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Abstract

We initiate the study of federated reinforcement learning under environmental heterogeneity
by considering a policy evaluation problem. Our setup involves N agents interacting with
environments that share the same state and action space but differ in their reward functions
and state transition kernels. Assuming agents can communicate via a central server, we ask:
Does exchanging information expedite the process of evaluating a common policy? To answer
this question, we provide the first comprehensive finite-time analysis of a federated temporal
difference (TD) learning algorithm with linear function approximation, while accounting for
Markovian sampling, heterogeneity in the agents’ environments, and multiple local updates
to save communication. Our analysis crucially relies on several novel ingredients: (i) deriving
perturbation bounds on TD fixed points as a function of the heterogeneity in the agents’
underlying Markov decision processes (MDPs); (ii) introducing a virtual MDP to closely
approximate the dynamics of the federated TD algorithm; and (iii) using the virtual MDP to
make explicit connections to federated optimization. Putting these pieces together, we prove
that in a low-heterogeneity regime, exchanging model estimates leads to linear convergence
speedups in the number of agents. Our theoretical contribution is significant in that it is the
first result of its kind in multi-agent /federated reinforcement learning that complements the
numerous analogous results in heterogeneous federated optimization.

1 Introduction

In the popular federated learning (FL) paradigm (Koneény et al., 2016; McMahan et al., 2017), a set of
agents aim to find a common statistical model that explains their collective observations. The motivation
to collaborate stems from the fact that if the underlying distributions generating the agents’ observations
are “similar"', then each agent can end up learning a “better" model than if it otherwise used just its own
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Figure 1: (Left) Illustration of how FedTD(0) works. Each agent performs K local TD update steps on its own
MDP, and transmits its updated model to a server. The virtual MDP serves to approximate the dynamics of
FedTD(0). The global model 0, at the server is used to construct a linearly parameterized approximation of
the value function associated with a policy u. (Right) FedTD(0) helps each agent converge quickly to a ball
B(6*,¢€) centered around the optimal parameter 8* of the virtual MDP. Here, € captures the heterogeneity in
the agents’ MDPs. Using the output 67 of FedTD(0), each agent ¢ can then fine-tune based on its own data
to converge exactly to its own optimal parameter 6.

data. This idea has been formalized by the canonical FL algorithm FedAvg (and its many variants) where
agents communicate local models via a central server while keeping their raw data private. To achieve
communication-efficiency - a key consideration in FL - the agents perform multiple local model-updates
between successive communication rounds. There is a rich literature that analyzes the performance of FedAvg,
focusing primarily on the aspect of statistical heterogeneity that originates from differences in the agents’
underlying data distributions (Sahu et al., 2018; Khaled et al., 2019; 2020; Li et al., 2019; Koloskova et al.,
2020; Woodworth et al., 2020b; Malinovskiy et al., 2020; Pathak & Wainwright, 2020; Wang et al., 2020;
Karimireddy et al., 2020b; Acar et al., 2021; Gorbunov et al., 2021; Mitra et al., 2021; Mishchenko et al., 2022).
Notably, the above works focus on supervised learning problems that are modeled within the framework
of distributed optimization. However, for sequential decision-making with multiple agents interacting with
potentially different environments, little to nothing is known about the effect of heterogeneity. This is the
gap we seek to fill with our work.

The recent survey paper (Qi et al., 2021) describes a federated reinforcement learning (FRL) framework
which incorporates some of the key ideas from FL into reinforcement learning (RL); applications of FRL in
robotics (Liu et al., 2019), autonomous driving (Chen et al., 2015), and edge computing (Wang et al., 2019)
are discussed in detail in this paper. As RL algorithms often require many samples to achieve acceptable
accuracy, FRL aims to achieve sample-efficiency by leveraging information from multiple agents interacting
with similar environments. Importantly, as in standard FL, the FRL framework requires agents to keep their
raw data (e.g., rewards, states, and actions) private, and adhere to stringent communication constraints.

Motivation and Scope of this Work. While FRL is a promising idea, in reality, it will rarely be the case
that different agents end up interacting with exactly the same environment. Unfortunately, this is the running
assumption in almost all multi-agent RL (MARL) and FRL works (Doan et al., 2019; Liu & Olshevsky,
2021a; Khodadadian et al., 2022; Shen et al., 2023). Departing from this somewhat unrealistic yet prevalent
assumption, the main motivation of this paper is to build a systematic theoretical framework
for reasoning about what to expect when one mixes information from non-identical Markov
processes. The nature of this question is fundamental, and while we motivate its study from the perspective
of FRL!, it can just as easily be connected to stochastic control and estimation problems where one seeks to
“fuse” data generated from non-identical dynamical systems with noisy inputs (Wang et al., 2022b; Guo et al.,
2023; Xin et al., 2023).

1Just as statistical heterogeneity is a major challenge in FL, environmental heterogeneity is identified as a key open challenge
in FRL (Qi et al., 2021).
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To initiate a principled study of heterogeneity in FRL, we focus on the simplest RL problem, namely policy
evaluation. Our setup involves N agents where each agent interacts with an environment modeled as a
MDP. The agents’ MDPs share the same state and action space but have different reward functions and
state transition kernels, thereby capturing environmental heterogeneity. Each agent seeks to compute the
discounted cumulative reward (value function) associated with a common policy p. Notably, the value
functions induced by g may differ across environments. This leads to the central question we investigate: Can
an agent expedite the process of learning its own value function by leveraging information from potentially
different MDPs? As we explain shortly, this is a non-trivial question to answer even for policy evaluation;
hence, our focus on policy evaluation as a starting point. That said, recent works have shown that with
minor modifications to the analysis of TD learning for policy evaluation (Srikant & Ying, 2019), one can
analyze Q-learning for control (Chen et al., 2019). As such, we envision that the developments in this paper
can be suitably extended to control algorithms like Q-learning as well.

A typical application of the above FRL setup is that of an autonomous driving system where vehicles in
different geographical locations share local models capturing their learned experiences to train a shared model
that benefits from the collective exploration data of all vehicles. The vehicles (agents) essentially have the
same operations (e.g., steering, braking, accelerating, etc.), but can be exposed to different environments
(e.g., road and weather conditions, routes, driving regulations etc.).

1.1 Our Contributions

We study a federated version of the temporal difference (TD) learning algorithm TD(0) (Sutton, 1988). The
structure of this algorithm, which we call FedTD(0), is as follows. At each iteration, each agent plays an
action according to the policy p, observes a reward, and transitions to a new state based on its own MDP. It
then uses TD(0) with linear function approximation to update a local model that approximates its own value
function. To benefit from other agents’ data in a communication-efficient manner, each agent periodically
synchronizes with a central server, and performs multiple local model-updates in between - as depicted in
Figure 1. Notably, as in FL, agents only exchange models but never their personal observations. We perform a
comprehensive analysis of FedTD(0) under environmental heterogeneity, and make the following contributions:

1. Effect of heterogeneity on TD(0) fixed points. Towards understanding the behavior of FedTD(0),
we start by asking: How does heterogeneity in the transition kernels and reward functions of MDPs
manifest into differences in the long-term behavior of TD(0) (with linear function approximation) on
such MDPs? Theorem 1 provides an answer by characterizing how perturbing a MDP perturbs the
TD(0) fixed point for that MDP. To arrive at this result, we combine results from the perturbation
theories of Markov chains and linear equations. Theorem 1 establishes the first perturbation result
for TD(0) fixed points, and complements results of a similar flavor in the RL literature, such as
the Simulation Lemma due to Kearns & Singh (2002). As such, Theorem 1 can serve as a tool of
independent interest in RL.

2. The Virtual MDP framework. In FL algorithms such as FedAvg, the average of the negative
gradients of the agents’ loss functions drives the iterates of FedAvg towards the minimizer of a global
loss function. In our setting, there is no such global loss function. So by averaging TD(0) update
directions of different MDPs, where do we end up? To answer this question, we construct a virtual
MDP in Section 3.1, and characterize several important properties of this fictitious MDP that aid
our subsequent analysis. Along the way, we derive a simple yet key result (Proposition 1) pertaining
to convex combinations of Markov matrices associated with aperiodic and irreducible Markov chains.
This result appears to be new, and may be of independent interest.

3. Linear Speedup under Markovian Sampling and Heteroegenity. Our most significant
contribution is to provide the first analysis of a federated RL algorithm, FedTD(0), that simultaneously
accounts for linear function approximation, Markovian sampling, multiple local updates, and hetero-
geneity. In Theorem 2, we prove that after 7' communication rounds with K local model-updating
steps per round, FedTD(0) guarantees convergence at a rate of O(1/NKT) to a neighborhood of each
agent’s optimal parameter. The size of the neighborhood depends on the level of heterogeneity in the
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agents’ MDPs. The key implication of this result is that in a low-heterogeneity regime, each agent can
enjoy an N -fold linear speed-up in convergence via collaboration, and converge quickly to a vicinity
of its own optimal parameter. One can view this as a “coarse tuning phase”. As is typically done in
FL (Collins et al., 2022), each agent can use the solution of FedTD(0) to then fine-tune (personalize)
based on its own data. This is visually illustrated in Figure 1. Theorem 2 is significant in that it is
the first result in FRL that complements the myriad of federated optimization results that account
for the effects of heterogeneity (Sahu et al., 2018; Khaled et al., 2019; 2020; Li et al., 2019; Koloskova
et al., 2020; Woodworth et al., 2020b; Malinovskiy et al., 2020; Pathak & Wainwright, 2020; Wang
et al., 2020; Karimireddy et al., 2020b; Acar et al., 2021; Gorbunov et al., 2021; Mitra et al., 2021;
Mishchenko et al., 2022).

4. Novel Proof Framework. One might be tempted to think that the proof of Theorem 2 is a simple
combination of the standard FedAvg analysis with that of TD learning. We briefly explain here
why this isn’t quite the case, and defer a more elaborate explanation to Section 5.1. First, in the
centralized TD analysis (Bhandari et al., 2018; Srikant & Ying, 2019), and in the existing analysis for
MARL/FRL (Doan et al., 2019; Liu & Olshevsky, 2021a; Khodadadian et al., 2022) with identical
MDPs, the dynamics of the update rules correspond to one single MDP. In our setup, the dynamics
of FedTD(0) may not correspond to any MDP at all! Thus, we need new tools relative to existing
RL analyses. Second, while existing FL analyses are essentially distributed optimization proofs,
federated TD learning does not correspond to minimizing any fixed loss function. Moreover, unlike
the i.i.d. data model in FL, the data tuples observed by each agent in FedTD(0) are part of a single
Markovian trajectory. This creates complex time-correlations that are challenging to deal with even
in a single-agent setting. Thus, we cannot directly employ FL proofs either. As such, we introduce a
new analysis framework where we argue that the dynamics of FedTD(0) can be approximated by that
of TD(0) on a virtual MDP, up to an error term that captures heterogeneity in the agents’ MDPs.
Carefully tracking how this error term propagates over time accounts for the effect of heterogeneity;
establishing linear speedup under Markovian sampling and local steps requires much more work.

5. Bias introduced by Heterogeneity. Our convergence result in Theorem 2 features a bias term due
to heterogeneity that cannot be eliminated even by making the step-size arbitrarily small. Is such a
term unavoidable? We explore this question in Theorem 3 by studying a “steady-state” deterministic
version of FedTD(0). Even for this simple case, we prove that a bias term depending on a natural
measure of heterogeneity shows up inevitably in the long-term dynamics of FedTD(0). This result
sheds further light on the effect of heterogeneity in FRL.

1.2 Related Work

In what follows, we discuss the most relevant threads of literature.

1. Finite-Time Analysis of TD Learning Algorithms. In their seminal paper, Tsitsiklis &
Van Roy (1997) provided an asymptotic convergence analysis of the temporal difference (TD) learning
algorithm (Sutton, 1988; Sutton et al., 1998) with value function approximation, using tools from
stochastic approximation theory. Several years later, the work by Korda & La (2015) provided
finite-time rates for TD learning. However, the authors in Narayanan & Szepesvéri (2017) noted
some issues with the proofs in Korda & La (2015). Under the i.i.d. observation model described in
Section 5, Dalal et al. (2018) and Lakshminarayanan & Szepesvéri (2017) were able to resolve the
issues in Korda & La (2015). Even so, a non-asymptotic convergence analysis for the challenging
Markovian setting (that we consider in this paper) remained elusive till the work by Bhandari et al.
(2018). While the authors in Bhandari et al. (2018) made some elegant connections between the
dynamics of TD learning and gradient descent, an alternative proof technique using Stein’s method
was developed by Srikant & Ying (2019). Yet another interesting interpretation was provided by Liu
& Olshevsky (2021b): they argued that the steady-state temporal difference direction acts as a
“gradient-splitting" of an appropriately chosen function. Recently, a short proof of TD learning
with linear function approximation and more general nonlinear contractive stochastic approximation
schemes was provided by Mitra (2024) based on a novel inductive proof technique. While all the
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above works provide upper-bounds for the task of policy evaluation, for minimax lower bounds, we
refer the reader to the work of Khamaru et al. (2021).

2. Multi-Agent and Federated RL. In Doan et al. (2019) and Liu & Olshevsky (2021a), the authors
analyze multi-agent TD learning with linear function approximation over peer-to-peer networks.
Neither approach accounts for local steps or Markovian sampling. In Shen et al. (2023), the authors
study a parallel version of asynchronous actor-critic algorithms, and establish a linear speedup
result - albeit under an i.i.d. sampling assumption. Very recently, the authors in Khodadadian
et al. (2022) and Dal Fabbro et al. (2023) studied the effect of Markovian sampling for federated TD
learning. However, all of the above papers consider a homogeneous setting with identical MDPs for
all agents. In contrast, our work has to tackle the challenge of understanding the long-term effects
of mizing TD update directions from mon-identical MDPs. The only two papers we are aware of
that perform any theoretical analysis of heterogeneity in FRL are Jin et al. (2022) and Xie & Song
(2023). However, their analyses are limited to the much simpler tabular setting with no function
approximation. In particular, the work of Xie & Song (2023) only comes with asymptotic results,
i.e., they do not provide finite-time rates. Moreover, unlike us, neither Jin et al. (2022) nor Xie &
Song (2023) provide any explicit linear speedup result. In conclusion, we are the first to establish
a finite-time theory for FRL under function approximation, environmental heterogeneity, and
Markovian sampling. Considering different settings, Zhang et al. (2024) proposed the FEDSARSA
algorithm to solve the on-policy FRL problem and Wang et al. (2023) proposed FedLQR to solve the
federated control design problem. A more detailed description of related work on federated learning
is relegated to the Appendix.

2 Model and Problem Formulation

We consider a Markov Decision Process (MDP) (Sutton et al., 1998) defined by the tuple M = (S, A, R, P,~),
where S is a finite state space of size n, A is a finite action space, P is a set of action-dependent Markov
transition kernels, R is a reward function, and v € (0, 1) is the discount factor. We consider the problem
of evaluating the value function V), of a given policy p, where i : S — A. The policy p induces a Markov
reward process (MRP) characterized by a transition matrix P,, and a reward function R,. Under the action
of the policy p at an initial state s, P,(s,s’) is the probability of transitioning from state s to state s, and
R,,(s) is the expected instantaneous reward. The discounted expected cumulative reward obtained by playing
policy p starting from initial state s is:

Vu(s) =E

> Ru(si)lso = ] ,
t=0

where s, is the state of the Markov chain at time ¢. From Tsitsiklis & Van Roy (1997), we know that V, is
the fixed point of the policy-specific Bellman operator T, : R" — R", i.e., T),V,, = V,,, where for any V' € R",

(T, V)(s) = Ru(s) +~ Z P,(s,s")V(s'), Vs € S.
s’eS

TD learning with linear function approximation. We consider the setting where the number of states
is very large, making it practically infeasible to compute the value function V), directly. To mitigate the
curse of dimensionality, a common approach (Sutton et al., 1998) is to consider a low-dimensional linear
function approximation of the value function V,,. Let {®1}4_, be a set of d linearly independent basis vectors
in R", and ® € R"*? be a matrix with these basis vectors as its columns, i.e., the k-th column of ® is ®y.
A parametric approximation Vy of V,, in the span of {@k}zzl is then given by Vo = ®0, where § € R? is a
parameter vector to be learned. Notably, this is tractable since d < n. We denote the s-th row of ® by
¢(s) € R?, and refer to it as the fixed feature vector corresponding to state s. We write Vj(s) = ¢(s)" 6 and
make the standard assumption (Bhandari et al., 2018) that ||¢(s)|> < 1,Vs € S.

The objective is to find the best linear approximation of V), in the span of {fbk}zzl. More precisely, we seek a
parameter vector 6* that minimizes the distance between Vp and V), (in a suitable sense). When the underlying
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MDP is unknown, one of the most popular techniques to achieve this goal is the classical TD(0) algorithm. TD(0)
starts from an initial guess 6y € R%. Subsequently, at the ¢-th iteration, upon playing the given policy p, a new
data tuple Oy = (s¢, 7+ = R, (5t), s¢41) comprising of the current state, the instantaneous reward, and the next

state is observed. Let us define the TD(0) update direction as g;(6;) = (7’,5 + 90 (se41) " O — p(se) 0t> & (s¢)-
Using a step-size a; € (0, 1), the parameter 6, is then updated as

Or1 = 0, + g (6:).

