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ABSTRACT

The generative modeling of data in constrained sets is central to scientific and en-
gineering applications with physical, geometric, or safety constraints (e.g., molec-
ular generation, robotics). This article constructs constrained diffusion models on
a generic nonconvex feasible sets X, by introducing a unified framework that si-
multaneously enforces both equality and inequality constraints throughout the dif-
fusion process. Our theory and implementations encompass both overdamped and
underdamped dynamics for the forward and backward sampling. The key algo-
rithmic ingredient is a computationally efficient landing mechanism that replaces
costly and not-always-well-defined projections onto >, maintaining feasibility
without Newton solves and avoiding projection failures. Leveraging underdamped
dynamics whose faster mixing reduces the steps needed to reach the prior distri-
bution, the commonly-believed unavoidable heavy forward simulation cost in the
constrained diffusion is alleviated. Empirically, this reduces function evaluations,
enabling more efficient inference and training while preserving sample quality
and substantially lowering memory usage. On equality-only and mixed (equality
and inequality) benchmarks, our method shows reasonable sample quality, while
substantially reducing computational cost and function evaluations. These results
indicate that landing-based enforcement combined with underdamped dynamics
provides a practical and scalable recipe for constrained diffusion on nonconvex
feasible sets.

1 INTRODUCTION

Generative modeling is a fundamental machine learning task. In recent years, denoising diffusion
models [1, 2] have become the state-of-the-art in image, audio, and video generation, matching
and surpassing earlier approaches such as GAN [3, 4]. Key advantages include ease of training,
high-fidelity sampling, and their flexibility in conditional generation.

The majority of these impressive results have been achieved for data in an unconstrained space, par-
ticularly R?. While this suffices for digital content creation, there are many emerging applications
in science and engineering, where the generation of high-fidelity samples that adhere to constraints
is crucial. Examples include molecular generation [5—7], where atoms must satisfy distance or
chirality constraints and respect physical laws, robotics [8—10], where trajectories are subject to
dynamics, actuation limits, safety margins, and collision-avoidance, and shape optimization for en-
gineering design [11-13], where specifications, symmetries, and manufacturing impose constraints.
In these settings, a valid sample needs to remain inside a non-trivial feasible set ¥ C R?, as con-
straint violations would render the generation physically meaningless or unsafe. Unfortunately,
enforcing constraints in diffusion models is challenging: (i) Projection-based methods demand re-
peated Newton-iterations, which scales poorly with dimension and may fail when X is nonconvex
and projections are undefined [14]; (ii) Reparametrization encodes the constraints implicitly, which
requires domain knowledge, may alter the conditioning of the score matching, and the fidelity of the
sampling. Reparametrizations might be hard to find in applications with complex mixed equality-
inequality constraints [15]; (iii) Penalty and barrier methods [16, 17] incorporate constraints through
additional terms in the objective function, which may introduce bias (barrier functions), lead to con-
straint violations (penalty), and result in additional hyperparameters that are difficult to tune. Conse-
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quently, constrained diffusion is computationally demanding as both training and inference rely on
the simulation of diffusion processes. For example, this poses a significant bottleneck for applica-
tions including robotics - where trajectories have to be generated in real time on resource-constrained
hardware.

This article addresses the need for computationally-efficient constrained diffusion. Our contributions
are threefold:

* (Landing based diffusion process) We extend the recently developed constrained optimization
technique of landing [18-21] to generative modeling, enabling inexpensive first-order updates that
steer every step of the diffusion process toward Y. without requiring exact projections or Newton
iterations. Landing incurs a negligible computational overhead and provably maintains feasibility
along the path.

* (Unified framework for constraints) Our method works for general nonconvex feasible sets
as we develop an SDE-based framework that unifies both equality and inequality constraints.

* (Fast constrained diffusion via underdamped dynamics) The framework encompasses con-
strained versions of both underdamped and overdamped Langevin dynamics. The fast mixing of
the underdamped version is leveraged to substantially reduce the length of forward trajectory N
to reach the prior distribution, thereby cutting the dominant sampling (up to 47x) and training
cost (up to 5x) in constrained diffusion models.

2 RELATED WORKS

Recent works have extended score-based diffusion models from Euclidean spaces to non-Euclidean
domains. Our setup considers a domain specified by equality and inequality constraints, and closely
related is a rich collection of successful generative models for manifold data [22-27]. However,
while many manifolds considered (such as S% and SO(n)) can also be specified using equality
constraints, the geometry of the constrained set can easily become too complicated to handle when
there are a large number of constraints, or when the constraints introduce manifolds with boundaries
or even lower dimensional structures.

Approaches directly targeting constrained generation also exist, particularly when data lie in a
bounded subset 3 C R?. Several strategies have been explored. For example, classical reflected
Brownian motion [28, 29] was recently leveraged to create constrained diffusion models [17, 15, 30]
, and the recent development of mirror Langevin dynamics and algorithms (the version of [31, 32])
was also employed for constrained generation [33]. However, the former approach is difficult to be
made simulation-free and/or tractable in the conditional score, which is essential for efficiency, while
the latter only works for convex constraints. Even more recently, Riemannian Denoising Diffusion
Probabilistic Models (RDDPM) [34] extends score-based models to general manifolds via per-step
Newton’s projections, ensuring feasibility but incurring sizable computational cost and occasional
projection failures on nonconvex sets. In parallel, Riemannian Flow Matching (RFM) [26] learns
manifold flows without projections for simple manifolds, yet typically needs a long integration hori-
zon or still projections on nontrivial geometries.

In the light of these advances, we construct an efficient diffusion process that remains on feasible
sets described by equality and inequality constraints. The key is to incorporate landing, a technique
developed in constrained optimization [18-21], which handles non-convex constraints and guaran-
tees feasibility (without requiring projections, retractions, or evaluations of the exponential map that
tend to be expensive).

3 PRELIMINARIES & NOTATIONS

Constrained set and geometry. We implement the diffusion model on a constrained set
Y = {z € RY| h(x) = 0,g(z) < 0} defined by smooth equality constraints / : R* — R™ and
inequality constraints g : R? — R’. For theoretical analysis, we assume that ¥ is a stratified
manifold and constraints h, g satisfy the relaxed Constant Rank Constraint Qualification (rCRCQ)
[35] on a neighborhood of ¥. Specifically, for each 2 € R with the index set of active inequal-
ities I, := {j € [I] | gj(z) > 0}, we say that rCRCQ holds if, for every index set J C I, the
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set {Vh;(y)}ie, U {Vg;(y)};c; has the same rank for any y in the neighborhood of z (see Re-
mark 2 for further discussion on rCRCQ). We note that the rCRCQ implies that the stacked Jacobian
VJ(x) € RUHIDxd (with J(x) := [h(z), g1, (x) + €]7) has a constant rank in the neighborhood
of x, where the boundary repulsion rate € > 0 is a hyperparameter to be introduced later. Due to this
result, the tangent space of X is characterized by the kernel of the Jacobian, given by

T,% = {peR? | VJ(z)p=0}.

Accordingly, the orthogonal projector I1(x) := I — V.J(z)TG(x)'VJ(z) onto T,,X is well-defined,
where G/(z)' is the Moore-Penrose pseudo-inverse of G(z) := VJ(z)VJ(z)7.

For the reference measure on Y, we use the induced surface (Hausdorff) measure on ¥, denoted as
doy. In the underdamped setting, the natural phase space is the cotangent bundle given by

T*% = {(z,p) e R*x R |z € £,VJ(z)p = 0}

In this manifold, the natural reference measure is the Liouville measure dor.s(x,p) = dos(z) ®
dp(z) where dp(x) is Lebesgue measure on 7% := {p € RY| VJ(z)p = 0}. For the detailed
background and notations, see subsection B.1 for the overdamped, subsection B.2 for the under-
damped, and the table of key notations (Table 5).

Time grid and schedule.  In our paper, we use continuous time ¢ € [0,7] and a uniform grid
tr = kAt for k € {0,...,N} with T = NAt¢ for the implementation of the diffusion model
with step size At > 0. Also, the noise magnitudes used in implemented diffusion models are
specified by a scheduler o : [0,7] — R, and, in our case, we use the linear scheduler given by
o(t) := Omin + %(Umax — Omin) With o := o (k).

4 MAIN RESULTS

4.1 CONSTRAINED LANGEVIN DYNAMICS VIA LANDING

From projections to intrinsic landing mechanisms.  Classical constrained samplers take an un-
constrained (in R?) or tangential step (in 7}, %) and then project back to X.. This is often problematic:
(i) on nonconvex manifolds, nearest-point projection can be multi-valued or not globally defined; (ii)
per-step projection solves are costly and may fail (e.g. Newton’s method failure); and (iii) behav-
ior near 0X is delicate as the active set I, changes frequently. We therefore seek a projection-free
scheme that remains well-posed when local projections struggle. Our approach embeds robustness
directly in the SDE via a landing term that enforces exponential decay of constraint violation .J:

dJ(Xy) = —ao(t)*J(X;)dt (Target landing property)

so discretization-induced infeasibility self-corrects without explicit projection. The landing modifies
only the normal component of the drift, leaving tangential drift and diffusion unchanged, so trajec-
tories evolve intrinsically on ¥ (or 7*X in the underdamped case). Formally, any diffusion process
X, with this property enjoys the guarantees stated next. For the detailed proofs of mathematical
claims below, see Appendix B.

Lemma 1 (Exponential decay of constraint functions). Under the target property dJ(X;) =
—ao(t)?J(Xy)dt, the diffusion process X; satisfies the following constraint satisfaction prop-
erty almost surely:
hi(Xy) = hi(Xo)e™*® t>0
and
9;(Xs) = —e+ (g;(Xo) + €)e 5O <1y
9;(X1) <0, t2 Tje,

where S(t) := fg

Tz &= inf{t>0 | S(t) > lln (M())—’—e)}, Vi€ Ix,.
a €

o(s)?ds and 7} . are defined to be
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Constrained Overdamped Langevin dynamics via Landing (OLLA). We first derive such
landing-based constrained Langevin dynamics for the overdamped case. By viewing constrained
Langevin dynamics in Lagrangian form [36], we can pick a Lagrangian process d\; so that it can
impose the target property d.J(X;) = —ao(t)?J(X;)dt and have a closed-form SDE as follows:

Proposition 1 (Construction, stationarity and backward process of OLLA). Consider the follow-
ing Lagrangian form constrained overdamped Langevin dynamics of X; ~ q;:
1
dX; = fia(t)2Vf(Xt)dt+a(t) o dW; + VJ(Xy)Td\ (1)

where d); is the adapted process such that dJ(X;) = —ao(t)?J(X;). The explicit solution of
dM¢ provides the closed form SDE of (1) as follows:

U(;)2H(Xt)vf(xt)+aa(t)2VJ(Xt)TGYT(Xt)J(Xt) dt + U(;)Q”H(Xt)dt

Landing term

dX, = —

+ O'(t)H(Xt)th,

where H is the mean curvature correction term defined as
H(x) = —VJ(@)" G (2) [T (V2T (2)I(z)) , ooy T (V2T gy, (2)T(@))] -
—
Furthermore, the backward process X ¢ of OLLA is given as:
— 1 9 — — — 1 9 —

— ao(T = £2VI(X)TGHX )T (X,) dt + o(T — OII(X:) o dWs.

Landing term

By assuming o (t) constant and X € ¥, OLLA has the stationary distribution qs; x exp(—f(x))
with respect to doy,.

Constrained Underdamped Langevin Dynamics via Landing (ULLA). In the underdamped
case, we are required to satisfy both the target property d.J(X;) = —ao(t)?J(X;)dt and also the
momentum tangency constraint V.J(X;)P; = 0 so that (X, P;) € T*% for t > 0. Therefore, we
control the two Lagrangian processes d\;, du to impose such constraints, and the resulting solution
of Lagrangian processes produces the following closed SDE for ULLA:

Proposition 2 (Construction, stationarity, and backward process of ULLA). Consider the follow-
ing Lagrangian form constrained underdamped Langevin of (X, Py) ~ qy:

dX; = o(t)?Pdt + VJ(Xy)Td\ o
dP;, = —o(t)?°V f(Xy)dt — o(t)*yPydt 4+ o(t)\/27v 0 dW; + VI (X)) T dps,
where d\;,dpy are the adapted processes such that dJ(X;) = —ao(t)?J(X;) (position con-

straint) and V J (X)) P, = 0 (momentum tangency constraint), respectively.

Assuming V.J(Xo)Py = 0, the explicit solution of d\¢, dpy provides the closed form SDE of (2)
as follows:

dX; =o(t)?Pydt — ao(t)*VJ(X)TGT(X,)J(X,)dt
dP; =II(X,) [fa(tﬁv F(X)) — o(t) 2y Pdt + a(t)\/ﬂth}
—o(t)’VI(X)TGT(Xy) [H1(Xs, Pr) — aHa(Xy, P)] dt,
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where H, € Rzl 3, € RUnHIDX(m+D) gre the curvature correction terms defined as
[z, p)li := " V2 Ii(@)p,  [Ha(z,p)li :=p" V2Ji(2)(VJ (2)" G (2) ] (x))
with [H1(x,p))i, [Ha(x, p)]; being the ith entry and column of Hi(x,p), Ha(x, p) respectively.
+—
Furthermore, the backward process X of ULLA is given as:

— — — — —
dX; = —o(T —t)?Pydt —ao(T — t)>°VJ(X )G (X ;) J(X,)dt

Landing term

—

— % — — —
dPt = H(Xt) |:0'(T — t) |:Vf(Xt)dt + ’}/Ptdt ar 2’va lan_t(Xt,Pt)] dt:l +

o(T — £)>VJ (X)) G (X,) [Hl()?t, P)) + oHa(Xs, Tat)] dt + o (T — t)/2y (X)W,

By assuming o(t) constant and Xy € ¥,V J(Xo)Py = 0, ULLA has the stationary distribution
g5, o< exp(—f(z) — ||p||*) with respect to do-s.

Error decomposition and benefits of ULLA. Theoretically, generation error via backward pro-
cess decomposes into mixing, discretization, and score estimation terms (WW5(qo, pg) < Emix +
Eaise + Escore)- In this point of view, ULLA significantly reduces &,;, via ballistic dynamics, ac-
celerating convergence and enabling smaller trajectory lengths N compared to OLLA. Additionally,
the momentum variable mitigates score singularities near ¢ = 0, yielding a potentially smoother
training objective for E.opo. We refer to Remark 3 for a detailed discussion.

4.2 TRANSITION KERNELS FOR FORWARD / BACKWARD PROCESS

In this section, we outline the discretization of the OLLA and ULLA processes. For the notations,
we let xy, for k € {1, ..., N} to be the position vector at k-th discrete step of the diffusion process,
and set qi, Pk, pz to be the marginal probability densities for forward and backward processes, and
the parametrized backward process of x. Also, we set px, p(-|z) to be the prior of position and
momentum where the momentum prior is given by II(z)¢ ~ p(-|x) with ¢ ~ N (0, I). For detailed
derivations of the discretization schemes below, we refer to subsection B.4.

Discretization of OLLLA. For OLLA, the discretization is straightforward. We employ a standard
Euler-Maruyama scheme to integrate the corresponding SDE as follows:

a,% At

Tkl = Tp + [—H(xk)Vf(xk) — aa,z(VJTGTJ)(ﬁk)] + O’k\/EH(I'k)Ck + /fg

o2 At
T = Tpy1 + k+21 W(@pt1) [Vf(@rt1) + Skt (Trr1)] + oppr VA2 g1 1) g

— aop AVITGTT) (@h11)Crr1 + Ky

2
where £ := ZEH(xy) At is the mean curvature term and sy, (2x) = 2V In gx(2y), which can be

0
learned by a neural network sy ;.

Discretization of ULLA. For ULLA, we adopt a specialized scheme to achieve 2x memory effi-
ciency, which becomes critical for storing long forward trajectories during training. The method is
based on the Ist order non-symmetric OBA splitting integrator. To eliminate the need to explicitly
store the momentum trajectory, we first use an approximated B step, which relies on the before-O
step momentum on correction terms H1, Ho, rather than after, and secondly, we leverage the re-
cursive nature of the update rule to express the momentum at step k as a function of positions at
previous steps, using an approximated momentum vector p. This “collapses” the dynamics into the
2nd order Markov chain solely depending on position variables xj, as follows:

Tpi1 = Tp + op At (2,) [akﬁ?d — OEAtV f(xg) + /1 — aick} — aa,%At(VJTGTJ)(J:k)
+ Kgfwd
_ 2 AL ~bwd 2 A ~bwd
Tk = Tp41 — O AL (Trt1) [ak+1pk+1 + 011 A8 [Vf($k+1) + 5k+1(5€k+17pk+1)ﬂ

+ 013+1At\/ 1—aj  (@p41) Gy — aci AV TGV (@hi1) + K1 bwas



Under review as a conference paper at ICLR 2026

where a, = e~ oAt ¢ [0,1] is a decaying factor, the approximated momentum are defined by

P = () (2 — wr1) /(07 A8), BY = W(awsr) ((@rr2 — wa41)/ (07 2At)), and the
curvature correction terms are provided as:

mgfwd = —oﬁAtQVJ(a:k)TGT(:ck) [Hl(x,ﬁff“’d) - Hg(xk,ﬁ?]d)]

”k[-]+1,bwd = *UI%HAtQVJ(ka)TGT(xk+1) [Hl(x,ﬁm_dl) + 0‘7{2(xk+17252ﬁd1)} .
Similarly, we set skH(ka,ﬁZ‘f‘l) = 2y (Vp In qkﬂ(xkﬂ,;ﬁ?fl) —l—]ﬁﬁdl) and train a neural
network sz 1 to approximate this.

Remark 1 (Discretization of Constrained Langevin dynamics via Newton solver). Projection-based
variants of proposed methods, denoted OLLA-P and ULLA-P, can be obtained by dropping all

normal landing and correction terms, and instead solving a Lagrangian multiplier system at each
step so that h(zj) = 0. For the detailed derivation, we refer to subsection B.4.

4.3 CONDITIONAL WASSERSTEIN PATH MATCHING (CWPM)

Since the proposed OLLA and ULLA do not use per-step projections, intermediate samples x; may
exhibit minor constraint violations and lie off 3. This renders previously proposed training loss,
such as DT-ELBO [34] or score matching [24, 25], theoretically unstable, as they rely on the as-
sumption that x; € X, which can lead to singularity issues. This problem is particularly acute
when measuring the NLL loss, where small violations can introduce substantial bias and under-
mine its reliability as a sample quality metric. To resolve these theoretical issues, we propose the
CWPM framework as below, which is based on the Wasserstein distance rather than KL-divergence,
eliminating such theoretical singularities. The derivation involves the relationship between Gel-
brich distance and 2-Wasserstein distance [37, 38], and refer to Appendix D for detailed proofs and
assumptions.

