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Abstract

Mediation analysis learns the causal effect trans-
mitted via mediator variables between treatments
and outcomes, and receives increasing attention
in various scientific domains to elucidate causal
relations. Most existing works focus on point-
exposure studies where each subject only receives
one treatment at a single time point. However,
there are a number of applications (e.g., mo-
bile health) where the treatments are sequen-
tially assigned over time and the dynamic me-
diation effects are of primary interest. Propos-
ing a reinforcement learning (RL) framework,
we are the first to evaluate dynamic mediation
effects in settings with infinite horizons. We
decompose the average treatment effect into an
immediate direct effect, an immediate media-
tion effect, a delayed direct effect, and a de-
layed mediation effect. Upon the identification
of each effect component, we further develop ro-
bust and semi-parametrically efficient estimators
under the RL framework to infer these causal ef-
fects. The superior performance of the proposed
method is demonstrated through extensive numer-
ical studies, theoretical results, and an analysis
of a mobile health dataset. A Python implemen-
tation of the proposed procedure is available at
https://github.com/linlinlin97/MediationRL.

1. Introduction

Mediation analysis aims to understand the causal pathway
from an exposure (e.g., treatment or action) to an outcome
variable of interest. It is gaining increasing popularity re-
cently and has been frequently employed in a number of
domains including epidemiology (Richiardi et al., 2013; Ri-
jnhart et al., 2021), psychology (Rucker et al., 2011), genet-
ics (Chakrabortty et al., 2018; Zeng et al., 2021; Djordjilovié
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et al., 2022), economics (Celli, 2022) and neuroscience (Li
et al., 2022; Shi & Li, 2022).

Our paper is motivated by the need to learn the dynamic
mediation effects in sequential decision making. One mo-
tivating example is given by the Intern Health Study (IHS,
NeCamp et al., 2020), which focuses on sequential mobile
health interventions to help improve the mental health of
medical interns who work in stressful environments. Par-
ticipants were randomly assigned to receive notifications
(e.g., tips and insights) throughout the study. For exam-
ple, some notifications remind participants to take a break
or enjoy a tasty treat, while others summarize the trends
of recent physical activity and sleep. All the notifications
are designed to improve participants’ mood scores (self-
reported via a custom-made study App) either directly or
indirectly through increased activity or sleep hours. In addi-
tion, it is essential to note that participants’ recent behavior
will not only influence their proximal mood but will also
influence their behavior and mood scores in the following
days. To design a more effective intervention policy in IHS,
it is necessary to understand how mobile prompts impact
mood scores. In particular, the mobile prompts may directly
impact the mood scores or encourage more physical activity
and sleep, which may then impact the mood scores. In addi-
tion, an individual’s past treatment sequence and behavior
trajectory may impact the mood score. Teasing out these
distinct sources of causal impacts on mood scores and their
relative magnitudes needs new definitions, identification
results, and inferential methods.

A fundamental question considered in this paper is how to
infer the dynamic mediation effects in the aforementioned
applications. Solving this question raises at least three chal-
lenges. First, the mediator at a given time affects both the
current and future outcomes, inducing temporal carryover
effects. As demonstrated in the case study in Section 8, the
delayed direct effect (DDE) and the delayed mediator effect
(DME) are significant and dominate the average treatment
effect for the intervention policy used in the IHS (Sen et al.,
2010; NeCamp et al., 2020). In contrast, the immediate
direct effect (IDE) and immediate mediator effect (IME)
are both insignificant. Nonetheless, most existing media-
tion analyses focus on estimating the indirect effect on the
immediate reward and are hence inappropriate to our ap-
plication. Second, the horizon (e.g., number of decision
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Figure 1. Mediated MDP.

stages) in the aforementioned applications is typically very
long or diverges with the sample size. Existing solutions
developed in finite horizon settings typically suffer from
the curse of horizon in the sense that the variances of the
proposed estimators grow exponentially fast with respect to
the horizon (Liu et al., 2018) and are hence inapplicable; see
Section 2 for details. Third, regardless of how the dynamic
effects may change during the sequential treatments (or lack
thereof), most works focus on examining the causal effects
on the final outcome obtained at the end of the treatment
process. However, in the context of behavioral change, the
goal is to encourage and maintain small improvements to
nudge individuals into generating sustained improvements
in outcomes like mood scores. Currently, there is a dearth
of methods to analyze causal effects for outcomes measured
at every decision point in the sequence.

To address these limitations, we propose formulating the
evaluation of dynamic mediation effects as a reinforcement
learning (RL) problem. In particular, we use the Markov
decision process (MDP) that is commonly employed in RL
to model the mediated dynamic decision process over an
infinite time horizon. Building upon the standard MDP,
we introduce four additional sets of causal relationships,
including state-mediator, action-mediator, mediator-state,
and mediator-reward, as shown in Figure 1. To evaluate the
effects of different treatment policies, we consider using
the off-policy evaluation (OPE, Dudik et al., 2014; Uehara
et al., 2022), which is widely used to avoid the difficulty of
rerunning trials by evaluating treatment policies based on
observational data.

Contributions. The main contributions are as follows. Mo-
tivated by the mobile health applications, we first construct
the mediation analysis within the framework of RL over an
infinite time horizon. Second, we propose to decompose the
average treatment effect between a target policy and a con-
trol policy into IDE, IME, DDE, and DME. While IDE and
IME have been extensively studied in single-stage settings,
we introduce the DDE and DME to quantify the carryover
effects of past actions and mediators. Third, upon the iden-
tification result of each effect component, multiply-robust
estimators are developed. In particular, each proposed es-
timator is consistent even when models such as mediator
distribution and reward distribution are misspecified (See
Section 7.1). Furthermore, we theoretically show the semi-
parametric efficiency of the proposed estimators and confirm

the theoretical prediction using numerical studies. Lastly,
we conclude by analyzing the IHS data and providing new
insights into guiding future designs of these behavioral in-
terventions.

2. Related Work

Mediation analysis is widely studied in point-exposure stud-
ies under the classical structure consisting of a treatment,
a mediator, and an outcome (Robins & Greenland, 1992;
Pearl, 2022; Petersen et al., 2006; van der Laan & Petersen,
2008; Imai et al., 2010; Tchetgen & Shpitser, 2012; Tchet-
gen Tchetgen & Shpitser, 2014; VanderWeele, 2015), de-
composing the average treatment effect into direct effect and
indirect effect. Recently, to address commonly observed
intermediate confounders that would be affected by the ex-
posure and then affect both mediator and outcome, multiple
methods have been developed to extend the classical me-
diation analysis (Robins & Richardson, 2010; Tchetgen &
VanderWeele, 2014; VanderWeele et al., 2014; Vansteelandt
& Daniel, 2017; Diaz et al., 2021; Diaz, 2022), among which
the random intervention (RI)-based approach (VanderWeele
et al., 2014; Diaz, 2022) further sets the foundation for the
recent advancement of longitudinal mediation analysis.

There is a rich literature on longitudinal mediation anal-
ysis with no intermediate confounders (Selig & Preacher,
2009; Roth & MacKinnon, 2013). See also Preacher (2015)
for a detailed review. However, time-varying intermediate
confounders are ubiquitous in longitudinal data contexts.
For example, in the IHS, doing exercises may result in a
good mood, which may, in turn, increase the likelihood of
engaging in more activities the next day and then subse-
quently affect the mood that follows.

In the presence of time-varying intermediate confounders,
there are two major RI-based approaches. VanderWeele &
Tchetgen Tchetgen (2017) and Diaz et al. (2022) proposed
to intervene in the mediator sequence by randomly draw-
ing mediators from the corresponding marginal distribution
and defined the longitudinal interventional indirect/direct
effect, which is different from the natural effect decompo-
sition. Our work is primarily related to the work of Zheng
& van der Laan (2017), which proposed to intervene in the
mediator by randomly drawing the mediator from its con-
ditional distribution and provided a natural decomposition
of the total effect. Using the efficient influence function
(EIF), they developed a multiply-robust estimator with less
reliance on the correct model specification. However, all
the aforementioned methods only focused on the treatment
impact on the final outcome in finite horizons and did not
consider immediate outcomes or infinite horizon settings.
In addition, the estimator developed by Zheng & van der
Laan (2017) is based on the product of importance sampling
ratios at all time points and suffers from the curse of horizon.
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Zheng & van der Laan (2012) also analyzed the longitudinal
mediation effect by drawing mediators from conditional
distribution but with a focus on single-exposure settings.

Using an RL framework for dynamic mediation analysis
over an infinite horizon, our work is also connected to the
line of research on OPE. Existing OPE-related research eval-
uates the discounted sum of rewards or average rewards for
a target policy using observational data gained by following
a different behavior policy. In general, there are three types
of estimation procedures. The first is known as the direct
method (DM, Le et al., 2019; Feng et al., 2020; Luckett
et al., 2020; Hao et al., 2021; Liao et al., 2021; Chen & Qi,
2022; Shi et al., 2022a), which directly learns Q-functions
and obtains value estimates based on their estimators. The
second category of approaches utilizes importance sampling
IS, Precup, 2000; Thomas et al., 2015; Hallak & Mannor,
2017; Hanna et al., 2017; Liu et al., 2018; Xie et al., 2019;
Dai et al., 2020; Zhang et al., 2020), which re-weights the
rewards to eliminate the bias due to distributional shift. The
third category develops doubly robust (DR) estimators by
appropriately integrating DM with IS estimators (Jiang &
Li, 2016; Thomas & Brunskill, 2016; Farajtabar et al., 2018;
Liao et al., 2020; Tang et al., 2020; Uehara et al., 2020;
Kallus & Uehara, 2022). DR estimators are also known to
achieve the semiparametric efficiency bound (Bickel et al.,
1993). However, none of the above papers studied mediation
analysis. Recently, Shi et al. (2022b) proposed a consis-
tent DR estimator for OPE in the presence of unmeasured
confounders with the help of a mediator variable, which
is used to intercept each directed path from treatments to
reward/state. Our paper differs from theirs in that we de-
compose the off-policy value into the sum of IDE, IME,
DDE, and DME and focus on settings without unmeasured
confounding.

3. Preliminaries
3.1. Data Generating Process

We consider the observational data generated from a me-
diated Markov decision process (MMDP), as illustrated in
Figure 1. Suppose there exists an agent that tries to learn
from the data and interact with a given environment. At
each time ¢, the environment arrives at a state S; € S, and
the agent selects an action A; € A = {0,1,--- , K — 1}
according to a behavior policy 7,(e|S;). Building upon
the usual MDP, to further analyze the mediation effect, we
consider an immediate mediator variable M; € M drawn
according to p,,(e|St, A¢), which mediates the effect of
A; on the environment. Subsequently, the agents would
receive an immediate 1?; and the the environment transits to
a next-state S;41 according to p, (e, ®| Sy, Ay, My). Both
S and M are finite dimensional vector spaces. To sum-
marize, the observed data sequences consist of the state-

action-mediator-reward tuples (S, Ay, My, Ry)¢>o satisfy-
ing the following Markov assumption: (My, Ry, Si+1) 1L
(Sj, Aj7 Mj, Rj)j<t|(st; At) for any t.

3.2. Problem Formulation

Let N denote the number of trajectories The ith trajectory
the termination time. We assume that all these trajectories
are i.i.d. and follow the MMDP. Let 7w denote a generic
(stationary) policy which maps from S to a probability mass
function on A, and E™[-] denote the expectation of a random
variable under the policy 7. Based on the observed data, our
goal is to analyze the average treatment effect (ATE) of a
target policy 7, relative to a control policy 7, given by

T-1
.1
ATE(r,m) = lim — >~ TE(e, o).
t=0

where TE (7, m9) = E™[R;] — E™[Ry].

To gain a better understanding of the mediated and delayed
effects, we consider decomposing TE; (7., 7) into

IDE; (7., o) +IME, (7., m)+DDE; (7., mg) +DME¢ (7, 70).

Averaging over t for each component, we obtain a four-way
decomposition of ATE as IDE + IME + DDE + DME. We
formally define each of these effects in the next section.

4. Effect Decomposition

This section begins with a decomposition of TE; (7., 7),
from which we define each component in ATE(7,, o). We
first notice that TE; can be decomposed into two compo-
nents: i) the immediate treatment effect (ITE;) measuring
the impact of the current action-mediator pair (A, M;) on
the immediate outcome R?;; ii) the delayed treatment effect
(DTE,) that measures the carryover effects of the histori-
cal action-mediator sequences (A;, M;);<; on R, that pass
through .S;.

We next consider ITE;. Let 77270 denote a nonstationary pol-
icy that follows . at the first £ — 1 steps and then follows 7
at t. Mathematically, ITE; is defined as E™ [R;] —E™e0 [Ry].
Notice that 7T270 differs from the stationary policy 7. only at
the current time ¢, then ITE; indeed measures the immediate
effect. Under the Markov assumption, we obtain

E™[R:] = Z pre(s)me(als)pm(mls, a)r(s,a,m),
S,a,m

E”eo [R:] = Z pre(s)mo(als)pm(ml|s,a)r(s, a,m),
s,a,m

where p7 (s) denotes the distribution of \S; under a policy
7, and 7 (e, e, ®) denotes the conditional expectation of the
reward given the state-action-mediator triplet.
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Figure 2. Causal paths from actions to reward received in ¢t = 1.

Notice that A; has both a direct effect and an indirect ef-
fect (mediated by M;) on R;. This motivates us to further
decompose ITE; into IDE; and IME;. Let G denote the
process in which 7. is applied at the first £ — 1 steps to
generate Sy, A is then generated according to 7y, and M,
is generated as if A; were assigned according to 7, i.e.,

My~ pm(ela, S)me(alSy). (1)

Then, RGe R;| equals
q

S° pre(s)me(als)pm(mls,a) Y wo(d'|s)r(s, a’,m).
It follows that
ITE, = E™[R,] — EG*[R,] + E:[R,] — E™0[R,].

IDE, (¢ ,m0)

IME; (7e,m0)

By definition, the IDE; quantifies the direct treatment effect
on the proximal outcome R; whereas the IME; evaluates
the indirect effect mediated by M;. As an illustration, set
t = 1 and consider Figure 2. IDE; measures the causal
effect along the path A; — R, whereas IME; corresponds
to the effect along the path A; — M; — R;.

Next, we consider DTE,, defined as E™.0 [R:]—E™[R;]. By
definition, 772’0 differs from g at the first £ — 1 time points.
As such, DTE; characterizes the delayed treatment effects
on the current outcome R;. Similarly, we further decompose
DTE; into the sum of direct and mediation effects. To
characterize the delayed mediation effects, we follow the
RI-based approach developed by Zheng & van der Laan
(2017). Specifically, consider a stochastic process in which
at the first ¢ — 1 time steps, the action is selected according
to mp, and the mediator is drawn assuming the action is
assigned according to 7. (see Equation 1), whereas at time
t, the system follows 7. We provide more details on this
process in Appendix A. Let Gy denote the resulting process
and E90[R,] the expected value of R, generated according
to Gf). This allows us to decompose DTE; as follows,

DTE; = E™0[R,] — E9[R,] + E%[R,] — E™[R,].

DDE; (e ,m0)

DME; (¢, m0)

Notice that in the three processes, the action selection and
mediator generation mechanisms at time ¢ are the same. As

such, both DDE, and DME;, characterize the delayed effects.
At the first ¢ — 1 time steps, the action selection mechanism
between G and the process generated by 7T270 are different
whereas both processes have the same mediator generation
mechanism. As such, DDE; quantifies how past actions di-
rectly impact the current outcome. On the contrary, G} and
the process generated by 7y have the same action selection
mechanism. They differ in the way the mediator is gener-
ated. Hence, DME, measures the indirect past treatment
effects mediated by {M};<;. To elaborate, let us revisit
Figure 2. DDE; captures the causal effect along the path
A9 —» S1 — {A;, M1} — R; whereas DME, considers
the path AO — MO — Sl — {Al,Ml} — Ry.

We also remark that the proposed effects are consistent with
those in the existing literature. Specifically, when special-
ized to state-agnostic policies, IDEy and IME, are reduced
to the total direct effect and the pure indirect effect (Robins
& Greenland, 1992) in single-stage decision-making. Mean-
while, DDE; and DME; are similar to those proposed by
Zheng & van der Laan (2017) developed in finite horizons.

Based on these effects, by aggregating IDE,, IME;, DDE;
and DME; over time, we obtain the following four-way
decomposition of ATE(7, ),

n‘ﬂ'e _ nGe _’_7766 _ ,,771'6,0 +T’7Te,0 _ nGo _|_77G0 _ 777F0’
— ——

IDE(7e,m0)

IME(7e,m0) DDE(7¢,m0) DME(7e,70)

where 1™ is the average reward of policy 7.

Finally, we remark that to simplify the presentation, we
choose not to use the potential outcome framework (Ru-
bin, 2005) to formulate these causal effects of interest in
this section. The detailed potential outcome definitions are
relegated to Appendix A. In addition, we show that these po-
tential outcomes are identifiable and summarize the results
in the following theorem.

Theorem 4.1 (Identification). Under standard assump-
tions including consistency, sequential randomization
and positivity (Zheng & van der Laan, 2017; Luckett
etal., 2019), IDE(r., o), IME(7, ), DDE(7,, ), and
DME(w.,my) are all identifiable.