Under some mild technical assumptions, it was shown in Tsitsiklis & Van Roy (1997) that the TD(0) iterates
converge asymptotically almost surely to a vector 8*, where 6* is the unique solution of the projected Bellman
equation IIpT), (®0*) = ®O*. Here, D is a diagonal matrix with entries given by the elements of the stationary
distribution 7 of the Markov matrix P,,. Furthermore, IIp(-) is the projection operator onto the subspace
spanned by {¢y}¢_, with respect to the inner product (-,-)p.?

Objective. We study a multi-agent RL problem where agents interact with similar, but non-identical
MDPs that share the same state and action space. All agents seek to evaluate the same policy. Our goal is to
understand: Can an agent evaluate the value function of its own MDP in a more sample-efficient way by
leveraging data from other agents? Existing FL analyses that study statistical heterogeneity in supervised
learning/empirical risk minimization fall short of answering this question, since our problem does not involve
minimizing a static loss function. As such, the question we have posed above is non-trivial, and requires
several new ideas and tools. In the next section, we will start building these tools in a systematic manner by
accomplishing the following goals.

Goal 1. Formally defining what we mean by model heterogeneity in the agents’ MDPs.

Goal 2. Characterizing how such model heterogeneity translates to differences in the fized points of the TD(0)
algorithm when run on the agents’ MDPs.

Goal 3. Introducing the notion of a virtual MDP that will play a crucial role in reasoning about the long-term
behavior of algorithms that combine information from non-identical MDPs.

3 Heterogeneous Federated RL

We consider a federated RL setting comprising of N agents that interact with potentially different environments.
Agent 4’s environment is characterized by the following MDP: M®) = (S, A, R® P 4). While all agents
share the same state and action space, the reward functions and state transition kernels of their environments
can differ. We focus on a policy evaluation problem where all agents seek to evaluate a common policy p that
induces N Markov reward processes characterized by the tuples {Pﬁi), Rﬁ)}ie[ N].3 Agent i aims to find a
linearly parameterized approximation of its own value function VH(Z). Trivially, agent ¢ can do so without
interacting with any other agent by simply running TD(0). However, the key question we ask pertains to the
value of side-information: By using data from other agents, can it achieve a desired level of approximation
with fewer samples relative to when it acts alone? Naturally, the answer to the above question depends on
the level of heterogeneity in the agents’ MDPs. Accordingly, we introduce the following definitions.

Assumption 1. (Markov Kernel Heterogeneity) There exists an € > 0 such that for all agents i,j € [N],
it holds that |PW(s,s') — PY)(s,s")| < e|PW(s,5")|,Vs,s' € S. Here, for each i € [N], P%(s,s") represents
the (s,s')-th element of the matriz P,

Assumption 2. (Reward Heterogeneity) There exists an €1 > 0 such that for all i,j € [N], it holds that
HR(i) — R(J’)H < e.

Clearly, smaller values of € and €; capture more similarity in the agents’ MDPs. Suppose all agents can
communicate via a central server. Via such communication, the standard FL task is to find one common

2We will use || - ||p to denote the norm induced by the matrix D, and || - || to represent the standard Euclidean norm for
vectors and /o induced norm for matrices.
3We will henceforth drop the dependence of P(9) and R(*) on the policy .
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model that “fits" the data of all agents. In a similar spirit, our goal is to find a common parameter 6 such that
Vp = ®0 approximates each V#(z),i € [N]. The role of this common 6 will be to quickly (i.e., by leveraging
samples of all agents) provide a coarse model that the agents can then use as a warm-start to fine-tune based
on personal data. There is a natural tension here. While federation can help converge faster to a coarse
model, such a model may not accurately capture the value function of any agent if the agents’ MDPs are
very dissimilar. So does more data help or hurt?

Impact of Heterogeneity on TD fixed points. To answer the above question, we need to carefully
understand how the structural heterogeneity assumptions on the MDPs (namely, Assumptions 1 and 2)
manifest into differences in the long-term dynamics of TD(0) on these MDPs. Since long-term dynamics are
intimately tied to fixed points, we first set out to characterize the “closeness" in TD(0) fixed points across
different MDPs. To proceed, we make the following standard assumption.

Assumption 3. For each i € [N], the Markov chain induced by the policy u, corresponding to the state
transition matriz P9 is aperiodic and irreducible.

The above assumption implies the existence of a unique stationary distribution 7(*) for each i € [N]; let D)
be a diagonal matrix with the entries of 7(9) on its diagonal For each agent i, we then use 6] to denote
the solution of the pr0Jected Bellman equation HDmT (@0*) = ®07 for agent ¢. In words, 0} is the best
linear approximation of V,f in the span of {¢x}¢_,. From Section 2, we know that the iterates of TD(0) on
agent i's MRP will converge to 0 asymptotically almost surely. Our goal is to bound the gap [|0; — 07| as a
function of the heterogeneity parameters ¢ and €; appearing in Assumptions 1 and 2. The key obbervatlon
we will exploit is that for each i € [N], 6 is the unique solution of the linear equation A, 07 = = b;, where
A; = <I>TD(i)(<I> — 'yP(i)CD) and b; = @TD(Z)R@) For an agent j # i, viewing A and b; as perturbed versions
of A; and b;, we can now appeal to results from the perturbation theory of hnear equatlons (Horn & Johnson,
2012a, Chapter 5.8) to bound [0} — 6%|. To that end, we first recall a result from the perturbation theory of

Markov chains (O’cinneide, 1993) which shows that under Assumption 1, the stationary distributions 7@
and 7() are close for any pair i,j € [N].

Lemma 1. (Perturbation bound on Stationary Distributions) Suppose Assumption 1 holds. Then,

for any pair of agents i,j € [N], the stationary distributions ¥ and 70 satisfy:

||71_(i) _ 7T(j)||1 <2(n —1)e+ O(é?). (1)

We will now use the above result to bound ||A; — A;|| and ||b; — b;||. To state our results, we make the
standard assumption that for each i € [N], it holds that |[R®(s)| < Ruyax,Vs € S, i.e., the rewards are
uniformly bounded. In (Tsitsiklis & Van Roy, 1997), it was shown that —A; is a negative definite matrix;
thus, 36; > 0 such that ||4;|| > §1,Vi € [N]. We also assume that 33, > 0 such that ||b;|| > do,Vi € [N]. In
our first technical result, stated below, we provide a bound on the perturbation of TD fixed points.

Theorem 1. (Perturbation bounds on TD(0) fixed points) For all i,j € [N], we have:
1A = A < A(e) 2 y/iie + (1+7) (200 — D)e + O(e2))
2. [|b; — b;|| < b(e, €1) £ Ruax (2(n — L)e + O(€?)) + O(e).

3. Suppose IH > 0 s.t. |07 < H, Vi € [N]. Let (A;) be the condition number of A;. Then:

07 51 < Tle) 2 s { S (5 )

Discussion. Theorem 1 reveals how heterogeneity in the rewards and transition kernels of MDPs can be
mapped to differences in the limiting behavior of TD(0) on such MDPs from a fixed-point perspective. It
formalizes the intuition that if the level of heterogeneity - as captured by € and €; - is small, then so is the
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gap in the TD(0) limit points of the agents’ MDPs. This result is novel, and complements similar perturbation
results in the RL literature such as the Simulation Lemma (Kearns & Singh, 2002).*

In what follows, we will introduce the key concept of a virtual MDP, and build on Theorem 1 to relate
properties of this virtual MDP to those of the agents’ individual MDPs.

3.1 Virtual Markov Decision Process

In a standard FL setting, the goal is to typically minimize a global loss function f(z) = (1/N) 3 ;¢ fi(2)
composed of the local loss functions of N agents; here, f;(x) is the local loss function of agent i. In FL, due
to heterogeneity in the agents’ loss functions, there is a “drift" effect (Charles & Koneény, 2020; Karimireddy
et al., 2020b): the local iterates of each agent 4 drift towards the minimizer of f;(x). However, when the
heterogeneity is moderate, the average of the agents’ iterates converges towards the minimizer of f(z). To
develop an analogous theory for FRL, we need to first answer: When we average TD(0) update directions
from different MDPs, where does the average TD(0) update direction lead us? It is precisely to answer this
question that we introduce the concept of a virtual MDP. To model a virtual environment that captures
the “average" of the agents’ individual environments, we construct an MDP M = (S,A,k,ﬁ,w), where
P = (1/N) Zfil P@, and R = (1/N) Zi\; R, Note that the virtual MDP is a fictitious MDP that we
construct solely for the purpose of analysis, and it may not coincide with any of the agents’ MDPs, in general.

Properties of the Virtual MDP. When applied to M, let the policy x that we seek to evaluate induce
a virtual MRP characterized by the tuple {P, R}. It is easy to see that P = (1/N) Zivzl P®, and R =
(1/N) vazl R®. The following result shows how the virtual MRP inherits certain basic properties from the
individual MRPs; the result is quite general and may be of independent interest.

Proposition 1. (Convex combinations of Markov matrices) Let {PW}N | be a set of Markov matrices
associated with Markov chains that share the same states, and are each aperiodic and irreducible. Then, for
any set of weights {w;} | satisfying w; > 0,Vi € [N] and Zie[N] w; = 1, the Markov chain corresponding to

the matriz Zie[N] w; P is also aperiodic and irreducible.

The above result immediately tells us that the Markov chain corresponding to P is aperiodic and irreducible.
Thus, there exists an unique stationary distribution 7 of this Markov chain; let D be the corresponding
diagonal matrix. As before, let us define A £ <I>TD(<I> — 715@)7 b2 ®TDR, and use 6* to denote the solution
to the equation A6* = b. Our next result is a consequence of Theorem 1, and characterizes the gap between
0F and 0*, for each i € [N].

Proposition 2. (Virtual MRP is “close"” to Individual MRPs) Fiz any i € [N]. Using the same
definitions as in Theorem 1, we have ||A; — A|| < A(e), ||bi — b|| < b(e,€e1) and [|0F — 0*|| < T'(e, €1).

We will later argue that the federated TD algorithm (to be introduced in Section 4) converges to a ball
centered around the TD(0) fixed point 8* of the virtual MRP. Proposition 2 is thus particularly important
since it tells us that in a low-heterogeneity regime, by converging close to 8*, we also converge close to
the optimal parameter 6 of each agent 7. This justifies studying the convergence behavior of FedTD(0) on
the virtual MRP. Define ¥, £ ®"D®. The smallest eigenvalue of this matrix will end up dictating the
convergence rate of our proposed algorithm. We end this section with a result showing that this eigenvalue is
bounded away from zero.

Proposition 3. For the virtual MRP, it holds that Apax(2,) < 1, and 3 @ > 0 s.t. Apin(2y) > @.

4 Federated TD Algorithm

In this section, we describe the FedTD(0) algorithm (outlined in Algorithm 1). The goal of FedTD(0) is to
generate a model 6 such that Vp is a good approximation of each agent ¢’s value function VM(Z), corresponding

4The simulation lemma tells us that if two MDPs with the same state and action spaces are similar, then so are the value
functions induced by a common policy on these MDPs.
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Algorithm 1 Description of FedTD(0)

1: Input: Policy p, local step-size «y, global step-size ag) that depends on communication round ¢
2: Initialize: 6, = 6, and séy% =S¢, Vi € [N]

3: for each round t =0,...,7—1 do

4: for each agent i € [N] do

5 for k=0,...,K — 1 do with initial model 6‘t 0 =0,

6

Agent i plays u(si ,1) observes Oizk =(s i,l, i)ﬁ, si l)c+1) and updates local model:

et(lkrﬂ 9(1) + algz(e(-)), where 91(9%) = ( t(i)c + 7¢(5§111+1)T9t(,21)c - ¢(S§Z])€)T9t(z]27) (b(sgll)c)
7 end for -
8: Agent i sends A = Gt( }( 0; back to the server
9: end for

10: Server broadcasts the following global model: 641 = g 2 (6; + (a_gt)/N) 2 ie(N] Agi))
11: end for

to the policy p. In line with both standard FL algorithms, and also works in MARL/FRL (in homogeneous
settings) (Doan et al., 2019; Khodadadian et al., 2022), the agents keep their raw observations (i.e., their
rewards, states, and actions) private, and only exchange local models. In each round ¢, each agent i € [N]
starts from a common global model 6; and uses its local data to perform K local updates of the following

form: at each local iteration k, agent 7 takes action u(sgi,)c) and observes a data tuple O,gi,)g based on its own

MRP, i.e. {P( 0 R( )} we note here that observatzons are independent across agents. Using its data tuple,
agent ¢ then updates its own local model Gt .. along the direction gz(ﬁgl,)v) in line 6. Since each agent seeks to
benefit from the samples acquired by the other agents, there is intermittent communication via the server.
However, such communication needs to be limited as communication-efficiency is a key concern in FL. As
such, the agents upload their local models’ difference AEZ) to the server only once every K time-steps. The
server averages these model differences and performs a projection to construct a global model 6, that is
then broadcast to all agents (line 10). Here, we use II3 7(-) to denote the standard Euclidean projection on to
a convex compact subset H C R? that is assumed to contain each 07,7 € [N], and also 6*. Such a projection
step ensures that the global models do not blow up, and is common in stochastic approximation (Borkar,
2009) and RL (Bhandari et al., 2018; Doan et al., 2019). Each agent then resumes its local updating process
from this global model.

We note that the structure of FedTD(0) mirrors that of FedAvg (and its many variants) where agents perform
multiple local model-updates in isolation using their own data (to save communication), and synchronize
periodically via a server. However, there are significant differences in the dynamics of standard FL algorithms
and FedTD(0), making it quite challenging to derive finite-time convergence results for the latter. In the
next section where we analyze FedTD(0), we will explain the nature of these challenges, and discuss how we
overcome them.

5 Main Result and Analysis

To state our main convergence result for FedTD(0), we need to introduce a few objects. First, let H denote
the radius of the set # in line 10 of Algorithm 1. Also, define G' £ Ry + 2H and v 2 (1 — )@, where @
is as in Proposition 3. In our analysis, we will make use of the geometric mixing property of finite-state,
aperiodic, and irreducible Markov chains (Levin & Peres, 2017). Specifically, under Assumption 3, for each
1 € [N], there exists some m; > 1 and p; € (0, 1), such that forallt >0 and 0 <k < K — 1:

dry (IP’ (s% =-| 5(()1)0 = s) 7l )) < mzleJrk Vs € S.
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Here, we use dpy (P, Q) to denote the total-variation distance between two probability measures P and
Q. For any € > 0, let us define the mixing time for P(*) as 7% (&) £ min {t € Ny | m;p} < €}. Finally, let
7(€) = max;en) 7/ (€) represent the mixing time corresponding to the Markov chain that mixes the slowest.
As one might expect, and as formalized by our main result below, it is this slowest-mixing Markov chain that

dictates certain terms in the convergence rate of FedTD(0).

Theorem 2. (Main Result) There exists a decreasing global step-size sequence {agt)}, a fized local step-size
aq, and a set of convex weights, such that a convex combination O of the global models {0} satisfies the
following for each agent i € [N] after T rounds:

2 ~ (T2G?+ K2 couad(T) | clin(T)
- . . < qua wm
E[W%~ %iD}_O( K°T? +zﬂNKT*zAKT2+Q(€’€1)>’ ®

mix 2
where T = (ML ar = Koqa_E,T), and Cquad(T) and ciun(7) are quadratic and linear functions in T,

K
respectively. Moreover, B(e,e1) = H (y/ne 4+ 2(n — 1)e + O(e?) + O(e1)), (e, €1) is as defined in Theorem 1,
and Q(e, e1) = O(ZLEDE 4 T(e,¢y)).

The proof of the above result is deferred to Appendix I. We now discuss its impplications.

Discussion. To parse Theorem 2, let us start by noting that the term Q(e,¢1) in Eq. (2) captures the
effect of heterogeneity; we will comment on this term later. When 7' > N, the dominant term among the
first three terms in Eq. (2) is cquaa(7)/(V*NKT). To appreciate the tightness of this term, we note that
in a centralized setting (i.e., when N = 1), given access to KT samples, the convergence rate of TD(0) is
O(1/(v2KT)) (Bhandari et al., 2018). Our analysis thus reveals that by communicating just 7" times in KT
iterations, each agent ¢ can achieve a linear speedup w.r.t. the number of agents. In a low-heterogeneity
regime, i.e., when (e, €1) is small, we note that by combining data from different MDPs, FedTD(0) guarantees
fast convergence to a model that is a good approximation of each agent’s value function; by fast, we imply a
N-fold speedup over the rate each agent would have achieved had it not communicated at all. Thus with
little communication, FedTD(0) quickly provides each agent with a good model that it can then fine-tune
for personalization. Theorem 2 is significant in that it is the first result of its kind in MARL/FRL with
heterogeneous environments, and complements the numerous analogous results in heterogeneous federated
optimization (Sahu et al., 2018; Khaled et al., 2019; 2020; Li et al., 2019; Koloskova et al., 2020; Woodworth
et al., 2020b; Malinovskiy et al., 2020; Pathak & Wainwright, 2020; Wang et al., 2020; Karimireddy et al.,
2020b; Acar et al., 2021; Gorbunov et al., 2021; Mitra et al., 2021; Mishchenko et al., 2022).

When all the MDPs are identical, Q(¢,€1) = 0. But when the MDPs are different, should we expect such a
term? To further understand the effect of heterogeneity, it suffices to get rid of all the randomness in our
setting. As such, suppose we replace the random TD(0) direction gi(et(f,l) of each agent ¢ in Algorithm 1 by

its steady-state deterministic version gz(ﬂil,)c) =b; — fli@g%, where A; and b; are as in Section 3. We call
the resulting deterministic algorithm mean-path FedTD(0). For simplicity, we skip the projection step. In
our next result, we exploit the affine nature of the steady-state TD(0) directions to characterize the effect of
heterogeneity in the limiting behavior of FedTD(0).

