated purely in terms of 7. For a reference
value function h : C x A — [0, 1], we define

r-decS(H,h) == peig(fn) 2161?[_)[ {Brnp[h(mn) — h(m)] | Exnp(h(m) — h(m))? < €%},

where we recall that 7, :== max e h(m). We then define the DEC for H as

r-dec(H) = sup r-decS(H U {h},h).
heco(H)

As a corollary of Theorem G.3, the r-dec; (#) and log Ngac (#, A) together provide an upper bound
for structured bandits with H.

Theorem G.5. Let H be given. Suppose that 11 is finite, and that ¢ — r-dec;(co(H)) satisfies mod-

erate decay as a function of € (Assumption 3) with constant cyeq. Let £(T) < \/log Ngac(H, A)/T.
The Algorithm 1 ensures that high probability,

Regpy < T+ A + O(cregTV10g T) - 1-decs ) (co(H)).
As a corollary, the minimax sample complexity of structured bandit learning with H is bounded as

max {T%(H, A),10g Ngac (7, 2A)} S T*(Myy, A) S T*(co(H), A) - log Nevac (H, A/2),
(44)

where we denote T"*“(H, A) = inf.c(o 1) {2 : r-deci(H) < A} (following Eq. (15)) and omit

logarithmic factors and dependence on the constant c;cg.
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There are many standard structured bandit problems where the value function class  is convex,
including multi-armed bandits, linear bandits, and non-parametric bandits (with smoothness [72],
or concavity [54], or sub-modularity [65], or etc.). For these problem classes, the complexity of
no-regret learning is completely characterized by the DEC of ‘H and the fractional covering number
Nerac(H, A) (up to a quadratic factor).

We also note that the lower bound of Eq. (44) is proven for Gaussian noise, while our upper bound
applies to a much more general class of reward distributions (with bounded variance).

G.5 Application: Contextual bandits with general function approximation

Next, we instantiate our general results for stochastic contextual bandits with general function ap-
proximation, generalizing the structured bandit problem. We consider the stochastic contextual ban-
dit problem with context space C, action space A, and a reward function class H C (C x.A — [0, 1]).
This problem is a special case of the DMSO setting with decision space IT = (C — .A), and the en-
vironment is specified by a tuple (h. € H,v, € A(C)). The protocol is as follows: For each round
t, the environment draws ¢! ~ v, and the learner takes action a® = 7?(c!) based on the decision
7t 1 C — A, and receives a reward r* ~ N'(hy(ct,a’), 1).

We can formulate the model class as follows. For a reward function 2 € H and context distribution
v € A(C), the corresponding model M, ,, is specified as

(c,a,7) ~ My (m): c~v,a=m(a),r ~N(h(c,a),1).

Let My, = {M},, : h € H,v € A(C)} be the induced model class of contextual bandits. Following
Appendix G.4, we instantiate Theorem 15 to provide characterization of learning My,.

DEC for contextual bandits. For any context ¢ € C, the value function class H induces a restricted
value function class H|. = {h(c,-) : h € H}, which corresponds to a (non-contextual) bandit
function class. We define the following variant of the DEC
r-decS(H) := supr-decS(H|.),
ceC
which corresponds to the maximum of the per-context DEC over all contexts. We also define
TPEC(H, A) = infoco,1y{e 2 : r-dec(H) < A}, following Eq. (15).

Fractional covering number for contextual bandits. Specializing the fractional covering num-
ber to contextual bandits, we define
1
Neac(H, A) := inf sup , (45)
P Bl nercrbaier < By hle, m1(0) — e, ()] < A)

where 7, € I1 is defined via 7 (c) := argmax, 4 h(c,a) for c € C.

Intuitively, the value of the fractional covering number log N, (7, A) for contextual bandits cap-
tures the difficulty of estimating optimal actions, but also the difficulty of generalizing across
contexts. For example, when we consider the unstructured contextual bandit problems (i.e.,
H = (C x A — [0,1])), it holds that log Ngac (H, A) = |C|log|.Al, but in general we can have
log Nfrac(H, A) < log [IT] = [C|log |A|.

As a corollary of Theorem 15, we derive the following upper and lower bounds on the complexity
of contextual bandit learning with .

