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Abstract
We propose a simple mechanism by which scaling laws emerge from feature learning in multi-
layer networks. We study a high-dimensional hierarchical target that is a globally high-degree
function, but that can be represented by a combination of latent compositional features whose
weights decrease as a power law. We show that a layer-wise spectral algorithm adapted to this
compositional structure achieves improved scaling relative to shallow, non-adaptive methods, and
recovers the latent directions sequentially: strong features become detectable at small sample
sizes, while weaker features require more data. We prove sharp feature-wise recovery thresholds
and show that aggregating these transitions yields an explicit power-law decay of the prediction
error. Technically, the analysis relies on random matrix methods and a resolvent-based perturbation
argument, which gives matching upper and lower bounds for individual eigenvector recovery beyond
what standard gap-based perturbation bounds provide. Numerical experiments confirm the predicted
sequential recovery, finite-size smoothing of the thresholds, and separation from non-hierarchical
kernel baselines. Together, these results show how smooth scaling laws can emerge from a cascade
of sharp feature-learning transitions.

1. Introduction

Despite the empirical success of neural networks, we still lack a predictive theory answering a
deceptively simple question: given a structured learning problem, which features are learned first,
and how does their sequential discovery translate into statistical efficiency? This question lies at the
intersection of three active lines of research. First, neural scaling laws suggest that the performance
of large models follows power laws in data, compute, or model size [4, 14, 34, 37]. Yet most
mathematical theories rely on linearized, kernel, or random-feature models, where the relevant
representation is fixed in advance and learning is controlled by the spectrum of this representation
[10, 16, 19, 20, 26, 57]. Second, many works have emphasized that feature learning is not necessarily
smooth: training can exhibit plateaus, abrupt drops in risk, and the sequential emergence of features
or concepts [28, 54–56, 64]. Third, recent theory has begun to isolate the computational advantage
of depth in compositional tasks, where deeper architectures can discover intermediate representations
inaccessible to shallow methods [15, 22, 31, 32, 47, 58, 63].

This paper asks whether scaling laws can arise not from a fixed spectral bias, but from the
progressive uncovering of the relevant features in the data, as happen in deep neural nets. We
investigate a mathematically tractable high-dimensional task which requires uncovering hidden
features in multiple layers, which are combined together, but carry different weights. Statistically
detecting an individual feature requires a minimum sample size which is proportional to its weight.
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Figure 1: (Left) Illustration of the compositional function defined in Equation (3.3) and studied
throughout this paper, where the target is given by an anisotropic combination of high-degree features
Heq(x) of the input data x ∈ Rd. (Right) The key conceptual idea in our proof is to show that
the relevant features of the target can be efficiently learned by a spectral method adapted to the
compositional structure of the target. Its spectrum is composed of a bulk (blue), representing the
noise, and spikes (orange), representing the signal, which is only resolved up to a scale mn depending
on the sample size n. The MSE is then dominated by directions i > mn which are not learned.

Strong features are therefore learned first, weaker features later, and the prediction error is governed
by the tail of the hidden spectrum that has not yet been recovered. Solving the task efficiently requires
untangling the compositional structure. This combination of compositional and hierarchical features
lead to different scaling in the performance of predictors which are adapted (or not) to the task
geometry.

The key technical idea in our analysis is to view feature learning as a sequence of spectral
transitions: as the sample size grows, progressively weaker hidden features become resolvable, see
Figure 1 (right). We combine recent spectral methods for compositional targets [31, 47, 58, 63]
with the scaling-law viewpoint of power-law feature strengths [28, 29, 54]. Technically, the proof
controls empirical Hermite moment matrices and the alignment of their outlier eigenvectors. Since
adjacent power-law spikes have shrinking gaps, Davis–Kahan-type bounds [24] are too coarse for
sharp feature-wise thresholds; we instead use a resolvent-based perturbation expansion in the spirit
of [30, 33]. This yields matching recovery and non-recovery at the scale n ≍ D/a2i , where ai is the
i-th feature weight.

Our contributions are threefold. First, we introduce a high-dimensional task combining hier-
archical structure with a power-law spectrum of latent feature strengths. Second, we prove sharp
sample-complexity thresholds for recovering individual latent directions by a hierarchy-aware spec-
tral algorithm, and show that aggregating these transitions yields an explicit scaling law for the
prediction error. Third, we provide experiments confirming the predicted recovery transitions,
finite-size smoothing, and separation from shallow kernel baselines.

2. Related work and positioning

Hierarchy, multi-index structure, and spectral recovery. The role of depth in exploiting com-
positional structure has been studied through depth-separation and compositional-target models
[23, 44, 46, 53, 59], random hierarchy and high-dimensional hierarchical targets [15, 22, 32], hi-
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erarchical polynomial targets and three-layer feature learning [31, 47, 63], and the hierarchical
spectral method of Tabanelli et al. [58]. Our model also connects to multi-index learning, including
statistical-computational gaps, weak recovery, and limitations of kernel methods [1, 3, 5, 6, 8, 21, 60],
as well as spectral estimators for low-dimensional structure in Gaussian models [27, 38, 39, 41, 45].
We depart from these settings by adding an anisotropic power-law spectrum over the latent features
and by proving matching upper and lower thresholds for individual feature recovery.

Scaling laws, power-law spectra, and polynomial features. Most theoretical scaling-law analyses
use fixed representations, such as kernels or random features, where generalization is controlled
by the spectrum of the associated feature map [2, 4, 10, 11, 16, 19, 20, 26, 42, 51, 57]; another
line studies how trainable-parameter scaling affects optimization, initialization, and expressivity
[12, 17, 18, 67]. More recent works show that scaling laws can arise from feature learning itself in
quadratic or shallow neural-network models [7, 9, 27, 29, 54], with Defilippis et al. [27, 29] closest
to our sequential-recovery picture. We show that analogous rates arise in a genuinely multi-layer
hierarchical setting. Technically, our proof is related to Gaussian equivalence and universality
for polynomial features, random feature matrices, and high-dimensional kernels [35, 40, 65, 66];
however, rather than replacing Hermite features by Gaussian surrogates, we keep the Hermite
structure explicit and use Wiener-chaos tools [48–50].

3. Model and spectral estimator

Let x ∼ N (0, Id) and let F (x) = F [Heq(x)] ∈ RD be the flattened normalized degree-q Hermite
feature vector, with D = B(d, q) =

(
d+q−1

q

)
≍ dq. We take d1 = ⌊dε⌋ hidden directions A(1)

i ∈ RD

with independent entries of variance d−q, and define first-layer features

h
(1)
i (x) = ⟨A(1)

i , F (x)⟩, i ∈ [d1]. (3.1)

The second layer is diagonal and anisotropic. For

λi = Zγzii
−γ , zi ∼ Rad(1/2), Zγ =

( d1∑
i=1

i−2γ
)−1/2

, (3.2)

we set

h(2)(x) =
1√
2

d1∑
i=1

λi

(
(h

(1)
i (x))2 − 1

)
, y = f⋆(x) = g(h(2)(x)). (3.3)

The normalization keeps the signal variance of order one. Although f⋆ is a degree-2q function of x
when g(t) = t, its representation is built from degree-q intermediate features. Orthogonally invariant
shallow kernels therefore see a high-degree target and require the d2q scale, while a hierarchy-aware
learner can search for the degree-q representation at the D ≍ dq scale [43, 58].

Given samples (xµ, yµ)nµ=1, the first step forms

Ĉ =
1

n

n∑
µ=1

yµHe2(F (xµ)) ∈ RD×D (3.4)
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Figure 2: Recovery transition for the hierarchical spectral estimator. Parameters: q = 2, ε = 0.5,
γ = 0.4, g⋆ = id. Left: test MSE versus α = log(n)/ log(d). Center: first-layer feature overlap q

(1)
h

versus α. Right: spectrum of Ĉ for d = 140 and α = 3.5; red markers indicate the leading empirical
spikes.

and uses its leading eigenvectors as estimates of the hidden directions A(1)
i . The learned features are

then ĥ
(1)
µ,i = ⟨Â

(1)
i , F (xµ)⟩. The second layer is estimated from the low-dimensional moment

Â(2) =
1

n

n∑
µ=1

yµHe2(ĥ
(1)
µ ) ∈ Rd1×d1 , (3.5)

and the final one-dimensional readout g is fit by ridge regression on ĥ
(2)
µ = ⟨Â(2),He2(ĥ

(1)
µ )⟩. The

full pipeline is stated in Algorithm 1 in the appendix.
The signal-to-noise prediction is immediate. The population moment is aligned with the hidden

subspace,
E[Ĉ] ≃ ν1A

(1)⊤A(2)A(1), ν1 = E[g′(Z)], (3.6)

whereas the empirical fluctuation has operator scale
√
D/n in the orthogonal complement. Thus the

i-th spike is detectable when |λi| ≳
√

D/n, i.e.

ni ≍
D i2γ

Z2
γ

. (3.7)

The theorem below makes this threshold sharp and converts it into a prediction-error rate.

4. Main result and numerical evidence

We work in either of two readout regimes: (i) g(t) = t with γ > 0, or (ii) 0 < γ < 1/2 with g
centered, Lipschitz, and of information exponent one, E[g′(Z)] ̸= 0 for Z ∼ N (0, 1). The appendix
states the technical growth conditions on ε and the full proof.

Theorem 1 (Sequential recovery and induced scaling) Let uk = A
(1)
k /∥A(1)

k ∥ and let ûk be the
empirical eigenvector associated with the k-th population spike. Under the model above and either
readout regime, the k-th latent direction is recovered at the sharp sample scale nk ≍ Dk2γ/Z2

γ .
More precisely, for each k ∈ [d1],

|⟨ûk, uk⟩| = 1−Od

(
Dk2γ

nZ2
γ

)
if n = ωd(Dk2γZ−2

γ ), (4.1)
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Figure 3: Dependence on the power-law exponent. Parameters: d = 400, q = 2, ε = 0.5, g⋆ = id.
Larger γ makes the first directions stronger but pushes the weak tail to larger samples, spreading
recovery across a wider interval of α.

whereas no weak recovery is possible below this scale, e.g. at n = Θ(Dk2γZ−2
γ d−δ) for

any fixed δ > 0. Consequently, after n samples the algorithm recovers on the order of
min{d1, (Z2

γn/D)1/(2γ)} directions. Once the final low-dimensional fit is not the bottleneck, the test
error is governed by the remaining power-law tail and satisfies

MSE(n) =


Θd(1)−Θd

[(
n

Dd1

) 1
2γ

−1
]
, 0 < γ < 1

2 , D ≪ n≪ Dd1,

Θd

[( n

D

)−1+ 1
2γ

]
, γ > 1

2 in the identity-readout regime.

(4.2)

The proof cannot rely only on a black-box Davis–Kahan argument because the adjacent power-
law spikes have shrinking gaps. The key step is a resolvent expansion of the empirical eigenvectors,

ûk = uk +
∑
j ̸=k

u⊤j ∆uk

λk − λj
uj +

1

λk
P
ker(EĈ)

∆uk + higher order, ∆ = Ĉ − EĈ. (4.3)

The projection outside the signal subspace is small exactly above (3.7) and large below it, yielding
the matching recovery and non-recovery statements. After this feature-wise characterization, the
power-law rate follows by summing the unrecovered tail

∑
i>mn

λ2
i .

Numerical evidence. The recovery and scaling predictions in Theorem 1 are visible in Figures 2
and 3. In Figure 2, as α = log(n)/ log(d) crosses the spectral scale predicted by the theorem, the
first-layer overlap rises and the MSE falls; the spectrum of Ĉ shows the same mechanism at the
matrix level, with separated empirical spikes emerging from the noise bulk. In Figure 3, increasing γ
separates the strongest directions from the weak tail, so the MSE and representation-overlap curves
become more gradual, as predicted by the thresholds ni ≍ Di2γ/Z2

γ . Direction-wise recovery rates,
the nonlinear-readout experiment, metrics, and implementation details are given in Appendix A.

Discussion. We have isolated a representation-learning mechanism for scaling laws: depth exposes
a lower-degree latent representation, while a power-law spectrum spreads coordinate recovery across
sample sizes. Smooth learning curves can therefore arise from many sharp feature-learning transitions,
rather than from a fixed kernel spectrum. The Gaussian inputs, specified hierarchy, and layer-wise
spectral learner are stylized, but they enable sharp recovery/non-recovery guarantees and suggest
extensions to richer nonlinearities, less structured data, and end-to-end training dynamics.
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errors and phase transitions in high-dimensional generalized linear models. Proceedings of the
National Academy of Sciences, 116(12):5451–5460, 2019.

[6] Gerard Ben Arous, Reza Gheissari, and Aukosh Jagannath. Online stochastic gradient descent
on non-convex losses from high-dimensional inference. Journal of Machine Learning Research,
22(106):1–51, 2021.

[7] Gérard Ben Arous, Murat A Erdogdu, Nuri Mert Vural, and Denny Wu. Learning quadratic
neural networks in high dimensions: Sgd dynamics and scaling laws. arXiv preprint
arXiv:2508.03688, 2025.

[8] Alberto Bietti, Joan Bruna, Clayton Sanford, and Min Jae Song. Learning single-index models
with shallow neural networks. Advances in Neural Information Processing Systems, 35:9768–
9783, 2022.

[9] Fabrizio Boncoraglio, Vittorio Erba, Emanuele Troiani, Yizhou Xu, Florent Krzakala, and
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matrix sensing: Exact asymptotics, universality, and applications. In Nika Haghtalab and Ankur
Moitra, editors, Proceedings of Thirty Eighth Conference on Learning Theory, volume 291 of
Proceedings of Machine Learning Research, pages 5757–5823. PMLR, 30 Jun–04 Jul 2025.

[67] Ge Yang, Edward Hu, Igor Babuschkin, Szymon Sidor, Xiaodong Liu, David Farhi, Nick
Ryder, Jakub Pachocki, Weizhu Chen, and Jianfeng Gao. Tuning large neural networks via
zero-shot hyperparameter transfer. Advances in Neural Information Processing Systems, 34:
17084–17097, 2021.

11



SCALING LAWS FROM SEQUENTIAL FEATURE RECOVERY

Appendix A. Further numerics

All experiments follow the hierarchical spectral procedure in Algorithm 1, implementation and
reproducibility details are given in Section A.4. This appendix also provides additional direction-
wise recovery-rate numerics, the nonlinear-readout experiment, and the metrics used in the figures.

Algorithm 1: Hierarchical spectral learning (training procedure)
Data: Data {(xµ, yµ)}nµ=1, max degree Kmax

Result: Â(1), Â(2)

First layer recovery.
Compute flattened degree-q features and moment matrix

ϕµ = F [Heq(xµ)] ∈ RD,

Ĉ =
1

n

n∑
µ=1

yµHe2(ϕµ) ∈ RD×D.

Compute top eigenvectors {Â(1)
i }i∈[d1] ⊂ RD.

for µ = 1, . . . , n and i = 1, . . . , d1 do
ĥ
(1)
µ,i ← ⟨Â

(1)
i ,Heq(xµ)⟩.

end
Second layer recovery.
Compute the second-order moment matrix

Â(2) =
1

n

n∑
µ=1

yµHe2(ĥ
(1)
µ ) ∈ Rd1×d1 .

for µ = 1, . . . , n do
ĥ
(2)
µ ← ⟨Â(2),He2(ĥ

(1)
µ )⟩ ∈ R.

end
Perform kernel regression on {(ĥ(2)µ , yµ)}nµ=1.

