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ABSTRACT

Self-explanatory Concept Bottleneck Models (CBMs) integrate human-defined
concepts into their internal representations to achieve interpretability, predictabil-
ity, and intervenability. However, CBMs often suffer from concept leakage, where
concept embeddings encode input information beyond the concept. Concept leak-
age undermines the core properties of CBMs as concept representations are dy-
namically extracted from inputs by the neural architecture, entangling with input-
specific information, like end-to-end neural networks. To address this issue, we
are the first to introduce vector quantization into CBMs for learning static con-
cept embeddings under binary concept supervision, which we term Static Concept
Embedding Models (StaticCEM). During the training forward process and test in-
ference, static concept embeddings remain fixed, ensuring theoretical leakage re-
sistance, a claim that is also empirically validated by our experiments. Moreover,
since the input contains more substantial information than the human-defined con-
cepts, predictions based solely on concepts may underperform compared to mod-
els that utilize the full input. To bridge the performance gap, we further inject
controlled and limited input information into the leakage-resistant static embed-
dings via a dot-product projection, governed by the trade-off of a dual Information
Bottleneck mechanism. We term this injection Benign Leakage, as it largely pre-
serves CBM’s properties while boosting performance. Our experimental results
demonstrate that this approach matches or surpasses state-of-the-art methods.

1 INTRODUCTION

Deep neural networks (NNs) have gained widespread adoption across various applications due to
their state-of-the-art performance. However, in high-stakes domains such as medical diagnostics
Mgller et al.| (2024) and anomaly detection Pei et al.| (2021)), interpretability and transparency are
non-negotiable for Al-driven decision-making. Many self-explanatory models were proposed, such
as the prototype-based|Gautam et al.|(2022)); |Shen| (2025); |(Gautam et al.|(2023)), and the information
bottleneck-based (Choi et al|(2024); |Zheng et al.| (2024). Although both methods operate on latent
representations, their final explanations are grounded in the input space. Explanations are barely
understood by non-domain experts and offer no clear path for intervention.

Concept Bottleneck Models (CBMs) |[Koh et al.|(2020) utilize high-level and human-understandable
concepts as their internal representation, allowing for the interpretation of the prediction to be at-
tributed to the contribution of each concept representation, and for the intervention of the concept
correction. The preliminary and related work about CBMss are given in Section[A.T|and Section[A.2}
respectively. Despite intuitive properties, concerns about CBMs have been raised regarding their
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Figure 1: StaticCEM: we learn the static concept embeddings {cf*, ¢~} | under the supervision

of ¢. ¢’ is the final concept embedding, concatenating all the selected static concept embeddings
{e K (esisesT ores™).

fidelity to the design properties Margeloiu et al|(2021). Particularly, concept leakage is weakening
its faithfulness. Concept leakage refers to the unintended inclusion of input-specific information
within the concept representation, so that concept information does not primarily determine the final
prediction [Mahinpei et al.|(2021). Besides, another design limitation of CBMs lies in the mismatch
between rich visual information and sparse linguistic semantics |[He et al.| (2022). Specifically, it is
difficult to capture the full content of an image using only a few language-based concepts, which
typically results in CBMs lagging behind NNs. To address both issues, this paper makes two key
conceptual contributions and presents their practical implementation. In summary, our main contri-
butions are:

 Static Concept Embedding: We first introduce the vector quantization into CBMs. The
learnable codebooks make the concept embeddings static, where the concept embeddings
will not change with the input. In principle, this provides resistance to concept leakage,
and design Static Concept Embedding Models (StaticCEM);

* Benign Leakage: We inject input-specific information into the leakage-resistant static con-
cept embeddings by the dot product. We propose the dual Information Bottleneck (IB)
Tishby et al.| (2000) mechanism to make the injected information related to concepts. The
intended leakage negligibly affects core properties of CBMs, so we refer to our approach
as Benign Leakage;

* Comprehensive Experiments: We conduct experiments on diverse datasets and show that
ours outperforms dataset-specific state-of-the-art CBMs Zarlenga et al.| (2023)); |Kim et al.
(2023)); [Laguna et al.| (2024)).

2 METHODOLOGY

We propose Static Concept Embedding Models (StaticCEM), incorporating the vector quantization
technique to learn static concept embeddings supervised by concepts. These embeddings are termed
static because they depend solely on each concept’s activation state (0 or 1) and remain fixed without
respect to the input during the forward process in training and at inference time. The static concept
embedding results in leakage resistance. To achieve performance on par with or better than NNs, we
further use the dot product to inject the information into the selected static concept embedding, and
apply IB [Tishby et al.| (2000) during training, encouraging the leakage source to align closely with
the concepts. After information injection, our approach still maintains the core properties of CBMs,
which we refer to as Benign Leakage.