Theorem 1 (CWPM variational bound — overdamped, informal). Let T{, | = p(xy;|z)11) be the
backward transition kernel of the discretized OLLA and define the circuitous density at step k as

00 0
or i =qIyTy_q,..., 17, 00 :=qo-
Assuming existence of A1 > 0 such that

Wa(ok, 0t1) < Apy1Wolar, gui1 Ty ) + O(VAL), ke {0,..,N -1}
which holds under minor regularity assumptions on the score and constraint functions
(Lemma D.1), we have

N-1
Wa(a0,70) < Eq(ao.n) | D I (@nt1) (@ — pfpr (zarn) 12| + €2,
k=0

where puf, ,  (141) is the tangential part mean of the parametrized backward process of OLLA
defined by

oi. At
Moyt (@h41) = Thy1 + Hgl O(2xt1) [V (@rt1) + 557 (Trg1)]
and C° is a constant independent of 0.

Similarly, we have the following version for the underdamped case:

Theorem 2 (CWPM variational bound — underdamped, informal). Let y), = (2, 2541) € R
where Ty, ~ Qi,Tp+1 ~ qr+1. Define Gy, to be the law of yy, and set T,erl = p”(yk|yk+1) to be
the associated backward transition kernel to yy,. We set the circuitous density at step k as

= I 70 -
ok = qIyTy_1,..., 17, 00 = qo-
Assuming existence of Ny, > 0 such that

Wa (G, Gk+1) < Mot 1 Wa (@, Qo1 Tyq) + O(AL), k€ {0,...,N —1},
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which holds under minor regularity assumptions on the score and constraint functions
(Lemma D.2), we have
N—1
Wz(Qoapg) < Eq(wo:N)EﬂN(pN\wN) Z Tz k+1)(@r — ﬂz+1(xk+17$k+2))H2 +C*
k=0

where pij!, | (2141) is the tangential part mean of the parametrized backward process of ULLA
defined by

iy = Tha1 — 0o AtIL(@py1) [anp1Ppdy + 0p i1 At [V f(Thy1) + SSH(wkH,ﬁZ%)H

and C" is a constant independent of 6.

Choice of Training Loss.  We remark that other works on diffusion models [1, 39, 40] demon-
strated that choosing the training loss weight A(k) proportional to the inverse of the variance up
to a proportionality constant of 1/2 (in our case, A(k) = 1/ (207 ,At) for overdamped and
Mk) = 1/ (207, At?*(1 —ai,,)) for underdamped) is helpful for training the score network.
Notably, the resulting training losses

N-1 o
Lo o T2k 41) (r — pfyy (Trr1)) |2
Cwem(0) = q(zo:n) Z 202 At
k=0 k+1
N— u
[ under 6) =E ( )E (owlen) Zl ITI(241) (xk - Mk+1<$k+1,$k+2))”2
CWPM = Zo. z
q(zo:N)™pN(PN|ZN P 20’%+1At2(1 _ aerl)

lead to exactly the same training loss provided in DT-ELBO ([34], or Lemma C.1 and Lemma C.2)
without the requirement x;, € X. For the complete algorithms, refer to Algorithm 1 and Algorithm 2.

5 EXPERIMENTS

We evaluate on benchmarks largely following RDDPM [34]—Earth/climate datasets, mesh data,
the SO(10) manifold, and Alanine dipeptide—and add a 7-Degree of Freedom (DOF) robot arm
trajectory task. We compare against constrained generative model algorithms such as RFM [26] and
RDDPM, as well as Euclidean forward with backward variants baselines to highlight the importance
of handling intrinsic geometry and learning the score function on ¥. We leave experimental setup,
baseline descriptions, and hyperparameters in Appendix E. Also, following a similar technique in a
landing-based constrained sampling [41], we set the correction terms x = 0 to save computational
cost by avoiding Hessian-related terms.

5.1 EQUALITY-ONLY SCENARIO TASKS

Earth and climate science datasets.  This benchmark lives on the 2-sphere S2, where nearest-
point projection is globally available, so landing-based dynamics are not strictly required.

Nevertheless, we use this dataset to (i) assess the intrin- N vs JSD on S2 Flood
sic benefits of underdamped dynamics and (ii) quantify 016 -e- OLLA
. . . RDDPM (OLLA-P)
the samphng quahty.— computational cost tr.ac.le—off un- 015 Uik
der landing. From Figure 1, due to faster mixing of the o1 -o— ULLA-P

underdamped dynamics, underdamping markedly reduce
the needed forward length N: ULLA-P is stable with-
out projection failure even at N = 40, whereas RD-
DPM (OLLA-P) requires at least NV = 150 to avoid fail-
ures. Thus, smaller N yields large training-time sav- ;<
ings while preserving comparable sample quality. Al- s s 15 100 125 150 175 200
though exact projections are available here, Table 1 in- N

dicate that ULLA incurs comparable sampling quality Figure 1: Mean JSD on S? flood ver-
under minor constraint violations; visual comparisons of sus trajectory length N. Cross mark
ULLA (subsection E.3) show similar generated distribu- () indicates the smallest N values af-
tion to projection-based methods, supporting the practical ter which projection failures no longer
value of landing. occur during the forward process.

Mean JSD distance
°
&
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Table 1: Generative performance on Earth & Climate distributions (Top) and Mesh histograms
(Bottom). We report the Jensen-Shannon Distance (JSD) computed on 2D spherical coordinate
(0, ¢) histograms (Earth & Climate) and mesh face histograms (Mesh) (lower is better). The right-
most columns report the average of total training wall-clock time in seconds across all experiments;
values in parentheses denote the time spent on forward trajectory simulation during training (or
ODE solving time for RFM). We also report the average equality violation |h| of generated sam-
ples. Mean =+ standard errors are calculated over 5 independent runs. Across both domains, our
landing-based methods (OLLA, ULLA) achieve comparable JSDs while being significantly faster
than Riemannian-based diffusion model baselines.

Earth and Climate Science Datasets

Volcano Earthquake Flood Fire Training time

) e Avg. |h|
Method / dataset size (827) (6120) (4875) (12809) (Sampling time)

Riemannian-based
RFM (v = 1000) 0.116+.002  0.089+.001  0.108+.002 0.058+.001 4019 (0) 5.24 x 1078
RDDPM (v =400y  0.123+.004 0.093+002 0.106+002 0.051+001 12388 (3302)  1.67 x 1078

Euclidean fwd. + bwd. variant

Euclidean (v = 50)  0.158+.00s 0.163+.004 0.135+.016 0.140=+.001 1130 (221) 4.14 x 1072
Projected (v =50)  0.156+.005 0.152+.003 0.133+.012 0.133+.001 1026 (221) 2.11 x 1078
Lagrangian (v = 50) 0.156+.004 0.152+.003 0.137+.011 0.133+.001 1027 (220) 8.47 x 10710
Guided (v = 50) 0.160+.006 0.174+.003 0.146+.021 0.158+.002 1048 (220) 2.07 x 1072

Ours

OLLA (N = 100) 0.128+.005  0.096+.002  0.103+.002 0.060+.001 1686 (749) 3.88 x 107°
ULLA-P (v =1000 0.122+.007 0.092+.001 0.103+.002 0.053+.001 1631 (1154) 8.41 x 107°
ULLA-P (v =50  0.126+.005 0.096+.001 0.108+.001 0.064-+.002 1018 (568) 1.37 x 1078

ULLA (v = 50) 0.125+.005  0.099+.002 0.110+.001 0.069+.002 1021 (530) 2.14 x 107°
Mesh Data (Grid Laplacian Eigenfunctions with index k)
Stanford Bunny Spot the Cow Training time Avg. ||
Method k = 50 k = 100 k = 50 =100 (Sampling time) &

Riemannian-based
RFM (N = 1000) 0.035+.001  0.047+001  0.043+.002 0.050+.002 145424 (112244) 1.47 x 10~*
RDDPM (N = 400)  0.032+.001  0.034+.000 0.046+.001 0.034+001 1916 (126.4) 1.56 x 1075

Euclidean fwd. + bwd. variant
Euclidean (v = 30)  0.040+.001  0.047+.001  0.048+.001 0.063+.001 212 (0.3) 4.20 x 1072
Projected (wv =30)  0.049+.000 0.051+.001 0.057+.001 0.068+.001 210 (0.3) 6.36 x 1078
(0.3)
(0.3)

Lagrangian (v = 30) 0.047+.001  0.050+.001  0.056+.001 0.067+.001 233 1.13 x 1074
Guided (v = 30) 0.068+.005 0.050+.002 0.051+.001 0.065+.001 221 8.23 x 1071

Ours

OLLA (v = 100) 0.030+.000 0.032+.001  0.047+.001 0.035+.001 642 (4.0) 3.44 x 1076
ULLA-P (v =500  0.040+.001  0.038+.001  0.040+.001 0.035+.001 387 (10.5) 4.20 x 107°
ULLA v = 30) 0.029+.001  0.033+.001  0.044+.001 0.036+.001 360 (2.0) 1.52 x 1077

3D Mesh data on learned manifold.  Unlike the 2-sphere, meshes lie on manifolds where nearest-
point projection is not globally defined and, in our benchmark, must be approximated by a New-
ton solver because the constraint h(x) = 0 is represented by a learned neural network - making
projection-based sampling computationally expensive. In this regime, landing becomes particularly
effective: as shown in Table 1, ULLA and ULLA-P show comparable JSD of RDDPM and RFM
with far fewer steps (N = 30, 50), yielding 5x faster training and up to 47x faster sampling than
RDDPM. The gains stem from the combinations of the following facts: (i) the underdamped dynam-
ics permits much smaller IV, and (ii) landing (particularly without curvature corrections) requires
only a single constraint-gradient evaluation per step, avoiding iterative projections. These improve-
ments indicate that, for complex learned manifolds where projection is expensive, ULLA provides
a scalable and efficient alternative.
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High-dimensional special orthogonal group: SO(10). This experiment evaluates scalability on
the high-dimensional Lie group SO(10) C R0, defined by 55 equality constraints (X7 X = I);
det(X) = 1 condition is checked based on rejection. The synthetic distribution is multimodal with
m modes, and sampling quality is assessed by power-trace statistics. As shown in Figure 2 and
subsection E.3, landing-based methods (ULLA/ULLA-P/OLLA) remain efficient on this complex
manifold, producing high-quality samples with a forward trajectory length of N = 50, whereas
RDDPM requires at least N ~ 150 to avoid projection failures.
Tr(s1) Tr(S?) Tr(S%)

Generated
True

Tr(S°)

0.35
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0.30
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Figure 2: Histograms of the power-trace statistics Tr (S*) for k& € {1,2,4,5} on SO(10) with
m = 5. Green: samples generated by ULLA; Red: ground truth. Forward trajectory length N = 50.
The close overlap indicates that ULLA matches the target marginal on Tr (S*).
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Figure 3: Comparison of constrained molecule / robot arm trajectory generation: (a) histogram of
angle / Root Mean Square Deviation (RMSD) to center reference point; blue shaded area is feasible
region by inequality constraints ¢ € [130°,170°], (b) top-down trajectory view of generated and
ground-truth trajectory samples in the 7-DOF robot arm experiment.

5.2 MIXED SCENARIO TASKS

Alanine dipeptide and 7-DOF robot arm.
complicated mixed constraints setup.

We further evaluate our landing algorithms under

Table 2: Effect of JSD, E||h
The provided feasible set 3 are defined by complex inter- e ctolaon (1]

sections of equality and inequality constraints. In these set- e JSD E[|h(z)]]
tings, exact projections are often numerlqally pnstable or 1.0 0.134t0000 5.51 x 103
computationally prohibitive. As summarized in Table 4, _3
: . . . 10.0 0.053+0.004 1.02 x 10
standard baselines encounter significant difficulties: the 50.0 00330000 7.20 x 10-5
Projected Euclid iant failed in the high-di ional : ) ' :
rojected Euclidean variant failed in the high-dimensiona 100.0 0.0510003 3.70 5 10-5

7-DOF robot arm task due to severe projection failures,
while the Lagrangian Euclidean variant failed to converge
to a high-quality distribution in the Dipeptide task. For sim-

Table 3: Effect of € on JSD, E[g™"]

ilar issues, OLLA, OLLA-P, ULLA-P failed in this setup. € JSD E[gt(z)]

In contrast, our proposed ULLA method demonstrates 0.01 0.048+0002 5.49 x 1077
superior performance compared to the valid Euclidean 0.05 0.033+0002 7.95 x 1078
forward-backward variants. ULLA not only achieves 0.1 0.05240.007 5.26 x 107
significantly lower JSDs, consistently outperforming Eu- 0.5 0.081+0.009 1.98 x 1071

clidean baselines even as the dimension scales, but also
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Table 4: Generative performance on Mixed Constraint Tasks. The top panel presents the scala-
bility analysis on the 7-DOF robot arm trajectory generation with increasing ambient dimensions d.
For this task, JSD is measured on 2D histograms formed by projecting generated data via PCA fitted
on the ground truth. The Projected method is excluded here due to severe projection failures during
sampling. The bottom panel reports performance on Alanine Dipeptide conformation generation,
measuring JSD on the marginal histograms of the dihedral angle 1) and the RMSD to a reference
structure. Constraint violations (|k|, |g7|) are averaged over generated samples. The Lagrangian
method is omitted in this task due to failure of convergence.

7-DOF Robot Arm Trajectory (Scalability with dimension d)

JSD across dimension (d)

Avg. |h Avg. [g"
Method d = 140 d = 280 d = 420 d = 560 g Al g lg"]|

Euclidean fwd. + bwd. variant

Euclidean (v = 100  0.498+.028 0.656+.034 0.647+.022 0.750+.025 8.3 x 107! 5.3 x 1073
Lagrangian (v = 100) 0.769+.043 0.816+.005 0.831+.001 0.831+002 4.9 x 1072 1.6 x 1073
Guided (v = 100) 0.499+.028 0.655+.041 0.665+.013 0.740+.033 8.0 x 1071 4.9 x 1073

Ours

ULLA (N = 100) 0.275+.011 0.295+.006 0.366+.005 0.391+.012 1.8 x 107° 1.5 x 10~?

Alanine Dipeptide Conformation

Method JSD () angle) JSD (RMSD) Avg. |h|  Avg. |g7|
Euclidean fwd. + bwd. variant

Euclidean (v = 100) 0.150+.003 0.057+.001 57 %1072 2.4x 1073
Projected (N = 100) 0.145+.002 0.073+.005 54x107% 3.3x 1073
Guided (v = 100) 0.152+.003 0.057+.002 57x 1072 24x 1073
Ours

ULLA (N = 100) 0.031+.002 0.035+.002 1.4 %1077 6.0 x 1011

maintains extremely low constraint violations (e.g., avg. |h| ~ 1075 and |g*| ~ 107?), effectively
respecting the complex geometry without the need for expensive multiple projection steps.

Effect of landing rate o and repulsion rate e. ' We analyze how the landing rate o and boundary
repulsion rate € impact generation quality (JSD) and constraint satisfaction on the Alanine Dipep-
tide task with ULLA (fixing ¢ = 0.05 for « ablation and @ = 50 for € ablation). As shown in
Table 2, increasing « significantly reduces equality violations and improves JSD by strengthening
the drift toward 2. However, excessively large o may introduce large discretization error, which can
degrade sample quality (see Table 8 for full ablation). Similarly, Table 3 indicates that e requires a
balanced choice: while too small e causes boundary “stickiness,” overly large e aggressively pushes
trajectories inward, distorting the distribution and increasing inequality violations due to numerical
instability. Visualizations in Figure 8 confirm that a moderate € yields the best trade-off.

6 CONCLUSION & FUTURE WORKS

We introduce a landing-based overdamped and underdamped Langevin process that avoids costly
projections on general constrained sets described by both equality and inequality constraints, result-
ing in a unified constrained diffusion model framework. By leveraging the fast mixing property of
underdamped Langevin dynamics, we shorten the forward trajectory (thus reducing function eval-
uations and memory), achieving reasonable sample quality while drastically cutting computational
cost for training and sampling. A current limitation is that our sampling quality does not consistently
and fully surpass projection-based methods. As a promising direction, we suggest training the score
network to learn both tangential and normal components — so that normal components, assisted by
our landing mechanism, actively reduce constraint violation — potentially improving sample quality
without sacrificing efficiency.

10



Under review as a conference paper at ICLR 2026

REPRODUCIBILITY STATEMENT

We include anonymized code (training, evaluation, and data preprocessing scripts), exact hyperpa-
rameters in Appendix E to reproduce the provided results. We also report hardware specs, software
on the Appendix E and all theoretical proofs are provided in the appendix for theoretical complete-
ness.

ETHICS STATEMENT
This work uses public or synthetic data only, with no human subjects or personal data. The method

may be applied to safety-critical domains (e.g., robotics); we caution against deployment without
domain-specific evaluation and monitoring.
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A TABLE OF KEY NOTATION, ADDITIONAL REMARKS, AND ALGORITHMS

Table 5: Table of Key Notations

Symbol  Definition Descriptions

h h(z) = [hi(x), ... hp(z)]T Equality constraints

g g(z) = [ (2),...,q(2)]T Inequality constraints

by {x e R4 | h(x) = 0,9(x) < 0} Constraint manifold

I, {iell]|gi(x) >0} = {ir, ... 01, } Active index set of inequalities
gr, g1, (x) = 95, (2), .01, ()] Active inequality constraints
J(z) {n(@)T, gi, (x) + €, ..., g3y, () + e}T Constraint-correction vector
II(x) I-VJ(2)TG(z)VJ(x) Orthogonal projector onto 7%

> {p € R? | Vh(z)v =0,Vgs, (z)v =0} Tangent space of X at x
T*% {(z,p) eR* |z €X,peT,X} ~TE Cotangent bundle of

Vs f II(z)Vf(x) Intrinsic gradient on 3
divey X Tr (II(2) VX (x)) Intrinsic divergence on ¥
dos, Surface (Hausdorff) measure of X Natural measure on X2
dorss Liouville measure of T*% Natural measure on 7*%
G(z) VJ(x)VJ(x)T Gram matrix, full rank assumed
€ Boundary repulsion rate Controls effect of repulsion.
@ Landing rate Controls constraint decay
¥ Friction coefficient Used in ULLA, ULLA-P
s Target (stationary) density on 3 Proportional to exp(— f)dos,
KL*(pll7) [ pln Ldos KL-divergence on ¥
T, N Continuous and discrete terminal time Relationship: ' = NAt
o(t),0r  Omin+ %(JmaX — Omin), 0k = o(kAt) Noise schedule function
qe, p) Continuous time marginal densities at ¢ Forward ¢;, Backward p?
q, pz Discrete time marginal densities at k& Forward ¢, Backward pz
PN, p(-|z)  Prior distribution of x and p (py varies)  p(:|z) ~ (z)¢, ¢ ~ N(0,1)
prvd (zy) (ﬁ}iﬁ’x a ) Forward approximated momentum
povd (xpy1) (%) Backward approximated momentum
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Remark 2 (Comments on relaxed Constant Rank Constraint Qualification (rCRCQ)). In this
remark, we further clarify the definition of the relaxed Constant Rank Constraint Qualification
(rCRCQ) and its relationship with other constraint qualifications.