We refer readers to Appendix C for more details.

5. Dynamic Treatment Effects Evaluation

In this section, we first develop DM and IS estimators for
each defined dynamic treatment effect, whose consistencies
require a given set of nuisance functions to be correctly
specified. This motivates us to further develop doubly or
triply robust estimators in section 5.3, whose consistencies
only require either one of the two or three sets of nuisance
functions to be correctly specified. Finally, we discuss the
estimation methods for nuisance functions.



A Reinforcement Learning Framework for Dynamic Mediation Analysis

5.1. Direct Method Estimators (DM)

The direct estimators are built upon the Q-functions. For
7 € {me, o}, we first define the conditional relative value
function Q™ (s, a, m) as

> B[R —1"[So = 5, Ao = a, Mo =m],  (2)

>0

which measures the expected total difference between re-
wards and the average reward of policy 7, given that the
initial state-action-mediator triplet equals (s, a,m). No-
tably, (2) deviates slightly from the standard definition in
MDPs (ie., > - E™[R;, — 0[Sy = 5, A9 = a]) by in-
corporating the mediator in the conditioning set.

Next, we define Q% (s, a, m) as

Z E™e [’I’(St, 70, Mt)

t>0

- nGe|SO = SvAO = auM() = m]7

where 7 (s, 7, m) is a shorthand for ), mo(a|s)r(s, a, m).
Q¢ aggregates the difference between the expected re-
ward of the interventional process G starting from a given
state-action-mediator triplet and that averaged over different
initial conditions. It is crucial to note that Q€< differs from
Q™ defined in (2), in that the observed reward R; in (2)
is replaced by the reward function (S, 7o, M;). This is
necessary as G* uses different policies for action selection
and mediator generation at t.

Following the same logic, we define Q™= (s, a, m) as
D ET[r(Sem) -
>0

where r(s,m0) = >_, ,,

similarly define Q€° (s, a,m) as

> T E%[r(Sy, m0)

t>0

7]7‘—6'0‘50 = SvAO = aaMO = mL

mo(als)pm(m|a, s)r(s,a, m). We

—nG°|SO =s,A0 = a, My =m)].

We remark that all Q)-functions are finite under the assump-
tion of aperiodicity even though the horizon is infinite (Put-
erman, 2014). This is because aperiodic Markov chains
would reach their steady-state exponentially fast. As such,
after a few iterations, the differences become very close to
zero. More importantly, the ns and @s are closely related
according to the well-known Bellman equation, which is
fundamental to deriving the DM estimator. To elaborate,
take the estimation of ™ as an example. According to the
Bellman equation, we have that

E™[Ry + Y me(alS41)

a,m

(St+17a7m)‘st7At7Mt]~ 3)

n"e + Q" (Sy, Ay, My) =

Xpm(mla, Sgp1)Q™e

Plugging in p,, learned from observed data into (3), we can
construct estimation equations to learn Q™ and 7™ jointly.

See Section 5.4 for details. Let 7] denote the resulting
DM estimator for n™. The DM estimator of each effect
component is then constructed by plugging in these 745, the
consistency of which requires correct model specifications
of r, the Q-function and p,,.

5.2. Importance Sampling (IS) Estimators

As commented earlier, standard IS estimators suffer from
the curse of horizon. In this section, we utilize the marginal
importance sampling (MIS) method proposed in Liu et al.
(2018) to break the curse of horizon. For a given policy ,
we first introduce the MIS ratio, given by

p"(s)/p™(s),

where p™ and p™ denote the stationary state distribution
under 7 and 7, respectively. Using the change of measure
theorem, it is immediate to see that, for 7 € {m., 7o},

1 ™ Az} Si
ﬁzwﬂ—(si,t) ( ,t| ,t>
it

ﬂ'b(Ai,t|Si,t)
is unbiased to n™. Similarly, using the change of measure
theorem again, it is straightforward to show that

w™(s) =

R4 €]

zt|Sz t)
7 Z 150 5)
1 G 7T0( itSit)
R 0 i _— 2 7 ity 6
NT 2 S s e ©

are unbiased to n™° and n°, respectively. Here, w®® is
a version of w™ with the numerator equal to the stationary
state distribution when the data are generated according to
{Gt}:. These two MIS estimators (5 and 6) differ from (4)
in that their state and action ratios are associated with two
different interventional policies.

Lastly, we consider T)Ge. Recall that at time ¢, Gfi selects ac-
tion according to 7y and generates the mediator as if 7, were
applied to determine A;. To further account for this distri-
butional shift, we introduce a mediator ratio, p(S, A, M) =
P (MS, A)[Y, me(alS)pm(M]S, a)], built upon which
the following unbiased estimator, denoted as MIS;, can be
derived,

NTZ“

An alternative way to handle the distributional shift is to use
the reward function instead of the observed reward to derive
the IS estimator. This motivates the following estimator for

Ge
n s

(MISy) : % D W™ (Si)

it

zt|Sz t)

———==p(Sie, Ai, My )R
1t|Szt) ( ot ot ’t) *

7Te(A zt)
AR Z 9 7M'L 9
oA i) it o Mie)



A Reinforcement Learning Framework for Dynamic Mediation Analysis

which avoids the use of the mediator ratio.

So far, we have discussed the MIS estimators for those
ns. The subsequent MIS estimators for IDE(r., ),
IME(7., 7g), DDE(7,, m9), and DME(7., 7) can be simi-
larly defined. Their consistencies require correct specifica-
tions of 7wy, P, 7, WTe, W™, and wGo

5.3. Multiply Robust (MR) Estimators

This section develops the MR estimators that combine the
DM and MIS estimators for efficient and robust OPE. These
estimators are derived based on the classical semiparametric
theory (see e.g., Tsiatis, 2006). See Appendix F for the
detailed derivation. Let O denote a tuple (S, A, M, R, S’).
For each 7, the proposed MR estimator is built upon the
estimating function 74 + I,,(O), where 74 is the DM esti-
mator of 1 and I,,(O) denotes some augmentation term that
involves the MIS ratio. The purpose of introducing these
augmentation terms lies in debiasing the bias of the DM es-
timator, making the resulting estimator more robust against
model misspecification. Given the estimating function, its
empirical average over the data tuples produces the final MR
estimator. We present the detailed forms of these estimating
functions below.

First, consider n™ and n™°.
{me, ™o}, 1= (O) is given by

For a given policy m €

#(AlS)
) A5

where Q7 (s,m) = >, 7(a|s)pm(mla, s)Q (s, a,m)
and Q" (s,a) = >, pm’(m|a,s)Q”(s,a, m). Under the
MMDP model, the term in brackets corresponds to a tem-
poral difference error. Therefore, when Q™, 17, and p,,, are
correctly specified, it is of mean zero given (A4, .S). Thus,
the resulting estimator is equivalent to DM which is con-
sistent under correct model specification. On the contrary,
when w™ and ;, are correctly specified, the final estimator
is equivalent to MIS, which is consistent under these config-
urations (Liao et al., 2020). As such, the resulting estimator
is doubly robust whose consistency relying on the correct
specification of (Q™,n™, py,) or (W™, mp).

Next, consider n<. Let I, . (O) denote

R+ Q(8',m) — Q(S, 4) — .

me(A|S)
7Tb(A|S)

— QO (5, 4) — g } .

where p is the mediator ratio defined before. Similarly,
the second line is the temporal difference error with a zero
mean given (S, A, M) when models in (7, p,,, QGC,T)(?S)
are correctly specified. In addition, when r is correctly spec-
ified, conditional on (S, A, M), {R — r(S, A, M)} is of

o [T0(A]S)
S| s

x{ (.m0, M) + Q5 (', o)

p(S, A, M){R —r(S, A, M)} +

zero mean as well. As such, I, c. (O) has a zero mean when
(7, P> Q%< ,nE¢) are correctly specified. Further, one can
show that the final estimator based on 75 + Ic.(0) is
unbiased to MIS; or MISs introduced in Section 5.2 when
(Pm,w%e, mp) or (r,w%, m,) are correctly specified. As
such, the estimator is triply robust in the sense that its
consistency requires (7, pp,, Q%¢, n%), (pm,w%, 1) or
(r,w% ) to be correct.

Next, we consider 1™ and introduce I,;~.0 (O), defined as
mo(A]S) me(AlS)
w™ (S
Sl (A]5)
x{r(8,m0) + Qeo(8',m) = Q7o(8,4) — g }],

where 7(s,a) = 3", pm(ml|a, s)r(s,a, m). Following the
same logic, we can show that the resulting estimator is dou-
bly robust and requires either models in (7, p,,, Q¢ nge)
or those in (w™e, ;) are correctly specified.

{R—r(S,A)} + ————

Finally, we consider nGO and introduce I,,c0 (O) as follows,

FO(A‘S)

Go
<)L @s)

[{B=r(S. 4) }+0(5, 4, M) {7(8,m0)

me(A|S)
m(A[S)

Zﬂ'o alS)pm(m|A, S)QGO(S a, m)}7

+Q% (S, Go)—nSo—Q% (S, A, M)H 4wGo(g) T\ D)

X {QGO(S, o, M

where Q% (s,m9,m) is a  shorthand  of
. molals)Q% (s,a,m) and  QY(s,Gy)  equals
> ot Tolal)me(@]8)pr (mla’, $)QC0(s,a,m).  The
resuvlti’ng estimator’s doubly robustness property can be
similarly established.

So far, we have introduced all the MR estimators for es-
timating these average rewards ns. We can plug in these
estimators to construct the corresponding MR estimators
for those dynamic treatment effects (i.e., MR-IDE(r., 7g),
MR-IME(7,, 1), MR-DDE(7,, ), MR-DME(7,, m)).
Their consistencies and robustness can be similarly derived.
We summarize and formally prove their robustness proper-
ties in Theorem 6.1.

5.4. Learning Nuisance Functions

Recall that the MR estimators require estimation of nuisance
functions including 7y, 7, pm, w, @, and n. While 7,
and p,,, can be estimated efficiently using state-of-the-art
nonparametric methods (i.e., regression/classification tree
(Breiman et al., 2017), random forest (Breiman, 2001), deep
learning (Schmidt-Hieber, 2020)) with convergence rates
faster than N — %, we focus on the methods used to learn w,

@, and 7.

We first consider the estimation of w™ for any stationary
policy 7. Following the arguments in Liu et al. (2018) and
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Uehara et al. (2020), we can show that for any function f

E [w”<s>{f<s> - mﬂs’)}} —o,

where the expectation is taken over the observed station-
ary distribution of (S, A, S”). Therefore, estimating w™ is
equivalent to solving a mini-max problem such that
, 2| x m(AlS) Lo

i maxE? [ ($)17(5) - DA 50|
for some function classes §2 and F. In our implementation,
we consider linear function classes €2 and F, which yields
closed-form expressions. Specifically, let w™(s) = ¢7(s)3
for some d,,-dimensional 3 € R, where £(s) is the feature
vector generated by RBF sampler (Rahimi & Recht, 2007).
Then (7) is equivalent to obtain 8 by solving the equation

m(Ait|Sizt)

1
NT Z |:§<Si»t) - Wf(smﬂ)} M(Sin)B=0.

it
Similarly, considering wS, we can show that

AlS)
E [w9(){£(S) — (5, 4, 30) TS o ]:0,
w¥$)07() - pis. 4,00 2 pis)
where the expectation is taken over the distribution of
(S, A, M,S"). w€ can then be estimated following the same
steps.

We next consider the estimation of pairs of (Q, 7). Tak-
ing (Q™=,n™) as an example, the estimation procedure is
motivated by the Bellman equation model, such that:

Q™ (8¢, Ag, My) = E™ [Ry+EZ<, Q™ (St 41,0, m) —n"].

®)
Similar to the work of Shi et al. (2022a), we approximate
the () function using linear sieves. Specifically, we assume
that

Q7 (s,a,m) = @z(s,m)ﬁa,VS cS,ac AmeM,

where ®7 (s, m) is a L-dimensional feature vector derived
using L sieve basis functions, such as splines (Huang, 1998).
Let * = (B¢,--- ,BE_,,n™)T. Let U(s, a, m) denotes

[(I)z(sa m)l(a = O)a e a¢€(sa m)l(a =K — l)a 1]Ta
and V (s) denotes
[Em|5,a:0¢)€(sv m)ﬂ'e(O‘S), T
E'rn\s,a:K—l(pg(Sam)’”e(K - 1|S)70]Ta

where E,, s .®7 (s,m) = [ &7 (s,m)p(m|s,a) can be
approximated by Monte Carlo sampling in practice. Then,
the equation (8) can be rewritten as

EU(S, A, M)[R+V(S)"8* — U(S, A, M)"5*] = 0.

Let Ui,t = U(Si7t7Ai,t7Mi,t) and ‘/i,t = V(Sv,t) Based
on the observational data, the closed-form solution of 3* is

—1

1 1
NT Zt Uit(Uiy — Vi,t+1)T NT Zt: Uit Rz

In practice, we add ridge penalty to the term within the
bracket to prevent overfitting, and let L grow with the sam-
ple size to improve the approximation precision.

6. Statistical Guarantees

In this section, we prove the robustness and semi-parametric
efficiency of the proposed MR estimator. We begin with
some notations. Let Q) Q) #,. H,, and II, respec-
tively denote the function class of QY w") py, 7, and .

Theorem 6.1. Multiply Robustness. Suppose the conditions
in Theorem 4.1 holds, the process {S; }i>o is stationary,
Ty Wby P and Py, are uniformly bounded away from 0, and
Q0 Q) N, H,, and 11, are bounded VC-type classes
(Chernozhukov et al., 2014) with VC indices upper bounded
by O(NF) for some k < 1/2. As NT — oo,

1. MR-IDE(m.,mo) is consistent if either the set of models
in (W, T, T) or in (W, T, pm) or in (Q7, Q,
Ny, 14°, T, Pm) are consistently estimated;

2. MR-IME (7., m) is consistent if either the set of mod-
els in (W™, m, ) or in (W™, T, pm) or in (QCe,
Q7eo0, nge, nge'o, T, Pm) are consistently estimated;

3. MR-DDE(7., ) is consistent if either the set of mod-
. . Te,
els in (w™, w0, m, pm) or in (Q™°, QC°, ng"°
772;0, T, Pm) are consistently estimated;

4. MR-DME(7., ) is consistent if either the set of mod-
els in (W™, w, m, pp) or in (QF, Q, nF®, 17",
7, Pm) are consistently estimated.

Theorem 6.1 formally establish the triply robustness prop-
erties of MR-IDE(7,, 7o) and MR-IME(7., ), as well as
the doubly robustness properties of MR-DDE(7,, 7) and
MR-DME(r., mg), respectively. To save space, the proof of
this theorem is deferred to the Appendix D.

Theorem 6.2. Efficiency. Suppose the conditions in Theo-
rem 6.1 holds, and Q('),Q(‘),ﬁm, 7, Ty, and 77(') converges
to their oracle value in Ly norm at a rate of N~ for some
k* > 1/4, respectively. The MR estimators are asymptot-
ically normal with an asymptotic variance achieving the

semiparametric efficiency bound.

To save the space, the proof of this theorem is differed to the
Appendix E with a sketch of the proof at the beginning. A
Wald-type Confidence Interval (CI) for each MR estimator
can be derived from Theorem 6.2.
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7. Numerical Examples

In this section, we evaluate the estimation performance
of the proposed methods through three simulation studies.
Specifically, we demonstrate the robustness of the proposed
MR estimator to model misspecification in the first simula-
tion. In the second simulation, we compare the DM, MIS,
and MR estimators to the classic direct/indirect estimator
(Pearl, 2022) to demonstrate the importance of longitudinal
mediation analysis, considering the policy effect on state
transition. The final simulation is a semi-synthetic study
that simulates the generation process of real data and demon-
strates the superiority of the proposed MR estimators. For
any effect X, let X be an estimator. We define the logbias
as log [E(X — X)| and logMSE as E[log(X — X)2].

7.1. Toy Example I

We consider a simplified MMDP setting with binary
states, actions, mediators, and rewards. See Appendix
G.1 for specific data generation settings. Let M; =
(W™, mp, ), My = (w™,w™, wq 1, pn), Mg =
({Q™, 0] b refme.Geme 0,Gosmo}s T Pm)- To investigate the
robustness of the MR estimator, we test its performance in
four scenarios: i) My, My, and M3 are all correctly spec-
ified; ii) only M} is correctly specified; iii) only M is
correctly specified; iv) only M is correctly specified; and
v) all the models in M;, M, and M3 are incorrectly speci-
fied by injecting non-negligible random noises. As shown in
Figure 3, MR-IDE(7., mp) and MR-IME(r., 7) are con-
sistent when either M, Mo, or M3 is correctly specified,
and MR-DDE(r., 7p) and MR-DME(7,, 7o) are consistent
when either My or M3 is correctly specified.

IDE IME DDE DME
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w
0
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—e— All Correct M1 = M2 +- M3 All Incorrect
Figure 3. Bias and the logMSE of MR estimators, aggregated over
200 random seeds. The error bars represent the 95% CI.