2.1 StATIC CONCEPT EMBEDDING MODEL

In the past works, high-dimensional concept embeddings are extracted from @ via the neural archi-
tecture, so it dynamically depends on the sample {sc(]) ;_vzl of x. The information of x is leaked to
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the concept embedding|Zarlenga et al.|(2022). Although the intervention apparently exists by select-
ing the concept-corresponding neural projector, the model bypasses the concept bottleneck to make
the final prediction [Zarlenga et al. (2025)). Therefore, the internal mechanism of CBMs becomes
identical to that of NNs. The interpretability, predictability, and intervenability of the CBM exist in
name only. To alleviate this issue, we assert that static concept embeddings, which depend solely on
the activation state of each concept (inactive vs. active), are essential to preserve the core properties
of the CBM. Precisely, the static term means that when making the prediction (the forward process
of the training and the inference of the test), the learnable static concept embeddings are fixed, which
will be updated in the backward process of the training. Based on this principle, we propose Static
Concept Embedding Models (StaticCEM).

Each dynamic concept embedding f, (fs(x)) should become a discrete representation (the active
concept embedding c‘f‘ or the inactive concept embedding ¢; ™) between concept statuses in the
vector quantization. For instance, if the concept is 1, the dynamic embedding should align tightly
with ¢** while remaining distant from ¢*~. In our framework as shown in Figure|[l} f,, contin-
ues to extract the i-th concept’s dynamic embedding fy, (fs(x))) from the 2(7)’s representation
fo(x)). The dimension of fy, (fs(x7))) is the same as the static concept embeddings, so the
Euclidean distances between the dynamic concept embedding and the two-state static concept em-
beddings can be computed by:

&)™ = o (fo)@D) = & |5, (1)
" = | f0 (o) @) = & 3. @)
The i-th concept’s prediction c(j ) obtained by:

o _ Jo it min{d?*, a7} = a¥)~ 6)
‘ 1 if min{d?",d? "} = a9+
The training objective supervised by the concept is:
r _XN: 1 f: Le(c9), ¢D) 4 dD™ — gDF if ) = 0 @
c — T . . - )
= K P LC(C(j),CEj)) + dgj)+ d(ﬂ) if CE]) =1

In principle, minimizing L. (c(7), cl(.J )) will correct the wrong prediction. However, the rest of the
terms will enforce the dynamic concept embedding and the wrong-state static concept embedding
closer, and the other farther.

Practically, Equation (#) cannot be optimized directly. We utilize the Gumbel-Softmax method in
Baevski et al.| (2020), which learns the codebook for vector quantization The Gumbel- Softmax in

Equation (5) can convert the distances dgj )= d( D* to the probabilities c(] ) of two states (c(J )[ 0] for
0 and cl(j ) [1] for 1) with the temperature 7, and the Gumbel-Softmax is differentiable.
¢ = Gumbel-Softmax([—d;;, —d7], ) (5)

The Gumbel-Softmax still maintains the relationship between the distance and the predicted concept,
so it does not involve extra information or information leakage. Therefore, the training objective can
be simplified as:

1 1 (J) ]
=5 2 7w D Lele; [1]), 6)

j=1"" i=1

where we choose binary cross entropy as L.(-,). Since Gumbel-Softmax is differentiable, the
backward process will update the two distances to correct the wrong prediction. It will make the
dynamic concept embedding closer to the right static concept embedding and farther from the wrong
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Dataset XOR Dot Trigonometry
Metric Acc(%) CLM Acc(%) CLM Acc(%) CLM
Task | Concept | Predictor | Matrix | Task | Concept | Predictor | Matrix | Task [ Concept | Predictpr | Matrix

Hard CBM | 74.17 | 99.17 - - 64.83 | 99.67 - - 8233 | 99.33 - -
StaticCEM | 73.17 | 99.58 -0.0046 | 0.0183 | 60.67 | 98.42 -0.0011 | -0.0583 | 84.33 | 97.72 0.0258 | -0.6794
CEM 99.33 | 99.67 0.0147 1 0.0205 | 97.33 | 99.00 0.5019 0.3468 | 98.00 | 99.39 0.3608 0.0994

Table 1: Evaluation of StaticCEM and CEMs across datasets among the task accuracy, mean concept
accuracy, and CLM.

one, which is achieved by updating the learnable parameters in f, fy, and { ¢, e K . Equation
illustrates the selection between static concept embeddings.

—

e e e [1] = ¢7’[0] o

;™ if e [1] < Y [o]
c*Y) = cat ({9 }K ) is the final concept embedding based on static concept embeddings, and
the input of f,,. In StaticCEM, f,, can be a fully-connected layer|Koh et al.|(2020)) or learnable class
prototypes Kim et al.| (2023)|(Gautam et al.|(2022) by minimizing L,

The conventional vector quantization utilizing a sufficiently large codebook guarantees the lossless
discrete representation (Chen et al.| (2024). By contrast, we pretend to have the information loss
from our codebooks with size 2. Supervised by ¢V, {c;™, ¢i ™} preserve the concept-relevant
information as much as possible, and ignore the concept-irrelevant information. In conclusion,
StaticCEMs are leakage resistant as Theorem I] The proof of Theorem [I]is given in Section[A.3]

Theorem 1 StaticCEMs are leakage-resistant.

