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Abstract— The tensor recurrent model is a family of nonlinear
dynamical systems, of which the recurrence relation consists of
a p-fold (called degree-p) tensor product. Despite such models
frequently appearing in advanced recurrent neural networks
(RNNs), to this date, there are limited studies on their long
memory properties and stability in sequence tasks. In this article,
we propose a fractional tensor recurrent model, where the tensor
degree p is extended from the discrete domain to the continuous
domain, so it is effectively learnable from various datasets.
Theoretically, we prove that a large degree p is essential to
achieve the long memory effect in a tensor recurrent model, yet
it could lead to unstable dynamical behaviors. Hence, our new
model, named fractional tensor recurrent unit (fTRU), is expected
to seek the saddle point between long memory property and
model stability during the training. We experimentally show that
the proposed model achieves competitive performance with a
long memory and stable manners in several forecasting tasks
compared to various advanced RNNs.

Index Terms— Long memory, model stability, recurrent unit,
tensor degree.

I. INTRODUCTION

ECURRENT neural networks (RNNs) have been popu-

larly used for tasks arising in domains such as time-series
analysis and natural language processing. They are powerful
because the recurrent dynamics of the hidden states allow the
models to remember past information. In the standard RNNs,
the transition function of the hidden states obeys an affine
transform following an element-wise activation function, and
it is known that the vanilla RNN has an inherent difficulty in
learning the long-range dependence of the data. As alterna-
tives, a family of RNN variants is proposed, where the affine
transition is modified to be higher-degree polynomials [1], [2].
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Rich numerical results in existing works demonstrate that
the RNNs equipped with polynomial transitions are more
expressive than their vanilla counterparts [3], [4].

However, those polynomial-induced variants fail to become
mainstream models in sequence tasks. The cause is
mainly twofold: theoretically, it remains unclear why the
higher-degree models outperform their linear counterparts;
empirically, an “over-large” degree would make the model
computationally unstable in both the training and inference
phases. More problematically, the model size would grow
exponentially when the degree increases. Although it can be
alleviated by tensor decomposition (TD) [5], the selection of
the degree parameters is still challenging due to the expen-
sively exhaustive search [3].

As a consequence, the state-of-the-art raises some critical
unresolved questions. How does the model degree affect the
dynamical behavior of the model, such as memory perfor-
mance and stability? Is it possible to learn the optimal degree
from the data in practice to avoid the exhaustive search? This
work aims to shed light on both two questions through theo-
retical and empirical investigations. The main contributions of
this article are summarized as follows.

1) We propose the unified expression of the aforementioned
variants of recurrent models named fractional tensor
recurrent unit (fTRU), where the degree-p polynomial is
reformulated in the fractional domain as a p-fold tensor
product of the hidden states multiplication by a weight
tensor. The fractional degree-p is learnable during the
training of the recurrent model in our design.

2) Theoretically, we prove that a large-degree p is an
essential condition to achieve the long memory effect,
yet it could lead to unstable dynamical behaviors. The
proposed learnable fractional degree is supposed to
find the saddle point between long memory and model
stability.

3) Hence, our proposed fTRU can provide competitive
performance in the recurring tasks compared with other
tensor models under static degrees. Various sequence
simulations and forecasting experiments are carried out
to illustrate both the higher accuracy and stability of the
proposed method.

A. Related Works

The earliest study of RNNs with polynomial transition dates
back to literature [6]. Later, similar architectures are employed
in various machine-learning tasks [1], [7], [8]. On the practical
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side, the polynomials are also applied to constructing the cor-
relation among time steps in multimodal tasks [9]. Compared
to those works, our work is the first to investigate the memory
property of the model theoretically. The proposed method has
the capability of learning the optimal degree parameters from
datasets, while in previous works, those parameters are fixed
as tuning parameters.

Based on the former work on RNNs, many tensor-based
methods have been proposed, mainly including three lines.
One line of work is the extension of the polynomial RNNs
to higher-degree ones. In the existing works, the closest one
to ours is higher-order tensor RNN (HOTRNN) [3], and a
similar idea is extended in recent works on convolutional
long short-term memory (LSTM) [4]. Compared to those
methods, we mainly focus on the issues of how the “tensor
order” (i.e., the “degree” mentioned in this article) influences
the performance of RNNs and how to obtain the optimal
tensor order in a more efficient manner, rather than by the
exhaustive search. The second line is to apply TD to com-
pressing RNNs [5], [10]. Unlike ours, they still model the
transition function as a “linear” transform, yet reshaping the
weights into high-order tensors. The third line of work is to
use the tensor networks to analyze the expressive power of
RNNs [11]. In contrast, our work pays more effort to the
memory property focusing on the impact of the “tensor-order”
rather than different decomposition models.

Many former works have been proposed on the long mem-
ory property of RNNs [12]. In this work, the theoretical aspect
is partially inspired by recent studies from the stochastic and
stability perspective [13], [14]. Compared to those works,
we focus on more specific nonlinear dynamics of the transition
and analyze how the model degree influences the memory
property.

