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Abstract

Despite the theoretical significance and wide practical use of regular expressions, the computational
complexity of learning them has been largely unexplored. We study the computational hardness of
improperly learning regular expressions in the PAC model and with membership queries. We show
that PAC learning is hard even under the uniform distribution on the hypercube, and also prove
hardness of distribution-free learning with membership queries. Furthermore, if regular expressions
are extended with complement or intersection, we establish hardness of learning with membership
queries even under the uniform distribution. We emphasize that these results do not follow from
existing hardness results for learning DFAs or NFAs, since the descriptive complexity of regular
languages can differ exponentially between DFAs, NFAs, and regular expressions.

Keywords: Regular Expressions, PAC Learning, Membership Queries, Computational Hardness,
Descriptional Complexity

1. Introduction

What is the computational complexity of learning a regular expression (RE) of length at most s over
{0,1}™, or over some other alphabet ¥", as a function of n, s, and |X|? Can this be done in time
poly(n, s)? Surprisingly, despite the importance of regular expressions, this question has been left
open and not explicitly addressed in the literature. In this paper, we establish hardness of learning
regular expressions in the Probably Approximately Correct (PAC) and Membership Queries (MQ)
models, both under arbitrary input distributions and under the uniform distribution. Our results are
summarized in Table 1.

Learning regular languages has been extensively explored in the literature. In particular, some of
the earliest results, both about proper learning in an inductive setting (Gold, 1978; Pitt and Warmuth,
1993) and cryptographic hardness of improper PAC learning (Kearns and Valiant, 1994), established
the hardness of learning Deterministic Finite Automata (DFA). DFAs and REs are indeed equivalent
in that both exactly characterize regular languages (Kleene, 1956): any DFA has an equivalent RE,
and every RE has an equivalent DFA. Why can’t we then conclude that since DFAs are hard to learn,
i.e., regular languages are hard to learn, then REs are hard to learn? The important point is that when
we say DFAs or REs are easy or hard to learn, we mean that it is easy or hard to learn languages
with succinct DFAs or REs. But even though every DFA has an equivalent RE and vice versa, the
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conversion may require exponential (or even super-exponential) blowups. These gaps are discussed
in Section 2.1 and summarized in Table 2. Therefore, even if we cannot learn in time polynomial in
the size (or number of states) of a DFA, this does not contradict the possibility of learning in time
polynomial in the length of an RE. Indeed, as we can see in Table 1, there are differences in the
complexity of learning DFAs vs. REs. In particular, for MQ learning, it is possible to learn in time
polynomial in the size of the DFA, but not polynomial in the length of the RE.

Table 1: Tractability of learning regular expressions and automata. Our new hardness results are in

bold font.

PAC PAC + MQ
Representation complexity Dist.-free Uniform dist. Dist.-free Uniform dist.
poly(n) size DFA HardAB¢D Hard® Tractable Tractable
poly(n) size NFA Hard-B-CD Hard® HardA-B.C:D ?
poly(n) length RE (with only V, -,*) Hard"B.CD Hard® Hard®CP ?
poly(n) length RE with intersection Hard"B.CP Hard*° Hard"B.CD Hard*
poly(n) length RE with complement Hard"B.CP Hard*° Hard"B.CP Hard*
A

B

C

D

Under one of the assumptions: RSA, factoring Blum integers, or quadratic residues.
Assumption: random k-SAT.
Assumption: local-PRG.

Assumption: sparse learning-parity-with-noise.

DFA: Kearns and Valiant (1994) showed distribution-free PAC hardness under Assumption A; Daniely and
Shalev-Shwartz (2016) established it under Assumption B; and Daniely and Vardi (2021) under Assump-
tion C. Moreover, Daniely and Vardi (2021) proved PAC hardness on the uniform distribution (again under
Assumption C). There is a PAC-preserving reduction from DNFs to DFAs (Pitt and Warmuth, 1990); there-
fore, the hardness of learning DNFs under Assumption D proved by Applebaum et al. (2025) immediately
implies the hardness of learning DFAs. In contrast, DFAs are tractably learnable with membership queries
via the L* algorithm of Angluin (1987).

NFA: PAC hardness follows directly from the hardness of learning DFAs. Moreover, for distribution-free
learning with membership queries, Angluin and Kharitonov (1995) proved hardness under Assumption A,
and since REs are expressible using NFAs with polynomial blowup, our results for REs imply hardness
under Assumptions B,C,D.

Plain RE: We establish distribution-free hardness in PAC under assumptions B,C,D (see Theorem 4.2).
Angluin et al. (2013) proved hardness with a non-binary alphabet of a subclass of regular expressions,
called shuffle ideals, under assumption A. We claim that their construction can be modified to work for
plain REs and the binary alphabet, see discussion in Section 4.3.

In Theorem 4.4 we prove PAC hardness under the uniform distribution, relying directly on Assumption C.
In Theorem 5.1 we show distribution-free hardness of learning with queries under Assumptions B,C,D
(and the existence of non-uniform one-way functions).

RE with intersection or complement: First, all hardness results for plain REs also apply here. Second, in
Theorem 5.3, we prove hardness with membership queries on the uniform distribution under Assump-
tion A.

Open Questions: As far as we are aware, it remains unknown whether there is a tractable algorithm for
learning plain REs or NFAs with membership queries under the uniform distribution.
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Learning regular languages, and REs in particular, is of practical as well as conceptual impor-
tance. Many rules in everyday data processing, manipulation, filtering, and analysis tasks are spec-
ified using regular expressions (e.g. validating numbers, extracting street names from addresses,
or rewriting names as last—comma-first). REs are at the core of many languages and tools focused
on data processing (e.g., grep, awk, and Perl), and are important elements of many others (e.g.,
Excel, Python, and almost all modern programming languages and shells). Thinking of machine
learning as replacing expertly specified rules with learning from examples, being able to learn an
RE from examples is thus a very natural task, and indeed a practical feature (e.g., given a column of
addresses and a few examples of the house number, the machine should learn to extract the rest). Im-
portantly, in all these languages, regular languages are specified by short REs, not DFAs. In addition
to the classical REs as specified by Kleene, which support union, concatenation, and Kleene-star
operations, several extensions to REs have also been suggested and are commonly supported by
programming languages and libraries. We discuss these in Section 2.