Theorem 3. (Heterogeneity Bias) Suppose N =2 and K = 1. Let the step-size a = ozlozét) be chosen
such that I — oA is Schur stable, where A = (A1 —+ Az) /2. Define e; = 0, — 07 ,i € {1,2}. The output of
mean-path FedTD(0) then satisfies:

ATTAL(63 - 07). (3)

lim e; ; =

t—00 [rl/h(gr —02); tlggo 2.t =

1
2

DN | =

Discussion: For the setting described in Theorem 3, the mean-path FedTD(0) updates follow the determin-
istic recursion 0y, 1 = (I — aA)f; + ab, where b = (1/2)(by 4 by). This is a discrete-time linear time-invariant
system (LTI). The dynamics of this system are stable if and only if the state transition matrix (I — ou[l) is
Schur stable, justifying the choice of o in Theorem 3. The main message conveyed by this result is that
the gap between the limit point of mean-path FedTD(0) and the optimal parameter 6} of either of the two
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MRPs bears a dependence on the difference in the optimal parameters of the MRPs - a natural indicator of
heterogeneity between the two MRPs. Furthermore, this term has no dependence on the step-size «, i.e., the
effect of the heterogeneity-induced bias cannot be eliminated by making « arbitrarily small. Aligning with
this observation, notice that Q(e,e1) in Eq. (2) is also step-size independent. The above discussion sheds
some light on the fact that a term of the form Q(e, €;1) is to be expected in Theorem 2. Notably, the bias term
in Eq. (3) persists even when the number of local steps is just one, i.e., even when the agents communicate
with the server at all time steps. This is a key difference with the standard FL setting where the effect of
heterogeneity manifests itself only when the number of local steps K strictly exceeds 1 (Charles & Koneény,
2021; Karimireddy et al., 2020b; Mitra et al., 2021).

5.1 Main Technical Challenges and Overview of the Novel Ingredients in Our Analysis

Challenges. We summarize the major technical challenges that show up in the analysis of Theorem 2.
First, the FedTD(0) update direction may not correspond to the TD(0) update direction of any MDP. This
challenge is unique to our setting, and neither shows up in the centralized TD(0) analysis (Bhandari et al.,
2018; Srikant & Ying, 2019), nor in the existing MARL/FRL analyses with homogeneous MDPs (Doan et al.,
2019; Khodadadian et al., 2022). Second, unlike standard FL analyses that deal with i.i.d. observations for
each agent, our setting is complicated by the fact that each agent’s data is generated from a Markov chain.
Moreover, for each agent i, the parameter sequence {6 ,)C} and the data tuples {OE .} are intricately coupled.
Third, the synchronlzatmn step in FedTD(0) creates complex statistical dependencies between the local
parameter of any given agent and the past observations of all other agents. Fourth, controlling the gradient
bias (1/NK) ZZ 1 kK 01 (gi(ﬁglk,o(l)) §1(0( )) and the gradient norm E||(1/NK) El 1 Zk o gl( t(?,)c)H2
requires a very delicate analysis when one seeks to establish the linear speedup property w.r.t. the number of
agents N, i.e., the O(1/NKT)-type rate. In particular, naively bounding terms using the projection radius
(as in the centralized analysis (Bhandari et al., 2018)) will not yield the linear speedup property. Finally, we
need to control the “client-drift” effect due to environmental heterogeneity under the strong coupling between
the different random variables discussed above.

Proof Sketch for Theorem 2. Our first key innovation is to bu1ld on the results in Section 3 to show that
the mean-path (steady-state) FedTD(0) update direction (1/N) ZZ 1 9i(8) is “close" to the mean-path TD(0)
update direction g(f) = b — A@ of the virtual MRP we constructed in Section 3.1; here, b, A are as defined in
Section 3.1. Formally, we have the following result.

Lemma 2. (Steady-state Pseudo-Gradient Heterogeneity) For each 0 € H, we have:

late) - }Vigi(e)ll < Ble,e1). (4)
=1

where B(e,€1) is as in Theorem 2, and g(0) is the steady-state TD(0) direction of the virtual MRP.

From Bhandari et al. (2018), we know that g(@) acts like a pseudo-gradient pointing towards the optimal model
0* of the virtual MRP. Since based on Proposition 2, we know that 6* is close to 6;,Vi € [N], Lemma 2 tells
us that at least in the steady-state, the iterates of FedTD(0) will converge to a neighborhood of each agent’s
optimal model, where the size of the neighborhood depends on the level of heterogeneity. While this helps
build intuition, all the valuable insights conveyed by Lemma 2 only pertain to the steady state dynamics of
FedTD(0), i.e., all the statistical challenges we alluded to still need to be resolved. In particuleur7 as mentioned
earlier, we cannot naively use a projection bound of the form E {H(l/NK) ZZ 1 Zk o ' g:(0 E’%)HQ} = 0(G?)
from the centralized analysis in Bhandari et al. (2018), since the local models may not belong to the set H.
Also, this will obscure the linear speedup effect. We overcome this difﬁculty by decomposing the random TD
direction of each agent i as gZ(OEZ,)C) = bi(ng,i) - AZ(OEZ)C)Gt(l,)C Since A,-(OS,)C) and bz(OEZ,)C) only depend on the
randomness from the Markov chain, and O(i,)c and O(j ) are independent, we can show that the variances of
(1/NK) ZZ 1 Zf 01 A;(O ”1 and (1/NK) ZZ 1 Zk 0 Z(O%) get scaled down by NK (up to higher order

terms). Furthermore, to account for the fact that AZ(OM) and bz(OEZ,)C) differ across agents, we appeal to
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Lemma 2. Putting these pieces together in a careful manner yields the final rate in Theorem 2. The detailed
analysis, along with some simulations, are deferred to the Appendix.
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Figure 2: Performance of FedTD(0) under Markovian sampling. (a) Performance of FedTD(0) for varying
number of agents N. The MDP M of the first agent is randomly generated with a state space of size
n = 100. The remaining MDPs are perturbations of M) with the heterogeneity levels € = 0.05 and €; = 0.1.
We evaluate the convergence in terms of the running error e; = ||y — 6%||2. (b) Performance of FedTD(0) for
varying heterogeneity level, with a fixed number of agents N = 20. Complying with theory, increasing N
reduces the error, and increasing the level of heterogeneity increases the size of the ball to which FedTD(0)
converges. We choose the number of local steps as K = 10 in both plots.

6 Conclusion

In this work, we have studied the problem of federated reinforcement learning under environmental hetero-
geneity and explored the following question: Can an agent expedite the process of learning its own value
function by using information from agents interacting with potentially different MDPs? To answer this
question, we studied the convergence of a federated TD(0) algorithm with linear function approximation,
where N agents under different environments collaboratively evaluate a common policy. The main differences
from the existing works are: (i) proposing a new definition of environmental heterogeneity; (ii) characterizing
the effect of heterogeneity on TD(0) fixed points; (iii) introducing a virtual MDP to analyze the long-term
behavior of the FedTD(0) algorithm; and (iv) making an explicit connection between federated reinforcement
learning and federated supervised learning/optimization by leveraging the virtual MDP. With these elements,
we proved that if the environmental heterogeneity between agents’ environments is small, then FedTD(0) can
achieve a linear speedup under both i.i.d and Markovian settings, and with multiple local updates.

A few interesting extensions to this work are as follows. First, it is natural to study federated variants of
other RL algorithms beyond the TD(0) algorithm. Second, it would be interesting to investigate whether
the personalization techniques used in the traditional FL optimization literature can be applied to solve
federated RL problems. Instead of learning a common value function/policy, can we design personalized value
functions/policies that might perform better in high-heterogeneity regimes? We leave the exploration of this
interesting question as future work.
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A Additional Literature Survey

Federated Learning Algorithms. The literature on algorithmic developments in federated learning is vast;
as such, we only cover some of the most relevant/representative works here. The most popularly used FL
algorithm, FedAvg, was first introduced in McMahan et al. (2017). Several works went on to provide a detailed
theoretical analysis of FedAvg both in the homogeneous case when all clients minimize the same objective
function (Stich, 2018; Wang & Joshi, 2018; Spiridonoff et al., 2020; Reisizadeh et al., 2020; Haddadpour et al.,
2019; Woodworth et al., 2020a), and also in the more challenging heterogeneous setting (Khaled et al., 2019;
2020; Haddadpour & Mahdavi, 2019; Li et al., 2019; Koloskova et al., 2020). In the latter scenario, it was
soon realized that FedAvg suffers from a “client-drift" effect that hurts its convergence performance (Charles
& Konecny, 2020; 2021; Karimireddy et al., 2020a).

Since then, a lot of effort has gone into improving the convergence guarantees of FedAvg via a variety of
technical approaches: proximal methods in FedProx (Sahu et al., 2018); operator-splitting in FedSplit
(Pathak & Wainwright, 2020); variance-reduction in Scaffold (Karimireddy et al., 2020a) and S-Local-SVRG
(Gorbunov et al., 2021); gradient-tracking in FedLin (Mitra et al., 2021); dynamic regularization in Acar et al.
(2021); and ADMM in FedADMM (Wang et al., 2022a). While these methods improved upon FedAvg in various
ways, they all fell short of providing any theoretical justification for performing multiple local updates under
arbitrary statistical heterogeneity. Very recently, the authors in Mishchenko et al. (2022) introduced the
ProxSkip algorithm, and showed that it can indeed lead to communication savings via local steps, despite
arbitrary heterogeneity.

Some other approaches to tackling heterogeneous statistical distributions in FL include personalization (Deng
et al., 2020; Fallah et al., 2020; T Dinh et al., 2020; Hanzely et al., 2020; Tan et al., 2022), clustering (Ghosh
et al., 2020; Sattler et al., 2020; Su et al., 2022), representation learning (Collins et al., 2021), and the use of
quantiles (Laguel et al., 2021).
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B Perturbation bounds for TD(0) fixed points

B.1 Proof of Theorem 1

In this section, we prove the perturbation bounds on TD(0) fixed points shown in Theorem 1. We start by
observing that:
|4, — A = @7 DD(@ — yPO®) — T D) (@ — yPOG)|
<|@"DD(® - yPDD) — T DD(® — yPU D)+
(I)TD(i)(q) _ ,yp(j)q)) _ (I)TD(J')(Q) _ ’YP(j)‘I’)H
< |2TDD (@ — yPDD) — T DD(® — yPUB)|+
||<I>TD(i)(<I) _ fyp(j)q)) _ @TD(J')(q) _ ’yP(j)‘I))H

(a) . . . . _ _

< Al ePIDO NP — PO +[|@]*| DY — DD[|(I — vPP)]|

(®)

< yVne+ (1+7)[2(n = 1)e + O(e)], (5)

where (a) follows from the triangle inequality. The first term in (b) uses the fact that ||®| < 1, |[D®| < 1,
and ‘ ‘ ‘ ‘ ‘
IPO — PO < VAP ~ PO < e/ PO o = e,

where we use Assumption 1 in the second inequality. The second term in (b) uses the the facts that
[T —~POD|| <1+, |[DWD —DWD|| <||D®D - DW|; < |x® — 7)1, along with Lemma 1.

Next, we bound

lb; — ng = ||<I>D(i)R(i) — q)D(j)R(j)H
< ||<I>D(i)R(i) _ q)D(i)R(j)|| + ||<I>D(i)R(j) _ (I)D(j)R(j)H
< [ @lIDDVRD = R + |@|[| D — DY||| RV
< €1+ Riax (2(n — D)e+ O(e?)) , (6)
where we use Assumption 2 in the last inequality and follow the same reasoning as we used to bound || 4; — A;||
above.

We are now ready to bound the gap between fixed points as:

16; =050 w(A) U&j&u+m;mg. -
10T = 1 wa)Aal \ A 151

i,
[l Al

Here, we leveraged the perturbation theory of linear equations in (Horn & Johnson, 2012b) Section 5.8.
Finally, for any ||6;|| < H, we have

167 = 851 < Ter) £ T (49 HEA))

1 —r(A;) 5(16) o1 02

where we used the fact that ¢; and J are positive constants that lower bound || A;|| and ||b;||, respectively.
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C Properties of the Virtual Markov Decision Process

C.1 Proof of Proposition 1

Before we prove this proposition, we present the following fact from (Pishro-Nik, 2016): a Markov matriz P
is irreducible and aperiodic if and only if there exists a positive integer k such that every entry of the matrix
P* s strictly positive, i.e., P;‘is, >0, for all 5,8’ € S.

For every Markov matrix P(9), we know that there exists such an integer k; according to the above fact and
Assumption 3 in the paper. Then we define a set J = {i € [N]jw; > 0}. Since vazl w; = 1, and w; > 0 holds
for all i € [N], we know that .J is a non-empty set. If we define k = min;e{k;} and j = arg min;ep{k:},
then we have:

k

S wP®) = wh (p(j))fc I ’ (8)

1€[N] “———" nonnegative
positive

_ N
where each entry of wf (P(J )) is strictly positive while the other matrices in the summation are non-negative.

Thus, we can conclude that the Markov chain associated with the Markov matrix ;¢ v w; P is also
irreducible and aperiodic.

C.2 Proof of Proposition 2
Following similar arguments as in Theorem 1, we bound || 4; — A||:
14i = Al = @ "DV (@ — v PV D) — T D(® — 7P2)|

(a) . A A _

< yl@P DDV PY — Pl + [ @|*| D — DI[I(I — ~P)]

(®)

< yVne+ (1+9)[2(n = e+ O(e*)] = Ae), (9)
where inequality (a) follows the same reasoning as (a) in Eq.(5), (b) uses the same fact as (b) in Eq.(5), and
|PO — P < & SN [PO — PO)| < ey and D) — DJ| < 2(n — 1)e + O(e).

Based on the above facts: (i) | Bl < % Y0, R < Ruax, (ii) [|RD — R|| < £ S0 [|[RD — RO|| <
and (iii) |D® — D| < 2(n — 1)e + O(€?), we finish the proof by showing that ||b; — b|| < b(e, e1). To do so, we
follow the same steps as Eq. (6), and prove the bound on ||} — 6*|| by following the same analysis as Eq. (7).

C.3 Proof of Proposition 3

Since the virtual MDP is an average of the agents’ MDPs, i.e., P = % Zi\il P the virtual Markov chain is
irreducible and aperiodic from Proposition 1. The maximum eigenvalue of a symmetric positive-semidefinite
matrix is a convex function. Then we have Amax(® T D®) < 3 s T(8)Amax (0(8)(s) ") <D, cs7(s) = 1.

To show that there exists w > 0 such that /\min(<I>TD<I)) > w > 0, we will establish that DD is a positive-
definite matrix. Since ® is full-column rank, this amounts to showing that D is a positive definite matrix.
From the definition of D, establishing positive-definiteness of D is equivalent to arguing that every element
of the stationary distribution vector 7 is strictly positive; here, 7' P = 7. To that end, from Proposition 1,
we know that the Markov chain associated with P is aperiodic and irreducible. From the Perron-Frobenius
theorem (Frobenius et al., 1912), we conclude that indeed every entry of 7 is strictly positive. If we choose
w = minges{7(s)} > 0, we have A\pin (2T DP) > w > 0.
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D Pseudo-gradient heterogeneity: Proof of Lemma 2

For each 6 € H, we have:

- Zgz )| = e D20 - 20) - N(iqﬂmﬂ(zﬁ)@e - 9))

QI
A

N

—
S]
N

IA
=] -
&MZ

’@TD(THQQ —®0) — T DTV dg — <I>9)H

=1
O 1B S ) 4o LS p) @ (7
<> D{NZRJ +7NZPJ<I>0—<I>0]—D (T 6 — 6)
i=1 j=1 j=1
1 N 1 N ) 1 N .
SN; D[N;R@HN; Npg — @9] D(T) 6 — o)

+ D(TV®0 — &) — DT DY — ©0)

INS
=

[ ZR(J)+7 ZP(J)<I>9 6] — D(T) 20 — 0)|

j=1

-
?

~
Il
—

HD(T;%@ — ®0) - D(TDDY — <I>0)H

+
2| =

©
I
—

<5 2 ol - w20 o]

+§]§;HD D HT<z o0 — <I>9H

( N N ) N ]

Sn - w320 o]

+;]§;HD D HT<><1>9 <1>9H

2 [er +v/me| 98] + [2n0 — e + O(e)] 00

< H[O(el) /e +2(n— 1)e + 0(62)} — Ble, e1). (10)

Inequalities (a) and (c) follow from the triangle inequality, (b) is due to |®|| < 1; (d) is due to the fact that
|D|| < 1; and (e) uses the following facts: (i) [|[R® — R|| < ey; (ii) |[P®) — P(J)|| < n||P® — PU)|, <
ey/n|| P( )Hoo = €y/n, which, in turn, follows from the proof of Theorem 1; (iii) ||[D®) — D|| < 2(n —1)e+ O(€?),
which, in turn, follows from the proof of Theorem 1 or Eq. (5); and (1V) 10l < H for any 6 € H.

E Auxiliary results used in the 1.1.D. and Markovian settings

We make repeated use throughout the appendix (often without explicitly stating so) of the following
inequalities:

« Given any two vectors z,y € R%, for any 3 > 0, we have

|M+MFSU+ﬁmw”%O+;>MV- (1)
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« Given any two vectors z,y € R%, for any 3 > 0, we have
B 1
(z,y) < Sllal? + ﬁHyIIQ- (12)

This inequality goes by the name of Young’s inequality.