The study of multivariate fractional polynomial fitting
originates in statistics [15] and is also discussed in the deep-
learning community [16]. Our former work [17] is connected
to these works but focuses on the memory mechanism. Most
recently, we also extended a similar idea into a more general
form named fractional tensor network [18], which focuses on
different tensor structures and feedforward learning models.
In this work, our attention mainly concentrates on fTRU’s
performance and its stable manners with comprehensive
analysis.

B. Structure of This Article

In the following sections, we first explain the related prelim-
inaries, including recurrent network process (RNP) and tensor
recurrent unit (TRU); second, address TRU’s memory mecha-
nism from the different perspectives; third, propose a fractional
degree-learnable approach; finally, conduct experiments for
further comparison and analysis.

II. PRELIMINARIES

In this section, we first present basic notations of tensor
algebra. After that, we review the definition of long memory
in statistics using the terms from RNP [13]. Last, we introduce
the TRU.
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We define a tensor as a multidimensional array of real
numbers. To distinguish from the notion of “order” in time-
series analysis, we use the term degree of a tensor to denote the
number of indices. In the rest of the article, we use italic letters
to denote scalars, for example, n, N € R, and use boldface
letters to denote vectors and matrices, for example, h,y € R”
and W € R"*". For higher-degree tensors, we denote them
by calligraphic letters, for example, A, B € RI*/2xxli
Sometimes, we also use calligraphic letters to represent vectors
or matrices without ambiguity. The symmetry of a tensor is
defined as the invariability under arbitrarily reshuffling a sub-
collection of the tensor’s indices, and the index-shift operation
of a tensor is defined as rotating permuting the indices of
a tensor in counterclockwise order. Examples of “symmetry”
and “index-shifting” are given in the supplementary material.
For an integer k, we use [k] to denote the set of integers from 1
to k. For a real number x, we use |x| and sgn(x) to denote its
absolute value and sign, respectively. If x € R and y € RY,
we use (x,y) € R (I, = I, in this case) and x ® y € R/
to, respectively, denote the inner and tensor product between
vectors, and their straightforward extension to matrices and
tensors. Moreover, we use x®” € RY to denote the degree-p
tensor power, which represents the p-fold tensor product of x
with itself. For a degree-q tensor G € R™ and a vector
x € R", we use G X; X,i € [¢] to denote the tensor-vector
product along the ith index. The spectral norm of a tensor
G e RI**ls is denoted by ||G||», which is defined as

Gl = sup |G x1w x2 - xquy],
u;eR’iie[q]
st flwila =1 Vi (1)

where ||u; ||, Vi denote the Euclidean norm of u; € R”.

A. Recurrent Network Process

The notion of RNP (2) is established to analyze the memory
mechanism of RNNs. Specifically, assume a typical RNN that
receives input {x”}, outputs {y®’}, and updates its hidden
states {h}, where y» € R/ and h” e R™, then its RNP
is defined as a homogeneous Markov chain with a transition

function M
(1) -1 e®
(t) =) + () @

where {¢("} represents a sequence of independent and iden-
tically distributed (i.i.d.) random vectors. Equation (2) can
be used to describe various RNNs like the vanilla RNN and
LSTM without exogenous inputs. The term short or long
memory of the stochastic process generated by (2) is roughly
defined as below. More precise definition is given in [13]
and [19].

Definition 1 (Memory of RNPs, Roughly): The process
(s = (yT h®T)T e R*™} generated by (2) has short
memory if its autocovariance function is summable. Other-
wise, the process has a long memory.

The relationship between the memory property and the
operator norm of the transition function M is revealed below.
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Assumption 1: 1) The joint density function of &(¢) is
continuous and positive everywhere; 2) for some x > 2,
Ele® 5 < oo.

Theorem 1 (Given by [13]): Under Assumption 1, if there
exist real numbers 0 < a < 1 and b such that |[M(x)|, <
al|x||» + b, then the RNP (2) has short memory.

Definition 1 and Theorem 1 will be used in Section III-A
to model and analyze the memory property of TRU. We use
them to bridge the gap from the memory property to the tensor
power operation.

B. Tensor Recurrent Unit

A degree-p TRU, with its input x® € R’ and hidden state
h® ¢ R™ at the time step ¢ is defined as follows':
<O

x®
h(f) =g X1 (h(t—l)) Xp e X, (h([_l))
X \®7P
=G (h(z1)) (3)

where G € R""*" n = [ + m denotes a degree-(p + 1) tensor,
which is partially symmetric involving the first p indices.
The symbol - is used as a simplified representation of the
sequential tensor—vector multiplication in (3). In this case,
the current state h is updated by a system of degree-p
homogeneous polynomials of the concatenation of inputs and
the historic values of the states. Its more general extensions
that include inhomogeneous terms can be trivially obtained
by padding additional constant values along x). Although
activation functions such as “tanh” or “ReLU” are popularly
used in the model, in this work, we consider the case that
the activation functions are ignored to simplify the theoretical
results. We claim that in practical tasks the nontrivial tensor
power operation has the capability of providing sufficient
nonlinearity to the model.