A.1. Additional experiment: direction-wise recovery rates

Fig. 4 gives a more local test of the recovery theory than the aggregate MSE curves in the main text.
The left panel shows that individual directions are recovered sequentially: directions with larger
weights |λi| = Zγi

−γ turn on earlier, while weaker directions appear later, in agreement with the
threshold prediction ni ≍ Di2γ/Z2

γ . The center panel focuses on the post-transition regime. Once a
direction has crossed its spectral threshold, the angular error decreases approximately at the predicted
1/n rate from Equation (4.1). Finally, the right panel compares the empirical aggregate feature
overlap with the theoretical count of recovered directions. The finite-dimensional curve is smoother
than the idealized threshold prediction, but its scale and ordering agree with the cascade-of-transitions
picture.
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Figure 4: Direction-wise recovery and post-transition rates. Parameters: q = 2, ε = 0.5, γ = 0.4,
and g⋆ = id. Left: Direction-wise alignments cos2(θi) versus α = log(n)/ log(d), with d = 400.
Center: Direction-wise angular errors 1− cos(θi) versus α, with a 1/n guide and d = 400. Right:
Aggregate first-layer overlap q

(1)
h compared with the theoretical recovered-direction count mth(α),

with d = 800.

A.2. Additional experiment: nonlinear readout

Fig. 5 repeats the experiment with a nonlinear readout g. The performance is qualitatively comparable
to the identity-readout case: the MSE decreases at the same scale at which the first-layer overlap
grows. Finite-size effects are more visible at lower dimensions, but the dominant bottleneck remains
the recovery of the latent first-layer representation, not the final low-dimensional readout.

A.3. Metrics and evaluation protocol

We use three complementary diagnostics in the numerical experiments. The MSE measures end-
to-end prediction performance, the first-layer feature overlap measures recovery of the latent rep-
resentation as a subspace, and the direction-wise cosines isolate the individual spectral transitions
predicted by Theorem 1. These quantities answer different questions: the MSE mixes all recovered
and unrecovered directions through their weights, the aggregate overlap summarizes representation
recovery, and the direction-wise overlaps reveal which latent directions have crossed their spectral
threshold.

Generalization error. The MSE reported in the figures is the empirical test estimate of the
generalization error. Given an independent test set {(xtestµ , ytestµ )}ntest

µ=1 , we compute

M̂SE =
1

ntest

ntest∑
µ=1

(
f̂(xtestµ )− ytestµ

)2
. (A.1)

This is the final performance metric of the algorithm. The overlap quantities below are diagnostic
measures tied to the teacher-student setting. They are used to identify whether changes in MSE are
caused by first-layer feature recovery or else.

First-layer feature overlap. Let H(1), Ĥ(1) ∈ Rntest×d1 denote the true and learned first-layer
feature matrices evaluated on the same independent test set. Let Q and Q̂ be orthonormal bases for
the column spaces of H(1) and Ĥ(1), respectively. We define

q
(1)
h =

1

d1
∥Q⊤Q̂∥2F . (A.2)

13



SCALING LAWS FROM SEQUENTIAL FEATURE RECOVERY

1.5 2.0 2.5 3.0

®

10¡1

100
M

S
E

d= 120
d= 250
d= 400

1.5 2.0 2.5 3.0

®

0.0

0.5

1.0

O
v
er

la
p
 h

(1
)

Figure 5: Non-identity readout. Parameters: q = 2, ε = 0.5, γ = 0.4, and g⋆ = tanh. Left: Test
MSE versus α = log(n)/ log(d). Right: First-layer feature overlap q

(1)
h versus α.

Equivalently, q(1)h is the average squared canonical correlation between the true and learned latent
feature spaces. It belongs to [0, 1], more precisely, it is equal to one when the learned features
span the same subspace as the true features, and close to zero when the two subspaces are nearly
orthogonal.

This subspace definition is intentional. The learned coordinates are only meaningful up to
signs, permutations, and possible finite-size rotations inside the recovered eigenspace. These
transformations can be absorbed by the second-layer fit and should not be counted as representation
error.

Direction-wise alignment. The aggregate overlap q
(1)
h does not show which individual directions

have been recovered. To test the feature-wise prediction of Theorem 1, we also measure single
direction alignments. Let ui = A

(1)
i /∥A(1)

i ∥ be the normalized i-th teacher direction, and let
Û ∈ RD×d1 be an orthonormal basis of the top eigenspace of Ĉ (returned by the first spectral step).
We define:

cos2(θi) = ∥Û⊤ui∥2 = u⊤i Û Û⊤ui. (A.3)

This is a projector overlap. It is invariant to the sign of ui and to the choice of basis inside the
recovered eigenspace. The value cos2(θi) ≃ 0 means that direction i is absent from the recovered
subspace, while cos2(θi) ≃ 1 means that it has been recovered. This is the quantity shown in the
left panel of Figure 4, where the different curves turn on sequentially according to the spike sizes
|λi| = Zγi

−γ .
After a direction has been recovered, we are interested not only in whether it is present, but also in

how fast its alignment improves with n. For this post-transition regime we write cos(θi) = ∥Û⊤ui∥
and plot the angular error 1− cos(θi). This is the quantity shown in the center panel of Figure 4. We
use 1− cos(θi) rather than 1− cos2(θi) because Theorem 1 is stated directly in terms of the absolute
eigenvector overlap and predicts

1− cos(θi) = Od

(
dqi2γ

nZ2
γ

)
(A.4)

after recovery.
Finally, when the test features are well conditioned, the aggregate feature overlap can be viewed

as a smoothed average of the direction-wise overlaps. Heuristically, q(1)h ≈ d−1
1

∑d1
i=1 cos

2(θi) =:
mth(α), so the global overlap curves in Figures 2 and 3 summarize the cascade of individual
transitions displayed in Figure 4.
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A.4. Implementation and reproducibility

All experiments follow the hierarchical spectral pipeline described in Algorithm 1. For each value
of the sample exponent α, we use n = ⌊dα⌋ training samples and evaluate the MSE and overlaps
on an independent test set. For the identity readout g⋆ = id, we use the scalar estimator ĥ(2)

directly. For the nonlinear experiment with g⋆ = tanh, we fit a polynomial ridge regressor on ĥ(2).
This readout is specified by three hyperparameters: the maximal polynomial degree r, the ridge
parameter ρ, and the kernel regularization λpoly. For the final curves reported in Figure 5, we use
(r, ρ, λpoly) = (3, 10−5, 10−4), selected on the grid

r ∈ {3, 5, 7, 9}, ρ ∈ {10−7, 10−6, 10−5}, λpoly ∈ {10−5, 10−4, 10−3}.

The full set of parameters used in the numerical figures is summarized below.

• Figure 2, left-center. MSE and q
(1)
h ; d ∈ {120, 250, 400}, α on a grid in [1.5, 3.4], q = 2,

ε = 0.5, γ = 0.4, g⋆ = id. We use a linear readout on ĥ(2) and average over 10 seeds.

• Figure 2, right. Spectrum of Ĉ; d = 140, α = 3.5, q = 2, ε = 0.5, γ = 0.4, g⋆ = id. We
plot the full spectrum with no readout fit, for one seed.

• Figure 3. MSE and q
(1)
h ; d = 400, α on a grid in [1.5, 3.4], q = 2, ε = 0.5, γ ∈

{0, 0.2, 0.4, 0.6, 0.8, 1.0}, g⋆ = id. We use a linear readout on ĥ(2) and average over 10
seeds.

• Figure 4, left-center. Direction-wise quantities cos2(θi) and 1 − cos(θi); d = 400, α
on a grid in [1.5, 3.4], q = 2, ε = 0.5, γ = 0.4, g⋆ = id. We track directions i ∈
{1, 3, 5, 8, 12, 15, 18, 20} and average over 10 seeds.

• Figure 4, right. Aggregate overlap q
(1)
h and theoretical count mth(α); d = 800, α on a grid in

[2.0, 3.2], q = 2, ε = 0.5, γ = 0.4, g⋆ = id. We use a linear readout on ĥ(2) and average over
10 seeds.

• Figure 5. MSE and q
(1)
h ; d ∈ {120, 250, 400}, α on a grid in [1.5, 3.4], q = 2, ε = 0.5, γ =

0.4, g⋆ = tanh. We use polynomial ridge regression on ĥ(2), with final choice (r, ρ, λpoly) =
(3, 10−5, 10−4), and average over 10 seeds.

Concerning resources, all experiments were run on single-GPU workers of an internal compute
cluster, using up to 32 GB of host memory per job. Depending on the values of d, α, and the number
of seeds, runtimes ranged from a few minutes for the smallest jobs to several hours for the largest
ones; for the heaviest sweeps, jobs were typically submitted with a wall-clock budget of up to 12–24
hours.

Appendix B. Preliminary Results

B.1. First Preliminary Results

Lemma 2 (Computation of Zγ) From the criterion Var[(h(2))2] = Θ(1), it comes:

Zγ ∝


1/
√
d1 if γ = 0

d
γ− 1

2
1 , if γ < 1

2 ,

1, if γ > 1
2 .

(B.1)
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Proof

Var
[
(h(2))2

]
= Var

(
⟨A(2), He2(h

(1))⟩
)

(B.2)

= E
[
⟨A(2),He2(h

(1))⟩2
]

(B.3)

= Z2
γ

d1∑
i=1

i−2γ
1 E

[((
h
(1)
i

)2
− 1

)2
]

︸ ︷︷ ︸
=Θ(1)

(B.4)

= Θ

(
Z2
γ

d1∑
i=1

i−2γ
1

)
. (B.5)

The sum on the RHS has the following asymptotic behavior:

d1∑
i=1

i−2γ
1 =


d1 if γ = 0

d1−2γ
1 , if 0 ≤ γ < 1

2

log(d1), if γ = 1
2

Θ(1), if γ > 1
2 .

(B.6)

Then, taking Zγ = Θ(
√∑d1

i=1 i
−2γ) concludes the result.

B.2. Auxiliary Concentration Lemmas

Lemma 3 (Lemma F.4 in [65]) with probability at least 1− e−cd,

∥Fµ∥22 ≤ Cdq, (B.7)

for a universal constant C.

Lemma 4 (Corollary 5.21 in [13]) Let f(x) =
∑k

i=0 aix
i be a polynomial of degree k of a real

variable and let X be a standard normal random variable. Then for any q > 2,

(E [|f(X)|q])1/q ≤ (q − 1)k/2
(
E
[
|f(X)|2

])1/2
.

Lemma 5 (Gaussian Poincaré Inequality, Theorem 3.20 in [13]) Let X = (X1, . . . , Xd) be a
vector of i.i.d. standard Gaussian random variables (i.e., X is a Gaussian vector with zero mean
vector and identity covariance matrix). Let f : Rd → R be any continuously differentiable function.
Then

Var(f(X)) ≤ E
[
∥∇f(X)∥2

]
.
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Appendix C. Detection of outliers

Recall that the algorithm described in Algorithm 1 works by first computing the matrix:

Ĉ =
1

n

n∑
µ=1

yµHe2(F [Heq(xµ)]). (C.1)

To simplify the our notation, let Fµ = F [Heq(xµ)] ∈ RD, where D = B(d, k) =
(
d+k−1
k−1

)
=

Θd(d
q). With this notation,

Ĉ =
1

n

n∑
µ=1

yµ
(
FµF

T
µ − ID

)
.

We want to study the eigenvectors of this random matrix. For this, we first write:

Ĉ = E
[
Ĉ
]
+
(
Ĉ − E

[
Ĉ
])

. (C.2)

The reader should think of the first term as the signal and the second one as the noise. We begin this
section by studying the signal part.

C.1. Studying E
[
Ĉ
]

As noted in [58], (and previously in [63, 65], among others) when computing the expectation E
[
Ĉ
]
,

the vectors Fµ behave as if they were isotropic Gaussians in RD. For this reason, we have:

Lemma 6 Let γ > 0, and denote λj = Zγj
−γ and uj = A

(1)
j . Then:

E
[
C(1)

]
=

ν1√
2
A(1)Dγ(A

(1))T +∆,

where ∥∆∥op = od(1), A(1) = [u1, . . . ud1 ] ∈ RD×d1 , Dγ = diag(λ1, . . . , λd1) ∈ Rd1×d1 and ν1
denotes the first Hermite coefficient of g.

We postpone the Proof of Theorem 6 to Section E.5.

C.2. Eigenvector Perturbation Formula

As noted before, it will be useful to write:

Ĉ = E[Ĉ] +
(
Ĉ − E

[
C(1)

])
= A(1)Dγ(A

(1))T +
(
Ĉ − E

[
C(1)

])
+∆. (C.3)

Since ∥∆∥op = od(1), we only care about the first two terms of the decomposition above.
Now, for z ∈ C, let

RC̄(z) = (zID − E[Ĉ])−1, RĈ(z) = (zID − Ĉ)−1. (C.4)

Then:
RĈ(z)−RC̄(z) = RĈ(z)(Ĉ − E[Ĉ])RC̄(z). (C.5)
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Denote ∆ = Ĉ − E[Ĉ]. Then:

zID − Ĉ = zID − E[C]−∆ = (zID − E[C])(ID −RC̄(z)∆). (C.6)

Therefore:
RĈ(z) = (ID −RC̄(z)∆)−1RC̄(z). (C.7)

If ∥RC̄∆∥op ≤ 1, then we can expand (ID −RC̄(z)∆)−1 into its Neumann series:

(ID −RC̄(z)∆)−1 =
∑
ℓ≥0

(RC̄(z)∆)ℓ. (C.8)

Then, going back to Equation (C.7), we can write:

RĈ(z) = RC̄(z) +RC̄(z)∆RC̄(z) + o(∥∆∥2op). (C.9)

Let uk, ûk be isolated eigenvectors of E[Ĉ], Ĉ, respectively. Let γ be a contour around λk and
λ̂k. Then, we can write the projectors Πk = uku

T
k and Π̂k = ûkûk as:

Πk =
1

2πi

∮
γ
RC̄(z)dz, Π̂k =

1

2πi

∮
γ
RĈ(z)dz. (C.10)

Then, we can integrate Equation (C.9) to get:

Π̂kΠk = Πk +
1

2πi

∮
γ
RC̄∆RC̄ + o(∥∆∥2op). (C.11)

We can re-write the resolvent RC̄ in the following way:

RC̄(z) = (zI − E[Ĉ])−1 =

d1∑
j=1

1

z − λj
uju

T
j +

1

z
PKer, (C.12)

where PKer = PKer(E[Ĉ]) denotes the projection into the kernel of E[Ĉ]. Then:

RC̄(z)∆RC̄(z) =

 d1∑
j=1

1

z − λj
uju

T
j +

1

z
PKer

∆

 d1∑
j=1

1

z − λj
uju

T
j +

1

z
PKer

 (C.13)

=
∑
j1,j2

1

(z − λj1)(z − λj2)
uj1u

T
j1∆uj2u

T
j2 +

d1∑
j=1

1

z − λj
uju

T
j ∆PKer (C.14)

+

d1∑
j=1

1

z − λj
uju

T
j ∆PKer +

1

z2
PKer∆PKer. (C.15)
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Integrating, we get:

1

2πi

∮
γ
RC̄(z)∆RC̄(z) =

1

2πi

∮
γ

∑
j1,j2

1

(z − λj1)(z − λj2)
uj1u

T
j1∆uj2u

T
j2 +

1

2πi

∮
γ

d1∑
j=1

1

z − λj
uju

T
j ∆PKer

(C.16)

+
1

2πi

∮
γ

d1∑
j=1

1

z − λj
uju

T
j ∆PKer +

1

2πi

∮
γ

1

z2
PKer∆PKer︸ ︷︷ ︸
=0

(C.17)

=

d1∑
j=1,j ̸=k

uTj ∆uj

λk − λj

(
uju

T
k + uku

T
j

)
+

1

λk
uku

T
k∆PKer +

1

λk
PKer∆uku

T
k .