Theorem G.6. Let H be given. Suppose that both the context space C and the action space A
are finite, and that ¢ — r-dect(co(H)) satisfies moderate decay as a function of € (Assumption
3) with constant cyeg. Let E(T) < \/log Ngrac(H, A)/T. Then Algorithm 1 ensures that with high
probability, ;

Regpy < T+ A + O(cregTV10gT) - 1-decs 1) (co(H)).
As a corollary, the complexity of learning M+, is bounded by

log Ngac (H, 2A)

max {TDEC(’H, A), og [C

} ST* (Mg, A) < T (co(H), A) - log Nirac (H, A/2),
(46)

omitting dependence on c,cg and logarithmic factors.
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By definition, we have r-dec(co(H)) = r-decf(H) if the per-context value function class H|. is
convex for every context ¢ € C. Natural settings in which #|. is convex include contextual linear
bandits [28], contextual non-parametric bandits [22], contextual concave bandits [54], etc. For these
problem classes, the complexity of no-regret learning is completely characterized by the DEC of ‘H
and the newly proposed Ngac(H, A) (up to a quadratic factor and a factor of log |C]).

As a concrete example. we can derive upper bounds based on the fractional covering number for
finite-action contextual bandits as follows.

Corollary G.7. For any value function class H, Algorithm I ensures the following regret bound
with high probability.

Regou (T) < T+ A+ O(/TIA - TogNac(H, A) ).

Compared to the well-known regret bound of O(/T|A| -log|#|) for learning any with any fi-
nite contextual bandit class H [38, 77], this result above always provides a tighter upper bound,
as 1og Ngac(H,A) < log|H|. For certain (very simple) function classes #, the quantity
log Nrac(#H, A) can be much smaller than log || (for details, see Example 14). More importantly,
log Nrac(H, A) leads to lower bounds for any contextual bandit function class (Theorem G.6). By
contrast, lower bounds for structured contextual bandits in prior work have been proven in a case-
by-case fashion (for specific value function classes H).

H Proofs from Section 4 and Appendix G

In this section, we mainly focus on no-regret learning, and we present the regret upper and lower
bounds in terms of DEC and log N¢a. (M, A). The results can be generalized immediately to PAC
learning.

H.1 Proof of Theorem 10

Fix an arbitrary reference model M € (IT — A(O)) such that Assumption 2 holds. We remark that
M is not necessarily in M or co(M).

We only need to prove the following fact.

Fact. If T' < W{%, then for any T-round algorithm ALG, there exists a model M € M

such that Riskpw(7T') > A with probability at least % under PMALG
Proof. By the definition (17) of Ngue (M, A), we know
1
——— = sup inf p(r:L(M,7)<A).
Nfrac (M, A) peA(IT) MeM ( ( ) )
Therefore, we have

1

inﬁMpH,ALG(Tr PL(M,m) < A) < m7

Mc
and hence there exists M € M such that
log (1/pM,ALG(7" :L(M,m) < A)) -2
T < .
QCKL
Notice that by the chain rule of KL divergence, we have

T
DKL(IPM’ALG H PM,ALG) _ EM,ALG ZDKL(M('/Tt) ” M(ﬂt)) < TCkr.
t=1
Hence, using data-processing inequality,
log (1/pIW,ALG(7T : L(M, ) < A)) -2
2
< Dxu(1/2 || parae(m : LM, ) < A)).

Dxr(paace || pJ\7I,A|_G)

This immediately implies pasa6(m : L(M,7) < A) < by the monotonicity of KL divergence.
O
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H.2 Proof of Theorem 11

In this section, we present an algorithm based on reduction to multi-arm bandits (Algorithm 2) that
achieves the desired upper bound. For the application to bandits with Gaussian rewards, we relax
the assumption R : O — [0, 1] as follows.

Assumption 5. For any M € M and 7 € T, the random variable R(0) is I-sub-Gaussian under
o~ M(m).

Suppose that A > 0 is given, and fix a distribution p} that attains the infimum of (17). Based on
DA, we consider a reduced decision space 11, C II, generated as

Mg, = {77(1) W(N)}, (N o pA independently,

where we set N = Ngoc (M, A)log(1/0). Then the space Ilg,p is guaranteed to contain a near-
optimal decision, as follows.

Lemma H.1. With probability at least 1 — 6, there exists m € gy, such that L(M*, 1) < A.