We first recall the definitions of the Linear Independence Constraint Qualification (LICQ), Constant
Rank Constraint Qualification (CRCQ) [42], and its relaxed version (rCRCQ) [35].

Definition A.1 (LICQ, CRCQ, and rCRCQ; [43]). Let ¥ := {2z € R? | h(z) = 0,g(x) < 0} be
the feasible set, and denote I, = {i € [I] | g;(x) > 0} to be the active index set of inequalities.

 LICQ [44]: LICQholds at z € X if the set {Vh;(z)}", U{Vy; (2)} ¢, is linearly indepen-
dent.

+ CRCQ [42]: CRCQ holds at = € X if there exists a neighborhood U C R? of z such that
for any subsets of indices I C [m] and J C I, the family of gradients {Vh;(y)};c, U
{Vg;(y)},;c, has a constant rank for all y € U.

» rCRCQ [35]: rCRCQ holds at = € ¥ if there exists a neighborhood U C R¢ of z such that for
any subset of active inequalities J C I, the family of gradients {Vh;(y)}.", U{Vg;(y)}
has a constant rank for all y € U.

jeJ

The core reason for assuming rCRCQ lies in the stability of the SDE coefficients. It is a fundamental
result in matrix analysis [45] that the Moore-Penrose pseudo-inverse A(x)! is continuous at a point
xg if and only if the rank of A(z) is constant in a neighborhood of 2. By assuming rCRCQ, we
guarantee that the Jacobian V.J(x) maintains locally constant rank (even as the active set changes
across strata), which ensures that the pseudo-inverse G/(z) and the resulting projection operator
II(z) are continuous and well-defined. Therefore, this guarantees the drift vector and diffusion
matrix of the OLLA and ULLA dynamics to be well defined.

Hierarchy of Constraint Qualifications. We remark that, from the variational analysis and op-
timization literature (e.g., [43]), rCRCQ is a strictly weaker condition than CRCQ, and CRCQ is
strictly weaker than LICQ, therefore, their logical implication is as follows:

LICQ = CRCQ = rCRCQ.
In particular, rCRCQ can relax the gradient degeneracy problem appearing in LICQ.

To illustrate a case where LICQ fails due to gradient degeneracy while rCRCQ holds, consider a
feasible set ¥ C RR3 representing the z-axis. It is defined by two equality constraints and one
redundant inequality constraint with a nonlinear term:

hl ($> = X1 = O7 hg(.’l?) = X9 = 0,
g(z) =1 + 2+ 27 <0.
On the manifold ¥ (where x; = x5 = 0), the inequality is active since g(0) = 0.
 LICQ fails: The gradients at the origin x = 0 are Vh; = (1,0,0)7, Vhy = (0,1,0), and

Vg = (1,1,0)T. We observe that Vg = Vh; + Vha, meaning the gradients are linearly
dependent. Thus, the Gram matrix is singular, and LICQ is violated.

* rCRCQ holds: Now consider the Jacobian matrix of the active constraints for an arbitrary point

R3:
Vhi(z)T 1 00
J(z) = |Vhy(x)T| = 0 10
Vg(z)T 14221 1 0

Regardless of the location x, the rank of J(z) is constant and equal to two in the entire neighbor-
hood, satisfying rCRCQ and ensuring that the projection operator II(x) via the pseudo-inverse
G (z)" remains well-defined and continuous.

Extended Usage in Our Framework. While the standard definition of rCRCQ is checking the
condition at a point “x € X7, we appropriately extend this usage in our diffusion model context.
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In particular, since our landing-based discretized sampling algorithms (OLLA, ULLA) involves
noise that may push particles slightly off the manifold, we implicitly assume that this constant rank
property extends to an sufficiently large neighborhood of > which contains all discretized samples
{X k}szo, or to the entire ambient space R?. This ensures that the projection operator II(x) and
the drift terms are well-defined not just on 3, but in the surrounding ambient space R? where the
landing mechanism operates.

Remark 3 (Error decomposition and probable benefit of ULLA). Recent theoretical progress on
diffusion models (e.g., [46, 47]) suggests that the total generation error can be naturally decomposed
into three distinct components. In the 2-Wasserstein distance, this can be viewed as:

W2(Q07p8) < grnix + 5disc + gscore
~—~ N~ ——

Mixing  Discretization ~ Score estimation

1. Discretization error (£4;sc) & Mixing error (E.,ix): Regarding discretization, our ULLA im-
plementation employs a memory-efficient first-order splitting scheme; thus, both ULLA and the
baseline OLLA share the same convergence order with respect to the step size. However, ULLA
gains a significant advantage in the mixing error due to the ballistic behavior of underdamped
dynamics, which theoretically accelerates convergence to O(v/d/e) compared to the diffusive
O(d/€*) of overdamped dynamics [48, 49]. This allows for a significantly smaller trajectory
length IV to reach the stationary prior, thereby reducing the computational cost for training and
storage.

2. Score estimation error (£s.orc): Employing a constrained forward process with the proposed
landing mechanism allows the model to faithfully capture the intrinsic geometry of ¥. Crucially,
because the landing mechanism analytically handles the ill-conditioned normal component, the
score network s} is only required to learn the smoother tangential component II(z)sl.,. [50].
Adopting underdamped dynamics introduces a trade-off: learning on the extended phase space
potentially increases regression complexity compared to position-only models. However, since
empirical data distributions are usually supported on some data manifold g, C 3, standard
overdamped models suffer from score singularities where |[|sf,.||2 oc O(1/t) near t = 0 [50]. In
contrast, as highlighted in Dockhorn et al. [51], underdamped dynamics yield a smoother training
objective that bypasses this singularity problem due to the existence of momentum variable.

Figure 4 provides empirical evidence of this effect on the volcano experiment. The underdamped
model exhibits Jacobian norms that are several orders of magnitude smaller across all times and,
in particular, does not show the sharp blow-up near ¢ ~ 0 that appears in the overdamped case.
This suggests that ULLA provides a numerically better-conditioned score regression problem,
which can potentially reduce Escore in practice.

Comparison of |Vs?||r

—— ULLA-P
105 —— RDDPM (OLLA-P)

0.00 025 050 075 1.00 1.25 150 1.75
t

Figure 4: Comparison of the Frobenius norm of the score Jacobian ||V s?||  over time on the volcano
experiment. The overdamped RDDPM (OLLA-P) baseline (red) exhibits very large Jacobian norms
and a pronounced singular behavior as ¢ — 0, while the underdamped ULLA-P sampler (blue)
remains several orders of magnitude smaller and shows no blow-up near ¢t = 0. Jacobian is taken
over to position z for the overdamped and to momentum p for the underdamped.
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Algorithm 1 Full Diffusion Pipeline for OLLA / OLLA-P (=RDDPM [34])

1:

2:
3:

AN AN

11:
12:

13:

14:
15:
16:
17:

18:
19:
20:
21:
22:

23:
24

25:
26:
27:
28:
29:

30:

31:
32:
33:
34:

35:
36:
37:
38:
39:
40:
41:
42:
43:

Input: Data distribution ggue,, initial score network sz (z), number of steps N, terminal step NV,
landing rate o, boundary repulsion rate €, constraints h, g.

Options: mode € {OLLA, OLLA-P}, use_curvature € {True, False}

Output: Trained score network SZ(J:), generated sample z(

Part 1: Forward Process (Noising) > Run Forward Process per [ iterations
Sample Zo ~~ (data = 40
fork € {0,...,N -1} do
Compute V f(x), J (1), VJ (), Gax)T, T(zy)
B9 (zn) < xp — 302 At () V f (1) > Prior drift term
if mnode = OLLA-P then > Projection-based noising
Tt < Projg (A9 (zk) + o VAHI(2)C), G ~ N(0, 1)
else > Landing-based noising (OLLA)
if use_curvature then
Tre [T (V20) o T (V20 )17
H(zy) + VJ(mk)TG(xk)TTr
end if
Li(zg) + —aci AtV I (z) T G(zg) 1 (x) > Landing term
kY (z) < 30EAtH (k) > Curvature term
Tht1 ¢ ﬂko(l'k) + Li(zy) + KkO,(l‘k) + O’k\/EH(fL'k)Ck, Ck ~ J\/(O, 1)
end if
end for
N + Projs(zn) > Terminal projection by Newton’s method
Store trajectory {zj }4_,

Part 2: Score Network Training

over N-1 |‘H(’Ek+1)(1k—#z+1(-Tk+1))|‘2
Leem(0) < =0 207, At

Update network parameters: § <— 6 — nVg L5\ (0) > 7 is the learning rate

Part 3: Backward Process (Sampling)
Sample xn ~ py (prior)
fork € {N,...,1} do

Compute V f (1), J (zx), VJ (x1), G(zx)", T(w)

pi (k) = ap + 5oR At () [V f(2r) + 57 (21)]

if node = OLLA-P then > Projection-based variant
Th—1 PI‘OjE (uz(xk) + orV AtH(xk)Ck)

else > Landing-based variant (OLLA)
H(z) <0

if use_curvature then
Tr e [T (V20) o T (V2 1T
H(l‘k) — VJ(xk)TG(xk)TTr

end if

Li(zy) + —ao2 AtV J (z)TG(z)T T (1)

k9 (zk)  $0EAtH (zy,)

Tp—1 < pp(er) + Le(zx) + k9 (2k) + oV AT (2 Cr
end if
end for
xo  Projy(zo) > Terminal projection by Newton’s method
return x
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Algorithm 2 Full Diffusion Pipeline for ULLA / ULLA-P

1:

2:
3:

® A0k

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

20:
21:
22:
23:
24

25:
26:

27:
28:
29:
30:
31:

32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:

43:
44
45:
46:
47:

Input: Data distribution g, initial score network SZ(JU, p), number of steps N, terminal time
T, landing rate o, boundary repulsion rate ¢, friction -y, constraints h, g.

Options: mode € {ULLA, ULLA-P}, use_curvature € {True, False}

Output: Trained score network SZ(J:, p), generated sample xg

Part 1: Forward Process (Noising) > Run Forward Process per [ iterations
Sample x¢ ~ qgaa, Po ~ N (0, I) and set Py < [1(z0)po
T_1 4 To— a%lAtﬁo > Create pseudo-point for first momentum
fork € {0,...,N — 1} do
Compute V f (1), J (x), VJ (x1), G(zx) T, T (ax)
P () (ﬁ“{f’x - ) > Approximate momentum from positions
ay, < e VoRAL
B (2, PYY) =z + oE A () [ar Pt — 02 ALY f ()] > Prior drift term
if mnode = ULLA-P then > Projection-based noising
Tp1 < Projg (g (zr, pR) + op Aty/1 — a@ll(z4)Ck), e ~ N(0, Ia)
else > Landing-based noising (ULLA)
Ha(zk, ), Ha(ar, pp?) 0,0
if use_curvature then
Compute H1, Ho using z, piv
end if
Ly (zx) + aakAtVJ(a:k)TG(mk)TJ(sck) > Landing term
Ko fwa(Th, DY) = =R APV (23)T G (1) [H1 — aHa] > Curvature term
w1 < (@, D) + Li(@r) + 67 pa(@e, 5') + g Aty/1 — a1l (@) G
end if
end for
xN  Projy(zn) > Terminal projection by Newton’s method

Store trajectory {z) }2V_,

Part 2: Score Network Training

under N— 1 1T (k1) (e =iy 1 (Tt 1,2012)) |1
Lewpm(9) < 25— 208, At2(1-aZ_ )

Update network parameters: 0+ 0 — VoL (0) > 7 is the learning rate

Part 3: Backward Process (Sampling)
Sample zn ~ py (prior), py ~ N (0, I3). Set py + I(zN)pN.
TN4+1 — TN + 012\, Atpy CommentCreate pseudo-point for terminal momentum
fork € {N,...,1} do
Compute J(z), VJ (xr), G(zg) T, T(2)

Tk+1 Lk

e < TI(xx) ( =

ai e —yorAt

pit (e, PR = g, — o At () larpp + o AV f (k) + s (zr, BR)))]
if mode = ULLA-P then > Projection-based variant
Tg—1 < Projy, (M”Z(xk,ﬁi“'d) + ok/At(1 — ai)n(xk)@)
else > Landing-based variant (ULLA)
Hl(xkaﬁzvvd)a HQ(xkapl]:;Wd) < 0,0
if use_curvature then
Compute H1, Ho using zg, o
end if
Li(zy) + —ao2 AtV J (z)T G(z)T I (1)
kY (k. PRYY) akAtQVJ(xk)TGT(xk)[Hl + aHs]
L1 pp (e, PRY) + Li(xr) + K (20, ) + op/At(1 — a )T (2 )G
end if
end for
xo  Projs(zo) > Terminal projection by Newton’s method
return xg
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B CONSTRAINED LANGEVIN DYNAMICS
In this section, we review the constrained Langevin dynamics and introduce their landing versions.

B.1 CONSTRUCTION OF OLLA

Notations and Background for overdamped setup. We consider the constrained set X :=
{z e R* | h(z) = 0,g(x) < 0}, assumed to be a stratified manifold R? with rCRCQ satisfied. We
define the stacked active constraint map and its Jacobian as

J(z) == [h(x), g1, (x) + ] e R™ =N v J(2) € ROMFHDxd

where I, denotes the set of active inequality constraints, i.e., I, := {i € [I] | g;(x) > 0}. Denote
the Gram matrix G(z) := V.J(2)V.J(z)T € RO7+LDx(m+IL1) The orthogonal projector onto the
tangent space of T, % := {p € RY | VJ(x)p = 0} is given by I(z) = I — VJ ()" G(x)'VJ(x).
On this manifold ¥, all intrinsic differential operators are defined via the projector II. For a smooth
scalar function ¢ and smooth vector field X on X2, we have

Vso i=T1Ve, dive(X) = Tr(IIVX)

and the Laplace-Betrami operator is Ay ¢ := divs (Vs ¢), where A denotes ambient Euclidean gra-
dient or Jacobian. For comprehensive backgrounds on constrained overdamped Langevin dynamics,
see Chapter 3.2 in Rousset et al. [36].

Proposition B.1 (Construction of OLLA). Consider the following Lagrangian-form constrained
overdamped Langevin dynamics:

dX; = —%a(t)2Vf(Xt)dt + o (t) o dW; + VJ (X)) Td) 3)

where d)\; is the adapted process such that dJ(X;) = —ao(t)2J(X;). The explicit minimum
norm solution of d)\; is given by

d\: = GT(X,) {—aa(t)QJ(Xt)dt + %a(t)QVJ(Xt)Vf(Xt)dt —o(t)VI(Xs) o dWy |,

with G(X;) = VJ(X)VJ(X;)T defined as the Gram matrix. Therefore, the closed form SDE
of (3) is as follows:

_ [e@®)? 2 T i o(t)?
+ o (O)II( X3 )dWre,
where H is the mean curvature correction term defined as

H(x) = —VJ(@)" G (z) [T (V2T (2)T1()) , ooy T (V2 g1, (2)TI(2))] T

Proof. From the Stratonovich chain rule, it holds that
1
—ao(t)?J(Xy)dt = VJ(X;)od X, = —ia(t)QVJ(Xt)V f(Xy)dt+o(t)VI(X;)odWi+G(Xy)ds

Among the many solutions d)\; satisfying the above equation, we choose the (unique) minimum
norm solution of d\; process:

d\ = GT (X)) [—ao(t)QJ(Xt)dt + %a(t)QVJ(Xt)Vf(Xt)dt —o(t)VI(Xs) o dWy| .

We remark that V.J(X;)7d); is unique regardless of the choice of solution d);. Substituting back
to the SDE (3) gives the following Stratonovich version of the unique closed-form SDE:

axX, = - BU(t)QH(Xt)w(Xt) T ao(t)VI(X)TGHX)T(X0)| di + o(TI(X,) o dTs.
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To recover the It version of the closed-form SDE, we observe that the Ito-Stratonovich correction
term coincides with the mean curvature term of a stratum ¥y, := {z € R? | J(z) = 0} and its
representation is given by

o(t)® o (

1 £)? &
3V (eI (o(t)1) = == V(IIT = — ;vmk)nk.

From the same tensor-calculus technique of Equation 3.46 in Rousset et al. [36], we observe that
(VIDII is given by

VI(2)(z)= —VJ(z)"G (z) [Tr (V2 (2)IL(2)) , ..., Tt (Vg1 (2)I(2)) ]
Therefore, this gives the following Itd version of the closed-form SDE:

dX; = — %t)QH(Xt)Vf(Xt) +ao(t)?VJ(X)TGN(X)J(X:) | dt + #H(Xt)dt

T

+ o (OII(X;)dW,.
O

Theorem B.1 (Fokker-Planck equation [52, 25] and the generator [53] on Riemannian manifold).
Let Z, € ¥ be a stochastic process following the SDE:

d
dZ; = Vodt + Y Vi o dBf,
k=1
where Vy, Vi, are smooth vector fields on X for each k € [d] and BF are kth components of

Brownian motion By. Then, the law p; of the stochastic process Z, satisfies the following Fokker-
Planck equation:

d
. 1 . .
Onpr = —dlives(peVo) + 5 D divss(divss (o1 Vi) Vi)
k=1
Also, the generator of L of the corresponding SDE is provided as

d
1
Lo=Voo+5 > Vi(Vio)
k=1
for any smooth function ¢ on 3.

Lemma B.1 (Boundary condition of OLLA). Assuming Xo € Y, OLLA (3) satisfies the following
boundary condition on 0% and property fort > 0:

(1) (Jiy(z),n(z)) =0 ae ondx, (2) Xy €¥ as
where Ji(x) is the probability current density defined by O,p; = —divs(Jy) and n(x) is the

outward unit normal vector on 0.

