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Abstract

Bipartite ranking is a fundamental supervised
learning problem, with the goal of learning a rank-
ing over instances with maximal area under the
ROC curve (AUC) against a single binary target
label. However, one may often observe multi-
ple binary target labels, e.g., from distinct human
annotators. How can one synthesize such labels
into a single coherent ranking? In this work, we
formally analyze two approaches to this problem
— loss aggregation and label aggregation — by
characterizing their Bayes-optimal solutions. We
show that while both approaches can yield Pareto-
optimal solutions, loss aggregation can exhibit
label dictatorship: one can inadvertently (and
undesirably) favor one label over others. This sug-
gests that label aggregation can be preferable to
loss aggregation, which we empirically verify.

1. Introduction

Bipartite ranking is a fundamental supervised learning prob-
lem (Freund et al., 2003; Cortes & Mohri, 2003; Agarwal
et al., 2005; Clémencon et al., 2008; Kottowski et al., 2011;
Menon & Williamson, 2016), wherein the goal is to learn
a ranker that orders “positive” instances over “negative’
instances. This is formalized as learning a ranker with max-
imal area under the ROC curve (AUC) (Cortes & Mohri,
2003; Agarwal et al., 2005; Krzanowski & Hand, 2009),
and is arguably the simplest instantiation of learning to
rank (Liu, 2009). Bipartite ranking has seen applications in
practical problems ranging from medical diagnosis (Swets,
1988; Pepe, 2003) to information retrieval (Ng & Kantor,
2000; Macskassy & Provost, 2001), and is the basis for
several other supervised learning problems (Narasimhan &
Agarwal, 2013; Reddi et al., 2021; Tang et al., 2022).
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Bipartite ranking conventionally assumes the existence of
a single binary label denoting whether or not an instance
is “positive”. However, in practice, there may be multiple
binary labels, each identifying a different set of “positive”
instances. For example, in information retrieval, it is com-
mon for there to be distinct label sources (e.g., whether
or not a user clicks on a document, whether or not a hu-
man rater deems a document to be relevant) (Svore et al.,
2011). Similar challenges arise in applications including
medical diagnosis (e.g., balancing opinions from multiple
experts as to the presence of a certain condition (Verma
et al., 2023)), recommendation systems (e.g., balancing
click probability with diversity), and computational adver-
tising (e.g., balancing click-through rates with conversion
rates); see Appendix E for more discussion of problems
involving synthesizing multiple label sources.

Given multiple binary labels, can one produce a single coher-
ent ranking over instances? Addressing this requires formal-
ising the goal of such a ranking, and then specifying the me-
chanics of achieving this goal. The multi-objective learning
to rank literature provides guidance on both points (Svore
et al., 2011). Typically, the goal here is to find Pareto opti-
mal solutions, i.e., solutions that are not dominated across
all objectives (Ribeiro et al., 2015). Towards achieving this,
previous works have considered two primary approaches:
(1) loss aggregation (also known as linear scalarization, or
weighted sum), where the objective is a weighted combi-
nation of per-label objectives (Lin et al., 2019); (2) label
aggregation, where the objective is formulated on a single
target formed from suitable aggregation of the multiple la-
bels, such as a weighted combination (Carmel et al., 2020).

Empirically, both loss and label aggregation have proven
successful for multi-objective ranking problems. Theoret-
ically, however, there has been limited analysis providing
guidance on the following natural question: are there rea-
sons to favor label over loss aggregation, or vice-versa?

In this work, we study this question in the context of bi-
partite ranking. We study the Bayes-optimal scorers for
both aggregation approaches, which represent the theoreti-
cal minimizers given full access to the underlying statistical
distributions. We find that both methods broadly yield com-
parable optimal rankings, which furthermore are Pareto op-
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Objective Defn.  Cost cyy/ Stochastic labels (Any K)  Deterministic labels (KX = 2) Pareto-opt Dictatorship Prop.
Loss aggregation 4) NA S al® ) () a® () + @ . (z) v v 5.2,6.1
Label aggregation ) 1 No closed form W (2) + n® (z) X X 53,62
with ¥ = 35, YO 15>9)-15-7] TP () + 72 () v X 54

Table 1. Bayes-optimal scorer for two approaches to bipartite ranking with K binary labels. Here, we assume that we have random
variables (X, YV ..., Y)) representing instances and labels drawn from some joint distribution, with n® (z) = P(Y®) =1 | X = )
denoting the marginal class-probability function for each label. Suitable instantiations of both loss aggregation and label aggregation
satisfy a notion of Pareto-optimality; however, the loss aggregation approach results in an undesirable “label dictatorship” phenomenon,
wherein one label dominates the other (see §6.1). The label aggregation objective in (5) requires the specification of pairwise costs cgy/.
The constants a'®) = ay, /(7*) . (1 — 7(®))) arise in Proposition 6.1, where 7(*) = P(Y®) = 1) denotes the label priors.

timal. However, we explicate how Pareto optimality — while
providing a foundational concept for multi-objective prob-
lems — may by itself be insufficient for a desirable practical
solution. Indeed, upon closer inspection, we demonstrate
that loss aggregation can lead to a label dictatorship phe-
nomenon, wherein certain labels are implicitly favored over
others. This suggests that label aggregation can be preferred
over loss aggregation, which we validate empirically.

In summary, our contributions are (cf. Table 1):

(i) We formalize the problem of bipartite ranking from mul-
tiple labels (§3), and the instantiation of loss aggregation
and label aggregation in this setting (§4);

(i) We characterize the Bayes-optimal solutions to both loss
(§5.1) and label aggregation (§5.2), and establish Pareto-
optimality of (suitable instantiations of) both methods;

(iii)) We show that loss aggregation can lead to an undesirable
label dictatorship phenomenon (§6), and empirically
validate this on synthetic and real-world datasets (§7).

Our study serves to analyze the theoretical properties of
loss and label aggregation, rather than constructing novel
algorithms. This analysis, however, yields practical insights
for selecting amongst these methods.

2. Background and Notation

Learning to rank problems seek to learn a scorer that or-
ders instances according to an underlying utility score (Liu,
2009). The area under the ROC curve (AUC) is a traditional
metric used to evaluate the efficacy of such a ranking (Cortes
& Mohri, 2003; Agarwal et al., 2005; Clémencon et al.,
2008; Menon & Williamson, 2016). Below, we define AUC
for problems with binary and multi-class labels.

2.1. Bipartite AUC

Consider a supervised learning problem with input space
X, binary labels Y = {0, 1}, and distribution D over X x Y.
Let (X, Y) be random variables distributed according to D.
Denote by n(z) = P(Y = 1|X = z) the class-probability
function and m = P(Y = 1) the positive class prior.

Our goal is to learn a scorer f : XX — R that ranks the positive
examples (i.e., those with Y = 1) over the negative ones, as
quantified by the area under the ROC curve, or AUC.

Definition 2.1 (Agarwal & Niyogi (2009)). For any scorer
f: X — R and distribution D, the (bipartite) AUC is:

AUC(f; D) = Exx [H(f(X) = f(X) Y > Y] (1)

H(z)il(z>0)+%~1(z:()).

Intuitively, the AUC is the fraction of pairs (z,z’) € X x
X with positive and negative labels wherein f scores the
positive over the negative, with a reward of 0.5 for ties.

Given some fixed distribution D, a Bayes-optimal scorer
f* is one that achieves the highest possible AUC; i.e.,
AUC(f*; D) > AUC(f; D) for any f: X — R. One may
employ the Neyman-Pearson lemma (Lehmann & Romano,
2005) to establish these scorers closely follow 7(x).

Proposition 2.2 (Clémencon et al. (2008); Menon &
Williamson (2016)). For any distribution D, any Bayes-
optimal AUC scorer f* satisfies

(Vz, 2" € X)n(x) > n(x') = f*(z) > f*(2'),
or equally, 1 is any non-decreasing transformation of f*.