Therefore, we can then regard M™* as a N-arm bandit instance with action space A = Ilg,,, and
for each pull of an arm 7w € A, the stochastic reward r is generated as r = R(0),0 ~ M*(m).
Then, we pick a standard bandit algorithm BanditALG, e.g. the UCB algorithm (see e.g. Lattimore
and Szepesvdri [57]), and apply it to the multi-arm bandit instance Mg and the guarantee of

andit?
BanditALG yields ‘
T
M* Mty <
Jmax fU(n') = [ (a") < O(VTN log(T/5))-

t=1
with probability at least 1 — §. Therefore, we have

Regpy(T) <T - (f™ () — ;xé%XUbe (m ’))+O( TNlog(T/a))

<T-A+0(VTNIog(T/5)),

with probability at least 1 — 20. This gives the desired upper bound, and we summarize the full
algorithm in Algorithm 2. O

Proof of Lemma H.1. By definition,
IP’(W e [N], L(M*, 7)) > A) < pi(m: L(M*, 1) > AN

1 N
<(1- —Fr——
- ( Nfrac(MaA)>
< N <d
exp| ———— .
- P Nfrac (M7 A) -
O
H.3 Proof of Lemma G.1
Proof of the upper bound. Take a minimal A-covering of ITpq, i.e., a set {7r1, -, "} C I such
that for all M € M, there exists ¢ € [n] such that p(m,,, 7*) < A. Therefore, we may consider the
distribution p = Unif({r!, - ,7"}), which guarantee
1
Nfrac (M, A) < sup <n =N, A).
f ( ) MeM p(ﬂ— : p(7TMy7T) < A) ( M )
Proof of the lower bound. Consider the maximal 2A-packing of ITp4, i.e., let {ml, .-, 7m} C
ITr¢ be a maximal set such that p(7*,77) > 2A for any ¢ # j. Then, by the duality between
packing and covering, the set {m*,--- , 7™} form a 2A-covering of I, and hence we have m >

N(ILrq, 2A). On the other hand, the sets I1° := {7 : p(7, 7/) < A} are pairwise disjoint, and hence
for any p € A(II), we have

- inf : < < A) <1
m- nf p(r:p(my,m) < Z p(r: p(r',m) < A) <
Therefore, it holds that Ngac (M, A) > m > N(ILx, 2A). O
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Algorithm 2 A reduction algorithm based on the fractional covering number
Input: Problem (M, II), parameter A, > 0,7 > 1, Algorithm BanditALG for multi-arm bandits.

1: Set

1
A= inf . 47
Pa =g pelg(n) I\/SIIEJR/[ p(m: L(M,7m) < A) (47)

2: Set N = Ngae (M, A) log(1/6) and sample the decision subspace Iy, = {w(l), e ,W(N)} -
II as

7M. 7)< pX independently.

3: Run the bandit algorithm BanditALG on the instance Mg, ;. for 7" rounds.

andit

H.4 Proof of Example 12
It remains to prove Eq. (39). More generally, we prove the following lemma.

Lemma H.2. For model class M = |J]_; M,, it holds that

Nirac(M, A) <> Nerac(M;, A).

i=1

Proof of Lemma H.2 For each i € [n], we define \; = %

Fix p1,--+ ,pn € A(II). Then, let us consider the distribution p = Y7, \;p; € A(II). For any
model M € M, there exists ¢ € M;, and hence p(7 : L(M,7) < A) > \;minpg,enm, pi(m :
L(M;,m) < A). Therefore, it holds that

f L(M,7) < A)>min); inf pi(m: L(M,7)<A).
ot p(r: L(M,7) < A) gg[ln] i2f pilm: LM, m) < A)

In other words,
1

sup > max
Mem p(m: L(M,7) < A) ™ icn]

Taking infimum over py, - -+ , p, € A(II) gives

1 1
N veni pi(r: LM, 1) < A)

1 1 1
Ngac(M,A) = inf su > max — su
MA = Bl 38 o L0Lm < &) 7 RN 2wl LOLm) < B)
1
< inf max —
= i €AD iein] Ni aret, pilm : LM, ) < A)
a f s L
= max — in
i€[n] A\; pieA(IT) Me_/r\)/( pl(ﬂ' L(M 7T) < A)
= Hel[aﬁ —  Nfrac (Mu A Z Nfrac(Mia A),
i=1
where the last line follows from the definition of A1, --- , A,,. This is the desired result. O

H.5 Proof of Theorem 14

We first state the following more general result, and Theorem 14 is then a direct corollary (under
Assumption 3). Analoguous guarantees also hold for PAC learning.