Proof. First, we show that P(gx(X;) < 0) = 1fort > 0 and k € [I|]. To show this, we define a
convex smooth violation penalty function U¥(z) : R? — R as follows:

2

g—é, 0<r<é
WS (x) == ds(gr(x)), ¢s(r)=qr—20/2, >0
0 r < 0.

Then, ¢; is convex, C', and satisfies
¢5 *l’ (T>+a (,25:5(7") - ]]'{T>0}7 as g \l' 0

with (7)™ := max{r,0}. Now, we observe that, on {gx > 0}, the Stratonovich chain rule (as in
Lemma B.4) gives
dgr(X;) = —ao(t)? (gu(Xy) + €) dt.
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Therefore, applying Itd’s lemma on ¢5(g;(X:)) gives

dos(gre(Xt)) = ¢5(gr(Xe))dgr(X:) + %d)g(gk(Xt)) d(gr(Xt), gx (X))

Quadratic variation=0

= —ao(t)*(ge(Xe) + €)05(gr(Xe))dt.

For the case {g, < 0}, it trivially holds that ¢5(gx(X:)) = 0 with ¢5(gx (X)) = 0. Therefore, the
above observations lead to the following relation for ¢ > 0:

d d

SE[VS(X0)] = 5 El6s(gr(X))] = —ao () °E [(g(X0) + 05 (9r(X0))].

At this moment, we note that the non-decreasing property of ¢4 (r) implies, for Vr > 0,

b(r) = /Orabg(s)dss /Orcbs(r)dsg(we)ass(r) S ) < (k@) + O (ge(a))

where the inequality ¢s(r) < (r + €)@} (r) also holds trivially for » < 0. Hence, we finally have
d

@E[‘I”g(Xt)] = —ao(t)’E[(ge(X:) + €)95(9r(Xe))] < —ao()’E[Ws(Xy)]

and the Gronwall inequality gives
0.< E[U5(X,)] < e Jo O E[WE(X0)] =0 (- Xp € E)

which leads to (gx(X:))+ = 0 = gx(X¢) < 0 for k € [I] by letting § | 0 and applying the
monotone convergence theorem. This proves P(g(X;) < 0) =1fort > 0and X; € ¥ a.s.

Next, we prove (Ji(z),n(z)) = 0 for x € 93. We first observe that Theorem B.1 gives the
following Fokker-Planck equation for g(z) > 0:

2 2 d
Oipy = —divy <Pt {UQsz - CVOQVJTGTJ}) + % ZdiVE(diVE(ptfk)fk)
=1

: o? 20 1T A o?
= _d|VZ (pt |:—2ng —aoc*VJ' G J:| - 2V2pt) s

where f}, := Ile;, and ej, being the k-th standard basis of R¢. Also, we remark that the last equality
holds using the property:

d d

d
> diva(pefi) i =Y _(Vspr fi) e+ pe Y divs(fi) fx = Vspr.
k=1

o= k=1 k=1

=0
Therefore, the probability current density J; is given as follows

0—2 02
Jp = —p: |:QVZf + OZO’QVJTGTJ] - 7vzpt7
and we have
d .
0=2 / pu(@)dos = — / divs,(J (2))dos = — / (i), n(x))doos
dt Jx, 5 %

= / apio? (VITGT I n) dogs > 0.
o N——
>0

This implies p; = 0 a.e on 9% and the following boundary condition holds almost everywhere on
1)y

2 2
(Jo,n) = (ps {—‘;vgf - aaQVJTGTJ} - %vzpt,m = —acp (VITGT I n) = 0.

O
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Lemma B.2 (Huang et al. [25]). Let {fk}zzl be a set of vectors defined by fi, = I1(x)ex, where
II(z) is the orthogonal projector onto T, Y. and ey, is the kth standard basis vector of R%. Then, it
holds that

d
> (divs fi) fi = 0.
k=1

Proof. Let r be the rank of the VJ(z) and {ni(x),...,n,(x)} be an orthonormal basis of
Im(VJ(x)T). Since II(x) is the orthogonal projector onto the tangent space, it can be written
using the projector onto the normal space as:

x)=1- an(x)m x
=1

Note that by definition, n;(z) € Im(VJ(x)T) implies n;(x)TII(z) = 0 for all I € [r].

Next, we define a vector field F(x) by F(z) = II(z)dive(Il(x)) where (diveIl(z))r =
divs(fi(z)) for the vector field fi(z) = Il(z)Te, = I(z)er. With this definition, we have

divsIl = — Y7/, divs(nyn{) and observe that for any component index k € [d],
d d
(diVE(nlan))k =Tr (HV(nmlTek)) = Z HU nl]mk Z ” (9 Tll] nig + H”nl] (8 nlk)]
ij=1 g=1
(dIVEnl nig + Z nl 8 Ny = (dIVz]nl)Tle,
\\,_/

i=1 -0

where we used the property that n; is orthogonal to the tangent space (anH = 0). From this fact,
we have the following result:

divsIl = =) “divs(nn/) = =Y (diven)n, = F = Idivy (1) = — Z(oﬁvznl)@L =0.
=1 =1 =1 =0

Finally, the definition of F’ gives 22:1 (divs fx) fr = F, which is zero by the argument above. [J

Theorem B.2 (Stationarity of OLLA). Assume o (t) is constant for Vt > 0 and Xy € X. Then,
OLLA (3) has the following stationary distribution px, with respect to measure dox,:
1
ps(z) = =—ef@ ze¥
Zs,

where doy, is the surface (or Hausdorff) measure on % and Zs, := fg e @ doy, is the normal-
ization constant.

Proof. To prove stationarity, we observe that

d .
[ condos = 5 [ opdos = [ 0o =~ [ saivs(idos = [ (5 Vs0)dos
z z ) z P

where the last equality comes from the boundary condition in Lemma B.1. Since J; is given by

2 2

Ji = _% (pVsf+Vsp) = —%e_fvz(p@f),

on the interior of X, we conclude that

2
/£¢Pzd02 =/<Jt,VZ¢>dUZ Z—U*/<€_fovvz¢>d02 =0,
) ) 2 Js

where J; = 0 due to the fact that ps; oc e~/. This proves that py; is the stationary distribution of the
OLLA. O
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B.2 CONSTRUCTION OF ULLA

Notations and Background for underdamped setup. In the constrained underdamped Langevin
case, assuming Xy € 3, the natural space of (X;, P;) is the cotangent bundle T*%Y :=
{(z,p) e R xR |2 € £,(VJ(x),p) =0}, where & := {z€R?|h(z)=0,g(z) <0} is
a stratified manifold. = Because there is no boundary for the cotangent space T,%X :=
{p e R | (VJ(z),p) = 0}, the boundary of T*¥ is given as 9T™*% = O x T ¥. In this cotangent
bundle T"*3, the canonical reference measure is the Liouville (symplectic) measure o7y defined
as dop«x(x,p) := dox(r) ® dp(z) with dox, the surface measure on ¥ and dp(z) the Lebesgue
measure on the cotangent space 7Y induced by the inner product (u, v) = u”'v.

For the notations, we write Vy and divy, for the intrinsic gradient and divergence in x, and
Vs, divr:s for the intrinsic gradient and divergence in p. Under these notations, for a smooth
function ¢ and smooth vector field X on ¥, we have
Vs¢ =11V, ¢, divg(X) = Tr (IV, X)

Similarly, for a smooth function ¢ and smooth vector Y on T, %, we have

Vrssth = UV, divr:s(Y) = Tr(IIV,Y),
where V, and V, represent ambient Euclidean partial gradient or Jacobian operators with respect
to x or p. Also, the global gradient with respect to or«x. is given by Vy«n¢ = [V ¢, VT;g(b]T for
any smooth function ¢ on 7% and the global divergence with respect to op+x can be represented
by divy-s ([V7, VP]T) = divs (V*) 4 divyss (V?) for any smooth tangent field [V*, VP]T € T*3.
For comprehensive backgrounds on constrained underdamped Langevin dynamics, see Chapter 3.3
in Rousset et al. [36].

Proposition B.2 (Construction of ULLA). Consider the following Lagrangian-form constrained
underdamped Langevin dynamics:

dX; = o(t)?Pdt + VJ(Xy)Td)\ @
dP, = —o(t)?°V f(Xy)dt — o(t)*yPydt 4 o(t)\/27 0 dW; + VI (Xe) T dps,
where d)\;,dpy are the adapted processes such that dJ(X;) = —ao(t)2J(X,) (position con-

straint) and V J (X)) P, = 0 (momentum tangency constraint), respectively.
Assuming V J(Xo) Py = 0, the explicit minimum norm solution of d)\;, duy are given by
d\; = — ao(t)2GT(X,)J(X,)dt
Ay =GT(X)VI(X) [o(t)2V f(X) + o ()Pt + o(t)y/27 0 AW, | +
G (Xy) [0 (t)*Ha(Xe, Pr) + ao(t)?Ha(Xe, Py)] dt,

where G(z) := VJ(x)VJ(2)7T is the Gram matrix and 1(z) = [ — VJ(2)TGT (2)VJ(2) is the
tangential projection map.

Therefore, the closed form SDE of (4) is given as follows:
dX, =o(t)?Pudt — ao(t)?VJ(X)GT(X,)J(Xy)dt
dP, =I1(X,) [fcr(t)2v F(X2) — o(t)2YPudt + o (t)/27 0 th]
—0(t)*VJ(X)TGN(Xy) [H1(Xe, Pr) — aHo(Xy, Py)] dt
where H; € R™t=l 3, € ROHILDX(mHE) gre the curvature correction terms defined as
[Hi(z,p))i == p" V> Ji(2)p,
[Ha(z,p))s = p" V2Ji(2)(VJ (2)T G (2) T (2))
with [H1(z, p)li, [Ha(z, p)|; being the ith entry and column of H1(x,p), Ha(x, p) respectively.
Proof. From the the Stratonovich chain rule, we observe that
—ao(t)?J(Xy)dt = dJ(X;) = VJ(X;) 0 dXy = o(t)? VJI(Xy) Py dt + G(X¢)d;.
T

=0
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Because the initial condition gives V.J(Xy)FPy = 0 and dyu; imposes d(VJ(X;)P;) = 0, the first
term becomes zero and the minimum norm solution of d\; simplifies to

d\ = —ao(t)2GT(X,)J(X,)dt.

To find the explicit minimum norm solution for the process du:, we consider the momentum tan-
gency constraint V.J(X;)T P, = 0. Using the Stratonovich chain rule again, we have

0=d(VJ(X,)P) = PIV2J(X;)dX; + VJ(X;)dP;.
By substituting d X; and dP;, the previous equation simplifies to
0=P/V?J(X;) [o(t)*Pudt + VJ(X)TdN¢]
+VJ(X,) [—U(t)QV F(Xe) — o) 2y Pudt + o (t)\/27 0 AW, + VJ(XgTdM}
=[0*H1 — ac?Hy — 0*VIV [ — o*yVIP] dt + oV J\/2y 0 dW; + Gdy,.
This gives the following minimum norm solution of d;:
due = GT [0?VIV f + 0*yVJIP; — 0*Hy + ac®Ha| dt — 0GIV I /27 0 dW,.

Therefore, we recover the following d.X;, dP; by plugging the adapted process d\;, du; into the
previous equations:

dX; =o(t)?Pydt — ao(t)?VJ(X)G(X,)J(Xy)dt
dP, =I1(X,) [—a(t)2v F(X0)dt — o(t) >y Pdt + o(t)y/27 o th}
—o(t)*VI(X) TGN (Xy) [Hi(Xy, Pr) — aHa(Xy, Py)] dt.

We note that this is the unique closed form SDE because V.J(X;)?d\; and V.J(X,)T dy, are unique
among many solutions d)\;, du; satisfying the properties.

Finally, we observe that the Itd-Stratonovich correction term %(VB)B = 0 where B =

[0,0v/27I1)7 € R2?¥4 ig the diffusion matrix. This is because the position entries of B are zero
and the momentum entries of B depend only on position. Therefore, we have the same formula on
the It6 version of the above Stratonovich SDE. O

Lemma B.3 (Boundary condition of ULLA). Assuming Xo € ¥ and VJ(Xo)Py = 0, ULLA (4)
satisfies the following boundary condition on 0% and property fort > 0:

(1) (Ji(z,p),n(z)) =0 a.eondT"E, (2) (X, B) € T*Y,

where Ji(x) is the probability current density defined by 0ip; = —divs(Jy) and n(x) is the
outward unit normal vector on 0T* 3.

Proof. First, we prove P(gi(X:) > 0) = 0fort > 0,k € [I]. In particular, this implies (X¢, P;) €
T*% as. for all t > 0. To show this, we observe that Lemma B.4 gives

dgp(X,) = —ao(t)*(gre(X,) + €)dt

for {gx > 0}. Thus, the same proof introduced in Lemma B.1 gives P(g(X;) < 0) = 1fort > 0
and, therefore, we have (X, P;) € T*X¥ a.s fort > 0.

Next, we show the boundary condition of this SDE. To demonstrate this, we first formulate the SDE
of ULLA in the following form:

2d
dZ; = Vodt + Vi o dBf
k=1
with Z, := [Xy, P]" € R¥, Vy(z,p) := [02p — ao®VJGTJ, —c*1IV f — o?y1Ip + /ﬂT € R,
and Vi (x,p) = [0, Beg] € R?, where k := —02VJTGT [H; — aHs) is the curvature correction
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related term and B := oIly/2vy. Now, we use the Fokker-Planck equation on the interior of 7*%
(Theorem B.1) applied with divy+y, and this gives the following equation:

2d
8tpt = —diVT* (,OtVO ZdNT* dIVT* (pth>Vk)
k 1
where
—divps(p:Vo) = —divs (p; (02]0 — aaQVJGTJ)) —divr:s (pt (—O’ZHVf — o?~IIp + Ii))
and

2d

1.
- ZdIVT* dIVT* pth Vk ZleT* Bek, vT;EPt>Bek) = levT;E ((BBT)VT;Ept) .
k 1

Therefore, we recover the following equation:
Orpr=—divs(p; (02p — aaQVJGTJ))

=J7 (2,p)

— disz*E Pt (*0'2HVf — Uz’YHp + K — UQ’YHHTVT;Ept)

=Jf (x,p)
= —divyes ([JF, J7") = —divp-x(J;)
Finally, we observe that, on the boundary 07*% = 0% x T3, the outward normal is given by
n=[ng, O}T € R?? with n,, being the outward unit normal vector on 93. Therefore, we have

d

= */ pi(x,p)dorss = — divp.s(Ji(z,p))dor-s = —/ (Je(x,p),n)ydoar+x
dt Jpes oT*%

T3

= —/ (JF (z,p),ng)dosrs = —/ (pt (02;0 — aaQVJGTJ) , N )dogr+x
aT*% aT*%

= 0402/ Pt (VJGTJ, Ng) dogres
oT* T

and it implies p;(z,p) = 0 a.e. on OT*X. Lastly, we conclude the proof by observing that the
following holds a.e on 0T*%

(Je,n) = (JF na) = (pr (0%p — a0®VIG)) \ny) = —a0®p (VI G I, n,) = 0.
O
Theorem B.3 (Stationarity of ULLA). Assume o(t) is constant for ¥Vt > 0, Xy € %, and the

tangency constraint VJ(Xo)Py = 0 holds. Then, the ULLA (4) has the following stationary
distribution pr~x, with respect to the measure dop=x:

1 1 x
presiep) = —esp (~1(0) - 3IblR) . (@p) €T

11p)2 .
where doT-x; is the Liouville measure on T*Y. and Zr+x, := fT*E e(_f(z)_2 “p“2)d0T*g is the
normalization constant.

Proof. First, from Lemma B.3, we know that the SDE of ULLA can be rewritten as follows on the
interior of 73 :

2d
dZ; = Vodt + Y Vi o dBf
k=1
with Z; := [Xt,Pt]T € R4, Vy(x,p) := [UQp, —0?IIVf — o?~1Ip + /i]T € R??, and Vi, (z,p) :=
[0, Bex] € R%, where k := —02VJTGH, is the curvature correction related term and B :=
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olly/27. Therefore, Theorem B.1 gives the following generator £ for any smooth function ¢ on
T3

2d
£6=Voo+ 3 3 VilVeo).
k=1

Because we have
Voo = (Vso,0°p) + (Vrrné, —0’IIV f — o*y1p + k)

and
d

2d d
% > Vi(Vig) = % > (Bex, Vy ((Bex, Vo)) = % > (V2¢Bex, Bey) = o?yTr (IIV})
k=1 k=1 k=1

on the interior of T*3, we can simplify L¢ as follows:

‘C¢ = 02 <VE¢,]9> - <vaa VT:E¢> + <"{a VT:E¢> +v (ATT*E¢ - <VT,:E¢))p>)7COU¢

Lo

where we used IIp = p (tangency constraint) and Ar-s¢ = divy:s(ITV,¢) = Tr (HV%(;S). Next,
we note the following identity:

divz-s <€fupu2/sz;E¢) — —lpl?/2 (Arisd — (Vresnd,p)) .

Under this identity, we observe that

Loupr-sdor-s = 7/ (Ar:s¢ — (Vreso,p)) e Hdopes =0
-5

T*%
where H := f(x) + %H p||? and the last equality holds because 7.3 does not have boundary and
dor-x(z,p) := dos(z) @ dp(z) holds. Lastly, we define X := [p — aVJGTJ, ~IIV f + H]T €
R?4 50 that X = [p, IV f + n]T and Ly¢ = (Xpy,Vr-n¢) at the interior of T*3. Then, we
have

(Xe, VresH) = (p, Vs f) + (-IIVf + k) lp = (Vs f —1IV ), 1Ip) + (x,1Ip) =0,
——

=0 =0

where the last equality holds due to tangency constraint of p. In addition to this, the following
identity holds on the interior of T*X due to Liouville’s theorem, which is the preservation prop-
erty of Liouville measure on 7% under the constrained Hamiltonian field (see Chapter 1.2.2 and
Proposition 3.46 in Rousset et al. [36]):

divr«s Xy = diVE(p) + diVT;2 (7HVf + Ii) = 0.

Hence, using these properties and p7-x; oc e, we have

1 .
Lovopr-sdor-s; = / (Xu,Vreso)pr-sdor-x W _/(bdNT*E (pr+sXg)dor-x

T*% 5))
= */ ¢ | (Xu,Vrespr-s) + divr«s(Xn) pres | dor-s
*3 \__f:r__/

@ _
= ¢pr-=(Xu,Vr-sH)dors = 0,

T*%
where (1) comes from the boundary condition in Lemma B.3 and (2) comes from the fact that
—VresH =Vr-sInprs = Vrespr-s/pres.