We remark here that neither the AUC nor its Bayes-optimal
scorer depend on the class prior 7. Thus, the (population)
AUC is invariant to the amount of label skew, supporting
its common usage as a metric in problems characterized by
label imbalance (Ling & Li, 1998; Menon et al., 2013).

2.2. Multipartite AUC

One may extend bipartite ranking to ordinal multi-class la-
belsY = {1,2,..., L}, wherein higher label values denote
higher presence of a certain attribute (e.g., star ratings de-
noting user’s item preferences). In this case, our goal is to
learn a scorer that ranks examples with higher labels over
examples with lower labels. Further, one may apply variable
costs on mis-ranking of pairs with different labels.
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Formally, let D,,;, denote a distribution over X x Y. As
before, we denote the conditional-class probability function
by ny(z) = P(Y = y | X = x), and the class priors by
my = P(Y = y). Further, let ¢,,» > 0 denote the cost of
scoring an instance with label y € Y below an instance with
label ¢y’ € Y. The following is an adaptation of the bipartite
AUC (Definition 2.1) to multi-class problems.

Definition 2.3 (Uematsu & Lee (2015)). For any scorer
f: X — R, distribution Dy,p,, and costs {c,,» > 0: y,y’ €
Y}, the multi-partite AUC is:

AUChp (f: D) = @
ExEx: [eyy: - H(f(X) = fF(X) | Y > Y'].

When L = 2, the objective reduces to a scaling of (12). Un-
like the bipartite case, the multipartite AUC does not admit
a tractable Bayes-optimal scorer in general. An exception is
when either I = 3, or the costs satisfy the following scale
condition: for suitable constants w,, s, > 0,

sy) -y >y'), 3)

For example, (3) holds when ¢,y = (y — ') - 1(y > ¢/).
Under such a condition, we have the following.
Proposition 2.4 (Uematsu & Lee (2015, Theorem 3)). Sup-
pose L = 3, or the costs {cy,y > 0: y,y € Y} satisfy the
scale condition (3). For any distribution D, any Bayes-
optimal multi-partite AUC scorer f* satisfies

(Vy,y" € Y) ey = wy - wy - (s —

(Vz,z' € X) B(z) > B(z") = f*(z) > f*(a)
>igcri - mil®)
S e mi@)

or equally, B is any non-decreasing transformation of f*.

Blx) =

3. Bipartite Ranking With Multiple Labels

We now formalize our setting of interest — bipartite ranking
from multiple labels — and the core goal of identifying a
Pareto optimal solution with respect to these labels.

3.1. Formal setup

Consider a setting where we have access to multiple labels
for each instance x € X, and would like to produce a single
coherent ranking over instances. For simplicity, we begin
by assuming each individual label is binary. Formally, for
integer K > 2, (X,YM) ... Y()) be random variables
distributed according to a joint distribution Di" over X x
{0,1}%. Let u denote the marginal distribution of X. For
each k € [K], we have an induced marginal distribution
D®) over (X, YF)). Let n®) (2) = P(Y®) =1 | X = x)
denote the marginal class-probability function of each label
k € [K], and 7(*) = P(Y*) = 1) the class prior.

Our goal remains to produce a single scorer f: X — R. To
do so, we must specify a concrete metric for assessing f.

3.2. Pareto optimal per-label AUC maximisation

One natural summary of f’s performance is the per-label
AUC vector, ie., (AUC(f;DW),... AUC(f; DU)).
The problem of synthesizing such a vector into a single
metric falls within the purview of multi-objective optimiza-
tion (Ehrgott, 2005). Adapting a standard goal from this
literature, it is natural to seek scorers that are Pareto opti-
mal (Ehrgott, 2005) with respect to the per-label AUCs.

Definition 3.1 (Pareto dominance). We say a scorer
f: X — R Pareto dominates another g: X — R with
respect to distributions { D)} ke[ if and only if:

(1) Vk € [K]: AUC(g; D®)) > AUC(f; D™*))
(2) 3k € [K] : AUC(g; D®)) > AUC(f; D).

Definition 3.2 (Pareto optimality). For any {D(*)} kE[K]
the set of Pareto optimal scorers Fprs comprises scorers that
are not Pareto dominated by any other scorer.

Essentially, a scorer is Pareto optimal if no other scorer
dominates it across at least one AUC objective, while not
harming it across all AUC objectives.

3.3. Does Pareto optimality suffice?

Pareto optimality is a necessary, but not sufficient condition
for a solution to be practically useful: a model that aggres-
sively optimizes one objective at the complete expense of
others, while being Pareto optimal, can be undesirable.

For example, consider a document retrieval problem, with
the goal of satisfying various aspects of a user query; e.g., an
ideal system should return documents that are both relevant
to the query and likely to engage the user (He et al., 2023).
Relevance can be assessed through annotation from a hu-
man or machine expert, while engagement can be measured
through metrics such as click-through rate or revenue.

In practice, the goals of relevance and engagement may be
at odds with each other. To illustrate this point, consider
queries from the MS MARCO benchmark dataset (Bajaj
et al., 2018). We predict the engagement and relevance
of different documents for a query by prompting the Gem-
ini model (Team, 2024) (see Table 5 in Appendix for de-
tails). Illustrative queries, documents, and predicted engage-
ment and relevance scores are reported in Table 2. For the
query “What is another name for rust?”, a document
with high relevance but low engagement contains the right
answer, albeit with an obscure presentation. Conversely, a
document with high engagement but low relevance superfi-
cially matches keywords, but lacks the correct answer.

On the other hand, for the query "How much does it cost
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High rel e & Low t document

Rust is the result of the oxidation of iron. The most common cause is pro-
longed exposure to water. Any metal that contains iron, including steel, will
bond with the oxygen atoms found in water to form a layer of iron oxide,
or rust. Rust will increase and speed up the corrosion process, so upkeep is
important.here are two ways you can use a potato to remove rust: 1 Simply
stab the knife into potato and wait a day or overnight. 2 Slice a potato in half,
coat the inside with a generous portion of baking soda, and go to town on the
rusted surface with the baking soda-coated potato

Query Low relevance & High engagement document

"What is First of all rust is formed when iron is exposed to both oxygen and water/ water vapopurs.
another name The formula for rust is Fe203.xH20. Now the x varies which determines the extent to
for rust?” which rust is formed. Basically Rust is formed throughout the surface of the iron thus

preventing rusting of the inner layers.

"How much Once you determine what kind of decking materials you’ll need to build the structure,
does it cost it’s time to get down to price. While the average cost to build a deck averages between
to build a $4,000 and $10,000, that doesn’t account for the materials.Here is the average cost of
deck with a each decking material, broken down by average price range per board: It’s important to
hot tub?” know what board sizes you’ll need to purchase for your deck.nce you determine what

kind of decking materials you’ll need to build the structure, it’s time to get down to price.
While the average cost to build a deck averages between $4,000 and $10,000, that doesn’t
account for the materials.

1 Pre-fabricated hot tubs cost less, but are still priced between $3,000 and
$8,000 (for the smaller-sized models). 2 Although you give up some features
and styling with inflatable, you can get a good-quality inflatable hot tub
starting at about $500. 3 There is quite a difference in price here.

Table 2. An illustration of the trade-off between engagement and relevance across queries and documents from the MS MARCO
dataset (Bajaj et al., 2018). A purely relevance-driven approach recommends the documents from the rightmost column, which contains
the correct answer, albeit with an unclear presentation. Conversely, a purely engagement-driven approach recommends the documents
from the first column, which may superficially match keywords, but lack the correct answer. While both solutions may be Pareto optimal,
in practice, one may favor only one of these solutions; further, the particular choice can vary depending on the query. Therefore, a solution

which globally favors one signal over the other (i.e., where one label is a dictator) may be undesirable.

to build a deck with a hot tub?”, a document with
high relevance but low engagement addresses the specific
question of the hot tub pricing, but ignores the more gen-
eral context of the price for building the deck. A document
with high engagement but low relevance misses the hot tub
aspect, but does answer the general question of deck pricing.