The model (3) would degenerate into the most common
linear form when p = 1. Under the setting of p = 2,
(3) can fully describe the dynamics of models in [1] and [20].
For the higher-degree case, (3) is strongly related to various
tensor recurrent models [3], [4]. It is worth noting that in
those methods, the non-Markovian model is also applied
by considering longer historic hidden states in the recurrent
process. Our empirical results show that additional historic
states are not necessary for the long memory property.

ITII. MEMORY OF TRU

In this section, we theoretically investigate the memory
mechanism of TRU, that is, (3) from both stochastic and
stability perspectives and focus on proving how the degree
determines the memory property of the model. Note that, in the
theoretical analysis, we do not apply TD to the weights, which
is different from the works [3], [4]. TD will be exploited in
Section IV to develop a degree-learnable model. The proofs
can be found in the supplementary material.

A. Perspective From RNPs

Assume that the output of TRU is also obtained by the
similar degree-p tensor power form to (3) and there is no

"Here, the bias term is omitted for brevity.

exogenous input, that is, X’ =y~ then (2) can be specified
as

SO = M x;8%D xy - x, 507D 4 e®

= M- (s“)® 4e” Vi (4)

where s = (yO T hONHT e R p =1 4+m M €
R"""” denotes a degree-(p + 1) tensor with a symmetric
structure involving the first p indices, and e® := (¢'T 0)T.
We refer to the stochastic process generated by the model (4)
as tensor RNP (T-RNP). Below, we investigate how the degree
p influences the memory of T-RNP under Definition 1. First,
we show that T-RNP has short memory if the spectral norm
of M is upper-bounded.

Lemma 1: Under Assumption 1, the T-RNP (4) has short
memory under Definition 1 if the spectral norm of the tensor
M obeys M|, < 1.

Lemma 1 is a natural corollary from Theorem 1. It is
implied from the claim that T-RNP has the short memory
property if the spectral norm of the tensor M is sufficiently
small. As pointed out in [13], the condition is often satisfied
in practice when p = 1 (i.e., the linear RNN) because the
entries of M are practically bounded away from one. However,
can we expect that the short memory of T-RNP (4) would
be preserved if increasing the degree parameter p > 12 To
answer the question, we specify that the entries of M obey
the sub-Gaussian distribution.

Assumption 2 (Sub-Gaussian and Decoupling): The tensor
M is obtained by the average over all p first-p-indices-
shifted variants of a tensor A € R”("H), of which each
entries A;, j,..i,,, is independent, zero-mean, and satisfies
E(etAiljz,...,ilH,l) < 60212/2.

It is easily known that the averaged tensor M is symmetric
involving the first p indices. Moreover, since the sub-Gaussian
distribution generates samples concentrating around zero with
few outliers, the assumption is empirically reasonable as
aforementioned. Next, we theoretically reveal how the degree
impacts the model’s memory property. Suppose that our
T-RNP satisfies Assumptions 1 and 2, then we show below that
the long memory requires a high model degree. Specifically,
we have the following theorem.

Theorem 2 (Long Memory Requires a High Model Degree):
Under Assumptions 1 and 2, with high probability, that is,
at least 1 — 8, if T-RNP (4) has the long memory under
Definition 1, then the following inequality obeys:

¢ C
pz%(l-i- 1+—1——2)—1 )

where py = log(3/2), C; = 1/(2log(3/2)) and C, = 4
log(2/6 — 3/2). More details and proof can be found in the
Appendix.

The inequality (5) is obtained using Lemma 2 and the results
on the nonasymptotic bound of tensor spectral norm given
by [21]. We can see that the degree p is controlled by both
the dimension of the model and the distribution of M. Fixing
the dimension 7, a smaller value of o2 leads to a larger value
of the degree p for the long memory.
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Fig. 1. Tllustration to the bound given in Theorem 2, in which § = e~%.

Theorem 2 shows that the long memory property of TRU
requires a sufficiently large degree parameter p, otherwise
the model only has a short memory. In Fig. 1, we visualize
the curve of the bound given in Theorem 2 under different
o and hidden state dimensions. As shown, to obtain the
long memory property, the TRU requires a higher degree of
decreasing the variance o2. As discussed, the weights of a
well-trained RNN are generally far away from 1. In this case,
the variance o> would be quite small under the empirical
assumption. It implies that a high model degree is necessary to
obtain a long memory. On the other side, we can see that the
bound decreases when increasing the dimension of the hidden
state. It is because the spectral norm of the weight tensor
becomes more easily larger than 1 if fixing the distribution
yet increasing the dimension. This fact partially reflects why
a tensor recurrent model with higher order hidden states
can “remember” more information from data, yielding lower
training loss.

Intuitively, the model with a higher degree would result in
an unbounded nonlinear transition function. In this case, the
transition plays a role like an “amplifier,” such that at each
time step, both the hidden state and input would be amplified
by the degree p. As a result, it would become uneasy for the
network to “forget” the information a long time ago, that is,
the long memory effect.

B. Perspective From Stability Analysis

The long memory effect does not guarantee that the recur-
rent model is trainable. Therefore, it is important to state
whether an unstable behavior would happen in TRU. In par-
ticular, how does the model degree affect the stability of the
model?

Recall (3). To answer the question, we define its stability
following the one given in [14] for an arbitrary recurrent
model.