7.2. Toy Example 11

As discussed in Section 2, most existing works focus on
a two-way decomposition of immediate treatment effects
under the setting with a single stage. In this section, we com-
pare the proposed estimators of IDE and IME to three base-
line estimators assuming i.i.d. samples (See Appendix H

for details). We first repeat the data generation process from
Section 7.1, in which the states are affected by the history
observations for each trajectory. Then, by modifying the
distribution of the next state, S 1, as Pr(S;y; = 1) = .2,
we consider a second scenario in which all observations of
states are i.i.d sampled. Note that there are two versions of
MIS estimators for IDE and IME. Let MIS2 denote the MIS
estimators using the MIS; to estimate <. According to
Figure 4, when states are i.i.d. sampled, all estimators pro-
duce consistent estimates. However, when policy-induced
state transitions occur, all baseline estimators yield biased
estimates, whereas the proposed estimators continue to pro-
vide consistent estimates, implying the necessity of account-
ing for the policy effect on the state transition.

IDE (i.i.d. S) IDE (w. S transit.) IME (w. S transit.)

IME (i.i.d. S)

i
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o s 010
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Figure 4. Bias and the logMSE of estimators, under different data
generation scenarios. The results are aggregated over 200 random
seeds. The error bars represent the 95% CI. Nuisance functions
are estimated as discussed in Section 5.4.

7.3. Semi-Synthetic Data

In this section, we evaluate empirical performance of esti-
mators using a semi-synthetic dataset structured similarly to
the real dataset analyzed in Section 8. Specifically, we con-
sider an MMDP setting with continuous reward, state, and
mediator spaces and a binary action space. See Appendix
G.2 for more information on the data-generation process.
We compared the MR estimators to the DM estimators, the
MIS estimators, and three baseline estimators. As shown
in Figure 5 and Figure 6, the MR estimators outperform
all other estimators for all components of ATE, especially
when the sample size is large. We first focus on IDE(7., )
and IME(7,, mo). On the one hand, the baseline and MIS
estimators are all biased, whereas the bias and MSE of the
proposed DM and MR estimators decay continuously as N
or T increases. On the other hand, the DM estimators yield
relatively more significant bias and MSE than MR estima-
tors. Considering the DDE(7., 7y) and DME(7, 7p), both
the DM and MIS estimators are biased with non-decreasing
MSE, whereas the MR estimators continue to provide es-
timates with low bias and low MSE that decrease with NV
and 7'. The results are in line with our theoretical findings.
To further support the superior performance of the proposed
MR estimators, additional simulation studies are conducted
in Appendix J under different settings of data-generating
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mechanisms, all of which reach the same conclusion as in
this section.
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Figure 5. The logbias and logMSE of various estimators, aggre-
gated over 100 random seeds. The error bars represent the 95% CI.
Fix T' = 25.
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Figure 6. The logbias and logMSE of various estimators, aggre-
gated over 100 random seeds. The error bars represent the 95% CI.
Fix N = 50.

8. Real Data Application

In this section, we apply the proposed MR estimators to
analyze the real dataset from the IHS (NeCamp et al., 2020),
which was discussed as a motivating example in Section
1. The study involved 1565 interns and lasted six months.
Every day, the participant would either receive a notification
(A; = 1) or no notification (A; = 0). Meanwhile, partic-
ipants’ mood score (R;), step count (M, 1), and hours of
sleep (M, 2) were recorded. At each time step, we consider
the previous time step’s mood score as the current state (i.e.,
Sy = Ri_1).

Using the control policy 7y of no intervention, we are in-
terested in evaluating the treatment effects of the behavior
policy 7, used throughout the study, which sends notifica-
tions to individuals randomly with a constant probability
of .75. According to NeCamp et al. (2020), pushing notifi-
cations has a negative impact on the mood condition when
participants are already in a good mood (i.e., S; > 6). Given
that the majority of observations in the data have S; > 6, the
ATE of 7, is expected to be negative. As summarized in Ta-
ble 1, the ATE of 7 is significantly negative with an effect
size of .1, which is consistent with our expectations. Further
investigation of the ATE composition reveals that the im-
mediate effects are all negligible. In contrast, the DDE and
DME are both significant and account for the majority of

the treatment effect, indicating the importance of learning
the delayed effects and mediator effects to understand the
entire mechanism from actions to outcomes.

Furthermore, given that the delayed effects are all passing
through Sy, rather than simply abandoning the treatment pro-
posal, it is recommended that we consider a state-dependent
policy to make more informed decisions based on the \S; and
hence to improve the overall treatment effect. To support
this claim, we further evaluate an optimal state-dependent
policy, 7,p¢, Which is estimated by using single-stage policy
estimation based on the observed data (See Appendix I for
more information). According to Table 1, in contrast to 7,
the estimated ATE of 7, is .090, with significantly posi-
tive direct effects. This further demonstrates the necessity
of analyzing dynamic treatment policies as opposed to fixed
action sequences, which have been the main focus of most
existing literature on mediation analysis.

o IDE IME DDE DME ATE
T -007(.007) -.000(.001) -.085(.034) -.008(.004) -.100 (.041)
Fopr 018(.006) -.001(.001) .077(.030) -.005(.005) .090 (.037)

Table 1. Estimated treatments effects (standard error) for 7, and
Topt, compared to g with no intervention.

9. Conclusion

Motivated by the growing number of applications (e.g., mo-
bile health) with sequential decision-making over an infinite
number of decision points, we propose an MMDP frame-
work and a four-way decomposition of ATE of random
policies to analyze the dynamic mediation effects. For each
effect component, multiply-robust estimators with theoret-
ical and numerical support are provided. The proposed
framework can be extended in several aspects. First, the
proposed methods are limited to applications with discrete
action space. Meanwhile, problems such as dynamic pricing
and personalized dose finding typically involve a continu-
ous action space, which is worth studying in future work.
Second, the no unmeasured confounder assumption can
be violated from data collected from observational studies.
Therefore, a confounded MMDP is worth investigating.
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A. More Details about Effect Decomposition
A.1. Effect Decomposition in the Framework of Potential Outcomes

Leta; = (ao, - - ,a¢) denote a fixed treatment sequence up to time ¢. Let W;* (@) denote the potential covariates that would
be observed at ¢ if @; were taken, and W} (a;) = (W (@), -+ , Wy (az)) for W € {M, R}. We remark that the potential
states observed at ¢ are defined analogously, but depend on the action sequence a;_; instead of a;. Replacing the fixed
action sequence by any random policy 7, W;*(7) denotes the potential covariates if the actions were taken under 7.

We first focus on the effects of action and mediator on their proximal outcome. Denotes wé’o a policy where the first ¢ — 1
steps follow 7. and then follow g at t. For X € {S, R}, X; (w1, M; (m2)) denotes the potential covariate if 7r; were used
to determine actions and the mediators were set to levels as if w5 were used. IDE; and IME; are defined as

IDEt(ﬂ-eaﬂ- ) = [R:(Ww _t*( )) _R:( 207Mt*(7re))}’
IME, (e, mo) = E[R; (m¢ o, My (7e)) — R} (m¢ 0, M (7 0))]-

Given that both A;_; and M,_; were set to levels as if 7, were used, IDE, (me, mo) contrasts the impact of A; generated by
7. and 7 on the proximal outcome Ry, fixing M; to M;* (. ). IME; (., 7o) compares the effect of M; at levels M} (m,)
and M} (m} ) on Ry, when Ay is set by mo.

Next, we focus on the delayed effects of the historical action sequence A,_; and mediator sequence M;_; on R;. Within
the MMDP framework, A;_ and M,_; affect R, through S;. Noticing that E[R; (o, M; (! ,))] is unidentifiable due to
the presence of intermediate confounders S; (Tchetgen & VanderWeele, 2014), we adopt the RI-based approach proposed in
Zheng & van der Laan (2017).

We first define the conditional probability density of mediator at ¢,

a
P ) . ) L
Gy (8, Mu—1,Te-1) = Doy @))8; @) b @) Re_(a_,) (186 Me—1,Te—1),

if a; is as31gned At time ¢, given the historical trajectories 5¢, m;_1, and 7;_1, we mtervene in the mediator by randomly
drawing M, ~ ( |3, Mi—1,7+—1). For brevity, we omit the conditionality and let G P (Goé, e ,G ) denote the
process by which the mediator is set to a cond1t10na1 random draw at each time t. Usmg a two-stage interventional process
as an illustration, we set A; = @; and M; ~ G . The generating process of R} (aq, G1 ) is as follows After observing an
initial state sg, we would first assign a treatment ag and set M by randomly drawing mg ~ Go (‘|s0), and then measure
the resulting R (ao, G‘gé’) = rg and ST (ao, Gaé) = 57. At t = 1, we then take action a; and set M; by randomly drawing

my ~ G5 (:|so, s1,m0,70), and finally observe Rj (a1, G1 ) as the outcome. Analogously, R} (71, G?) is the potential
reward if 7, were used to determine A; and M, were set to have the 7o-driven conditional distributions G”"’ We then define
the delayed effects as

DDE, (.., m0) = E[R; (n! g, N (! )) — B} (w0, G ")),
DME; (e, m0) = E[R} (0, G} ) — Ry (w0, M; (mo))-

Setting A; and M to levels as if policy mg were used at ¢, DDE, (7., mo) compares the effects of A4 generated by 7. and
7o on R; when M,_; is generated by 7., while DME; (7, 7o) contrasts the effects of M,_4 generated by m. and mp on R;
when A;_; is set by mg. See Appendix A.3 for more discussion about the non-identifiability issue and Appendix A.2 for
graphical representations of each component.

Remark A.1. As suggested in Robins & Greenland (1992), there are two ways to decompose the total effect. The above
definitions of direct effects and mediator effects are analogous to the Total Direct Effect (TDE) and the Pure Indirect Effect
(PIE) (Robins & Greenland, 1992), while an alternative decomposition is provided in Appendix B. By replacing 7, and mg
with @} and a,, IDE and IME are equivalent to TDE and PIE. Let a, = {a;_,, a, }, we further replace 7}, , with @, to define
DDE and DME. When ¢ > 0, if we set a; = a,, DDE and DME are analogous to the effect components defined in Zheng &
van der Laan (2017).
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Ry (me 0, M (7)) Ry (g0, M (e o))

R:(Wé,m Mt* (772,0))

R} (mo, G{*")

Ry (mo, My (m0))

Table 3. Potential Outcomes Related to Delayed Effects.

A.2. Graphical Representation of Potential Outcomes

In Table 2 and Table 3, using causal graphs, we explicitly depict the process generating the potential reward terms involved
in the effect decomposition. Specifically, R} (7., M} (r.)) is the potential reward that would be observed if 7. were used to
determine A; and M;; R (w! ,, M (m.)) is the potential reward that would be observed if 7. were used to determine the
historical sequences A;_1 and M;_1, while A; were determined by 7o and M; were set to M;*(m.): Rj (! o, M} (xt o)) is
t
the potential reward if 7, were used to determine A,_; and M;_,, while A; and M, are generated by mo; R} (7o, G} °)
is the potential reward if my were used to determine A; and M;, while the historical sequences A;_1 and M;_, were
determined by 7 and 7, respectively; and R} (mo, M} (o)) is the potential reward that would be observed if 7y were used

to determine A; and M,.

By definition, IDE(, mo) is the contrast between causal structures of Rj (e, M (m.)) and R; (w! o, My (m¢)); IME(m, o)
is the contrast between causal structures of R; (! o, M (w.)) and Ry (wl o, M} (wt )); DDE(m, mo) is the contrast between
causal structures of Rj (w} o, M} (xl )) and R} (o, G’:‘t”o); and DME(w,, m) is the contrast between causal structures of

R} (o, G, ) and R} (o, M (m0)).

A.3. Non-identifiability Issue

To understapd the non-identifiability issue, we consider two fixed action sequences @, and a; and discuss the identification of
E[R} (@, M} (a;))]. For simplicity, let the mediator and state be discrete values. Based on the definition, let a; = (a;_, a;)
and ¢ = 1, we have that

E[R; (a1, M7 (a1))] = Z E(R|ag, a1, mq, m1, S0, 51)Pr(My = milag, ar,mo, S0, 57)

ap,a1,a8,Mm0,M1,50,51,5]

x Pr(S7 (ag) = s1, 57 (ag) = si|mo, so)Pr(M§ = molag, so)Pr(So = so).
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While E(R|ag, a1, mo, m1, So, 51), Pr(My = m1|a§, a1, mo, So, s7), Pr(M§ = molag, so), and Pr(Sy = so) are identifi-
able from the observational data, the joint distribution of Pr(Sj (ag) = s1,.57 (ag) = s7|mo, so) is not identified, leading to
the non-identifiability of E[R}(ay, M (a1))]. The non-identifiability of E[R; (mo, M} (w} ))] is then followed.

B. Alternative Decomposition of ATE (7., 7o)

In this section, we provide an alternative decomposition of ATE(7w,, o). Let G denote the stochastic process selecting
actions according to 7. and drawing mediators assuming 7y was applied. Adopting the notations used in the main text, we
have that

ATE(re,mo) = 1™ —n% +n% —pmoe yoe —pCo 4 pfo —pgro
N——— N——
DME®) (7r.,m9) DDE®)(7.,m) IME®) (m.,m9) IDE® (7.,m0)

In the following subsections, we further written the alternative decomposition in the framework of potential outcomes along
with the corresponding MR estimators.

B.1. Decomposition in the Framework of Potential Qutcomes

We follow the notations used in the Appendix A. Another classic decomposition of the total effect is well-known as natural
effect decomposition, which divides the total effect into Natural Direct Effect (NDE) (also named as Pure Direct Effect) and
Natural Indirect Effect (NIE) (also named as Total Indirect Effect) (Robins & Greenland, 1992; Pearl, 2022; VanderWeele,
2013). Denotes ﬂ'é, . a policy where the first ¢ — 1 steps follow 7 and then follow 7. at ¢. Following the natural effect
decomposition , we alternatively decompose the TE; (., 7o) as follows:

TE(re, 7o) = DME\? (1., m9) + DDE'? (1., m0) + IME\? (1., o) -+ IDES? (1., o),

where
DME{? (7., m0) = E[R; (e, My (m.)) — Ry (e, Gy,
_ﬂ—f
DDE{” (., m0) = E[R; (e, Gy ") — Ry (mh .. M; ()],
IME{” (e, mo) = E[R; (w0, M; () — R} (b o, My (mo))),
IDE{ (m,, m0) = E[R; ()., M; (mo)) — Ry (mo, My (o).

Then, for X € {IDE®  IME® DDE®) DME®}, we have that

= lim — Z X;. )

T—>oo

By replacing 7. and m with a; and at, IDE® and IME® are equivalent to NDE and NIE derived in Pearl (2022). Let
= {@;_1, a}}, we further replace 7r0 . with G, to define DDE and DME® for fixed action sequnces. When ¢ > 0, if

we set a; = @y, DDE® and DME® are equivalent to NDE/NIE defined in Zheng & van der Laan (2017).

B.2. MR Estimators of the Alternative Decomposition

Similar to Section 5.3, we first define three additional () functions:

Q% (s,a,m) = Z]E”“ [Ersr(St,a*, M) — né°|50 =s,A0 = a, My =m],

>0

Q™ (s,a,m) = ZE”U [Egs m«r(St,a®,m*) —n™<|Sy = 5, Ag = a, My = m],
>0

Q (s,a,m) ZEGEWE (S, a", m*) — é‘~|50:s,A0:a,M0:m],
>0
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where 770 is the expected value of E7<7(S;, a*, M;) under policy 7o, ™ is the expectation of Eg¢ ,,-7(St, a*, m*) under

7o, and 7« is the expectation of E[¢ .m=T(St, a*, m*) under the treatment process and the intervened mediator process of
G.

Next, we construct three additional augmentation terms similar to the augmentation terms defined in the main text. Let
p(S, A, M) = ZaToldlSpMI5:0) yye define that

P(MTS.4)
__ .o 7TO(A|S) Te / o Go/ ot Go Go
I4(0) = (S)W{Ea, r(S,a', M) + B, Q00 (S a,m) — EnQP (S, 4,m) — % }
(A
+ W™ (S)M/}(z)(s, A, M){R—r(S, A, M)},
[(0) = w””(S)m {Egzmr(s, a’,m) +E,Q™ (8", a,m) — B, Q™0 (S, A,m) — nﬂo,e}
(A]S
+w™(S) ;Emsi {R—Enr(S, A,m)},
I5(0) = w© (S)mp<2>(s, A M (S, m) + ES,,Q0(S', a,m) — QO (S, 4, M) -}
5 7o (AlS
+ WG(S)ﬂ'bEA:S;{R —E,.r(S, A, m)}
G g To(Al5) G G
+l(8)7 NG X 2o me(al$)[ Q% (8@ M) — 3 p(m|A, )@ (5,0,m)

Then the MR estimator of IDE®) (., 7o) is

MR-IDE?) (e, m0) = ~NT ZnGo — ™ + I(0;4) — I5 (O ).
it
The MR estimator of IME® (., 7o) is
1 ~
MR-IME® (7., m9) = ~T > e =09 4 I (0i) — Ig(O54).

it
The MR estimator of DDE®) (., m) is

1 ~
MR-DDE(z)(we, o) = NT E nSe — proe 4 I3(0it) = I7(O; ).
it

The MR estimator of DME®) (rr,, 70) is
1 ~
MR-IDE® (e, m0) = o > 0™ = 0% + 11(O41) = Is(O1)-
it
Following Theorem 6.1 and Theorem 6.2, we can show that MR-IDE(Q), MR-IME(Z), MR-DDE(Q), and MR-DME® are

multiply robust and achieve the semi-parametric efficiency bound.