These examples highlight a common practical challenge: a
trade-off often exists between different objectives (in this
case, relevance and engagement). Further, while scorers
focusing exclusively on one metric could be Pareto optimal
— specifically, if no single document excels at both metrics
simultaneously — such solutions may be practically undesir-
able. Indeed, solely optimizing relevance at the expense of
engagement may be desirable for the first query (where the
document contains the correct answer), but less desirable
for the second query (where the query intent is open-ended).

Therefore, alongside ensuring Pareto optimality, it is cru-
cial to assess whether a solution does not overly favor one
of the labels, e.g. via the gap between the per-objective
AUC scores (as we consider in §7). This motivates a deeper
investigation into the precise forms of Bayes-optimal solu-
tions for different aggregation approaches, allowing us to
understand their inherent behaviors and potential biases.

4. The Loss and Label Aggregation Methods

We now formalize two natural approaches for bipartite rank-
ing with multiple binary labels. These aggregate either the
losses over multiple labels, or the labels themselves.

4.1. Loss aggregation

A common strategy in the multi-objective optimization lit-
erature to achieve Pareto optimal solutions is to optimize a

linear combination of the objectives (Ruchte & Grabocka,
2021). Such an approach is typically referred to as linear
scalarization, and may be seen as performing loss aggrega-
tion. In our case, this amounts to maximizing

> ar- AUC(f; DW),

ke[K]
for mixing coefficients ay, ..., a; > 0. This is equivalent
to the following loss aggregated AUC objective.

Definition 4.1 (Loss aggregation). For any scorer f: X —
R, distribution D™ over (X, Y, o ,Y(K)), and weights
{ar > 0} (k). the loss aggregated AUC is:

AUCoa(f; D™) )

= Z Ex xs {ak -H(f(X) — f(X'))‘Y(k) N Y/(k)},
ke[K]

For brevity, we subsequently omit the dependence
of AUCpea(f) on D™, Given a finite sample
{(z®,yD Ly R }ien drawn from DI, the empir-
ical loss aggregated AUC is

A/U\CLOA(f) o Z Z a - H(f(m(i)) _ f(:v(j))),

K€E[K] (i,5)€ P

where P*F) = {(i,7) € [N] x [N]: 1(y*F) > y@:R))],

4.2. Label aggregation

Weighting the individual per-label AUCs is conceptually
simple. An alternative approach is to combine the K labels
(Y. YU via some aggregation function 1 to obtain
a single new aggregated label Y (Svore et al., 2011; Agar-
wal et al., 2011; Dai et al., 2011; Carmel et al., 2020; Wei
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et al., 2023). Given such an aggregated label, one may then
maximize the multi-partite AUC (2) on Y, as follows:

Definition 4.2 (Label aggregation). For any scorer f: X —
R, distribution D" over (X, Y™, ... Y(5)) aggregation

function v : Y& — Y, and costs {cz5 > 0}y ey, the
label aggregated AUC is:
AUCraa(f; D'™) (5)
= Exx [eyy - H(f(X) = f(X) | Y > Y]
where Y = (YD) ... ) YE))and Y C [K].
Given a finite sample { (2", y*1 ... y@F))}, ) drawn

from D" and () = > kelK] y(%) | the empirical label
aggregated AUC is

A/ﬁjLaA(f) x Z Cy() GG - H(f(x(l)) - f(ac(j))),

(1,7)€P

where P = {(i,j) € [N] x [N]: 1(g) > g())}.

There are several natural choices of aggregation func-
tion. Per §3.1, we consider K individual binary labels
Y(k) € {0,1}. One approach is to sum these binary labels:
P(YW, L Y = 30 g Y®) € {0,1,.., K}, This
results in an integer ordinal value, representing the count
of positive labels for an instance . Another natural label
aggregation mechanism could be to take the product of the
labels: (Y1), ..., YFN) =TT, i Y € {0, 1},

5. Bayes-Optimal Scorers Under Aggregation

We now characterize the set of Bayes-optimal scorers for
loss aggregation (Definition 4.1) and label aggregation (Def-
inition 4.2). This shall be a step towards understanding the
solutions provided by each method.

5.1. Bayes-optimal scorers for loss aggregation

We first show that any scorer that is optimal for loss aggre-
gation is also Pareto optimal; this follows straight-forwardly
from Ruchte & Grabocka (2021).

Proposition 5.1. For any distributions {D®};cr| and
mixing weights {ay > 0}y¢(k], a scorer f* : X — R that
maximizes the loss aggregated AUC in (4) is Pareto optimal.

As noted in Section 3, Pareto optimality alone may not
suffice to assess the usefulness of a solution. We therefore
take a closer look at the form of the Bayes-optimal scorer.

Proposition 5.2. For any distributions {D*)} ke(k] and
mixing weights {ay > O}ke[ K], any Bayes-optimal scorer
f* for the loss aggregated AUC satisfies

Yz) > (@) = f(z) > f7(@)

=1 I N ()
V(@) = K Z k) . (1 — (k) (), (6)
ke[K]

or equally, v is some non-decreasing transformation of f*.

The final expression is intuitive: the optimal scorers involve
a weighted sum of individual class-probability functions
n(k). In fact, when K = 1, this reduces to the standard
result for the AUC (Lemma 2.2).

5.2. Bayes-optimal scorers for label aggregation

Unlike loss aggregation, label aggregation may not always
produce Pareto optimal solutions. We show this below with
additive label aggregation function and with costs ¢y = 1.
Proposition 5.3. Suppose (YD ... YE)) =5~ vk,
and czz = 1,Vy,§ € Y. There exists a set of distributions
{D(k)}ke[K], mixing weights {ay, > 0}¢[x), and a scorer
f* X — R such that f* maximizes the label aggregated
AUC in (5), but is not Pareto optimal.

Interestingly, this issue can be remedied with a simple
change to the AUC objective. Specifically, we choose the
misranking costs to be czzr = 1(§ > ') - |[§ — '] in (5),
where the cost of misranking a pair of instances scales lin-
early with the difference in their aggregated labels. We can
then show that the optimal scorers are obtained through sim-
ple summation of the class probability functions 7*)(z);
thus, the Bayes-optimal scorers are also Pareto optimal.
Proposition 5.4. Suppose (YD) ... YE)) =5~ vk,
and czz = 1(y > ') - |g — §'|. For any distributions
{D(k)}ke[K], any Bayes-optimal scorer f* for the label-
aggregated AUC in (5) satisfies

v(z) > (') = f(x) > f* (")
)= Y n®(a); (7)

ke[K]

or equally, v is some non-decreasing transformation of f*.
Furthermore, f* is Pareto optimal w.r1. {D(k)}ke[K].

The simple form of (7) critically relies on choosing costs
cgg = 1(y > ¢') - [y — ¥'| in the label aggregated AUC
objective (5). As established by Uematsu & Lee (2015)
and utilized in our proof (Appendix B), these costs ensure
that the optimal scorer follows E[Y | X = x|, which equals
>, n®) () by linearity of expectation. Other costs (e.g.,
uniform cggr = 1, per Proposition 5.3) do not generally lead
to this direct summation of 77(*) as the optimal scorer.

We also note that for an arbitrary set of costs ¢y, the Bayes-
optimal scorer will in general not admit a tractable closed-
form solution. This is not surprising: indeed, even when
K = 1, the multi-partite AUC does not have a tractable
closed-form scorer in general (Uematsu & Lee, 2015). How-
ever, for the specific choice of uniform costs cyg = 1, we
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present scorers that are asymptotically optimal for AUCy, 5
(in the limiting case of K — oo) under some distributional
assumptions; see Theorem C.1 and Corollary C.2 in §C.