We use the Hard CBM as the anchor for the comparative leakage measure (CLM) based on Equation
(14) :
Loy :H(y|c, round(é))—H(y|c,é’), (8)

where € represents the concept embedding as the input of f,,. € is much more informative than
round(é), so the smaller Loy is, the less concept leakage is. Here, we consider two methods
to estimate both conditional entropy terms in Equation (8): the non-parametric kernel matrix-based
estimator |Yu et al.| (2025), and the parametric predictor-based estimator Makonnen et al.| (2025).
We provide details of two estimators in the supplementary material. We evaluate CLM on synthetic
datasets (XOR, Dot, and Trigonometry) introduced by [Zarlenga et al.| (2023) to validate Stat-
icCEM’s strong resistance to concept leakage. Table [6] shows StaticCEM consistently yields much
lower CLM values compared to the CEM. In some cases, StaticCEM’s CLM values are even nega-
tive. These negative values likely result from variance around O estimation and further support the
interpretation that StaticCEM should not leak information for the task prediction. StaticCEM’s task
accuracy lags significantly behind CEM, demonstrating the need for information injection to bridge
the performance gap.

2.2 BENIGN LEAKAGE

Besides the information of ¢, & also contains other task-relevant information |Schrodi et al.| (2025).
Taking the object detection task in Figure 2] as an example, the tree and the sun would remain
undetected if relying solely on the human-language caption. So, c¢® is not a sufficient embedding
statistic of & and f, (). To bridge the performance gap, we propose the concept of benign leakage,
where we intentionally inject partial information from fy, (fs()) into cf.

Definition 1 (Benign Leakage (BL)) If the injected information is constrained by the concept and
the injected representation preserves the three CBM properties: interpretability, intervenability, and
predictability, the injection operation is called benign leakage.

In this work, we intentionally inject the information from fy, (f4(x)) into ¢} by the dot product,
and obtain a concept embedding ¢ € RX:

NOND :

7 =" fu(fs(aV) €R, ©)

&Y = car (@)K ). (10)
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The dot product represents the scalar projection of the predicted concept embedding fy, (fo())
onto the selected static concept embeddings c¢;. These static embeddings directly determine the
axes along which the learned representation is projected, thereby playing a crucial role in shaping
the resulting scalar value.

IB [Tishby et al.|(2000) is represented as the maximization of the Lagrangian optimization:

Lip=1(y;t) — BI(t; ), (11
where t is the representation variable of the hidden layer and 5 controls the fundamental tradeoff
between these two information terms. IB is interpreted as the trade-off between the complexity of the
representation ¢ and the amount of relevant information preserved by t. We can detect that leakage
sources are the neural embeddings f,(x) and fy, (fs(2). We implement a dual IB mechanism
during the training. The first is Concept-based Information Bottleneck (CIB), as shown in Equation
(12). The first term encourages fy, (f4(x)) to retain information relevant to ¢;, while the second
term compresses the information in fy, (f(x)) unrelated to ¢; from f4(x). Due to the sufficient
encoder assumption [Tian et al.[| (2020), CIB compresses the redundant information about x into
fu: (fo(x)). Borp controls the tradeoff of fy, (f4(x)) between the concept and input.

Lors = KZI cii fu. (fo(@) BC’B ZI Fi(fo(@)); fo()) (12)

The second is Label-based Information Bottleneck (LIB) as shown in Equation (13), making c*
informative for y, while compressing the redundant information from x as well. S¢;p controls the
tradeoff of c® between the target and input.

Liip = I(y;c) = Brpl(cs; f4(x)), (13)
Maximizing the first term in Equation and Equation can be approximated by minimizing L.
and L, respectively Zheng et al.|(2024). However, LIB in Equation (@) can only work on the joint
training. If not, its first term will be trained in the concept part, and its second term will be trained
in the task part. With the trade-off decoupled, minimizing I(¢*; fo()) will make c5 as compact
as possible and lose task-relevant information. After information injection, our approach is more
suitable for joint training. There is no neural mapping from f4(x) to ¢%, so the variational estima-
tion does not work. Therefore, we implement the statistical estimation, Cauchy-Schwarz Quadratic
Mutual Information (CS-QMI) Yu et al.| (2024). Further implementation details are provided in the
supplementary material.

As aforementioned, concept leakage is the preliminary of the comparative performance to NNs.
However, the leakage should not affect the properties of CBMs. We define benign leakage by pre-
serving the variant properties of CBMs:

* Interpretability: The contribution of each concept to the final prediction is calculable.
* Intervenability: The intervention really generates a positive effect for the final prediction.

* Predictability: Concepts dominate the final concept embedding, so the model is transferable
and robust to domain shift because concepts are high-level.

Our approach satisfies the benign leakage’s properties. Firstly, the final concept embedding ¢* has
the same dimension as the concept c. So, it is easy to obtain the contribution of every concept scalar
representation c;. Secondly, minimizing £, enforces ¢+ and ¢~ far from each other. For the latent
prototypes, the intervened elements in ¢ will increase/decrease the distance contribution to probably
trigger the correction. Lastly, the scalar projection significantly depends on the selected static con-
cept embedding ¢, so the static concept embedding still dominates the concept representation and
the inference of the task.