By combining the observations above, we have
Lopr-sdor-s, = Lovopr-sdor-s + Luppr-sdor-s =0,
T*% T*5 T*%
which proves the theorem. O
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B.3 PROPERTIES AND BACKWARD PROCESSES OF CONSTRAINED LANGEVIN DYNAMICS
WITH LANDING

Exponential decaying properties of constrained Langevin dynamics with landing Due to
our previous construction, the landing term —a'V.J(X;)GT(X;)J(X;) appears on both constrained
overdamped or underdamped Langevin dynamics so that the processes always satisfy dJ(X;) =
—ao(t)2J(X,) deterministically V¢ > 0. Therefore, even if X, ¢ 3, the process can approach 3
exponentially fast as illustrated in the following Lemma B.4.

Lemma B.4 (Exponential decay of constraint functions). Let J(x) be the constraint function vec-
tor defined as

J(x) = [hl(x)ﬂ coog) hm(:c),g“ (CU) + €, "'agiuw\ (:L') + G]T € Rm+|[z| (5)

where h : R* — R™ g : R? — Rl are equality and inequality constraint functions respectively,
and I, := {i € [l] : g(x) > 0} is the active index set of inequality constraints.

Under this setup, the constrained Langevin dynamics (3 or 4) satisfy the following constraint
satisfaction property almost surely:

hi(X:) = hi(Xo)e 5@ £ >0

and

9(X1) = —e + (g;(Xo) + )e 5O, ¢t <7,
g;(Xy) <0, 12> Tje,

where S(t) := fot o(s)?ds and 7} . is defined to be

Tie = inf{t >0[8() >+ (M})“ﬂ Vj € L.
[0

€

Proof. From the Stratonovich chain rule, it holds almost surely that
dJ(X,) = VJ(X;) 0dX, = —ao(t)?J(X,)dt.
For each equality constraint /;, the component is active for V¢ > 0. Therefore, we have:
dhi(X;) = —ao(t)?hi(X,)dt

and solving this ODE yields:

hi(Xy) = hi(Xo)e Wt >0.
For the inequality constraints, we fix j € Ix, := {j € [I] | g(Xo) > 0}. While the j-th inequality
is active, we have J,,,4; = g; + ¢ in the constraint vector, and the same chain rule gives

d(g;(X¢) + €) = —ao(t)® (g;(X¢) + €) dt.

Hence, before time ¢ < 7; . := inf {t >0|S(@) > éln (@) }, we have

9i(X2) = =€+ (g;(Xo) + ) e >,

After t > 7; ., the particle X; is instantaneously repelled into the interior of > whenever it hits the
boundary 9%. Therefore, g;(X;) < 0 holds for ¢t > 7; . O

Backward process on manifold Now, we discuss how to construct the backward process of the
proposed constrained Langevin dynamics. Define M C R” to be a smooth, compact, embedded
Riemannian manifold endowed with an induced metric, and we restrict the choice of M to be either
M=% (D=d)or M =T*E (D = 2d). For z € M, let Il be the tangential projection map on
M. We consider the stochastic process X; ~ ¢; driven by the following Stratonovich SDE on M
with Xo ~ g0 = qaaua:

dXt = H(Xt)b(Xt, t)dt + H(t)H(Xt) o th, te [07 T} (6)
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where b(y,t) : M xR — RP, k(t) : R — RP*P are the drift vector and diagonal diffusion matrix
for the corresponding SDE. In practice, x(t) : R — RP*D s chosen to satisfy X7 ~ g7 = Pprior
with pprior being the easy-to-sample prior distribution on M and T the terminal time for sampling.

i
Then, Lemma B.5 shows that the stochastic process X; ~ p; driven by the following Stratonovich
SDE becomes the backward process of X;:

+— — «— “— “— _
dXt = H(Xt) _b(Xt7 T— t) + KZ(T - t)zv In QT—t(Xt) dt+K](T—t)H(Xt)Oth, t e [O, T]
(7

It is assumed that the forward process (6) and the backward process (7) have the same boundary
conditions, so that ¢; = pr_; holds for ¢ € [0, T.

=
Lemma B.5 (Backward process verification). Let Xy, Xy € M be the stochastic process driven
by the forward process (6) and the backward process (7), respectively. If qr = po and the bound-
ary conditions of q; and pr_; appearing in the Fokker-Planck equation are the same, then the
following relation holds:

qt(z) = pr—i(x), xeM, te|0,T],

+—
where q;, p; are the probability densities of each Xy and X.

Proof. Let Vo, := IIV and divy, be the intrinsic gradient and divergence on M, and let
Ap = diva(Vaqge) be the intrinsic Laplacian operator on M. From Theorem B.1 with
Vo(y,t) = I(y)b(y, t), Vi(y,t) = k(t)II(x)e, and ey being kth standard basis of R, the Fokker-
Planck equation of (6) is given by

D
. 1 . . . 1
Orqr = —diva(q:Vo) + 3 D diva(divag(g: Vi) Vi) = —diva(gTTb) + iﬁ(t)QAMQt,
k=1
where we used the property Zk[-)=1 divag (divag (g ller ) (Ileg)) = Appz.

-
Now observe that the process X ; driven by (7) has the following drift and diffusion term:

Voly:t) = I(y) [~0(y, T — t) + (T = )*Vaqglngr—(z)],  Vily,t) = 9(T — )II(y)ey..
Therefore, Theorem B.1 again implies the following Fokker-Planck equation:

d

. ~ 1 . . ~ =
Opr—t = —0sps |s=1—+ = diva(pr—+V0) — 5 > div (diva (pr— Vi) Vi)
k=1

. . 1

= —diVaq (pr—110) + £ (t)*diV At (gr—t V s Inpr—y) — iﬁ(t)QAMpT—t
. 1

= —dIVM (pT_tHb) + iﬁ(t)zAMpT—t-

In the case of manifold with boundary, it is assumed that the boundary condition on the Fokker-

—
Planck equation of ¢; and pp_; are the same and g7 = pg. This implies that X, achieves the desired
property as stated in the theorem. O

Backward process of Constrained Langevin with landing From Proposition B.1, we note that
the forward process X; ~ q; of OLLA is given as follows in the interior of >
1
dX, = _ia(t)zﬂ(Xt)Vf(Xt)dt + o (H)IL(Xy) o dW,.

Therefore, applying Lemma B.5 on the interior of ¥, the backward process of the OLLA is given as:

— 1 9 — — +— — _
dX, = So(T = )I(X,) |VF(X0) + 2V Igr_(Xo) | di + o (DI(X,) o dW,.
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Now, we note that the similar construction and proof provided in Proposition B.1 and Lemma B.1

can demonstrate that adding the landing term —ao2V JGTJ to the previous SDE enforces it to have

the same boundary condition ({J;,n) = 0 a.e on J%) imposed on the forward process. Therefore,
—

the backward process X is given as:
< 1 o s — 9 <.r — —

— — _
+ H(X)dt + o(O)I(X ) o dWy, (Stratonovich-sense)

o(t)®
2
which is equal to the following It version SDE involving the It6-Stratonovich correction term :

X, :%U(T —PPTI(X) {v F(X)) +2Vin qT_t()?t)} dt + %U(T C02H(X)dt

— — — — _
—ao(T —t)*’VJI(X)TGHX ) J(Xy) dt + o(T — t)IL(X,) o dW. (Itd-sense)

Landing term

«
Similarly, from Proposition B.2, the forward process [X;, P;]T ~ P; of ULLA is given as below in
the interior of X:

dX, =o(t)*Pydt
dP, =I1(X,) [U(t)2 [V f(X,) — AP dt + o(t)\/27 0 th]
—a(t)°VJ(X) TGN (X )H1(Xy, Py)dt.

—
Therefore, Lemma B.5 again implies that the following stochastic process [X ¢, P¢]T ~ p; becomes

the backward process of X; on the interior of X:

— —
dX;=—o(T —t)?P,dt

— — 9 — — — _
dPt :H(Xt) |:O'(T— t) [Vf(Xt)dt + ’thdt + 27Vp In QT,t(Xt, Pt) dt +O'(T— t)\/ 2’7 o th

9 — T — i~
+0(T —t)?°VJ(X)TGT (X )H1 (X, Py)dt.

Also, the similar construction and proof in Proposition B.2 and Lemma B.3 show that adding both
the landing term —ao?V.JGTJ and the corresponding landing correction term +ac?V.JGH, to
the previous SDE imposes the same boundary condition as in the forward process. Hence, the

—
backward process [X ¢, P;]7 is provided as:

— — <~ — —
dX; = —o(T—1)?Pydt —ao(T — t)>VJ(X)GT(X,)J(X¢)dt

Landing term

— — — — — _
dP; :H(Xt)[U(T— t)? [Vf(Xt)dt + Y Pudt + 29V, Ingr_ (X, Py) | dt +o (T — t)/2y o dW;

9 — T — = = = =
+0(T —t)°VJ(X)TGT(X,) |H1(Xe, Py) + oHo(Xy, Py) | dt.
N—————

Landing correction term

Because the Itd-Stratonovich correction term vanishes in the underdamped case Proposition B.2,
the It version SDE can be recovered from the Stratonovich version SDE by chaining o to - in the
Brownian motion term dW;.

B.4 DISCRETIZATION OF CONSTRAINED LANGEVIN DYNAMICS
In the discretization setup, we use a uniform grid ¢, = kAt for k = 0,.., N with terminal time

T = NAT. The forward trajectory uses state notations Xy, := X;, (or [Xy, Pr]T = [Xz,, X1, ]7)
and updates in ascending index as Xj < Xj41 + .... The backward trajectory is written in
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— — —

descending index, using states X}, := X7y, (or [X;, P/]T = [X1-4,, Pr—1,]7) and updating
as Xj, < X, +... fork € {N —1,..0}. We define the noise schedule in continuous time and
evaluate the schedule on the discrete grid. This yields

U(t) ‘= Omin + ? (Umax - Umin) 5 O = U(tk) = Omin + N (Umax - Umin) .

We also denote gy, py, to be the probability densities of X}, (or [X}, P¢]”) and X}, (or [X},, P}]T) so
that qk = Qi and Pk = PT—t-

Discretization of OLLA  For the discretization of OLLA, we use straightforward Euler-
Maruyama (EM) discretization.

Discretization of Forward OLLA  Recall that the Itd version of the forward process SDE is
provided as follows:

o(t)®

0, =20 (1109 £ (0,) — a0 (0290761 (600 ()] i +

+ o (OII(X,)dW;.

Therefore, the EM discretization of the forward process SDE becomes:

H(X,)dt

02
Xip1 =X5 + 7’6 [T X)) V(X)) — aop VI (X)) TG (X)) T (Xk)] At

2
+ %H(Xk)m + op VAITI(X3) G, (Forward-OLLA)

where (. ~ N (0, I) is the standard Gaussian noise.

Discretization of Backward OLLA  Similarly, we note that following the backward SDE
— 1 9 — — — 1 9 —
dXt :iU(T—t) H(Xt) |:Vf(Xt) +2V1an_t(Xt)] At"— 50’(T—t) H(Xt)dt

— ao(T = )2VI(X) TGN (X ) J(X1)dt + o(T — HTI(X;) o dWW,

can be discretized as follows:

— — 1 9 — — — 1 9 —
th+1:th + §U(T— tk) H(th) |:Vf(th) + 2V ln QT,tk (th):| At + 50’(T— tk) H(th)At

“— — — — _
—ao(T —t3)?°VJ(X 1) TGN (X, T (X 1) At + o (tp) VATI(X 4, ).
In our notation, this is equivalent to
1 1
X =X}, + 50,3+111(X,;+1) [V (Xpp1) +2Vinges1(Xp )] At + §az+1H(X,;+1)At
—aop 1 VI(Xiy) "GN Xy )T (X)) AL + 03t VAT XG4 1) Gy
(Backward-OLLA)

by changing k < N — (k + 1).

Discretized algorithm of constrained overdamped via Lagrangian multiplier =~ When we are
available to use Newton’s method, we replace the explicit normal drifts H, —aVJT G'.J terms by a
position projection via Lagrangian multipliers A at each step so that J(x) = 0 is satisfied. Under this
way, we recover the following discretization of constrained overdamped Langevin dynamics using
Lagrangian multiplier:

2
X1 =X — %H(X}c)Vf(Xk)At + oV Aﬂ_[(Xk)Ck + VJ(Xk)T)\k (Forward-OLLA-P)

with Ay such that J(X}41) = 0. Similarly, the backward process can be obtained in a similar way
as follows:

1
X, =X/ 1+ §UZ+1H(X;{C+1) [VF(Xfi1) + 2V gt (Xppr)] At + 0t VAHL(X] 1) Chiy
+ VI(Xfp) Aot (Backward-OLLA-P)
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with A\g41 such that J(X;) = 0.

Discretiztaion of ULLA  For the discretization of ULLA, we use a 1st order OBA splitting
scheme which uses an approximated B process to compute the curvature correction term at P
with O(At) error. When discretizing, we use a collapsing technique to remove the momentum up-
date rule. Because this collapsing technique requires saving only the position X}’s. it is beneficial
for saving memory, especially when saving forward trajectories is necessary.

Discretization of Forward ULLA  From the previous subsection, we recall the following Itd
version of the forward process SDE:

dX; =0 (t)*Pudt — ao(t)V.J(X)GT(X4)J(Xy)dt
AP, =TI(X) [a(t)2 [V F(X2) — vP) dt + (1) /27, th]
—o(t)?°VJ(X)TGHX,) [Hi(Xy, P) — aHa (X, Py)] dt.

Under OBA scheme, this can be split into three parts O, B, A as follows:

O'{dPt = — o () T(X, )y Pdt + o (H)TI(X,)\/2vdW; +
B, {dXt =0 N
" dP = — o (t)? (IN(Xy) VF(Xy)dt + VI(X)TGHXy) [Ha(Xe, Pr) — aHa (X, Py)] dt)

e {dXt =0 (t)2Pudt — ao(t)?V.J(X,)GT(X,)J(X,)dt
" 1 dP, =0.

First, we integrate O step from ¢ = tj, to t = t;1 with X; and o(¢) frozen at t = t;. Then, it gives
X2 =Xy,
P2y =(1 = T(Xp)) Py + arll(Xp) P + (/1 — a211(Xk) G = arll(Xi) P + /1 — a2I1( Xk )G

where a;, := e~77cA and we used the assumption that P, € T'x, 2, while will be guaranteed on the

collapsing technique. Next, we integrate B step with same integration domain with X, o(t) frozen
at t = t;.. Then, we have:

{XkJrl =X +0=Xp,
PPE =PP — o (Xy)Vf(Xy) At — o7V I (Xi)TGT(Xy) [H1( Xk, Pe) — aHa (X, Py)] At.
Similarly, integrating A step with frozen Xy, o(¢) gives :
{Xk+1 _Xk+1 + 02POB At — a2V J(X1)TG(Xk) J(Xi) At
Py Pk+1 +0= 1<O+B1a

which is equivalent to

Pk+1 :H(Xk) [akPk — O’]%Vf(Xk)At + 1-— a%(k]
— aiVI( X)) TGN (Xy) [H1( Xk, Pe) — aHo(Xy, Py)] At
Xpy1 =X + 02 Pop1 At — a0 VI (X)) TG(Xe) T T (Xy) At

We note that this can be collapsed into one update rule with respect to X state as follows:
Xk»Jrl = X3 +O']2€AtH(Xk) {akPk —U;%Vf(Xk)At'f‘ 1 _aigk]

— ao2VJI(Xp)TG(X1)TT(Xp) At — o APV I (X)) TG(Xp)T [H1 (X, Py) — aHo(Xy, Pr)] -

Also, we observe that P, can be recovered as P, = II(Xj_1) (%

AT ) from the previous re-
k—1

cursion which again can be approximated by Py, ~ Py := II(X}) (%) with error O(At),
k—1
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guaranteeing the 1st order numerical error and P, € T'x, X assumption on O step. Therefore, the
final update rule for the forward process of ULLA becomes:

Xp1 = Xg + op AtII(Xy) {akﬁk — 0iVf(Xp)At + /1 — ai(k} (Forward-ULLA)
— ad?VI(X)TGXR) T (XR) AL — o2 ARV I(X) TG (X)) [Hl(Xk, By) — aMa (X, ﬁk)}
with By, := T1(X}) (%) for k € {1,..,N —1} and By = TI(Xo)¢ € T, where ( ~

k

N(0, 1).

Discretization of Backward ULLA  For the discretization of backward process SDE, we recall
the following backward process SDE of ULLA:

dX, = — o(T — £)*Pedt — ao(T — )>VI(X) G (X ) J(X,)dt

— — — _
dP, =TI(X,) {U(T— t)? {v FOX)dE + 7 Prdt + 29V Ingr_ (X, Pt)] dt + o(T— t)\/27dW,

“— Tt — —
+0'(T—t)2VJ(Xt) GT(Xt) [Hl(Xt,Pt) +O/H2(Xt,Pt):| dt.