5.3. Contrasting the Bayes-optimal scorers

Upon closer inspection, the optimal solution to loss aggrega-
tion in (6) reveals a subtlety: for K > 1, even for a uniform
weighting of the individual label AUCs (i.e., ap, = 1,Vk),
the optimal scorers depend on the underlying marginal class
priors (%), Conceptually, this is a surprise: indeed, it is in
contrast to the standard behaviour when K = 1, wherein
the class priors do not influence the AUC optimizer.

Practically, this suggests that the choice of the mixing
weights aj, determines the extent to which the optimal scorer
favors one label over the others. More precisely, the opti-
mal scorer favors labels that are marginally skewed (7*) is
away from 0.5), over labels that are balanced (w(k) =~ 0.5).
As we discuss in §6.1, this can lead to an objective that
inadvertently favors certain labels based purely on their
dataset-wide imbalance, rather than their instance-specific
information content, potentially leading to a “label dicta-
torship” (see Appendix F for an illustrative example). This
is unexpected: one might expect that a uniform weighting
(ar = 1) would induce scorers that treat all labels equitably.

It is critical to distinguish the marginal probabilities 7(*) =
P(Y(®) = 1) from the instance-conditional probabilities
n®)(z) = P(Y®) = 1| X = z). A label can be per-
fectly balanced marginally (i.e., 7(¥) = 0.5) while being
completely noise-free conditionally (i.e., n*)(z) € {0,1}
for all z). While weighting by the inverse marginal skew
1/[x%®) (1 — 7(¥))] might appear statistically natural, this
may not align with the conditional quality of the signals.

By contrast, under label aggregation, the optimal scorers
equally balance each (*). Crucially, the optimal scorers do
not incorporate additional weighting under the hood, and
thus avoid favoring one set of labels over the others. Further
analysis (see Appendix D) shows this optimal scorer (Propo-
sition 5.4) behaves predictably with (anti-)correlated labels
and can be generalized with explicit non-uniform weights,
maintaining direct sensitivity to these weights without the
hidden prior-dependencies of loss aggregation.

6. The Perils of Loss Aggregation

To better highlight the differences between loss aggregation
and label aggregation, we consider the special case of de-
terministic labels, where P(Y() =y, ... . YH) = yp) €
{0,1},Vz € X, y € {0,1}%. Here, we demonstrate that
loss aggregation can exhibit undesirable “label dictatorship”
behavior, wherein one label is favored over another.

We emphasize that the assumption of deterministic labels
is for illustrative clarity of the “label dictatorship” phe-
nomenon (Proposition 6.1, Figure 1); our main results on
Bayes-optimal scorers (Proposition 5.2 and Proposition 5.4)
hold for general *)(z), as validated in §7.

6.1. Loss aggregation can yield label dictatorship

We first show that the optimal scorer for loss aggregation ex-
hibits a certain dictatorial behavior under the deterministic
label setting. This is easy to see when K = 2.

Proposition 6.1. Suppose n'®)(z) € {0,1},Vz € X and
K = 2. For mixing weights ai,as > 0, denote a®) =
W7 k € {1,2}. Then any Bayes-optimal scorer
7 for the loss aggregated AUC in (4) satisfies:

If a® > a® .

NV () > V(@) = f*(x) > f*(");
If a® > oW

(@) > 9@ @) = f*(2) > f*(@@).

When a(!) > o), the ranking is predominantly determined
by 7)), and when o) < «(?), the ranking is predomi-
nantly determined by 7(?); i.e., one of the labels acts as a
“dictator” in determining the optimal solution. This “label
dictatorship” behavior can be undesirable in practice. Even
if both labels provide perfectly clean conditional signals
(i.e., n™)(x) € {0,1}), a label might dominate the rank-
ing due to its marginal skewness, rather than its contextual
importance. An example illustrating such an undesirable
scenario in information retrieval is provided in Appendix F.
In contrast, label aggregation results in scorers that equally
balance both labels even under uniform costs cgy = 1.
Proposition 6.2. Suppose n'¥)(z) € {0,1},Vx € X and
K = 2. Then for both costs czzr = 1 and czy = 1(§ >
7') - |lg — ¥'|, any Bayes-optimal scorer f* for the label-
aggregated AUC in (5) satisfies

(x) >(2) = [ (x) > f* (')
v(z) =M (2) + ) (2); (8)

or equally, v is some non-decreasing transformation of f*.

6.2. Illustration of label dictatorship

We illustrate the above in Figure 1 by showing the partial
orders induced by the two objectives for two deterministic
binary labels (Y1), Y(2)). Each circle denotes an instance
with a combination of (Y1), Y(2)), and the arrows indicate
that a particular combination is ranked below another. Based
on the value of (") and o(?), loss aggregation either always
ranks the label combination (1, 0) above (0, 1), or always
ranks (1,0) below (0,1). By contrast, label aggregation
does not induce any ordering between (1, 0) and (0, 1).
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(1,1) «—(1,0) (1,1) «——(1,0)
(0,1) «—(0,0) (0,1) «—(0,0)

(a) LOA,Q(]) > a®, (b) LoA., a® < @,

(1,1) «——(1,0) (1,1) -—(1,0)
(0,1) «—(0,0) (0,1) (0,0)
(c) LaA, sum. (d) LaA, product.

Figure 1. Illustration of partial orders among examples for two
deterministic binary labels induced by: (a) Loss aggregation with

a® > a®; (b) Loss aggregation with a® < a®; (c) Label
Aggregation with Y = Y 4+ Y®): (d) Label Aggregatlon with

Y =YD .¥@, Ag before, a® = Each

(k) . (1 — &)’
circle denotes an example with values for the two binary labels.
An arrow from a circle marked (Y(l) , Y(2)) to a circle marked

(Y, Y®) indicates that the label combination (Y, Y®)) is
ranked below (Y<1) Y® ). The red arrow for the loss aggregation
methods depicts the dictatorial behavior described in Section 6.1.

To make this point concrete, recall our MS MARCO ex-
ample (Section 3.3), where Y1) represents relevance and
Y () represents engagement. Then, node (1, 0) conceptually
corresponds to the document with high relevance but low
engagement (the rightmost column in Table 2), while (0, 1)
corresponds to the document with low relevance but high
engagement (the middle column in Table 2).

The “label dictatorship” behavior of loss aggregation —
highlighted by the red arrows in Figures 1(a) and 1(b) —
translates to imposing a strict, global preference between
high-relevance & low-engagement and low-relevance &
high-engagement documents. This preference is deter-
mined by the relative values of a!) = a1 /(7 (1 — 7(1)))
and a® = ay/(7@ (1 — 7)) (cf. Proposition 6.1).
Specifically, the ranking will favor relevance if (") > a/(?),
and engagement if the inequality is reversed. These « values
depend on the mixing weights a; and the marginal label
skews m(*) | regardless of the specific query or document.
As argued in §3.3, such a fixed global trade-off might be
undesirable. By contrast, label aggregation avoids imposing
a strict order between high-relevance & low-engagement
and low-relevance & high-engagement documents.

Before closing, in Figure 1 we contrast label aggregation
via product Y = Y . Y(2) versus summation. The prod-

uct aggregation mechanism is more conservative, in that
it induces only a subset of the partial orders among label
combinations induced by sum aggregation. Formally:

Lemma 6.3. Suppose n'®)(z) € {0,1},Vo € X. Let
sum and [y .q be Bayes-optimal scorers for the label

aggregated AUC in (5) with Ysum = Y 4cix) Y& and
Yprod = er[K] Y ) respectively. Then for any x,x' € X:
(@) Youm(®) > Youm(2) = flm(®) > fiim(@);

(b) Yprod(T) > Yprod(') = firoa() > froalz’);
(€) Yprod(®) > Yprod(r') = Youm(®) > Ysum(@"),

Zke[K] n®)(x), and Yprod(®) =
YE) = 11X = 2).

where “Ysum ()
PYD =1,...