(C.18)

Then, replacing this in Equation (C.11):

Π̂k = Πk +

d1∑
j=1,j ̸=k

uTj ∆uj

λk − λj

(
uju

T
k + uku

T
j

)
+

1

λk
uku

T
k∆PKer +

1

λk
PKer∆uku

T
k + o(∥∆∥2op).

(C.19)

In order to get eigenvectors, we apply this projection to uk and obtain:

Π̂kuk = uk +

 d1∑
j=1,j ̸=k

uTj ∆uj

λk − λj

(
uju

T
k + uku

T
j

)
+

1

λk
uku

T
k∆PKer +

1

λk
PKer∆uku

T
k + o(∥∆∥2op)

uk

(C.20)

= uk +

d1∑
j=1,j ̸=k

uTj ∆uj

λk − λj
uj +

1

λk
PKer∆uk + o(∥∆∥2op). (C.21)

Note that the second and third terms are orthogonal to uk, so

∥Π̂kuk∥2 = 1 +

∥∥∥∥∥∥
d1∑

j=1,j ̸=k

uTj ∆uj

λk − λj
uj +

1

λk
PKer∆uk

∥∥∥∥∥∥
2

+ o(∥∆∥2op), (C.22)

and since the term in the middle is bounded by C∥∆∥2, we conclude that:

∥Π̂kuk∥2 = 1 + o(∥∆∥2). (C.23)

Then, we can normalize Equation (C.21) and we will have:

ûk = uk +

d1∑
j=1,j ̸=k

uTj ∆uj

λk − λj
uj +

1

λk
PKer∆uk + o(∥∆∥2op). (C.24)
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At last, we replace the eigenvectors uk by A
(1)
k , by using Theorem 6, plus the fact that A(1) are

almost the eigenvectors of E
[
Ĉ
]
. To see this, note that by applying a covariance concentration

bound [61] for Â(1), . . . , Â(1), the condition ε < (k − 2γ) gives that∥∥∥∥∥
d1∑
i=1

1

λi
uiu

T −
d1∑
i=1

1

λi
A

(1)
i (A(1))T

∣∣∣∣∣ ≤ dγ1

√
d1
dq

= dε(
1
2
+2γ)−q, (C.25)

which is small by our assumption that ε < q/(1− 2γ) to get:

ûk = A
(1)
k +

d1∑
j=1,j ̸=k

(A
(1)
k )T∆(A

(1)
j )

λk − λj
(A

(1)
j ) +

1

λk
PKer∆uk + o(∥∆∥2op). (C.26)

C.3. Analysis of Outliers - Sufficient Sample Complexity

Having Equation (C.24), we can study the eigenvectors of Ĉ. In order for the expansion to be valid,
we need ∥∆∥op = ∥Ĉ − E[Ĉ]∥op to be small. In the following Lemma, we show that this is indeed
the case when n≫ dq.

Lemma 7 Consider the estimator Ĉ in Algorithm 1 computed for the Hermite tensor of degree q.
Then with high probability ∥∥∥Ĉ − E[Ĉ]

∥∥∥
op

≲

√
dq

n
. (C.27)

Proof The proof proceed the same way as [58] and [65]. By Lemma F.4 in [65], with probability at
least 1− e−cd,

∥Fµ∥22 ≤ Cdq, (C.28)

for a universal constant C. By truncating the matrix Ĉ with indicators 1∥∥Fµ∥22≤Cdq , and applying
Bernstein’s inequality, we get the desired results.

Then, by Theorem 7, we can apply the expansion Equation (C.24) and we can conclude

Lemma 8 Let ûk denote the k-th eigenvector of Ĉ, and uk the k-th eigenvector of E[Ĉ]. Denote
∆ := Ĉ − E[Ĉ]. Then,

ûk = A
(1)
k +

d1∑
j=1,j ̸=k

(A
(1)
k )T∆(A

(1)
j )

λk − λj
(A

(1)
j ) +

1

λk
PKer∆uk + od(∥∆∥2op).

where ∥∆∥op = O

(
max

(√
dq log(d)

n
,
d−γ
1

Zγ

√
d1
d

))
.

Theorem 8 tells us that we can write the k-th eigenvector of Ĉ as:

ûk = A
(1)
k +

d1∑
j=1,j ̸=k

(A
(1)
j )T (Ĉ − E[Ĉ])A

(1)
k

λk − λj
uj︸ ︷︷ ︸

(I)

+
1

λk
PKer(E[Ĉ])(Ĉ − E[C(1)])uk +∆, (C.29)
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for ∥∆∥2 = od(1). Let’s focus on (I). We have:

(I) =

d1∑
j=1,j ̸=k

uTj (Ĉ − E[Ĉ])uk

λk − λj
uj (C.30)

=

d1∑
j=1,j ̸=k

uTj (
1

n

∑n
µ=1 yµ(FµF

T
µ − ID)− E[Ĉ])uk

λk − λj
uj (C.31)

=

d1∑
j=1,j ̸=k

1
n

∑n
µ=1 yµhµ,jhµ,k

λk − λj
uj . (C.32)

From Lemma F.4 in [65], there exists a universal constant C such that with high probability ∥Fµ∥22 ≤
Cdq. Then, assuming the eigenvectors of E[Ĉ] are de-localized (in the sense that ∥uk∥∞ ≤ Cd−q,
we will have

|hµ,j | = ⟨uj , Fµ⟩ ≤ C. (C.33)

Then:

∥(I)∥2 =

∑
j ̸=k

1

(λk − λj)2

 1

n

n∑
µ=1

yµhµ,jhµ,k

2
1
2

(C.34)

(C.35)

By Theorem 26, with high probability:(
Zγ

n
yµhµ,khµ,j

)2

≲
Z2
γ

dq
min(k, j)−2γ . (C.36)

Then:

∥(I)∥2 ≤

Z2
γ

dq

∑
j ̸=k

min(k, j)−2γ

(λk − λj)2

 1
2

. (C.37)

We now focus on the inner sum. Recall that λj = zjZγj
−γ , and that zj ∼ Rad(12). Then the inner

sum is upper bounded by the case where zj ̸= zk, that is:∑
j ̸=k

min(k, j)−2γ

(λk − λj)2
≤ 1

Z2
γ

∑
j ̸=k

min(k, j)−2γ

(k−γ − j−γ)2
. (C.38)

By separating the sum according to j < k and j > k:

∑
j ̸=k

min(k, j)−2γ

(λk − λj)2
≤ 1

Z2
γ

∑
j<k

j−2γ

(k−γ − j−γ)2
+
∑
j>k

k−2γ

(k−γ − j−γ)2

 (C.39)

≤ 1

Z2
γ


∑
j<k

1((
k

j

)−γ

− 1

)2 +
∑
j>k

1(
1− j

k

−γ)2

 (C.40)
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Note that for γ ∈ (0, 1), the function u→ uγ is concave. Then, uγ ≤ 1 + γ(u− 1), and therefore
1−uγ > γ(1−u). On the other hand, for γ > 1 if u ∈ (0, 1), then uγ < u and hence 1−uγ > 1−u.
Either way, we get the following upper-bound:

∑
j ̸=k

min(k, j)−2γ

(λk − λj)2
≲

1

Z2
γ

∑
j<k

1((
j

k

)γ

− 1

)2 +
∑
j>k

1(
1−

(
k

j

)γ)2

 (C.41)

Using this fact:

∑
j ̸=k

min(k, j)−2γ

(λk − λj)2
≲

1

Z2
γ

∑
j<k

1(
1− j

k

)2 +
∑
j>k

1(
1− k

j

)2

 (C.42)

≲
1

Z2
γ

∑
j<k

k2

(k − j)2
+
∑
j>k

j2

(j − k)2

 (C.43)

≲
1

Z2
γ

(
k2 + d1

)
≲

1

Z2
γ

d21. (C.44)

Then, going back to Equation (C.37):

∥(I)∥2 ≤

(
Z2
γ

dq
1

Z2
γ

d21

) 1
2

≲

(
d21
dq

) 1
2

. (C.45)

Since d1 = dε, and ε < q
2 , we conclude that ∥I∥2 = od(1). From this, we can go back to

Equation (C.29), and applying inner product with A
(1)
k , we will get:

⟨ûk, A
(1)
k ⟩ = ∥A

(1)
k ∥

2 + ⟨(I), A(1)
k ⟩+ od(1), (C.46)

and by Cauchy-Schwarz and Equation (C.45):∣∣∣⟨(I), A(1)
k ⟩
∣∣∣ ≤ ∥Â(1)

k ∥2∥(I)∥2 = od(1). (C.47)

where we used the fact that the norm of Â(1)
k concentrates around 1 by Hanson-Wright Inequality

([62], Theorem 6.2.2). Then, we conclude:

⟨ûk, A
(1)
k ⟩ = 1 + od(1). (C.48)

Denote

Overlap(a, b) =
⟨a, b⟩
∥a∥∥b∥

. (C.49)

After normalizing in Equation (C.48), we get:

Overlap(ûk, A
(1)
k ) =

1√
1 + ∥I∥2 +

∥∥∥∥ 1

λk
PKer(E[Ĉ])(Ĉ − E[C(1)])uk

∥∥∥∥2
(C.50)
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By applying Taylor expansion to the function u→ 1√
1 + x2

, we get:

1−Overlap(ûk, A
(1)
k ) = 1−O

(
∥I∥2 + ∥II∥2

)
+O((∥I∥2 + ∥II∥2)2). (C.51)

By Equation (C.45), we know that ∥I∥2 = od(1), with a bound independent of n. Thus, the only

thing left to conclude is to show that ∥(II)∥ goes to zero with n, at a rate
1

n
, and we can conclude

the first part of Theorem 1. Computing ∥(II)∥2, we get:

∥(II)∥22 ≤
1

λ2
i

∥Ĉ − E[Ĉ]∥2op. (C.52)

By Theorem 7, with high probability:

∥Ĉ − E[Ĉ]∥op ≲

√
dqpoly log(d)

n
. (C.53)

Then:

∥(II)∥22 ≲
i2γdqpoly log(d)

Z2
γn

. (C.54)

Then we conclude that, if n = Θ(Z2
γ i

2γdk+δ+ε),

Overlap(ûk, Â
(1)
k ⟩ = 1− od(1), (C.55)

thus, we recover the direction Â
(1)
k with n = Θ(Z2

γ i
2γdk+δ+ε). As for the rate, Equation (C.54)

tells us that it is controlled by the second term, and decays as −1
n , which concludes the first part of

Theorem 1.

C.4. Analysis of Outliers - Necessary Sample Complexity

Recall that from Theorem 8:

ûk = A
(1)
k +

d1∑
j=1,j ̸=k

(A
(1)
j )T (Ĉ − E[Ĉ])A

(1)
k

λk − λj
A

(1)
j +

1

λk
PKer(E[Ĉ])(Ĉ−E[C

(1)])+o(∥Ĉ−E[C(1)]∥2).

(C.56)
In this section, we will prove that the sample complexity we found in the last section is in fact,
necessary. For this, we will focus on the last term:

w =
1

λk
PKer(Ĉ − E[C(1)])uk =

1

λk
PKerĈuk. (C.57)

We will prove that with high probability, ∥w∥ = Θd(1). For this, we will use to preliminary results.

Lemma 9 (Paley-Zigmund Inequality, ([13], Exercise 2.4)) Let Y be real, positive random vari-
able, and θ ∈ (0, 1). Then:

P (Y > θE[Y ]) ≥ (1− θ)2
E[Y 2]

E[Y ]2
. (C.58)
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The Paley-Zigmund inequality will give us a lower bound as long as we can bound the moments of a
particular random variable. In our case, the random variables will be polynomials of Gaussians, so
we will use Gaussian hypercontractivity.

Lemma 10 (Gaussian Hypercontractivity, [36] Theorem 5.8) Let X be a N degree polynomial
of m gaussian random variables. Then

E [|X|p]
1
p ≤ EC(p,N)

[
|X|2

] 1
2 ,

for all 1 < p <∞.

Having Theorem 9 and Theorem 10, we are ready to proceed with the proof of Theorem 1. First,
we identify the random variable to which we will apply Paley-Zigmund inequality.

By using the definition of Ĉ, we have:

w =
1

n

n∑
µ=1

yµ
λk
⟨uk, Fµ⟩PKerFµ (C.59)

=
1

n

n∑
µ=1

Zµ. (C.60)

Note that
E[Zµ] = od(1), (C.61)

and

E[∥w∥2] = E[∥Zµ]∥2

n
+ od. (C.62)

Note that the vector PKerFµ has polynomials in all of it’s coordinates, and the degree of all this
polynomials is bounded and independent of d. Moreover, yµ and ⟨uk, Fµ⟩ are also polynomials
of bounded degrees. This makes the random variable ∥Zµ∥2 a real polynomial of Gaussians, with
bounded degree. If we denote by qi(x) the polynomial in the i-th coordinate of PKerFµ, then:

E
[
∥Zµ∥4

]
= E

[(
yµ
λk
⟨uk, Fµ⟩

)4

∥PKerFµ∥4
]

(C.63)

= E

(yµ
λk
⟨uk, Fµ⟩

D∑
i=1

qi(xµ)
2

)4
 . (C.64)

Then, by Gaussian hypercontractivity Theorem 10:

E
[
∥Zµ∥4

]
= E

(yµ
λk
⟨uk, Fµ⟩

D∑
i=1

qi(xµ)
2

)4
 ≤ CE

(yµ
λk
⟨uk, Fµ⟩

D∑
i=1

qi(xµ)
2

)2
2

= CE
[
∥Zµ∥2

]2
.