C. Proof of Theorem 4.1
This proof adheres strictly to the definitions of potential outcomes discussed in Appendix A.
We first clarify three standard assumptions, and then identify the potential rewards E [RZ‘ (m, M} (w))] for any arbitrary

policy m and E [R’{ (7o, G:é’“ )] using the observed data distribution, followed by the identification function for each of the

IDE(7, 7o), IME(7r,, 79), DDE(7, 7o), and DME(., 7).
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C.1. Standard Assumptions

The decomposed effects are identifiable under three standard assumptions (Zheng & van der Laan, 2017; Luckett et al.,
2019):

Assumption 1 (Consistency). S; = S;(Ai_1), My = M;(Ay), Ry = Rj(A), Sy = S;(Ai—1,M;_1), and R, =
Ry (A, My) for all t.

Assumption 2 (Sequential Randomization). For all j > ¢: i) (57, (a;), M; (a;), R;(a;)) AL Ay|Ay_1, My, Sy ii)
(S;+1(aj, mj>7 R;(dj7mj)) A At‘At 1, Mt 1, St, and iii) ( ﬁ_l(aj,mj) (aj,mj)) A Mt|At 1,Mt 1, St
Assumption 3 (Positivity). Let hy = (4,7, 5¢41). For all ¢ > 0 and all (hy, a¢, a;): 1) if p™(as, he) > 0, then
p’r”(at+1|dt,ht) > O, 11) if p“”(&;,ht) > 0, then p“b(a;+1|d2,ht) > 0, 111) if p”b(rt,5t+1|z_1t,ht_1,mt) > O, then
Pt (re, Sep1|ay, he—1,my) > 0; and iv) if p™ (mylay, hy—1) > 0, then p™ (my|ag, he—1) > 0.

Assumption 1 states that the observed mediator, state, and reward are equivalent to their counterfactuals, which would be
observed if the observed actions were carried out, and that the observed reward and state are consistent with the potential
reward and state if the observed sequences of actions and mediators were taken. Assumption 2 requires that there are
no unmeasured confounders between A; and all of its subsequent covariates and between M, and all of its subsequent
covariates. Lastly, assumption 3 ensures that treatments and covariates are not exclusive to a specific stratum of covariates.
The identification result is summarized as follows.

C.2. Identification of E [R; (7, M; ())]

Without loss of generality, we first consider the states and mediators in discrete values. By definition, we have that

E[R;(m, My (r)] = Y. nPr(So = s0) [ [ w(a;18] (@;-1, M;_(aj-1)) = s;)
7=0

Qt,Mt,5¢41,T¢

x Pr[M; (a;) = my|S; (a;_1, Mj_,(a;— 1)) 85, Mj_y(aj—1) = mj_1]
x Pr[S7,(a;, My (a;)) = s541, R (az, Mj (a;)) = 14155 (@j-1, M1 (a;-1)) = 55, M (a;) = my].

To identify the potential reward, we first consider ¢ = 0 and observe that
m(a|Sy (@—1, My_1(@r—1)) = ) = m(ao|So = s0)-
Next, we show that

Pr[Mg (ao) = mo|So = so] = Pr[M¢ (ao) = mo| Ao = ao, So = 0]
= Pr[My = mo|Ao = ao, So = s0],

where the first equality holds by Assumption 2 and the second equality follows from the Assumption 1. Similarly, using the
same arguments, we can show that

Pr[S7 (a0, Mg (ao)) = s1, R (ao, Mg (ao)) = rolSo = so, Mg (ao) = mo]
= Pr[Sf(ao, M(’{(ao)) = 81, RS(G,(), Mg(ao)) = 7“0|A0 = ao, So = So, M(’{(ao) = mo]
= PI‘[Sl = Sl,Ro = To‘AO = aop, SO = So,MO = mo}.

Applying the same arguments for the subsequent potential covariates repeatedly, we can show that

t
E [R:(W,Mt*(ﬂ'))] = Z ’I"tPI' SQ = S0 H aJ\S = Sj PI'[Mj = mj|/1j = (_lj,gj = gjan—l = ﬁlj_l]
Aty Mg, 54157t j=0
x Pr[Sj1 = sj41, By = rjl4; = a5, 85 = 55, M; = 1n;].

Finally, under the assumption that the data generating process satisfied the Markov property, such that i) the distribution of
Ay is independent of all the past history observations given Sy, ii) the distribution of M, is independent of all the past history
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observations given (S, A;), and iii) the distributions of R; and S;;1 are independent of all the past history observations
given (S, A¢, M), we have that

t
E [RZ(W,M:(?T)” = Z TtPI' SO = S0 H aj|Sj = Sj)PI‘[Mj = mj|Aj = aj,Sj = Sj]
At ,Mt,S5¢41,Tt 7=0
X Pr(Sji1 = sj1, By = 15|45 = a;, 55 = s5, My = mj.

Let 7, denote the data trajectory {(s;,a;, m;,7;, S;j+1) to<j<¢- Replacing the probability mass functions by probability
density functions, we have that

E [Rf (m, M (7 ZTtHP 8j+1, 75185, az, my)p(m;s;, a;)m(a;|s;)v(so)
Tt
t—1
= (s, relse, an ma)p(mal s, an)m(ads) [[ 7 (sj510m5.m5, a50s5)v(s0),
Tt 3=0

the identifiability of which is guaranteed by Assumption 3.

When 7 = 7,

t—1
[R*(Wa ¢ (me)) ] = ZTtp(3t+1aTt St, @y, M) (M |se, ar)me(ase) Hpﬂe(SjJrlvTj»mjzaj|5j)V(30)-
Tt ]:0
When 7 = 7,
t—1
E [R; (o, M (m0))] = > mip(ser1,melse, ar, me)p(malse, ar)mo(arlse) [ 2™ (541,75, m5, a5]s5)v(s0)-
Tt 7=0
When 7 = 7,
t—1
B[R} (wl o, My (wlo))] = rep(seqr, melse, ar,me)p(mlse, ar)mo(arlse) [ [ p™ (sj1.75,my, a50s5)v(s0).
Tt 7=0
Following the same arguments, we can show that
t—1
E [Rf (n} o, M (7.))] = Z Z T p(s*, 7" |5, ' my ) mo(a|se)p(melse, a)me(at]st) Hpm(sjﬂﬂ’j,mj,aj\sj)V(SO)-
Tt s*,r*,a’ 7=0

f
C.3. Identification of E[R} (mo, G; )]

Without loss of generality, we first consider the states and mediators in discrete values. Let a; = (a,_;, a;). By definition,
we have that

t—1

E[R; (w0, G{")] = > rePr(So = so) [ [ w(a 1S} (@1, G52,)) = s5)m(a}1S; (a;-1, G5 4)) = ;) (10)
Qt,ay _,Mt,5¢41,7t j=0

x Pr[G2 = m;|St(aj_1, G5 ) = 55, G5y = my_i] (11)

X Pr[5;+1(aj7G?t) =sj+1, R (%G’f )= 7”3|S (aj— 17Ga1 1) = gj’(;?t = ;] (12)

x m(ar] Sy (@r—1, G 1)) = s)PHGE = my|S; (d—1, G y) = 5, Gyt ) = i1 (13)

X Pr[S:+1(at7 G?t) = St+1, R:(&t, G?t) = Tt‘gzﬂ(dtfh Gtil) = §t7 G?t = mt] (14)
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For j < t, By the definition of G, we have that
Pr(GT = m;|Sy(a; -1, G5 y) = 55, GI0 | = ;1] = Pr[M; (@) = m;|S; (@) = 55, My_y(a)_,) =m; 1], (15)
Using the same arguments in C.2, we can show that equation (15) equals
Sj =5, M1 = m;_1],
which is identifiable under Assumption 3.
Further, to show the identification of equation (12), we prove it at 7 = 0 as follows:
Pr[Sy (ag, G ) = sl,RO(ao,GO ) =10|So = so,Ggf' = mg]

= Pr[S7 (a0, mo) = 51, Rj (a0, mo) = 70[So = s0, Gg* = mo]

[
= Pr[Sf(ao,mo) = 51, Ro(ammo) = 7“0|So = So]
= Pr[Sy = s1, Ry = 70| Ao = ag, So = so, Mo = my).

The second equality holds by the definition of the process G::“, in which we randomly draw M, from Ggf. Specifically,

given Sy = sg, G§* is independent of S} (ag,mo) and R} (ag, mo). The last equality follows from Assumption 1 and 2. A
similar proof can be found in Zheng & van der Laan (2017).

Then, following the steps in C.2, we can show that

E [RI(WO,G?’O)} = Z ip(St41, Tt M |Se, ar)mo(ase)

Tt,0y_ 1
t—1

HP(SJ'H, 75l85, aj,mji)mo(azls;)p(myls;, a;)ﬁe(a;\sj)V(so),
j=0

the identifiability of which is guaranteed by Assumption 3.

C.4. Identification of IDE(7., 7g), IME(7., 79), DDE(7, 70), DME(7, 70)

Using the above identification results, the identification functions of IDE(7, ), IME(7., 7g), DDE(7., 7o), DME(7, 7o)
are directly induced. Specifically,

IDE(m,, mp) = lim — Z Z {rep(sir,relse, ag,my) — Z r*p(s*,r*|sy, a’,my)mo(a’|se) }

T—oo T

t=0 T s*,r*,a’
t—1
X p(mulse, ar)me(ase) Hpﬂe(sjﬂaTjamjaaj\sj)V(So)a
§=0
1 Tl
IME(7,, mp) = hm 1 Z Zrtp St41,Tt|St, ar, my)mo(at|st) Zp my|se, a’)me(a|se) — p(melag, s¢))
t=0 T a’
t—1
x [T 1™ (sjs1,m5,mj, a50s5) v (so),
§=0
=
DDE(7,, ) = lim — Z ZTtp(StJrlaTt'Stuatumt)p(mt‘shat)ﬂ—o(at"st)
T—oo T =0
t—1 t—1
X { [P (sjs1,mjomya5ls;) = > HP(5j+177"j|Sjvajvmj)ﬂo(aj\sj')ﬁ(mj|5jaa;)ﬁe(a§|5j)}V(50),
§=0 ar_, j=0
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and
1 T-1
DME(7re, o) = Am T Z Zrtp(5t+la7"t|3taatamt)p(mt‘staat)wo(at|5t)
e t=0 T¢
t—1 t—1
X { > 1 pCsisasrilsi, azom)molasls;)p(myls;, af)me(asls;) — Hpm)(sj-i'lvrj’mj7aj|8j)}y(50)'
ar_, j=0 3=0

The proof of Theorem 4.1 is thus completed.

D. Proof of Theorem 6.1

The proof of the triply robustness property of the proposed estimator is similar for IDE(7, 7o), IME(7,, 70), DDE(7,, )
and DME(r., 7). Here, we take the estimator of IDE as an example. Let O denote a data tuple (S, A, M, R, S’),

p(S, A, M) = Za W;((‘;\l/ﬁzgp 1(41\)4'3’“), and 67(S, A) = w™(S) :b((‘:llss)) for any policy 7. Without loss of generality, we let
T,=T,Vi=1,---,N. We first reorganize the estimator of IDE into four parts. Recall that ng = 7. Let

$1(0) = n™ —n%,

¢2(0) = 7(5, A)

R+E a~T.(e]|S") Qﬂ-e (5/7 a, m) - Emwp(o|A,S)QTre (57 A7 m) - 77%1 ;
m~p(e|a,S’)

mo(A[S)

¢3(O) =0" (Sv A)p(sa A, M) 7T6(A|S>

{R—r(S,A, M)},

¢4(0) = 07 (5, A)

]Ea~7r0(0|S)r(Sv alv M) +E a~.(e|S") QGC (Slv a, m) - Emmp(o\S,A)CQGC (Sa Aa m) - nGE‘| .

m~p(e|S’,a)

Then the proposed MR estimator of IDE is

MR-IDE(7,, m0) = — Z[le(oi,t) + #2(0it) — 93(0i¢) — ¢4(Oi 1))

The proof of robustness can be divided into four parts. In part I, we show that when 7, and W™« are consistent, the sum
of terms involving Q™, Q%<, ™, and 7% converges to zero by the stationary property. Then, the remaining part of
MR-IDE(7,, 7o) is

1 . A )
NT Z 0™ (Sit, Ait) [Rist — Eammg(e)s)7(Sits @', Miy)] —63(050). (16)
1,t

)

$5(04,1)

In part I, we consider the condition M, where 7, @™, and 7 are consistent. We show that ﬁ Zi,t <Z)3(O“) converged

to 0, and ﬁ > it (ﬁg,(Oi,t) is unbiased to the IS estimator with correctly specified 7, w™, and r and thus unbiased and
consistent to IDE(7,, 7p), using the arguments used in part I. Together with the results from part I, the consistency of our
estimator is proved.

In part III, we focus on the condition My, where 7, @™, and p,, are consistent. We show that (16) is consistent to
IDE(7., 7). The consistency is then completed, together with part I.

Finally, in part IV, applying similar arguments in part I, we observe that &= >, , b2 (0it)s w7 D i (53(01-7,5), and

G

ﬁ Zi . €Z74(Oi,t) converge to 0 respectively, when Q’TE, QGE, n™e, n<e, 7, and p,, are consistent. Then, we show that

MR-IDE(., ) = ¢ is consistent to IDE(, 7 ), with consistent 7™ and 7C<. The consistency of the proposed estimator
is thus proved, and the proof of triply-robustness is thus completed.

We next detail the proof for each part.
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Part I. Condition: 7, and w™ are consistent.

First, we focus on the terms involving Q™. Let f1(O;w™, 7y, pm, Q™) denotes

g7 (A‘S) E a~.(0|S") Qﬂ-c (S/, a, m) - ]14:1’n~;0(0|Aq,S)Qﬂ-(3 (S, A7 m)

m~p(e|a,S’)

To show that ﬁ Y it J1(Os 4507 Ty, P, Q™) converges to 0, when m;, and w™ are consistent, we decompose it into

]- AT S ~ ATre 1 oy Te 4 N YTe
ﬁ;ﬁ(@,t;w s by P> @ )—ﬁ;fl(@,t,w s Ty P, @)

Iy

1 Te & B e 1 .\ Te ~ ATe
+W;fl<0l,t7w 77Tb7pmaQ )_ﬁ;fl(Oi,hw 77Tb7pm7Q )

T'a

1 big ~ ATre
+ﬁ;fl(oi,t§w Ty Py @) .

s
It suffices to show that I';, I's, and I'5 all converge to zero in probability.

Let us focus onI'; first. Under the assumptions that 27, Q™, H,,, and II, are all bounded function classes and 7 (A; ¢|.S; +)
is uniformly bounded away from zero, |I'1| is upper bounded by

1
3T 216 (1) = (S, a7

where O(1) is some positive constant. By Markov’s inequality, to prove (17) converges to zero in probability, it suffices to
show that

1
WE; &7 (S54) — w™ (S54)| = 0(1). (18)

For any sufficient small constant e > 0, let ™<(¢) defines a set of function w, such that,

Eopo |w(s) —w™(s)]* < €2, (19)

where p, denotes the limiting distribution of state under behavior policy. Since w™* is consistent and converge to w™* in
Lo-norm, we can show that @™ € Q7 (¢) with probability approaching to 1 (wpal) for large NT, by Markov’s inequality.
Therefore, the right-hand side (RHS) of (18) is upper bounded by

1
—FE sup w(Si) —w™(Si4)l, (20)
WP, 0 S h(5i) — T (510)

wpal. Then, it suffices to show that (20) is 0, (1).

Implementing the empirical process theory (Van Der Vaart & Wellner, 1996), we first decompose (20) into

1
—FE sup w(Sit) —w™(Si)| — E w(S; ) —w™ (85, 4+ — sup E w(Si ) —w™ (9,
NT eom o EH | (Sit) (Sit)] ;] (Sit) (Sit)] NT e ;l (Sit) (Sit)]

F4 FS

By the definition of Q7 (¢) and the Cauchy Schwartz inequality, E|w(S; ) — w™ (S; )| < € for any w € Q™ (e). Thus, I's
is upper bounded by € and converges to zero when € — 0 (i.e., I's = o(1)).
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Next, we show that 'y converges to zero as well. Under the assumption that 2™ (¢) is a VC-type classes with VC indices
upper bounded by O(N*) for k < % and e is sufficiently small, using the maximal inequality (See Section 4.2 in Dedecker

& Louhichi (2002) and Corollary 5.1 in Chernozhukov et al. (2014)), we can show that v NTT converges to zero (i.e.,
VNTIT4 = 0,(1)). Therefore, we have that, I'y = op(ﬁ). The proof of I'y = 0,(1) is then completed.