Definition 2 (Stability of TRU): The model (3) is stable if
there exist some A < 1 such that, for any states h, h’, and

input x Hg.((l’i)w ) (ff/)w)

n-wl,  ©
2
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As shown in Definition. 2, TRU is stable if (3) is
A-Lipschitz with A < 1. Hence, we next prove that the TRU
is not Lipschitz continuous for p > 1. Before the main claim,
we first give a general form of the Jacobian of (3).

Lemma 2 (Jacobian of the Model): For any tensor G €
R**m of degree-(p + 1), p > 0, the Jacobian matrix
(0h®)/(@h"—D) with respect to (3) is equal to

J (R x0)

oh® P x@ Qp/{k} 0,
(e () ) ()

where 0, € R/ denotes a matrix filled by zeros, I, €
R™*™ is an identity matrix, and the operator (-)®?/%} denotes
the sequential “tensor—vector” product along the indices in
the ordered set [p]/{k}. If G is symmetric among the first
p indices, then (7) can be simplified as

b x® \®P~D 0
J, (h(z l); x( )) = p(g . (h(tl)) X pt1 (Ini) ()

As shown in Lemma 2, the Jacobian is a constant matrix
when p = 1. It implies that a linear recurrent model is stable
if the spectral norm of G is sufficiently small. In this case,
the model has the short memory as Lemma 1. Next, we give
the main claim by proving that the Jacobian (7) would be
unbounded, which implies the high-degree TRU would be in
an unstable regime.

Theorem 3 (High Degree Models Lead to Unstable
Behaviors): Given a tensor G with the symmetric structure
involving the first p indices, assume that G has nonzero sub-
blocks with respect to U = (0/L,) ", that is, |G - U®” ||, # 0.
For any positive number K > 0 and p > 1, there always
exist a pair of vectors h € R™ and x € R/, such that
|Js(h; x)||l, > K, that is, the model (3) is unstable under
Definition 2.

Theorem 3 implies that the TRU (3) is non-Lipschtiz-
continuous when p > 1. In this case, the model would
stay in the unstable regime according to Definition 2. It is
known that the gradients of the loss function explode in
unstable models [22]. Therefore, Theorem 3 partially reveals
the insight into why most (high-degree) tensor models are
practically difficult to train, even in the deep feedforward
neural networks [4].

C. Discussion

The aforementioned results show a desperate picture: it
seems difficult for the model to obtain the long memory effect
meanwhile operating in a stable regime. To infer its causes,
we conjecture that the culprit is the discrete essence of the
degree parameter p. For instance, p = 1 (i.e., the linear
form) provides the model superior stability with short memory;
however, the p = 2,3, ... cases will result in unstable states
and a potential long memory. It inspires us to seek the “edge”
of such phase transition from the middle of integers (even
less than one). As a consequence, we could benefit from both
stability and long-term memory in practice. However, it is
nontrivial to achieve the goal because the degree-p tensor
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power is defined as the multiple folds of tensor products.
To tackle the issue, in Section IV, we reformulate the weight
tensor G in (3) using the well-known TD, which allows us
to extend the feasible domain of p from the intrinsically
discrete to a continuous domain. The extension gives the
model the capability of spontaneously learning the optimal
degree parameter with respect to the loss function.

IV. DEGREE-LEARNABLE APPROACH

Below, we show how to extend the degree parame-
ter to a continuous domain and empirically introduce a
degree-learnable approach for the corresponding RNNs.

A. Model Description
Recall (3) yet adding the bias term for the empirical purpose

0 \®P
h =g. (h)((’l)) +b (9)

where b € R™. Thus, the jth entry of the hidden state h®,
written h”[j], satisfies

h[j] = <gj’ (h)((z(i)l))®p> +b[/]

where G; € R" denotes the subblock of G by fixing the last
index to equal j. Moreover, we know the tensor G; is super-
symmetric [23]. In this form, the parameter p is only defined
in the range of nonnegative integers, that is, p € Z". Next,
we apply symmetric TD [24] to decomposing the tensor G;
into factors, a.k.a., latent components [23]. As a result, (10)
can be represented as

hO[j] = ZR:<WJJ’ (h)é(i)w)y +b[/]

r=1

(10)

(1)

where w; , € R" denotes the rth factor of G; and R > 0 corre-
sponds to the symmetric tensor rank. The work in [25] shows
that the decomposition always exists for any symmetric tensor
G, if the rank R is sufficiently large, implying the equivalence
between (10) and (11). Apart from the equivalence, we can
also see that the parameter p is converted into a vanilla
exponent, which is defined explicitly on not Z* but the real
field R. Tt allows us to naturally extend the TRU to the
“real” degree. However, given a noninteger p, note that the
exponential term in (11) is defined only when the base (i.e.,
the inner product term) is positive. Therefore, we heuristically
extract the sign of the base from the exponential function, that

is,
x®
Wirs \ pe-b

x®
h¢-D
define an element-wise nonlinear function ¢,(-):R" — R™,
of which each element ¢,(s) is given by

¢p(s) = sgn(s) - |s|”

P

+b[j] (12

R
WLl =2 a;
r=1

where a;, = sgnl{w;,, . Given any p € R,

13)

then, we finally have the extension of TRU, called fTRU,
by concatenating (12) over all possible j € [m], that is,

R
h(r) = Z¢p (Whh,rh(t_l) + whx,rx(t)) + b

r=1

where Wy, , € R™ and W, , € R"™* are the weights,
where the jth row of their concatenation corresponds to the
vector w;, in (12).