(C.65)
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Then, putting together the Paley-Zigmund inequality Theorem 9 and Equation (C.65) for ∥w∥2,
we get that for θ ∈ (0, 1), ,

P
(
∥w∥2 ≥ θ

E[∥Zµ∥2]
n

)
≥ (1− θ)2

E[∥w∥2]2

E[∥w∥4]
(C.66)

= (1− θ)2
E[∥Z∥2]2

E[∥Z∥4]
+ od(1) (C.67)

≥ C(1− θ)2 + od(1). (C.68)

Taking square roots, with probability at least C(1− θ)2 + od(1)

∥w∥ ≥ θ

√
E[∥Zµ∥2]

n
. (C.69)

The only thing left is to compute E[∥Zµ∥2]. We have:

E[∥Zµ∥2] =
1

λ2
k

E
[
y2µ⟨uk, Fµ⟩2∥PKerFµ∥2

]
. (C.70)

Denote Gµ = y2µ⟨uk, Fµ⟩2. Then:

E[∥Zµ∥2] =
1

λ2
k

E
[
Gµ∥PKerFµ∥2

]
. (C.71)

Note that E[Gµ] = Θ(1), and we can write PKer = ID − PU , for PU the projection into the space
spanned by u1, . . . , ud1 . Then:

E[∥Zµ∥2] =
1

λ2
k

E
[
Gµ∥Fµ∥2

]
− 1

λ2
k

E
[
Gµ∥PUFµ∥2

]
(C.72)

Now, define the event A := {∥Fµ∥2 ≥
D

2
}. Then:

E
[
Gµ∥Fµ∥2

]
≥ E

[
Gµ∥Fµ∥21A

]
(C.73)

≥ D

2
E [Gµ1A] =

D

2
(E [Gµ]− E [Gµ1Ac ]) (C.74)

≥ D

2
E [Gµ] + od(1), (C.75)

where the last line follows from Theorem 3. Doing the same for the term E
[
Gµ∥PUFµ∥2

]
, we get:

E
[
Gµ∥Fµ∥2

]
≥ D

λ2
k

+
d1
λ2
k

(C.76)

Then, taking n≪ dqi2γ

Zγ
and going back to Equation (C.69), with probability at least C(1− θ)2:

∥w∥ ≥ θ

√
dq

λ2
kn

= Cθdδ, (C.77)
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and taking θ = d−δ, we get that with probability at least 1− od(1) the norm of ∥w∥ is Θ(1). Then,
since we had:

ûk = uk +

d1∑
j=1,j ̸=k

uTj (Ĉ − E[Ĉ])uk

λk − λj
uj + w + o(∥Ĉ − E[C(1)]∥2), (C.78)

if n≪ dqi2γ

Zγ
, there exists a constant probability event such that ûk is not aligned with uk.

Appendix D. Derivation of the rates

In this section, we build on Theorem 1 to derive the recovered-direction count and then the MSE
rates stated in the main theorem. In the sharp-threshold approximation, Algorithm 1 either learns a
direction A

(1)
i or does not learn it.

Since by assumption of Theorem 1, the function g is a polynomial, it suffices to focus on the
case where g is the identity, as the other terms will be sub-leading after doing KRR. Since at this
point, Algorithm 1 has constructed features which are low-dimensional, we have that the MSE after
doing Kernel Ridge Regression is:

MSE = E

∥∥∥∥∥∥
∑
j≥i⋆

j−γ
(
(h

(1)
j )2 − 1)

)∥∥∥∥∥∥
2 . (D.1)

By Theorem 1, we learn the i− th direction if

n ≍ dqi2γ

Z2
γ

=⇒ i ≍

(
Z2
γn

dq

) 1
2γ

. (D.2)

Since directions are learned sequentially, the number of learn directions ( or the last direction that
was recovered) at sample complexity n is:

i⋆ =

(
Z2
γn

dq

) 1
2γ

. (D.3)

This gives the recovered-direction count used in the main theorem. We now derive the corresponding
MSE rates. By Equation (D.1):

MSE(n) = Θ

Z2
γ

∑
i≥i⋆

j−2γ

 . (D.4)
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We now study this sum according to the value of γ. If γ < 1
2 , then Zγ = (d1−2γ

1 )−
1
2 , and we get:

Z2
γ

∑
i≥i⋆

j−2γ = Z2
γ(Z

−2
γ −

∑
i≤i⋆

i−2γ) (D.5)

= 1− 1

d1−2γ
1

(i⋆)1−2γ (D.6)

= 1− 1

d1−2γ
1

(
Z2
γn

dq

)−1+ 1
2γ

(D.7)

= 1−
(

n

d1dq

)(−1+ 1
2γ

)

, (D.8)

which gives the rate for the case where γ < 1
2 and dq ≪ n≪ dqd1.

On the other hand, for γ > 1
2 , Zγ = Θd(1) and∑

i≥i⋆

i−2γ = Θd((i
⋆)1−2γ). (D.9)

Then:

MSE(n) = Θd

∑
i≥i⋆

i−2γ

 (D.10)

= Θd((i
⋆)1−2γ) (D.11)

=
( n

dq

) 1−2γ
2γ (D.12)

=
( n

dq

)−1+ 1
2γ

, (D.13)

and we conclude Theorem 1.

Appendix E. Explicit computations with Weiner Chaos

E.1. Wiener Chaos properties

This section will only overview the necessary concepts we need from Wiener chaos expansions. This
results are based on [52], [49] and [65].

For A ∈ RB(d,q), we define

Iq(A) = ⟨A,F(Heq(x))⟩ , (E.1)

where for β ∈ Zd
≥0 with |β| = q

(Heq(x))β = Heβ(x). (E.2)

Lemma 11 (Orthogonality of Different Chaos) Let q, q′ ∈ N, A ∈ (Rd)⊙q, B ∈ (Rd)⊙q′ . Then:

E
[
Iq(A)Iq′(B)

]
= 1q=q′⟨A,B⟩.
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The space spanned by random variables in the k-th Wiener chaos is denoted byHk. We will also
need the orthogonal projection into the k-Wiener chaos, which we denote by Jk : L2 → Hk.

We define the Malliavin derivative D : dom(D)→ (L2)d by

DF = (∂x1F, . . . , ∂xd
F ), dom(D) =

{
F ∈ L2 :

∞∑
k=0

k∥Jk(F )∥2L2(G) <∞

}

where, for smooth functions F with compact support, ∂xj is the usual partial derivative of F (x) =
F (x1, . . . , xd) in the variable xj , and this is extended by completion to dom(D) . We also define
the Ornstein-Uhlenbeck infinitesimal generator L : dom(L)→ L2(G) by

LF =

∞∑
k=0

−k Jk(F ), dom(L) =

{
F ∈ L2(G) :

∞∑
k=0

k2∥Jk(F )∥2L2(G) <∞

}
.

and we define its inverse L−1F =
∑∞

k=1−
1
kJk(F ) whenever J0(F ) = EF (x) = 0.

We will need the following rules to compute the different terms that appears.

Lemma 12 (Product formula, [49]) For any k, ℓ ≥ 1, S ∈ (Rd)⊙k, and T ∈ (Rd)⊙ℓ,

Ik(S)Iℓ(T ) =

min(k,ℓ)∑
r=0

r!

(
k

r

)(
ℓ

r

)
Ik+ℓ−2r(S⊗̃rT ).

We will also need the following rule for computing product of derivatives.

Lemma 13 For any k, ℓ ≥ 1, S ∈ (Rd)⊙k, T ∈ (Rd)⊙ℓ,

(DIk(S))
T(DIℓ(T )) = kℓ

min(k,ℓ)∑
r=1

(r − 1)!

(
k − 1

r − 1

)(
ℓ− 1

r − 1

)
Ik+ℓ−2r(S⊗̃rT )

For some functions, specially polynomials, the following Gaussian Integration by Parts Lemma
will be very useful.

Lemma 14 (Theorem 2.9.1 in [49], Gaussian Integration by Parts) Let F,G ∈ D1,2, and let g :
R→ R be a C1 function having a bounded derivative. Then

E[Fg(G)] = E[F ]E[g(G)] + E[g′(G)⟨DG,−DL−1F ⟩H].
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E.2. Computing Expectations with Malliavin Calculus

To compute expectations, we will need:

Remark 15 As the discussion in [49], Page 31 notes, the conditions under which Theorem 14 hold
are not optimal. In particular, it remains true if g is a polynomial.

Denote the second layer by h(2) =
∑d1

i=1 λi(Iq(Ai)
2 − 1), and let g : R→ R be a polynomial. In

this section, we will study how to compute expectations of the form:

E
[
g(h(2))Iq(Aj)Iq(Ak)

]
, (E.3)

for j ̸= k. We are interested in how this quantity scales with d, as sharp as possible. In particular, we
will avoid using Gaussian Approximations when is not absolutely necessary.

E.3. Linear Case

To get some intuition, we will first study the case g(u) = u. We want to compute:

Elin := E [SIq(Aj)Iq(Ak)] =

d1∑
i=1

λiE
[
(Iq(Ai)

2 − 1)Iq(Aj)Iq(Ak)
]
. (E.4)

By Theorem 12:

Iq(Ai)
2 − 1 =

q∑
r=0

cq,rI2q−2r(Ai⊗̃rAi)− 1 (E.5)

=

q−1∑
r=0

cq,rI2q−2r(Ai⊗̃rAi) + (∥Ai∥22 − 1), (E.6)

where cq,r = r!
(
q
r

)2 Analogously

Iq(Aj)Iq(Ak) =

q∑
r=0

cq,rI2q−2r(Aj⊗̃rAk) =

q−1∑
r=0

cq,rI2q−2r(Aj⊗̃rAk) + q!⟨Aj , Ak⟩. (E.7)

Then, by the orthogonality of different chaos:

Elin =

d1∑
i=1

λiE
[
(Iq(Ai)

2 − 1)Iq(Aj)Iq(Ak)
]

(E.8)

=

d1∑
i=1

λiE

[(
q−1∑
r=0

cq,rI2q−2r(Ai⊗̃rAi) + (∥Ai∥22 − 1)

)(
q−1∑
r=0

cq,rI2q−2r(Aj⊗̃rAk) + q!⟨Aj , Ak⟩

)]
(E.9)

=

d1∑
i=1

λi

q−1∑
r=0

c2q,r⟨Ai⊗̃rAi, Aj⊗̃rAk⟩+
d∑

i=1

λc2q,q(∥Ai∥2 − 1)⟨Aj , Ak⟩ (E.10)

=

d1∑
i=1,i̸∈{j,k}

λic
2
q,r

q−1∑
r=0

⟨Ai⊗̃rAi, Aj⊗̃rAk⟩+
d1∑

i∈{j,k}

λi

q−1∑
r=0

c2q,r⟨Ai⊗̃rAi, Aj⊗̃rAk⟩+
d∑

i=1

λc2q,q(∥Ai∥2 − 1)⟨Aj , Ak⟩,

(E.11)
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were in the last line we split the sum according to wether i ∈ {j, k} or not. Recall we assume that
Ai ∈ (Rd)⊙q have independent, centered gaussian entries with variance 1

dq . Let:

T r
i,j,k = ⟨Ai⊗̃rAi, Aj⊗̃rAk⟩. (E.12)

For u, v ∈ [d]q−r and r ∈ {0} ∪ [q − 1]we have:

(Ai⊗̃rAi)u,v =
∑
ℓ∈[d]r

Ai[u, ℓ]Ai[v, ℓ], and (Aj⊗̃rAk)u,v =
∑
ℓ∈[d]r

Aj [u, ℓ]Ak[v, ℓ]. (E.13)

Then:

T r
i,j,k =

∑
u,v∈[d]q−r

(Ai⊗̃rAi)u,v(Aj⊗̃rAk)u,v (E.14)

=
∑

u,v∈[d]q−r

∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]
∑

ℓ2∈[d]r
Aj [u, ℓ2]Ak[v, ℓ2] (E.15)

=
∑

u,v∈[d]q−r

∑
ℓ2∈[d]r

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

Aj [u, ℓ2]Ak[v, ℓ2]. (E.16)

If i ̸= j ̸= k, then we have:
EAj [Tr|Ai, Ak] = 0. (E.17)

On the other hand, the conditional variance equals:

Var (Tr|Ai, Ak) =
1

dq

∑
u,v∈[d]q−r

 ∑
ℓ2∈[d]r

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

Ak[u, ℓ2]

2

. (E.18)

Taking expectation with respect to Ak:

EAj [Var (Tr|Ai, Ak)] =
dr

d2q

∑
u,v∈[d]q−r

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

2

=
dr

d2q
∥Ai ⊗r Ai∥22. (E.19)

And taking expectation with respect to Ai, we have:

EAi

[
∥Ai ⊗r Ai∥22

]
= EAi

 ∑
u,v∈[d]q−r

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

2 (E.20)

=
∑

u,v∈[d]q−r

EAi

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

2 (E.21)

= O

 ∑
u∈[d]q−r

1

dq

 = Od(d
−r). (E.22)
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Applying the Law of total variance, using the fact that for distinct i, j, k, Ti,j,k is centered:

VarAi,Aj ,Ak
(Ti,j,k) = O

(
dr

d2qdr

)
= Od

(
1

d2q

)
. (E.23)

Then, by applying Chebyshev Inequality we get that with high probability with respect to Ai, Aj and
Ak: ∣∣T r

i,j,k

∣∣ = Od

(
1

dq

)
, when i ̸= j ̸= k. (E.24)

We now move to the harder case where i = j ( the case i = k is analogous). First, by definition:

T r
i,i,j =

∑
u,v∈[d]q−r

∑
ℓ2∈[d]r

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

Ai[u, ℓ2]Aj [v, ℓ2]. (E.25)

Fixing Ai:
EAj [T

r
i,i,j ] = 0. (E.26)

The conditional variance given Ai equals:

Var(T r
i,i,j |Ai) =

1

dq

∑
u,v∈[d]q−r

∑
ℓ2∈[d]r

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

Ai[u, ℓ2]

2

. (E.27)

Denote w(u, v) =
∑

ℓ1∈[d]r Ai[u, ℓ1]Ai[v, ℓ1]. Then:

∑
u,v∈[d]q−r

∑
ℓ2∈[d]r

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

Ai[u, ℓ2]

2

=
∑

v∈[d]q−r

∑
ℓ2∈[d]r

∑
u∈[d]q−r

w(u, v)2Ai[u, ℓ2]
2

(E.28)

≤
∑

v∈[d]q−r

∑
ℓ2∈[d]r

 ∑
u∈[d]q−r

w(u, v)2

 ∑
u∈[d]q−r

Ai[u, ℓ2]
2

 ,

(E.29)

where in the last line we applied Cauchy-Schwarz. Now, taking expectation and then applying
Cauchy-Schwarz again:

EAi

[
Var(T r

i,i,j |Ai)
]
≤

∑
v∈[d]q−r

∑
ℓ2∈[d]r

EAi

 ∑
u∈[d]q−r

w(u, v)2

 ∑
u∈[d]q−r

Ai[u, ℓ2]
2

 (E.30)

≤
∑

v∈[d]q−r

∑
ℓ2∈[d]r

EAi

 ∑
u∈[d]q−r

w(u, v)2

2
1
2

E

 ∑
u∈[d]q−r

Ai[u, ℓ2]
2

2
1
2

.