Similarly, following the steps to prove I'y = 0,(1), we can show that I'; = 0,,(1). Then, it remains to show that I's = 0, (1).
By Markov’s inequality, it suffices to show that E(T'3) = o(1). By the definition of Iz, E(T'3) is upper bounded by

1 -
NT sup Zfl ity W aﬂ—bapaQ)' (21)

PEHm,QEQ

We first observe that, for any Q) € Q™ and p € H,,, the expectation of I's is zero. Specifically,
(g Te(AlS)
E’[w P(S) (A|S) awrre(o\S') Q(S/aCL)m) _Emwﬁ(o|A,S)Q(sa Aa m)j|

m~p(ela,S")

fz/m/ (m, s'a, $)p™ (s)me(als) Z Q(s',a’,m)p(m’[d/, §')me(a/] )
,Z/ms (m, 5'|a, $)p™ (s)me (als) /Qsam B(m’la,s)
—Z/ 5 (e (@' |$)QU o (|, )

—Z/ ()7 (al3)Q(s,a, )|, )

Then, following the same steps we used to bound (20) we can show that (21)is o(1). Thus, I's = 0,(1). Together with
I'y = 0,(1) and T = 0,(1), we finish the proof of 7= >, 1 J1(04,;07, 7, Py @) = 0p(1).

Then we focus on the terms involving Q%¢. Let f2(O;w™ , Ty, Pm, QF<) denotes

57 (A1) |E gor, (o)5) @ (S, a,m) = Eppope)a,5)@% (S, A,m)

m~p(ela,s’)

Replacing Q’Te (S, A, m) with Q¥<(S, A, m) in the proof of 1= Zl  F1(04430™ T, Prmy Q) = 0,(1), we can directly
show that 7 37, , f2(Os.6; 0™, 7y, P, Q) = 0p(1) as Well

Finally, we need to show that the sum of terms involving 7™ and n%¢ converges to zero. Let f3(O;w™, mp, n™,n%)
denotes

(RRET s

Forany n; € Rand 75 € R, NT Zz ¢ [3(O; 45 w™ , Ty, M1, 712) has mean zero. Specifically,

e (A|S)
(A9 (m —n2)]

:{1 — ; /Spm“ (a,s)w™(s) :ZEZL; }(7]1 —12)

E[’h = =W (S) — ¢
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Applying the same arguments in showing that I's = 0, (1), we can show that <= 3", , f3(O; ;W™ , 7, 7™, 1) = 0,,(1).
Then, following the same steps proving that I'y = 0,,(1), we can show that

1 N oame A
ﬁZ{fS(Oi,t;w 7Tb 77 ) f3( ity W 77Tb777 677768)} :Op(1)7
it

and

1 A ATe ATe
ﬁZ{ffﬁ(Oi,t;wweaﬂ_bvn )7 ) fS( it W 77Tb,7’ eane)}:Op(l)'
it

Therefore, 7 >, 4 f3(Oi.6; 0™, 7y, 77, 71%) = 0,(1). The proof of part I is thus completed.
Part IL. Condition: 7,(A|S), &™ (S), and 7* are consistent.

With true r, w”, and 7, we can show that E¢3(O; ¢;w™, mp, P, ) has a mean of zero, as E[R — r(s,a,m)|S =
A =a M = m] = 0. Then, using the same arguments in showing that I's = o,(1) in part I, we can show that

> t $3(O4.1;W™ , Ty, P, 7) = op(1). Next, following the same steps proving that I'; = 0,(1), we can show that
1 - e A A 1 - - R
NT Z¢3(Oi,t§w ¢y Py ) — NT Z¢3(Oi,t;w © Moy Dm, 1) = 0p(1).
it it

Therefore we finish the proof showing that = Dt $3(0; ;0™ 7y, Pm,7) = 0,(1). Then, it remains to show that

NT ZZ . ¢5( i3 W™, Ty, Pm, T) is consistent to IDE(r., mo). Again, applying the arguments used in showing that I'y =
op(1), we can show that

1 A e A A 1 A - R
T Eit ¢5(Oi,t;w evﬂ-bvpmvr)_ NT Eit d)S(Oi,t;w e,’]'('b,pm77’):0p(1).
Then, it suffices to show that ﬁ Zi,t ¢A55(Oi7t; w™ Ty, Pm, T) is consistent to IDE(7r., mp). Specifically,
]- n A~ e 7 t|Sz t
Oz’ ; ﬂEa yPm,T
NTZ“ 95(Oii5 ™ o, P NTZ To(Aid|Sie)

Under the assumption of stationary state process, since the action space is finite, it suffices to show that,

Ry — Zm alS; )r(Siv,a, Myg)| . (22)

— Z mo(a'|s)r(s,a’,m) (23)

£> Es~p"e Wﬂ—e Te (a‘S)
m~pPm ﬂ-b(a|8)

Egnpre w™ Wegasg r—>_mo(a'|s)r(s,a’,m)
71- ’

m~Pm b CL|S

for any a. By the weak law of large number, we can show that (23) holds when NT is sufficiently large. Together with the
results in part I, we thus complete the proof of Part II.

Part III. Condition: 7, (A|S), &™(S), and p,, are consistent.

Applying the same arguments used in showing that I'y = o,,(1), we can show that
1 - e A A 1 - - )
7;¢5(O’Lt7w 677Tb7pm7r)_ﬁ;¢5(oi,t;w 677Tb7pm7r):0p(1)7
and
1 A
Nizt zfa 7Tb7pm; NTZQS?) ity W ’7rb7pm7’l"):0p(1).

Then, it suffices to show that

1 7 N 1 7 - .
N7 2; 05(04050™ 70, s ) = 5 D 03(O13 0™ T, P, 7) 5 IDE(e, o). (24)
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The LHS of (24) can be decomposed into two parts. Specifically, it suffices to show that

1 . . mo(Ait|Sit) .
ﬁ ;5 E(Si,hAi,t) {anm(-si,t)r(sma a’/a Mi,t) - P(Si,mAi,t, Mi,t)mr(si,h Ai,ta Mi,t) = Op(]-)7
(25)
and
1 7o(Aii|Sit) } P
— o S; ,Ai R+ — S; ,Ai M ) ——————=R,; — IDE(m,, mg). 26
NT 72; (Sies Ait) { = P(Sies Aig ’t)ﬁe(Ai,tISi,t) t (Tres m0) (26)

Following the steps showing that I's = 0,(1) in part I, since the expectation of the LHS of (25) is 0, we can show that (25)
holds. Furthermore, applying the arguments used in showing (23) in part II, we can show that (26) holds. Together with the
results in part I, we thus complete the proof of Part III.

Part IV. Condition: Q“@, QGC, nre, ﬁGe, 7, and p,,, are consistent.

As we discussed in the main context, with true Q™, Q%, n™, 7%, r, and p,,, we can show that
Ep;(0;4;Q™, Q% n™, n% r,ppm, 0™, &) = 0 for j = 2,3,4. Then, using the same arguments in showing that
I's = 0,(1) in part 1, we can show that

% Z @(Oi,t; Qe QGe,n”€7nG€, T, Pm, W™, ) = 0p(1), for j = 2,3, 4.
it
Then, applying the arguments used in showing that I'y = 0,(1), we can further show that
% > {6501 Q7, Q5 ™ 15 7, b 67 1) = 65(01 Q7 Q5 ™ 1, 1, 07 70) | = 0,(1),
it
for j = 2,3, 4. These two results further yields that
o 3 8504 Q7 QO 0 B, 7 1) = (1)
it

for j = 2,3, 4. Then, it remains to show that ¢ (7™, /%) is consistent to IDE(r,, 7). Applying the arguments used to

show I'; = 0, (1) again, under the assumption that we have that 7™ and 7)< are consistent,

2 NTe NGe P2 Te e) —
¢1(77 anG ) — ¢1(77 177G ) - IDE(’R—Eaﬂ—O)7

where the equation holds by definition. The proof of part IV is thus completed.

E. Proof of Theorem 6.2

First, we clarify the assumption of convergence. We required that each of Q('), &) P, 7, 7, and A1) converges to its
corresponding oracle value in Ly-norm at a rate of N~ for some k* > 1/4. Specifically, taking @™ as an example, we
assume that

VEeep |57 (5) — ™ (5)] = O, (N ).

The proof of the efficiency of the proposed estimator is similar for IDE(n., mg), IME(m., 7o), DDE(7,, mg), and
DME(r,, 7). Here, we take the MR estimator of IDE as an example. Adopting the notation used in the Appendix
D, we have the proposed multiply robust estimator of IDE as

1 N . R N
w7 2161(0i) +62(01) = 33(01r) = 64(0s0)]-

it

MR-IDE(We, 71'()) =
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Taking the oracle values of the estimators (i.e., Q™, QGC, n”C,nAGf,r, Pm,w™e, mp), we define the oracle estimator as
MR-IDE* (¢, 70) = w7 2 4[07(Oi0) + 95(0ie) — ¢5(0ie) — ¢5(0i ).

We decompose the proof into two parts. In part I, we show that the proposed estimator is asymptotically equivalent to the
oracle estimator, such that MR-IDE(7., ) — MR-IDE* (7., mg) = op(ﬁ). In part II, we show that the oracle estimator

is asymptotically normal such that v/N[MR-IDE* (., ) — IDE(me, 70)] 4N (0,02.), where o2 is the semiparametric
efficiency bound. Noticing that 12(O; +), ¥3(O; ¢), and 14(O; ) are the martingale difference sequence with respect to
{O; t}o<t<r—1, under the assumption of stationarity, we have that

1
of = TVar [92(01) — ¢3(01) — ¢4(O1)] -
Therefore, we have that
VNT[MR-IDE* (7., my) — IDE(me, m0)] % N(0, 02),

where 02 = Var[g2(0;) — ¢3(0;) — ¢4(O;)]. Finally, by Slutsky’s theorem, the proposed estimator is asymptotically
normally distributed with mean 0 and a variance achieving the semiparametric efficiency bound. Specifically,

VNT [MR—IDE(ﬁe, 70) — IDE(e, m0)| % N(0,02).

In the following, we detail the proof of each part.

Part L Let ) = {Q™, Q% ij™, /G, p,, }. We first decompose the MR-IDE(rr,, 79) — MR-IDE* (7., m) in to three parts,
such that MR-IDE(rr,, 7o) — MR-IDE*(we, 70) = MR-IDE () + MR-IDE® () + MR-IDE® (¢}, #), where

2 4
MR-IDE® (¢ NTZ{Z (6w mpy7) — 1= > 165(0is o™, mm) = 55(00)]},
j=1 Jj=3
MEIDE® () = 557 3 {3 fonth ™ m) = da (™ )

4
- Z[(ﬁj(ouh 1&7(“)#&7 Thy 72) - éj (Oi,t; ,(/Ajvwﬂ—e7 Th,y 7")]},

2
MR- IDE(3 ¢7 L { Z[él(vjjawﬂe7ﬁ-b7f) - $1(¢7wﬂe7ﬂ-b7/ﬁ)]

4
Z¢] ztvwv ﬁ—bvf) _d;j(Oi,t;z[}?wﬂevTrb?f)}}'

Jj=3

Following the arguments in part I and part II of the proof of Robustness in Appendix D, the expectation of MR-IDE(?) (1&) is

zero. Then, applying the same arguments used in showing that I's = op(\/%) in part I of the proof of Robustness, we can

show that MR-IDE(") (1[)) = op( \/Jl\fiT) under the assumption that each component in ) converges to its oracle value in Lo

norm at a rate of N=*" for k* > %.

Then, we focus on showing that MR-IDE?) (¢)) = op(\/%).

MR-IDE? (¢}) — MR-IDE® (1) + MR-IDE® (1)),

Noticing that MR-IDE(?) (4)) can be further decomposed as

it suffices to show that MR-IDE (¢)) -~ MR-IDE® (1)) = 0, (A=) and MR-IDE®®) () = 0, (&=). First, similar to the

part III of the proof of Theorem 6.1, the expectation of MR-IDE® (1) is 0, for any # € H... Then, applying the arguments
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used in showing that I's = op(\/%), we can show that MR-IDE® (¢, ) = o, ( \/%

73, converge to their oracle values. Then, it remains to show that MR-IDE® (¢)) — MR-IDE® (¢) = op(\/%). It suffices
to show that

) under the assumption that ™ and

1 n N n P n T - " oy 1
NT ~ [Qs]( i t;wawﬂeaﬂ—bﬂn) - (bj(oz,taw?w e77“77,’1)] - [¢j(01,t7¢7w 6771—17774) - ¢](Oz,t7w7w 677Tb7/r)] = Op(ﬁ)a
(27)

for j = 1,2, 3,4. Here, we prove that the above equation holds for j = 3 as an example. For j = 1, 2, 4, the proof can be
completed using similar arguments.

We first observe that the LHS of (27) is upper bounded by
1 n N - n n T, 7 I N n m
ﬁ Z qu](ol,t, 1/)7 wﬂea Thy Ir) - ¢] (Oi,t; wa w"e, T, T)} - [¢](O7,,t7 wa w" e, mp, T) - (b](oz,t? ,(/J7 W, T, T)H
it

o (Aie|Sie)

1 «
=NT Z |07 (S, Aii)1A( St Ai, Mit) — p(Sie, As vy M, t)| 7e(Aig|Si)

\T(Si,t, Ai,t, Mi,t) - f(Si,t, Ai,h Mzt)|

*NT Z |p Sz ) A; it M; t) (Si,ta Ai,h Mi,t)HT(Si,ty Ai,t, Mi,t) - f(Si,t, Ai,t7 Mzt)\

it

_2NTZ|pSzt7Azt7Mzt) (Si,taAi,t7Mi,t)|2 2NTZ‘ SzmAzt,Mzt) (Si,t7Ai,t>Mi,t)|2

_ (L)
=0p \/ﬁ ,

where C' is some positive constant. The first inequality holds under the assumption that 2™ and IT; are bounded function
classes of w™ and 7, respectively. The second inequality holds by applying the Cauchy-Schwartz inequality such that
ab < # Using the similar arguments used to bound (18) in part I of the proof of Theorem 6.1, under the assumption
that p,, and # converge to their oracle values respectively in Ly norm at a rate of O, (N _k*) for some k* > 1/4, we can
show that the final equality holds. Similarly, we can show that MR-IDE® (¢), 7) = o, (
thus completed.

\/JI\TT) as well. The proof of part I is

Part I1. By Central Limit Theorem, when N — oo, we can show that

VN[MR-IDE* (7., m) — IDE(rre, m0)] <% N(0,02),

for some variance 0. Then it remains to show that o2 achieves the asymptotic semiparametric efficiency bound, which is
the supreme of the Cramer-Rao lower bounds for all parametric submodels (Newey, 1990).

We first introduce some additional notations. Let 7y g, P9 and py - 9, and vg be some parametric models parameterized
by 0 for 1, pr, and py -, and v, and M denotes the set of all such parametric models. Then, by Theorem 1, IDE(7., 70)
can be represented as a function of §. We denote the IDE(7., mo) parameterized by 6 as IDEy (7., 7). By definition, the
Cramer-Rao lower bound for an unbiased estimator is

aIDEe(ﬂ'e, 7T0) E 8l({0t}0§t§T—1§ 9) 8ZT({Ot}OSt§T_1; 9) -t 8IDE9(7Te, 770) T
ol 00 00 00 ’

CR(Tb,0, Dm0 Ds’ 1,0, Vo) =

where [({O, }o<t<1—1;0) is the log-likelihood function.

Suppose that there exists some parameter ¢, such that 7, g,, Dm, 6, and ps rg,, and vy, are the corresponding true models.
Then the semiparametric efficiency bound is

sup CR= sup CR<7rb7pm;ps’,T7 V) = CR(ﬂ-b,Qo s Pm,6os Ps’ r,00> V90)~ (28)
M TbsPmsPs! p VEM

It suffices to show that 02, = sup ,, CR.
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On the one hand, from Appendix F, we have that

OIDEy, (¢, o)

50— = El™ = n%)S(Or-1)] + Di(0o) = Da(fh), 29)
where Or_ is the sequence of observations such that O7_; = {O1,0,--- ,01_1}, S(-) is the gradient of the log-
likelihood function evaluated at 6 = 6, (i.e., al({ot}og(;g’“eo) ),

1= me(A]Sy) . _ _ o
D1(6o) =E T ; w C(St)m{Rt +E5S 0, @7 (St415a,m) — Epig, Q7 (Se, Ay, m) — 0™ }S(Or—1) |
and
T—1

X {Z To, (St7 a/a Mt)ﬁo(a'/|‘s’t) - 77G8 + ngm;eoQGe (St+17 a, m) - Em;@ngG8 (St7 At7 m)}}S(OT—l)} .
Adopting the notation used in Appendix E, (29) can be rewritten as

E

{111 Z[ﬁbl(ot) + ¢2(0) — ¢3(0y) — ¢4(Ot)]} S(Or—_1)

Furthermore, since the expectation of a score function is 0, we can show that E[IDEy, (7., m) x S(Or_1)] =

IDEg, (7, ) % E[S(O7_1)] = 0. Therefore, OIDEqq (e m0)

T can be further represented as

E

{711 > [61(01) + 62(01) — ¢3(0s) — 4(O1)] — IDEg, (Weyﬂo)} S(Or-1)

By Cauchy-Schwartz inequality (Tripathi, 1999), we have that

2
S}\l,lp CR<E {;;[d)l(Ot) + ¢2(0¢) — ¢3(0¢) — ¢4(Oy)] — IDEy, (We,WO)}

=Var {;Z[¢1(Ot> + $2(01) — ¢3(0r) — ¢4(O)] — IDEy, (We,ﬂo)}

—o2.