3 EXPERIMENTS

In this section, we first introduce the datasets for experiments. Next, the experimental results are
illustrated compared to the state-of-the-art baselines on the corresponding dataset. Furthermore, we
investigate the concept embedding ¢ to validate that it satisfies benign leakage. The details about
the dataset and experimental setup are shown in Section[A.8]and Section
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3.1 EXPERIMENTAL RESULTS

Table [2| compares the task accuracy and concept accuracy between ours and the baselines across
datasets. Our method outperforms baselines in both task accuracy and concept accuracy. The higher
concept accuracy means our final prediction depends more on the concept prediction. During train-
ing, CEM achieves 91.32% task accuracy but only 68.03% concept accuracy. This discrepancy
suggests that the final prediction in CEM does not fully rely on concept predictions. We argue that
the concept embeddings extracted by the neural architecture may bypass the concept bottleneck.

Dataset Model Task Acc (%) Concept Acc (%)
StaticCEM+BL 89.67 93.42
MNIST ProbCBM 86.67 93.80
StaticCEM+BL 85.04 79.55
CheXpert g ondCBM 84.19 -
cUB StaticCEM+BL 53.57 87.55
CEM 43.51 71.15

Table 2: Performance comparison across datasets.

3.2 PREDICTABILITY

The predictability can be reflected in the domain shift. When we design the new dataset derived from
MNIST, the shifted domain (MNIST Shift) has been provided. CheXpert and MIMIC-CXR
have identical concepts and the similar input. We regard MIMIC—CXR as the shifted domain of
CheXpert. Table 3] compares our performances on the shifted domain to the baselines’. Our ap-
proach performs better than ProbCBM on MNIST Shift, and similarly to BeyondCBM (almost
NNs) on MIMIC-CXR. Our approach remains effective under domain shift, indicating that the pre-
dictability of CBMs can be partially preserved.

Dataset Intervened Acc (%) Acc Gain (%)

Dataset Model Task Acc (%) Concept Acc (%) MNTIST 94.42 4.75
. StaticCEM+BL 52.19 61.49
MNIST Shift o 210 5540 CUB 61.79 8.22
- CheXpert 85.04 0.00
MIMIC—CXR StaticCEM+BL 64.24 89.42 B 65.80 1.56
BeyondCBM 65.80 _ MIMIC-CXR . .

Table 3: Model Generalization on Shifted Do-  Table 4: Accuracy gain of ours after concept in-
mains. tervention.

3.3 INTERVENABILITY

The intervenability is a vital property of CBMs. Ideally, the intervened concept embedding
would correct the final prediction. Figure [3] visualizes the first sample of our model on MNIST
Original. From the figure, the label is 0, so &) should be close to the 1st prototype. If the con-
cept prediction of digit 1 is 0, ég(l) = 2.2124, otherwise 62(1) = 1.0443. If the concept prediction
is intervened from 0 to 1, the distance contribution of & to the 1st prototype clearly decreases,
and the final prediction is more probably 0. Table 4 shows the accuracy gain after intervention.
Our model triggers a significant accuracy improvement on MNIST and CUB, but the improvement
on MIMIC-CXR and MIMIC-CXR is small or even none. We hypothesize that replacing the value
-1, which denotes uncertainty, with 0 may lead to information loss. Since the annotations contain
numerous missing or uncertain entries, such a replacement may distort the underlying relationship
between concepts and the target labels. The concept quality negatively affects our interventability.

In summary, the concept bottleneck layer aims to improve interpretability rather than performance,
and in fact, the concept bottleneck may sacrifice performance. Compared to the variants of CBMs,
even the end-to-end, our approach maintains competitiveness in performance with benign leakage.
We also run ablation studies in Section[A.TT|to validate the importance of 3crp and Srrp.
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4 CONCLUSION

In this paper, we first propose the leakage-resistant model, Static Concept Embedding Models (Stat-
icCEM), learning the static concept embeddings in contrast to the dynamic concept embedding ex-
tracted from the input by the neural architecture. Leakage resistance is empirically validated in our
experiment. Due to the information imbalance between the visual input and the language concept,
we inject the input information into the static concept embedding with the constraint of IB to bridge
the performance gap. We term our approach as Benign Leakage because properties of CBMs are
largely preserved. In the future, we will explore a more controllable injection method than the dot
product, such that the predictability and intervenability can be greatly enhanced.
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A APPENDIX

A.1 PRELIMINARY

CBMs [Koh et al.| (2020) have garnered significant attention due to their self-explanatory nature.
Formally, let x € X, y € ), and ¢ € C be the input, label, and the concept, and ¢; denote the i-th
concept. In this paper, we use boldface to represent the multi-dimensional vector. CBMs learn the
mapping from X to ) via C, namely X — C — ) instead of X — ) in NNs. Thus, CBMs can be
interpreted by the contribution of each human-understandable concept to the final prediction. The
wrongly predicted concept can be intervened before inputting the task predictor, which desirably
and potentially corrects the prediction. Overall, CBMs have three properties:

* Interpretability: Understanding which concepts significantly influence the model’s predic-
tions;
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* Predictability: Ensuring that the model can accurately predict the final output using only
the inferred concepts;

* Intervenability: Allowing improvements in prediction accuracy by correcting the wrongly
predicted concepts.