~ < < ~
For the backward process of the OBA scheme, the 20 (T — t)?II(X )y P; is added to B step to
guarantee the stable non-exploding OU process at O step. We remark that the similar trick to handle

O step was previously used in Dockhorn et al. [51]. Under this technique, each O, B, A steps can
be given as follows:

fax, =0
O. <+~ —
dP; = — o(T — t)*TI(X )’yPtdt +o(T Xt v 2ydW,
X, =0

—

“— o +— — “—
B . dPt :U(T t) H( ) <Vf(Xt) + Q’va lIqu_t(Xt,Pt) + 2"}/Pt> dt +

— T — —
+ VJ(X,) GT(Xt) {Hl(Xt,Pt) +a7—lg(Xt,Pt)} dt

< — < — <
N dX, =o(T —t)* <—Ptdt — aVJ(Xt)GT(Xt)J(Xt)dt)

«—
dPt :O

-
Integrating O step from ¢t = tj, to t = t;41 with X; and o(T — t) frozen at ¢ = ;. Then, it gives

«O0 —

th+1 :th

~O0 — 5 «—
Ptk_,_l :aN*kH(th)Ptk + \/ 1- a’kaH<th)Cka

2 . . P . .
where any_;, = e V7N kA and we again used the assumption that P, € T)? >, which will be
tk
guaranteed via the collapsing technique later on. Next, integrating B step with the same integration
—
domain with X, o(t) frozen at t = t;, gives:

«OB O

“
th“ :th+1 +0 =Xy,

+O0B O ) — — — o« —

Py =Py, oy Xy, (Vf(th) + 29V Ingr¢, (Xy,, Pr,) + 27Ptk) At

9 S oor TH — —
+oy_p VJ(X:) G'(Xy,) [’Hl(th,Ptk) +Oé7'[2(th,Ptk):| At
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—
Similarly, integrating A step with frozen Xy, o(t) gives :

« OB

— ~ “— — —
th+1 :th+1 —szvkakOBAt—aa?vkaJ(th)TG(th)TJ(th)At
- « OB OB

Ptk+1 :Ptk+1 +0= Ptk+1

which is equivalent to
— — — 9 — — o« —
Ptk+1 = H(th) aN—k’Ptk + ON—k Vf(th) + 27Vp In dT—ty, (thﬂptk) + 27Ptk At

—  _ — — — —
+ \/ 1- a?V—kH(th)Ck’ + UJZV—kVJ(th)TGT(th) [Hl(th rPfk) +O‘/H2(thvptk):| At

— — 5 — 5 S S i —
th+1 :Xt 7O—N—kptk+1At7aUN—kVJ(th) G(th) J(th)At

k

— —
. = = < Xep 1 —Xep
Similarly as before, we note that P;,, can be recovered as Py, , = II(X,,_,) oL At

. . . . < < X, —X ‘
from the previous recursion, and it can be approximated by Py, , ~ II(Xy,) (H) with
N—k+1

O(At) error. Therefore, we can collapse these two position-momentum updates into one single

pad
position update with approximated Py, , as follows:

— — — _ — < <
th+1 = th, + O—J2V7kAt\/ 1- a?\l—kH(th)éhk - ao’IQ\/kaJ(th)TG(th)TJ(th)At

9 — < 9 — — & «

— O'N_kAtH(ka) |:aN_thk_ + JN—k <Vf(th) =+ 2"}/ (Vp lan—tk(thaPtk) + Ptk)> At:|
4 5 < 7 i — — & — &

- ok W APVIX )G (X) [H(Xir, Pa) + a¥a(K P

Finally, we recover the following discretization of the backward SDE of ULLA by changing index
k« N—(k+1):

X, :X12+1+01%+1At\/ 1 —aj ATI(XG )Gy —aop 1 VI (X} 1) G(X )T (X ) At—
Uz+1AtH(X1;+1) |:ak+1pkl:+1 + 02+1 (Vf(Xlch) + 2y (vp In g1 (Xpyq, 151;-5-1) + ]51;-&-1)) At}

oL APVI (X ) G (X ) [Ha (X, Py) + 0o (X, Pl
(Backward-ULLA)

with P} = II(X},,
¢ ~N(0,1).

Discretized algorithm of constrained underdamped via Lagrangian multiplier  Similar
to constrained overdamped with Lagrangian multiplier, we replace the explicit normal drifts
—aVJTGYI,VJITGtH,,VJIT G H, terms by a position projection via Lagrangian multipliers A
at each step so that J(x) = 0 is satisfied. In the collapsed underdamped case, we also used the ap-
proximation to re-tangent the momentum P by P. So, no separate momentum projection is required.
Under this idea, we recover the following discretization of constrained underdamped Langevin dy-
namics via Lagrangian multiplier:

) (M) for k € {0,..., N =2} and Py = II(X})¢ € T%, where

O']%+2At

Xk+1 = Xk + J%AtH(Xk) ak]:’k - J]%Vf(Xk)At + 1-— aick} + VJ(Xk)T)\k
(Forward-ULLA-P)
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with A such that J(X1) = 0. Similarly, we obtain the following backward discretization:
Xj = Xpy1 + ‘713+1At\/ 1—af (X 1) Cogr + VI (X 1) N1 —

UI%+1AtH(Xl/c+1) [ak+1]312+1+ UI%+1 (Vf(Xl/chl) + 2y (vp In qk+1(Xllc+17 ﬁ’,;Jrl) + ﬁ’,;Jrl)) At}
(Backward-ULLA-P)
with Ag11 such that J(X}) = 0.

C DT-ELBO ON RIEMANNIAN MANIFOLD

In this section, we derive the DT-ELBO variational bounds of KL-divergence between the ini-
tial data distribution and the generated data distribution on the Riemannian manifold ¥ :=
{z e RY| h(x) = 0,9(z) < 0}.

Let {z¢,...,2n} C X be the forward position trajectory produced by N steps of a discretized
sampler, and let ¢(xx11 | cx) and pg(xy, | di) denote the forward and backward transition densities,
respectively. The context ¢, dy, depends on the history {zo, ..., zx}: for the overdamped case we
take ¢, = {x},dr = {xk+1}, while for the (collapsed) underdamped case we use ¢, = {zk, Tp—1}
(with ¢g = {xo,po}) and di, = {Zp41, Try2} (With dy_1 = {zn,pN}). We set qo(2) = qaaa()
as the data distribution and p(x) = py(x) as the prior. In what follows, all densities are understood
with respect to the surface measure dox; on X, and, for clarity of exposition, we will assume that
Lagrangian multiplier methods (OLLA-P, ULLA-P) are used each iterate to satisfy x; € X; see the
remark below for when this may fail under discretization.

Remark 4 (On constraint enforcement and well-definedness of the DT-ELBO). The proposed
discretized constrained Langevin dynamics with landing does not automatically guarantee x; € X
at every step. By contrast, the RDDPM formulation [34] enforces feasibility at each time by solving
the Lagrange multiplier system via Newton’s method (see Proposition B.1, Proposition B.2) so that

J(X) =0 with VJ(Xt)TPt =0 (if underdamped)
ensuring X; € ¥ and P, € T'x, X exactly. Throughout our DT-ELBO derivation we adopt the same

feasible-trajectory assumption: we assume the multiplier solve succeeds by Newton’s method so
that the sampled forward path lies on X, i.e., ¢, € X forall k € {1,...,N}.

This assumption is not merely cosmetic. If some xj ¢ ¥, the conditional densities that appear in the
ELBO may be undefined or degenerate (e.g., in the overdamped case pg(xy | zrp+1)/q9(Tr+1 | k),
and in the underdamped case pg(zx—1 | Tk, Tk+1)/q(Tk+1 | Tk, Xx—1)). Such off-manifold iterates
can induce singularities in the ELBO and render the induced NLL numerically unstable even under
small constraint violations. For this reason, in our experiments we do not report test NLL; instead,
we evaluate with task-specific metrics which reflect downstream performance.

To solidify our framework, we later introduce the Conditional Wasserstein Path Matching (CWPM)
framework in Appendix D, which drops the feasibility-trajectory assumption. Its training loss has the
same DT-ELBO form up to the choice of training loss weights, justifying that the CWPM framework
shares the same principle with DT-ELBO framework in the constrained Langevin dynamics with
landing as the step size At — 0.

DT-ELBO for overdamped Langevin From the Markov property, the densities g(zo, z1.n),
po (1.8 |T0) are given by

N-1 N-1
g1, wnlve) = [ a(znialew),  polxo, x1:n) = plan) [] pozrlzra)
k=0 k=0

The common goal suggested in DDPM [1] (Euclidean space) or RDDPM [34] (Riemannian mani-
fold) is to minimize KL> (go||py). For this, we observe that

KLE(CIO(CUO)||P0($0)) :/(J(J(ifo)IHQO(CUO)dUZ(ﬁo)

_ / go(x0) In ( / pg(mo;N)dag(xlzN)> dors (o)

Term (1)
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and
Po(To:N)
Term (1) = qO Zo) In < q(xl N|zo)dos (1. N)) dox(z)
q(w1.5]20)
Jensen po(xo N)
> 1 d .
> / o(z0)q(z1:.§]20) n( (@1w]z0) os(z1:N)

—1
q(xo:N) 111 Po(@x|is1) +Inp(zyn) | dos(z1.n)
q(Tpq1|TE)

Because we want to minimize KL (g (xo Hpg(mo)), the training loss L°"*(#) can be set to

N-1
L™ (9) = —/(J(%:N Z Inpg(zr|zrs1)dos(z1:8) = —Eqgzo.n) lz 1HP9($k|xk+1)]
k=0 k=0

where the product surface measure is defined to be dos;(x1,..zy) = Hszl dos(z).

Lemma C.1 (Backward transition density — overdamped [34]). Suppose xy+1 € int(¥X) and as-
sume the followings hold:

1. There exists a measurable set Fy,  , C Ty, Y such that, for every n € Fy, ., the

Newton’s method returns a unique pair (x, \), x € int(X) solving

T = Tpp1 + Py (Trg1) + ok 1 VA + VI (Tpg1)N,  with X st J(x) =0
with the minimal-displacement normal correction and it fails for n ¢ F, |
2. The solver success probability is 1 — €, , == P(n € Fp,.,) € (0,1].

3. The map ®y14 : F, -3 ) C int(X) with &y 1(n) =z isa C*

Th41 = (I)k+ 1 (]:
bijection.

Tk+1 * Tk+1

Then, the backward transition density of OLLA-P with respect to surface measure doy, is given as
po(Tk|Trt1) -

palaslo) = AT IO o (MIOeer)G i e DY

d—m 2
(2no2 At) 2 (1 —€gy ) 207 At

forxy € Xy, ., and po(vi|TRs1) = O outside of ¥, |, where

1
Pyt (Tha1) = Tpq1 + §Uz+1AtH(9€k+1) [Vf(xkﬂ) + SékH)(ka)}

is the backward mean vector, and U (x) is the orthonormal matrix whose column vectors form an
orthonormal basis of T, so that U(z)U (z)T = TI(x)

Proof. Recall that the backward discretization of OLLA-P is given as below:

1
Tk =Tk4+1 + §U%+1H($k+1) [Vf(karl) + 2Sék+1)(1'k+1)} At + Okt1V AtH($k+1)<k+1

+ VJ(l'k+1))\k+1
with Ag41 such that J(xy) = 0.

Letn ~ N(0,I4—r,) on Ty, , 3. Conditioning on the success event {n € Fayin }, the conditional
density of 7 is given by

1 1
o(¢ — exp < n 2) Lyer,
0= G o (2 e

there is a unique = ®541(n) € X solving

From the assumption, for each n € F,, o

T = pii1(Trt1) + opp1 VA + VI (241)A
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with A such that J(x) = 0. Because @3 is bijection from F,,  C T, ¥ onto X, , =
®pp1(Fapy,) C X, we can define G, = q),;il and its Jacobian is given by DG, () =

(ort1VAL) U (2g41) U(w) for z € B, , . Hence, we have

[det(DG, ., (2))] = (0341 VAL @™ |det(U(wp) U )|

Lastly, we observe that, for x € ¥, ,, the pushforward of the conditional density ¢ by @41 yields
the following density with respect to doy:

poanfons) = V@) U@ WM@es)” (@ = i @)
Sf7n (Qﬂg,%HAt)%u_exkﬂ) 202, At

which becomes zero outside ¥, , , (equivalently, when projection failure happens). O

Therefore, assuming the forward path trajectory {zq, ...,zx} C int(X), the training loss has the
following upper bound:

N—-1
L (0) = ~Ey(zo.n) [Z In pg (xk|xk+1)] (Training loss-OLLA-P)
k=0
< (M@ ) (k= iy (k)12
=~ EQ(QTU:N) Z 20_2 At + C
k=0 k+1

_ det(U Tu . . .
where C' := kN:Ol —In [det @) d,(fnk ))|> is constant with respect to # and the last in-
(27roi+1At) 2

equality is obtained using €,, ,, < 1.

DT-ELBO for underdamped Langevin In the collapsed underdamped setting, we keep only
positions, which makes the forward chain a second-order Markov chain in {x¢, ...z x}. Similarly,
applying the same Jensen inequality argument used for the overdamped case gives the ELBO:

Term (1) =/ go(20) In </pe(mo:N)Q(p0|$o)Q($1;N|$o,po)dUTmoz(po)dUz(l‘LN)) dos; (o)
a(x1:n 20, Po)

0.
> /Q($07P0)Q($1:N|3?07p0)111 (Cm> dor,, s (po)dos(zo:n)

N—1
Jensen p@(xk—1|$k>$k+1)> (pe(xN—1$N7pN)>
>E, .. E = In + In + Inp(x
q(zo.~,p0) =p(Pn| N)[; (Q(xk’+1|1'kaxk—1) Q($1|$0,po) ( N)

where the last inequality holds because py(x.) has the following form:
N-1
po(zo.n) = p(aN) /p(pN|$N)p9(33N—1|$N7pN) H pe(xk—1|$k,$k+1)dUTmNz(pN)
k=1

Therefore, the training loss L (0) is naturally given as follows to minimize KL= (qo (o )||pe (x0)):

N—-2
L*™(0) = ~Eq(z0.x.p0) Epw (o |2) lz Inpg(zk|Tr+1, Thta) + 1npa($N1|$N,PN)1
k=0
N—-1
= _EQ(ZEO:N,Z)O)EPN(Z?NWN) [Z lnpg(xk|mk+1,xk+2)
k=0

where py (pn|zn) o exp (— 3 [|TI(zn)pn||3) is the density of the momentum prior density, and we
used the notation abusing x4 := py for notational convenience.
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Lemma C.2 (Backward transition density — underdamped). Suppose xy11 € int(X) and assume
the followings hold:

1. There exists a measurable set Fy, ., C Ty, ¥ such that, for every n € F, the

Newton’s method returns a unique pair (x, \), x € int(X) solving

T = ppt o (Thg1, Thpo) + 0oy Aty /1 — az 11+ VI (@ri1)A, with X s.t. J(x) =0

with the minimal-displacement normal correction and it fails for n ¢ F,

k412

k41

2. The solver success probability is 1 — €, ., :=P(n € Fp,.,) € (0,1].

3. The map Py : F,

e i Th41 — EIk-H = q)kJrl(f
bijection.

Tr+1

) C int(X) with ®p41(n) =z isa C*

Then, the backward transition density of ULLA-P with respect to surface measure dos, is given as
po(@k|The1) -

Peo ($k|xk+1) =

| det(U (zk1) U (1))] exp (_ I (k1) ™ (@ — pfgr (@1, $k+2))||2>

(2102 AT (1 — egy,,) 208 A (1 — agt1)?

forxy, € Xy, . and pg(zp|2p 1) = 0 outside of ¥ where

Tpt12

fy = Thg1 + Op AT (@g41) [ar1Prs1 + Opg1 A (VF(@kt1) + Spy1 (Thr1, Prr1)) ]

is the backward mean vector.

Proof. Recall that the backward discretization of ULLA-P is given as below:

Tk =Tk+1 + Uli-i-lAt’ /1— aiHH(a:kH)ng + VJ(Tkt1) M et1+
T AT (2p41) [ars1Prrr + ngy (VF (@rg1) + 85y (T, Prg1)) At]

with A1 such that J(x) = 0. Using the same proof as the overdamped case, we observe that
®. 41 is bijection from F,, , C Ty, , X onto Xy, | = Ppy1(Fy,,,) C X, and we can define

Gay,, = ®;}, whose Jacobian is given by DGy, (2) = (0ks1VAL) " U(2k41)"U(z) for
LASDY Therefore, the determinant of this is:

4et(DC, , (2)] = (011 VAD ™ [det(U (i) U (@)

Lastly, we observe that, for x € ¥, ,, the pushforward of the conditional density of 7 (defined on
the overdamped case proof) by @1 yields the following density with respect to dox;:

[det @) V@] ( I (0)T (o = uz+1<xk+1,xk+z>>|2>

(2702 AL T (1 - ey,) 208 AP (1 = aji)?

Th41*

po(Tk|TRs1) =

which becomes zero outside (equivalently, when projection failure happens). O

Thk+41

Therefore, assuming the forward path trajectory {zq, ...,2x} C int(X), the training loss has the
following upper bound (with notation x 11 := py):

N—-1

Lunder(a) = 7]Eq($0;N:P0)]EPN(PN|IN) [Z lnp9($k|xk'~_1’xk—’_2)‘| (Training loss-ULLA-P)
k=0

< EQ(mO:N)EPN(PNer) +C

]f <||H($k+1)T($k — M1 (Tt l‘k+2))||2>

2041 A2 (1 — agq1)?

k=0

_ det(U(zp41) U (zp . . .
where C := kN:Ol —In [det U 1) d,(zk )| is constant with respect to 6 and the last in-
(27ro’i+1At) 2

equality is again obtained using €,, ,, < 1.
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D CONDITIONAL WASSERSTEIN PATH MATCHING (CWPM)

Let qo, q1, ---, v be the marginal forward probability densities at each step, evolved by discrete for-
ward transition kernels Qx = q(wx11|ck). Similarly, define py,p%_4, ..., p§ to be the marginal

backward probability densities driven by parameterized backward transition kernels T,f =

p?(zx|dy,). Similarly as in DT-ELBO, the context vector is fixed to be ¢ = {x3},dj, = {241} for
the overdamped case, while for the (collapsed) underdamped case we use ¢, = {x, r—1} (With
co = {xo,po}) and d, = {&py1, Ty} (Withdy_1 = {zn,pN}).

Our goal is to minimize Ws(qo, pg) so that the Wasserstein-2 distance between data distribution and
generated data distribution becomes close to each other.

CWPM framework for the overdamped We first define circuitous density at step & as
o =TT 1, .., T forke{l,.,N} 0o :=q.
We assume that for any probability measure p1, v in R?, there exists K41 > 0 such that
Wo(uTf 1, vTY 1) < Ky Wa(u, v) + O(VAR) (stepwise-Lipschitz)
Under this assumption, we can choose Ai1 > 0 such that

Wa(ok, oxy1) < A1 Walge, Qk+1Tk9+1) + O(VAL)

for k € {0,..., N — 1}. We note that Lemma D.I implies that such A exists without stepwise-
Lipschitz assumption when the function class of score function and the constraint functions are
sufficiently regular.