7. Experimental Results

We present a suite of synthetic and real-world experiments
to empirically validate our theoretical findings. Specifically,
we aim to verify: (i) the “label dictatorship” phenomenon
predicted for loss aggregation (Proposition 6.1 and §6.1),
particularly its emergence due to the aforementioned sensi-
tivity to (*); and (ii) the consequent tendency for label ag-
gregation (Proposition 6.2 and §6.2) to offer more balanced
handling of multiple labels compared to loss aggregation.

To measure the degree of balanced handling of labels, we
report the difference between the per-label AUCs: high dif-
ferences indicate that one of the two labels is disproportion-
ately favored. Since this metric can be trivially maximized
by a scorer achieving 0.5 AUC for both labels, we addition-
ally report the minimum over the per-label AUCs. Note that
worst-class performance is a common metric in prior works
on fairness (Williamson & Menon, 2019; Sagawa et al.,
2020). While our focus is on label and loss aggregation, in
future work it will be of interest to study how well directly
maximizing the minimum per-label AUC would perform.

We present experiments on a synthetic and 3 real world
datasets with training neural models on loss and label aggre-
gation objectives. When optimizing the AUC-based objec-
tives, following prior works we employ a logistic or hinge
surrogate function. See Appendix G.2 for details.

Additionally, in Appendix G.1 we empirically verify the
derived forms of the Bayes-optimal scorers for loss and
label aggregation (Proposition 5.2, Proposition 5.4).

Bayes-optimal solutions on synthetic data We begin by
analyzing the “label dictatorship” phenomenon directly on
the Bayes-optimal scorers (i.e., without any model training)
on synthetic data. We consider a 2D prediction task with two
labels, and compare loss and label aggregation as we vary
the label skewness 7(!), 77(2). This variation in skewness di-
rectly probes two contrasting theoretical predictions: recall
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Figure 2. Plot of |AUC(-; DY) — AUC(-; D®)| for optimal scor-
ers as a function of skewness in label Y*. We compare label
aggregation and loss aggregation on the synthetic dataset as de-
scribed in the main text. We fix 7)) = P(Y® = 1) = 0.5
and vary 7 = P(Y® = 1). Larger values of sigmoid scaling
parameter 7 make the label distribution closer to deterministic.
A lower difference indicates a more balanced label treatment by
the optimal solution; loss aggregation leads to a higher difference.
Figure 6 reports individual per-label AUC metrics.

that the Bayes-optimal scorer for loss aggregation (Proposi-
tion 5.2) involves weighting of individual class-probabilities
n®)(z) inversely proportional to 7). (1 — 7(¥)), thus
leading to “label dictatorship” (Proposition 6.1). By con-
trast, the optimal scorer under label aggregation (with costs
cgg = |§ — §'|, Proposition 5.4) does not involve 7(*).

We generate instances © € R? uniformly from [—1,1]2.

We model the two class probability distributions using a

logistic model, with ") (z) = o(7 - w] x) and n? (z) =
1

o (T - (wy 2 — p)), for sigmoid function o(z) = Trep(=5)"

wy = [%, %] , we = [0, I]T, scale parameter 7> 0, and
shift parameter p> 0. As 7 — 400, the label distributions
become more deterministic. As p — 400, the more skewed
is the label distribution 7(?) (). Specifically, our choice
of w; ensures that 7(1) = E[(M)(X)] = 0.5; we vary the
skewness of 7(2) = E[;(?)(X)] alone by varying p.

T

For each instantiation of the above distributions D(!) and
D®), we compute the Bayes-optimal scorers for both loss
aggregation (6) with a; = as = 1, and label aggregation
(7), and evaluate the difference Ayyc = |AUC(f; D)) —
AUC(f; D®)| on 10° samples drawn from (D) D)),
In Figure 2, we plot the differences in the per-label AUC
as a function of the second label’s skewness 7(2). Observe
that for most skewness values, the optimal scorer for loss
aggregation leads to a larger gap in AUCs between the two
labels. This is due to the optimal scorer for loss aggregation
(6) closely depending on the label priors 7(!) and 7(?). In
fact, the closer the distributions are to being deterministic,
the larger is Ayc for loss aggregation. This observation
closely aligns with the dictatorial behavior described in
Section 6.1 for loss aggregation under deterministic labels.

Banking. We consider the UCI Banking dataset composed
of information about Bank customers, advertising campaign
details, and the success thereof (Moro et al., 2014). We take

0.08 i
o
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Figure 3. Plots of |AUC(mortgage) — AUC(loan)| (lower is better)
and min{AUC(mortgage), AUC(loan)} (higher is better) on the
Banking dataset. We compare label aggregation and loss aggrega-
tion as we vary the marginal probability of the mortgage label. We
find label aggregation to fare better in the higher skewness regime.

the mortgage and loan variables as two targets.

To study the behavior of label and loss aggregation under
label skews, we re-sample this dataset with varying pro-
portions of the positive mortgage label, and average results
over 25 trials. We train a linear model on numerical fea-
tures using Adam for 100 epochs. In Table 3 and Figure
3, we compare the scorers learned by optimizing the loss
aggregation objective (4) with a; = as = 1 and the label ag-
gregation objective (5) with costs ¢z = 1(y > ¥')-[g—7'|.
We employ the logistic surrogate loss in both cases. Notice
that label aggregation is able to better balance between the
two labels, yielding the highest Min AUC metric.

Objective AUC mortgage t  AUC loan 1 Diff AUC | Min AUC 1t
AUC(mortgage)  0.637 £0.004  0.523 +£0.002 0.113 £0.004 0.523 + 0.002
AUC(loan) 0.550 + 0.005 0.573 £0.002  0.023 £ 0.005 0.550 + 0.005
AUCyp A 0.616 + 0.003 0.562 +0.002  0.054 £ 0.005 0.562 = 0.002
AUC}_‘O‘}\> 0.626 + 0.003 0.555 +£0.002 0.071 £ 0.005 0.555 £ 0.002

Table 3. Results on the Banking dataset with the proportion of posi-
tive mortgage label set to 0.9. While optimizing an objective for an
individual label maximizes the corresponding AUC, we find label
aggregation to strike a balance between the two evaluation metrics,
yielding the highest Min AUC. Here, AUCr,.a = AUC(mortgage +
loan) and AUC(Llo’}\) = AUC(mortgage) + AUC(loan).

HelpSteer. HelpSteer (Wang et al., 2023b) consists of eval-
uations of LLM responses across 5 categories: helpfulness,
factuality, correctness, coherence, complexity and verbosity.
On each category, responses are rated from 0 to 4, where
higher means better. While originally intended for usage in
LLM alignment, we repurpose the dataset here to illustrate
the tradeoffs when ranking along competing signals.

We consider a task of ranking concatenations of a prompt
and candidate response. We binarize each category based on
whether or not it equals 4, and fix the first label to coherence
(the most balanced category), while iteratively choosing the
second label to be each of the remaining categories. Figure 4
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Figure 4. Plot of Diff AUC |[AUC(-; DY) — AUC(-; D®)| (lower
is better) and Min AUC min{AUC(-; D)), AUC(-; D)}
(higher is better) for scorers learned with different labels Y@
(sorted according to their skewness, from the most skewed to the
least skewed). Experiments on the HelpSteer dataset, where the
first label is fixed to coherence (which is the closest to balance, and
thus, 7Y = P(Y()) = 1) & 0.5), and the second label is chosen
over the set of all remaining labels (and so, 7 = P(Y® = 1)
is of varying skewness). We find loss aggregation to lead to a
higher difference between per-label AUC metrics.