In this paper, each concept is represented as a binary indicator of its presence. We consider a dataset
of N triplets denoted by D = {(z/), 1), yW))} |, where j indexes the sample. For each sample,

2 is the input, ¢U) € {0,1} is the concept, and y9) € {0,...,C'—1} is the label. Here, K
denotes the number of concepts, and C' is the number of target classes. cgj ) = 1 indicates that
the i-th concept is present in the j-th input, while ¢ = 0 indicates its absence. A CBM fos

parameterized by 6, consists of three components: irllput encoder f4, concept projector fy, and
task predictor f,,. f, extracts information from @, and outputs the vectorized representation f ().
Due to the universal approximation capability of deep neural networks |Lu et al.|[(2017); Kidger &
Lyons| (2020); [Park et al|(2021), the sufficient encoder assumption Tian et al.|(2020) posits that the
encoding process preserves all information contained in f,(x) Zheng et al.[(2024). f,, extracts the
concept-relevant information from f,4(x) supervised by ¢ with the output ¢, the probabilities of the

concepts with 1 status. The pair (f¢, fy) approximates X — C by minimizing the concept loss
Lo = Z;V:1 Le(fy(fo(x)),¢9)))), where L. : RE x RE — R* is the loss function to measure
the discrepancy between the predicted and true concept.

Vanilla CBMs [Koh et al.| (2020) proposed that CBMs feed ¢ (the soft concept representations) to
fw as Soft CBMs, and CBMs feed round(¢) (hard concept representations) as Hard CBMs, where
round(+) converts the probability to the 0/1 status. f,, approximates C — ) by minimizing the task

loss £, = Zj\;l Ly (§9),49)), where §\9) denotes the prediction of f,,, and L, : R x R — R* is
the loss function to measure the discrepancy between the predicted and true label. Koh et al.|(2020)
proposed three training strategies:

* Independent Training: (fy, fy) and f,, are independently trained, and f,, use the true con-
cept as its input;

* Sequential Training: (fs, fy) and f,, are sequentially trained, and f,, use the output of f,
as its input;

* Joint Training: (fy4, f;) and f,, are jointly trained by minimizing the weighted sum of two
losses, Ly + ALc.

The hyperparameter A controls the trade-off between the concept loss and the task loss.

Usually, Soft CBMs perform better than Hard CBM's on task prediction. The soft concept represen-
tation encodes more unintended information than the hard concept representation. The soft proba-
bility inherently encodes both presence and absence information (e.g., 0.9 implies a 10% chance of
absence), and f,, may exploit this additional signal. This phenomenon is known as concept leak-
age, which refers to the information contained within the estimated concept representation ¢ that
is informative about & but not about ¢ Makonnen et al.| (2025). Formally, concept leakage can be
measured by the mutual information of targets y and the concept representation ¢ given the concept
c|Ragkousis & Parbhoo|(2024):

LLeakage = I(y7 é|C) = H(y|C) - H(y|ca é)a (14)

where I(-;-|-) denotes mutual information and H(-|-) denotes the conditional entropy. Concept
leakage compromises the reliability of interpretability and intervenability. f,, is no longer required
to predict the underlying concepts for accurate label predictions precisely. Instead, its primary role
becomes encoding the input information as much as possible within the soft concept probability
distributions Havasi et al. (2022).

On the other hand, vanilla CBMs lag behind NNs. CBM variants Zarlenga et al. (2023)); Kim!
et al.| (2023); Zarlenga et al.| (2023 [2025) utilized the high-dimensional concept embedding as
the input of f,,. fy first projects f4(x) to K high-dimensional embeddings {c;}X ; respectively
corresponding to K concepts, and then f,, predicts ¢ using {c¢; K |. Finally, the concatenated
{ei}E |, cat({e;} ), becomes the input of f,, for task prediction. Since the higher-dimensional
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cat({e;}£ ) can encode enriched information about z, f,, can perform better. Under this condi-
tion, ¢ in Equation should become cat ({c;}X£ ). Consequently, the use of high-dimensional
embeddings exacerbates concept leakage, as it allows more concept-irrelevant information to be
encoded. We summarize the notation in Table

Symbol Description
x,c,ci,Y Input variable, concept variables, the i-th concept variable and target variable
@ W), cEj ) e Input, concepts, the i-th concept and target of the j-th sample
et e~ Learnable 1-state (active) and O-state (inactive) static concept embedding for i-th concept
S (fo(2)) Dynamic concept embedding variable for i-th concept from input x
Fo, (fo (D)) Dynamic concept embedding for 4-th concept from sample 22
dgj *;ilgj )= Distance to 1-state and O-state static embedding for i-th concept from (%)
c,gj ) Predicted value of concept i for ()
e Selected static concept embedding (0- or 1-state) for the ¢-th concept and ¥
W) Concatenation of all selected static embeddings for z
éf(j) 29’5 injected representation of the i-th concept: dot product between 5 ) and fy, (f5 ()

cs Injected representation variable of all concepts
()

cs Concatenation of all injected concept representations for )