It can be seen that the transition of the hidden states
in (14) results in a multibranch neural network following
the activation function ¢,, and the number of branches is
determined by the maximum of the symmetric tensor rank
of G;,Vjelll

We can see that the degree-induced function ¢, can provide
sufficient nonlinearity (when p # 1) to the learning model
even if the standard “activations” are omitted. Moreover, recent
work [13] shows that any saturated continuous activation
functions like “tanh” and “sigmoid” lead to short memory of
the model. Unlike them, the function ¢, is unbounded if p #
0, and its curvature is controllable in terms of the parameter
p. Therefore, the model (14) can also be considered as an
activation-learnable recurrent model, but which is expected to
have the long-memory effect.

(14)

B. Application in RNNs

The model (14) can be directly employed to replace the
original recurrent model in both vanilla RNN and LSTM. For
the latter, we suggest a similar way as [3], that is,

R
[i(t)’ g(t)v f(r)v O(f)] = Z ¢p (Whh,rh(f_l) + th,rx(l)) + b
r=1

¢ = =D o 0,

where o denotes the Hadamard product. In addition, the trick
by considering more historic states as [3] can be trivially
applied to the model (14).

Besides the hidden states, we suggest two methods for
learning the degree parameter p in the training phase. The
most vanilla way is to consider p as a trainable variable. Since
its feasible range becomes the whole real field R, p can be
efficiently trained by stochastic gradient descent (SGD) and
its variants. The second way is to learn the parameter p by a
subnetwork, that is,

p = MLP(p"~D, h¢=D, x®)

h® = ¢ 5 o (15)

(16)

where MLP(-) denotes a multilayer perceptron (MLP) and p*)
is the degree parameter at time step ¢. Unlike the first method,
the subnetwork gives the model a variety of degree parameters
at different time steps. From the empirical perspective, it is
reasonable because the model would have an “attention-like”
mechanism to selectively remember more important informa-
tion from the data.

V. EXPERIMENTS

In this section, we numerically show that the proposed
fTRU model (14) can achieve superior performance on var-
ious time-series forecasting tasks in a stable manner. The

Authorized licensed use limited to: Xi'an Jiaotong-Liverpool University. Downloaded on September 25,2024 at 07:52:25 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

performance of different recurrent units in both single-cell and
sequence-to-sequence (seq2seq) [26] structures are illustrated
for comparison. After that, we discussed the influence of
model structure on expressive ability, including tensor ranks,
and used historical states. How degree p gets learned will be
illustrated after that. Then we compare various tensor-based
methods to demonstrate that the model stability can benefit
from fTRU.

A. Performance Comparison

We compare fTRU with other recurrent units in both
single-cell and seq2seq structures. To implement the first-stage
simple experiment, we use single-cell recurrent network archi-
tecture and compare the models by employing them in
an RNN framework, where the same datasets in [13] are
used to demonstrate the effectiveness of the model, includ-
ing “ARFIMA” [13], “Dow Jones Industrial Average (DJI),”
“Traffic,>” and “tree-ring (Tree).>” ARFIMA is generated as
a series of length 4001 using the model (1 — 0.7B + 0.4B?)
(1 — B)**Y, = (1 — 0.2B)g; with obvious long memory
effect. DJI contains the daily closing prices from 2000 to
2019 obtained from Yahoo Finance. Traffic contains the hourly
Interstate 94 Westbound traffic volume for MN DoT ATR
station 301, roughly obtained from the MN Department of
Transportation. The tree contains 4351 tree ring measures
of pine from India Garden, Nevada Gt Basin obtained from
R package tsdl. Zhao et al.’s [13] work has shown that the
four datasets have strong long-range dependence, that is, the
long memory property. In the experiment, we perform one-step
rolling forecasts on the test sets.

In the single-cell model, we use a two-layer MLP of the
hidden dimension equal to 3 to calculate the degree parameter
p and fix the tensor rank R in (14) to 1. Moreover, we also
apply the trick mentioned in [3] by taking more historical
states (one step more or none) into account, and the model is
selected by choosing the one with the best performance on the
validation set. The selection of tensor rank, historical states,
and MLP layers will be discussed later. In the training phase,
we apply the mean square error (MSE) as the loss function and
employ the Adam algorithm with the learning rate equaling
0.01 for optimization, which stops after 1000 epochs. For com-
parison, we also report the performance of the various RNN
models given in [13], which includes the vanilla RNN (RNN),
two-lane RNN with the past 100 values as input (RNN2),
recurrent weighted average network (RWA), MlIxed hiSTory
RNNs (MIST), memory-augmented RNN (MRNN), vanilla
LSTM (LSTM), and memory-augmented LSTM (MLSTM).
The recurrence architectures of selected models are illustrated
in Table I. Persistence [27] as a classic statistic method is also
included. All the experiments are run independently 50 times
except persistence, as it will not be disturbed by random
factors such as parameter initialization, where both the mean
value and the standard deviation (std.) of the root-mean-square
error (RMSE) on the test sets are illustrated.