« Given m vectors x1,...,x,, € R% the following is a simple application of Jensen’s inequality:

m 2 m

2
S| <md il (13)
i=1 i=1

We prove the following result for the virtual MDP.
Lemma 3. For any 6,0, € R?,

(02— 0" [9(00) — 9(02)) > (1) || Vo, — Vo, |

) (14)

Proof. Consider a stationary sequence of states with random initial state s ~ 7 and subsequent state 5: , which,
conditioned on s, is drawn from P(- | s). Define ¢ £ ¢(s) and ¢’ £ ¢ (s'). Define x; = Vp,(s) — Vo, (s) =
(05— 01)" ¢ and yo 2 Vo, (s') — Vg, (s) = (02 — 0:)" ¢'. By stationarity, x1 and xs are two correlated

R 2
random variables with the same same marginal distribution. By definition, E [x3] =E [x3] = HV92 — Vo, || -
D

since s, s’ are drawn from 7. And we have,

3(01) = 5(02) =E [0 (v¢' = 9)" (61— 02)] =E[6 (xa — x)]-

Therefore,
(02— 61)" [9(01) — 5(62)] = E[x1 (x1 —7x2)]
=E [xi] —1Exa]
> (1=7)E [x1]
. 2
-l
(L =7)||Vo. = Vou |
where we use the Cauchy-Schwartz inequality to conclude E [x1x2] < vE DZ]VE [x3] = E [x}]. O

Lemma 4. For any 6,,0> € R%, we have

15(61) = 362 < 2]|Vay = o |

(15)
Proof. Following the analysis of Lemma 3, we have
19(61) = 9(02)Il = [E[6 (x1 — vx2)Il
< VETIOIPIE | - vx)’]
< \/E il + 7\/1['3 Dl

= (L+MVEX],
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where the second inequality is due to ||¢]| < 1 and the final equality is due to E [X%] =E [Xg] We finish the

. 2
proof by using the fact that E [x%] = HV@2 — Vo, 5 and 14+~ < 2. O

With this Lemma, we next show that the steady-state TD(0) update direction g and g; are 2-Lipschitz.
Lemma 5. (2-Lipschitzness of steady-state TD(0) update direction) For any 61,05 € R, we have

19(61) = g(62)]| < 2161 — 62| (16)
And for each agent i € [N], we have

19:(61) = g:(62)]| < 2[[61 — b2 - (17)

Proof. From Lemma 4, we can easily conclude that the steady-state TD(0) update direction g for the vitual
MDP is 2-Lipschitz, i.e.,

19(61) — g(62)]| < 2|62 — b2, (18)
based on the fact that Apay(®TD®) < 1. We can follow the same reasoning to prove Eq. (17) since
15:(61) — §:(82)| < 2 Hv@ ~ V|| | holds for each i € [N] from Bhandari et al. (2015). 0

Next, we prove an analog of the Lipschitz property in Lemma 5 for the random TD(0) update direction of
each agent 1.

Lemma 6. (2-Lipschitzness of random TD(0) update direction) For any 61,02 € R and i € [N], we have
llgi (01) — gi (O2)|] < 2|61 — 62| .

Proof. In this proof, we will use the fact that the random TD(0) update direction of agent i at the ¢t-th
communication round and k-th local update is an affine function of the parameter 6. In particular, we have

g:(0) = b:(O}) — Ai(OF'))8, where A;(O() = d(s{ 1) (67 (st)) — 76T (sV),1)) and bi(Of)) = (s ) (s\)).
Thus, we have

lgi (61) = s (82)]] = || 4s(0
< HAi(O lk)H 161 — 62|

< (llo e ll” + 7 ll¢ (st 16 (st ) ) 161 = 2]
< 2|64 — 0,

where we used that ||¢(s)|| < 1,Vs € S in the last step. O
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F Notation

For our subsequent analysis, we will use 7/ to denote the filtration that captures all the randomness up to
the k-th local step in round ¢t. We will also use F* to represent the filtration capturing all the randomness
up to the end of round ¢ — 1. With a slight abuse of notation, F*, is to be interpreted as F*. Based on

the description of FedTD(0), it should be apparent that for each ¢ € [N], 975’,1 is F}_,-measurable and 0, is
Ft-measurable. Furthermore, we use E; to represent the expectation conditioned on all the randomness up

to the end of round ¢ — 1.

L L2
For simplicity, we define §; = ﬁ Zivzl Zf;ol HH;Z,)C —0;|| and A; = N—IK Zfil kK;Ol HOE% —6;|| . The latter

term is referred to as the drift term. Note that (6;)2 < A; holds for all ¢ via Jensen’s inequality. Unless
specified otherwise, || - || denotes the Euclidean norm.

Step-size: Throughout the paper, we encounter three kinds of step-sizes: local step-size «;, global step-size
ag, and the effective step-size a. Some of our results will rely on effective step-sizes that decay as a function
of the communication round ¢; we will use {a;} to represent such a decaying effective step-size sequence.
While the local step-size ay will always be held constant, the decay in the effective step-size will be achieved
by making the global step-size at the server decay with the communication round. Accordingly, we will use
{a!(]t)} to represent the decaying global step-size sequence at the server. In what follows, unless specified in
the subscript, all the step-sizes appearing in the proofs refer to the effective step-size.
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G Warm-up: Analysis of FedTD under i.i.d. sampling

To isolate the effect of heterogeneity and provide key insights regarding our main proof ideas, we will analyze
a simpler i.i.d. setting in this section. Specifically, we assume that for each agent i € [N], the data tuples
{Ot(z,)c} are sampled i.i.d. from the stationary distribution 7() of the Markov matrix P(*). Such an i.i.d
assdmption is common in the finite-time analysis of RL algorithms (Dalal et al., 2018 Bhandari et al., 2018;
Doan et al., 2019). To proceed, for a fixed 6 and for each i € [N], let us define g,(@) IEO< ) o ® [9:(9)] as the

expected TD(0) update direction at iterate § when the Markov tuple Ot & hits its stationary distribution 7,
We make the following standard bounded variance assumption (Bhandari et al., 2018); similar assumptions
are also made in FL analyses.

Assumption 4. E||g;(0) — g:(0)||> < o2 holds for all agents i € [N], in each round t and local update k, and
V6.

Let H denote the radius of the set H. Also, define G £ Rpax + 2H and v = (1 —v)w, where w is as in
Proposition 3. Our convergence result for FedTD(0) in the i.i.d. setting is as follows.

Theorem 4. (I.1.D. Setting) There exists a decreasing global step-size sequence {ag }, a fized local step-size
oy, and a set of convex weights, such that a convexr combination O of the global models {Gt} satisfies the
following for each i € [N] after T rounds:

9 2 o2 o2

e
<
b= 0(K2T2 Y ANKT T AKT? +Q(€’61))’ (19)

where Q(e, €1) = @(M +T2%(e,e1)), B(e,e1) = H (Vne+2(n—1)e + O(e?) + O(e1)), and I'(e, 1) is as
defined in Theorem 1.

|V, ~V:

In what follows, we provide a detailed convergence analysis of the above result.

G.1 Auxiliary lemmas for Theorem 4
G.1.1 Variance reduction

Lemma 7. (Variance reduction in the i.i.d. setting). In the i.i.d. setting, under Assumption 4, at each

round t, we have E Hﬁ vazl Zi{:_o [gz(ﬁt(zk) ai( GEI)C }H < T

Proof. Define Y(’) = 2(0%79?;1) - gz(at(l,)g) Since {Oil,)C is drawn ii.d. over time from its stationary
distribution w(l), we have E[Yt(?] =E [E[Yt(;ﬂ) \ QEZ,)C]} = 0. As we mentioned before, for each i € [N], OEI,)C
is f,i_l—measurable. If we condition on ]—',i_l, we know that Qt(Z,)C and Gt(],z are deterministic and the only
(9)

randomness in Y;(Q and Y, come from Ot(l,)C and Og’jlz, which are independent. Therefore, Yt(;) and Yt(?c) are

independent conditioned on .7-'}5_1.

For every i # j € [N], we have
(Vv =E R 1 AL CE[(EXD | ALEYS | AD)] =0 @)

where (a) follows from the fact that Y&) and Yt(i) are independent conditioned on Ff_,. For every k < [ and
i,j € [N],

B [(v 2] =& [(nQx9) [ 7] | 2 [(vRE0D 1 2] o (21)
Then,
1 e ) (i) i
E NK;H[ (02) — 3:(05))]
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| NE-1 " 2
=E NK Z Z Yt k
=1 k=0
| XK1 ‘ 5 K—1 .
= s 2 2 BIVSIP + 5 2o D ELYR YD)
i=1 k=0 i<j k=0

N
2 D
+ o 2 2B YD)
i,j=1 k<l %0/—’

0.2

< AT
- NK
where the second equality is due to Eq. (20)) and Eq. (21) and the last inequality is due to Assumption 4. [

G.1.2 Per Round Progress

First, we characterize the error decrease at each iteration in the following lemma.

Lemma 8. (Per Round Progress). If the local step-size cy satisfies oy < (14;5}()‘2, then the updates of FedTD(0)
with any global step-size oy satisfy

B0 — 01 < (1 + COE[f — 0° +20E(5(61), 8, — 0°) + 60E]9(80) |
20202
NK

+ 4a? (411 + 6) E[A,] + +2aB(e,61)G + 602 B?(e, 1), (22)

where (1 is any positive constant, and o is the effective step-size, i.e., o = Kajoy.

Proof.
E[|f¢1 — 072
B 0 MoK ‘ )
=E|Ils% (9,5 + N Z gz(Ht(Z,)c) - 9*) H (updating rule)
i=1 k=0
B 0 NE-1
<E|\6; + VK Z gl(Gt(f,Z) 0* (projection is non-expansive)
i=1 k=0
B ) 0 NE-1 o - 0 NE-1 o2
—E[6. - 0| + 2B =D gi(emk),et—e*HEHNKz Zgi(etvk)H
i=1 k=0 i=1 k=0
) 9 N K1 4 o
=E||f - 0| + 3 > D Elai(6f) — 5:(611).6, - 0%)
i=1 k=0
C1=0
g N K1 ~ q MK 2
e 20 GO, 00— 07) + B[ 5 ST o)
i=1 k=0 i=1 k=0
2 2a Y= i * S ON[E
= |6 - 07|+ = >0 Y EGO).8 - 0+ B >0 3 a6l
i=1 k=0 i=1 k=0
) 2 9 MK :
<EH9t—9* o D0 Y E(Gi(0f). 6 — 07)
i=1 k=0
a 0 (i) Q@ i
+ QEH— {gl(Qtzk) - ](Gtzk)} H + QEH— Zgl(atzk)H (Young’s inequality (12))
NE =S NE =
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B 2 9 M K-l o 9% N
< IEHHt 0|+ e Do D EG(01). 6 — 0 + NK+2EHN Z H
1=1 k= i=1
20 Kflo B B B
b= 0|+ 2o D2 D E@(0) — 5:(6) + 5:(6,) — (6.) + 9(6.), 6, — 67)
=1 k=0
N S 202
+28 e 3 3 a6l + g
=1 k=0
—1
<o+ 2SS B - 56 0+ 2 S B - 9606 0
=1k i=1
N K-1 _ 9 o9
+20E(g(0), 0. — 0%) + 28] 23S a0 + 20T
i=1 k=
) ) Vi
<1 +cEla — e H (36000 - 5:(00)] H 4 2aB(e, )G

Zi
M=
(]

=1 k=0
_ -1 L2 90202
+ 2aE(g(6;),0; — 6%) +2EH% gl(eﬁl,)c)H + ]C\y[; (Eq (12) and Lemma 2)
i=1 k=0
B 9 102 N K1 2
< (1+C1)IEH0t—9* y 2 => EHG _ng 4 2aB(e, )G
GNK ==
N K-1 ] 2 20
+ 2aE(g(6;),0; — %) + QEHN— Z gl(Qﬁl,)c)H + NK (2-Lipschitz of g; in Lemma 5)
i=1 k=0
_ 2 42 20252
§(1+§1)]EH9t—0* +%E[At]+ JOQ; +2aB(e,e1)C
1
B o K-1 ‘ B B B - 9
+20B(5(00),0 — 0%) + 28] == 57 37 (50 - 5:00) + 5:8) — 568 + 300 |
i=1 k=0
_ 2 402 20252
< (14 )E|g, — o* +%E[At]+ -+ 20B(6,1)G
1
N K-1 ) B 9
+20E((0,), 0 — 0°) + 68 = 57 5" .(07) — 5u(6y)
i=1 k=0

ro5 3 3 (510 =960 |+ s |

(Eq (12) and Lemma 2)

40 20202
—E[A
+ a [A] + NE

+ 2aR(g(0;),0; — %) + 24a°E[A;]  (2-Lipschitz of g;)

< (1+<1)]EH0_t s +2aB(e, )G

4 6a2B(c,e1) + 6012]EH§(§,5)H2 (Eq (12))

_ 2 _ _ _ 2
— 1+ E|6, — 6| + 20E(5(8,),8, — %) + GQQEng(Ht)

, (1 20202 2 2
+ 4o a+6 E[AJ—‘,—W—FZO&B(E,Gl)G‘FGOJ B (6761)’

where (a) is due to Lemma 7. Furthermore, the reason why C; = 0 is as follows:

N K-1

Z Z ]E gz 0(1) (Qt(jll)g)aét - 0*>

i=1 k=0
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N K-2
=3 Elgi6) — 6:(6,2), 0. — 67)
i=1 k:ON | |
S B0 k) — G0 _y), 00— 0%)
N K—;:l }
:Z E(g:(0.) — G:(6))), 0 — 0+
i=1 k:ON
S B [B [0k 1) = 50k, 0 = 0) | Fie ]
K-2

(9:(00)) = 5:(61)). 0, — ")+

i=1
0
N K-2 _
=D D E(@(0/) - 5:(6;7),0, - 0).
i=1 k=0
We can keep repeating this procedure by iteratively conditioning on Fk_,,--- , Ff, Fi. O

G.1.3 Drift Term Analysis

We now turn to bounding the drift term A;.
Lemma 9. (Bounded Client Drift) The drift term Ay at the t-th round can be bounded as

K-1
1 i _ g5 o’
E[A] _ﬁz E 0£7;—0t < 27(0% + 3K B?(e, 1) + 2KG?) —— Ko’ (24)
=1 k=0 g
provided the fixed local step-size oy satisfies oy < min (14;}()51.
Proof.
L2
E|of7) - &
_ ol 0@y _al? i
=K/, + algl(et,k—l) 0, (updating rule)
A . B , . 2
=K Qt(’,)%l + azéi(Hﬁ,,l,l) -0+ (gi(eg,z)cA) - ﬁi(et(,;)cq)) H
) , 2 , . 2
=F 0&,171 + Oélgi(gwg,ll)cfl) - 9tH + ofE gi(awg,l)cfl) - §i(9£7;)€,1)H
+ 2008 [ (50(0) = G050, + aum®_) - | 7 )]
Cy=0
D1+ E/e 309 gl +a o2E — 509 )’
< (L+QJENO, 1 + g0 1) — 0| +( + 90 k1) — 3:(0; k1)

2 (i) _ @) AP
+ afE||g:(017)) ~ 3. 011

) _ _ 2
< (14 G)(1 + B[00 + aug(6)_,) - B — g ()
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PG %)a%EHg(é»HZ
1+ 2 )afBJa(ef ) - g(é»w(ét)—@-(ét)m(ét)—m(eﬁf,l_l)\fmfﬁ
2 1+ G)1+G) E(60_ + ug(60)_,) — B0 — cug(8) H G+@+ g ozl]EHg @) H2
+3(01+ 2)FE||g(657 ) — 9@+ 30+ )aFE fo(B) m(@)H
+ 300+ 2)afE[Ja0) 0| +a%a2

—

) 2\ — (1) 7 |17
< (14 G)(1+ ) [1— 2au(1 — ) — 40w B0 —etH

t,

(14 &)1+ 2 )adE]|a(@)||

1

g)

+12(1 + l)Q%’JE
Cz

) lZBQ(evel)

6) etH +31+<3

+12(1+<) 2E|[6)_, — 6, * 4 ado?