Table 5: Summary of notation in StaticCEM and Benign Leakage

A.2 RELATED WORKS

In CBMs, the input typically comes from the visual domain (e.g., an image), while concepts rep-
resent interpretable, often language-based, attributes. As Figure 2] shows, the information is imbal-
anced between both domains [Schrodi et al.[(2025), so the human-specific natural language hardly
describes all the information in the image. Intuitively, it is hard to achieve a comparable performance
with NNs if only the limited information of the concept is utilized [Li & Pei| (2023). Among CBM
variants with competitive performance, we categorize them into two approaches: high-dimensional
concept embedding and information injection. While these methods improve predictive perfor-
mance, they often do so at the cost of concept leakage.

a child playin
with a golden
O ina
\ :fk = oracle image f:mny park with
- encoder ees and grass
captioned
Jby human Information loss
——— in language
a child
adog with a dog
oracle text
encoder

Figure 2: Illustration of information imbalance between the image (top left) and natural language
(bottom left). Inspired by Schrodi et al.| (2025).

The high-dimensional concept embedding approach has gained popularity and is actively explored
in recent works, including |Zarlenga et al.[ (2022} 2023} [2025)); [Kim et al.| (2023); | Xu et al.| (2024)).
The high-dimensional concept embedding approach explicitly enriches concept information by
leveraging high-dimensional embeddings. The representative one is Concept Embedding Models
(CEM) |[Zarlenga et al.| (2022). Their f,, consists of the K unshared mapping pairs { f;fb_, fo K.
and a shared concept predictor s(-). { f;f S, K | extract K pairs of concept-state (0/1) high-
dimensional embeddings {c;", ¢; }[£, from fy(x), the i-th concept present probability p; is pre-
dicted by s(cat(c;,¢;)) = pi, and the every concept embedding ¢; is obtain by weighted mixup

of two embeddings (p;c; +(1—p;)c; ) for task prediction f,,(cat ({c;}£,)). Probabilistic Concept
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Bottleneck Models (ProbCBMs) Kim et al.|(2023) utilize the parameterized distributions Kingma
& Welling (2019) to sample the concept embedding and estimate uncertainty of the final prediction.
Beyond Concept Bottleneck Models (BeyondCBMs) |Laguna et al.| (2024)) train the edited represen-
tation under the supervision of the concept and the label to implicitly inject the concept effect into
fo(). Overall, their high-dimensional concept embeddings are dynamic, as they are extracted from
x using a neural architecture. These embeddings contain much information about x, and pass this
information to f,, for the final prediction, which is much like NNs. Therefore, we conjecture that
the static concept embeddings, which do not change with different (), should benefit the leakage
resistance by not encoding input-specific details, unlike dynamic embeddings. Furthermore, high-
dimensional concept embeddings complicate interpretability, as it becomes challenging to quantify
the concept contribution to the final prediction.

Information injection approach preserves the concept representation ¢ of the vanilla CBM, so avail-
able concepts can partially interpret the final prediction. [Sawada & Nakamural (2022)) and Havasi
et al.| (2022) use fy to extract a concept-based representation ¢ € RE+P from fo(x), where D
denotes the dimensionality of the unsupervised concepts. |Yuksekgonul et al.| (2022) apply a neural
architecture (-) using fg(x) to fit the residual of the concept-based prediction, i.e., y — f,(€).
Although the leakage origin is known, the injected information is usually not limited or controlled.
Under these circumstances, it is apparent that the injected information would likely dominate the
final prediction, as a direct path exists from the input to the target through the state of the injected
information within the neural architecture. Consequently, we inject the information into the concept
representation to enhance the static concept embedding, rather than creating a separate path for the
unknown concept and prediction residual. Moreover, since the known leakage origin is typically
neural embeddings, we apply the information bottleneck [Tishby et al.| (2000) principle to regulate
these sources, thereby limiting the encoding of excessive information beyond the concept.

A.3  PROOF OF THEOREM/I]
This section demonstrates the proof of Theorem [I]as the following shows:

Proof 1 As|Havasi et al.|(2022) proved that Hard CBMs are leakage-resistant, we prove Theorem
by the equivalence between the static embedding and 0/1 embedding. For any sample 29} of the
i-th concept, the Gumbel-Softmax without learnable parameters constructs a bijection between the
distance comparison and the concept state (all(lj)+ > dg”f < 1and dEJH < dEﬂf < 0). Since
StaticCEM and Hard CBM will be trained until convergence, we can regard both learn the identical
mapping fy,(fs(x)) = {0,1}. With the same dynamic concept embedding, the learned codebook
decides the concept compared to Hard CBMs. Therefore, the 1 or O -state embedding in StaticCEMs
deterministically corresponds to 1 or 0 in Hard CBMs.