Theorem H.3. Let T > 1,5 € (0,1). With suitably chosen prior ¢ € A(TI), ExO™ (Algorithm 1)
achieves with probability at least 1 — §:

10g Nfrac(M, A) + 1Og(1/6)

T (48)

1 o
TRegDM < A+ r-dec] jg(co(M)) +
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In particular, when M is a reward-maximization problem class (Example 1), ExO" achieves (with
a suitable parameter ) that with probability at least 1 — §:

1 ——c
TRegDM S A + C\/@ . r'deCE(T) (CO(M)), (49)

\/ 1og Nerao (M,A)+Hlog(1/9)
T

where C is an absolute constant, £(T) =
constrained regret-DEC is defined as

, and the modified version of

C

F-deCZ(CO(M)) '=¢- sup M. (50)
e’€le,1] €

Remark H.4 (Upper bound without regularity condition). In Theorem 14 (and Eq. (49)), we as-
sume that (1) M is a reward-maximization problem, and (2) the constrained regret-DEC of co(M)
satisfies certain regularity condition (Assumption 3). We can relax these two assumptions and obtain
a weaker upper bound. Specifically, we may only assume that f* : II — [0, 1] is affine with respect
to M € co(M) (cf. Theorem G.2). In this case, we can still bound the regret of ExO™ as

IOg Nfrac (M7 A) + log(l/é)
v T )

1 c
TRegDM <A+ r-decm(co(./\/l)) +
which follows from Eq. (48) and the fact that (by definition)

r-decs (co(M)) < r-dec’ 5 (co(M)),  Vy > 0.

(G

In particular, using Eq. (51) above, we can show that (omitting poly-logarithmic factors)
1
T"(M,A) < A - TP (co(M), A/3) - 1og Ngrac (M, A/2).

This is worse than the upper bound of Theorem 15 by (roughly) a factor of A™1,
Proof of Theorem H.3. By the definition (17) of Ngae (M, A), we know

1
——— = su inf m: L(M,m) <A).
Nerac (M7 A) pEA?H) MeM p( ( ) )

Therefore, there exists ¢ € A(IT) such that

1
m:L(M,m) <A)> ————,
( ( ) ) Nfrac (M, A)
We then instantiate Algorithm 1 with such a prior ¢, and Eq. (48) follows immediately from The-
orem G.3. To prove Eq. (49), we invoke the following structural result that relates offset DEC to
constrained DEC.

inf
MeM q

Theorem H.5. Suppose that Assumption 4 holds for the model class M. Then for any € € (0, 1), it
holds that

inf (r-dec? (M) +¢?) < (3\/Llog2(2/6) T+ 2) : (mz(/w) + C’ra).

>0

Under the assumption that ¢ — r-decg (co(M)) is of moderate decay with a constant c,eq, we have
r-dec. (co(M)) < Cregl-decte(M), Ve € (0,1].
Hence, Eq. (49) follows from (48) as long as the parameter y is chosen according to Eq. (H.5). [

H.5.1 Proof of Theorem H.5
Fix ac € (0,1 and M € co(M). We only need to prove the following result:

Claim. Suppose that r-dec, (M, M) < D¢’ for all €' € [¢, 1]. Then there exists v = (D, ¢) such
that

r-dec? (M) + ve? < (3\/ (logy(2/2)] + 2) (D +Cye.
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Set K = |log,(1/¢)] + 1 and fix a parameter ¢ = c(e) € (0, 3] to be specified later in proof. Define
g, =2""fori=0,---,K—1landex = . We also define \; :=ce-2*fori =0,--- , K —1, and
)\Kzl—ZZK:_Ol)\iZC.
Define A; = r-dec (M U {M}, M), and let p; attains the inf,. In the following, we choose
9(D+C )

v=7(D,e) = =5
By definition of p;, it holds that

Ernp, [LIM,m)] < Ai, VM € MU{M} : Ereyp, Diy (M( ), M(x )) <.
In particular, we may abbreviate M; := {M € M : E.,,, D} (M(m), M (7)) <

M) < () + Ai + Cegiy,  YM € M,.

and it holds

Next, we choose p = Zfio Aipi € A(TI), and we know

K K
Ernp LM, )] <Y NErop[L(M, )] <D NA; =1 A,
=0 =0

Fixa M € M. Letj € {0,---, K} be the maximum index such that M € M;. Such a j must
exists because M = M. Now,

Ernp LM, 7)) = ¥ (m2r) = f¥(T32) + Erep [L(M, )] + B [£ () = ()]
< A]‘ + Cr€j + A+ CrEﬂNpDH (M(W), M(ﬂ'))
Case 1: 7 = K. Then, using AM-GM inequality, we have