On the other hand, by Lemma 20 in Kallus & Uehara (2022), there exists model My € M with sufficiently large number
of parameters, having CR(7y, 0/, .o, Ps' .07, V') = 0. Therefore, we have that 02 = sup ,, CR. The proof is thus
completed.

F. Derivation of Efficient Influence Functions (EIF)

In this section, we focus on deriving the efficient influence function for each component of the average treatment effect.
Without loss of generality, we assume that the state, action, mediator and reward are all discrete. While adopting the
notations used in the Appendix E, we omit the subscript in p,,, and p, - when there is no confusion. Let 7; denote the data

trajectory {(s;,a;j,m;,7j,8j+1)fo<j<t-

F.1. EIF for Immediate Direct Effect

Let us first focus on the immediate direct effect (IDE). IDEg, (7., mo) can be represented as
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lim — Z > {rpoy (searselse anme) = > 1 pay (%77 |s, !y my)mo(a|si) bpe, (malsi, ar)me (arlsy)
t=0 T s*,r*,a’

t—1
x [T p6: (sje1smsmy, a51s5)va, (s0),  (30)
§=0
where v denotes the initial state distribution, and
Po; (Sj+1: 75, My, aj185) = o (8541, 75185, aj, mj)pe, (myjls;, az)me(a;ls;).
Taking the derivative of (30), we have

OIDEy, (¢, 7o)

=C Dy — D
a0 1+ 2,
where
Cy = (30) x Vglog(ve,(s0)),
t
D, = Th—>Héo T Z Z"“t Hpoo S]+17T]7mj’a]|sj Z Ve Ing()O 5j+1arj7mj,ajlsj)] x Vg, (50),
t=0 T¢ 7=0
and
T-1
1
Dy = lim — Z T4D0, (St41,Tt|St, G, My ) To(ae|s¢)pa, (M| se, a’)me(a|se)
T—oo T
t=0 a’,7¢
t—1

t—1
+> [Vologpge (sj1,75,myls;, a;)] } X vg,(s0).  (31)
§j=0
In the following sections, we will derive Cy, Dy, and D5, respectively.
F.1.1.Cy

We first focus on C7. Since the expectation of a score function is zero, we have that

Cl = ]E[IDEQO (’/Te,’/To) X Vg log(l/go (80))] = E[IDE@O (7Te,7T0) X S(OT_l)] = E[('r]ﬂ—e — nGe) X S(OT_l)].

F.1.2. D,

‘We then focus on the derivation of D;. Notice that

t
lim fZZn“@Hpgo (841,75, M5, ajls;) Z Vologpp: (sj+1,75,mj, a;jls;)] ve,(so),
Jj=0

T—o00
t=0 T¢
T-1 t
Tlgféo T z; nE ZO Vo log pge (sj4+1,75,m;, a;s;)] X v, (s0),
J
:O7
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where the last equation holds using the fact that the expectation of a score function is 0. Therefore,

T-1 t t
1
Dy = lim > > [ — 07 [T 0f: (sjensmiimyoazls;) D [Vologpge (sja, 7y, my, ajlsi)] veo (s0)-

t=0 T 7=0 7=0

Together with the trick of the equality x (See Appendix F.5 for a complete proof of it), we have that

J
D, = Tlgréo T Z Z r—n" +Eg¢ Q" (s541,a",m")] H Po. (Sk+1, ks Mk, Ak |Sk)
J=0 7; k=0
X Vg logpye(sj+1,7j,my,a;|s;) X vg,(so)- (32)

Then, we note that
*k
> TT 25 (swrrs v, anlsi)von (s0) Z 0 (551,75, my, 4l s)p™ (s),
so k=0
which is the probability of {S;11 = s;41, R; = r;, M; = m;, A; = a;} under the target polity .. Further, we notice that
Vo logpys (sj+1,75,my, aj]s;) = Velogpe, (sjt1,75,mjlaz, s;)
Using the fact that the expectation of a score function is 0, we have
> Ipeo(sivririimylag, s;)Velog pye (sj1,mi,mylag, s;)] =0
Sj4+1,75,M;

for any j, which follows that

lim —ZZ]E “Q" (85, aj, M )pye (841,75, My, ajls;)p™ (s5) X Vologpye (sj+1,75, mjlag, s;)
Jj=0 7;

lim — Z Z ]Em*Q S]ﬂ Qaj,m )We(aj |Sj)p7re (SJ)

J=0 7j—1,a;,8;

X Z [Poy (841,75, myla;, sj)Volog ppe (sj+1, 75, mjlaj, s;)]

Sj+1,T5,M;

Thus, combined with the D1 in equation (32), we have that

T—1
o1
Di = i 37 Sl " B Q@ (51156 ) ~ B @ (5m)
J=0 7
XPge (841,75, M, a;]s5)p™ (85) Vo log poy (8j+1, 75, mjlag, s;),
T—1

[Tj - 77”“ + Eg’f,m"CQTre (Sj+1a a*v m ) E, Q (Sjaa]am*)]

Il
S
g E
N =
g
[

me(ag]s;)p™ (s;)
,00 (aj]85)p™ (55)

T—-1
3 ]‘ T, Te T, * * T, *
= Jfim YD I =0 + B Q7 (511,07, m") — B Q¢ (s, a5, m")]

T—o0

P00 (841,75, myjlag, s5)m.0,(az]s;)p™ (s5)Velog pa,(sj11, 75, mjlaj, s;5),

J=0 7;
e (a;]s;)p™ (s5)
.00 (a5]55)p™ (s

P00 (854175, mglaz, s;)mb.0,(az]s;)p™ (5) Vo logpyl (sj+1,75, mj, aj, s5).
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The second equation holds by substituting p™(s;) with 2 = “)ym(s) = we(s;)p™(s;) and me(a;|s;) with
j 5(s;) j j j 5153
ﬂ:‘;(a(i‘sljs) 575,60 (]5;). The last equation holds, using the definition of Q™ (s, a, m),
»Y0 71273

.1 me(aj|s;)p™e (s;)
lim — R AL Lm0, (ai|s;)p™ (55) x {Vglogmy.e,(ai|s;) 4+ logp™ (s;)}
T JZ:;)THZ;,S. o600 (ajls;)p™ (s;) o (a157)p™ (55 Cer ’

X > [ = B e QT (541,07 m”) = B QT (s, a5, m")pa, (5541, 75, mylag, 55) = 0
Sj+1,75,Mj

Therefore, implementing the fact that the expectation of a score function is zero and utilizing the Markov property, we obtain
that,

7 (AlS . . . _
[ _me(AlS) {R+E],Q™ (S, a,m) — E,,Q"(S,A,m) —n e}S(OTl)]
" .00 (A]S)
Since (S, A, M, R, S") is any arbitrary transaction tuple follows the corresponding distribution, we have that
- e (A¢] S, . . _
Z %{Rt +E 0@ (St41,a,m) —Ep, Q7 (Sy, Ay, m) — ™ }S(O7r—1)
=0 b0, (At]St)

F.1.3. D,

Finally, we focus on the derivation of Dy. Note that in equation (31), D2 can be divided into two parts, where

1
D( ) = lim — Z Zﬁpeo 5t+1,7’f\8t7at7mf o at|8t Zpao mt\sn ,(a/\st)
T—oo T
t=0 T¢
t—1
X Hpgg(sjﬂ,mmj, a;jls;j)Ve 10817;;; (St41, Tt 8¢, at) X Vg, (s0),
j=0
and
=
2 .
DY = tim =3 3" pey(melse,an)melarls)) > repey (seer,relse,alme)mo(d|s)
T—oo T
t=0 a¢,m¢,Tt—1 St41,T¢,a’
t—1 t—1

X Hpgg(sj'ﬂ,rj’mjvajISj){Velogpeo(mt\St,at) +> [Vologpg: (sj1,75,myls;, a;)] }Veo(SO),
Jj=0 j=0

note that here we switch the summation of a and a’ and change the subscript of the summation accordingly.

Part I (Dél)). Using the fact that the expectation of a score function is zero, we first obtain that

T-1
lim — ZZT@O St, e, ) Po, (St41, 1|5t ae, ma)mo(arlse) Y pa, (malse, a/)me(a|sy)

T—o0
=0 T a’

t—1

X Hp’é; (841,75, My, a;|s;) Vo log pge (Se41, melme, st, ar) X ve, (so)
j=0
T—1 t—1

. 1
lim *Z Z Teo(smat,mt)ﬂo(aﬂst)Zpeo(mt\st,a/)ﬁe(a/\st)Hpg(f(sjﬂﬂ"jamjvaﬂsj)

_ t=0 a¢,m¢,Te—1 a’ j=0

X Z p00(5t+1>rt|3t7atamt)VO10gpg;(£t+1>rt|mtast7at) X Vg, (s0)

St+1,Tt
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Therefore, it follows that

T-1
DY = lim Z > [re = 1o, (51, ar,m4)|pay (5141, else, ar, me)mo(arlse) Y pa, (malse, a/)me(a’|sy)
T—oo T
t=0 T¢ a’
t—1
X Hpgj(sjﬂﬂ”jvmj,aj|8j)va10gpg§(8t+1,7"t|mt,8t,at) X Vg, (80).
j=0

Furthermore, since

Thm T Z Z Z TtPoo (St41,Tt|St, ag, M) — Teo(styatvmt)]%(aﬂst)ZPGO(mt|5taa/)7Te(a/|5t)
oo t=0 a¢,mM¢,Te—1 St+1,7¢ o

t—1 i—1
< [T v6c (sjnsriimy,asls;) Y Veologpge (sji1,m51my, 55, a5) X vey(s0) = 0,
=0 =0

Dél) can be further written as

1)
D( = lim *ZZ — Ty (St, @, M) |Po, (141, 7| St, ar, me)mo(ast) Zpeo (my]se, a’)me(a'|se)

T—oo T
t=0 T a’
t—1 t
< [ phe (si41.m5.my,a5085) > Volog pge (sj41,75lmy, s, a5) x va, (so)-
j=0 =0

Then, following the same steps in the proof of the equality D1, we obtain that

T-1
1
1) % .
DY = lim o Z >l = 7oy (5 a5, m)paq (i1, 7185, a5, my)mo(agls;) Y poy(mylsg, a/yme(a]s;)
Jj=0 7; a’
j—1
X H DPo. (Sk+1,Tks Mk, ak|Sk) Vo, (50) Vo log pa, (841, 74185, az,m;).
k=0
Similarly, using the equality xx,
1) *x . 1
D = Jim > > [rj — 7o (85, a5, mj)|pog (8541, 75|85, aj, mj)mo(as]s;)

J=0 85,a5,m;,rj,8;+1

X Y oy (mylsj, a')me(a'|s;)p™ (55) Vo log pay (5541, 75185, a;, my).

Tr()(aj ‘Sj)

ol g (aglsg), P (sy) with ElSpm(s;) = W™ (s;)p™(s;), and

Y ur Do, (mjlsj, a’)me(a|s;) with 2ot pegngjlijlg]lj;(a 19) s (myj]s;j,a;), we obtain that

Replacing mo(a;ls;) with

1 m;ls;,a’ a'ls; s,
Dgl) — lim — Z Z wﬂe(sj)za/pﬁo( ]| js )We( | J) 71—0(@]‘3]) [rj —Too(sj,apmj)]
e e S po, (mls;, a;) .0, (a455)

X Do (8+1, 75185, aj, m5)po, (|85, @) 0, (aj|s;)p™ (85) Ve log pa, (sj+1, 75185, az, m;).

Further, since

Z W Za/ Po, (M85, a")me(a’]s;) mo(ajls;)

lim —
pao(m]|sjﬂaj) Tb,6¢ (aj‘sj

Jim )peo(mj|sj’ a;j)my6,(aj]s;)p™ (s5)

Jj=0 sj,a;,m;

x Vologpgt(mj,az,8;) > [y — rey(sj,a5,m;)|pe, (s 11,7585, a5,m;) =0,

TjrSj+1
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we have that

D(l — lim 72 Z wﬂe(sj)z:a/peo(m]|sjaa)We(a‘ |SJ) 71'0(&]‘3])

T — Too (S5, a5, m;
Poo (mjls;, aj) Wb,eo(aﬂsj)[ 5 =70 (35, 5,m)]

J=0 85,a;5,mM;,7;5,85+1
X Doy (841, 75185, aj, mj)po, (]85, aj)m 0, (az]s;)p™ (s;) Ve log py! (sj+1, 75, mj, az, s5).
Then, combining the fact that the expectation of a score function is zero and the Markov property, we have that

2_a Poo(M|S, a)me(alS) mo(AlS)
ng(M|S A) 7rb790(A|S)

DY = E[w(8) [R = r(S, 4, M)]S(Or-1). (33)

Part IT (Dém). Note that, taking the sum over r; and s;41, DéQ) can be equally represented as

t—1
Tlgréoiz > roy (st a’,me)mo(a[se)pe, (me|se, ar)me(arlsy) [ | pgc (sj1.mi,my, a5ls;)
t=0 a’,a¢,m¢,Te—1 j=0
t—1

X {Velogpeo(mtIStyat) +> [Vologpge (sj11,75,myls;,a5)] } X Vg, (S0)-
§=0

Taking the average over r; and s;, and noticing that

t—1

lim — Z Z roo (st, 0, me)mo(a’|se)pe, (Melse, ar)me(at|st) Hpge<sj+1,7'j7mj7aj‘8j)
T—oo T J o
t=0 a’,a¢,m¢,Tt—1 7=0

x Z Doy (St+1,7t[8¢, ar, my) Vo log pa, (Se41, Te|se, ar, me)v, (so) = 0,

St41,Tt
. 2
we can rewrite the Dé ) as
1 T-1 t t
Jim > > roy(seayma)mo(al|se) T phe (sjasmiomy, agls;)ve,(s0) Y Velogpge (sj41,75,mjls;, ;).
t=0 a’,7¢ 7=0 7=0

Then, following the steps as we did in deriving D4, we first show that

T-1 t
. 1
lim —ZZU Hpeo (8j41,75,mj,a;5]5;)V,(S0) ZV@logpg (8j41,75,mjlsj,a;) =0,

T—oo T
t=0 T7¢ 7=0 7=0

which follows that

t
DY = lim — Z > [rog(se.a’smi)mo(alse) = n] T ] oG (841,75, my, ajls5) v, (s0)
t=0 a’,7¢ j=0
t
> Vologppe (sj1, 75 mylss, az).
=0

Next, similarly, given the definition of QC¢, following the steps in deriving D; and combining with the trick of score
function together with the Markov property, we obtain that
e (A]S)

(2) _ Te
D;” = Ew (S)T"b w(AIS)

{ZT (8,d', M)mo(a'|S) = 0 +Ef5, Q% (8", a,m) — EnQC (S, A,m)}S(Or-1)].
(34)
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Combining equation(33) and equation(34), we have that

el SIS ) (alS) wo(A1S) me(A1S5)
Do = B[ (S =0 T nb,eo<A\s>[R o0 (S A D+ 2 )
< (3 0, (5. Mmo(a[) = 1 + EZ5, Q% (8, a,m) — B Q(S, A, m)} } S(Or_1).

Since (S, A, M, R, S") is any arbitrary transaction tuple follows the corresponding distribution, we have that

T—1
1 Yo Poo (M| St a)me(alSy) mo(A¢|Sy)
Dy =E[= S wre(s,){ & Ry — 4, (s, Ay, My)] +
’ {T;w ( t){ Do, (M¢]St, At) Wb,oo(At\St)[ ¢ = Too (St A Me)]

7Te(At|St)
T,00 (Ae[St)

$ D" a0 (Sesa's Mo)mo(a|0) = 1 + B, Q% (Stan, a,m) — EnQ (i, Arsm)} }S(Or—1)].