24(1 + &)af

_ - @
= (4 @)1+ G) 1= Goall =) — o)+ (s o B0, 4l
+(1+G)A+ l)oz?ﬂ‘l”@(@,g)ug +3(1+ l)ozl2B2(e, €1)+ 041202,

G3 (3

D1

where we used the inequality in Eq (11) with any positive constant (5 for (a); for (b), we used Assumption 4
and the same reasoning as Eq (11) with any positive constant (3; for (c), we used the inequality in Eq (13) to
bound the third term; and for (d), we used Lemma 3 and Lemma 4 to bound the first term, the 2-Lipschitz
property of g, g; (i.e., Lemma 5) in the third term and the fifth term, and the gradient heterogeneity bound

. _ 24(1+ 2 )af
from Lemma 2 in the fourth term. If we define (4 = (1+ (2)(1+(3) {1 — 2y (1 — ) —4a?)w + m

and define Dy as above, we have that

@ _gl M _al
=0 < GE|00_, 0| +Di. (25)

Next, we set (3 = (3 = K > 2, and choose the local step-size q; to satisfy

Kl’

_ 1y.2
(=)o oo wl-ye 240+ )
2 B 2 T+ Q)1 +G)
24(1+ 4 o
so that {1 — 2oy (1 —v) —4a?)o + (1+<2)(1+43)] 1(1 — v)w. These inequalities hold when «; <

min (14_8}{)5’. Then, Eq (25) becomes

3 _ i =
<+ ) = a1 - )l 6, - 6,

2
D;.
K1 + D1

E6f) _a|

If we unroll this recurrence above, using 0% = 6,, we have that

i ~ 3 _
EHHS,)C _a| ZDl {Hf L+ =) - a(l 'y)w}}
(o) k=1 —
< [ozla +3Ka?B (6,61),—|—204l2KEH§(9t)H }
s=0
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3 _

CIEZL (0 ) a1 - )a]

k _ 2
< [ozlzo'Q +3a]KB?(e,€1) + QQ?KIEHQ(%)H ]

S

|
—

i
=]

3 _
x (1+ ﬁ)K IHf srall = (1 = 7))

() TR R
< 27(02 + 3K B(e, e1) + ZKEHg(Qt)H ) af x L1 - a1 — )3
s=0

<1

< 27(0% + 3KB?(e,e1) + 2KG*)Ka} (constant local step-size)

where we used the fact that (1+ (2)(1+ C%) < 2K for () and (1+ 25)5~1 < 27 for (f). we finish the proof
by substituting a; = KL% ‘ O

If we incorporate Eq (24) into Eq (22), we have that

_ 2
]E‘ Bpir — aH (26)
<(1+G)E * 20E(5(3,), 0, —9*>+6a2EHg(é
4 1 2. 2
+108— ( z —)(0? +3KB?(e,e1) + 2KG?) + T +2aB(e,€1)G + 602 B? (e, €1). (27)
1

G.1.4 Parameter Selection

Lemma 10. Define v 2 (1 — y)@. If we choose any effective step-size o = = Kogzap < a gg)”, any local
step-size ap < min (14;}()‘:’, and choose the constant (; = av, the updates of FedTD(0) satisfy
2 1 - 2 1_ 115 2 2a0?
E[[ve,~Ve | < G —vE|o — 0°|| — B0 - 0"
41 g, Vo D_(a V1) t o 41 + NEK
N——
O(al)
108002
oty (02 + 3K B?%(¢,61) + 2KG?) +2B(e, €1)G + 6aB?(e, €1), (28)
g heterogeneity term
O(a?)
where vy = 7 = (1747)&).

Proof. From Eq (26) and {; = av, we know
_ 2
E|fees - 0|

<+ @)EH(% — 0| + 20E(5(8,), 8 — 6% + ﬁoﬂEHg(fm

4 20[20'2

—|—108 ( c )(U +3KB%(e,e1) +2KG?) + e + 2aB(e, €1)G + 6a° B (e, €1)
1
_ 2 2 94242
<(1+4+av-— 2au)EH9t — 0% + 24042EHV5t — V= 5 + NE (Lemma 3 and 4)

4
1
+ 108; 5(64 —)(0” + 3K B%(e. 1) + 2KG?) + 2aB(e, )G + 60” B (c, 1)
g
B av_ ||~ <12 9 2 2a%0?
-2 E‘aﬁa - B0 - 0|+ 240°E|| V5, - Vi |+ T
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4
1
+ 1082 (6 + —)(02 +3KB?(e, e1) + 2KG?) + 2aB(e,¢1)G + 60’ B%(¢, 1)

20.2

NK
4
1 2 2 2 212
+108Ka3(6+$)(0 +3KB*(e,e1) + 2KG*) + 2aB(e,€1)G + 6a°B* (¢, €1),

( )

<a-Y EHGt o||”

s O

+ e - ver [+

where (a) comes from Apa(®TD®) < 1 and 24a? < 240U Qg) = %/. Moving IEHV@ — Vi~

2
5 (on the
right-hand side of (a)) to the left hand side of the above inequality yields:

av ~ 2 20202
TEHV@*VG* <= ?)E b - o - O = G*H TN K
6ot a’ 2 2 2 22
+ 108( + V(0 4+ 3K B*(e,€e1) + 2KG?) 4+ 2aB(e,€1)G + 60 B (e, €1).

Ka2 = KaZv
Dividing by « on both sides of the inequality above and changing v into v1, we have:

2
Vl]EHV@ —Vollp

1 _ 21 - 2 2a0?
<(=-— EH@ _ —f]EHH g
< (a V1) t o t+1 + NK
60 402 9 9 9 9
+ 108( + )(0® 4+ 3KB*(e,€e1) + 2KG*) 4+ 2B(€,€1)G + 6aB= (¢, €1)

2 2
Kcug Kagul

1 ~ 2 1_ 115 2 2a0?
< (=B — 67|~ —E[frss - 07
< (oz v1)E||0; o |0 =+ NK
N——
O(al)
10800/
= (0 + 3K B*(¢,e1) + 2KG?) + 2B(e, )G + 6aB(e, 1),
a’v
g7t heterogeneity term
O(a?)
where we used the fact that o <1 in the last inequality. O

With these lemmas, we are now ready to prove Theorem 4, which we restate for clarity.

G.2 Proof of Theorem 4

Given a fixed local step-size o = %(14;;()@, decreasing effective step-sizes a; = V(aftﬂ) = (177)@5&““),
decreasing global step-sizes a_Ef) = x&, and weights w; = (a +t), we have that
2 ~( G? o? o? B(e, 1)G

EHV~ vl <o ? T2(e, 29

br = M0 p = (K2T2 torE  eNkr T, Th e (29)

holds for any agent ¢ € [N].

Proof. We take the effective step-size oy =
wy = (a+t) and define

V(aftﬂ) = Vl(aitJrl) for a > 0. In addition, we define weights

1
= 7Zwt9t7
Wt:l

where W = ZtT:1 wy > $T(a+ T). By convexity of positive definite quadratic forms (Amin(®TD®) > @ > 0),
we have that

2
nE|| Vs, Ve |
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181

2
w D

M=

< (a + || V5, - V-

t

@ vi(a+1)(a+2)G2 1 = [20a+bta ,
< -
+W;

1

)
= oW NEKE °

1

_|_
=|
M=

[1080(61 +t)a?

2 2 2
K !2]]/1 (O (6’61) ):|

~
I
—

_|_
|~
M=

(a+1) [23(6, €1)G + 60 B (e, 61)]

~
Il

1
T

vi(a+1)(a+2)G? 202
< t
= 2 T NEW ;(“ i
1080(02 + 3K B2(¢, €1) + 2K G?) L 6B°( e, €1) —
+ K2 W Z t)a? 4+ 2B(e, )G Z (a +t)a
t=1 t=1
vi(a+1)(a+2)G? 402 T
- 2W n NKW
4320(0 +3KB?(e,€1) + 2KG?) 12B2(e, 1)
(141 T 2B —— T
KO{Q W ( + Og(a+ ))+ (6761)(;’+ V]W )
2
where we used HV‘% — V- 5 < G?. Dividing by v; on both sides, changing v, into v, and using W > w,
we have:
2 ~( G? o? o? B(e, 1)G
E|vs, —vo-| <0 : .
br = 0 |p = (K2T2 t kT T ANKT v )

2
_ < 2E||V5, ~ Ve-

=)

2 2
4 2EHV9?« — Vi
D k3

We finish the proof by using the following inequality: IEHV@T — Vo

in tandem with the third point in Theorem 1.
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H Heterogeneity bias: Proof of Theorem 3
In this section, we prove Theorem 3.

Proof of Theorem 3. As 07 and 05 are the TD(0) fixed points of agents 1 and 2, respectively, we have
07 = A;'by and 05 = A5 'by. The output of mean-path FedTD(0) with k = 1 and o = ayq; satisfies:
ét+1 = ét + OZ(—Aét + I;)
—> 0141 — 0} = 6, — 0] + (= A0, — 07 +07) + D)
= ey 41 = — afl)elyt — afl@i‘ + ab

. A+ Ay - by +0
= e1 11 =T —ad)e;; —a (1;2> AT+« ! —; 2

. A AT b
= e141 =L —aA)e; s — a% + aé

_ A ady o oir 17
— €1,t+1 = (I — aA)eLt - (A by — A2 b2)
A .
== e1,t41 = ( — OéA) eit+ — (92 91) . (30)
—_—— _/_/

A y

Let us now note that €1,t41 = /Iel,t + Y can be viewgd as a discrete-time linear time-invariant (LTT) system
where « is chosen s.t. A is Schur stable, i.e., |Amax(A)| < 1. At the ¢-th iteration, we have:

t—1
et = ./ZtteLo + Z./Ik)}

k=0

As t — 00, the small gain theorem tells us that because p(A) < 1 (where p(-) denotes the spectral radius),
22;10 AP exists and is given by (I — A)~!. We can then conclude that

lim e = (I — A) 1y

t—o0
:(a> O‘A2 (65 — 03)

%A LA, (9* —63). (31)

The limiting expression for e; ; follows the same analysis.
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I  Proof of the Markovian setting
We now turn our attention to proving the main result of the paper, namely, Theorem 2.

1.1 Outline

As mentioned in the main body, one of the main obstacles to overcome in the analysis is that in general,
E[(1/N) SN, (91(9%, Ot(ll)c) — gz(et“,)c))] # 0. In order to show that a linear speedup is achievable, we first
decompose the random TD direction of each agent i as 91(0?23) = bz(ng,)c) —141(0151,)6)075?C in subsection 1.2.1 and
show that the variances of (1/NK) Zfil ZkK;Ol Al(O%) and (1/NK) Zfil Z,ﬁ{;ol bZ(OEl,)C) get scaled down
by NK in subsection 1.2.2. To decouple the randomness between the parameter 9?,1 and the observations
Ot(l,)C using the method called information theoretic control of coupling in Bhandari et al. (2018), we need

to bound E {Hﬁ_t — ét_THQ} in subsection 1.2.3. As the analysis in the i.i.d. setting and traditional FL, we

characterize the drift term, per-iteration error decrease, and parameter selection in subsections 1.2.4, 1.2.5
and 1.2.6, respectively. Finally, we prove Theorem 2 in subsection 1.3.

Additional Notation: Under Assumption 3, for each MDP 4, there exists some m; > 1 and some p; € (0,1),
such that for all £ > 0 and 0 < k < K — 1, it holds that

drv (P (sgll)c = 5((;;2) = 3) 77T(i)> < miPéKM,VS €S.

7

Furthermore, we define p = max;enj{pi}, m = max;cnj{mi}.

1.2 Auxiliary lemmas for Theorem 2
1.2.1 Decomposition Form

The first step in our proof of Theorem 2 is to rewrite agent i’s update direction of FedTD(0) as:
9i(6;0) = ~A4i(0;)8,) + bi(O}1)

where 4;(0f)) = ¢(s\ 1) (67 (s\)) — 76T (s\'),1)) and b;(O{1) = r(s2)é(s\}). Note that the steady-state

value of E[bl(Ot(z;)] is not equal to 0. For convenience, we apply appropriate centering to rewrite g; as:

9:(61)) = —A,(0))(8) — 67) + 0,(0%)) — 4,065 . (32)

Zi(oif;)c)
Define Z;(0\)) £ b;(Of)) — Ai(O{'))0;. As §i(0) 2 E
g:(0)) = —A,(0"") — 07) (33)

9i(0; iYWy —Yi )

where 4; = ®TDW(® — yP®). Note that ]EO%NWU) [Zz(ngll)} equals to 0. Taking into account the

definitions above, we establish the following lemmas:

Lemma 11. (Uniform norm bound) There exist some constants ¢1,ca,c3 > 0 such that

2 (01)

(o) < -

1+, ||A; < ¢3 := Rax + c1H holds for all i € [N].

<cpi=1+47%w and‘
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Proof. Based on the definition and the fact that ||¢(s)|| < 1, we have

|4: (02 || = [|letsii@™ (582 = a0 (s | < [|ots]| [T (1) = 20T (k)| < 1+

)

Similarly, making use of the fact that r(s) < Ryax for any s € S, we apply the same reasoning to conclude
that

2 (00) | < Runax + 1l

Lemma 12. There exist some constants Ly, Ly > 0 such that
A—E |4 (02,) 1 7]
fL’ — Etl |:Az (Ot(;,kz)} H < Llp(tzftl)K+kz7
e[z (0)) 1 72]

E¢, |:Zi (Ot( ks )} H < Lyplt2—t1)Etks

’<L p(tz t1)K+ka— kl

‘ <L p(tQ—tl)K+k2—k1,

hold for any i € [N], 0 < ki, ko <K —1 and ty > t; > 0.

Proof. We have:

e (o) 17:]

- H (000) 1 78] ~Bow o [2(02,) 175

T e )

s )
Stg, ko Sto+1,ky+1

i (1) (1)
7P(S?E2)7k2 = | Sty ’fl)P( t2+1 ka1 | Sty kz)) (Ot27/€2)
Z ‘ 8752,162 ( gz),kz - | Sl(fi),kl) ’(Ot(;)’kz) ‘
57(512)1’92
(a) ; [ i
< 2 [~ Pleldi, = 1ol (o cull)
f2 k2

= R + exH)dry (B (50, =+ 50, = 5),79)
< 2(Runax + 1 H)mpl2 1)K T2k

where (a) is due to Lemma 11 and the last step follows from Assumption 3. We finish the proof by choosing
L, 2 max;e[N{2(Rmax + c1H)m;} = 2c3m. And we follow the same analysis to bound:

‘ = HHE (Ot(; kg) | ]:12} - Eogi{kzNﬂm [Ai (OZ)@) | ]:liﬂ

(@)
Z (W( )(StQ,kz)P(SEZ)Jrl ko+1 | s tz,kz)

RONNO)
Sto, kg Sto+1,ka+1

|4 - &[4 (0f.) 1 7]

(B _ (i) (i) (#)
—P(sy) 1y = | 800 k) P8540 eyt | St27k2)) Ai(O, )
< Z ‘ Z) St2,k22 - (SEZ)J(& | Stl kl HA t2’k2) ‘

Silz)vkz
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®) % g 4
< 2adry (P (8§2),k2 =I5, = 5) X ))
(ta—t1) K+ka—Fk1

%

< 2eymip

We finish the proof by choosing L; £ max;ecn){2c1m;} = 2cym. We employ the same reasoning to prove the
remaining three inequalities. O

1.2.2 Variance Reduction

We are now ready to present the variance reduction Lemma in the Markov setting. The following Lemma estab-
lishes an analog of the variance reduction Lemma 7 in the i.i.d. setting. Based on the assumption that trajecto-
ries are independent across agents, it is easy to understand that the variance of (1/NK) Zfil f:_ol Ai(Oﬂ)

and (1/NK) Zfil 2,15;01 bZ(Ofl,Z) can be scaled by the number of agents N. However, it is not obvious that
the variances can be scaled by K (the number of local iterations), since the observations of each agent Ot(f,)cl
and 07522 are correlated at different local steps k1, k2. Due to the geometric mixing property of the Markov
chain, the correlation between Ot(z,)v1 and Ot(f,)m will geometrically decay after the mixing time. Based on

this fact, we show that the variances of (1/NK) Ef\il ZkK:_Ol Al(ngll) and (1/NK) Zil Z?:_Ol bl(Ot(ll)c) get
scaled down by VK with an additional additive, higher order term dependent on the mixing time 7, which is
formally stated as follows:

Lemma 13. (Variance reduction in the Markovian setting) For any 0 < T < t, there exists dy,ds > 0 such
that:

K1
E—r H|N1K; 2 [AAOE?%) —AZ} _ < ﬁ% +2L1p"", (34)
1 L () - ] 3 2 27K
E,_, HNK ; ];) [Al-<ot7,€) - Al} < = H AL and (35)
| N K " 7 d .
Eir ‘NK; 2 Zi(Oy ) - < INE +2L2p™ ", (36)
1 = () ] d3 2 21K
E; , HM le s ZZ(Ot k) < NK +4Lsp ) (37)
where di = \/(cl +c2)? + % and dy = /3 + %'
Proof.
1 K-1
E HNK >3 40
i=1 k=0
]E [ | MoK " T | N K- o |
=E; - NK ; 2 Zi(0 k)) (NK ; 2 Zl(Ot,k)>

(concavity of square root and Jensen’s inequality)
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K-1

N
_ ) ) o0
= Er N2K2 ; 2 Zi(0g) " Z:(03) N2K2 z;l;z o)

T

N|=

i<j k=0 1<j k<l

Ts T3

where 77 can be further bounded by:

B r[T] = E¢r N2K2 Z Z Zi( (,ll))‘|

=1 k<l

=B, NQKQZZZ E|z <0£f2>f,z}]

=1 k<l

(O ||E |20 1 F]

(Cauchyfschwarz inequality)

<E; -, N2K2 ZZCngp(l k)l ( Lemma 11 and 12)
i=1 k<l

N K—-1 oo

< Bes N2K2 Z Z Z caLop™
i=1 k=0 m=1

_ 203L2NK 14 263L2p

N2K2 1—-p NK(1-p)

And T5 can be bounded by:

K—
2 AT , ;
E;_.[Ts] = N Z Z E;_, [Zz(Ot(,z)] E;_, [Z](Ot(J,z)} (O(,c and Ot(le are independent)
i<j k=0
9 K-1

IR Z Z L2p?™K+2k  (Lemma 12)
i<j k=0

IN

S %L§p2TK
Meanwhile, T3 can be bounded by:

T . ) .
E: .[T3] = N2K2 ZZEt - [ N k)} Ei( [Zj(OE?l))] (OIE,)C and Og?l) are independent)

1<j k<l
2 T
S W Z ZL%p2 Kkt (Lemma 12)
i<j k<l
< 2L%p2TK
Substituting the upper bound of Ty, Ts and T3 into Eq (38), we have:
| MKl
e || 2

i=1 k=0
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1 K-1

i i 2¢c3Lop 2
< \| oz 2 X Beer 200D ZOLD] + NE(1_p) T ERET 2L
i=1 k=0

(a) NK 2c3Lp 2
< 2 2 12,2TK 4 9[2 27K
= \/N?K?C?’ T NKa—p) T A

1 2csL
< \/M (Cg + 13_ 2pp> +4L%p27K (K > 1)

1 2csLap \/7 1 2¢c3Lap
<y —— (2 4L3p%7K = | — (3 2Lyp™ K.
\/NK(CS+ 1_p + 2p NK CS+ 1_p + 20

where (a) used the fact that ’
follows the same reasoning.