Learning Regular Languages has also recently received renewed attention, with the study of
what Regular Languages transformers can represent and learn (e.g., Strobl et al. (2024) and the
references therein). Indeed, this has been the direct impetus for our study. Part of the goal of this
paper is to emphasize the difference between different representations of Regular Languages, and in
particular between DFAs and REs, to highlight the importance of studying learnability quantitatively
as a function of a specific description language, and to encourage the study of learnability in terms
of Regular Expression length.

2. REs and Regular Languages

We focus on the binary alphabet ¥ = {0,1}. X* defines the set of all binary strings, where ¥* =
Unen2", with N including zero.

Regular Expressions (RE). The set of regular expressions over an alphabet 3, denoted RE(X),
is the minimal set defined as follows: (), €, and every symbol a € X belong to RE(X). If Ry, Rs €
RE(X), then the expressions (R; V Rg) (union), (R R2) (concatenation, also denoted (R - R2)),
and (R;)* (Kleene star) are also in RE().

For R € RE(X) the language it represents, written L(R) C X*, is defined inductively: L((})) =
g, L(E) = {6}, L(CL) = {a} fora € X. L(Rl vV Rg) = L(Rl) U L(RQ), L(RlRQ) = {ZL‘y :
z € L(Ry),y € L(Ry)}, and L(R*) = Uyey L(R)*, where L(R)? = {e} and L(R)*! =
L(R)*L(R). A language L C ¥* is called regular if L = L(R) for some R € RE(X). We use the
shorthand RE for RE(Y).

Extended Regular Expressions. Having fixed the standard syntax and semantics of regular ex-
pressions, we now extend the language by adding new standard operators.

Intersection operator: The set RE(N) is obtained by closing RE under intersection: if Ry, R2 €
RE(N), then (Ry A R2) € RE(N). The semantics is defined by L(R; A R2) = L(R1) N L(R3).

Complement (negation) operator: The set RE(—) is obtained by closing RE under complement:
if R € RE(—), then (—R) € RE(—). The semantics is defined by L(—R) = X* \ L(R).

Counting operator: We also extend the language with a bounded-iteration (counting) operator,
an operator supported in practice by tools such as egrep (Hume, 1988), Perl regular-expression
syntax (Wall et al., 1999), and the XML Schema specification (Sperberg-McQueen and Thompson,
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2005). For a regular expression R and an integer k& € N, we write the counting expression as R¥. Its
semantics is given by L(Rk) = L(R), that is, R* matches any word that can be decomposed into
k contiguous factors, each belonging to L(R). We denote the resulting class of counting regular
expressions by RE(#). For related variants of the definition, succinctness results, and associated
computational problems, see Meyer and Stockmeyer (1972); Kilpeldinen and Tuhkanen (2003);
Gelade et al. (2012); Gelade (2010). We use the notation R* as shorthand even when explicit
counting is not permitted. In such cases, it should be understood as repeated concatenation. When
counting is allowed, the encoding simply becomes more succinct.

Size of regular expressions. We define the size of a (possibly extended) regular expression R,
denoted by | R|, as the total number of atomic and operators that appear in the concrete syntax of R:
‘@| =1, €| =1, and ]a\ = 1fora € X. |R1R2| = |R1| + |R2 , | R1 \/RQ‘ = |R1| + |R2| + 1,
|r*| = |r| + 1, |R1 A Ra| = |R1| + |R2| + 1, |=R| = |R| + 1, and |r*| = |r| + [log(k)], where
counting is allowed and k is encoded in binary, and otherwise |r¥| = k|r|. For alternative size
measures (all equivalent up to a polynomial factor) and detailed succinctness results, see Ellul et al.
(2005); Gelade (2010); Gruber and Holzer (2015).

DFAs and NFAs. A Nondeterministic Finite Automaton (NFA) is a tuple A = (3, @, Qo, 0, F'),
where Y. is a finite alphabet, () is a finite set of states, Qg C @ is the set of initial states, § : Q XX —
2@ is the transition function, and F' C @ is the set of final states. Given a word w = o7 - - - gy € 3%,
arun of A on w is a sequence of states = q, - . ., ¢z such that gy € Qo and ¢;11 € 6(q;, 0;41) for
all ¢ > 0. The run r is accepting if gy € F'. We say that A accepts w if it has an accepting run on
w, and we denote by L(A) the language of A, namely the set of words it accepts. When |Qg| = 1
and |6(q,0)| < 1forall ¢ € Q and o € 3, then A is deterministic. In this case we say that A is a
Deterministic Finite Automaton (DFA).

2.1. Equivalence and gaps between REs and automata

In this section, we review the vast literature on the succinctness of representation among different
variants of REs, DFAs, and NFAs, see Table 2. A central claim of this paper is that the description
length of objects representing regular languages plays a crucial role in determining their tractable
learnability.

We compare these models by analyzing their description lengths, i.e., the length of a binary
string encoding the object. For DFAs with ¢ states (over a fixed alphabet), the description length
is upper bounded by O(q log q). For NFAs with ¢ states, a dense encoding of transition sets yields
O(q?) bits. Although one may alternatively take the number of states as the size parameter (a com-
mon convention), this differs only by a polynomial factor. Importantly, the choice of size measure
affects the analysis of conversions: for example, the transformation from a DFA to an NFA is linear
in the number of states, whereas when measured in terms of description length the target can scale
as ©(q?) rather than ©(qlog q).