F.1.4. DERIVATIVE OF IDEy, (7., 7))

Given Cy, Dy, and Do, the derivative of IDEg, (7., 7o) is ™ — n% + I; — I, where

IIZE[‘*’“(S)m{R— "B, Q (8, 0,m) — EnQ™ (S, A,m)}],
and
e (S pao(MIS, a)me(a]S) mo(AlS) . (A]5)
b= Bl (S = R ma A F (S AM + 2

x> 1o, (S, M)mo(a'|S) + B, Q% (S a,m)—EmQGE(S,A,m)—nGG}}]-

F.2. EIF for Immediate Mediator Effect

Immediate Mediator Effect (IME) can be represented as

lim — ertpeo St41, Te|St, ar, i) mo(ae|se) Zpeo (my]se, a)me(a'lse) — po, (Mmuar, s¢)]
T—oo T v
- t
t
x || [P (sj51,m5,my, a5]s5)] va, (s0).  (35)
=0

|
—

Taking the derivative of IMEy, (7., 7o), we get that

OIMEgy, (., mo)

=Cy+Dy—D
96, 2+ Do 3,

where
Cy = (35) x Vg log(vg,(s0)) = E[IMEg, (e, mo) x S(Or—1)] = E[(n — ™) x S(Or_1)],

D, is derived in Appendix F.1.3, and

T—1 _
D3 = Tllm = Z Zﬁpeo St41,Tt|St, Qr, Mt )Pa, (] St, ar)mo(at]st) H Peo sj+17{r]7mjaaj‘8j)}
—oo T t=0 ¢ =0
t—1
X [Z[Velogpoo (8j+1,75,mjlaj, s5)] + Vo log pe, (8t+17rt,mt\st,at)}wo(s(]),
j=0
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which can be represented as the sum of two parts. Specifically, D3 = Dél) + D§2), where

T-1 t—1
1
D§Y = Jim = DN ripag (ser1,ilse, ar,me)pa, (malse, an)mo(aelse) [ (5 (sj1,m5,m5, a5ls5)]
—oe T t=0 T¢ 7=0
X Vg logpe,(si41, 7, me|st, ar)va, (o),
and
1 T—1 t—1
2
D;(; ) = Thm = Z Zﬁpeo St4+1,Tt St7at7mt)p90 (M| se, ar)mo(ae|se) H [p25(5j+1,rj,mj,aj\8j)]
s T t=0 7¢ j=0
t—1
X Vo logpa, (541,75, mjlaj, sj)ve, (S0)-
§j=0
F.2.1. Ds

Part I (Dél)). First, using the fact that the expectation of a score function is 0, we notice that,

lim *ZZE “Too (8, Qe M )Pog (St41, 1t |St, at, M) o, (Mt St ar)mo(ar|se)
T—oo T =0

t—1
X H (D6e (541,75, my, als;)] Volog pa, (se41, me, milse, ar)ve, (so),
i=0

Tlggofz > Emero, (51, a0, m)o(arls:) H Poc (841,75, My, as]s5)] ve,(s0)

t=0 a¢,Te—1 j=0

X Z Doy (St+1, Tt M| St, ar) Vo log pa, (Se41, e, M|t ar),

St+4+1,Tt,Mt

. 1
A - >N e = Eoeray (51, s, m*)|pog (Se11, 7|51, s, me)pa, (mal e, az)mo (arse)
(1) t=0 T
Dy t—1
X H [D5e (s541,75,my, als;)] Ve, (50) Ve log pay (se1, e, mulse, ar),
§=0

T-1
. 1
lim — E E [rt — Epro, (st, ar,m")|pa, (St+1, e, M| se, ar)mo(ae|st)
= T—oo T

t=0 St41,T¢,at,M¢t,S¢

xXp™(s¢)Volog pg, (Se+1,7e, M| Se, ar).

Replacing the 7o (a|s;) with Mlé*))wb 00 (a¢|st), and p™(s;) with pﬂbgztgp b(s¢) = w™ (s¢)p™ (s¢), we obtain that

T, 00 (at]st

1
D:())l) — lim ~ Z Z W (St)ﬂ-o(atst))[rt — Epero, (¢, a8, m*)]

T atls
t=0 8¢41,7t,0¢,M¢,5¢ b’9°( tlse

X Dog <St+17 Tty Mt |3t7 Cbt)ﬂb,eo (at \st)p”b (St)VG log pe, (St+1; Tty mt|st7 at)-
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Further, since

T-1
.1 mo(ag|s
lim — " Zw”e(st)i( di) Th,00 (at|s¢)p™ (s¢) Vo log pj’ (az, s¢)
T—oo T = b6, (@t ]5¢)
= tySt
x Z [re — Eero, (¢, a, m*)pay (St1, 74, mu|se, ar) = 0,
St+4+1,Tt,Mt

we have that

7r0(at8t>) Tt — Eper, (st, ag, m”)]

D(1 = lim — we(sp) —————
Z Z ( t)ﬂbﬂo(at|5t

T—oo T
t=0 St41,7t,a¢,M¢,St
uy us
P (8¢) Vo log py? (141, 7t M, ar, St).

X Doy (St41, T, M|t ar)Tp 0, (at|St)

Lastly, combining the fact that the expectation of a score function is 0 and the Markov property, we finalize the derivation of

D with
AlS) -
DY — Efume(s) TS 5 g SAmso,] 36
3 ( )ﬂ'bﬁo(Als)[ m 00( s 41y )] ( T 1) (36)
Part 11 (Dz(f)). We first rewrite the D§2) as
= t—1
Th_{n T Z Z 7o (St at, mu)po, (muse, ar)mo(ar|se) [pg[j‘(sjﬂ,rj,mj,ajlsj)}
> t=0 a¢,m¢,Te—1 j=0
t—1
X Y Vglog pa, (sj41,75,m;la;, 5;)ve,(s0)-
j=0
Taking the additional average over s*, r*, m*, and a*, and noticing that
t—1
im TZ > oo (st ar,ma)pa, (s, ar)mo(aclse) [ [ (si+1, 75, my, ass;)]
o t=0 a¢,m¢,Te—1 7=0
X Z Do, (8,177, m" sy, a™)me(a™|s:) Vo log pe, (™, 7", m*|s¢, a*)vg, (s0) = 0,
s*,r* m*,a*
we further represent D§2) as
= t
Tlim TZZ Z Do, (M |s¢, a™)ro, (st,a™, m*)mo(a*|s:) H Po. s]+1,rj,mj,a]\sj)]
e t=0 T m*,a* j=0
t
X Z Vo log pg, (541,15 mjlaj, 55)ve, (so)-
7=0

Note that we change the subscript of the summations accordingly. Then, following the steps we processed to derive the Dy,

we first show that
t t

T—1
1 -
lim =Y "m0 I [p5e (si410,m5,my5,a505)] Y Vologpey(sj1,75,m;las, s5)ve,(s0) =0
j=0

T—oo T ;
t=0 T¢ 7=0
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Therefore,

¢
(2) _ * *
Dy lim T ZZ[ Z T, (st,a”,m")pe, (m”|sy, a*)mo(a”|s¢) — }]:[ P ( (851,75, M5, als;)]

T—o0
t=0 7¢ m*,a

t

X Y Vologpa, (541,75 mjlaz, s5)ve,(s0)-
j=0

Next, using the equality properties x and xx, together with the definition of Q™= (s, a, m) and the trick of score functions,
we can show that

= lim — ZZ{ Z o, (5t,a", M )pg, (M*|s¢, a™)mo(a™[s¢) — n™° + Ege . Q" °(s541,a",m")

j=0 7; m*,a*

me(a;]s;)p™ (s;)
R O™ (s s e\d;|S; j
m Q (8J7aj7m) 7Tb,90(aj|3]) ( )p90(8J+17rJ7mJ|aJ7SJ)

X Tb,00(aj]5;)p™ (85) Vo log pp! (8541, 75, M5, aj, s5).

Implementing the fact that the expectation of a score function is zero and utilizing the Markov property, we finally obtain
that,

(2) e Te (A|S
D —Ew<a5§5m;Qij%\&mmwarmm(w>

+ K35, Q™ °(8' a,m) — E,,Q"°(S, A,m) —n™°}S(Or_1)|. (37)
Combining equation (36) and equation (37), we have that

mo(A]S)
7,00 (A|S)

e (A]S)

[R—Emre, (S, A,m)] + W{ZE,WN%(.‘S@ Ty (S, a’,m)mo(a’|S)

Dy=E [w”e (S){
+ K75, Q" (S, a,m) — E,, Q™ (S, A,m) — n”cﬁo}}S(OT_l)} .
Since (S, A, M, R, S") is any arbitrary transaction tuple follows the corresponding distribution, we have that

Ds ZE[lTilw“ﬂ(St){M[Rt—Emrg (S, Ay m)HM{ZE o(elSs.a T80 (Ser @'y m)To(d'|S:)
T +—0 ﬂ—b,Go(At|St) 0 ’ ’ ey Go(At|St mn~p t,0 o )

a’

+ Em Q70 (Spy1,a,m) — Ep, Q70 (Sy, Ay, m) — Uﬂe’o}}S(OT—ﬁ]

F.2.2. EFFICIENT FUNCTION

Given Co, Do, and Ds, the efficient influence function for IMEg, (7, 7o) is nGe — ypme0 4 Iy — I3, where

g1 Supn(MIS.0)(alS) mo(AlS) 7e(Al3)
e ) G Vi w155 7000 (AIS)

X {Z 7’90(5, alﬂM)WO(aI‘S) Eﬁe QG ( ) @, m) - EmQGe(st’m) - UG“}Ha

[R—710,(S, A, M)] +

mo(A[S)

B . me(A|S)
I3 = E{w (S){m[R — K, (S,A,m)]

W{ZEWNMO( o|S,a1) 70, (S, @', m)mo(a’|S)

+ BT, Q0(S, a,m) — B Q0 (S, A,m) — nw}}] .
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F.3. EIF for Delayed Direct Effect
Delayed Direct Effect (DDE) can be represented as

T—1
1
DDE(WeJTO) = hm T ; ;Ttp ST+17Tt|5taatamt) (mt‘3t7at)770(at|5t)
t
t—1 t—1
X { pre(3j+1>7"jamj7aj|sj) - Z Hp(strhrj|3j7aj7mj)7ro(aj‘3j)p(mj|sj7a;)ﬁe(a;|5j)}y(30)~ (38)
j=0 ay_, j=0

Taking the derivative of DDEy, (7., ), we get that

ODDEg, (7., mo)

96, = O3+ D3 — Dy,

where
C3 = (38) x Vglog(vg,(s0)) = E[DDEy, (m, m) x S(Or_1)] = E[(™° — %) x S(Or_1)],

Ds is derived in Appendix F.2.1, and

T-1
1
Dy = lim — Z Z TP, (St+1, Tt Me|St, ar)mo(a|st)
T—oo T
t=0 7¢,a;_,
t—1
11 poo (551,751, az,my)mo(a;ls;)pa, (myls;, af )me(as|s;)va, (so)
§=0
t—1 t—1
{ Vo log po, (St41, 7t Mest, ar) + Z Vo log po, (sj+1, 75185, a;,m;) + Z Vo log py: (mjls;, aj) }
P =0 I
4 Df> Df)

F.3.1. D,

Part I (Dfll)). First, using the fact that the expectation of a score function is 0, we notice that,

lim — E E Eonrro, (8¢, at, m ) pog (Se1, Te, M| Se, ag)mo(ae|s¢) Vo log b, (Se41, e, M| S, ar)
T—oo T =0 -
t,0 1,71

t—1
11 poo(si41.751s5 @z, mg)mo(aj|s;)pa, (55, a3)me (a3 |s;)va, (s0),
j=0
T—-1 t—1
Tlggofz > Era(seae,m')mo(aclse) [ [ poo(sjr1,75ls5, az,m)molas]s;)pa, (myls;, af)me(asls;)
_ t=0 a¢,7¢—1,a;_, j=0

Z Doy (St+1,Tt, M| St, at) Vo 10g Doy (St41, 7o, M| St ar)vg, (S0),
St41,Tt,M¢
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which follows that

Jim Z > e = Barrey (st ae, m) oy (s41, e, melse, an)mo(ar|se) Vo 1og pa, (Se41,7e, mese, ar)
(1) t= OTt,at 1
Dy = t—1
[T poo(sis1.75ls5, az,mi)molasls;)pa, (mjls;, ay)me(as]s;)ve, (s0),
j=0
1 T-1
lim — Z Z [re — Emrro, (st, as, m)pog (Se41, 7, M| st at)WO(at|3t)pg)(st)
— T—oo T

t=0 S441,7¢,M1,01,5¢
Vo log pa, (St+1,7t, Mt|St, ar).
The last equation holds, since
t—1
> T peo(sisrimilss azmy)molasls;)pa, (myls;, al)me(as|s;)ve, (s0) = ph, (s).

80,T¢—1,a;_; Jj=0

b6, (a¢]s¢), and p§ (s;) with pi‘;(gtgp’rb( 1) = w§ (s¢)p™ (s¢), we obtain that

7o (ae|st)
To,00 (at|st)

Replacing the 7o (a¢|s¢) with

TolQ¢|S
D(l = lim — Z Z wg)(st)M[rt —Em/TQU(St7at7m/)]

T—oo T T at|s
t=0 St41,7¢,M¢,at,St b’e(’( t| t)

Da, (5t+1, Tty My |5t, at)ﬂb,eo (at \St)pm’ (St)va log pe, (5t+1, Tty Ty |5t, at)-

Further, since

.1 mo(at|s x -
lim — Z Z wg)(st)Mwb’go(at\st)p * (1) Vo logpy! (at, st)

Tb,0, (at|St)

X Z [Tt - ]Em’reo (8t7 A, m/)]peo (st+17 Tt, mt|3t7 at) = 0)

St41,Tt, Mt

we have that

Tola¢|S
D(1 = lim —Z Z wg)(st)M[Tt—Em/reg(snanm/)]

T—oo T T at|s
t=0 St41,T¢,at,M¢t,S¢ b’e(’( t| t)

X Doy (3t+17 Tt, mt|3t7 at)ﬂ'b,ao (at|5t)pm’ (St)ve IOngé’ (5t+1a Tty My, g, St)-

Lastly, combining the fact that the expectation of a score function is 0 and the Markov property, we finalize the derivation of
D'V with

mo(A|S)

m[R — Emro, (5, A,m)]S(Or-1) |- (39)

D{Y = E[wf (S)
Part I1 (Df)). Taking the additional average over s’, 7/, a’, m’, and @, and noticing that

lim — E E 6o (8¢, at, My )Po, (Mt |8t ar)mo(at|se)
T—oo T
t=0 a¢,m¢,Te—1,a;_,

t—1
x [ oo (51,7555, a5,mj)mo(als;)pa, (mys;, af)me(as|s;)va, (o)
j=0

X Z po, (8,7 |s¢,a’,m")mo(a'|st)pa, (M |st, @) me(a|st) Vo log pg, (s',7"|st,a’,m’) =0,

s’ r’,a’,m’,a
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we further represent Df) as

Tlgnooi Z Z Z Do, (M |St, 7"90(815,& m)WO( I‘St)

t=0 7¢,a; m’,a’
t
x [ poo(sjs1,751s5, aj,mj)mo(as]s;)pe, (mjs;, af)me(ass;)
j=0
t
X D Volog o, (41,7515, a5, m;)ve, (s0).
=0
Note that we change the subscript of the summations accordingly. Then, following the steps we processed to derive the Dy,
we first show that

lim — Z Z nee Hp9o Sj+1. 75185, az,mj)mo(aj|s;)pe, (myls;, aj)me(aj|s;)

T—oo T
t=0 7¢,a; 7=0

t

X Z Vo logpe, (sj+1,75la;, 5, m;)ve,(s0) = 0.
3=0

Therefore,

2)
DY = Jim o 55> [ 57 om0,y (51, Yo afse) — ]

’
t=0 1¢,a;y m’,a

t t

11 poo(si41.75155. az,ms)mo(a;ls;)pa, (55, af)me(al|s;) > Vologpe, (sj+1.75la;, s5,m;)ve, (o).
=0 =0
Similar to %%, we have that
t—1
* % *kk
> T peo(sieririlssaz,my)mo(ajls;)pa, (myss, af)me(as|s; v, (s0) = pg (se)-

80,Tt—1,a;_1 J=0

Next, using the equality properties * and x * %, together with the definition of Q%° (s, a, m) and the trick of score functions,
we can show that

D(2 = lim — Z Z [ Z Poo (m/‘sjv a/)TQU (Sj7 a/7 m/)ﬂo(a/|8j) - WGO + EaG,mQGO(Sj-‘rlv a, m)

j OsJ+1,rJ,aJ,sJ,mj,a]*. m/,a’
X Doy (Sj41,75155, aj,mj)mo(aj|s;)pa, (mylss, al)me(al]s;)p% (s;) Vo log po, (sj+1,75laz, sj,m;).  (40)

Then, following the steps in deriving D1, we have that

T-1

@ _ iy L 20 Poo(Mjlsj, a')me(a'ls;) mo(ajls;)
Dy’ = lim fz Z wgo(s) °

Po, (ms;,a;) .00 (a;]55)

J=0 sj+1,75,a;5,8;5,m;
> ( Nea. o o / e\ — ,Go EG Go . _ NGo . . X
> poy(m|s,d ), (s5,a',m/)mo(a'|s;) — 1% + EY,,Q% (s541,a,m) — Q7 (s;,a;,m;)
m/,a’
X Doy (8541, 75185, aj,m;)pa, (]85, a;5) T 0, (az]5;)p™ (51) Ve log py’ (sj+1,75,mj, az,85).

Finally, combining the fact that the expectation of a score function is zero and the Markov property, we have that
D(2 H Z po, (|8, a’)ro, (S, ', m')mo(a’|S) — o +EngG°(S’,a,m) - QGU(S,A,M)}

2qr Py (M|S, a)me(a]S) 70(A]S)

i) NS A o (AIS)

$(Or-1)|. @
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Part 111 (Df) ). Following the same steps used in deriving the equation (40), we can show that,

T-1

3

D( ) = TIE;I;O Z Z Z |: Z pao ‘817 7’90(8]7(1 m )7'(0( /|$J) WGO +EaG,mQGO(Sj+17aam)
J=0 aj,sj,mj,a; sj+1,7;

><Peo(sjﬂ,V‘j|3j»aj,mj)Wo(aﬂSj)Peo(mﬂsjaa}f)ﬁe(a;\sy‘)}?g(sj)ve log pg, (mjls;,aj). (42)

Based on the definition of Q“° and the corresponding Bellman equation, we have that
G
[ Z Doy (|55, 0" ), (55,0’ m')mo(a'|s5) = 0 + ES,Q% (5541, a,m)]s5, ay, ma} =Q"7(s5,a5,m;).