Zhttps://archive.ics.uci.edu/ml/datasets/Metro+Interstate+Traffic+Volume
3https://pkg.yangzhuoranyang.com/tsdl/

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS

TABLE I
RECURRENCE EQUATIONS OF THE SELECTED MODELS

Update equation

RNN h® = Wh(¢-D f wx® +b
Sl @ (D) e nG )
RWA h® = f(==t St o) nGT)
‘_
MIST [a®, ) = Wh(™V + wx® 1+ b
h(® = a(W(r®) + Wx® Y7 ayih,_yi +b)
MRNN m® = o(Wm® D + WF(x®, d) + b)
FTRU h® — Zf:1 d)p(Wh(t—l) + Wx(t)) +b

TABLE I

PERFORMANCE COMPARISON IN TERMS OF RMSE UNDER SINGLE-CELL
STRUCTURE, WHERE THE AVERAGE AND STANDARD DEVIATION
(IN BRACKETS) ARE REPORTED, AND THE BEST
RESULTS ARE HIGHLIGHTED IN BOLD

ARFIMA  DIJI(x100) Traffic Tree
persisionce 1914 0328 37898 0345
(-) (-) (-) (-)
RN 11620 02605 33644 02871
0.1980)  (0.0171)  (10.401)  (0.0086)
RN 11630 02521 33632 02855
0.1820)  (0.0112)  (10.182)  (0.0077)
RWA 16840 02689 34662 03048
0.0050)  (0.0095)  (1410)  (0.0001)
MIST 11390 02604 35809 02883
0.1832)  (0.0154)  (16270) (0.0091)
10880 02487 33372 02818
MRNN 0.1140)  (0.0105)  (10.157) (0.0053)
LST™ 11340 02492 33760 02833
0.1200)  (0.0128)  (8.146)  (0.0070)
11490 02531 33783  0.2859
MLSTM  61660)  (0.0130)  (9.440)  (0.0083)
Ours 1.0691 02672 32922 0.2799
0.0245)  (0.0526)  (3.3713)  (0.0023)

The RMSE performance of those models is shown in
Table II. We can see that our model (14) outperforms other
models on “ARFIMA,” “Traffic,” and “Tree,” and remains
competitive on “DJI.” Apart from the mean value, we can also
see that our model demonstrates a smaller standard deviation
than its counterparts, such as MRNN and MLSTM. Although
RWA shows the smallest standard deviation in the experiment,
its average performance is not comparable to ours. Moreover,
Fig. 2 shows the average training time per epoch under various
training sizes. Our model is twice as slow as the vanilla
RNN yet ten times faster than MRNN, which has the closest
performance to ours.

Next, we evaluate the effectiveness of our model in a deeper
architecture, that is, sequence-to-sequence (seq2seq), on the
forecasting task. We consider one synthetic dataset and two
real-word datasets similar to [3], including “Genz” [3], “Traffic
of Los Angeles County (TrafficLA),*” and “Solar.>” Genz
functions are taken as the basic expression of higher-order
functions without noise. We generate 1000 sequences at
random initial points. TrafficLA provided by the California

“http://pems.dot.ca.gov
Shttps://www.nrel.gov/grid/solar-power-data.html
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Fig. 2. Training time per epoch with various lengths of the training sets on

(a) ARFIMA and (b) Traffic.

TABLE III

BEST RMSE PERFORMANCE OF SEQ2SEQ MODELS ON THE TEST SETS,
AND THE BEST RESULTS ARE HIGHLIGHTED IN BOLD

Genz TrafficLA Solar
Persistence 0.0832 0.3010 0.2820
RNN 0.0172 0.0874 0.1273
MIRNN 0.0073 0.0860 0.1174
nnRNN 0.0148 0.0857 0.0977
LSTM 0.0085 0.0900 0.0947
HOTLSTM 0.0074 0.0851 0.0933
Ours (Vanilla)  0.0061 0.0853 0.0933
Ours (Sub-net)  0.0058 0.0828 0.0926

Department of Transportation contains the speed readings
collected by 325 speed sensors. Solar provided by NREL
contains data points for 137 synthetic solar photovoltaic power
plants in Alabama State. Unlike the one-step rolling forecast in
the single-cell experiment, here we use partial observation to
predict the rest of the time series, that is, relatively long-term
prediction.

We follow a similar setup to the experiments given in [3].
In our model, we modify the LSTM cells in the seq2seq
network as (15) and learn the degree parameters through
both trainable variables (Vanilla) and subnetworks (Sub-net)
as mentioned in Section IV-B. We also use MSE as the loss
function and rms-prop as the optimizer to train the models.
For comparison, seq2seq models with both RNN and LSTM
are employed in the experiment. Multiplicative integrated
RNN (MIRNN) proposed by [20] is included as an improved
version of RNN. Various studies focus on enhancing the
long-term memory of RNNs [28], [29], hence we introduce
nonnormal RNN (nnRNN) from [29] into the experiment.
We also compare the performance of our model with the
high-order tensor LSTM (HOTLSTM) [3], which is the most
related tensor method to ours. The hyperparameters of the
above learning models are chosen by grid search. The values
with the best performance on the validation set are selected.
The search range and more details are described in Supplement
of Section 3.C. The classic persistence method is also included
for comparison.