(E.31)
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By the equivalence of norms for polynomials ([36], Theorem 3.50):

EAi

 ∑
u∈[d]q−r

w(u, v)2

2 ≤ CEAi

 ∑
u∈[d]q−r

w(u, v)2

2

, (E.32)

and the same holds for E
[(∑

u∈[d]q−r Ai[u, ℓ2]
2
)2]

. Hence:

EAi

[
Var(T r

i,i,j |Ai)
]
≤ C

∑
v∈[d]q−r

∑
ℓ2∈[d]r

EAi

 ∑
u∈[d]q−r

w(u, v)2

E

 ∑
u∈[d]q−r

Ai[u, ℓ2]
2


(E.33)

≤ C
∑

ℓ2∈[d]r
EAi

 ∑
v∈[d]q−r

∑
u∈[d]q−r

w(u, v)2

E

 ∑
u∈[d]q−r

Ai[u, ℓ2]
2


(E.34)

By Equation (E.22):

E

 ∑
v∈[d]q−r

∑
u∈[d]q−r

w(u, v)2

 =
∑

u∈[d]q−r

E

 ∑
ℓ1∈[d]r

Ai[u, ℓ1]Ai[v, ℓ1]

2

(E.35)

= O

(
1

dr

)
, (E.36)

and

E

 ∑
u∈[d]q−r

Ai[u, ℓ2]
2

 = O

(
dq−r

dq

)
= O

(
1

dr

)
. (E.37)

Then:

EAi

[
Var(T r

i,i,j |Ai)
]
≤ C

dq

∑
ℓ2∈[d]r

1

dr
1

dr
= O

(
1

dq+r

)
(E.38)

Hence, by the Law of total variance:

VarAi,Aj

(
T r
i,i,j

)
= O

(
1

dq+r

)
, (E.39)

and applying Chebyshev Inequality we get that with high probability over Ai, Aj :∣∣T r
i,i,j

∣∣ = O

(
1

d
q+r
2

)
. (E.40)
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Replacing Equation (E.24) and Equation (E.40) in Equation (E.11):

|Elin| =
d1∑

i=1,i̸∈{j,k}

λi

q−1∑
r=0

c2q,rT
r
i,j,k +

d1∑
i∈{j,k}

λi

q−1∑
r=0

c2q,rT
r
i,j,k +

d∑
i=1

λic
2
q,q(∥Ai∥2 − 1)⟨Aj , Ak⟩

(E.41)

= O

 1

dq

d1∑
i=1,i̸∈{j,k}

λi

+O

 1

dq

d1∑
i∈{j,k}

λi

+

d∑
i=1

λic
2
q,q(∥Ai∥2 − 1)⟨Aj , Ak⟩. (E.42)

For the last term, applying Bernstein’s inequality ([62], Theorem 2.9.1) for the cross inner product
and Hanson-Wright ([62], Theorem 6.2.2) for the norm, we get that with high probability:

(∥Ai∥2 − 1)⟨Aj , Ak⟩ = O

(
1

dq

)
. (E.43)

Finally, recalling that λi = Zγzii
−γ , with zi ∼ Rad(12), we can apply Bernstein’s inequality over

the Radamacher variables. We get that, with high probability over the zi:

|Elin| = O

Zγ

dq

√√√√√ d1∑
i=1,i̸∈{j,k}

i−2γ

+O

Zγ

d
q
2

√√√√√ d1∑
i∈{j,k}

i−2γ

+
Zγ

dq

√√√√ d∑
i=1

i−2γ . (E.44)

By definition Zγ = (
∑d1

i=1 i
−2γ), so we finally conclude that with very high probability:

|Elin| = O

(
Zγ

dq
(jγ + kγ))

)
. (E.45)

Thus, we have proved the following Lemma.

Lemma 16 Let S =
∑d1

i=1 λi(Iq(Ai)
2 − 1). Then, given i, j ∈ [d1] with i ̸= j:

|E [SIq(Aj)Iq(Ak)]| = O

(
Zγ

d
q
2

(jγ + kγ))

)
.

E.4. The non-linear case

Let g : R→ R be a polynomial of degree m. Following Theorem 1, we now assume γ > 1
2 .

We will now study the order in terms of d of the expectation:

E
[
g(h(2))Iq(Aj)Iq(Ak)

]
, (E.46)

where we recall that we denote S =
∑d1

i=1 λi(Iq(Ai)
2 − 1). Since g is a polynomial, we can no

longer apply the orthogonality of different chaos in the same way we did for the linear case in
Equation (E.11). To compute this, we will use Theorem 14.
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E.4.1. FIRST STEP: APPLYING GAUSSIAN INTEGRATION BY PARTS

This section follows the construction made in Chapter 8 in [49], tailored to our setting. The objective
is to derive Theorem 17. The reader may skip this subsection on a first reading.

Denote F1 = S, F2 = Iq(Aj)Iq(Ak), for j ̸= k. Then, our expectation has the form:

E [g(F1)F2] . (E.47)

Applying Theorem 14 once, we get:

E [g(F2)F1] = E
[
g′(F1)⟨DF1,−DL−1(F2 − E[F2]⟩)

]︸ ︷︷ ︸
M :=

+E[g(F1)]E[F2]. (E.48)

We focus on the first term. Denote

V1 = ⟨DF1,−DL−1F2⟩. (E.49)

Let v1 = E[V1], and denote V̄1 = V1 − v1. Then:

M = E
[
g′(F1)V̄1

]
+ E[g′(F1)]v1. (E.50)

Then, applying Theorem 14 again:

M = E

g(2)(F1) ⟨DF1, DL−1V̄1⟩︸ ︷︷ ︸
V2

+ E[g′(F1)]v1. (E.51)

We now denote v2 = E [V2], and V̄2 = V2 − v2. Applying Theorem 14 again:

M = E
[
g(2)(F1)V̄2

]
+ E

[
g(2)(F1)

]
v2 + E[g′(F1)]v1 (E.52)

= E
[
g(3)(F1)⟨DF1, DL−1V̄2⟩

]
+ E[g(2)(F1)]v2 +

d∑
i=1

λiv1. (E.53)

Iterating deg(g)− 1 times, we get:

E
[
g(h(2))Iq(Aj)Iq(Ak)

]
=

deg(g)−1∑
r=0

E[g(r)(F1)]vr (E.54)

where we inductively defined

Vr+1 = E
[
⟨DF1, DL−1(Vr − vr))⟩

]
, vr = E [Vr] , (E.55)

and V0 = Iq(Aj)Iq(Aj). Note that the objects V1, . . . Vdeg(g) are exactly the ones that appear in
Theorem 31. This can be made precise. We actually have:

Vr = ΓF2,F1, . . . , F1︸ ︷︷ ︸
r times

. (E.56)
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By Theorem 32, one can relate the expectation of this variables to cumulants. To be precise, we have
that for r ∈ N:

κr(F2, F1, . . . , F1︸ ︷︷ ︸
rtimes

) =
∑

σ∈S{2,...,r}

E [ΓF2,F1,...,F1(F )] ,

and since the expectation is repeated, Equation (E.56) allows us to conclude the relation:

κr(F2, F1, . . . , F1︸ ︷︷ ︸
rtimes

) = r!E [ΓF2,F1,...,F1(F )] = r!E [Vr] = r!vr. (E.57)

Then, we conclude:

Lemma 17 Let S =
∑d1

i=1 λi(Iq(h
(2))2 − 1), and let g : R → R be a polynomial. Then, given

P,Q ∈ (Rd)⊙q

E
[
g(h(2))Iq(P )Iq(Q)

]
=

deg(g)∑
r=0

E
[
g(r)(h(2))

] 1

r!
κr(Iq(P )Iq(Q), S, . . . , S︸ ︷︷ ︸

rtimes

).

Remark 18 This type of result is a generalization of Eq. 8.5.1 in [49] to the multi-variate case. Note
that it works for any symmetric tensor.

E.4.2. STEP 2: COMPUTING THE ORDER OF THE CUMULANTS

By Theorem 17, our problem is reduced to computing cumulants. In particular, we want to derive
bounds for

vr =
1

r!
κ

S, S, . . . , S︸ ︷︷ ︸
r

, (Iq(Ak)Iq(Aj)− q!⟨Aj , Ak⟩)

 . (E.58)

A key property of cumulants is that they are multi-linear. Since the variable S =
∑d1

i=1 λi(Iq(Ai)
2−

1), this allows us to exchange this sums with the cumulants. Denote

Yiℓ = (Iq(Aiℓ)
2 − 1), Gi,j = Iq(Aj)Iq(Ak)− ⟨Aj , Ak⟩.

By the multi-linearity of the cumulants:

vr =
1

r!

d1∑
i1,...,ir=1

λi1 · · ·λirκ (Gj,k, Yi1 , Yi2 , . . . , Yir) . (E.59)

By expanding each Yℓ into its chaos decomposition:

Yiℓ = Iq(Aiℓ)
2 − 1 =

q−1∑
L=0

cq,LI2q−2L(Ai ⊗L Ai) + (∥Ai∥2 − 1), (E.60)

and for Gj,k:

Iq(Aj)Iq(Ak)− ⟨Aj , Ak⟩ =
q−1∑
L=0

cq,LI2q−2L(Aj⊗̃LAk). (E.61)
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With this, we can go further with the multi-linearity of the cumulants to obtain:

vr =
1

r!

d1∑
i1,...,ir=1

λi1 · · ·λir

q−1∑
s1,...,sr=0

q−1∑
t=0

cq,s,tκ
(
I2q−2s1(Ai1⊗̃s1Ai1), . . . , I2q−2sr(Air⊗̃srAir), I2q−2t(Aj⊗̃tAk)

)
,

(E.62)
where we ignored the expectation terms in Equation (E.60) since they become negligible. Denote
fs
i = Ai⊗̃sAi, i ≤ r, and fs

r+1 = Aj⊗̃sAk so that:

vr =
1

r!

d1∑
i1,...,ir=1

λi1 · · ·λir

q−1∑
s1,...,sr=0

q−1∑
t=0

cq,s,tκ
(
I2q−2s1(f

(s1)
i1

), . . . , I2q−2sr(f
(sr)
ir

), I2q−2t(f
t
r+1)

)
.

(E.63)
Now, by Theorem 33, we can write:

κ
(
I2q−2s1(f

(s1)
i1

), . . . , I2q−2sr(f
(sr)
ir

), I2q−2t(f
t
r+1)

)
=

∑
σ∈S{2,...,|m|}

(qλσ(|m|))!
∑
∗

cq,l,σ(a2, . . . , a|m|−1)

(E.64)

⟨(. . . ((fiλ(1)⊗̃r2fiλσ(2)
)⊗̃r3fλσ(3)) . . .)⊗̃r|m|−1

fλσ(|m|−1); fλσ(|m|)⟩,
(E.65)

where the second sum runs over combinations of indices having technical conditions (all specified in
Theorem 33. We ignored the upper-indices to avoid overloading the notation. The important message
of Equation (E.65) is there is a finite set of possible contractions (in particular, a a set of size Od(1)),
and we are summing over all of them and all possible permutations of indices. Denote

Tλ = ⟨(. . . ((fiλ(1)⊗̃r2fiλσ(2)
)⊗̃r3fλσ(3)) . . .)⊗̃r|m|−1

fλσ(|m|−1); fλσ(|m|)⟩. (E.66)

Thus, we have concluded:

Lemma 19 Let h(2) =
∑d1

i=1 λi(Iq(h
(2))2 − 1), and let g : R→ R be a polynomial. Then:

E
[
g(h(2))Iq(Aj)Iq(Ak)

]
=

deg(g)∑
r=0

E
[
g(r)(h(2))

] 1

r!

d1∑
i1,...,ir=1

λi1 · · ·λir

q−1∑
s1,...,sr=0

q−1∑
t=0

cq,s,t
∑
λ

Tλ.

We now make two observations: The first is that v1 is exactly what we computed for Theorem 16.
The second one is that, so far, everything has been exact (i.e we have no error terms in our formula).
Since we aim only to compute the order of the expectation, we will now proceed to bound each term,
beginning with Tλ

E.4.3. BOUNDING Tλ

Recall that we defined:

Tλ = ⟨(. . . ((fiλ(1)⊗̃r2fiλσ(2)
)⊗̃r3fλσ(3)) . . .)⊗̃r|m|−1

fλσ(|m|−1); fλσ(|m|)⟩. (E.67)

In particular, the term Tλ is computed from a particular set of appearances of A1, . . . Ad1 . Let
Ai1 , . . . , Air denote the tensors involved in the computation of a particular Tλ. We claim the
following:
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Claim 20 If {i1, . . . ir} ∩ {j, k} = ∅, then with high probability with respect to A1, . . . Ad1

|Tλ| ≲
1

dq
.

Proof Note that symmetrization only change the expectation up to constants, so we can compute the
terms without symmetrization. If {i1, . . . ir} ∩ {j, k} = ∅, then the contraction in Equation (E.67) is
linear in Aj and Ak, and therefore we can write (without symmetrization):

Tλ =
∑

a,b∈[d]q
w(a, b)Aj,aAk,b, (E.68)

where w(a, b) sums over all the other contractions. Then, fixing Ai1 , . . . , Air , we note that the
expectation of Tλ((i1,s1),...,(ir+1,t)) w.r.t all A is zero. We can also compute the conditional variance
to get:

Var(Tλ|Ai1 , . . . , Air) =
1

d2q

∑
a,b∈[d]q

w(a, b)2 =
1

d2q
∥w(a, b)∥2. (E.69)

Since EA

[
∥w(a, b)∥2

]
= Od(1), we can proceed as with did in the linear case and conclude the

lemma by the law of total variance. Having this, we get concentration by applying Chebyshev
Inequality and Gaussian Hypercontractivity Theorem 4).

Having dealt with the disjoint case in Theorem 20, we now proceed with the harder case where
indices i1, . . . ir may have a non-empty intersection with {j, k}. Note that we don’t want an sharp
bound, but rather a bound that shows that this terms are negligible with respect to the linear part.

Let (i1, . . . , ir be such that {i1, . . . , ir}∩ {j, k} ̸=. Assume that the tensor Aj appears mj times
in the sequence fi1 , . . . , fir+1 . Then, necessarily, mj has to be odd: It appears once in fir+1 , and
all other appearances will be tensor product of Aj with itself. By the same argument, mk is also
odd. Let Ga1,...,aℓ denote the σ-algebra generated by Aa1 , . . . , Aalℓ. Then from this observation we
conclude:

EA[Tλ] = E[E[Tλ|G[r]\{j,k}]] = 0. (E.70)

By computing the conditional variance of Tλ, we will have:

Var(Tλ|G[r]\{j,k}) = E
[
T 2
λ |G[r]\{j,k}

]
. (E.71)

Let F (Aj) = Tλ. Then, by Theorem 5:

Var(T 2
λ |G[r]\{j}) ≤

C

dq
EAj

[
∥∇AjTλ∥2|G[r]\{j}

]
. (E.72)

Now, note that Tλ has the following form:

Tλ = Contraction(Ai1 , . . . , Air , Aj , Ak). (E.73)

In particular, it is multi-linear in all of this arguments. Let DH be a directional derivative in direction
H . If we denote by Pos(j) the set of positions such that Ai1 = Aj , then:

DHTλ =
∑

p∈Pos(j)

Contraction(Ai1 , . . . , Aip−1 , H,Aip+1 , . . . ). (E.74)
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Then, by applying Cauchy-Schwarz:

|DHTλ| ≤ C
∑

p∈Pos(j)

∥H∥2
∏
ℓ̸=p

∥Kℓ∥2, (E.75)

where Kℓ are all other tensors. Since all these tensors are already contractions, we can apply
Cauchy-Schwarz again to get:

|DHTλ| ≤ C
∑

p∈Pos(j)

∥H∥2∥Aj∥mj−1
∏
ℓ̸=j

∥Aℓ∥2 ≤ Cmj∥H∥2∥Aj∥mj−1
∏
ℓ̸=j

∥Aℓ∥2. (E.76)

Taking supremum over the sphere, we conclude:

∥∇AjTλ∥ ≤ C∥Aj∥mj−1
∏
ℓ̸=j

∥Aℓ∥mℓ
2 , (E.77)

and taking the square:
∥∇AjTλ∥ ≤ C∥Aj∥2(mj−1)

∏
ℓ̸=j

∥Aℓ∥2mℓ
2 . (E.78)

Finally, by Hanson-Wright we know that ∥Aj∥2 is Θd(1) with high probability. Therefore:

∥∇AjTλ∥ ≤ C
∏
ℓ̸=j

∥Aℓ∥2mℓ
2 , (E.79)

and in particular:

Var(T 2
λ |G[r]\{j}) ≲

1

dq

∏
ℓ̸=j

∥Aℓ∥2mℓ
2 . (E.80)

By the Law of total variance, we can take expectation again to conclude:

Var(Tλ)) ≤
1

dq
. (E.81)

Then, by applying Chebyshev Inequality and hypercontractivity, we conclude that with high proba-
bility over A1, . . . , Ad1

|Tλ| ≲
1

d
q
2

. (E.82)

Let’s write all of this in a Lemma.