Objective AUC Click  AUCRel 1 Diff AUC| MinAUC 1
AUC(Click) 0.74 0.61 0.13 0.61
AUC(Rel) 0.70 0.67 0.03 0.67
AUCraa 0.73 0.68 0.05 0.68
AUCproa 0.73 0.67 0.06 0.67

Table 4. Results on the MSLR dataset. Learning on both label (click
and relevance) helps even when evaluated on each label alone. La-
bel aggregation strikes a better balance between the two objectives,
and achieves the largest minimum AUC over the two labels.

shows that label aggregation yields the lowest difference
between per-label AUC across all settings.

MSLR. We next consider MSLR Web3oek, a dataset of users’
query-document interactions (Qin & Liu, 2013). We follow
the methodology from Mahapatra et al. (2023) in construct-
ing the target scoring function by removing Query-URL
Click Count (Click), and using it in conjunction with the
Relevance label. We train an MLP model over the concate-
nated features and follow hyper-parameters specified in the
TensorFlow ranking library (Pasumarthi et al., 2019).

In Table 4, we report results across different objectives.
Since the AUC over clicks is always seen to be higher than
AUC over relevance, min(AUC click, AUC relevance) =
AUC relevance across all objectives. We find that, com-
pared to the label aggregation solution, loss aggregation
solutions tend to over-optimize one metric over the other,
depending on the weights. On the other hand, label aggrega-
tion yields the highest min(AUC click, AUC relevance) and
Pareto dominates the loss aggregation with equal weights.

8. Related Work

Bipartite ranking. Bipartite ranking is a fundamental su-
pervised learning problem, with intimate ties to binary
classification and class-probability estimation (Narasimhan
& Agarwal, 2013). A large body of work has stud-
ied various theoretical aspects of the problem, including
statistical generalisation (Agarwal et al., 2005; Agarwal,
2014), consistency of suitable surrogate loss minimisa-
tion (Clémencon et al., 2008; Uematsu & Lee, 2015; Menon
& Williamson, 2016), relation to classic supervised learn-
ing problems (Cortes & Mohri, 2003; Kotlowski et al.,
2011; Narasimhan & Agarwal, 2013), effective algorithm
design (Freund et al., 2003), and extensions to top-ranking
settings (Rudin, 2009; Agarwal et al., 2011; Li et al., 2014).

Multi-objective ranking. There has been much work on
finding Pareto optimal solutions for multi-objective rank-
ing (Mahapatra et al., 2023). A primary focus has been on
modifying the LambdaMART objective (Burges, 2010) and
evaluating on the nDCG evaluation metric, which the orig-
inal LambdaMART objective optimizes the upper bound
for (Wang et al., 2018). Two prominent lines of works fo-
cus on loss aggregation (or linear scalarization) (Ruchte &
Grabocka, 2021) and label aggregation (Svore et al., 2011;
Agarwal et al., 2011; Dai et al., 2011; Carmel et al., 2020;
Wei et al., 2023). To the best of our knowledge, prior works
neither considered multi-objective AUC optimization, nor
theoretically analyzed the corresponding optimal solutions.

Multi-label ranking. Multi-label classification involves
learning to predict multiple labels associated with a given
instance (Tsoumakas et al., 2010; Read et al., 2009; Dem-
bezyriski et al., 2010). Multi-label ranking generalizes this
to learn a ranker over the multiple candidate labels (Brinker
et al., 2006; Fiirnkranz et al., 2008; Dembczynski et al.,
2012). Canonically, such a ranker may be assessed based on
an instance-specific analogue of the AUC (Wu et al., 2021).
While the problem setting is similar to what we consider, the
goal is fundamentally different: multi-label ranking seeks
to produce a score for every candidate label, while we seek
to produce a single score that synthesizes the labels.

9. Conclusion and Future Work

We have studied the problem of bipartite ranking from mul-
tiple labels, with a characterization of the Bayes-optimal
solutions for loss and label aggregation techniques. While
these optimal scorers have a similar form, we established
that loss aggregation can lead to an undesirable “dictator-
ship” issue. In future work, it would be of interest to study
surrogate losses for the loss and label aggregation strate-
gies. Another interesting direction would be to move beyond
AUC to metrics such as the nDCG (Wang et al., 2013).
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Impact Statement

This paper presents work goals of which is to advance the
field of machine learning, specifically in the area of bipartite
ranking with multiple labels. While there are many potential
societal consequences of our work, we don’t feel they must
be specifically highlighted here. The presented analysis
of loss and label aggregation methods provides a deeper
understanding of multi-label bipartite ranking, potentially
leading to improved algorithms in information retrieval and
medical diagnosis applications.
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A. Additional helper results

Lemma A.1. Let 8 denote the set of pairwise scorers s: X x X — R satisfying the symmetry condition: s(z,z') = s(2’, ).
For any distribution p and weight function w: X x X — R, let

s* € argmax Ex~, Ex:~, [w(X, X') - H(s(X,X'))]. )

SES
Then,
sz, 2") >0 <= w(z,2') —w(@' z) > 0.
Proof of Lemma A.1. By symmetry of the expectation, and the definition of H (), the optimal solution is equivalently

s* € argmax Ex, Ex ., [w(X, X") - H(s(X,X")) + w(X',X) - H(—s(X,X"))]

sES
w(X, X") if s(X,X") >0
= argmax Ex,Ex/~, [ w(X’, X) if s(X,X") <0
sSES w(X,X’);w(XQX) lfS(X, X/) — 0

For each fixed (z,z') € X x X, we thus have

s*(z,2') >0 <= w(z,2") —w(@',z) > 0.
Note that if w(z, 2') = w(a’, ), then the choice of s*(z, z’) may be arbitrary. O
Lemma A.2. For any distribution p and weight function w: X x X — R, let

fre 3}jgjrcna§1Ex~uEx/~u [wX,X") - H(f(X) = fF(X))]. (10)

Then, if there exists some g: X — R such that
9(z) > g(a') = w(z,2’) > w(@' ),
we must have
@) > f7(@) = g(x) > g(a"). (11)
Proof of Lemma A.2. Let
Rpair(8) = ExopBxr oy [w(X, X") - H(s(X,X"))]
Raigt (f) = ExxepExrmp [w(X, X') - H(f(X) — f(X))].

If there exists a g satisfying the prescribed condition, then by Lemma A.1, any optimal pairwise scorer s* for Rp,;, satisfies
s*(z,2') >0 <= g(x) > g(a’).

Now let gaigr (z, 2") = g(x) — g(2). Then, gaig(z,2') > 0 < s*(x,2’) >0 <= w(z,z’) > w(a’, ), and s0 gais is
an optimal pairwise scorer for Rp,;,. Thus, for any alternate scorer §: X — R, with gaig(z,2’) = g(x) — g(z’), we must
have Rpair(gainr) < Rpair(Gaifr). This however implies that Raig(9) < Rair(g), i.e., ¢ is an optimal scorer for the present
objective Rgig (10).

Now suppose f* is any candidate optimal solution for Rg;g. Then, f* must satisfy the given condition (11), or else (again
appealing to Lemma A.1) fJ,4 will not be optimal for R;.. Thus, the result follows. O

Lemma A.3 (Agarwal et al. (2005)). For a scorer f: X — R and distribution D, the AUC is equally
AUC(f; D) = Exg, Exrng_ [H(f(X) = f(X))] (12)
1
H(z)=1(z > O)—|—§~1(z:O).
where ¢4 () = P(x|y = 1) and q—(x) = P(z|y = 0) denote the class-conditional distributions.
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Proof of Lemma A.3. See proof of Lemma A.5, which is a strict generalisation.

Lemma A.4 (Agarwal (2014)). For any scorer f: X — R and distribution D, the AUC-ROC is equally
AUC(f; D) = Ex~puBxinp [w(X, X') - H(f(X) = f(X'))]

w(a,a) = —s () - (1= (@)
Proof of Lemma A.4. By an application of Bayes’ rule to Lemma A.3,
AUC(f; D) = Exwq, Exrng_ [H(f(X) = f(X))]

B ﬁ BBy [1(X) - (1= (X)) - H(f(X) = f(X))].