Table III shows the best RMSE performance of those models
on the three datasets. In our models, “vanilla” refers to direct
learning with the degree parameters as trainable variables,
and “Sub-net” means the degree parameters are learned by
subnetworks. We can see that our models outperform not

‘ RNN —&— LSTM —E— HOTLSTM —— Ours (Vanilla) —E&— Ours (Sub-net)
75

70
65
60
§ 55
=50
2-45
40
X 35 Ground-truth
0 30
0 500 1000 1500 0 4 8 12 16 20
Training step Time
(a) (b)

Fig. 3. (a) Validation dynamics on “Genz” during training and (b) visual-
ization of the prediction on “TrafficLA.”

TABLE IV

COMPUTATIONAL COMPLEXITY RECORDS (ROUNDING TO 100)
OF THE BEST-PERFORMED SEQ2SEQ MODELS

Time (s)

Size | Genz TrafficLA  Solar
RNN 700 100 800 600
MIRNN 900 200 1600 800
nnRNN 1400 | 200 1800 1700
LSTM 3300 | 500 3700 2600
HOTLSTM 2600 | 400 2500 2000
Ours (Vanilla) 2400 | 300 2400 2000
Ours (Sub-net) 2900 | 300 2600 1900

only the conventional RNN, LSTM, MIRNN, and nnRNN,
but also the more advanced tensor-based model HOTLSTM.
We also show the dynamics of validation loss on “Genz” and
the prediction visualization on “TrafficLA” in Fig. 3. We can
see that our model (Sub-nets, the black line) consistently
obtains the superior validation loss while growing the training
steps, and the prediction results visually demonstrate the
effectiveness of our model.

Computational complexity is an essential aspect of perfor-
mance to evaluate the learning efficiency of deep-learning
models. We record the computational complexity including
model sizes and training times of each seq2seq learning
method with details in Table IV. The training time is calculated
by the average training seconds at a Tesla V100-PCIE-32 GB
GPU in all runs. It is worth mentioning that to avoid wasting
computational resources and overfitting, we use both the max-
imum training epoch and the early termination mechanism.
This means that the model automatically stops training and
starts evaluation once it reaches the upper limit of the training
epoch or the loss does not decrease within the given steps.
Hence, the training time of different models is not exactly
proportional to the model size, as their training process can be
accomplished with different epochs. Based on the complexity
statistics, the performance of our proposed model is also
comparable.

B. Model Architecture

The selection of fTRU’s inner structure is discussed here,
including tensor rank, used historical states, and MLP lay-
ers. Table V shows the results of our single-cell model
on “ARFIMA” with various tensor rank R. We can see a
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TABLE V

PERFORMANCE OF OUR SINGLE-CELL MODEL
ON “ARFIMA” UNDER THE VARIOUS RANKS

RMSE Training loss
mean std. mean std. kurtosis
R=5 1.0851 0.0270 0.0078 0.0003  2.0620
R=10 1.0963 0.0261 0.0079 0.0003 2.6152
R=30 1.1057 0.0315 0.0081 0.0004 3.2933
R=50 1.1103 0.0316 0.0081 0.0004 3.6301
TABLE VI

TEST RMSE OF THE PROPOSED SINGLE-CELL MODEL
ON DATASETS “ARFIMA” AND “TREE”

ARFIMA Tree
mean std. mean std.
Dy =1 1.0828 0.0353 0.2799 0.0023
Dy, = 1.0691 0.0245 0.2803 0.0021
Dy =3 1.0741 0.0388 0.2805 0.0022
Dy =5 1.0743 0.0348 0.2803 0.0021
Dy =10 1.0835 0.0357 0.2814 0.0018

counter-intuitive phenomenon that a larger tensor rank would
neither improve (even degrade) the prediction accuracy nor
decrease the training loss. Similar results have also been
reported in tensor literature [9]. It implies that the rank would
not be a key factor to determine the approximation capacity
of the model.® Additionally, it is worth noting that, while
increasing the rank, although all the averages of loss are almost
unchanged, the kurtosis (a concentration measurement of the
distribution) significantly increases. We infer that the model
with large ranks generally has a more flat landscape in the
training phase, that is, the loss is less nonconvex, such that
gradient-based optimizers less influence the well-trained loss
values with different initialization. This result is empirically
consistent with a recent study on the landscape of multibranch
feedforward neural networks [30].

Table VI shows the test RMSE of our single-cell model
on “ARFIMA” and “Tree” armed with the various numbers
of historical states as [3], where D;, = 1 denotes only the
current hidden state is used. It can be seen that the additional
states can improve the prediction accuracy. We also infer that
more historical information on the hidden states can enhance
the short-term prediction capability of the model. On the other
hand, the performance could be worse if too much “history” is
used. We conclude that in this case, the short-term contribution
can dominate the prediction performance, such that the model
cannot exploit the long memory effect well.