1.2.3 Bounding E [Hét — 07,5,7H2}

mix 2
Lemma 14. (Bounding ||0; — 0;—.||*) Consider T = (TiigaT)W and choose the effective step-size

1 1
< mi ey
4= mln{3004(7' 1) 96¢2r

where ¢4 = 3cy. For any t > 27, we have the following bound:

0r — 0 ), 2 52L3a4
B 100 = Ourl] < 8077 Bu e [0~ 6°7] + 1007 0 + 20

+ 4a’ciT Z B0 [A¢_] + 32000223312 (€, 1) + 402AT°T2 (e, €1).

s=0
Proof. For any | > 27, we have
T
H9l+1 - 9lH
0 NoE-1 “
o (3 35 ) o
=1 k=0
0 NoE-1 R
<o+ ; Z_:O g:(610) — 0|
1 N0 2
B O‘2H NE 2= 2 40D (66— 0) + z:0f)] |

N (0D _ 07) 1 7.(0N] I + 2020212
X I,k + 1,( l,k) + 2« Cl (6,61)

40

Z; (OE%) H < ¢3 mentioned in Lemma 11. The proof of other inequalities

O
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| N K-l (ot ) | MKl )
2 i i) _p 2
= 6% 5 30 30 A0 (00 - )| + 60| 5 303 Aol (8- )|
i=1 k=0 i=1 k=0
| N K-l
—|—6a2H—Z Z;(0 H + 20227 (e, 1)
NE ==
K—1
< 62 €1 9(1) )
6 72 Lk~ 1
i=1 k=0
B ) | NE-1
—|—6OzQC§H91 —0*|| +60? HN—Z Z H +2023T? (€, €1), (40)
i=1 k=0

where (a) comes from the upper bound of fixed points distance in Theorem 1 and the fact that HAz (Of%) H <
in Lemma 11. Taking square root on both sides of the inequality above, we get:

(v
N K-1. o \?Z - 3
<3y|a2 < S|l 91”) +3y[a23 |0 - 0°
i=1 k=0
| N K-l o2
#3102 37 2o 4O+ 20243 e 1)
i=1 k=0
3ae, LKL B ] N oKl '
<SR He}f,g - 91H + 3ac,|6r - eH +3QHWZ Zi(ol(j',g)H 420 T(e,e1).  (41)
=1 k=0 i=1 k=0
By using the fact that HH_lH —0%| < Hﬂ_l -0 + H§l+1 -6,
~ ~ 3ac e ; =
|01 =0 < (14 Baco)||— 07| + T2 DTS ||oh - 4
i=1 k=0
G ()
+ SOzH—K Z Z,(Ol(l,l)H + 21T (€, €1).
=1 k=0
For simplicity, we define ¢4 £ 3¢; and §; £ NK 21 1 Z H9 — élH. Taking the square on both sides of

Eq (42), we have:
_ 2
o]

<(1+ a04)2H§l -0

9 ] N.E-L i [2
a8 4 M\W Zl ,;J ZOR)||| + 40266, e1)

N K-1

_ 1

—|—6a(1—|—aC4)H9l —G*HHWZ Zi( Ol(]z H—l—2a04( + aey HH; -6 H(Sl
i=1 k=0 pa
H,
| NE-1 A

+ 6042(:4(51H NE Z Zl(Ol(z,z)H +4a’cie 6T (e, €1)

=1 k=0 H,

Hs
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N K—1
_ 1
+4dac (1 —|—aC4)H91 —G*HF(e,el)—&—Hoﬂq 72 Z;(0O jlz HF €,€1) (43)
i=1 k=0
Hs X
We can further bound H; as:
B | NoE-l
= o(1 a0 |1 325 20
=1 k=0
| N K-l
—2v/3a(l +acy) [0, - 0" - VBa(U+ aca) | 7 D2 D z:(0f)|
i=1 k=0
_ 2 1 N Al L2
§3a(1—|—o¢64)H91—9*H +3a(1+a04)HWZ Zi(off,g)H
i=1 k=0
_ 2 1 N KD N
< 6al|6r — 07|+ 60 1= S0 D"z (44)

i=1 k=0

where we use the fact 1 + acy < 2 in the last inequality. Similary, we can bound Hs as:

_ _ 2
Hy = 2ac4(1 4+ ac4)H01 - 0*”61 < QQHGI -0 + 2aci§l2. (45)
And we bound Hjs as:
| N K- " 1 N E-1 ()
i 2 22
H; = 6o 646ZHK; 2 Zi(oz,k)H < 3a H7 ; 2 Z;(0;" gt H + 3a“cyd;f. (46)

For Hy, Hs, Hg, we have:
Hy = 4c’cieadiT (e, e1) < 202¢367 + 2023T% (e, €1),

Hs = 4aci (14 aC4)H§l - Q*HF(E,Q) < 4aH§l — 0" + 4ac3T? (e, 1),

=

-1 N K-1
1 % 1 %
Hg = 12(1201Hﬁ ;:1 Z,'(Ol(},z)HF(e,el) < GQQHW ;:1 2 Zi( Ol(,c H +6a2c3T% (e, €1),

el
Il
o

Substituting the upper bound of Hy, Ha, ..., He into Eq (43) and noting that (1 + acs)? < 1+ 3y because
acy < 1, we have:

_ 2
[ =]

_ 2
< (1+a(3cs + 12))”91 —¢*||” + (602 + 20)c26?

N K-1
1 e
+ (1802 +6a)HﬁZ 3 zi(ol{,g)H + (1202 + 40)ET2 (e, 1)
i=1 k=0

< (1+ahy) |8 -0

N K-
(0
* 480252 +24aHNK Z Z J(0f) H +16ac2T (e, €1), (47)

where we denote hy £ 3¢ + 12 for simplicity. For any t — 7 < [ < t, conditioning on F;_,, on both sides of
the above inequality, we have:

_ 2
Ev-ar 11— 0"

42



Published in Transactions on Machine Learning Research (06/2024)

K-1

N

RS ON[E
NF & 2 20|

i=1 k=0

— 2
S (1 + Ozhl) Et_QT 91 —0* + 240[]Et_27-

+ 80[04211&5,27- [512} + aMs (6, 61)

_ 2 d2
< (1+ ahy) Ey_o.||6; — 0| + 24 [2 + 4L§p2(lt+2T)K] (Lemma 13)

NK

+ 80éCiEt_2.,— [612] + O[Mg(e, 61)
(@) ) |2 d% 2 2 2(l—t4+7)K
< (14 ahy)Ei—or ‘01 -0 ‘ + 24« W+4L2a p

+ SaCZEt,QT [512] + aMs(e, €1)
2

< (1 +ah) By o |0, — 07| + ace(l) + 8aciEs oy [5?} + aM;(e, €1), (48)

d3

where we denote Mjz(e, e1) = 16c2T2 (e, ¢1) and ¢4(1) = 24 [NK + 4L%a2p2(l_t+7)K} for simplicity. Inequality
2

_ 2 _
(a) is due to p*™® < al < af. In the following steps, we try to map E;_o,||0,41 — 0*H to Ey_or (|0, — 0*

for any t — 7 <1 <t. By applying Eq (48) recursively, we have:

_ 2
Ei_or||0i41 — 9*H

l
_ 2
< (14 ah) TR |6, - eH ta 3 (1 +ah)7F (k) + My(e,er)

ét_Tfa*Hﬁa ST (14 ahy)7F (k) + Ma(e, 1))

H~7

t
+ 8ac2Ey_o, l > (L+ah) " 5,%1 (49)

Hg
where (b) is due to [ < t. For H7, we have:

He < Y (14 ah) ™" (k) + Ms(e,e1)) (1< 1)

k=t—r
=57 1+ ah) ™ (K +t— 1)+ Ms(e, 1))
k’'=0

( changing index k into k' with k' =k + 7 —t)
T i d2 ,
< 241;_0 (1+ahy) " [N;( +4L30%p* K 4 My(e, 61)}
(Substituting the definition of ¢;(k") inside)

d3 (14+ah) ™ =1 a p*E ¥
=24 || =2 4+ M 4L%02% (1 T
KNK + 3(&61)) ahy +4L307 (14 ah) 1«2::0 1+ ahy

d2 1+ah) -1 U
<24 [<2+M3(e761)> (1 +ah) +4L30% (1 + ahy)” Zp%K (1+ahy >1)

NK Oéhl 5 —0
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d2 (14+ah) ™ -1 |
<24 l(NK + Ms(e, 61)> o +4L302 (1 + ahy) 2|

Here we follow the analysis in (Khodadadian et al., 2022). Notice that for x < 10;5_2, we have (14 z)7t! <
14+2z(r+1). Ifa < 4h11 < I;L)ﬁ and a < m, we have (14 ahy)™™ < 1+ 2ahi(r +1) < 2 and
(1+ahy)” <1+ 2ah;T <1+ 1/2 < 2. Hence, we have

2 8L2a?
Hy <24 [(Ni( - M3(6761)) 2T +1) + —2 ] :

1—p?
We apply the similar analysis to bound Hg as:

T T

Hy = (1+ah) "67 ., < Z (1+ahy) 62 ., (1+2ah17')5t ik < 225
k=0 k= k=0

Substituting the upper bound of H; and Hg into Eq (49), we have:

_ 2 _
IE1&—27‘ 9l+1 - 9*H S 2Et—27‘ et—T -0

2 d3 8L3a?
+24OZ |:<W+M3(E 61)) 2(T+1)+ 2 :|

1 — p?

+ 16ac] Z Ei o, [67 4]
k=0

_ 2
0, — 0*|| as:

Then it is straightforward to bound E;_o,

_ 2 _ 2 ds 8L3a>
_ ¥ < _ A* <
Euor |0 = 0" < 2Bisc]01r — 07| + 240 [(NK+M3<6 el)) 1_p2]
+16aci > Er oo (07 4], (50)
k=0

Furthermore, based on the triangle inequality, we have:

2

[
-1 B 2 t—1
S(Z ‘05+105> STZ ‘93-&-1
s=t—T1 s=t—T1
N K-1 o
<rT Z |f)é 04‘ 0* —|—a 2c26% + 6a H Z Z Zi( OE%)H +202c3T? (e, 61)‘|
s=t—T1 z:l k=0

where the last inequality is due to Eq (40) with ¢4 = 3¢;. If we take the expectation on both sides, we have:

2

Et—QT ét *e_t—r
t—1 ) 9
<7 Z [aQCZEt_QT 0, — 0% +a’cis?
s=t—T
| MoKl
+ 60°E;_or ﬁz Zi( Oizk H +2023T? (e, 61)}
i=1 k=0
t—1 B 9
STCY2C?1 Z [2Et727 Or—r
s=t—T
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+ 24a KdQJFMS(e q)> fL_p ] +16ac§Z1Et 2r1674]] (Eq (50))

NK
k=0
+ 6a3T Z ( —|—4L2 2(s— t+2T)K>
s=t—T
t—1
+ oA Z Ei 2, [02] + 2023 72T%(6,¢1)  (Lemma 13)
s=t—T1

2 d> 20303 9 d> 4L30°
+96<NKQT+ 1_p2>} + 6a’T |:NKT+ [ — 2K

+a?ciT(1 + 16arch) Z By 9. [07_ ] +9602cA3 Ms(e, e1) + 2023 T2T% (e, €1)

0, — 0%

(a)
< 7'20426421 [2]Et_gT

s=0

(b) _ L2 & 12L30*r

< 2722 ARy o |0 — 0 + ﬁa T (96aTc4 + 6) %pQ (160404217' + 2)

+a2c3r(1 + 16arci) ZEt 2r[A_s] + 960%cAT M3 (e, €1) + 20237212 (€, 1) (51)
s=0

where we used the fact that p>™® < a2 for (a) and (b), and that 67 < A, (via Jensens’ inequality) for all
t > 0 in the last inequality. Let us choose a such that 96a7c? +6 < 7, 16aciT + 2 < 16—3 and 1+ 16arc? < 2,

this holds when . 1 )
< mi , : , 1}.
@ = { 967c2’ 96c3T’ 1673

Based on the fact that ||6;_, — 6*[|* < 2||0; — 0;_||*> + 2|6y — 6*||*> and the requirement on «, we have

20[27'2C421]Et,27—”97t,7— — 9*”2 S 4(127_203Et,27—”ét — ét,THQ + 4(127_203Et,27—”ét — G*HQ
< 0.5E_or |0 — 07 ||? + 40272 AR o, ||0; — 6%]|% (402722 < 0.5)

(a) 2 7d3 5 ,  13L3a’r

< 72 22E_T 5_770*
< That eyl o N +2NKaT (1—/))

+ oA Z B9 [A_] + 480223 M3 (e, €1) + a2 1T% (e, 1)
s=0

+ 40’72 ARy o, ||0; — 67| (52)

_ 2

e

where (a) is due to Eq (51) and the choice of a. Putting the term 72a?c3E;_o, together by

rearranging the terms, we have:

< 7d3 022 13L3a’T
2NK (1—p2?)

CV2T2CA2L]Et 27'H9t T—G*HQ

+a?ciT Z B or[Ar_g] +48a%AT3 M3 (e, 1) + &2 T2T% (e, 61)
s=0
+ 40272 AE, o, |10, — 672 (53)

The proof is completed by substituting this inequality into Eq (51) and the definition of Mj3(e, €1). Note that
we require the effective step-size

1 1 1
< i ) ) ) 1}
@ =i { 4hy7’ 2Ry (T + 1) 96¢3T

in this proof, which holds when a < min {m, ﬁ, 1} since ¢4 = 3¢1 > 1.
4
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1.2.4 Drift Term Analysis.

Now we bound the drift term as follows:

Lemma 15. (Bounded Client Drift) If oy < the drift term satisfies

1
2v2¢1 (K-1)’

1 N Kl @) 3 4a2 2¢c3Lop
= EHHZ {02 8K — 1 Hﬂ .
NK;,CZO t,k t K(Xg 3 1_p 1( )
Proof.
1 N K-l _ S ] N K-l k—1 B
e o S E[0 0 = = S DB+ Y g )_HtH
i=1 k=0 i=1 k=0 s=0

i=1 k=0 s=0
1 N —1 k—1 @ @ 2 1 N K-1 k—1 @) 2
<207 =3 Y E| Y -a0 (0 - 07) | +20i 57 0 Y E| D zi(0f2)|
i=1 k=0 s=0 =1 k=0 s=0
N K—-1 k-1 N K-1k-1
<223 Y % |0 (02 - 67) ‘2+2al2i2 E||z.0{) ’
a NK i=1 k=0 s=0 ’ ’ ' NK i=1 k=0 s=0 ”
N K-1 k-1
+ 202 3 IE<ZZ(Ot’ ) Zz(()“),)>
NK i=1 k=0 =0 . )
;;és/
1 N K-1 k—1 @ 2 1 N K-1
2 2 1 * 2 2
< 2q;j NK ; 2 kci ;EH@ =07 + 20 NE ; 2 kc; (Lemma 11)
N K-1 k-1
+2a%iz Y E [E<ZZ(0§1 ) Z,(O(Z)/)> |]—"t]
NK — ~ s/ t,s s
1 N K-1 k—1 @ 1 N K-1
2 2 7 * 2 2
S 2alﬁ; 2 kCl S_OEHeté —01 +2alﬁ; 2 kC3
N K—-1 k-1
1
2 (O (4) t
+ 207 ; > Z;OIE [(z:(0f).E |z:(0{)) | 7] )]
1 N K-1 k—1 @ 1 N K-1
2 2 7 * 2 2
SQO{lﬁ;kio kCl S_OE‘HH—GZ +20¢lﬁ;k70 kC?)
N K—-1 k-1
1 (%) i
oy Y S E [|zioi|||e [z:02) | 7] |]
s<s’
1 N K-1 k—1 @) 1 N K-1 k—1
2 2 % 2 2 *
<dof e ; 2 ke? QZOE O = 00| + 40} 7 ; 2 ke? QZOE 0, — 67| (Eq (11))
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| MoKl | N E-1 k-l

+ QOQQW Z kei + 4al2ﬁ Z csLap (Lemma 12)
i1=1 k=0 i=1 k=0 975’:0
s<s’

=1 k=0 s=0 =1 k=0
1 NE-1 N K-1 k-1
+ 207 S ke + dof w ST eaLop” (55)
i=1 k=0 i=1 k=0 5,5'=0
s<s’

where we used the property that 6;,0 € H in the last inequality, i.e., [|0;] < H? and |6 < H?. We now
bound M as:

k—1 k-1 k-1 k-1

s'—s _ s'—s __ pP— pS_S/ Pk
E c3Lop = c3Lo E E P =c3lo E e < c3Lls T, (56)
s,s'=0 s=0 s'=s+1 s=0
s<s’