A.4 NON-PARAMETRIC KERNEL MATRIX-BASED ESTIMATOR
Measuring the conditional mutual information is alternatively the independence between the la-
bel y and the concept embedding round(é) or ¢® conditioning on c¢. If x is independent
on y conditionally on z, we have p(x,y|z) = p(x|z)p(y|z). From this equation, we have
p(x,y,z)p(z) = p(x, z)p(y, z). Hence, the measure of the conditional independence via CS
divergence is by

DCS(p(wvywz)p(z); p(w,z)p(y,z)) (15)

= —2log (/p(w, Yy, 2)p(z) p(x, 2) p(y, 2) dz dy dZ)
+ log (/pz(w,y,z)pQ(z) dx dy dz)
+ log (/p2(:n7z) P’ (y, z) dz dy dz) (16)

Proposition 1 |Yu et al.|(2025) Given N samples drawn from an unknown and fixed joint distribution
p(x,y, z), where xx € R%, y € R%, and z € R?=. Let K € RN*N be the Gram (kernel) matrix
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for variable x, with entries defined as

o - 2|3
roy = (),

where oy is the kernel width.  Similarly, let I € RN*N and M & RN*N be the
Gram matrices for variables y and z, respectively.  Then, the empirical estimator of

Dcs (p(z,y,2)p(2) 5 p(x, 2)p(y, 2)) is given by:
Des((p(z,y, 2)p(2) ; p(, 2)p(y, 2))) =

(3 (S0 (00 ()

=1 i=1

N N N 2
+log [ (Z KjiLjiMji> (Z Mji>
i=1

j=1 i=1

N N AL NS T a2
+ log Z <(Zi_1 Bgil) (2ima LiiMyo) ) an

N
= > iz KjilijiMji

A.5 PARAMETRIC PREDICTOR-BASED ESTIMATOR

Makonnen et al.| (2025) proposed estimating the conditional entropy terms H (y|c, round(é)) and
H(y|c, ¢?) is straightforwardlly by:

H(y|e, round(é)) = E[-log p(y|c, round(¢))]

N
1 . )
~ A0 A0)
S E log 9o, (round(c ), ¢ )ym,

Jj=1
(18)
H(yle,c®) = E[-logp(yle, ¢*)]
N
~ —iZlo ((C‘.%(j) C,)
~ N g Jao y L1 yi;
i=1 )
(19)

where g, and g,, are classifiers trained to predict y from (¢, round(¢é)) and (c, ¢*), respectively.
AsMakonnen et al.|(2025) experimentally concluded, XGBoost(Chen & Guestrin|(2016) is the most
reliable classifier for the leakage measure, and remains stable, aligns well with expectations, and
rarely produces negative leakage estimates. Therefore, in our experiment, we implement XGBoost
as our classifier.

A.6 EXPERIMENTAL RESULT ON LEAKAGE-RESISTANCE

This section uses Table [6]to validate that the StaricCEM is leakage-resistant compared to the Hard
CBM.

Dataset XOR Dot Trigonometry
Metric Acc(%) CLM Acc(%) CLM Acc(%) CLM
Task | Concept | Predictor | Matrix | Task | Concept | Predictor | Matrix | Task | Concept | Predictpr | Matrix

Hard CBM | 74.17 | 99.17 - - 64.83 | 99.67 - - 8233 | 99.33 - -
StaticCEM | 73.17 | 99.58 -0.0046 | 0.0183 | 60.67 | 98.42 -0.0011 | -0.0583 | 84.33 | 97.72 0.0258 | -0.6794
CEM 99.33 | 99.67 0.0147 1 0.0205 | 97.33 | 99.00 0.5019 | 0.3468 | 98.00 | 99.39 0.3608 | 0.0994

Table 6: Evaluation of StaticCEM and CEMs across datasets among the task accuracy, mean concept
accuracy, and CLM.
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A.7 CAUCHY-SCHWARZ QUADRATIC MUTUAL INFORMATION

Cauchy-Schwarz Quadratic Mutual Information [Yu et al.| (2025) is defined based on Cauchy-
Schwarz divergence (CS divergence) Rudin| (2019):

(/ p(@)g(=) dx)”
b o) @

The CS divergence is symmetric for any two probability density functions (PDFs) p and ¢, such that
0 < D¢g < 00, where the minimum is obtained iff p(x) = ¢(x). The CS divergence is a measure
of the “distance” between p(x) and ¢(x). The independence between & and y can be measured
by any (valid) distance or divergence measure over the joint distribution p(a,y) with respect to
the product of marginal distributions p(x)p(y). We obtain the Cauchy-Schwarz Quadratic Mutual
Information (CS-QMI) by substituting p(x) and ¢(x) in Equation with p(x, y) and p(x)p(y):

Dcs(p;q) = —log <(

los(®,y) = Des(p(, y) | p()p(y))
= —log ( |[ p(z,y) p(x) p(y) dazdy|2 > |

[P (@, y) de dy [ p2(x) p2(y) de dy @b

Distinct from KL divergence Kullback & Leibler] (1951), which is notoriously hard to estimate.
CS-QMI and the divergence can be elegantly estimated in a non-parametric way with closed-form
expressions, enabling efficient implementation of deep IB without approximations.