Lemma A.5 (Uematsu & Lee (2015)). For any scorer f: X — R, distribution Dy, and costs {cy, }
AUC(f; Dimp) = Exmp v [w(X, X) - H(f(X) = f(X))]

= % ' Z Z LWy >y') - cyy - my(@) - my (2)

yeYy’'ey

vi221(y>y’)~cyywwy-wy/.

yeY y'eyY

Proof of Lemma A.5. We provide a proof for completeness. By definition of conditional expectation

AUC(.ﬂDmP)
= ExEx: [eyy - H(f(X) = f(X) | Y > Y]

/x xz (2,0),9,9 | Y > Y') - ey - H(f(2) — f(2'))] do da’

— 1(y>y’)~D(x,g:’,y,y') c Cyuy! * z) — f(z' xda’
a /xXx { D(Y >Y) gy - H(f(z) — f(2'))| dzd

1 ’ ’ , , , ,
= m/x N Ly >y) D(x,2")  D(y,y' | z,2") - ey - H(f(z) — f(2'))] dzdz
= Dy s vy B 51> ) myle) () | HU ) = 1)

Now observe that

DY >Y') = ZZ (y>y') my-my

y€[L] y'€[L]
1 2
=5 |1- >
y€Y

Lemma A.6. For any scorer f: X — R and distributions {D(k)}ke[K], the loss aggregated AUC is

AUCroa(f) = ExwulExw,L[ (X X") - H(f(X) = f(X))]
(k) (!
Z o W(k) 1_7;(@() ).

ke[K

"We elide again details on the choice of base measure used to define the density on X.
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Proof of Lemma A.6. Building on Definition 2.1, we have
AUC(f: {Dy) rei))
) bp ke[K]

1
= = D BxBx [H(F() = f(X) | Y > Y'®]
kE[K]
1 1
% 2 0T (1= p ) e [ X) - (1= 5@ (X)) - H(FX) = FX)]
ke[K]
The result thus follows. O

B. Proofs of results in body

Proof of Lemma 2.2. First, observe that by symmetry

AUC(f: D) = = Byl [X) - (1= (X)) - H(F(X) = F(X)
— BB [ 100 (1= X)) - B = FOX))+
1) - (L= (X)) - H(F(X') = O]
= BB [+ 00X X) - HU) = F0K) + w (K, X) - HX) = F09)]).

Now observe that
w(z,2’) > w(@' z) < n(z) > n(’).

Thus, by Lemma A.2, the optimal scorer satisfies f*(z) — f*(2') > 0 <= n(z) — n(z’) > 0. O

Proof of Lemma 2.4. We provide a proof for L = 3 for completeness. For the general case, see Uematsu & Lee (2015).

Observe that

w(z,z') —w(@', z)

1
=~ (2D MW >y ey (@) oy (@) = D0 Y Uy > o) ey my () -y ()
lyeY y'eY yedy'ey ]

1
=~ (2D >y ey (@) oy () = D0 Y Uy <y) ey my (@) -y (2)
lyeY y'eY yedy'ey ]

- % . Z Z ayy 1y (@) 1y (2)

lvEY y'eY

=— D By@) - my(a) |,

| vEY

where avyy = 1(y > ¢') - ¢y — 1y <¥') - cyry and By (') = 32 cy ayyr - My (). When L =3,

,60(3?/) = —Ci0- 771(35/) —C20 - 772(9€')
= —c10 - m(x") — co0 + c20 - Mo (2") + c20 - 1 (2)
= ca0 - Mo(@") + (€20 — c10) - M (2) = e20

Bi(a') = ero - mo(a') — ca1 - ma(a’)
= c10 - no(x') — a1 + co1 - Mo(a’) + co1 - m(2)
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= (c10 + c21) - no(x’) + ca1 - m(2") — ez
Ba(a") = c20 - mo(@’) + ca1 - m(z").
We may rewrite the first two expressions in terms of (3s:
Bo(x") = B2(x") 4 (ca0 — €10 — ca1) - m(z") — cao
Bi(x") = Ba(a’) + (cr0 — ca1 — €20) - mo(2") — ca1.

The claim is that
10 - m(z) + 20 - m2()
c20 - Mo () + 21 - M ()
—Ca0 - Mo(x) + (€10 — c20) - M () + c20
20 - Mo(x) + c21 - M ()
Bo(z)
Ba(x)

fr(x) =

Observe that

) 0] gy [0) ] T L]
Ga(a’)  Pa(x) Ba(a’)  Ba(z) Pa(z’)  Pa(x)

o (20 — 10 — €21) - [Ba(@) - mu(2") — Ba(a') - m(x)] — c0 - [Ba(@) — Ba(2)],

where the proportionality factor is m > (. Observe that the first term simplifies to:

Ba(z) - m(z') — Ba(a’) - m(x)
= [c20 - 10(x) + ca1 - (2)] - m(2’) — [c20 - mo(x”) + ca1 - m(2")] - ()
= cz0 - [no(x) - m (@) = no(2”) - m(x)] .

Thus,

A2} D0 s = can = ) ) 0) = (o) )]~ [Bar) = e

Now observe that
w(z,x') —w(a', x)
= Bo(x") - no(x) + Br(2) - m(x) + Ba(2) - m2 ()
= [B2(a") + (ca0 — c10 — c21) - m(2") — c20] - 10 () +
[B2(2") + (c10 — c21 — €20) - 1m0 (2”) — ca1] - m(2) + Ba(a”) - ma(2)
= Ba(x") - no(x) + (c20 — c10 = ca1) - m (@) - no(x) — ca0 - Mo () +
Ba(@) - mi(x) + (c10 — a1 — c20) - Mo (@) - mi(x) — a1 - mi(x) + Ba(a’) - m2(2)
= (c20 — c10 — ca1) - [m(2") - mo(2) — mo(a”) - ()] + [Ba(2) — Ba()] .

Thus, w(z,2') — w(z',z) > 0 <> gggg > Gl
Proof of Proposition 5.2. Note that
1 1 1 1
N — — e ¢} _ = (k) () (e
ke[K] ke[K]

and so

w(z, ') > w(',z) <= ks Z v ) () > 1 Z v ) (2

’ ’ W(k) . (1 — '/T(k)) K 7{'(1’3) . (1 — '/T(k)) ’
kE[K] ke[K]

Thus, it follows that the Bayes-optimal scorer takes the form of the average class probabilities.
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Proof of Proposition 5.3. Suppose K = 2, and let Y = 33, 1 Y™ € {0,1,...,K}. Note that Y = 0 <= Y =
0AY® =0, and similarly Y =2 <= Y1) =1 AY® = 1. Further suppose that Y(!) I Y | X. We now have
o(x) = (1 =7 (@) - (1 = n®())

1= (z) =@ (@) + 9V (2) - n?(2))

M (@) (1=n®(2)+ (1= nD(x)) - n®(a)
=M (@) + () —2-nV(z) - n® (2)
1) 1)

By Uematsu & Lee (2015, Theorem 3), the Bayes-optimal scorer of AUC with uniform costs against Y will preserve the
ordering of

1(z) + Tz ()
(z) + i (x)
V() + 92 (@) = () 1) (@)
1—n®(z) - n®(z) '

fr(x) =

Pt B

0
77(

Consider a dataset composed of 6 examples with independently distributed binary scoring functions, with the following
distribution D) for the first signal: 7y (x1) = 1, ni(22) = 0.2, mi(x3) = 0.62, Ny (rs) = 0.44, ny(x5) = 0.56,
m(xg) = 0.81, and the following distribution D) for the second signal: 1 (x1) = 0.44 1o (x2) = 0.56, no(x3) = 0.81,
772(1‘4) = 1, 772(.1‘5) = 0.2, 772(1’6) = 0.62.