Define Rx = vazl Ef:_ol]E
definition, if we plug in the upper bound of M; into Eq (55), we have:

—|— 407 Z Z 4k (K

) 2
9% — GtH and note that Ry is monotonically increasing in K. With this

N K-1 k-1

Rk <4ai» > ke

- t

i=1 k=0 s=0 i=1 k=0
K-1 N K-1 k
+ 20} Z kci + 4ai Z 3 Lo 1
i=1 k=0 i=1 k=0
2c3L
<20}(K —1)NK [ 3+ 163 280 4 8(K — 1)H2]
—p
K—-1 N k-1 2
+daf (K 1) Y S S E|el) - 4
k=1 i=1 s=0
Rk
2¢c3L e
=20} (K — 1)NK [cg + 13_ Z'pp + 83 (K — )HQ] +4023 (K -1) Y Ry (57)
k=1
By the monotonicity of Ry, we have
2c3L
R < 202(K — 1)NK {cg 103 ;p + 82 (K — )HQ} + 402K — 1)? Ry

Let us choose «; such that 4al cl(K — 1)2 < %, ie., a < m, the following recursion holds:
1 2 2 4 2c3Lap 2
R < iRK_l + 207 (K —1)NK |c5 + 1) + 8¢ ( - 1)H (58)

for all k € [K]. Next, we unroll the recurrence, go back K — 1 steps and use the fact that Ry = 0, we have:

R < {i (;)l} (20@(}(- LNK [C?, + 2f3_Li)’0 +83(K — 1)H2D

=1

203L2p

=40} (K — 1)NK [cg + 8¢ (K — 1)H2} (59)

We finish the proof by dividing NK on both sides and substituting oy = z%—. O
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1.2.5 Per Round Progress

Lemma 16. (Per Round Progress). If the local step-size oy < and the effective step-size

1
2v/2¢1 (K1)’
a = Kooy satisfies:

&1 ) & (e1 + c2) 1 1

X 5
24(c1 + ¢2)? + 2463 4167 7 2L, + 872¢3 7 30c4(T + 1) 96¢37’ b

a < min{

where

2B(e,€1)G + 3&1(c1 + c2)T2 (e, €1)

X = : ,
4B2(€,€1) + 24(c1 + ¢2)2T2(€, €1) + 2L1T (€, €1)G + 6400c3c3m3T2 (€, €1) + 8c3 7212 (€, €1)

mix 2
and choose T = f%l, then we have,

Ei—or |01 — 67|

_ 2 _ _ 2
< (143201 (c1 4 ¢2)) Eg—or||0: — 07| + 2C¥Et%2‘r<§(9t)a 0 — 9*> + 40’2, ||g(6:)
Ezxpected progress for the virtual MDP
9 + 2872 1087
+ Woﬁdg +a? (36L§ 1_7[)2L§ +40,G? + 2L2G>
—_———
Linear speedup High order terms: O(a®)
403 14 9  2c3Lap 9 9
+ @(g + 1461)(61 + 02) |:63 + 1_ P + 401(K — 1)H
drift term
+4aB(e,1)G + 6a&i(c1 + c2)T2 (e, €1) . (60)

heterogeneity term

where &1 is any universal positive constant.

Proof. According to the updating rule and the fact that the projection operator is non-expansive, we have:

_ 2
Eus|[fs1 - 0
_ 0% K-1 ) 2
— Et—T HQ,’H <0f —+ 7 Z g,(@t?k)> — 6*
=1 k=0
B N K-1 " )
< Et,ﬁr 9t + NEK Z Z 92(9t7k) — 9*
i=1 k=0
0 MoK o
=E;_,|0; — 0 H +2Et—7<72 §z(9§111)a9t—9*>
i=1 k=0
N K-1 o
+ 2o (= D0 3 [0:(010) = 3:(0)]. 00— 07
i=1 k=0

5This requirement is very easy to satisfy since the denominator in X is composed by the heterogeneity terms, which is quite
small and thereby makes & large. Overall, the feasible set of the step-sizes is not empty.
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1 N K-1 2
B 303wl
1=1 k=0
B 2 a N a N K-1 @
<E,_. !|g, -0 +2<N2g1(9t)79t—9*>+2<N S5 G:00)) — :(0,),6, — 0 >}
i=1 =1 k=0
B
1 N K-1 @) ; 1 N K-1 @ 2
20+ (5 D0 O [9:(00) — 0] 0 = 07) +a’Err | 5 > D a6l (61)
=1 k=0 i=1 k=
Ba Bs

N K-1
i 2 2 [9:600) — (6] 61—
i=1 k=0
N K-1
1 3
(LSS (a0~ 5. 60).0 - 0,
=1 k=0
Ba1
N K-1
(e 03 [0 — 00, ) — a0 + 5.0 )] 0rr — 07
NKl:lkz0 Utk i\Yt—rk t—r,k)] Vt—1
822
N K-1
NK = = t—1,k t—r.k/ 1>
Bag
Next, we bound E;_,[Ba]
N K—1
1 (] —
R S NCHECH SR
N K-1
<E, LZ g.(g(i))_g,(e(i))HHg W
- "TTIINK i\t k iUk ¢ — Ui—r
i=1 k=0
Y LSy A(0DY 1 A0 _ g* ONF
oo HNKZ (—Ai(Op) + i)(et,k*‘gi)*Zi(Ot,k)H 0y — 0,
i=1 k=0

k
N K-1
<Er || 3 X (A0~ Ay o) |6~ a.
- o NK v t,k 4 t,k 2 —T

| NoE-1
T B Hﬁ ; 2 Zi(Ot,k)HHGt — b~ ]
K-1
1 ; _ i . _
= NK Z Ei—r [ ’(AZ(Ot(I)c) - Al)(et(l)c —07)||||6¢ — Or—r ]
i=1 k=0
N | NoE-1 “ )
+ 58 |lvr X z zz«oth + et |- o]
() C1 +CQ N Y _
< SN R —orll|l6, — 6,
NK i=1 k=0
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o | MKl o2 1 o )
N 7,00 H ~r, .|lo,-a, .
+ 5t NK ; 2 i ( t,k) + oot t t
N K-1 K—1
§i(a + o) G pe|? ., (c1tc2) s
= W Z Ei 7 et,k - 91‘ + 2 NK Z Z Ei_7||0: — 07
i=1 k=0 i=1 k=0
(Young’s inequality (12) with constant &;)
N K-1
o 1 ONE 1 ~ = 2
+ EEtf'r W ; kz_o ZZ(Ot’k)H + %Eti‘r Gt - 9,577—

(2) 351(81 + Cg) iv: K_lE
=~ INK t—1

K—1
Qt(Z,)c B 9_tH2 N 35126];;;02) Z Z E,_ |3, — o 2

i=1 k=0 i=1 k=0
N K-1 N K-1
351(01 + Cz) 2 (C1 + Cz) —~ —~ 2
—_ = E;_.||0* — 0F Ei-||0; — 0i—
T TONK - k i +2§1NKZ |
i=1 k=0 i=1 k=0
K—1
a 1 ON[ 5, —a, |
g, Z:(0 H ~ &6 -6,
gt NK;k:0 (Oul|| + g5 Eer |0 =
_ 36(c1 + ) Kﬁl]E 0 _all 3&i(c + CQ)IE g, — o*|I°
= 72]\[}( ; s t—1 t,k — Ug + 2 t—T1 t —
2
+ MFQ(G,Q) + MEt—T 0, — 60,
2 26,
N K-1
(0% 1 (4) 2 1 — —~ 2
+ §Et—‘r NK ; ; Z'L(Ot,k)H + ZEt_T 915 - Qt_T
(d) 3¢1(c1 + c2) Y= @ 12, 3&i(c1+c2) ~ 2
< later) E, |6 —9H g rTeg g, — o
- 2NK 1:21 k=0 t e 2 t t
3 _ _ 2
+ MFQ(G,Q) + ¢+ 62]Et—'r 0, — 0,
2 26
d3 1 S 2
+ = {NK +4L3p7 K| + %Epr 0 — 0+
N K-1
351 C1 + ¢2) ~ 12 3&(c1 +c2) 5 2
E,_ — 9 H sarTeg g, — o
VE 2 LRSI
3&i(c1 +¢2) o c1 +02 = 2« dz 2 27K
stiler +ea)y, E,_ |6, -6, .| +2 ALZpPTE | 63
+ 5 (e,e1) + 2%, 2a t t — 04 + 5 | NK + (63)
<4LZa?

where (a) is due to g,(@t(zk) —A; (Ot(l,c)(ﬂi,)C - 05+ Z; (O( )) (b) is due to Lemma 12 (the upper bound of
Al(Ot(lll) and A;), (c) is due to Eq (13) and (d) is due to Lemma 13.

And we bound Bsy; as:

N K-1
1 i ) n *
B = (e 30 3 [0~ 001”.0) ~ 56 + 02, 0] B r — 0°)
i=1 k=0
1 NoK- _ _ ' ' -
<52 2 2 |90 = 02, ) — 300D + .62, )| || - 07
i=1 k=0
(Cauchy-Schwarz inequality)
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| N K- '
< NK Z |: gl(ewg?lz:) - t Tk: at(zlz:) 0151 T,k Hi| Hgt T
1=1 k=0
@ 1 N K1 . B )
S ST LN [ N [ D
i=1 k=0
| N K-l ‘ _—
< 5 2 0 [0k =0+ 4l =0+ 4l = 02 ] s
1=1 k=0
(Triangle inequality)
< 45tH0t—T — 0% + 4H9t —0r; ‘ét—'r - Q*H + 4047 ||y — O ‘
2 2 = 2
< ZAH A+ (26 + 48]0 s \ -
&2 & Ez
(Young’s inequality (12) with constants & and 62 < A;)
2
< gAt +€ A s +126|0, — + (1262 +§ ) 0 — 0y~ (Eq 13) (64)
2

where (a) is due to the 2—Lipschitz property of steady-state g (i.e., Lemma 5) and random direction g; (i.e.,
. 2
K-1 5
:NK211Z —GtHandAt NKEzl koEe:E?l)c_etH~

Lemma 6), §

Now, we bound Bag as:

Et—‘r[823]
N K-1
1 7 — 7 *
= <W Z E, - [gz(9§,)7 k) - gi(9t(,)r’k)} O0r—r — 0 >
i=1 k=0
N K-1
< L b, —0*||||E 09 =500 (Cauchy-Schwarz i lity)
SNK t—7 t—r |9i\Vy 21k h Tk auchy-schwarz imequality
i=1 k=0
N K-1
L e = 0" [Eer [AOEDOD, 1 — 00 + 2O + 462, —07)] |
NK t—7 t—T t.k)\Yt—1.k t.k t—r.k i
i=1 k=0
1 NoE=L B ‘
< 3 2 2 [Per = 0 {lmerti0iiy ~ 2@ o + [ [201D] |
i=1 k=0
@ 1 KA -
< 72 0, , — 0" ‘ LlpTK"rkZ Gt(l E ) TK+k
NE i=1 k=0 { }
1 N K-l
< LSS oo
NK i=1 k=0
% {LlpTK-‘rk: |: egl.,-k_éth + étf'r_e* 9*_6;k :| +L2pTK+k}

® I
< a LlHOt,T - e*H(sH ta L1H9H

S 042L1H§t_-,— A

(e)

2 _
+ (XQLlAt_T + 052L1 Het_r -0

2
—0*|| +a?LiT(e,61)G + * LG

2
+ LT (e, 61)G + o* LG

< 20%L1G? 4+ & LoG 4 &2 L1 A, + *LiT(e,€1)G,

(65)

where (a) is due to Lemma 12, (b) is due to the fact that 6,_,,0* € #, which radius is H < &, and
2 —
T = [%] (i.e., p% < a?) and (c) is due to the fact that 0;_,,0* € H. Then, the term By can be
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bounded as:

Etf'r[B2]
=E;_;[Bo1 + Baa + Bas]

< L(C;* g, A+

c1+ Co
— | E -
+< 2%, +2a> t—

3&1(c1 + ¢2)

2 3¢ (e +
5 + 51(61 02)

0, — 0" 5

Etfr PQ(Ev 61)

at gtfr

2 ol ds
o 4L2 2rK
+ [N =+

2

2
+ ?Et—T[A ] + f ]Ef T[At 7'] =+ 12§2Ef T 0* 0 et T
2

+202L1G? + o’ LG + LlEt_T[At_T] + « Llf(e, €1)G

3¢1(c1 + ¢2) 2 c1+ ¢ 1
< | ==l 112 E; — +12 E,( .
< ( ) + 128 | Eq + 2%, + %0 + 126 + — § t—

3¢1(c1 + ¢2) 2 d2
+ (2 §2>Et A+ (52+a2L1> AN+ — 5 {NK+4L ]

(1252 +§ )]Ef T

2

0, — 0 O — 0,

3&1(c1 + c2)

5 Fz(e,el) +a2L1F(e,61)G

+ 202 L1G? + a?LoG +

Next, we bound Bs as:

]Etf‘r[BS}

9(0,)
k
ﬁ ZNI )3 (3:(600) — .06 H2 +4E,_, % ivj (5:(8:) — 5(6,)) H2

i=1 k=0 i=1

N K-1 ] 2 9

Lemma 2
K-1

N

- i i e 1 2
(4 = 4:08)) 69— 1) + 8B | e - 2 20
1 k=0 =1 k=0
= 2
gwt)”
ES (i) (i) 2 LS o)
Ai = A (O )| ||0sk — 07| + 8Ee—r NK > D Zi(0})

. 12
Eq-.||6%) - etH +4B%(e,e1) + 4E,_,

7
i=1 k=0 i=1 k=0

g(6y) i

’ 2

=

) 2 L SN o)
‘ =07 + 8B |7 2o D Ziof) H
1=1 k=0 i=1 0

g(6y) i

N
8(61 =+ 62)2
S I PP LS

>
Il

+ 16E;_,[A¢] + 4B?(e, 1) + 4E;_,
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2 N K-1 )2 N K-1 _ 2
IR (R I v S S I R
i=1 k=0 i=1 k=0
2 N K-1 9 1 K-l L2
01+ 2SSk, oo+ 8B, e 2> zio)|
i=1 k=0 i=1 k=0
_ 2
+ 16E,_, [A¢] + 4B2(e, 1) + 4B, ||5(6;)

_ 2
= 24(01 + 82)2Et_T[At] + 24(61 + 62)2Et_7— 0; —0*|| + 24((31 + 02)2F2(€, 61)

2

+8E;—+ f](ét)

N K-1
1 e
=30 :ZZ-(O;,)C)H 4 16E,_.[A] + 4B%(e, 1) + 4E,_,
i=1 k=0

() 2

a3
< (24(c1 + c2)? +16) By, [Af] + 8(~2= +4L3p™) + 24(cy + c2)*Ey_,
H/—/

N 0, — 0

<4L3a?

_ 2

+AE,_,||g(8)|| 4+ 4B%(e,e1) + 24(c1 4 ¢2)’T% (e, €1), (67)
where (a) is due to 2-Lipschitz of g; (i.e., Lemma 5) and the gradient heterogeneity (i.e., Lemma 2) and (b) is
due to Lemma 13.

Next, we bound B; as:

Et—T[Bl]
_ 2 adL
=E;_||0; — 9*H + 2Et—r<ﬁ Zgi(et);et - 9*>
N K-1 -
+ 2E, r<72 .g?(gijlzy) (‘91‘) 0; 9*>
i=1 k=0
<E,_.||g, — 0*| + 2aE, < S 6:(0:) — §(6.),6, — 6" >+2aEt T< (0) 9t—9>
| N K-l B
+20E (= > " 3:0)) — 5:(0.). 0, — ")
=1 k=0
N
<E, |6 — 0 ’ + 20~ %Zgz(ét) - Q(ét) 0, — 07| + 20[Et7‘r<g(ét)vét - 9*>
N | N K1 _ - . ) ) )
e B 5 230 (@01 - 00 || + agBe |0~
i=1 k=0

(Young’s inequality Eq (12) with constant £3)
(a)

S ]Etf'r ét — 0 2 + 20[B(€, 61)G =+ 2a]Et7‘r<§(ét), ét o 9*>

_ 2 ~ 9
FeE e X (08 - a000) [+ ave oo
(S) Ei_.||6; — 0" —|— 2aB(e,€1)G + 204Et—7<§(0_t)7 0, — 0*>

4o - 2
Ei—7[Af] + af3Ei—1||0; — 07| ,

I3

where (a) is due to the fact that 6;,0* € H and the gradient heterogeneity; (b) is due to 2-Lipschitz property
of function g in Lemma 5.

(68)
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Incorporating the upper of By from Eq (68), B2 from Eq (66) and Bs from Eq (67) into Eq (61), we have:

2

g(0:)

0 — 0"

_ 2 _ 2 _
E¢—r||0t41 — H*H <Ei |0 — 6% + 204Et77<g(9t)79t — 9*> +40’E;_,

+ (Oéfg =+ 04(351 (01 + 62) + 2452) + 24042(01 + 62)2) E;_, ?