C. Degree Learning Process

The learning approach of the degree p and related results are
discussed in this part. In our method, the degree p is initialized
with a suitable positive boundary constant, such as 1, and then
optimized over the training set. The feasible range of degree p
is not constrained. We use the current state as D;, = 1 here and
train the single-cell model for 1000 epochs with 50 runs on

®Note that it is a different issue from the discussion in [11].
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Fig. 4. (a) Trend of degree p value during the training on “ARFIMA” in
50 runs. (b) Distribution of degree p and corresponding test RMSE after
training.

TABLE VII

STATISTICS OF THE RMSE AND LEARNED p OF VANILLA SINGLE-CELL
FTRU ON DATASETS, EXCEPT THREE UNSTABLE SAMPLES ON “DJI”

Learned p RMSE
mean std. mean std.
ARFIMA 0.9783 0.4050 1.0898 0.0240
DIJI* 1.2630 0.8138 0.0029 0.0001
Traffic 1.2599 0.4245 32891 3.0156
Tree 1.3192 0.5736 0.2816 0.0017

ARFIMA for the illustration. We can see in Fig. 4(a) that after
different initialization, the degree during training has a similar
central tendency in most cases. Moreover, the numerical values
of the degree and test error also illustrate correlation and
clustering as Fig. 4(b) shown. The statistical results of RMSE
and p on various datasets are shown in Table VII, in which we
have found that the optimized degree values can be different
on the various tasks, yet mostly close to 1. This support the
necessity of learning tensor degree in the fractional domain.
Three samples of DJI are not included due to the unstable
training process, which will be discussed in the next section.

In the single-cell subnet fTRU model, we also find similarity
exists in the distribution of degree p on time-series data,
where the degree value is independent at each time step.
Generally, there exist two types of distribution in ARFIMA,
with the results from 19 and 30 times out of 50 total runs.
In Fig. 5(a), they are visualized in the average value, where
we can find significant similarities in time steps. It also
shows the connection between the distribution of degree and
hidden states, as the vertical trend of hidden value is generally
opposite to the degree. In a few cases, the degree value and the
corresponding hidden state oscillate on time steps, fluctuating
between two values, as shown in Fig. 5(b). The test RMSE
values of those three types result in 1.09(£0.02), 1.07(%0.02),
and 1.11.

D. Model Stability

We achieve the stability analysis of various tensor-based
recurrent models on ARFIMA for comparison. For com-
parison, we take origin tensor-power RNN (origin TRNN),
tensor-power RNN with tensor canonical polyadic decompo-
sition (CP TRNN), and the most advanced tensor-train RNN
(T-T RNN). They all have rank = 2 in the experiment. The
initialization methods applied in this section are different from
the ones that perform best in Table II, as we take those that can
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Fig. 5. Trends of degree p and hidden value on time steps in the test
sets. (a) Trends of two types of centralization, including the mean value of
degree p and the corresponding hidden states on each time step smoothed
by the Savitzky—Golay filter [31]. (b) Specific sample with the oscillating
performance of both values.

TABLE VIII

STATISTICS OF STABILITY OF THE DIFFERENT TENSOR MODELS
UNDER DIFFERENT DEGREES ON “ARFIMA,” WITH TAKING
GRADIENT EXPLOSION AS THE UNSTABLE BEHAVIOR

Stable percentage in 50 runs

Degree Dynamic 2 4 6 8

Origin TRNN ©) 0.34 0.04 0.02 0.00
CP TRNN -) 064 0.70 0.70 0.72
T-T RNN ) 040 0.18 0.10 0.00
Ours (Vanilla) 0.72 ) ) ) )
Ours (Sub-net) 1.00 (-) (-) (-) (-)

better demonstrate the stability differences among the various
fixed degrees. The degree of fTRU is “dynamic” because
the degree is not fixed but learnable in our approach. If the
gradient explosion happens in the training process, we take
this run as unstable. Probabilities of tensor-based models
remaining stable during training are shown in Table VIIIL. It is
found that increasing the fixed degree has significant effects
on the origin tensor-power and tensor-train models and results
in unstable training, while fTRU shows better stability, espe-
cially the subnet model. The canonical polyadic decomposition
model can maintain its stability during the increasing of tensor
degree, while still performing more unstable compared with
fTRU. It can be concluded that the proposed fractional method
performs with higher stability in the comparison of various
advanced tensor recurrent models, which is consistent with
the proposed theorem.

VI. CONCLUSION

In this article, we propose an fTRU to improve the expres-
sive ability of RNNs in a stable manner with learnable

fractional tensor operations. Our theoretical results show that
the degree parameter plays a crucial role in both the mem-
ory mechanism and dynamic behaviors of tensor models.
Our experimental results show fTRU’s contributions to the
expressive ability and stability of tensor recurrent models.
The superiority of our presented method is demonstrated in
both synthetic and real-world forecasting tasks. In the future,
we plan to extend the proposed fractional method to more
applications, such as classification and translation systems.
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