Lemma 21 Let Tλ be defined as in Equation (E.67), for a set of tensors Ai1 , . . . Air . Then:

1. If {i1, . . . , ir} ∩ {j, k} = ∅, then with high probability |Tλ| ≲
1

dq
.

2. If {i1, . . . , ir} ∩ {j, k} ̸= ∅, then with high probability |Tλ| ≲
1

d
q
2

.
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E.4.4. CONCLUSION

From Theorem 19, we had:

E
[
g(h(2))Iq(Aj)Iq(Ak)

]
=

deg(g)∑
r=0

E
[
g(r)(h(2))

] 1

r!

d1∑
i1,...,ir=1

λi1 · · ·λir

q−1∑
s1,...,sr=0

q−1∑
t=0

cq,s,t
∑
λ

Tλ.

(E.83)
We will separate the linear part from the rest. We write:

E
[
g(h(2))Iq(Aj)Iq(Ak)

]
= Elinear+

deg(g)∑
r≥2

E
[
g(r)(h(2))

] 1

r!

d1∑
i1,...,ir=1

λi1 · · ·λir

q−1∑
s1,...,sr=0

q−1∑
t=0

cq,s,t
∑
λ

Tλ︸ ︷︷ ︸
ENL

.

(E.84)
Lets focus on ENL. Replacing Theorem 21, since the sum on the RHS concerns Od(1) terms:

ENL = O

deg(g)∑
r=2

E
[
g(r)(h(2))

] 1

d
q
2

d1∑
i1,...,ir=1

{i1,...,ir}∩{j,k}̸=∅

λi1 · · ·λir +

deg(g)∑
r=2

E
[
g(r)(h(2))

] 1

dq

d1∑
i1,...,ir=1

{i1,...,ir}∩{j,k}=∅

λi1 · · ·λir .


(E.85)

Since the sum of λi is bounded (by the same argument as the linear case), we get:

ENL = O

deg(g)∑
r=2

E
[
g(r)(h(2))

] 1

d
q
2

d1∑
i1,...,ir=1

{i1,...,ir}∩{j,k}̸=∅

λi1 · · ·λir

 . (E.86)

Now, from Theorem 16, we already computed v1, so:

Elinear = E
[
g(h(2))

]
⟨Aj , Ak⟩+ E

[
g′(h(2))

]
O

(
max(k, j)−γ

d
q
2

)
. (E.87)

Analogously to the linear case, we can conclude:

Elinear = E[g(h(2))]⟨Aj , Ak⟩+ E
[
g′(h(2))

]
O

(
max(k, j)−γ

d
q
2

)
. (E.88)

From Equation (E.86) and he fact that all eigenvalues are in [0, 1], and r ≥ 2, we get that ENL is
sub-leading with respect to the linear term. To finish, we need the following Lemma, whose proof
we postpone to Section F.

Lemma 22 Let g : R→ R be a polynomial with information exponent 1. Then:

E[g(h(2))] =
1√
d

and E
[
g′(h(2))

]
= ν1 +

C√
d
, (E.89)

where ν1 is the first Hermite coefficient of g.

Combining this with Theorem 16, we get that the first constant term is sub-leading and we conclude:
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Lemma 23 Let h(2) =
∑d1

i=1 λi(Iq(Ai)
2 − 1), and let g be a polynomial with information exponent

1. Then, given i, j ∈ [d1] with i ̸= j:∣∣∣E [g(h(2))Iq(Aj)Iq(Ak)
]∣∣∣ = O

(
Zγ

dq
(j−γ + k−γ))

)
.

E.5. Studying E[Ĉ]

The objective of this section is to prove the following Lemma:

Lemma 24 Under the assumptions of Theorem 1:

E
[
C(1)

]
=

E
[
g′(h(2))

]
√
2

A(1)Dγ(A
(1))T +∆,

where ∥∆∥op = od(1), A(1) = [u1, . . . ud1 ] ∈ RD×d1 , and Dγ = diag(λ1, . . . , λd1) ∈ Rd1×d1 .

The proof is similar to the one in Section E.4. If g is linear, the result is trivial, so we will focus on
the non-linear setting, where we assume 0 ≤ γ < 1

2 . The linear setting will follow as a corollary.
Recall that

Ĉ =
1

n

n∑
µ=1

yµHe2(Fµ), (E.90)

with Fµ = F(Heq(xµ)), and Heq(xµ) is the degree q Hermite tensor. Then the expectation is given
by:

E
[
Ĉ
]
= E [yµHe2(Fµ)] . (E.91)

We want to prove that this expectation is close in operator norm to:

E[g′(h2)]
d1∑
i=1

λiA
(1)
i (A

(1)
i )T . (E.92)

Let B(d, q be the dimension of the vectors A(1)
i . Then:

∥E
[
Ĉ
]
− E[g′(h2)]√

2

d1∑
i=1

λiA
(1)
i (A

(1)
i )T ∥op = max

B∈RB(d,q),∥B∥2=1

∣∣∣∣∣BTE
[
Ĉ
]
B − E[g′(h2)]√

2

d∑
i=1

λi⟨Ai, B⟩2
∣∣∣∣∣ .

(E.93)

Denote YB := Iq(B)2 − 1. Then:

BTHe2(Fµ)B =
1√
2
(⟨B,Fµ⟩2 − 1︸︷︷︸

=∥B∥2
) =

1√
2
(Iq(B)2 − 1) =

1√
2
FB. (E.94)

Therefore:
BTE

[
Ĉ
]
B =

1√
2
E
[
g(h(2))YB

]
. (E.95)
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Then, going back to Equation (E.93):

∥E
[
Ĉ
]
−E[g′(h2)]

d1∑
i=1

λiA
(1)
i (A

(1)
i )T ∥op =

1√
2

max
B∈RB(d,q),∥B∥2=1

∣∣∣∣∣E [g(h(2))YB]−
d∑

i=1

λi⟨Ai, B⟩2
∣∣∣∣∣ .

(E.96)
Let

∆ := max
B∈RB(d,q),∥B∥2=1

∣∣∣∣∣E [g(h(2))YB]−
d∑

i=1

λi⟨Ai, B⟩2
∣∣∣∣∣ . (E.97)

If we conclude that ∆ is od(1), we complete the proof. Our objective is hence to prove this. We will
do this in a three steps.

In the following, we will extensively use the Wiener decomposition of YB and similar random
variables, which is computed by Theorem 12. For any symmetric tensor C ∈ (Rd)⊙q:

(Iq(C)2 − 1) =

q−1∑
r=0

cq,rI2q−2r(C⊗̃rC). (E.98)

E.5.1. STEP 1: INTEGRATION BY PARTS

We will first try to write the term E
[
g(h(2))YB

]
in Equation (E.97) in the form:

E
[
g(h(2))YB

]
=

d∑
i=1

λi⟨Ai, B⟩2 + other term. (E.99)

The tool for this is Theorem 14, Integration by Parts. We will apply it twice. On a first iteration,
since YB is centered, we have:

E
[
g(h(2))YB

]
= E

[
g′(h(2))⟨Dh(2), DL−1YB⟩

]
. (E.100)

Now we apply integration by parts again and obtain:

E
[
g(h(2))YB

]
= E

[
g′(h(2))

]
E
[
⟨Dh(2), DL−1YB⟩

]
(E.101)

+ E
[
g(2)(h(2))⟨Dh(2), D

(
⟨Dh(2), DL−1YB⟩

)
⟩
]
. (E.102)

Now, by the definition of h(2), and the linearity of the derivative:

E
[
⟨Dh(2), DL−1YB⟩

]
=

d∑
i=1

λiE
[
⟨D(Iq(Ai)

2 − 1), DL−1YB⟩
]
. (E.103)

Define Yi = (Iq(Ai)
2 − 1). Then, by doing inverse Gaussian integration by parts:

E
[
⟨Dh(2), DL−1YB⟩

]
=

d∑
i=1

λiE [YiYB] , (E.104)
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and by applying Equation (E.98), and the orthogonality of Wiener Chaos Theorem 11:

E
[
⟨Dh(2), DL−1YB⟩

]
=

d∑
i=1

λi

q−1∑
r=0

cq,r⟨Ai⊗̃rAi, B⊗̃rB⟩ (E.105)

=
d∑

i=1

λicq,1⟨Ai⊗̃Ai, B⊗̃B⟩+
d∑

i=1

λi

q−1∑
r=1

cq,r⟨Ai⊗̃rAi, B⊗̃rB⟩. (E.106)

By Theorem 30, we have that for all r ∈ [q − 1]:

EAi

[
∥A(1)

i ⊗r A
(1)
i ∥

2
F

]
= O

(
1

d−r

)
. (E.107)

Then with high probability:

∥A(1)
i ⊗r A

(1)
i ∥

2
F ≲

1

d−r
(E.108)

On the other hand, using the fact that λi = ziZγi
−γ , with zi ∼ Rad(12), for fixed A′s, we can apply

Bernstein’s Inequality [62] to get:

∣∣∣∣∣
d∑

i=1

λi

q−1∑
r=1

cq,r⟨Ai⊗̃rAi, B⊗̃rB⟩

∣∣∣∣∣ ≲
√√√√ d∑

i=1

Z2
γ i

−2γ

(
q−1∑
r=1

cq,r⟨Ai⊗̃rAi, B⊗̃rB⟩

)2

(E.109)

≤

√√√√ d∑
i=1

Z2
γ i

−2γ

q−1∑
r=1

cq,r⟨Ai⊗̃rAi, B⊗̃rB⟩2 (E.110)

≤

√√√√ d∑
i=1

Z2
γ i

−2γ

q−1∑
r=1

cq,r∥Ai⊗̃rAi∥2F ∥B⊗̃rB∥2F , (E.111)

where in the last line we applied Cauchy Schwartz. Since ∥B∥22 by definition, we have ∥B⊗̃rB∥2F ≲
1. Then: ∣∣∣∣∣

d∑
i=1

λi

q−1∑
r=1

cq,r⟨Ai⊗̃rAi, B⊗̃rB⟩

∣∣∣∣∣ ≲
√√√√ d∑

i=1

Z2
γ i

−2γ

q−1∑
r=1

cq,r∥Ai⊗̃rAi∥2F , (E.112)

and replacing Equation (E.108), we conclude:∣∣∣∣∣
d∑

i=1

λi

q−1∑
r=1

cq,r⟨Ai⊗̃rAi, B⊗̃rB⟩

∣∣∣∣∣ ≲ 1√
d
. (E.113)

Replacing in Equation (E.106), we conclude:

E
[
⟨Dh(2), DL−1YB⟩

]
=

d∑
i=1

λicq,1⟨Ai⊗̃Ai, B⊗̃B⟩+∆1, (E.114)
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with |∆1| ≲
1

d
. Replacing in Equation (E.102):

E
[
g(h(2))YB

]
=

d∑
i=1

λicq,1⟨Ai⊗̃Ai, B⊗̃B⟩+∆1 (E.115)

+ E
[
g(2)(h(2))⟨Dh(2), D

(
⟨Dh(2), DL−1YB⟩

)
⟩
]
+∆1, (E.116)

with |∆1| ≲
1

d
. Then, by Equation (E.97), we conclude:

∆ := max
B∈RB(d,q),∥B∥2=1

∣∣∣E [g(2)(h(2))⟨Dh(2), D
(
⟨Dh(2), DL−1YB⟩

)
⟩
]∣∣∣+ od(1). (E.117)

We can now proceed to step 2.

E.5.2. STEP 2: COMPUTATION OF THE KERNELS

So far, we have reduced our problem to bounding∣∣∣E [g(2)(h(2))⟨Dh(2), D
(
⟨Dh(2), DL−1YB⟩

)
⟩
]∣∣∣ (E.118)

uniformly for ∥B|| = 1. Since g is a polynomial, g(2) is also a polynomial. At the same time, h(2)

has finite variance. Then we have:

E
[
g(2)(h(2))2

] 1
2
≲ 1. (E.119)

Then, by Cauchy Schwartz:

∆ ≲ max
B∈RB(d,q),∥B∥2=1

E
[〈

Dh(2), D
(
⟨Dh(2), DL−1YB⟩

)〉2] 1
2

+ od(1) (E.120)

≲ max
B∈RB(d,q),∥B∥2=1

E

 d1∑
i,j=1

λiλj

〈
DYi, D

(
⟨DYj , DL−1YB⟩

)〉2
1
2

+ od(1) (E.121)

Let
V i1,i2 = ⟨DYi2 , D

(
⟨DYi1 , DL−1YB⟩

〉
(E.122)

We will now compute the Chaos expansion of V . We begin with the nested derivative. Define
T r
i = Ai⊗̃rAi, and T r

B = B⊗̃rB. From Equation (E.60) and the derivative computation rule
Theorem 13:

⟨DYi1 , DL−1YB⟩ =
q−1∑

r1,r2=0

cq,r1,r2⟨DI2q−2r1(T
r2
i1
), DI2q−2r2(T

r2
B )⟩ (E.123)

=

q−1∑
r1,r2=0

cq,r1,r2

2q−2max(r1,r2)∑
r3=1

I4q−2(r1+r2+r3)(T
r2
i1
⊗̃r3T

r1
B ). (E.124)
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Replacing in Equation (E.122):

V i1,i2 = ⟨DYi2 , DL−1
(
⟨DYi1 , DL−1YB⟩

〉
(E.125)

=

q−1∑
r4=0

cq,r4⟨DI2q−2r4(T
r4
i2
), D

 q−1∑
r1,r2=0

cq,r1,r2

2q−2max(r1,r2)∑
r3=1

I4q−2(r1+r2+r3)(T
r2
i1
⊗̃r3T

r1
B )


(E.126)

=

q−1∑
r1,r2,r4=0

2q−2max(r1,r2)∑
r3=1

cq,r⟨DI2q−2r4(T
r4

i2 ), DI4q−2(r1+r2+r3)(T
r2
i1
⊗̃r3T

r1
B )⟩ (E.127)

=

q−1∑
r1,r2,r4=0

2q−2max(r1,r2)∑
r3=1

6q−2max(r4,(r1+r2+r4)∑
r5=1

cq,rI6q−2(
∑5

ℓ=1 ri)

(
T r4
i2
⊗̃r5

(
T r2
i1
⊗̃r3T

r1
B

))
.

(E.128)

We can now go to Step 3.