For regular expressions, the description length is defined as the size of the expression, namely
the number of symbols and operators it contains. Parentheses can be disregarded, as they only affect
the size by a constant multiplicative factor.! Thus, for a constant-size alphabet ¥ and a constant
operator set I' (including € and ()), an RE of length ¢ has description length ¢- [ log (|3|+|T]+2) | =

1. For a discussion of size definitions and their implications see Ellul et al. (2005); Gelade (2010); Gruber and Holzer
(2015).
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Table 2: Succinctness/translation blow-ups among DFA, NFA, RE, RE(N), and RE(—).

Source — Target DFA NFA RE RE(N)T RE(—)f
20(n)
DFA : 10) 10)
- poly(n) Ehrenfeucht and Zeiger (1976) 2 (@) 20()

description length or #stat
(description length or #states) Gruber and Holzer (2015)

20(n) 26(n)
NFA ; _ , , O(n) O(n)
L. Rabin and Scott (1959) Gruber and Holzer (2015) 2 2!
(description length or #states) . .
Moore (1971); Meyer and Fischer (1971) Ehrenfeucht and Zeiger (1976)
RE 20(n) poly(n)
(length) Gruber and Holzer (2015) Thompson (1968) - poly(n) poly(n)
en,
g Ehrenfeucht and Zeiger (1976) Gruber and Holzer (2015)
RE(N) 920 20(n) 92900
- poly(n)
(length) Gelade (2010) Gelade (2010) Gelade and Neven (2012)
- 2 5 2 . 2
22 22 22
~ ~—~ ~—~ 2
RE(-) oln) oln) o(n) 92 _
(Iength)* Dang (1973) Dang (1973) Dang (1973)

Stockmeyer and Meyer (1973) Stockmeyer and Meyer (1973) Stockmeyer and Meyer (1973)

* Depth-sensitive succinctness for conversions from RE(—) to RE/DFA/NFA:

The complexity of the conversion grows with the complement-nesting depth of the regular expression. Thus, with
unbounded depth the blow-up is non-elementary. For a single negation (depth 1), translating back to a plain RE already
requires 22®(n) symbols (Gelade and Neven, 2012). See also Gelade (2010) for the non-elementary succinctness of
RE(—) versus automata.

1 We are unsure about the tightness of the non-polynomial upper bounds in these columns.

O(?). If the syntax is extended with counting operators, then each integer up to N requires O (log V)
bits to encode, and the resulting description length becomes O(¢log N).

3. Learning Models

A concept class C is a series of collections of functions C,, C {0, 1}X", forn € N, where &,, =
{0,1}™. Sometimes we abuse the notation and identify C with C,, where the meaning is clear from
the context.

PAC learning (Valiant, 1984). A (possibly randomized) algorithm A is said to PAC learn C,
if, for all ¢, € (0,1), for all n € N, for all ¢* € C,, and for all distributions D,, over X,,, the
following holds: Given access to i.i.d. examples (z, ¢*(x)) drawn from D,,, the algorithm A outputs
a (description of) hypothesis h such that, with probability at least 1 — & (over the random draw of
examples and the internal randomness of A), P,p, [h(z) # ¢*(z)] <.

We say that C,, is tractably learnable if there exists a learning algorithm A and a polynomial p
such that, for every n, €, §, every distribution D,,, and every ¢* € C,, the algorithm A PAC learns
Cy, and runs in time at most p(n, 1/€,1/6).

The learner may output an arbitrary hypothesis h : X, — {0, 1} (not necessarily in C,,), pro-
vided that h can be evaluated in polynomial time in (n,1/¢,1/0). This setting is also known as
improper learning (or representation-independent learning).

Learning with membership queries (Angluin, 1987, 1988). In the membership query (MQ)
model, the learner is given the additional ability to actively request the label of any instance of its
choice. Formally, besides receiving i.i.d. labeled examples (x, ¢*(z)) drawn from D,,, the learner
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may adaptively query an oracle on any 2 € X, to obtain ¢*(z). A learning algorithm A is said to
PAC+MQ learn C,, if it satisfies the same accuracy and confidence guarantees as in the PAC model.
Tractability is defined in the same way as for PAC learning.

We also consider y-weak learnability, where the error of the hypothesis returned by the learning
algorithm is just slightly better than a random guess, that is, P,p, [h(z) # ¢*(z)] < 1/2 — 7,
where v > 0 is either a constant or m. Computational hardness results for improper learning
in a distribution-free setting are translated to the hardness of improper weak learning, since, by
using boosting algorithms (Schapire, 1990; Freund, 1995; Schapire and Freund, 2013), if there is an
efficient algorithm with error at most % — Wl(n)’ then there is an efficient boosting algorithm that
learns C,,. When we consider hardness of weak learning without specifying v we mean that there is
no tractable y-weak learning algorithm for any inverse-polynomial .

4. Hardness of PAC Learning

In this section, we prove the hardness of PAC learning REs under several standard assumptions,
both under arbitrary input distributions and under the uniform distribution.

4.1. Distribution-free hardness

We start with a distribution-free hardness result, obtained via an efficient prediction-preserving
reduction from PAC learning Disjunctive Normal Forms (DNFs) to learning regular expressions.
Then, known improper hardness results for DNFs in the PAC model directly imply the improper
hardness of learning regular expressions.

We define DNFs as follows. Fix a set of Boolean variables X = {x1,...,x,}. A literal is
either a variable x; or its negation —x;. A term (or clause) is a conjunction of one or more distinct
literals, T = £;; N 4;, N\ --- A {;,, where each Eij is a literal over X and no variable appears
twice in T'. The width of T is k, and can be at most n. A DNF formula is a disjunction of terms,
d=T,VvVIy,V---VT,, where m is a function of n. The size of ® is defined as its total number
of literals, |®| = »~"", | T}, with |T}| equal to the width of T;. For an assignment = € {0, 1}", the
value ®(x) € {0, 1} is obtained under the usual Boolean semantics.