Proposition 2 (Empirical Estimator of CS-QMI Yu et al.|(2025)) Given N pairs of samples
{(x(i),y(i)}f\il, each sample contains two different types of measurements x € X andy € Y
obtained from the same sample. Let K and Q) denote the Gram matrices for variable x and variable
y, respectively, which are symmetric. The empirical estimator of CS-QMI is given by:

N
1
Ics(w;y) = log N2 Z Ki;Qij

1,j=1

N N
1 1
+10g ﬁ Z K,’jqu — 210g F Z KijQiq

4,J,q,mr=1 ,J,9=1

= log (J\;tr(KQ)) + log (A;NKl . 1TQ1>

(22)

1 T

where 1 is is a N x 1 vector of ones. The second line of Equation (22)reduces the complexity to
O(N?).

A.8 DATASET

MNIST We create more challenging CBM task using the MNIST dataset|Lecun et al.[(1998) than
ProbCBM [Kim et al|(2023). We also combine four digit images into a single image as the input,
using digit labels as concepts. However, the combination order of four images is completely random.
Table [/| shows all combinations for the original and shifted domains. We generate 2000 samples
for every combination, so there are 12000 samples for the original and shifted domains. In our
experiments, the model is trained on the original domain and tested on the shifted, allowing us to
verify that it adheres to the predictability of benign leakage.

Chest X-ray We consider two datasets: CheXpe rtp_-] Irvin et al.|(2019), and MIMIC—CXRE] John-
son et al.[(2019). Both datasets have the same 14 labels. We select No Finding as the task label, and

'In our training, we only use the small dataset of CheXpert in
https://www.kaggle.com/datasets/ashery/chexpert.
In our test, we use the subset of MIMIC—-CXR, the folder p10.
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Original Domain  Even Count  Shifted Domain Even Count

0,1,2,3) 2 0,2,5,9) 2
4,5,6,7) 2 (3,6,7,8) 2
8,1,3,5) 1 1,2,4,7) 2
(0,2,4,6) 4 (0,3,6,8) 3
1,3,5,7) 0 (1,4,5,8) 2
(2,5,6,9) 2 (2,4,7,9) 2

Table 7: Original and shifted digit combinations with their respective even digit counts.

the remaining 13 labels as concepts. Similar to MNIST, we train models on CheXpert and test
them on MIMIC-CXR to validate their predictability. In the preprocessing, we replace -1 and the
missing value with 0.

CUB Caltech-UCSD Birds-200-2011 (CUB) dataset [Wah et al.| (2011) is tailored for concept
learning models. After preprocessing, CUB contains 11,788 images from 200 bird species classes
with 112 concepts.

A.9 EXPERIMENTAL SETUP

We select ProbCBM as the baseline on MNI ST, BeyondCBM on CheXpert and MIMIC-CXR, and
CEM on CUB. We select CEM for CUB due to its state-of-the-art performance, while ProbCBM and
BeyondCEM are included as they would uniquely report results on their respective datasets. We split
the train set into the train set and the validation set with the proportions 90% and 10%, and transfer
Resnet50|He et al.|(2015) as fy for all models with ¢ frozen. We use the prototype on MNIST, and
one fully-connected layer on the rest. We only fine-tune the parameters of ¢ and w. We set A as 1.0
for MNIST and 5.0 for CUB and CheXpert, and both S¢rp and 817 as 0.25 for all datasets. We
use AdamW |Loshchilov & Hutter| (2019) with a learning rate of 1e — 3 and weight decay 4e — 5.

In our experiments, we do not compare our approach to NNs, because the selected baselines have
experimentally proved the matching performance compared to N Ns. Furthermore, BeyondCEM
is still in end-to-end mode, such that it can represent the end-to-end NNs. Furthermore, we will
not investigate the interpretation, because after Benign Leakage (BL), the concept representation is
scalar and pairwise to the concept. Under this condition, we can easily compute the contribution of
each concept for the task, like vanilla CBMs.

A.10 AN INTERVENTION EXAMPLE

Figure [3]is an example of MNIST. This example shows that although benign leakage happens, the
intervention would work.

The 2nd element in 1st prototype: -14.1131

The 2nd element in &) with 0-state embedding: 2.2124
The 2nd element in &) with 1-state embedding: 1.0443

Figure 3: The first sample of MNIST Original dataset with the interventable effect on the 2nd
concept.
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A.11 ABLATION STUDY

In Table [8] we conduct ablation studies to evaluate the effect of Bcrp and 87,75 on MNIST. When
Bers = 0, more information unrelated to the concept will be injected into ¢s. Therefore, the final
prediction depends less on the concept, such that the concept accuracy becomes less priority. This
reflects the low concept accuracy as shown in Table 8| When 8175 = 0, the redundant information
will be injected into c*. Under these conditions, the task performance will decay to some extent.
Overall, S¢;p and B ;g play desirable roles, and both hyperparameters are necessary.

Bers  PBrip  Task Acc (%) Concept Acc (%)

X X 87.92 93.06
X v 88.42 92.60
v X 76.67 92.88
v v 89.67 93.42

Table 8: Ablation Study of B¢;p and By on MNIST.
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