2

+ 1 4 _
+a (Cl 2 i 2465 + ) E¢7||0: — O+
&1 a )
9d3 2 4 3 2 3 4o 3
+ a4+ 36L50" +4a”° L1G* + 2a° Lo G + +2a° Ly ) Ay
NK &

+a (; +3&(c1+ o) + g + o (24(c1 4 e2)* + 16)) Ei—-[Ad]
3 2

+2aB(e,61)G + 40’ B% (e, €1) + 2402 (c1 + ¢2)°T? (e, €1)
+ 3a, (Cl + 02)1—‘2(67 61) + 2a3L11"(e, 61)G

o 2
Conditioned on F;_o, and using Lemma 14 to give an upper bound of E;_o.|[0; — 0;_-|| , we have:
_ 2
Ei_or||0p41 — 07
_ 2 _ ) o2
<Eio |0 — 0%|| +20E; o, <§(9t), 0 — 9*> +4aE;_or g(ﬂt)H
_ 2
+ (Otfg + 04(351 (Cl + CQ) + 2452) + 240[2(61 + 62)2) Et_g.,- 9t — 9*
&1
c1+cy 1 4 9 9 9 ~ w12 5 o d3 52L%atT
+OZ( 51 +a+24£2+§2> {8047'C4Et27— |:H6t—9 }+140¢7’ W—’_ﬁ

&

+4023T Y EByar[Ar_i] + 32000°¢; 37T (€, €1) + 40’ T2 (e, € )}
s=0
9d§ 2 2 4 3 2 3 da 3
+ ﬁoz +36L50" + 4a°L1G* + 20° LG + 5—2 +20° Ly | Epor[Ar—r]

+ « <§4 =+ 351(61 =+ CQ) + ? —+ 042 (24(61 + 02)2 + 16)) Et_QT[At]
3 2

&3
+2aB(e,61)G + 40’ B% (e, €1) + 2402 (c1 + ¢2)°T? (e, €1)
+ 30[51 (Cl + CQ)FQ(E, 61) + 2a3L1F(e, 61)G

If we choose step-size « such that a&y = « (CIE# +1 4246 + é) <2, 6 =86=8§ &

(70)

alz +

a(3&1(c1 + c2) + 24&) + 2402 (e + 2)? < 28a1 (1 + c2) + 2402 (cp + ¢2)? < 3001 (c1 + ¢2) (c1,¢2 > 1) and

& = g +3&(c1+ea) + g +a” (24(cr + e2)? +16) < (g +96)(c1 + 2), Le,
1 &

a < = 2
<01+CQ +24£2 + i) (Cl +CQ+24£1 +4)
&1 &2

§1 (5% +5€1)(C1 +02)

o
asmid S Y e T )16

which is sufficient to hold when a < min{ 24(Cl+62)5 1}, then we have:

1
2424£7416°

_ 2
Ev-ar |01 — 0|

o4



Published in Transactions on Machine Learning Research (06/2024)

_ 2 o 2
< Ei—or |0 — 9*H + 20E;_o; <§(9t)7 0; — 9*> + 40’y o, §(9t)H
_ 2
+ 300451(01 + CQ)Et_QT 0; — o*
- d2 52L2a%r
2 9 2 _ 2 2 dy 3
+2{8a 2B e [0 — 07| + 140272 2 T

+4alciT Z Fi_ o, [A¢_s] + 32000233 T2% (6, €1) + 4T 2 (e, 61)}
s=0
2

9d5 4oy
+ ﬁ 2+ 36L3a" + 40P L1G? +20° LoG + (52 + 2a3L1> Ei or[A¢_,]

+a (; +3&i (1 +c2) + ? +a” (24(c1 + ¢2)* + 16)) Ei—2-[A]
3 2

+2aB(e,61)G + 40’ B% (e, €1) + 2402 (c1 + ¢2)°T? (e, €1)
+ 30551 (Cl + CQ)F2(€, 61) + 20&3L1F(6, 61)G

_ 2 o o2
0, — 0% + 201Et72‘r<§(0t)1 0 — 9*> +40’E;_o, ||g(6;)

S Et727

_ 2
+ (3001 (c1 + c2) + 160°7°¢3) Ey_or ||6; — 9*”

2 2
n %oﬂd% +36 (1 + iTpQ) Lio* + 40P L, G? 4 203 LyG

4o 9 T
+ (51 + 2a3L1) Et—2r[Ar—r] + O‘(E +981)(c1+ 2)Brar [Ar] + 80T > Eroar (A
s=0

+2aB(e,€1)G + 40 B2 (e, €1) + 240 (c1 + ¢2)°T% (e, €1)

+ 3y (1 + )T (€, €1) 4+ 203 LT (e, €1)G

+ 6400023 AT T2 (€, €1) + 822 T2T2 (e, €1) (71)
if we choose the step-size o such that the high order O(a?) terms are dominanted by the first order terms

O(a), i.e., 4a®B?(e, e1)+24a2(c1+c2) T2 (e, €1) +2a3 L1 T (€, 1) G+ 64000233302 (€, €1) + 822 72T % (e, €1 ) <
20[B(6, 61)G + 30&51 (Cl + 62)F2(6, 61), i.e.,

2B(¢,€1)G + 3&1(c1 + c2)T2 (e, €1)

< mi
o < min{ 4B2(e,€1) + 24(c1 + ¢2)2T2(e, €1) + 2L1T (6, €1)G + 6400c2c313T2 (€, €1) + 837212 (€, €1) h
we have:
_ 2
Evar |01 — 0|
_ 2 _ _ 9 _ 2
< Eior||0; — Q*H + 204Et727'<§(0t); 0 — 9*> +4a”Es o7 ||g(0)

_ 2
+ (30aé1(c1 + c2) + 160°7%¢3) Ey_or ||6; — 9*”

+ 9 + 2872
NK

a2d2 + 36 (1 + 122) L20* + 403 L,G? + 203 LG

4o
+ (51 + 2a3L1) Ei o7 [A¢—+] + 04( ot 9€1) (1 + c2)Ey—or [A] + SO‘QC?LTZEt 2r [Av—s]

5 s=0
+ 4043(6, 61)G + 6a, (Cl + 02)F2 (67 61) (72)

With Lemma (15), we have the upper bound of E;_o;[A], E¢—or[A¢—+] and 73 Ey—2-[Ay—,]. Then we
have:

_ 2
Ei_or |01 — 9*H
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_ 2 o 2
< Ei—or |0 — 9*H + 204Et—2‘r<§(9t)a 0 — 9*> +40”E¢_or Q(@)H
_ 2
+ (3004{1(01 + o)+ 160427203) Ei_or||0; — 0"
&y
9 4 2872 108
O 22 40?3612 4 —20T T L LG 121G
NK

40(2 4oy 9 203L2p

+ Ka? (5 +20° Ly + oz(51 +9&)(c1 + c2) + 8a2ciT2> [cg + T ) +4c} (K — 1)H?
Es

+ 4aB(e,€1)G + 61 (c1 + CQ)FQ(G, €1) (73)

If we choose step-size such that &, = 30a&;(c1 + ¢2) + 160¢27'Qci < 32a&1(c1 + ¢2) and & = 4‘: +2a3L; +
oz(gi1 +9&1)(e1 + e2) +8a%cir? < a(14 + 14&1)(e1 + ¢2), i

&1(er + ¢2) (5% +&)(c1 + o)
8r2¢; 77 2Ly +8cir?

a < min{

which is sufficient to hold when a < ;Ll(:%;)z, then we have:

2

_ 2 _ 2 o _
Ei_or (|01 — 9*H <E;o-||6; —0%|| + 204Et—27—<§(9t)a 0; — 9*> + 4a’E; o, ||g(6;)

_ 2
+320¢1(c1 + c2)Eua |0 — 0"

9 + 2872 1087
+ Woﬁdg +a? (36L§ T —— L3 +4L:G* + 2L2G>
4o 14 2 263L2p 2
+K2(§ +14§1)(c1+cQ){c3+ T, +8cH(K —1)H
+4aB(e,€1)G + 6a&1(c1 + c2)T? (e, €1). (74)
O
1.2.6 Parameter Selection
With Lemma 16, we have:
_ 2
Ei_or |01 — 9*H
_ 2 o _ 2
< (1432061 (c1 + ) Eror ||6: — 67| + QQEt_QT@(at), 6, — o*> 4 40%E, o, Wt)H
9 + 2872 108
3 2T 22 1o (3612 + T L2 +4L,G? + 2L,G
NK
li%s} 14 203L2,0
+K 2(5 + 14&1)(e1 + ¢2) [Cg,—i— 1 + 8¢ (K—l)H2
+4aB(e, e1)G + 6ag; (c1 + c2)T? (e, 61). (75)
_ Tmlx 062
Proposition 4. If « satisfies the requirement as Lemma 16, choose £ = % and 7= Ig T)], we
have:
1 - 2 1 . 2 942872
Ei o, Ao < (= —=v))Ei_or||0; — 0°|] — —Ey_or||0s0r1 — 0F ———ad
1Ei—or ||V, — Vo D_(a v1)E_or||0; o =2 || O +NKa2

56



Published in Transactions on Machine Learning Research (06/2024)

108
tfa <36L2 + ; L2+ 40,G? + 2L2G>
a’eg 2c3Lap 2 2 2
+ e i+ T, +8ci(K —1)H*| +4B(e,€1)G + 11T (€, €1) (76)
where vy = % = (1747)“7 and cg = %(14 +14&1)(c1 + ¢2).
Proof. Incorporating & = Wl)cwz), 6 = %(14 + 14&1)(e1 + ¢2) and 6&1(c1 + ¢2) < vy into Eq (75), we have
_ 12 T I ) 2
Evor[[fuir = 0" < Boor|f0 — 07 + 20802, (5(00), 8. — 07 ) + 40°E, - |5(00)|
_ 2
+ a(l — ’Y)@Et_27— 0, — 6*
9+ 2872 108
+ %oﬂd% ta (36L2 T L2 +4L,G? + 2L2G)
a306 203L2p
+ [ G+ ) +8c§(K—1)H2]
+4aB(e, 1)G + aviT?(e, e1)
(a) _ 2 _ 2 2
S Et_gT 975 -6 - 204(1 - "Y)(DEt_QT (9,5 -6 + 160&2Et_27— Vgt - VQ* I
_ 2
+a(l —7)wE—o |6 — 07
9 + 2872
+ %oﬁd% + b (36L2 L2 FALG? + 2L2G)
a306 203L2p
+ [ Gt +8c%(K—1)H2]
+4aB(e, e1)G + aviT?(e, e1)
_ 2 1 — )@ _ 2 1 — )@ _ 2
T I e
2 942872 08
+160°E;_s, ||Vj, — Vo- ot Woﬁdg + a8 (36L§ - 2 440,G? + 2L2G>
O£306 263L2p |
t % {cg +3 — +8c3(K — 1)H2_
+4aB(e,61)G + arT?(e, e1)
_ 2 1 — )@ _ 2 1 — )& 2
<Eoo |- 0| - 2%, g, — o] - 2L,y v |
2 2 D
2 942872 1087
+160°E; o, ||Vj, — Vo- . + —~i 2+ (36L§ 2 L§ +40,G?* + 2L2G>
aBeg 2c3Lap |
+ % {cg + — + 8¢ (K — 1)H2_
+4aB(e,e1)G + aviT?(e, e1)
(b) 2 1— )G _ 2 1— )G 2
S R o) R e oot - R [P VAR
2 4 ’ D
9 + 2872 108
+ %oﬁdg +a? (36L§ + ﬁL% FALIG? 4 2L2G)
(1386 263[/2,0 |
+ [c§+ T, +8c§(K—1)H2_

+ 4aB(e,€1)G + av T2 (e, €1)
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e 2 942872
<(1—-2av1)E;_o.||0: — 0 H —a By a7 ||V, — Vo 5 + NE a2d§
1
o® (36L§ — 087 L2 FALIG? + 2L2G>
3 2 L
+ aKCG {cg f“”’ Qpp + 82 (K — 1)H2] +4aB(e,e1)G + arnT2(e, 1) (77)

where (a) is due to Lemma 3 and the selection of parameter; (b) is due to 16a? < 0‘(177 Rearranging the
terms and using the fact 1 — 2ary < 1 — avy, we have:

> e . L2, 9+ 2872
a1 By o ||V, — Vo || - < (1 — avy)Ei_or||0; — 0 H —Eyor |01 — 0| + WQQd%
108
+a? (36L§ o ; L2 +4L,G2 +2L2G)
OéSCG 263L2p 2 2 2
+ 7 i+ T, +8c{(K —1)H?| +4aB(e,61)G + avi (e, e1)  (78)
Then we finish the proof by dividing o on both sides. O

With these Lemmas, we are now ready to prove Theorem 2.

1.3 Proof of Theorem 2.

. . 1
Given a fixed local step-size o < 175

Vae (K-1)’ decreasing effective step-sizes oy =
(t)

8 _ 8
v(ia+t+1l) = (1—v)w(a+t+1)’

decreasing global step-sizes ag’ = ]?;l = (a +t), we have:
2 _ A (7T°G® | cquad(T) | ain(r) | Ble,er)G
EHV~ vl <o qua in ’ T2(e, 79
br — YOI = (K2T2 toNkT Tk T, Th(ea) (79)

Proof. We take the step-size a; =
and define

V(ale) = V1(a-i2-t+1) for a > 0. In addition, we define weights w; = (a + t)

1 — -
= 7211))5915
Wt:l

where W = Zt Lwe > 3T(a+T). By convexity of positive definite quadratic forms (Ayin(®7 D®) > & > 0),
we have

2
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Iz ) 2
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| /\

T 2
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2r-1)(a+27 - 1)G 2
=n W Z (@ 08|V, ~ Ve[
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1087
1—p?

L2 +4L,G* + 2L2G>}

+
SIS
M=

{(9 + 2872)d2

NE (a+t)a; + (a+t)af <36L§ +

~+
||
n
N

+
SIS
M=

t)a? 2¢3L
(a+t)a*cs [C§+ c3Lap

+ 8¢3 (K — 1)H2}

t=21 K b ’
7 3 la+)Blea)G+ (@t T ee)] v

2
where HVG_?T — Vi 5 < G%. We know that 3 S, (a+t)a? < W S (a+1) ulz(a4+t)2 < 8105%(?{T) and that

+ ZthzT(a +t)ay < V%T. Plugging in these inequalities into Eq (80), we have:

2
yllEva — vl
b
< 3vi(a+27)(a+27 +1)G?  4(9+ 2872)d3
- 2w nNKT
8log(a+T) o 1087 , 2
e (B0 + I+ LG 2G
8cglogla+T) [ o  2¢3Lap 9 9
1/%2—'72]:{ C3+ 17/) +801(K—1)H

+4B(e,61)G + 11T?(e,61)
~ Bvi(a+27)(a+27 + 1G? 49 + 2872)d3

oW W NKT
8log(a+T) o 1087 9 5 2c3Lap 9 9
———-— | K | 36L —— L5 +40,G* 4+ 2L,G 8ci(K —1)H
1/12T2K 2+17p2 2+ 1 + 2 +CG 03+ 17p + Cl( )
Clgn(T)
+4B(e,e1)G + 11T?(e, 1) (81)

where cquad(T) = 4d3(9 + 2872). Dividing v on the both sides, changing v into v (v = (1 — v)®) and noting
that ¢ = i(é—? +14&)(e1 + ¢2) = O(2), we have:

ag
2 _ A (7T°G® | cquad(7) | (1) | Ble,er)G
IEHV— vl <0 qua in ! T2(c,e1) ) . 82
or — V0|5 = <K2T2 Nk Toikre b, thea) (82)
2 2 2
We finish the proof by using the inequality, EHV@T — Vo 5 < QEHVéT — Vx 5 + ZEHV@ — Vi« 5 and

combining with the third point in Theorem 1.
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J Simulation Results

J.1 Simulation results for the I.1.D. setting

In this subsection, we provide numerical results for FedTD(0) under the i.i.d. sampling setting to verify the
theoretical results of Theorem 4. In particular, the MDP M) of the first agent is randomly generated with
a state space of size n = 100. The remaining MDPs are perturbations of M) with the heterogeneity levels
€ = 0.1 and ¢ = 0.1. The number of local steps is chosen as K = 20. We evaluate the convergence in terms
of the running error e; = ||f; — 6%||2. Each experiment is run 10 times. We plot the mean and standard
deviation across the 10 runs in Figure 3.
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Figure 3: Performance of FedTD(0) with i.i.d. sampling with varying number of agents N. Solid lines denote
the mean and shaded regions indicate the standard deviation over ten runs.

As shown in Fig 3, FedTD(0) converges for all choices of N. Larger values of N decreases the error, which is
consistent with our theoretical analysis in Theorem 4.
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J.2  Simulation results for the Markovian setting

In this subsection, we provide numerical results for FedTD(0) under the Markovian sampling setting to verify
the theoretical results of Theorem 2. Here we generate all MDPs in the same way as the i.i.d setting and
choose the number of local steps as K = 20. All the remaining parameters are kept the same as those in the
subsection J.1.
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Figure 4: Performance of FedTD(0) with the Markovian sampling with varying number of agents N. Solid
lines denote the mean and shaded regions indicate the standard deviation over ten runs.

As shown in Fig 4, FedTD(0) converges for all choices of N. Larger values of N decreases the error, which is
consistent with our theoretical analysis in Theorem 2.
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J.3 Simulation on the effect of the heterogeneity level for the Markovian setting.
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(a) Effect of the heterogeneity with different reward and Markov kernel heterogeneity.
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(b) Effect of the heterogeneity with a fixed reward heterogeneity €, and different reward heterogeneity e.
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(c) Effect of the heterogeneity with a fixed Markov kernel heterogeneity € and different reward heterogeneity €.

As shown in Fig (a) ~ (¢), we can conclude that increasing the level of heterogeneity level will increase the
size of the ball to which FedTD(0) converge, which is completely consistent with our theoretical analysis in
Theorem 2.
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