Lemma 4.1 (Polynomial-Size DNF — RE Translation) Ler ® : {0,1}" — {0, 1} be a DNF with
m(n) terms. There is a plain regular expression R over {0, 1} of size O(mn) such that for every
x € {0,1}", x € L(Rg) <> ®(x) = 1.

Proof Write & = \/;“:1 Tj, where each term 7} is a conjunction of literals over {1, ...,z,}. Fora

given term 73, define a regular expression Ry, = 79 )yéj ). ygj ), where for each position i,

if the literal x; occurs in T},

() _

v = if the literal —~z; occurs in T},

1
0
(0Vv 1) if z; does not occur in T}.

Set Ry = (RT1 VeV RTm(n))' By construction, Ry, matches exactly those length-n strings that
satisfy the constraints of 7);, and Re matches a string iff at least one term holds, i.e., iff ®(x) = 1.
The size is O(n) per term, so |Re| = O(mn).
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For example, let ® = (x1 A ~z3 A x4) V (-2 A x3) be a DNF over variables {x1, z2, x3, z4}.
The Equivalent RE would be R4 = (1(0 Vv 1)01) V ((0 v 1)01(0 V 1)). [

The above lemma shows that poly-sized DNFs can be expressed by poly-sized REs. Hence,
hardness of learning DNFs implies hardness of learning REs. Thus, we establish the hardness of
learning REs via known results on DNFs.

Distribution-free hardness of PAC learning DNFs was established under the random K -SAT as-
sumption (Daniely and Shalev-Shwartz, 2016). Informally, this assumption states that no polynomial-
time algorithm can efficiently refute (certify unsatisfiability of) typical random K-SAT formulas.
Under the local pseudorandom generator (local PRG) assumption, tighter distribution-free hardness
and distribution-specific hardness for a product distribution (distinct from the uniform distribution)
were established in Daniely and Vardi (2021). See Section 4.2 for the formal definition of local
PRGs, where we use it explicitly to show hardness of learning REs under the uniform distribu-
tion. Finally, under a variant of the sparse learning parity with noise assumption, Applebaum et al.
(2025) proved distribution-free hardness of learning DNFs. Informally, this assumption states that
even when each linear equation involves only a few variables, it is still computationally hard to
recover the hidden parity in the presence of random noise.

Theorem 4.2 (Distribution-Free Hardness of PAC Learning REs) Assuming either the local-PRG
assumption (Assumption 4.3), the random K -SAT assumption (Daniely and Shalev-Shwartz, 2016),
or the sparse learning-parity-with-noise assumption from Applebaum et al. (2025), for any constant

€ > 0, there is no tractable algorithm that weakly PAC learns the concept class

Cn = {c :{0,1}" — {0,1} ‘ c is representable by a regular expression of size < ne}.

Proof Under the local-PRG assumption (Daniely and Vardi, 2021), or the hardness assumption for
sparse learning parity with noise (Applebaum et al., 2025), weakly learning DNFs with m(n) =
w(1) terms is hard. Take m(n) = log(n), then by Lemma 4.1, it is hard to weakly learn REs of size
O(nlog(n)). By a standard scaling argument, it implies that for any constant ¢ > 0, it is hard to
learn REs of size n¢. Indeed, define 77 = n'*1/¢, and note that 7 = n'*€ is larger than O(n log(n))
for a sufficiently large n. For an example (x,y) € {0,1}" x {0,1} realizable by an RE of size
O(nlog(n)), by padding the input & with zeros, we obtain & € {0, 1}" where (&, y) is realizable
by an RE of size at most 7i€. Thus, it is hard to weakly learn REs over {0, 1}" of size 7i°.

Under the K-SAT assumption, weakly learning DNFs with m(n) = w(log(n)) terms is hard
(Daniely and Shalev-Shwartz, 2016). Take m(n) = log®(n), then by Lemma 4.1, it is hard to learn
REs of size O(n log?(n)). By a similar scaling argument, we get that it is hard to weakly learn REs
of size n°. |

4.2. Hardness under the uniform distribution

For the uniform distribution, the DNF route is insufficient: it is open whether DNFs are tractably
learnable under the uniform distribution, and the best known algorithms are quasi-polynomial (Ver-
beurgt, 1990; Linial et al., 1993).

Therefore, we follow the approach introduced by Daniely and Vardi (2021), showing that if
regular expressions could be weakly learned tractably, then one could distinguish random strings
from pseudorandom strings generated by a local pseudorandom generator. Their framework was
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used to prove distribution-free and distribution-specific hardness of PAC learning for several impor-
tant concept classes, including DFAs. However, for our purpose, we need a construction tailored
specifically to regular expressions.

Local pseudorandom generators (PRGs). An (n,m, k)-hypergraph is a hypergraph over vertex
set [n] with m (ordered) hyperedges E1, ..., E,,, each of cardinality k, where all vertices in a
hyperedge are distinct. We denote by G,, ,,, 1. the distribution obtained by selecting each hyperedge
independently and uniformly from all n.- (n — 1) --- (n — k + 1) possible ordered k-tuples.

Let P : {0,1}* — {0,1} be a predicate, and let G be an (n,m, k)-hypergraph. Goldreich’s
pseudorandom generator (PRG) (Goldreich, 2000) is defined as

fRG : {07 1}71 — {07 l}mv fP,G(CU) = (P(w‘EH)’ s 7P(w’Em))

The integer k is called the locality of the PRG. If k is a constant, the PRG is said to be local. The
PRG has polynomial stretch if m = n® for some constant s > 1. We denote by Fp,, ,,, the family of
functions fp ¢ where G ranges over (n, m, k)-hypergraphs. Sampling from Fp,, ,,, means choosing

G ~ Gnm, k- We write G £ Gn,m,k for a random choice of G, and x £ {0,1}" for a uniformly
random string.