_ C2
B LM, 7)] = 3By D (M (7). M () < Mg+ 2+ At T

Case 2: j < K. Then for each ¢ > j, it holds that E,.,. D% ( M(m)) > a , and hence

K K
— £ - &
EnnpDd (M(x), M(r)) > S AEgep, D (M(m), > 3 Ciﬂ.
1=7+1 1=7+1

Therefore, using AM-GM inequality,
ErnplL(M, )] = VErnp Dy (M (), M(7))

9C? 8§ _
<Aj+ Chej 4; - §71E7r~pD%1 (M(m), M(r))
9C? 8
SAJ‘—FOYE]‘ 4; — ngEj.

By our choice of v, we have ve > - ( Ejj + Cr> , and hence in both cases, we have

Ernp[L(M,7)] = YErp Dy (M (7), M (7)) < A+ (D +C;) 9C; )

Note that by definition, we have A < (cK + 1)De and y(¢) - € = & (D + C.), and hence

r-dec? ., (M, M) < (2D + C; + ¢KD + 2¢Ch)e.
Thus,
_ 9D +Cr)
r- deC,y(E)(M, M) + ")/(5)52 < (2D + C + CK(D + Or) + 80>€K
Balancing c and re-arranging yields the desired result. O

44



H.6 Proof of Theorem 15

Note that the minimax-optimal sample complexity 7% (M, A) is just a way to better illustrate our
minimax regret upper and lower bounds. By the definition of T7*(M, A), we have

%Reg*(M,T) =sup{A: T*(M,A) <T}.

Under Assumption 3, the regret upper bound in Theorem 14 implies (up to ¢;cg, Ckr, and logarithmic
factors)

1
TReg* (M, T) 5 r'decg(T) (M) .

And the regret lower bound Theorem E.1 implies (up to ¢,c, and logarithmic factors)
C 1 *
r-deCE(T) (M) 5 TReg (M,T)
By the definition of 7% (M, A) and T°¢(M, A), we then have

TEC(M,A) S T*(M, A) < T*(co(M), A) - log Ngac (M, A/2).
Together with Theorem 10, we prove that

IOg Nfrac(M7 A)

max {TDEC (M, A),
CkL

} < TH(M,A) < T™(co(M), A) -1og Ngac (M, A/2).

O

H.7 Proof of Theorem G.5

For the upper bound, we work with more general noise structure (beyond Gaussian noises). We
define M+, v to be the class of all bandits models with mean reward function in H{ and variance
bounded by 1. Specifically, for any M € My, v, it is associated with a value function h" € H,
such that for any decision 7 € II, the distribution M () of the random reward r has mean h™ ()
and variance at most 1.

We also recall that the subclass My, C My, v is the bandit problem class with the standard Gaussian
noise.

Proof of Theorem G.5: lower bound of (44). The lower bound with log Ng.ac(, A) is exactly
Corollary 12.

To prove the lower bound with T%5¢(?, A), we need to lower bound the DEC of My in terms of
the DEC of H, as follows.

Lemma H.6. Consider M+ = M eo(20),v as the class of all reference models (Appendix E). Then,

Jnax r-decZ(My U {M}, M) > r-dec;, 5. (H). (52)

Notice that for M™, Assumption 4 holds with C, = /10 (by Lemma C.5). Therefore, as a corollary
of Theorem E.3: for any T-round algorithm ALG, there exists M* € My such that

T
Regoy(T) > 5 - (rdect ) (H) = 52(T)) — 1 (53)
with probability at least 0.01 under P*"*¢, where &(T) = 501@. Therefore, the lower bound in

terms of TP5¢(H, A) follows immediately (using regularity condition Assumption 3).

Combining both lower bounds completes the proof. O
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Proof of Theorem G.5: upper bound. We apply Theorem H.3 similar to the proof of Theorem 15
(in Appendix H.2).

Using Theorem H.3, we know that ExO™ can be suitably instantiated on the model class My v so
that with probability at least 1 — 6,

1 ——
TRegDM <A+ Cy/log(T) - r-decp (co(Mazv)),

log Nfrac (H,A)+log(1/6)
T

where C' is an absolute constant, £(T) = \/ . We only need to upper bound
the r-decz(co(/\/lﬂy)) (defined in (50)) in terms of the DEC of co(H).