E.5.3. STEP 3: CONTRACTION BOUNDS

Ignoring the sum for the moment. The tensors involved in this computation are of the form:

T r4
i2
⊗̃r5

(
T r2
i1
⊗̃r3T

r1
B

)
(E.129)

Now, there are three possible cases:

1. Case 1: The contraction r5 contains a contraction of size greater than 1 between T r4
i2

and T r1
i1

.

2. Case 2: The contraction r5 only contracts T r4
i2

and T r1
B , but max(r4, r1) ≥ 1.

3. Case 2: The contraction r5 only contracts T r4
i2

and T r1
B , but r4 = r1 = 0.

We write:
V i1,i1 = V i1,i1

1 + V i1,i1
2 + V i1,i1

3 , (E.130)

where V i1,i1
1 counts only the indices in Case 1, V i1,i1

2 counts only the indices in Case 2, and V i1,i1
3

counts only the indices in Case 3. We now study each term separately.

Case 1: Assume there is a contraction between T r4
i2

and T r1
i1

of ti1,i2 indices. Then, by Cauchy-
Schwarz:

∥T r4
i2
⊗̃r5

(
T r2
i1
⊗̃r3T

r1
B

)
∥F ≤ ∥T r4

i2
⊗̃ti1,i2

T r2
i1
∥∥T r1

B ∥F . (E.131)

Since ∥B∥2 = 1, we can bound ∥T r1
B ∥F by a constant and obtain:

∥T r4
i2
⊗̃r5

(
T r2
i1
⊗̃r3T

r1
B

)
∥F ≤ C∥T r4

i2
⊗̃ti1,i2

T r2
i1
∥F . (E.132)

By Theorem 36 and Theorem 35, we have:

E
[
∥T r4

i2
⊗̃ti1,i2

T r2
i1
∥2
]
= O(

1

d
). (E.133)
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Then, since ∥T r4
i2
⊗̃ti1,i2

T r2
i1
∥2 is a polynomial, we can apply Chebyshev Inequality to obtain that

with high probability:

∥T r4
i2
⊗̃ti1,i2

T r2
i1
∥ ≲ 1√

d
. (E.134)

Then:
E[(V i1,i1

1 )2]
1
2 ≲

1√
d
. (E.135)

Case 2: If the contraction r5 only contracts T r4
i2

and T r1
B , but max(r4, r1) ≥ 1. Then, applying

Equation (E.131) we get:

∥T r4
i2
⊗̃r5

(
T r2
i1
⊗̃r3T

r1
B

)
∥F ≤ ∥T r4

i2
∥F ∥T r2

i1
∥F ∥T r1

B ∥F , (E.136)

By Lemma A.3 from [58], we have:

E
[
∥T r

i ∥2
]
= O

(
1

d−r

)
, (E.137)

for r ∈ [q−1]. Then, by applying hypercontractivity and Chebyshev inequality, with high probability:

∥T r
i ∥F ≲ d−

r
2 , (E.138)

with high probability, so from the fact that max(r2, r4) ≥ 1, we conclude that with high probability:

∥T r4
i2
⊗̃r5

(
T r2
i1
⊗̃r3T

r1
B

)
∥F ≲

1√
d
. (E.139)

Then:
E[(V i1,i1

2 )2]
1
2 ≲

1√
d
. (E.140)

Note that we can write Equation (E.121) as:

∆ ≲ max
B∈RB(d,q),∥B∥2=1

E

 d1∑
i,j=1

λiλjV
i1,i2

2
1
2

+ od(1) (E.141)

≲ max
B∈RB(d,q),∥B∥2=1

E

 d1∑
i,j=1

λiλj(V
i,j
1 + V i,j

2 + V i,j
3 )

2
1
2

+ od(1). (E.142)

Replacing Equation (E.140) and Equation (E.135) in Equation (E.142), and using the fact that for
γ < 1

2 ,  d1∑
i,j=1

λ2
iλ

2
j

 = Θ(1), (E.143)

we get:

∆ ≲ max
B∈RB(d,q),∥B∥2=1

E

 d1∑
i,j=1

λiλjV
i,j
3 )

2
1
2

+ od(1). (E.144)

We can now proceed with the last step.
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E.5.4. STEP 4: STUDYING THE LAST TERM

In Case 3, the contraction r5 only contracts T r4
i2

and T r1
B , and moreover r4 = r1 = 0, so we cannot

apply the results for controlling the norms of tensors. Note that if r = 0, we have:

T r
i = A

(1)
i ⊗̃A

(1)
i . (E.145)

Then;

V i1,i2
3 =

q−1∑
r1

2q−2r1∑
r3=1

6q−2max(r4,r1)∑
r5=1

cq,rI6q−2(
∑5

ℓ=1 ri)

(
T 0
i2⊗̃

B
r5

(
T 0
i1⊗̃r3T

r1
B

))
, (E.146)

where we used the upper index ⊗B to denotes that the r5 contractions are only between elements of
T 0
i2

and T r1
B . Then:

d1∑
i,j=1

λiλjV
i,j
3 =

d1∑
i,j=1

λiλj

q−1∑
r1

2q−2r1∑
r3=1

6q−2max(r4,r1)∑
r5=1

cq,rI6q−2(
∑5

ℓ=1 ri)

(
T 0
i ⊗̃

B
r5

(
T 0
j ⊗̃r3T

r1
B

))
(E.147)

=

q−1∑
r1

2q−2r1∑
r3=1

6q−2max(r4,r1)∑
r5=1

cq,rI6q−2(
∑5

ℓ=1 ri)

 d1∑
i,j=1

λiλjT
0
i ⊗̃

B
r5

(
T 0
j ⊗̃r3T

r1
B

) .

(E.148)

Then, going to Equation (E.144), we can apply Cauchy Schwartz to get:

∆ ≲ max
B∈RB(d,q),∥B∥2=1

E

q−1∑
r1

2q−2r1∑
r3=1

6q−2max(r4,r1)∑
r5=1

cq,rI6q−2(
∑5

ℓ=1 ri)

 d1∑
i,j=1

λiλjT
0
i ⊗̃

B
r5

(
T 0
j ⊗̃r3T

r1
B

)2
1
2

+ od(1)

(E.149)

≲ max
B∈RB(d,q),∥B∥2=1

q−1∑
r1

2q−2r1∑
r3=1

6q−2max(r4,r1)∑
r5=1

cq,rE

I6q−2(
∑5

ℓ=1 ri)

 d1∑
i,j=1

λiλjT
0
i ⊗̃

B
r5

(
T 0
j ⊗̃r3T

r1
B

)2
1
2

+ od(1)

(E.150)

≲ max
B∈RB(d,q),∥B∥2=1

q−1∑
r1

2q−2r1∑
r3=1

6q−2max(r4,r1)∑
r5=1

cq,rE

I6q−2(
∑5

ℓ=1 ri)

 d1∑
i,j=1

λiλjT
0
i ⊗̃

B
r5

(
T 0
j ⊗̃r3T

r1
B

)2
1
2

+ od(1)

(E.151)

For a fixed Case 3 pattern of contractions α, define

KB,α =

d1∑
i,j=1

λiλj T
0
i ⊗̃

B,α
r5

(
T 0
j ⊗̃

α
r3T

r1
B

)
. (E.152)
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Where we recall that the upper index B,α means that the r5 contractions are only between T 0
i and

the T r1
B . Then, computing the expectation

E

Iα
 d1∑

i,j=1

λiλjT
0
i ⊗̃

B
r5

(
T 0
j ⊗̃r3T

r1
B

)2
1
2

≤ C∥KB,α∥F (E.153)

Recall that T 0
i = A

(1)
i ⊗A

(1)
i . Then, each kernel KB,α has the form:

KB,α =

d1∑
i,j=1

λiλj (A
(1)
i ⊗A

(1)
i )⊗̃B,α

r5

(
(A

(1)
i ⊗A

(1)
i )0⊗̃α

r3T
r1
B

)
= (

d1∑
i=1

λiA
(1)
i ⊗A

(1)
i )⊗̃B,α

r5

(
d1∑
i=1

λi(A
(1)
i ⊗A

(1)
i )0⊗̃α

r3T
r1
B

)
,

(E.154)
where in the last equality we used bi-linearity of the conteractions. From here, for each pattern α,
since the different components of the first and second tensor don’t interact, there exists deterministic
flattening maps such that, considering KB,α as an operator in a Hilbert Space:

KB,α =

(
d1∑
i=1

λiF1

[
A

(1)
i ⊗A

(1)
i

])
◦

(
d1∑
i

λiF2

[
A

(1)
i ⊗A

(1)
i

])
◦ F3[T

rB] (E.155)

Then:

∥KB,α∥F ≲

∥∥∥∥∥
d1∑
i=1

λiF1

[
A

(1)
i ⊗A

(1)
i

]∥∥∥∥∥
op

∥∥∥∥∥
d1∑
i=1

λiF2

[
A

(1)
i ⊗A

(1)
i

]∥∥∥∥∥
op

∥F4[T
rB]∥F , (E.156)

and since ∥B∥ = 1, we have:

∥KB,α∥F ≲

∥∥∥∥∥
d1∑
i=1

λiF1

[
A

(1)
i ⊗A

(1)
i

]∥∥∥∥∥
op

∥∥∥∥∥
d1∑
i=1

λiF2

[
A

(1)
i ⊗A

(1)
i

]∥∥∥∥∥
op

. (E.157)

Since the maps F1,F2 are linear and depend on a finite number of re-arrangements inside the tensors,
we have:

∥KB,α∥F ≲

∥∥∥∥∥
d1∑
i=1

λiA
(1)
i ⊗A

(1)
i

∥∥∥∥∥
op

∥∥∥∥∥
d1∑
i=1

λiA
(1)
i ⊗A

(1)
i

∥∥∥∥∥
op

. (E.158)

Applying a standard matrix concentration bound [61], Corollary 5.35, with high probability:∥∥∥∥∥
d1∑
i=1

A
(1)
i ⊗A

(1)
i

∥∥∥∥∥
op

≲
1√
dq

(
√
dq +

√
d1). (E.159)

Then applying triangular inequality for the matrix
∑d1

i=1 λiA
(1)
i ⊗A

(1)
i , with high probability:∥∥∥∥∥

d1∑
i=1

λiA
(1)
i ⊗A

(1)
i

∥∥∥∥∥
op

≲ max |λi|, (E.160)
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and since γ < 1
2 , max |λi| = |λ1| = Zγ = Θd(d

1−2α
2 ). Replacing this bound in Equation (E.158),

with high probability:

∥KB,α∥F ≲
1

d1−2γ
, (E.161)

for all patterns α in Case 3. Then, replacing in Equation (E.151), we get:

∥∆∥op ≲
1

d1−2γ
, (E.162)

with high probability. Therefore, we conclude that:

∥E
[
Ĉ
]
− E[g′(h2)]

d1∑
i=1

λiA
(1)
i (A

(1)
i )T ∥op ≲ ∆ ≲

1

d1−2γ
, (E.163)

which concludes the Proof.

E.5.5. PROOF OF THEOREM 6

Putting Theorem 24 and Theorem 22 together, we can conclude:

Corollary 25 Under the assumptions of Theorem 1:

E
[
C(1)

]
=

ν1√
2
A(1)Dγ(A

(1))T +∆,

where ∥∆∥op = od(1), A(1) = [u1, . . . ud1 ] ∈ RD×d1 , Dγ = diag(λ1, . . . , λd1) ∈ Rd1×d1 , and ν1
is the first Hermite coefficient of g.

Appendix F. Deferred Proofs

Lemma 26 Let k, j ∈ [d1], with k ̸= j. Assume n = ωd(
min(k,j)2γ

Z2
γ

dq). Then with high probability(
Zγ

n
yµhµ,khµ,j

)2

≲
Z2
γ

dq
min(k, j)−2γ .

Proof We want to concentrate

E2 =

(
Zγ

n
yµhµ,khµ,j

)2

. (F.1)

For this, we begin by decomposing:

E2 =

 1

n

n∑
µ=1

(yµhµ,khµ,j − E [yµhµ,khµ,j ]) + E [yµhµ,khµ,k]

2

(F.2)

≲

 1

n

n∑
µ=1

(yµhµ,khµ,j − E [yµhµ,khµ,j ])

2

︸ ︷︷ ︸
(I)

+E [yµhµ,khµ,k]
2︸ ︷︷ ︸

(II)

. (F.3)
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We begin by concentrating (I). For this, we note that since all terms are centered, independent
random variables:

E [(I)] =
1

n2

n∑
µ=1

E
[
(yµhµ,khµ,j − E [yµhµ,khµ,j ])

2
]
. (F.4)

Note that, since Var(yµ) ≲ 1, we have:

E
[
(yµhµ,khµ,j − E [yµhµ,khµ,j ])

2
]
≲ E

[
(yµhµ,khµ,j)

2
]
≲ 1. (F.5)

Then
E [(I)] ≲

1

n
, (F.6)

and since (I) is positive, by Markov inequality we conclude that with high probability:(
Zγ

n
yµhµ,khµ,j

)2

≲
1

n
+ E [yµhµ,khµ,k]

2 . (F.7)

We now turn to (II) = E [yµhµ,khµ,k]
2. Recall that, by definition:

yµ = g

 d1∑
p=1

λp((h
(1)
µ,p)

2 − 1)

 , (F.8)

for some polynomial g : R→ R, with E[g′(h(2))] ̸= 0. Then, by Theorem 23

|E [yµhµ,khµ,k]| = O

(
Zγ

d
q
2

min(k, j)−γ

)
. (F.9)

Taking the square:

E [yµhµ,khµ,k]
2 ≲

Z2
γ

dq
min(k, j)−2γ . (F.10)

By putting together Equation (F.7) and Equation (F.10):(
Zγ

n
yµhµ,khµ,j

)2

≲
1

n
+

Z2
γ

dq
min(k, j)−2γ . (F.11)

and since n = ωd(
min(k,j)2γ

Z2
γ

dq), we conclude that with high probability:

(
Zγ

n
yµhµ,khµ,j

)2

≲
Z2
γ

dq
min(k, j)−2γ . (F.12)
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F.1. Gaussian Universality

In the following, letW1 denote the 1-Wasserstein distance on P1(Rr). That is, for µ, ν ∈ P1(Rr),
W1 defines the metric:

W1(µ, ν) = sup
h:Rr→R,Lip(h)≤1

|EG∼µ[h(G)]− EZ∼ν [h(Z)]| . (F.13)

We will need the following result bounding the Wasserstein distance to Gaussians.

Lemma 27 (Theorem 5.1.3 in [49]) Let F ∈ D1,2 with E[F ] = 0 and E[F 2] = σ2 > 0 , and let
N ∼ N (0, σ2) . Then

dW(F,N) ≤
√
2

σ
√
π
E
[∣∣σ2 − ⟨DF,−DL−1F ⟩F

∣∣] .
Lemma 28 Let r ∈ N, and let A(1)

1 , . . . , A
(1)
r ∈ (Rd)⊗q be symmetric tensors of order q such as the

ones specified in Section 3. Let x ∼ N (0, Id), and let Hk(x) denote the degree k Hermite tensor
of x. Define h(2) as in Section 3. Then, then there exists a constant Ck <∞, depending only on k,
such that:

W1

(
h(2), N

)
≤ Ck

1√
d
, (F.14)

where N ∼ N (E[h(2)],Var(h(2))).