The family Fp, ,, is an e-pseudorandom generator (PRG) if for every probabilistic polynomial-
time algorithm A, the distinguishing advantage

[A(G, fP,G(:D)) = 1] —P [A(G7y) = 1]

R R R R
G<—gn,m,kax%{071}n G<_gn,m,kay%{071}m

1S at most .

Assumption 4.3 (Local PRG Assumption) For every constant s > 1, there exists a constant k
and a predicate P : {0,1}* — {0, 1} such that Fp,, - is a 5-PRG.

Requiring a constant distinguishing advantage is weaker than the more common requirement of
negligible advantage (see, e.g., Applebaum (2016); Applebaum and Lovett (2016); Couteau et al.
(2018)). Local PRGs with polynomial stretch have been extensively studied and applied, for exam-
ple in secure computation with constant overhead and in general-purpose obfuscation via constant-
degree multilinear maps (Ishai et al., 2008; Applebaum et al., 2017; Lin, 2016; Lin and Vaikun-
tanathan, 2016). A key theoretical foundation was provided by Applebaum (2013), who showed
that the above assumption holds if there exists a sensitive local predicate P such that Fp,, s is one-
way, a variant of Goldreich’s original one-wayness assumption (Goldreich, 2000). Assumption 4.3
was used by Daniely and Vardi (2021); Daniely et al. (2023) for proving hardness of learning of
various classes.

Theorem 4.4 (Hardness of PAC Learning REs under the Uniform Distribution) Under the local-
PRG assumption (Assumption 4.3), for any constants €,y > 0, there is no tractable algorithm that
v-weakly learns the concept class

Cn = {c:{0,1}" — {0,1} ‘ c is representable by a regular expression of size < n‘}

on the uniform distribution over {0, 1}".
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We note that the hardness result holds even for regular expressions using only union and concatena-
tion (i.e., without the Kleene star), provided that we bound the RE size by O(n) (instead of n°).
The formal proof is rather technical and appears in Appendix A. The high-level strategy is

as follows. For a hyperedge £ = (iy,...,i), we denote x|p = (x;,...,2; ). Lets > 1.
Given a sequence (E1,y1),...,(Ens,Yns), where Ey,..., E,s are i.i.d. random hyperedges, we
aim to design an algorithm that distinguishes whether y = (y1, ..., yns) is uniformly random or
pseudorandom. Specifically, in the pseudorandom case we set y = (P(x|g,),...,P(z|g,.)),

where € {0,1}" is chosen uniformly at random. Assuming the existence of a tractable weak
learning algorithm for regular expressions for the uniform distribution, we construct a training set
that is realizable by regular expressions when vy is pseudorandom. The hypothesis returned by the
weak learner then acts as a distinguisher between the random and pseudorandom cases, thereby
violating the PRG assumption.

4.3. Comparison to Angluin et al. (2013); Chen (2014)

The learnability of a subclass of REs called shuffle ideals was investigated by Angluin et al. (2013).
They established tractable PAC learnability under the uniform distribution, and, under cryptographic
assumptions, hardness of improper PAC learning for a sufficiently large (non-binary) alphabets.
This hardness does not carry over when membership queries are allowed. They further noted that
extending this hardness result to smaller alphabets, in particular the binary alphabet, remains an
open question. Subsequently, Chen (2014) proved tractable learnability of this class for specific
distributions in the statistical query model.

In contrast, we study plain regular expressions over the binary alphabet. We first establish
distribution-free hardness in the PAC model. We then prove hardness under the uniform distribution,
in contrast to the positive result for the subclass of shuffle ideals. Finally, in the next section, we
show both distribution-free and distribution-specific hardness even in the presence of membership
queries, a setting for which no such hardness results were previously known.

We note that the construction of Angluin et al. (2013) can be modified to yield distribution-
free hardness (under cryptographic assumptions) for learning general regular expressions. This can
be done by converting their strings over a non-binary alphabet into binary strings, incurring only
a logarithmic overhead in size. The resulting regular expressions remain valid, since we do not
restrict ourselves to the subclass of shuffle ideals. This observation was not mentioned by Angluin
et al. (2013), who did not ask about standard REs and left the question of binary alphabets explicitly
open.

5. Hardness of MQ Learning

In this section, we study the setting where the learner is allowed to issue membership queries, in
addition to sampling random labeled examples from the distribution.

5.1. Distribution-free hardness

The hardness of learning DNFs, discussed in Section 4.1, extends to this setting as well. In particu-
lar, Angluin and Kharitonov (1995) showed that if there exists a non-uniform one-way function that
cannot be inverted by polynomial-size circuits, then the hardness of distribution-free PAC learning
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DNFs carries over to the model with membership queries, i.e., DNFs are either efficiently PAC-
learnable from random examples alone, or else not even efficiently learnable with queries. Hence,
using the same arguments from Section 4.1, we have the following:

Theorem 5.1 (Distribution-Free Hardness of PAC+MQ Learning REs) Assume there exists a
non-uniform one-way function, and moreover assume either the local-PRG assumption (Assump-
tion4.3), the random K -SAT assumption (Daniely and Shalev-Shwartz, 2016), or the sparse learning-
parity-with-noise assumption from Applebaum et al. (2025). Then, for any constant ¢ > 0, there is
no tractable algorithm that PAC+MQ learns the concept class

Cn = {c:{0,1}" — {0,1} ‘ c is representable by a regular expression of size < n‘}.

5.2. Distribution-specific hardness of learning extended REs

So far we have established distribution-free hardness of learning regular expressions, even when
membership queries are allowed. Moreover, we established hardness of learning regular expres-
sions without queries under the uniform distribution. In this section, we show hardness of learning
with queries under the uniform distribution, provided that regular expressions are extended with
complement or intersection. Our approach is to reduce PAC+MQ learning Boolean formulae to
the problem of learning such extended REs, from which the hardness result follows by Kharitonov
(1993).