Lemma H.7. For any ¢ > 0, it holds that
r-dec; (Ms,v) < r-dec ;5. (H)

We also note that co(Mzv) € Mco(s),v because the model class M3,y is convex and it
contains M+, v. Therefore, we know

r-dec(co(Mayv)) < r-dec(Meo(n),v) < r-dec 15, (co(H)).
Using the regularity of & — r-dec: (co(H)), we know
r-dec; 1) (co(M3,v)) < creg - I-deC 15, (co(H)).
This gives the desired upper bound. O

H.7.1 Proof of Lemma H.6
Fix ac € [0,1], we denote &1 = 2v/2¢ and take any A < r-dect (). We pick i € co(#) such
that r-dect (H,h) > A. Then, it holds that

inf sup  {Exvplh(m) — h(a)] | Exep(h(a) — h(a))® < 7} > A.
PEAD) ey {h}

Suppose that h € co(H) is given by h = Ep,[h] with 1 € A(H). Then, consider the reference

model M € M™ with mean reward function h and Gaussian noise, i.e. M(7) = ./\f(fL(w)7 1).
Then, we know that for M = My,
r-decS(M U{M}, M)

= inf sup  {Epp[L(M,m)]| Ernp Dy (M(7), M()) <%}
pEA(H) ]\/IEMU{M}

= igfn) sup  { Eqpp[h(mn) — h(m)]| ErnpDit (N (R(r),1),N (h(r),1)) < %}
pe heHU{h}

> inf  sup {Epoplh(mh) — h(m)]| Exmp(h(m) — h(m))? < 8%} > A,
PpEAD) penuh}

where the last line follows from Lemma C.5. Taking A — r-dec? (#) completes the proof of
(52). O

H.7.2 Proof of Lemma H.7
Fix a reference model M € co(M 4 v). By definition, we know the mean reward function h* of M

belongs to co(H), i.e. M € Mo(3),v. Therefore, for any model M € My, v and decision 7 € I,
by Lemma C.5,

D (M(m), M(m)) > %VLM(W) — WM ()%
Therefore, for M = My v,
r-decS(M U {M}, M)

= inf sup  {Erp[L(M, )] | Exp D (M(7), M(r)) <&}
pEA(H) ]\/IEMU{M}
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v

inf sup  { Epp[L(M, 7)]| Epp|h™ (7) — hM(m)|* < 10e%}
peAM) pre mu{M}

2 iy () = ) 1007 352

= r-dec’ 5. (H U {h}, h),

where the second equality follows from the fact that when = h, we have L(M, ) = h(my,) — h(m).
Taking supremum over M completes the proof.

H.8 Proof of Theorem G.6

Similar to Appendix H.7, we consider a larger model class M+, v of models with general noise
structure. A model M € My v is specified by a context distribution v,, € A(C), a reward function
h™ € H, and a reward distribution R (-|-, -), such that for any ¢ € C,a € A, r ~ R (-|c,a) has
mean h" (¢, a) and variance at most 1. The model M is then given by

(c,a,r) ~M(m): c~uvy,a=m(c),r ~RY(:c, a).
The model class M, v is defined to be the set of all possible models described above.

Proof of Theorem G.6: lower bound. The lower bound with log N¢,. (7, A) follows immedi-
ately by applying Theorem 10 to the class M+, which admits Ck, = O (log|C|) in Assumption 2
(as shown in Example 9).

On the other hand, the lower bound with T°%(#, A) follows from the reduction to the per-context
bandits problem. Specifically, for a fixed context ¢ € C, H|. corresponds to a structure bandits class
My,... Notice that we can naturally regard My, C M4y by viewing My, as a contextual bandits
class with the fixed context c. Therefore, by Theorem G.5 (specifically (53)):

1 1 1
—Reg“(My,T) > =Reg“(My, ,T) 2 r-dec (H|.) — 6e(T), e(T) = ——.
FReg (M. T) > Reg* (M. T) 2 r-dectn) (H]e) — 62(T), (1) = o
Taking maximum over ¢ € C yields
1
fReg*(./\/lH, T) 2 r-decg(T) (H) — 6¢(T).
This gives the desired lower bound with T°5¢(#H, A).
Combining both lower bounds completes the proof. O

Proof of Theorem G.6: upper bound. We follow the proof strategy of Appendix H.7. By Theo-

rem H.3, ExO™ can be suitably instantiated on the problem class My, v so that with probability at
least 1 — §:

T RoEow < 8-+ C inf (1-de0S g (co(My ) + 5 Bl D B
v

T

We also note that co(Mzy;v) € M), v. Therefore, it remains to upper bound the offset DEC of
MCO(H),V~
Lemma H.8. For~ > 0, it holds that

r-decs (Mav) < sup r-dec’ j»(My, v)-

Then, we can apply the result of Theorem H.5. From the proof of Theorem H.5, it is not hard to see
that: for any £ > 0, there exists v = () such that for any ¢ € C,

r-decs 5 (Myy,v) + 72> < V10g(2/e) - (Creg - I-decs (co(H)) + &),

where we also use the regularity condition of € — r-dec (co(#)). This immediately gives

Regpy < TA + O(cregT/10g T) - r-decg ry(co(H)),

where £(T) = \/log N“‘“(H’TA)HOg(l/‘s). This is the desired upper bound. O
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H.8.1 Proof of Lemma H.8
Fix a reference model M € co(My,v), and then M € M o(3)v by definition. In particular, M

has mean value function 2" € H and context distribution 7 € A(C). We also know that for each
ceC,h"(x,-) € co(H|c).

Then, by Lemma C.4, we also have
2D12-I (M(TI'), M(ﬂ'» >E a:ﬂ'(c)DIZ{ (RM(T = "67 CL), RM(T = '|C7 a)) .

Thus, we adopt the following notations: For each ¢ € C and model M € My, vy, we define M, €
My v to be a bandit model such that for every action a € A, M.(a) = R (r = -|c,a). Then by
definition, it holds that

2D (M(w), M(7)) > By amn(e) Dit (Me(a), Me(a)) -
Now, combining the inequalities above, we have
r-decz (Mq.[,\h M)

= inf  sup Erop[L(M,7)] —AErw,DZ (M(n), M(m
3y S0P Erpl DM, )] = 9By iy (M (), M ()
. Y 2
< f E?TN Ecr\«y a=m(c hJM ) _h]W 3 _7D MC 5 c
< B8 BrBovsuan(o (1 (M) = 1 (e0) = 3 Df (M:(a). Me(o))]

M

C~VM,

. Y 12 r
inf sup  Ecouvrs amn, |B (¢, (c)) — RM(c,a) — = D5 (M(a), M.(a
p=(pc),pc EA(A) Me/\/]lpn,v M pL[ (e (e)) (e.a) 2 H< (@) ( ))}

IN

. S
inf sup supEq~ {hM ¢, ma(c)) — hM(c,a) — D7 (M (a), M.(a ]
P=(p)ope EAGA) MeNbn v ot P (¢, ™ (c)) (c,a) = 3 & (Mc(a), Mc(a))

= inf su su Eqn [hM“ Tar.) — hMe(a) — = D3 (M.(a), M.(a }

p=(pe),pe EA(A) ceIc) MceMI;‘C’V Pe (7o) (a) 9 it (Me(a), Mc(a))

(4) . Y 2 i

= sup inf su Eqn [hMCﬂ' — hMe(a) — =D3; (M.(a), M.(a }
celc)pceA(A) McGME)-HC,V e (o) (a) 2 i (Me(@), Me(a)

—
=

= sup r-dec$/2(MH|C’V,MC) < sup r-dec‘;/g(/\/lmc,v),
ceC ceC

where the equality (1) is because for a sequence (p. € A(A))cec, there is a corresponding p € A(II)
such that for = ~ p, we have 7(c¢) ~ p. independently; in inequality (2) we bound the expectation
over ¢ ~ v, by the supremum sup,..; the equality (3) follows from the fact that M, € My, v
is a bandit model with mean reward function 2*<(-) = h"(c, -); and the equality (4) is because we
can choose p,. separately for every ¢ € C. By the arbitrariness of M € co(M), we now have

r-dec? (Mzv) < Slég dec? /o (M, )

H.9 Proof of Corollary G.7
We follow the notations of Appendix H.8. By Lemma H.8§, we have

r-dect (Myy) < Sup r-dect 5(Ma, v)-

Notice that for each ¢ € C, MHIC,V is a class of |.4|-arm bandits, and hence by Foster et al. [40,
Proposition 5.1] and Lemma C.5, we have

r-decﬁ (Mq.”mv) < 8|;4|

Therefore, Theorem H.3 implies that ExO™ achieves with probability at least 1 — §:
1614] | 108 Nisac (H, A) + log(1/0)
+7 .
¥ T
Balancing v > 0 gives the desired upper bound. O

1
fRegDM <A+

As a remark, we provide an example of function class H with log Ngac (H, A) < log [H].