Under this setup, from the triangular inequality of W, it holds that

N—-1
Wa(qo, p)) < Walgo, on) + Walon.p) < Y Walok, ons1) + Walon, pf)
k=0
N-—1
< N1 Wo(qrs qes1 TE 1) + A1 Walgn, pi) + O(VAL)
k=0
N—-1
< AkpiBay g (Wol@uppar Cloxrn), Tig (zea)] + AnpaWalan, pv) + O(VAL)
k=0

Now, we know that Ty, (‘|zx+1) = N (1 (@rs1), 024 I(2kr1)) and let (pugppr1, Skjer1) be
the mean and covariance of g;_1|;. Then, from the relation between Gelbrich distance and 2-
Wasserstein distance [38, 37], we have:

Exk+1NQk+1W2(QK|k+17 Tk?+1('|xk+1))2 = E$k+1~<}k~+1 H.uklk-‘rl (xk-‘rl) - .u“(l;—i-l(zk-l-l)”
+ Ewk+1~¢1k+1 [TI’ (Ek\k+1(xk+1)) +Tr (0’;%+1H(l‘k+1))] + Ewk+1~gk+1Ak+1(xk+l)

1/2 1/2 1/2
_ 2E:Ek+1~(ﬂc+l {Tr ((Zkfkﬂ($k+1)0%+1ﬂ($k+1)2kfk+1($k+1))
= ETR:NQk-,Ik+1NQk,+1 ”xk - :U'% (xk+1) H +Tr (Jl%JrlH(karl)) + Emk+1~qk+1Ak+1(xk+l)

1/2 1/2 1/2
= 2Ea i ~giia {Tr ((Ek(k+1(xk+1)gl%+1n(zk+l)zk|/k+1(zk-‘rl))

where we used the law of total variance for the last equality, by observing that x5, = fig |41 (Zr41) +
€ ~ qi with E[e|zy 1] = 0 and Cov(e|zg41) = Xy jp41. Note that Ay 1 (zx41) > 0 is the distance
gap between Gelbrich distance and 2-Wasserstein distance (independent of 6) so that it becomes
zero if the true conditional x|z follows the Gaussian distribution as

T |2rg1 ~ N (k1 (Trg1)s Zejpsr (Thr1))
Training loss (Overdamped) from CWPM  We note that from the above bound, minimizing
Eopman,ansi~anss |T6 — 10 (zp41)]| is to close the Wasserstein distance between qo, p). Because

lzr — p(zk+1)]|* can be decomposed into

e = s (@) P = W @rrn) (@ — R (@re)) 1 + | = TW@er)) (@ = p5(2042)) |12

constant w.r.t 6
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and pjf, does not have ¢ dependency on normal (second) term, the natural choice of loss (leveraging
the saved forward trajectories) is

N-1
ewem (0) = Eqzo.n) lz AR [T (zt1) (25 — HZ(mlHl))”Q]
k=0

Nz*l T (2 41) (5 — uz<wk+1>>|2]

= Eq(xo:N) [ 2O'I%+1At

k=0

with some training loss weight A(k). We note that other seminar works [1, 39, 40] in diffusion model

choose the weight proportional to the inverse of variance of corresponding term, which, in our case,

becomes (k) = ﬁ with proportional constant 1/2. And, notably, this leads to the exactly the
k+1

same training loss provided in DT-ELBO, (Lemma C.1) without the requirement x; € X.

Lemma D.1 (Sufficient condition for Ay, < oo —Overdamped). Let the one-step landing backward
update of OLLA (Equation Backward-OLLA) be

Fy(y,€) = y + ()b (y) At + 0k VAII(Y)C + o7 d(y) AL, ¢ ~N(0, 1)
where by := %ﬁ [V f(y) + 2sk(y)] is the drift term and ¢(y) is the normal term. Assume:

1. (Regularity of constraint functions) There exists constants 037 cé < oo such that for
any square-integrable Y,

Ellp(V)|* < ¢§ + 4B Y|
2. (Regularity of function class)  There exists Ls, Bs < oo independent of 0 with
Is§ () = sl < Lsllz = yll, lls§(@)Il < Bs + Ls |«
forallk € {1,..., N} and assume V f is Lipschitz with constant Ly so that
166 (2) = B (W)l < Lyllz —yll, 65(=)|| < C(1 +||2|))
for some constant Ly, C, k € {1,..., N}

Let T? be the associated Markov kernel to F. That is, T} (-|y) = Law(F} (y,()). Then, for any
probability measures i, v in R, we have

Wo(uTf, vTf) < KiWa(u,v) + O (\/At + At (1 +1/ByuY 2 + EY/NV||Y’||2>)

for some constant K. Also, if u is given as p = pTi‘gTﬂ1 .. .Tje for i > j and some density p
independent of 0, the supremum of second moment of . is finite under 0 € ©:

sup By, [ V]2 < o0
0cO

Combining these two, we can guarantee the existence of Ay > 0 such that
Wa(ok—1,0k) < MeWalgr—1, @ T}) + O(VAt)
fork e {1,..N}.

Proof. Let (Y,Y") be the synchronous coupling for Wa(u, v) with shared noise ¢ ~ N(0, ). Set
AFf = F(Y.0) = FE(Y',Q) = (Y —Y') + At (Y )B(Y) — (V') B(Y"))

=B

+ op VAKILY) = IL(Y"))¢ + 0R At ($(Y) — $(Y))

=N =L
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Then, using (a + b+ ¢ + d)? < 2(a® + b* + ¢* + d?), we have:

E|AFy|* < 2E|)Y - Y'||* + 2E[|B|* + 2E[|N|* + 2E|| L|®
Now, we note that

B = At (II(Y) (b (Y) — bp(Y")) + (TII(Y') — II(Y")) bp(Y"))

and it implies
IBIl < At (Lo|[Y = Y]] + 2[[0a(Y")])

Therefore, we have
E||B|? < 2L;AtE[|Y — Y| +8CA* (1 + E||Y'|]?)
=2LAME|Y —Y'|? + 4CAP (1 +E|IY'||? + E|Y )
where the last equality comes by swapping Y, Y and taking average. Also, we note that
E|IN|[* = of AE [|(TI(Y') = TI(Y")) C|l] < 4o ALEC]J?

using ||II]| < 1. Similarly, we observe that

E|LII* < 203A8% (E[l¢(Y)|* + E[lo(Y)]*) < 20548 (2c5 + ¢ (E[Y]* + E[[Y]]))
using (a — b)? < 2a® + 2b°. By collecting all terms, we obtain

E|AF|? < 2(1+ LPADE[Y — Y'|* + 8R AE||¢|* + A*C(1 + E|Y|* + E[[Y'?)
for some C' > 0. By taking square-root and using v/u + v + w < \/u + /v + /w, we get

Wo(uT? vT?) < K Wa(p,v) + O(VAL + At (1 +\/Ey~ullY 12+ EywllY’?))

for some constant K. Also, following the similar algebraic techniques, one can show the following
using the regularity assumptions:

E|EF (Y, QI < [1+ apAt + O(A?)| E||Y | + bpAt + O(At?)
for some ay, by, > 0 independent of f. So, once s is given as pn = pT?T{ | ... T¢ fori > j and

some density p independent of 6, then, by applying the recursive inequality above, we get:

i
Ev,~ullVall® < TT (1 + aridt + O(AE)) By, |V | + O(AY)
k=i

and taking supremum over 6, it implies that

2
S%pEYMNH”YM” <o
because the constants and the density p is independent of 6. O

CWPM framework for the underdamped  Let y;. := (zy, 7j41) € R24 with 2, ~ q, Tp1 ~
qr+1 and let g be the law of y;,. The forward pair-kernel 9} and backward pair-kernel T,f |1 are

Qr (Tt 1, Tht2|Th, T 1) = Oy sy © Qu(Thoto|Thy Tht1)
TP 1 (ke T | Trg1s Trpz) = Ty (Tk| Tk, Trg1) @ 0y,
Now, we similarly define the circuitous densities on pairs as
50 = Go, op = @Il T?, for ke{l,.,N—1}
Assume the stepwise Lipschitz inequality on pairs holds such that there exits Ky 1 > 0
Wo (T 1, VT 4) < Ky Wa(p,v) + O(At)
for any probability measure 1, v in R%. Then there exists finite Ay, > 0 such that

Wo(Gky Ght1) < Mop1 Wol@r, @1 Thy 1) + O(AY)
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for k € {0,..., N — 2}. (As in Lemma D.2) such Ay, exists without stepwise-Lipschitz assumption
under mild regularity of the score function class and constraints.

For the prior on pair chain setup, we let p%;_, be a terminal pair prior on (X _1, X ) induced by
sampling Xy ~ pn, Py ~ II(Xy)¢ with ¢ ~ N(0, 1) so that X1 ~ T%(-|Xn, Pn). Then,
we propagate backward by

po =pnaaTn g T7,  pg = (m1) 4D
where 71 (zo,21) = o is the projection map onto first coordinate. Since m; is 1-Lipschitz,
Wa(qo,p4) < Wa(qo, pf) holds and, from the triangle inequality for 15, we have

Wa(qo, pd) < WalGo, ) < Wa(Go,on—1) + Wa(Gn—1,P8)
N—2

< Z Wo Gk, Thr1) + Walon—1,P9)
k=0

N-—-2
< Z MW (G, @1 T ) + AnWa(an—1,0%_1) + O(At).
k=0

Because in pair conditionals the second coordinate is a Dirac mass, the inner W5 reduces to a
position-only conditional mismatch:

Wa (G, @1 Thyy) = Eorirona)mres W2 (@bt C1Trs1, Togz) I (g, Ts2)]
Also, we note that that the following decomposition holds by triangle inequality:

Wa(qn-1.P%_1) < W2 ((an ® pn)Sn, (on ® pn)Sn) + Wa ((pv @ pv)Sw, (pv @ pv)SY)
where py is the prior of position, p (+| X ) is the prior of momentum defined by the law of TI(x 5 )¢
with ¢ ~ N(0,I),zn ~ pn, and each Sy and Sg, are defined by

Sn(zn,pN) = QN—1\N('|IN7PN) ® Oz, Sjev(meN) = TJ%HxvaN) ® Oz

And, we observe that the first term is independent of #, and the second term is given by:

W ((pv @ pn) SN, (P8 @ pN)SR) = Etanpn)mpn oy (Ws (@v-1n Clan, pa), TR (2w, pv))] -
because the second coordinate is a Dirac delta. Therefore, we have the following bound:

N-2

Wa(qo,ph) < Z ME oy wneiymar W2 (Tupesr ClTrst, Trsz) I (ks 1, Thso))]
k=0

+]\NE(XN119N)NPN®PN [W22 (QN—1|N('|CUN7PN)7TJ%('|xN>pN))]
+ AnW2 ((qn @ pn)Sn, (PN @ pn)SN) + O(At).

Now, we recall that T, (-|zk41, Tit2) = N (i1 (Tt Tos1), o AP (L — af (k1))
and let ({441,642, Dk|k+1,k+2) be the mean and covariance of true one-step backward conditional
dk|k+1- Then, from the relation between Gelbrich distance and 2-Wasserstein distance, we have:

Ewk+1~q1c+17wk+2~q1c+2W2((jklk+1’ Tke-i-l('lxk-&-la xk+2))2
= EIk+1~Qk+1,$k+2NQk+2 H/‘“f\k—‘—l,k—‘r? (xk+17 mk+2) - /J‘ql:Jrl(karh xk+2) ”
+ Efbk+1~flk~+1,f€k+2~%+2 [Tr (Ek\k-‘rl,k-‘rQ (xk-i-l’ xk+2)) +Tr (0’%+1At2(1 - ai+1)H($k+1))]

4 2
+ E$k+1NQk+1,$k+2NQk+2Ak+1(xk+17 ZL’k+2) - 2Gk+1At(1 - ak+1)

1/2
1/2 1/2
X Eaypimgiir @nsa~aise {Tr ((Ekk+1,k+2(~’0k+17l’k+2)H($k+1)Ek|k+1,k+2(fk+1aIk+2)> )]

= Erk’\’q}cymk+1"’qk+17Tk+2"’q}c+2 ”Xk - /ﬂlé(mlﬁ-la xk-‘r?)” + O’ﬁ+1At2(1 - ai+1)Tr (H(xk-i-l))

+ EIk+1~Qk+1@k+2~¢1k+2Ak+1 ('TkJrl» $k+2)

E Tr ( (22 2 11 »i/2 2
-2 T 1~ Qb 1T g2~ Gar2 | T k|k+1($k+1)ak+1 (karl) k|k+1($k+1)
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where we used the law of total variance for the last equality, by observing that z; =
Pioli41,k+2(Thy 1, Ty2) +€ ~ qp With Ele|zg 11, Tp12] = 0 and Cov(e|rg i1, Thi2) = St kro-
Similar to overdamped case, Agy1(Zg+1,Zk+2) > 0 is the distance gap between Gelbrich dis-
tance and 2-Wasserstein distance (independent of #) so that it becomes zero if the true conditional
Zk|Tr41, T2 follows the Gaussian distribution as

$k|93k+1, Th42 ~ N(Nk\k+1,k+2($k+17 30k+2)7 Zk|k+1,k+2($k+1, $k+2))

Training loss (Underdamped) from CWPM  Because ||z — p¥(T41, Tx+2)||* can be decom-
posed into

@k — gt (@psr, Trg2) |12 =M (@hgr) (@r — i (@re1, Tosa))|?

+ (1 = T(@pp) (@n = g (@1, Tr42)) |1

constant w.r.t 0

where 1} does not have 6 dependency on normal (second) term. Therefore, by abusing notation to
set py = xn+1, the choice of training loss becomes

N—-1
LEGIM(9) = Egao.n) Epy (ox ) [Z AR Tz geq1) (zr — MZ($k+1»$k+2))|2]
k=0

3 T (25 41) (5 — uzmﬂ,w))n?]

q(zo:N)=pN(PNIZN) [ 20k+1Af2(1—aﬁ+1)

k=0

with some training loss weight A(k). In our case, the training loss weight proportional to the inverse

of variance can be chosen by A(k) = At2(1 7 with proportional constant 1/2. And,
+1

notably, this leads to the exactly the same training loss pr0v1ded in DT-ELBO, (Lemma C.2) without
the requirement x; € X..

Lemma D.2 (Sufficient condition for A < co — Underdamped). Let the one-step landing back-
ward update of ULLA (Equation Backward-ULLA) be

Fy(xg,244,C) = 24 — opAtT(z4) [ag41P + bf (2, P)]
+ 02 Aty /1 — a}ll(z4 )¢ + op Atd(24, P)

with pseudo-momentum

= LT+
@t re) = M(zy) <) €T, %
T2 A

, the normal term ¢(x+, ), and the drift term bl (x4, ). Assume the following regularity:

1. (Regularity of constraint functions) There exists constants c%, c}b < 00 such that for
any sqaure-integrable Y = (X, P),

E[[o(Y)]* < cg + B (I XII° + 1P1?)
2. (Regularity of function class)  There exists constant Ly, C such that

165 (2, p) = b5 (2", )| < Ly (2 = 2"l + llp = »'I])
165 (z, Il < C (1 + llz]| + Il

Let T} be the associated Markov kernel to Y. That is, T (-|z4,x4+) = Law(Fy (x4, 714,()).
Then, for any probability measures i, v in R?, we have

Wa(uTET8) < Kula(s) + 0 (8¢ |1+ \ By VTP + VEv <, VT
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for some constant K. Also, if u is given as p = prTf_l .. .Tje for i > j and some density p
independent of 0, the supremum of second moment of y is finite under 6 € O:

sup EYMNM”YHHQ < oo
[USC)

Combining these two, we can guarantee the existence of Ay, > 0 such that
W (k—1,0%) < MeWa(Ge—1, B Tx) + O(AL)
forke{l,...N — 1} and
Wa(on-1,P0) < ANWa(Gn—1, P51 T7) + O(At) @®)
Proof. Let (X4, X, 4), (X!, X’/ ) be the synchronous coupling for W5(y, ) with shared noise
C ~ (O7 I) Write AJr = X+ — Xi and A++ = X++ — X*/‘r‘f” and
A= FGIC(X-HX-F-H g) - FQIC(Xf‘qX-/&--H C)
Write p := p(Xy, X44), 9" := p(X, X ), and
Ab:= by (X4, p) — by (XL, p), b =0b5(X,,P)
Then,
A= Ap + g ATI(X ) ag 1 (B — F) + op ATI(X ) Ab + o At(IL(X 1) — TI(XY)) (ag415’ + V)
(1) (2) (3)
+4/1 = afoR At(IL(X ) — I(2],))¢ + o AL(S(X 4, B) — ¢(XY, ')
@) ®)

Now, note that (1) term is bounded by

E|(1)] < C1 (B Xay — X+ |? + E|X, — X, [?) = O(AP)
for some constant C; that depends on k. The term (2) is also can be bounded by
E[|(2) < CoACE|| A4 [ +Cs (B X+t — Xl + E| X, — X, |2) = CACE|AL[2+O(A)
for some C, because |Ab|| < L, (JJA4|| + ||p — p||) For term (3), it is bounded by

E|(3)[I* < 40k At* (a1 [[7']1* + IV'[*) < CsAt* (1 +E[IX,]?)
for some constant C'3. Similarly, term (4) can be bounded by:

E[[(4)[* < 408 A8 (1 - aR)E[¢|* = O(AF?)
and term (5) is bounded by:
E|(5)|* < 204 AP (E||6(X 4, 5) |1 + Bl (X%, 5)[%) < C5AL (1 +E[| X4 ||* + B[ X, |1°)
By combining these terms, we recover that
E|A[* <(1+ CeADE|A][* + CeA* (1 + Ey [V [1* + Eyrms [Y']])

Since Wa(p,v)? > E ([[AL]1? + |A2,) = E[|A4||* holds, we have

Wa(uT? vTY) < KWa(p,v) + O (At (1 + /By u|Y )2 + IE:Y,WHY/?))

for some constant Kj; > 0. Now, similarly as in overdamped case, one can show that similar
algebraic techniques gives the following under regularity assumptions:

E|Ff (X, Xt Ol < (1+ apAt + OAC)E(|X4 |2 + [ Xot [?) + beAt + O(AL)

for some constant ag, by, using E[| X, — X ||?> = O(At) from our pair chain setup. Hence, the
same logic as in the overdamped shows

sup EY, _, |V < oo
0cO

for pu given as p = pT{TY ;... T} fori > j and some density p independent of . O
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E EXPERIMENT SETTINGS AND SUPPLEMENTARY RESULTS

Settings.  All experiments were implemented in Python using the PyTorch framework [54] and
run in a Linux (Ubuntu) environment. The computational hardware was tailored to the specific
experimental group. We utilized an NVIDIA L40S GPU with 45GB of VRAM for the Earth and
climate science datasets, and an NVIDIA H100 GPU with 80GB of VRAM for the 3D mesh data
experiments. All other tasks, including the SO(10) manifold, Alanine dipeptide, and the 7-DOF
robot arm, were conducted on an NVIDIA H200 GPU with 141GB of VRAM.

E.1 DESCRIPTION OF BASELINE ALGORITHMS

Riemannian Flow Matching (RFM). RFM [26] is a framework for training Continuous Normal-
izing Flows (CNF) [55] on Riemannian manifold by regressing a vector field v, to a conditional tar-
get vector field u;(z|x1) for t € [0, 1] defined via a user-specified premetric d(-, -) (e.g., geodesics,
spectral distances). The model minimizes the Riemannian Conditional Flow Matching objective
given as :
Lrermt = Einzs(0,1),21 ~guus 20~ Py [||Ut($t) — ue(we | 931)“3]

where x; is as conditional flow sample interpolation between prior samples zy and the data point
x1, and ||||4 is the norm defined in the corresponding Riemannian manifold.