Lemma 5.2 (Polynomial-Size Boolean Formula — RE(—)/RE(N) Translation) Ler> = {0,1}
and let o(x1, ..., %) be a Boolean formula of size ||. There exists a regular expression R, over
Y using only union and concatenation together with either complement (for RE(—)) or intersection
(for RE(N)), such that L(R,) N {0,1}" = {(a1,...,as) € {0,1}" : @(ai,...,a,) = 1}.
Moreover, |R,| = O(|p|n), and |R,| = O(|¢|log n) if the counting operator is allowed.

Proof We start with the case of RE(N): First convert ¢ to negation normal form (NNF), pushing all
negations to literals. This increases the size by at most a constant factor. Define R(-) by structural
induction on the NNF structure and set R, := R(y). For literals (i € [n)),

R(z;) = (0v1)~l1(ov D)™  R(—z;):=(0v 1oV 1)
For connectives,
R(aVv B) := R(e)V R(B),  R(aApf):=R(a)AR(p).
By induction on the NNF structure we show
L(R(¢)) n{0,1}* ={a € {0,1}" : p(a) = 1}.

The base cases hold by construction of R(z;) and R(—z;). For the inductive steps, use L(R(« V
B)) = L(R(a)) U L(R(B)) and L(R(x A B)) = L(R(a)) N L(R(B)). The claim follows from the
induction hypothesis.

The size of the regular expression. Each literal contributes O(n) symbols (or O(logn) with
the counting operator), and each connective adds O(1). The NNF conversion is linear-size, so
|R,| = O(|¢|n), or O(|p|logn) with counting.

10
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Conclusion for (RE(—)). Since intersection is definable from complement and union by De
Morgan, with constant overhead, R(a A 8) := —(=R(c) V ~R()), the above construction im-
mediately yields an RE(—) expression of the same asymptotic size. Thus, the correctness and size
bounds carry over to RE(—) as well. [

The above lemma shows that polynomial-size Boolean formulas can be represented by polynomial-
size REs extended with intersection or with negation. Hence, hardness of learning Boolean formu-
las implies hardness of learning RE(N) and RE(—). Thus, we establish the hardness of learning
extended REs via known results on Boolean formulas (Kharitonov, 1993).

Theorem 5.3 (Hardness of PAC+MQ Learning RE(N) or RE(—) Under the Uniform Distribution)

Assuming one of the cryptographic assumptions: RSA, factoring Blum integers, or quadratic
residues (Kharitonov, 1993), for any constant € > 0, there is no tractable algorithm that PAC+MQ
learns the concept class

Cn = {c:{0,1}" — {0,1} | c is representable by a RE with intersection or complement of size < n‘},
on the uniform distribution over {0, 1}".

Proof Under one of the assumptions: RSA, factoring Blum integers, or quadratic residues, there
exists some constant s > 1 such that Boolean formulas of size n® cannot be tractably weakly
learned with membership queries on the uniform distribution over {0, 1}" (Kharitonov, 1993). By
Lemma 5.2, this implies hardness of weakly learning RE(N) or RE(=) of size n**!. By a standard
scaling argument, similar to the proof of Theorem 4.2, we conclude that for any € > 0, it is hard to
weakly learn such REs of size n. |

6. Discussion and Open Questions

Regular expressions are a fundamental object in computer science, yet the computational complex-
ity of learning them has surprisingly not been previously rigorously established. In this work, we
close this imporant gap in the literature by proving hardness results both in the PAC model and in
the membership query setting, under distribution-free learning as well as under the uniform distri-
bution. Beyond the fact that we now have a reference to rely on regarding this hardness, closing this
gap is also important since it reveals subtleties about the tractability of learning regular expressions,
in particular under membership queries.

As we have discussed, learning REs is not the same as learning DFAs or NFAs, even though
all three characterize the class of regular languages. The key distinction lies in the measure of
complexity, namely, the description length, which as shown in Section 2.1, can differ substantially
across these representations. This difference has concrete consequences for learnability: DFAs are
efficiently learnable with membership queries, whereas we prove that REs remain hard in the same
model.

A key takeaway is that what truly matters is the complexity measure (or description length, or
equivalently ‘prior’) induced by the model, rather than the concept class itself. Although REs, DFAs,
and NFAs all define the same family of regular languages and are thus equivalent in a uniform sense,
this equivalence is largely irrelevant from a learning perspective. For any finite n, every predictor

11
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defines a finite, and therefore regular language. The real question is the quantitative complexity
measure (e.g., DFA size or RE length), and these differ dramatically between different “equivalent”
models. Here, we focused only on polynomial hardness (a fairly crude notion), but in a more refined
analysis, e.g., of sample complexity or exact runtime, finer-grained quantitative differences become
even more important.

As a direction for future work, we point out that to the best of our knowledge, it is still unknown
whether there exists a tractable algorithm for learning plain REs or NFAs with membership queries
under the uniform distribution. Also, while REs can be efficiently converted into NFAs, NFAs may
be exponentially more succinct than REs. However, it remains unclear whether this asymmetry
implies a genuine separation in their learnability.
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Appendix A. Hardness of Regular Expressions in PAC Learning under the Uniform

Distribution
Proof [of Theorem 4.4] For z € {0, 1}" and coordinates (i1, . .., 7¢) we write &[(;, i,y = (Tiy, - - -, Ti),
that is, the restriction of @ to these coordinates. In particular, for a hyperedge £ = (i1, ..., i), we
write |p = (zi,, ..., %i,).