48



Example 14. Suppose that A = {0, 1}, and the function class H = {hy }ec, where

1

hz(c,0) = 2 hg(e, 1) = {

1, c=ux,
0, c#xz.~

Clearly, we have log |H| = log [C]|.

On the other hand, we consider a distribution p over policies, such that 7 ~ p is generated as
m(c) ~ Bern(e), independently over all ¢ ~ C. Then, for any h = h, € H and v € A(C), we have

B (e, mn(e)) — (e m()] = v(z) - 31 {x(2) = 1} + JEes 1 {e # 2, 7(c) = 1}].
Notice that 7(z) = 1 with probability A, and conditional on the event {7 (z) = 1},
ErmplEemn[1{c # 2, 7(c) = 1Hm(z) = 1] < A.
Hence,

p(r  Eevalhle,ma(e)) — hie, w(e)] < A) > T

which implies log Ngeac (H, A) < log(2/A).

Therefore, for unbounded context space C, we have log Ngao(H, A) < log|H| for the function
class ‘H defined above.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not re-
move the checklist: The papers not including the checklist will be desk rejected. The checklist
should follow the references and follow the (optional) supplemental material. The checklist does
NOT count towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA] .

* [NA] means either that the question is Not Applicable for that particular paper or the relevant
information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evalu-
ation. While "[Yes] " is generally preferable to " ", it is perfectly acceptable to answer "

" provided a proper justification is given (e.g., "error bars are not reported because it would be too
computationally expensive" or "we were unable to find the license for the dataset we used"). In
general, answering " "or "[NA] " is not grounds for rejection. While the questions are phrased
in a binary way, we acknowledge that the true answer is often more nuanced, so please just use your
best judgment and write a justification to elaborate. All supporting evidence can appear either in the
main paper or the supplemental material, provided in appendix. If you answer [Yes] to a question,
in the justification please point to the section(s) where related material for the question can be found.

IMPORTANT, please:
 Delete this instruction block, but keep the section heading “NeurIPS paper checklist'',
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes] .

Justification: The main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope. The claims are validated by detailed proofs.

Guidelines:

¢ The answer NA means that the abstract and introduction do not include the claims made
in the paper.

¢ The abstract and/or introduction should clearly state the claims made, including the con-
tributions made in the paper and important assumptions and limitations. A No or NA
answer to this question will not be perceived well by the reviewers.

e The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
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Answer: [Yes] .

Justification: The paper discusses the limitations of the work performed.

Guidelines:

The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to vi-
olations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
reflect on how these assumptions might be violated in practice and what the implications
would be.

The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be used
reliably to provide closed captions for online lectures because it fails to handle technical
jargon.

The authors should discuss the computational efficiency of the proposed algorithms and
how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will be
specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes] .

Justification: The paper provides detailed assumptions and proofs.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if they
appear in the supplemental material, the authors are encouraged to provide a short proof
sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility
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Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA] .

Justification: This paper does not include experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether the
code and data are provided or not.

« If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA|

Justification: This paper does not include experiments.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
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including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

¢ At submission time, to preserve anonymity, the authors should release anonymized ver-
sions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA] .

Justification: This paper does not include experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [NA] .

Justification: This paper does not include experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

» The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall run
with given experimental conditions).

¢ The method for calculating the error bars should be explained (closed form formula, call
to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error of
the mean.
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* It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or fig-
ures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA] .

Justification: This paper does not include experiments.

Guidelines:

¢ The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or
cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

¢ The paper should disclose whether the full research project required more compute than
the experiments reported in the paper (e.g., preliminary or failed experiments that didn’t
make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes] .

Justification: The research conducted in the paper conforms, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:
¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consider-
ation due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This is a theoretical work. There is no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations (e.g.,
deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point
out that an improvement in the quality of generative models could be used to generate
deepfakes for disinformation. On the other hand, it is not needed to point out that a
generic algorithm for optimizing neural networks could enable people to train models
that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional
or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA] .

Justification: The paper poses no such risks.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith
effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA] .

Justification: This paper does not use existing assets.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a
dataset.

* For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA] .

Justification: This paper does not release new assets.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license, limi-
tations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA] .
Justification: This paper does not involve crowdsourcing or research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

¢ Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the data
collector.

. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human

Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA] .

Justification: This paper does not involve crowdsourcing or research with human subjects.
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Guidelines:

¢ The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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