The computational requirements for z; may depend on the manifold’s geometry. On simple manifold
(e.g., spheres, tori), the geodesic distance can be used as the premetric, allowing z; to be computed
in closed form via the exponential map, thus making the algorithm simulation-free. In contrast, on
general geometries (e.g., triangular meshes) where exact geodesics are intractable, spectral distances
such as the biharmonic distance are employed as the premetric. In this case, computing z; requires
solving an ODE during the training process.

Remark 5 (Implementation details on RFM). For RFM, we used the default configuration from the
official code from authors. For Earth & Climate datasets, training iterations were reduced to 1/10,
whereas Mesh data experiments were conducted using the unaltered default configuration.

Riemannian Denoising Diffusion Probabilistic Models (RDDPM). RDDPM [34] is a con-
strained diffusion model framework that adapts Denoising Diffusion Probabilistic Models (DDPMs)
[1] to Riemannian manifold ¥ := {« € R? | h(z) = 0} setup by incorporating a Newton’s method
projection step into the diffusion process.

The method constructs forward and backward Markov chains that alternate between diffusion steps
along tangential direction of ¥ and projecting the resulting sample back onto ¥ via Newton’s
method. While this guarantees feasibility at every step, the iterative nature of the projection leads to
higher computational costs and potentially result in forward trajectory resampling due to projection
failures. We remark that the projected version of OLLA (OLLA-P) corresponds to RDDPM under
the equality-only scenario.

Euclidean Forward with Backward Variants. These baselines employ a standard unconstrained
Euclidean diffusion process for the forward process, and distinguish themselves by the mechanism
used to enforce constraints h(z) = 0, g(x) < 0 during the backward process. In the forward process,
it follows the update rule below:

(.Tk) + Jk\/ﬂck

Te4+1 =

with corresponding training loss

Ban(®) = By Z”x‘“ b (k)
Fateo.n 202 At

0k+1At

(Vf(zee1) + 557 (@h41)]-

1. Euclidean: This method performs sampling using the standard Euclidean backward without any
constraint enforcement. The backward update rule is given as:

and pg | = Tp41 +

2
Th41 At

5 [V f(xrar) + shy (@g1)] + o1 VAL 4

Tk = Th+1 T
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This approach offers no guarantee that the generated samples lie on 3.

2. Projected: This variant strictly enforces equality constraints by projecting the sample onto X
immediately after each Euclidean backward step. Let Z; be the proposal from the Euclidean
backward step. Then, the final state is obtained via xy, = Px (&), where Py finds the root of
h(y) = 0,g9(y) < 0 close to Zj, using the interior point method [56, 57]. We remark that our
implementation uses log-barrier for g(x) < 0 and quadratic penalty for g(z) > 0.

3. Lagrangian: This method formulates the sampling step as a constrained optimization problem
using the Augmented Lagrangian Method (ALM). At each timestep, the proposal Zy, is refined
by minimizing an augmented Lagrangian objective:

£la M) = ATh(a) + (eI + 5 (IReLUGe + py(a)) I = e])

The inequality term follows the Powell-Hestenes-Rockafellar (PHR) formulation. This specific
form is derived by introducing a non-negative slack variable s > 0 to convert the inequality
constraint g(x) < 0 into an equality g(x) + s = 0. By constructing the standard augmented
Lagrangian for this equality and analytically minimizing it with respect to s, the slack variable
is eliminated, resulting in the closed-form ReLU(u + pg(z)) term. This ensures that penalties
are applied correctly only when constraints are violated or multipliers are active. The multipliers
A and p are updated iteratively via dual ascent. We note that this approach is also introduced in
Liang et al. [58].

4. Guided: This approach utilizes constraint guidance during sampling. The standard drift term
of the backward process is modified by adding a guidance term derived from the gradient of
a constraint violation energy potential. This potential is defined as V(z) = 1|h(z)|]* +
1||ReLU(g(z))||?, where the first term penalizes deviations from equality constraints and the
second term penalizes violations of inequality constraints. Consequently, the backward update
rule naturally incorporates a gradient descent step on this potential, which steers the generated
trajectory towards the feasible set X by actively minimizing the constraint violation at each step.

E.2 EXPERIMENT SETTINGS AND DESCRIPTIONS

Earth and Climate Science Datasets S2. This benchmark [59, 60, 22, 61, 62] evaluates the
model’s ability to learn geographical distributions on the Earth’s surface, which is modeled as the
2-sphere, S2. The datasets represent the locations of phenomena such as volcanoes, earthquakes,
floods, and fires.

Mathematical formulation. A sample x represents a point in 3D Euclidean space lying on the
surface of a unit sphere. Thus, € R? with d = 3. The manifold is defined by a single, simple
equality constraint h(x) = ||z|2 — 1 = 0.

Prior distribution.  As this is a compact manifold, the prior distribution py is set to be the uniform
distribution over the surface of the sphere S2.

3D Mesh Data on a Learned Manifolds. The objective is to learn a probability distribution over
the surface of a complex 3D shape, such as the Stanford Bunny [63] and Spot the Cow [64]. The
manifold is implicitly defined as the zero-level set of a Signed Distance Function (SDF) that is itself
represented by a pre-trained neural network A (x) as performed in Rozen et al. [23], Gropp et al.
[65].

Mathematical Formulation. A sample x represents a point in 3D Euclidean space, thus z € R?
with d = 3. The manifold is defined by a single equality constraint requiring any valid point to lie
on the zero-level set of Ay (z) = 0.

Prior distribution.  The prior distribution py is chosen to be uniform distribution over the learned
manifold surface X due to its compactness.

High-Dimensional Special Orthogonal Group (SO(10)).  This experiment tests the model’s
ability to learn a multimodal distribution on the high-dimensional Lie group SO(10). This is a
challenging task due to the high dimensionality and non-trivial geometric structure of the manifold.

Mathematical Formulation. A sample is a 10 x 10 matrix, which is vectorized into z € R0,
The constraints enforce the defining properties of a special orthogonal matrix. For the equality
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constraints, we impose
hij(X) = (XTX —1);; =0 for1<i<j<10
and the determinant condition det(X) = 1 is handled by via rejection when it is violated.

Prior distribution.  Similarly, the manifold is compact and we choose uniform distribution over
S0O(10) as our prior distribution.

Alanine Dipeptide This task involves generating valid 3D conformations of Alanine dipeptide, a
model system in biophysics. The goal is to learn the distribution of structures subject to constraints
on specific internal coordinates, including a mixed equality and inequality setup. Following the
same approach in Liu et al. [34], we generated the dataset by running a 1ns constrained molecular
dynamics simulation of alanine dipeptide in water using GROMACS [66] with a 1 fs timestep. A
harmonic bias was applied through the COLVARS module [67], where the chosen collective variable
was dihedral angle ¢. The harmonic restraint was centered at ¢ = —70° with a force constant
5.0. Other simulation settings follow closely those reported in Lelievre et al. [68]. In total, 10*
configurations were collected by saving a snapshot every 100 simulation steps. Hydrogen atoms
were removed, leaving the coordinates of the 10 heavy atoms for further analysis.

Mathematical Formulation. — The state z consists of the 3D coordinates of the 10 non-hydrogen
atoms, so € R30. The constraints are placed on two of the molecule’s primary dihedral angles, ¢
and 1. For the equality constraints, the dihedral angle ¢ is fixed to a specific value:

h(z) = ¢($) - (77Oo)rad =0
and we impose an inequality constraint so that another adjacent dihedral angle v is constrained to
lie within the range [130°, 170°]. This is formulated as a single inequality:

g(x) = max {¢(x) — 17054, 13004 — ¥(z)} < 0.

Prior distribution.  Instead of introducing a potential-based drift term to induce a specific uni-
modal prior as in Liu et al. [34], we employ an empirical prior strategy. We first generate a large set
of forward trajectories using the corresponding constrained dynamics (OLLA/ULLA) by running
them to approximate the terminal prior distribution g on the feasible set. The terminal states x n; of
these trajectories are collected, and the backward sampling process is initiated by drawing starting
points uniformly from this pre-computed set, serving as a discrete approximation of the prior. Fur-
thermore, to ensure the generated conformations respect physical symmetries, the score network for
this task is designed to be SE(3)-invariant as proposed in Liu et al. [34].

7-DOF Robot Arm Trajectory This experiment focuses on learning a complex, bimodal distri-
bution of trajectories for a 7-DOF Franka Emika Panda robot arm. The model is trained on a dataset
of 400 valid paths (200 for S-shaped, 200 for reverse S-shaped paths) generated by the Rapidly-
exploring Random Tree (RRT) algorithm. The primary task is to generate trajectories that trace both
S-shaped and reverse S-shaped paths between fixed start and end points. Throughout the motion, the
generated trajectories must satisfy several critical constraints: the robot arm must navigate around
two spherical obstacles, and its end-effector must maintain a constant height of 2 = Zreee = 0.1.

Mathematical Formulation. ~ The fundamental state of the robot arm is its configuration in joint
space, represented by a vector of 7 joint angles, § € R7. A trajectory is a time-discretized se-
quence of these configurations, (6;)%~ ;. To avoid the periodicity issue of raw angles, which poses
challenges for neural networks, we represent each joint angle ¢; ; as a 2D vector on the unit cir-
cle (cos(6;;),sin(f;, ;)). Consequently, the state at a single time step [ is a vector z; € R
The full trajectory is flattened into a single vector x = [zy,...,21] € R For a trajectory with
L € {10, 20, 30,40} as in our setup, the ambient space dimension is d € {140, 280, 420, 560}.

The constraints on the robot’s behavior, such as end-effector position and obstacle avoidance, are
defined in 3D Cartesian space. We bridge the joint space representation and the Cartesian space
constraints using the forward kinematics function, FK : R” — R3*X which maps a set of joint
angles 6; to the 3D positions of the X' = 7 links of the robot arm. To handle the large number
of resulting constraints efficiently, we employ a “summation trick” to combine multiple constraint
violations into a single function for both equalities and inequalities. In particular, multiple geometric
and kinematic conditions are aggregated into a single sum-of-squares function:

h(z) = hi(z)* = 0.
i=1
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The individual components h;(x) enforce: (1) the validity of the joint representation, hep(z1,;) =
cos?(0,,;) + sin?(6;, ;) —1 =0, for each joint j at each time step [, (2) fixed start and end points for
the trajectory

hend(xL) = HFK(QL)end—effector - pend”2 = 07 hstarl(xl) = HFK(GO)endfeffector - pstart||2 =0

with pyar and peng being the target start and end positions, and (3) a fixed z-height for the end
effector throughout the trajectory, h(x;) = [FK(6;)end-effector] > — Ziarget = 0.

For the inequality constraint, the robot arm must avoid two spherical obstacles. For each relevant
robot link k& € [K] and obstacle o € {1,2} := Nyps, the distance between them must exceed a safety
margin. These conditions are combined into a single function by summing the rectified violations:

L K Nobs

g(I) = Z Z ZR@LU ((Tobs,o + Tsafety) - ||FK(0l)link,k - pobs,()”) < 0.

=1 k=1o0=1

with 7bs.0, Pobs,0 being the radius and position of obstacles. This function is non-positive if and only
if all links maintain the required minimum distance rg,gey, from all obstacles throughout the entire
trajectory.

Prior distribution. ~ Similar to the Alanine Dipeptide task, we employ an empirical prior strategy.
We first generate a large set of forward trajectories using the corresponding constrained dynamics
(OLLA/ULLA) by running them to approximate the target prior distribution gy on the feasible
set. The terminal states xy of these trajectories are collected, and the backward sampling process
is initiated by drawing starting points uniformly from this pre-computed set, serving as a discrete
approximation of the prior.

Table 6: Summary of constrained feasible set dimensions and constraint specifications. Be-
low table represent the ambient dimension d, the intrinsic manifold dimension, and the number of
equality (m) and inequality () constraints. For the Robot Arm task, L denotes the number of time
steps (e.g., L € {10,...,40}), and the constraint counts m and [ are reported before applying the
summation trick.

Dataset / Task Ambient Dim. (d) Intrinsic Dim. Equality (m) Inequality (/)
Earth & Climate (S?) 3 2 1 0

3D Mesh (Bunny / Spot) 3 2 1 0

Lie Group SO(10) 100 45 55 0
Alanine Dipeptide 30 29 1 2
7-DOF Robot Arm 14L 7L 8L +2 14L
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Table 7: Detailed hyperparameters for all datasets, specified per algorithm.

Dataset Algorithm v onin Omax N T lf Nepoch B Npode Niayer « €
OLLA - 001 1.0 10040 1 20000 128 512 5 50 -
Volcano  ULLA 3 001 13 50 20 1 20000 128 512 5 50 -
ULLA-P 3 0.1 13 50 20 1 20000 128 512 5 50 -
OLLA - 001 1.0 10040 1 20000 512 512 5 50 -
Earthquake ULLA 3 001 13 50 20 1 20000 512 512 5 50 -
ULLA-P 3 01 13 50 20 1 20000 512 512 5 50 -
OLLA - 001 1.0 100 40 1 20000 512 512 5 50 -
Flood ULLA 3 001 13 50 20 1 20000 512 512 5 50 -
ULLA-P 3 01 13 50 20 1 20000 512 512 5 50 -
OLLA - 001 1.0 100 40 1 20000 512 512 5 50 -
Fire ULLA 3 001 13 50 20 1 20000 512 512 5 50 -
ULLA-P 3 01 13 50 20 1 20000 512 512 5 50 -
s OLLA - 0.07 0.07 100 8.0 100 2000 2048 256 5 25 -
unn
(k:%) ULLA 20 02 0.6 30 3.0 100 2000 2048 256 5 25 -
ULLA-P 20 02 06 50 3.0 100 2000 2048 256 5 25 -
s OLLA - 0.07 0.07 100 5.0 100 2000 2048 256 5 25 -
unn
(kzlgO) ULLA 20 02 0.6 30 3.0 100 2000 2048 256 5 25 -
ULLA-P 20 02 06 50 3.0 100 2000 2048 256 5 25 -
Soot OLLA - 0.1 0.1 100 5.0 100 2000 2048 256 5 25 -
0
(k£50) ULLA 20 02 05 30 3.0 100 2000 2048 256 5 25 -
ULLA-P 20 02 05 50 3.0 100 2000 2048 256 5 25 -
goog | OLLA - 0.1 0.1 100 3.0 100 2000 2048 256 5 25 -
[0)
k =p100) ULLA 20 02 0.5 30 3.0 100 2000 2048 256 5 25 -
ULLA-P 20 02 05 50 3.0 100 2000 2048 256 5 25 -
S0(10) OLLA - 02 20 100 1.0 100 2000 512 512 3 50 -
(m—3) ULLA 50 03 22 50 1.0 50 2000 512 512 3 5 -
ULLA-P 50 03 22 50 1.0 50 2000 512 512 3 .
S0(10) OLLA - 02 20 100 1.0 100 2000 512 512 3 50 -
(m—5 ULLA 50 03 22 50 1.0 50 2000 512 512 3 -
ULLA-P 50 03 22 50 1.0 50 2000 512 512 3 5 -
Alanine  ypLLA-P 10 05 20 100 02 10 2000 512 1024 5 50 0.05
dipeptide
7-DOF  yrLLAP 1 0.1 20 100 02 50 10000 160 1024 5 200 0.001
robot arm
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E.3 GENERATED SAMPLES FROM TASKS.

In this subsection, we demonstrate the effectiveness of our proposed methods by comparing the
generated samples in various tasks to the baseline RDDPM [34].

Earth and Climate Science Datasets S2 —Volcano.

(c) ULLA-P (d) ULLA

Figure 5: Comparison of generated distributions across different algorithms-Volcano dataset

3D Mesh data on learned manifold — Spot the Cow (k = 100).

(b) OLLA

(c) ULLA-P (d) ULLA

Figure 6: Comparison of generated distributions across different algorithms- Spot the Cow k£ = 100
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E.4 SUPPLEMENTARY RESULTS - EFFECT OF HYPERPARAMETERS o AND €.

Table 8: Effect of hyperparameters « (with fixed e = 0.05) and e (with fixed o = 50) on JSD metrics
and constraint violations for Alanine Dipeptide using ULLA without last step projection.

0.040
0.035
0.030
0.025
0.020
0.015
0.010
0.005
0.000 -

1

(a) € = 0.01 (Sticky boundary)

Parameter  JSD (1) angle) JSD (RMSD)  E[|h(z)[] Elg(z)7]
Effect of o (with e = 0.05)
a=0.1 0.419- 000 0.045+002  5.40 x 1072 3.79 x 1073
a=05 0.247+.000 0.0364+.001 539 x 1073 2.82 x 1073
a=1.0 0.134.004 0.034+.003 551 x 1073 1.60 x 1073
a=25.0 0.060+.002 0.033+001 297 x 1073  3.42 x 10~*
a=10.0 0.053+.004 0.034+.002 1.02 x 1073 1.46 x 10~
a=20.0 0.043+.001 0.035+.002 2.00 x 107% 4.28 x 107
a =50.0 0.033+.002 0.034+.002 720 x 107° 7.95x 1078
a = 100.0 0.051+.003 0.035-+.002 3.70 x 107°  6.92 x 107
a = 200.0 0.059+.008 0.183+.066 2.73x 1073 4.19x 1073
a = 400.0 0.2354.001 NaN 6.74 x 1071 9.95 x 107!
Effect of € (with a = 50)
e =0.001 0.084+.001 0.036+.002 7.00 x 1075 3.49 x 106
e = 0.005 0.054+.003 0.033+.002 730 x 107° 358 x 107°
e=10.01 0.048-+.002 0.032+.002 7.00 x 107 5.49 x 1077
€ =0.05 0.033+.002 0.034+.002 7.20x 1075 7.95 x 1078
e=0.1 0.052+.007 0.035+002  2.57 x 107*  5.26 x 10~*
e=0.5 0.081+.009 0.738+.012 2.37x 1071 1.98 x 107!
e=1.0 0.107+.024 0.788+001  3.01 x 10~ 1.95 x 107!
e=25.0 0.134+.002 0.796+.002 7.34x 1071 297 x 107!
e=10.0 0.188+.003 0.796-+.002 1.05 x 10°  1.08 x 109
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(b) e = 0.05 (Balanced choice)
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(c) € = 0.1 (Strong repulsion)

Figure 8: Effect of boundary repulsion rate ¢ on the generated distribution. When ¢ is too small
(a), trajectories tend to stick to the boundary. Conversely, an excessively large € (c) aggressively
pushes samples away from the boundary, distorting the distribution. A moderate choice (b) balances
these effects, yielding the best sampling quality.
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