Therefore, (42) can be rewritten as

. G G
Jim f;‘) 2 [0 Q% g alsmi)molalsg) oo (il as)me(aglo ) () Vo log pay (ms 55, a5).

Notice that

lim *Z > { > Q% (sy,a’,m})po, ( §|Sj’aj)WO(a'|8j)}Peo(mj|Sjvaj)ﬂe(aﬂsj)pa(sj)

j=0 sj,mj,a; a’ m]

X Vg log pg, (m;|s;, a;)
1 T-1
dim =SSN Q0 syl mpay (s a5)mo(@ ;) reasls 0% (51) D paa (mys; aj)
= j=0 sj,a; a’,m* m; )

J

X Vg logpg, (m;|s;, a;

Therefore, we have that

T—1
3 1 . .
DY = A - > {[ZQG°(SJ’G/’mj)7TO(G/|Sj)] - QGO(Sj’a/’mj)pQO(mj|Sjaaj)ﬂo(a/|8j)}
j=0 s;j,mj,a; a’ a’,m;‘

X P, (M5, a;)me(az|s;)pC (s5) Vo log pe, (mjls;, aj).

Following the same steps we used in getting the final expression of Dfll), we can show that

DY = B[uf) (5) TT{ (3 QO (S0’ Myma(a)]= 3 QO (S, o (1S, A)mo(a'19)} (O]
| ’ o 3)
Combining Dfll), Df), and fo’), we have that
Dy = E{wG(S)w HR - Emr(S,A,m)} + (S, A, M){]Eg;{mr(s, o/, m) +ES, Q9 (S, a,m)
b(A[S)

— QO (S, 4, M) —n }] GSL $){Q%(8,a, M) 8, 4)Q% (S,a,m) }|.
Q0 (S, 4, M) = p | +w($) 2= Zm al9)1 Q% (S, a, me\ (8, a,m)
Since (S, A, M, R, S’) is any arbitrary transaction tuple follows the corresponding distribution, we have that

o(A
[ Z WO (5 Tl A5 [{ Bi=Eur (S, i) bo(Se, A, M) {ED (81, 0/, m) +EE 1, Q% (St41,0,m)
At|St) ’

(Ae] S

0 0 Te ) 0 0
— Q% (S, Ay, My) —n© H +WG(5t)mza:W0(a\5t){QG (St a, Mt)_%:p<m|st7At)QG (Stvaam)}]
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F.3.2. EFFICIENT FUNCTION

Given Cj3, D3, and Dy, the efficient influence function for DDEg, (7., 7g) is n™° — nGU + I3 — I4, where

_glme(gyd M(AS) 4 _me(AS)
Is _E[w (S){mo gy R~ B (S ] + e {ZEWWO(.‘SGWO(S a',m)mo(d’|S)
 Efn @0 (8 a.m) — EnQ0(S, A,m) — 7} }.
and
I,=E wG(S)WO(Als) HR—E r(S, A m)} +p(S, A M){IE“,“ r(S,a’,m)+EY Q% (S a,m)
7Tb(A|S) m ) 9 ) 9 a’,m 9 9 a,m sy Wy

0 0 We(A|S) 0 0
= QO0(8, 4, M) = % }| +wO(S) o AI5) za:ﬂo(a|5){QG (S.a, M) — ;p(m\s, A)Q%(S,a,m) }].

F.4. EIF for Delayed Mediator Effect
Delayed Mediator Effect (DME) can be represented as

T-1
1
DME(mre, o) = A T Z ZTtp(3t+1aTt|3taatamt)p(mt‘3t7at>770(at|st)
t=0 T¢
t—1 t—1
X { Z Hp(sj—HaTj|5j;ajamj)WO(aj|sj)p(mj|5j>a;)ﬂe(a;‘sj) - Hpﬂ°(5j+1,Tj,mj,aﬂsj)}V(So)- (44)
a;_, j=0 =0

Taking the derivative of DMEg, (., 7p), we get that

DME
0 00 (T, T0) — Cy+ Dy —Ds,
00y

where

Ciy = (44) x Vg log(vg, (50)) = E[DMEg, (e, m0) x S(Or-1)] = E[(n — ™) x S(Or-1)],
D, is derived in Appendix F.3.1, and

Ds = lim — ZZn 1_[11790 (8j41,75,m;j,a;]s;) Z I:ve10gpgg(8j+1,7"j7mj,aj|8j)] X Vg, (80),

t=0 T =0

Notice that Dy is similar as Dy, and can be derived similarly as D; by replacing the 7, in D; with my. Therefore, with the
definition of Q™ (s, a,m), we can show that
mo(AS)

Ds :]E{w”“(S)iﬂb A5

R+ 2B QS m)mo(e|$) ~ En@ (S, m) — n™}S(0r-1)).

Since (S, A, M, R, S’) is any arbitrary transaction tuple follows the corresponding distribution, we have that

T—1
1 7"-O(At|‘9t) ’ ’ 2
— . ™o ™0 _ ) _ iy
D5 = E[T E w (St)iﬁb,eo (At|St){Rt + ga/ EnQ™ (Ses1,a’,m)mo(a’|Seq1) — Enn Q™ (St, Ay, m) — 1 }S(OT—I)}

t=0
F.4.1. EFFICIENT FUNCTION
Given Cy, Dy, and Ds, the efficient influence function for DMEg, (., mo) is 77G° —n™ + I, — I5, where

mo(A[S)

_ wG
L =E" ()T A 5)

HR —E,r(S, A, m)} + (S, A, M){]Ej;gmr(s, o/, m) +ES, Q9 (S, a,m)
= QO (8,4,M) — % }| +wS(8) Zbgjig > molal){Q%(S,a,M) = 3" p(mIS, 4)Q(S,a,m) } .

m
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and

mo(A|S)

I5 = E[wm(§) 120220
e S T

{R+) EnQ™ (S, d/,m)m(a’|S") — EmnQ(S, A,m) — 1™}
F.5. Proof of the Equality x
The equality can be proved with the following three steps:

Step 1. We first exchange the summation of ¢ and j in the first line of the equation D1, which yields that

T-1T-1 t

Dy = Jim 5 3 Sl = T sl

j=0 t=j T4 k=0

X [Vg log ppe (sj4+1,75,mj,a;|s;)] X vy (so). (45)
8]

Step 2. Then we split the summation Z;F:_jl into ¢ = j and EtT:_le, and split the product [T%_, into [T/_, and [T} _ i1
which leads to

T—1 T—1 t
: 1 s Te T e
Dy = Jim =3 {3y =l Do Dl —o) T i (sweer. i mi.axlsn)
j=0 Tj t=j+1 T¢ k=j+1

J
X H Pos (Sk+1, Ths Mk, ak|Sk) [V@logpgg(sjﬂ,rj,mj,aj|sj)] X Vg, (s0). (46)
k=0

Step 3. By the definition of Q™ (see equation (2)), we have that

t

T-1
SN =™ T v (k1o e m, axlse)
t=j+1 7 k=j+1

e T
B a1 @7 (Si41, 541, m41)

= Egi,m* Qﬂe (Sj-‘rla Cl*, m*)

Substituting this equation, we conclude the proof of x with that

T-1
Dy = lim Z {Z[rj - 77%] +ng,m*Qﬂ—e(sj+17a*vm*)}
j=0 7
i
x 11 poc (shrsrismi, arlse) [Vologpge (sj1,75,my, a ls5)] vy (s0)-
k=0

G. Settings for Numerical Examples
G.1. Toy Example 1 & Toy Example 2

Settings. We consider a scenario with discrete states, actions, mediators, and rewards. We set time 7' = 50, and
Sp for each trajectory is sampled from a Bernoulli distribution with a mean probability of 0.5. Denote the sigmoid
function as expit(-). Following the behavior policy, the action A, € {0, 1} is sampled from a Bernoulli distribution, where
Pr(A; = 1|S;) = expit(1.0—2.0S;). Observing S; and A;, the mediator M; € {0, 1} is drawn from a Bernoulli distribution
with Pr(M; = 1|5, Ay) = expit(1.0 — 1.5S5; 4+ 2.5A;). The distributions of R; and S;; are both Bernoulli and conditional
on Sy, At, and M. Specifically, the reward distribution of R; € {0, 10} satisfies that Pr(R; = 10|S¢, A¢, My) = expit(1.0+
2.05; — 1.04; — 2.5M;), while the distribution of next state S;+1 € {0, 1} satisfies that Pr(S;11 = 1|S;, A, My) =
expit(.5+3.0S; —2.5A; — .5M;). We are interested in estimating the treatment effect of the target policy 7., which applies
a treatment with Pr(A; = 1|S;) = expit(1.5+1.0S;), compared to the control policy 7o, which always applies no treatment
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(i.e., Pr(A; = 1) = 0). Monte Carlo (MC) simulations are used to calculate the oracle distributions of w) and Q(‘), and the
oracle values of ("), IDE(, 70 ), IME(7,, 7y ), DDE(m,, ), and DME(r,,, 7o ). Based on 40K simulated trajectories with
1K observations each, we obtained that IDE = —1.277, IME = —1.222, DDE = —2.982, and DME = —.085. Considering
the true distributions of Q™e, Q™<?0, Q™e20* QC and Q, we approximate each of them by assuming linear equation
models (Shi et al., 2022a).

Misspecification. To misspecify the w™, we add .25 to the w™ (S; = 1) and subtract .25 from the w™ (S; = 0). Similarly,
we subtract .3 from the w? (S; = 1) (w¥(S; = 1)) and add .3 to the w (S; = 0) (W (S; = 0)). For Q(), and r functions,
we inject Gaussian noises into each parameter involved in the true model. For the misspecification of p,, and 7, we multiply
the true value by a random variable drawn from a bounded uniform distribution and then clip the probabilities to ensure that
they are within the range of .01 and .99.

G.2. Semi-Synthetic Data

The spaces for reward, state, and mediator are continuous, and the action space is binary. Specifically, the semi-synthetic
data is generated as follows. The initial states are i.i.d. sampled from the standard normal distribution. 7 follows a Bernoulli
distribution, satisfying that Pr(A4; = 1) = Pr(A4; = 0) = .5. We consider a 2-dimensional mediator, where M ; and M, o
are independent and normally distributed with a standard deviation of 2. While the mean of M, 1 is \/|S;| + (4; — .5), the
mean of M 5 is .5(A; — .5) * \/@ —.5S;. We set R, = Sy41, and Ry is drwan from a normal distribution with a mean of
518t 4+ /1St + (14 /| M| + | Mi2])(Ay — .5)] + 1.5(My + My2) and a standard deviation of 2. The control policy
always takes action A; = 0, while the target policy follows a Bernoulli distribution with Pr(A; = 1) = expit(.7*.S;). Monte
Carlo (MC) simulations are used to calculate the oracle the oracle values of 1*), IDE(r,, 7o), IME(7., 7o), DDE(7, 7)),
and DME(7., 7). Based on 20K simulated trajectories with 6400 observations each, we obtained that IDE = 2.680,
IME = 3.654, DDE = 1.244, and DME = .689.

H. Baseline Estimators
H.1. Baseline_ DM

Following the definitions of the direct and indirect effect in Robins & Greenland (1992), the first set of baseline estimators we
considered are constructed by inputting estimated probability functions directly. Specifically, the estimator for IDE(m, )
is
1
<7 2 (S am) = 3 r(Sia d m)mo(@|ie) fp(ml Sie, @) (alS1),

it,a,m a’

and the estimator for IME(r,, 7o) is

1

NT Z T(Si,haam){ Zp(m\si,t, a')me(a'|Sie) — p(m|Si, a)}ﬂo(awl‘,t)-
i,t,a,m a’

H.2. Baseline IPW

The inverse probability weighting estimators, proposed in Lange et al. (2012) and Hong et al. (2010), are the second set of
baseline estimators. Specifically, the estimator for IDE(7,, 7g) is

7Te zt|Sz t) 770( 1t|Sz t)p(SaAvM)
R;
NTZ 7Tb( zt‘Szt) !

and the estimator for IME(r,, 7o) is

1 o zt|Szt
—E S, A, M) —1}R; .
NT t7r zt|Szt) (’ ' ) } ot

1,
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H.3. Baseline_ MR

Finally, the multiply robust estimators, proposed in Tchetgen & Shpitser (2012), are the third set of baseline estimators.
Specifically, the estimator for n™ i

zt|Szt
R -Tr Sz ,Ai +7r Sz , T
NT Z 7Tb i t|S7l t) ( ,t 7t)] ( ,t )

and the estimator for n%« is

zt|Szt
NTZ{ i P8 A DD R = r(Sia Mg, Av)}+

Te(AielSit) ;o _ Yy _ A
m[r(&,taﬂmMz,t) - /mp(mISZ’hAZ’t)r(Sz,t,Wo,m)} + T(Sz,tv”()ﬂre)}

where 7(S; 1, 70, Te) = D, 41 T(Sies @’y m)mo(a’[Si,¢)p(m]Si e, a)me(al Si,¢). Plugging in these estimators, we then get
the corresponding estimators for IDE(7., 79) and IME(7., 7).

I. Estimating Optimal Policy

To estimate the optimal policy, we first estimate a () function based on the observational data, following the same methods
described in Section 5.4. Specifically, let
(s,a,m) Z E[R; —

t>0

which leads to a Bellmen equation model, such that
QS A M) = S BIR + Y [ BQ(Stir,am) 1)

We then approximate the () function using linear sieves. Finally, the estimated optimal policy is defined as

~ opt _ A
woP(s) = argrggacZ/ﬂEQ(s,a,m).

It is worth noting that we used cross-validation to estimate the ATE of Topt- TO be more specific, we divide the observed
trajectories into two folds. In each round k, we first estimate the 7% , based on the trajectories within fold k, and then

estimate the ATE of ﬁ(’fpt on another fold of trajectories.

opt

J. Additional Numerical Experiments

In this section, we conducted additional numerical experiments to evaluate the estimation performance of the proposed
estimators under diverse settings.

J.1. Performance Under Tabular Setting

First, we investigate the estimation performance under the tabular setting as discussed in the toy examples (see Section 7.2).
Results are summarized in Figure 7. Similar to what we concluded from the semi-synthetic simulation in Section 7.3, all
three sets of the proposed estimators provide unbiased estimation for all four effect components, with the MSE decreasing
continuously as the sample size increases. In contrast, all baseline estimators ignoring the fact of state transition continue to
yield biased estimates no matter how large the sample size is.

J.2. Impact of Variance on Performance

Second, under the semi-synthetic data setting that we used in Section 7.3, we further vary the variances of the random noises
of states, mediators, and rewards. Specifically, we considered three settings where the standard deviation of the random
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Figure 7. The bias and logMSE of various estimators under the setting with discrete spaces. The results are aggregated over 200 random

seeds.
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Figure 8. The logBias and the logMSE of estimators for IDE, under different data generation scenarios. Fix T = 50.

noise takes values of 1, 2, and 3, i.e., 0y, = 05 = 0, = 1, 0y, = 05 = 0, = 2, and 0,,, = 05 = 0, = 3. Results are
summarized in Figure 8, Figure 9, Figure 10, and Figure 11. For each choice of the variance, the proposed MR estimators
always achieve the smallest bias and MSE. While all the baseline estimators and MIS estimators continue to provide biased
estimates with non-decreasing MSE, we observe that the difference between DM and MR estimators becomes smaller as the
variance increases.

J.3. Multidimensional State and Mediator

Finally, we investigate the estimation performance in a more complicated system where both the state and mediator are
multi-dimensional. Specifically, we set the number of state variables to be 2 and the number of mediators to be 2. The data
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Figure 9. The logBias and the logMSE of estimators for IME, under different data generation scenarios. Fix T = 50.
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generating mechanism is as follows:

So,i ~N(0,1), fori € {1,2};
Ay ~ 7, = Bernoulli(.5);

MHNN( (\/§+\/|Sj> (A; — .5), )
MtQNN( 25(8S¢1 + Si2) +.25(A, — .5) (\/@‘F \/@) 71>;
Sei11 ~ N ( 75 {st /IS0 + (1 + \/m) (A, — .5)} + 1.5 { My, +Mt2},1> ;
Sei1o ~N<75{St2 +1/1Seal + (1 + \/M) (A, — .5)} 1.5 {My +Mt2},1> :
Ry ~N(.75{.5 (St,l + S0+ \/@Jr \/@) + (1+ \/M) (A, — .5)} +;{Mt1 +Mt2},1) ;

me ~ Bernoulli (expit (.3 (Sy1 + Si,2)));
ag = 0.
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Figure 11. The logBias and the logMSE of estimators for DME, under different data generation scenarios. Fix T = 50.
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Figure 12. The logBias and the logMSE of estimators, under settings with multidimensional state. Fix T = 100.

The results are summarized in Figure 12 and Figure 13, which show the same trend as the semi-synthetic simulation in

Section 7.3.
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Figure 13. The logBias and the logMSE of estimators, under settings with multidimensional state. Fix N = 100.
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