Proof The proof is similar to Lemma A.1 in [58], but instead of using the multi-variate Gaussian
approximation Lemma, we use the one-dimensional version Theorem 27. We begin by computing
the Wiener expansion of h(2). We have:

h(2) =

d1∑
i=1

λi

(
Iq(A

(1)
i )2 − 1

)
=

d1∑
i=1

λi(Iq(Ai)
2 − ∥Ai∥2) +

d∑
i=1

λi(∥Ai∥2 − 1). (F.15)

By the product formula Theorem 12, and the fact that the first term is centered:

h(2) =

d1∑
i=1

λi

q−1∑
r=0

cq,rI2q−2r(Ai⊗̃rAi) +

d∑
i=1

λi(∥Ai∥2 − 1) (F.16)

=

q−1∑
r=0

I2q−2r(cq,r

d1∑
i=1

λiAi⊗̃rAi) +
d∑

i=1

λi(∥Ai∥2 − 1). (F.17)

From here, we have:

E
[
h(2)

]
=

d∑
i=1

λi(∥Ai∥2 − 1), andE
[
(h(2))2

]
=

q−1∑
r=0

c2q,r∥
d1∑
i=1

λiAi⊗̃rAi∥2F . (F.18)

Now, we want to apply Theorem 27. By centering, we have to control ⟨D ¯h(2), DL−1 ¯h(2)⟩, for
¯h(2) = h(2) − E[h(2)]. Denote Br =

∑d1
i=1 cq,rλiAi⊗̃rAi. By the linearity of the derivative:

⟨D ¯h(2), DL−1 ¯h(2)⟩ =
q−1∑

r,r′=0

⟨DI2q−2r(Br), DI2q−2r′(Br′)⟩, (F.19)
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and by applying Theorem 13:

⟨D ¯h(2), DL−1 ¯h(2)⟩ =
q−1∑

r,r′=0

2q−2max(r1,r2)∑
p=1

cq,r,r′,pI4q−2r−2r′−2p(Br⊗̃pBr′). (F.20)

Now, let

Ks =

q−1∑
r,r′=0

2q−2max(r1,r2)∑
p=1

cq,r,r′,p14q−2r−2r′−2p=sBr⊗̃pBr′ . (F.21)

Then:
⟨D ¯h(2), DL−1 ¯h(2)⟩ =

∑
s≥0

Is(Ks). (F.22)

Then, we have:

E
[(

Var(h(2))− ⟨Dh(2), DL−1h(2)⟩
)2]

=
∑
s≥1

∥Ks∥2F . (F.23)

Then to conclude, we need to show that this norms are negligible for large d. Let s ≥ 0. We have:

∥Ks∥2F = ∥
q−1∑

r,r′=0

2q−2max(r1,r2)∑
p=1

cq,r,r′,p14q−2r−2r′−2p=s∥Br⊗̃pBr′∥2F (F.24)

≤ C

q−1∑
r,r′=0

2q−2max(r1,r2)∑
p=1

14q−2r−2r′−2p=s

∥∥Br⊗̃pBr′
∥∥2
F
. (F.25)

Recall Br =
∑d1

i=1 cq,rλiAi⊗̃rAi. Denote T r
i = Ai⊗̃rAi. Then:

Br⊗̃pBr′ =
∑
i,j

λiλjT
r
i ⊗̃pT

r
j , (F.26)

and:

∥Ks∥2F ≤ C

q−1∑
r,r′=0

2q−2max(r1,r2)∑
p=1

14q−2r−2r′−2p=s

∑
i,j

|λi|2|λj |2∥T r
i ⊗̃pT

r
j ∥2F , (F.27)

so everything reduces to estimating the norms ∥T r
i ⊗̃pT

r
j ∥F .

Ignoring symmetrization, which only changes things up to constants, given a, b ∈ [d]q−r, we can
apply Theorem 35 for i = j and Theorem 36 for i ̸= j. From which we will obtain:

E
[
∥T r

i ⊗̃pT
r
j ∥2F

]
= O

(
1

d

)
∀i, j ∈ [d1] (F.28)

Since ∥T r
i ⊗̃pT

r
j ∥2F is a polynomial of Gaussians, we can use Theorem 4 to control its moments, and

applying Chebyshev we will get:

∥T r
i ⊗̃pT

r
j ∥2F ≲

1√
d
, (F.29)
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with high probability over A(1)
1 , . . . , A

(1)
d1

. Replacing in Equation (F.27):

∥Ks∥2F ≲
1√
d
C

q−1∑
r,r′=0

2q−2max(r1,r2)∑
p=1

14q−2r−2r′−2p=s

∑
i,j

|λi|2|λj |2. (F.30)

Note that, since γ < 1
2

∑
i,j

|λi|2|λj |2 = Z4
γ

(
d1∑
i=1

i−2α

)2

= Θd

(
d2(1−2α)

d4
(1−2α)

2

)
= Θd(1). (F.31)

From this, we can conclude:

∥Ks∥2F ≲
1√
d
∀s, (F.32)

with high probability. Finally, this allows us to conclude:

E
[(

Var(h(2))− ⟨Dh(2), DL−1h(2)⟩
)2]

= O

(
1√
d

)
, (F.33)

with high probability over A(1)
1 , . . . , A

(1)
d1

.

With this, conclude the following Corollary, stated as Theorem 22 in Section E.

Corollary 29 Let g : R→ R be a polynomial with information exponent 1. Assume γ < 1
2 . Then:

E[g(h(2))] =
1√
d

and E
[
g′(h(2))

]
= ν1 +

C√
d
, (F.34)

where ν1 is the first Hermite coefficient of g.

Proof [Sketch of the Proof] The idea of the proof is to approximate g be a Lipschitz function which
has bounded support and apply Theorem 28.

Lemma 30 (Lemma A.3 in [58]) Let A,B be independent tensors in (Rd)⊗k with i.i.d. entries
N (0, d−k) . Then for each s ∈ {1, . . . , k},

E∥A⊗s B∥2F = Θ(d−s).

While for the self-contractions, E∥A ⊗s A∥2F = Θ(d−s) for s ∈ {1, . . . , k − 1} and E∥A ⊗k

A∥2F = 1.
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Appendix G. Technical Lemmas

G.1. Cumulants

Definition 31 (Definition 8.2.1 in [49]) Let F = (F1, . . . , FN ) be an RN -valued random vec-
tor with Fi ∈ D1,2 for each i. Let l1, l2, . . . be a sequence taking values in the multi-index set
{e1, . . . , eN}. We set Γl1(F ) = F l1 = Fj , where j is such that l1 = ej . If the random variable
Γl1,...,lk(F ) is a well-defined element of L2(Ω) for some k ≥ 1, we set

Γl1,...,lk+1
(F ) = ⟨DF lk+1 ,−DL−1Γl1,...,lk(F )⟩H.

Lemma 32 (Theorem 8.2.5 in [49]) Let m = (m1, . . . ,md) ∈ Nd \ {0} be a multi-index. Write
m = l1 + . . . + l|m| where the multi-indices li ∈ {e1, . . . , ed} , i = 1, . . . , |m| , are unique in the

sense of Lemma 8.1.1. Suppose that the random vector F = (F1, . . . , Fd) is such that Fi ∈ D|m|,2|m|

for each i . Then

κm(F ) =
∑

σ∈S{2,...,|m|}

E
[
Γl1,lσ(2),...,lσ(|m|)(F )

]
.

Lemma 33 (Theorem 8.3.1 in [49]) Let m ∈ Nd \ {0} be a multi-index such that |m| ≥ 3 . Write
m = l1 + . . .+ l|m| with li ∈ {e1, . . . , ed} for each i (see Lemma 8.1.1). Consider an Rd -valued
random vector of the form

F = (F1, . . . , Fd) = (Iq1(f1), . . . , Iqd(fd)),

where each fi belongs to H⊙qi . When lk = ej , we set λk = j , so that F lk = Fλk
for all

k = 1, . . . , |m| . Then

κm(F ) =
∑

σ∈S{2,...,|m|}

(qλσ(|m|))!
∑
∗

cq,l,σ(r2, . . . , r|m|−1)

×⟨(. . . ((fλ1⊗̃r2fλσ(2))⊗̃r3fλσ(3)) . . .)⊗̃r|m|−1
fλσ(|m|−1); fλσ(|m|)⟩H⊗qλσ(|m|) ,

where the second sum
∑

∗ runs over all collections of integers r2, . . . , r|m|−1 such that:
(i) 1 ≤ ri ≤ qλσ(i) for all i = 2, . . . , |m| − 1 ;

(ii) r2 + . . .+ r|m|−1 =
qλ1+qλσ(2)+...+qλσ(|m|−1)−qλσ(|m|)

2 ;

(iii) r2 <
qλ1+qλσ(2)

2 , . . . , r2 + . . .+ r|m|−2 <
qλ1+qλσ(2)+...+qλσ(|m|−2)

2 ;
(iv) r2 ≤ qλ1 , r3 ≤ qλ1 + qλσ(2) − 2r2, . . . , r|m|−1 ≤ qλ1 + qλσ(2) + . . .+ qλσ(|m|−2) − 2r2 −

. . .− 2r|m|−2 ;
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G.2. Gaussian Tensors

Lemma 34 (Theorem 3.1.1 in [25]) For natural numbers n ≥ m, let {Xi}ni=1 be n inde-
pendent random variables with values in a measurable space (S, δ), and let {Xk

i }ni=1,
k = 1, . . . ,m, be m independent copies of this sequence. Let B be a separable Banach
space and, for each (i1, . . . , im) ∈ Imn , let hi1...im : Sm 7→ B be measurable functions such that
E
(
∥hi1...im(Xi1 , . . . , Xim)∥

)
<∞. Let Φ : [0,∞)→ [0,∞) be a convex non-decreasing function

such that EΦ
(
∥hi1...im(Xi1 , . . . , Xim)∥

)
<∞ for all (i1, . . . , im) ∈ Imn . Then,

EΦ
(∥∥∥∑

Imn

hi1...im(Xi1 , . . . , Xim)
∥∥∥) ≤ EΦ

(
Cm

∥∥∥∑
Imn

hi1...im(X
1
i1 , . . . , X

m
im)
∥∥∥).

Lemma 35 Let A ∈ (Rd)⊙q be a symmetric tensor with independent gaussian centered entries with
variance d−q. Let r, r′ ∈ [q − 1] ∪ {0}, and let p ∈ [2q − 2max(r1, r2)]. Then:

E
[
∥(A⊗r1 A)⊗r3 (A⊗r2 A)∥2

]
= O

(
1

d

)
.

Proof Let M = (r1+r2+r3), and N = 4q−2(r1+r2+r3) = 4q−2M . Let F : (Rd)⊗q → (Rd)⊗N

be defines by:

F (A)x =
∑
z∈RN

4∏
ℓ=1

AIℓ(x,z), (G.1)

where each Iℓ(x, z) ∈ [d]q is a q-tuple. Given a pair (x, z), let π(x, z) define a partition of set [4] by

a ∼π(x,z) b ⇐⇒ Ia(x, z) = Ib(x, z). (G.2)

Denote by π̂ the minimal partition, that is π̂ = {{1}, {2}, {3}, {4}}. In this partition, we have
I1(x, z) = I2(x, z) = I3(x, z) = I4(x, z). Let

F distinct(A) =
∑
z∈RN

1π(x,z)=π̂

4∏
ℓ=1

AIℓ(x,z), (G.3)

and let

F equal(A) = F (A)− F distinct(A) =
∑

z∈[d]N
1π(x,z)̸=π̂

4∏
ℓ=1

AIℓ(x,z). (G.4)

Let Φ(x) = ∥x∥2. Then we have:

ϕ(F (A)) ≤ Φ(F equal(A)) + ϕ(F distinct(A)) (G.5)

Since Φ is convex, we can apply Theorem 34 to obtain:

E
[
ϕ(F distinct(A))

]
≤ CE

[
ϕ(F distinct(A1, A2, A3, A4))

]
, (G.6)
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where Aℓ, ℓ ∈ [4] are independent copies of A. Then:

E
[
ϕ(F distinct(A,B,C,D))

]
=

∑
x∈[d]M

∑
z,z′∈[d]N

4∏
a=1

E
[
A

(a)
Ia(x,z)

A
(a)
Ia(x,z′)

]
(G.7)

=≲
1

d4q
dM+N =

1

dr1+r2+r3
. (G.8)

Since r3 > 0, this term is at most O(1d). We now move to F equal. Given ℓ, ℓ′ ∈ [4], define the sets:

Jab = {(x, z) : Iℓ(x, z) = Iℓ′(x, z)} , (G.9)

and
Jequal = {(x, z) : π(x, z) ̸= π̂} . (G.10)

Then, by definition of π̂:
Jequal ⊆

⋃
a<b

Jab. (G.11)

We claim that |Ja,b| ≤ CdM+N−1. To see this, note that a pair (x, z) has M + N degrees of
freedom (M from x ∈ [d]M , and N from z ∈ [d]N ). Moreover, denote by ma,b the number of shared
coordinates between Ia(x, z) and Ib(x, z). Then, we have M +N −ma,b degrees of freedom. Let’s
bound this quantity.

If we look at the function F as F (A1, A2, A3, A4), then we have that m1,2 = r1 and m3,4 = r2.
The final r3 contraction further identifies coordinates as a partition:

r3 = s13 + s14 + s23 + s24, (G.12)

where sab denotes the number of coordinates that are shared after the contraction r3. Since r3 > 1,
we have that one of this terms has to be at least 1.

Note that, since initially the different blocks of the r3 contraction were not sharing coordinates,
we have that m13 = s1,3, m1,4 = s1,4, m2,3 = s2,3 and m2,4 = s2,4. Since r1, r2 ∈ [q − 1] ∪ {0},
we have that max(m12,m23) ≤ q − 1. Moreover, a cross contraction sa,b cannot be more than the
indices that were already contracted in a or b, so

sa,b ≤ q −min(r1, r2) ≤ q − 1. (G.13)

Then we have that ma,b ≤ q − 1 for all a, b ∈ [4], and consequently, q −ma,b ≥ 1, and therefore,
we cannot have more that N +M − 1 degrees of freedom, which by definition is at most 4q − 1
degrees of freedom. As a consequence, |Ja,b| ≤ CdM+N−1.

With this, we can finally bound ∥F equal∥2. We have:

E
[
∥F equal∥2

]
=

∑
x∈[d]M

∑
z,z∈[d]N

1π(x,z)̸=π̂E

[
4∏

ℓ=1

AIℓ(x,z)

4∏
ℓ=1

AIℓ(x,z′)

]
(G.14)

≤ 1

d4q
|Jequal| (G.15)

≤ 1

d4q

∑
a<b,a,b∈[4]

|Ja,b|, (G.16)
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but as we just saw, |Ja,b| ≤ dM+N−1, so we conclude:

EE
[
∥F equal∥2

]
≤ C

d
, (G.17)

and we conclude the proof.

Lemma 36 Let A,B ∈ (Rd)⊙q be two distinct symmetric tensors with independent gaussian
centered entries with variance d−q. Let r, r′ ∈ [q− 1]∪{0}, and let p ∈ [2q− 2max(r1, r2)]. Then:

E
[
∥(A⊗r1 A)⊗r3 (A⊗r2 A)∥2

]
= O

(
1

d

)
.

Proof The proof is analogous to one of Theorem 35.
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