Our high-level strategy is as follows. Let s > 1. Given a sequence (E1,y1),. .., (Ens, Yns),
where F1, ..., Eys are i.i.d. random hyperedges, we aim to design an algorithm that distinguishes
whether y = (y1,...,Yns) is uniformly random or pseudorandom. Specifically, in the pseudo-
random case we set y = (P(x|g,),..., P(z|g,.)), where  ~ {0,1}" is chosen uniformly at

random. Assuming the existence of an efficient weak learning algorithm for regular expressions for
the uniform distribution, we construct a training set that is realizable by regular expressions when y
is pseudorandom. The hypothesis returned by the weak learner then acts as a distinguisher between
the random and pseudorandom cases, thereby violating the PRG assumption.

Let D be the uniform distribution on {0,1}™", where o > 1 (to be determined at the end of
the proof). Suppose for contradiction that there exists an efficient algorithm L that learns regular
expressions of size nlog?(n) under D. Let p(n) be a polynomial such that L uses at most p(n)
samples and, with probability at least 3, outputs a hypothesis & with error at most % — .

Choose a constant s > 1 such that n® > p(n)+n for all sufficiently large n. By Assumption 4.3,
for every s, there exists a constant k and a predicate P : {0,1}* — {0, 1} such that Fp,, s is a
%—PRG. We design an algorithm A that distinguishes random from pseudorandom with advantage
greater than %, contradicting the assumption. The algorithm A uses p(n) samples to simulate the
learning algorithm L, along with an additional held-out set of n samples that are not observed by L.
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Hyperedge encodings. We encode a hyperedge £ = (iy,...,i;) by a vector 2z ¢ {0,1}*",
defined as the concatenation of k vectors in {0, 1}", where the j-th vector has a zero in the i;-th
coordinate and ones in all other coordinates (similar to a one-hot encoding, except that the marked
entry is zero and all others are one). This construction uniquely represents the hyperedge E. Let
2P ¢ {0,1}*1°8(") denote the compressed encoding of E, defined as the concatenation of the
binary representations (each of length log(n)) of the k vertices of £. We say that 2 € {0,1}"" is an
extended compressed encoding of E if Z|(1 . k1og(n)) = £E|(17m7k10g(n)), that is, the first k log(n)
coordinates of Z equal 7.

If 2 is uniform in {0, 1}, then the probability that it is a valid extended compressed encoding,
namely, that each two of the first & blocks of size log(n) encode different indices, is simply the
probability that k£ independently chosen indices are all distinct,

n-(n—1)--(n—k+1)
Y

()
>1-3,

P[Z encodes a hyperedge]

v

o2

for sufficiently large n. Note that we need the compressed encoding exactly for (1): if we used k&
blocks of size n, then each block would have to be a one-hot vector, which occurs with negligible
probability.

Simulating examples for L (efficient weak learner for RE under the uniform distribution).
Forx € {0,1}",let Py : {0,1}** — {0,1} and Py, : {0, 1}*1°8(™) — {0, 1} be such that for every
hyperedge E, it holds that Py (2”) = Pp(27) = P(z|g).

Given (E1,41),. .., (Eps, yns) with E; random hyperedges, algorithm A must distinguish whether

Yy = (Y1, .., Yns) is uniformly random or pseudorandom. In the pseudorandom case we have y =
(P(x|g,),...,P(x|E,.)) = (Pu(21),..., Py(2F*)) for some uniformly random = € {0, 1}".
Denote by E = (251, 41),..., (2 y,s) the corresponding encoded hyperedges sample.

Algorithm A runs L on oracle access to random examples drawn from D, the uniform distribu-
tion on {0, 1}"". For each i € [n®], the oracle samples Z; ~ D.

o If Z; is not an extended compressed encoding (this happens with probability at most /2 by
Eq. (1)), return (2, y}) with 2, = Z;, y, = 1.

* Otherwise, replace the first k log(n) coordinates of Z; with ZEi, and let 2/ denote the resulting
string. Output (2}, y.), where y, = y;. This modification preserves the uniform distribution
z, ~ D, since a random hyperedge is replaced by another random hyperedge.

Denote Sy = {(z},y}) : i € [p(n)]} and S, = {(2},y}) : i € {p(n)+1,...,p(n)+n}}. Recall that
n® > p(n) + n, and that algorithm L observes only p(n) samples. Thus, S; serves as the training
set for L, while S, acts as a validation set.

Distinguisher algorithm A. Let h be the hypothesis produced by L given S;. Denote the error of
hon 8, by Exrs, (h) = 1 3 ynes, Hh(2]) # v}

« IfErrg, (h) < 3 — 3 then A returns 1 (pseudorandom).

e Otherwise A returns 0 (random).
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We show below that if E is pseudorandom, then A returns 1 with probability greater than 2/3, and
if E is random, then A returns 0 with probability greater than 2/3.

Regular expression construction. We construct a regular expression R such that, if y is pseu-
dorandom, then all examples drawn from the distribution D, and in particular the entire simulated
sample {(z},y.) : i € [n®]}, are realizable by R. Thatis, Vi € [n®], z! € L(R) <= vy, =1.

Fix the seed & € {0,1}" for the pseudorandom generator. Without loss of generality, assume
n is a power of two, thus, the block length log(n) is an integer and every log(n)-bit block encodes
some index in [n]. Let bin(7) be the binary representation of i € [n]. For b € {0, 1} define

Iy := \/ bin(i),
1€[n]: z;=b

that is, I, matches exactly those log(n)-bit blocks corresponding to indices ¢ with z; = b. For each
w=(ui,...,ug) € {0,1}* with P(u) = 1 set

Ry =Ty Iy, - Iy, (0V 1),

Let
Ry := \/ Ry.
u: P(u)=1
This is a regex that accepts exactly those encodings of hyperedges (i1, . . ., i) where P(x;,, ..., z;, )
1.

Since examples drawn from D are not necessarily extended compressed encodings but still have
label 1, we need an additional regular expression to capture them. This occurs when an index
appears more than once. We define this duplicate-catcher regular expression as

Raw =\ \/ (0v1)eDleetbin(i)(0 v 1)bma=besMpin(i)(0 v 1)*.
1<a<b<k ig[n]

Note that we use (0V 1)* instead of a fixed-length suffix in both Ry, and R,,, since our distribution
D is over strings of length n®, and the behavior on other lengths is irrelevant. Finally, define the
target regex

R: =R,V Rdup-

If zg encodes a valid hyperedge E = (i1, ..., i) then each block I, i enforces x; ;= Uy Hence
Rz(z]) = P(x|g), and R(z]) = P(x|g). If the encoding is invalid (some index repeats), then
Rayp accepts and R(z]) = 1, matching the simulated labeling rule. Note that the inputs to R are in
{0,1}"", but it uses only the first klog(n) coordinates of the input. The construction clearly runs

in polynomial time.

The size of R. Each I} is a union of at most O(n) strings of length log(n), so |I| = O(nlog(n)).
Thus, for each pattern u we obtain |R,| = O(knlog(n)). Taking the union over at most 2* such
patterns gives |Ry| = O(2Fknlog(n)). For the duplicate—catcher, each of the (5)n = O(k?n)
branches. Each branch has size O(k log(n)): two strings of length log(n) and two fixed gaps whose
total length is at most (k — 2) log(n). Thus, | Raup| < O(k*nlog(n)). Therefore, the total size is

|R| = |Rg| + |Raup| = O(Qkkm log(n)) + O(k:gnlog(n)).

Since k is independent of 7, for sufficiently large n we get |R| < O(nlog?(n)).
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Analysis (pseudorandom case). If E is pseudorandom, then for every oracle answer we have
y! = R(z]). Thus with probability at least 3, algorittm L outputs h with Ezp[I{h(Z) #

(2
R(2)}] < L — . Thus, Eg,[Errg, (h)] < 3 — . By Hoeffding’s inequality, Pg, [E/r\rsv (h) —
h)] > %] < %. Therefore, with probability at least 1 — (1 + %) = % > %, we get
Errg,(h) < 3 —2,s0 Aoutputs 1.

Analysis (random case). If E is random, then whenever z; encodes a hyperedge, the label v is
independent of z/ and uniform. Thus for every h and (2., y}) € S,,

P[h(2]) # yi] > P[h(z]) # y. | z; encodes a hyperedge] - Pz} encodes a hyperedge]
>3 (1-3)
—1_7
=271

and Eg, [Errg, (h)]
we have Errg, (h)

% - %. Applying Hoeffding’s inequality again, with probability at least é—g

>
> % — 3,50 A outputs 0 with probability at least %

Conclusion. Thus A distinguishes pseudorandom from random with advantage > 1/3, contra-
dicting Assumption 4.3. Hence, for sufficiently large n € N, efficient weak learning of regular
expressions of size nlog?(n) is impossible under the uniform distribution over {0, 1}"". We now
follow a standard scaling argument (see e.g. Daniely et al. (2014) to obtain a tighter result.

2
Fix any € > 0. Choose o = 1 + %, and let 7o = n® = n'Tc. Thus, no polynomial-time learner

weakly learns regular expressions of most ¢ = n?t¢ (which already subsumes nlogQ(n)), under
the uniform distribution over {0, 1}".

Extensions to RE without Kleene star, and RE with the counting operator:

¢ RE with union and concatenation (without Kleene star). We can construct a similar star-
free RE as follows. I; remains the same. R,, is modified to

Ru = Iuljuz o Iuka

and

Ry:=| \/ Rul(0v1)n*—hloaln),
u: P(u)=1

We modify Rqyp as follows. For 1 < a < b < kand ¢ € [n] define
Raup(apiy = (0V 1){#=D1eMpin(i)(0 v 1)bmam1esMbin (5)(0 v 1) k=) losn)
which means that the a-th and b-th blocks of size log(n) are the same index i. Then

Rdup = \/ \/ Rdup(a,b,i) (0 \ 1)n"‘—klog(n).
1<a<b<ki€[n]

The final star-free REis R := Ry V Rgup-
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However, we get a larger RE. Each block matcher I;, is a union of at most O(n) strings
of length log(n), so |I| = O(nlog(n)). Thus, for each pattern u we obtain |R,| =
O(knlog(n)). Taking the union over at most 2* such patterns gives | Rz| = O(2¥knlog(n))+
O(n®). Note that the suffix of size O(n®) is added to R, only once. For the duplicate—
catcher, each of the (g)n = O(k?n) branches has size klog(n), and in addition, a suffix of
size O(n®). Hence, | Raup| = O(K*n - log(n)) + O(n®). Therefore, the total size is

|R| = |Ra| + |Raup| = O(2kknlog(n)) +0(n%) 4+ O(kn - log(n)) + O(n®).

Choosing o = 2, we get |R| = O(n?).

Then, efficient weak learning of star-free regular expressions of size O(n?) is impossible
under the uniform distribution over {0, 1}"2. By taking 7 = n?, we conclude that there is
no polynomial-time learner that weakly learns, under the uniform distribution over {0, 1}7,
star-free regular expressions of size at most O(n). Note that without the Kleene star or the
counting operator, we cannot expect to get a better result than a regular expression of linear
size.

RE with union, concatenation, and counting (without Kleene star). We can reduce the
size of the star-free RE by using the counting operator. With counting, the suffix (0 V
1) ~klog(n) js described by O(log(n)) symbols, rather than O(n®) repetitions and we get
|Rz| = O(2Fknlog(n)). Similarly, for the duplicate—catcher, the suffix is also O(log(n)) and
| Raup| = O(k3nlog(n)). Therefore the total size is | R| = O(2¥kn log(n)) +O(k*nlog(n)),
and for sufficiently large n simplifies to | R| = O(nlog?(n)).

The size of the regex is as in the construction of the plain RE (with Kleene star), so we
conclude that there is no polynomial-time learner that weakly learns regular expressions of
most 7€ under the uniform distribution over {0, 1}".
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