The optimal solution for the label aggregation objective is fgp‘}(xl) = 1.78571, fg}ﬁ(scz) = 0.72973, fopt(z3) = 1.86380,
OLPQ(M) = 1.78571, fLb(xs) = 0.72973, fLd(xs) = 1.86380, and yields AUC(fL4; D) = 0.65559 and
AUC(fE Opt, D )) = 0.65559. That solution is however Pareto dominated by any scoring functlon following the ordering g

of the examples: (4, 0, 2, 5, 1, 3), which yields AUC(g; D)) = 0.65706 and AUC(g; D) = 0.65862. O

Proof of Proposition 5.4. LetY =3, Y®*) € {0,1,..., K} have class probability function 7: X — A({0,1,..., K}).
By Uematsu & Lee (2015, Corollary 1), with costs ¢z = 1(g > ¢') - |y — ¥/'|, the Bayes-optimal scorer will preserve the
ordering of

_ K K
fr@)=EY[X=2] =3 n-fue) =) n m).
n=0 n=1

We will show that the above evaluates to Zle n®) (). We start with the RHS:
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K K

¥y ¥ P(anyh“wa):MJX:x)l(Zﬂﬁzn)J@kzn
k=1n=1ye{0,1} K
B y
>

| RICTE Bt

:i P(Y(1 =y1,. Y(K):yK’X=x>-1(ijj:n>~n

n=1ye{0,1} ¥

- in Z P(Y(l):yl,...,Y(K):yK‘XZCﬂ)'1<ijj:n)

n=l  ye{0,1}¥
K
= Zn'P(V:n‘X:z)
n=1
K
n=1

Since the optimal scorer has the same form as that for the loss aggregated AUC in Proposition 5.2 when ay, = 7(*) - (1 —
7(k)), Vk, and we know that the optimal scorers for the loss aggregated AUC are Pareto optimal from Proposition 5.1, it
follows that the above solution is also Pareto optimal. O

Proof of Proposition 6.1. We know from Proposition 5.2 that the optimal scorer will preserve the ordering of f*(z) =

We start with the case where o) > a(?). Since the labels are deterministic n(!)(z),7®)(z) € {0,1}. Hence when
nM(x) > nW ('), we have that n™) (z) = 1 and n*) (') = 0. Therefore

F@) = a® +a® @ (2) > 0 5 4@ > o @ (y)
= 0 g0 () 4 0 () = f (o)
Similarly, when a(® > a(*) and n(? (z) > 77(2)(x’), we have 77(?) () = 1 and ® (') = 0, and therefore:
(z) = (x) +a® >a® > oW > W '77(1)(1'/)
=d”mm@>+d”m@@0:ﬂ@m

which completes the proof. O

Proof of Proposition 6.2. The proof for ordinal costs czzr = 1(§ > ¢’) - |§ — 7’| follows directly from the more general
case in Proposition 5.4.

‘We now provide the proof for costs ¢y = 1. By Lemma 2.4, since K = 3 (Y can be 0, 1 or 2), the Bayes-optimal scorer
will preserve the ordering of

f* (@)
_ mle) + m()
no(x) + 71 (x)

P(YW = OYW—UX—x+PU®—LY®=wxzm+Pwm—1Y@—UX—x
P(YD) =0,YO =0|X=2)+P(YD =0,YA =1|X=2)+P(YD =1,YD =0|X=2)

We will show that f*(z) is a strictly monotonic transformation of:
77(1)(@ + 77(2)(56) - P(Y(l) =0,Y® =1 ‘ X=uz)+ P(Y(D =1,Y® =0 ‘ X =z)
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+2.P(YD =1,Y® =1|X =2).

Since the labels are deterministic, P(Y(l) =i, Y® =3 ‘ X = z) = 1 for exactly one particular (i, 7). We consider all four
possible cases:

(HP(YD =0,Y® =0|X =2) = 1. We have: f*(z) = 0and nV(z) + n®(z) = 0.
QP(YH =0,YP =1|X==2) =1 Wehave: f*(z) = 1and n¥(z) + n?(z) = 1.
G P(YH =1,Y® =0|X ==) =1. Wehave: f*(2) =1andnV(z) +n?(z) = 1.
@ P(YDH =1,Y® =1|X ==z) = 1. Wehave: f*(z) )

= oo and M (z) + n?)(z) = 2.
(

Clearly, f*(z) is a strictly monotonic transformation of n(*) (x) + () (x). O

Proof of Lemma 6.3. The first statement (a) follows directly from Proposition 5.2.

For the second statement (b), let Y = [, Y(*) € {0,1} have class probability function fprea: X — [0,1]. Applying
Lemma 2.2, the Bayes-optimal scorer f7, . 4ill preserve the ordering of:

Yorod () = proa(z) = P(YWD =1, YE) =1 |X = z).

For the third statement (c), given that the labels are deterministic, we note that ypr0d(Z) > “Yproda(z’) implies that
P(YD =1,....YE) = 1|X = z) = 1, while P(Y®D = 1,... YK = 1|X = 2/) = 0. This indicates that
Yeum (T) = D _p n®)(z) = K and yeum (2') = Dok n®) (') < K. As aresult, Youm () > Youm (2'). O

C. Additional theoretical results

Theorem C.1. Suppose that the labels are binary, i.e., Y¥) € {0,1} for all k € N>1, and a, > 0. Assume further that
the labels {Y( } keNs, are jointly independent conditioned on X. Consider the aggregation function w(Y(l), LY E )) =

> okelK] arY®). Define

f* = argmax AUCL4 (f; {D(k)}) ,
f:X—R

f@)y=¢ | > awm(z) |,
kE[K]

where ¢ : R — R is a strictly increasing function. Then,

AUCi4 (f*; {D<k)}) — AUCa (ng {D(k)}>

<o | Ex, x, Dke(k) T ieqr.zy Me(Xi) (1= nk(XZ))S/2 7
et 9 Dieqray mX) (1= m(X:)))

where 1) (t) = 12—, and X1 and X5 are i.i.d. copies of X.

Corollary C.2. If a, = 1 for all k and ny(x) is bounded away from 0 and 1, i.e., there exists ¢ € (0,1/2) such that
ne(z) € [¢,1 — c] forall k € N>y and for all x € X, then the expected AUC difference between the optimal prediction
function f* and f converges to zero with a rate of O(1/VK):

AUCy5 (f*; {D““)}) — AUCpA (f; {D““)}) =0 (\/}) :

Proof of Theorem C.1. Given a function f : X — R, we first rewrite AUC (f; {D® }) as follows:

AUCL (£(DW)) =B [H(FO) ~ £00) | 3 ¥l < 3 aryd?

ke[K) ke[K]
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- E [H(f(xz) — f(X1)]l{Zk€[K] akY§k)<Zk€[K] akyék)}:|
k k
P (Zke[K] akYg ) < > kelK] akYé ))

E[H(f(Xe) - f(X0)1 o o < S ]

3

CK

where

cx 2P Y ay? < 3 apyd?

kelK] ke[K]
1 i )
=3 (1—IP’(Z apY® — 3 akYé):o)),

ke[K] kE[K]

Define
v(X1,X2) £ 2neir) ok (M (X2) = ni(X1))

V ket 0 Sieqr 2y M) (1= mi(X0))

and the functionals
2 —
FK(f) —E [H(f(XQ) f(xl))]l{zke[;(] akYﬁk)<Eke[K] akY;k)} ’
Fie(f) = E[H(f(X2) = f(X0))® (v (X1, X2))]
where ®(-) is the cumulative distribution function of the standard normal distribution.

Next, we will show that f maximizes F(-). In other words, we aim to prove that for any f,
Fie(f) < Fie(f)-

On one hand, we have

Fie(f) = %E [H(f(X2) = f(X0))® (v (X1, X2)) + H(f(X1) = [(X2))® (v (X2, X1))]
= SEIH(F0%) — FOS)® (0 (X1, Xa) + H(F0) = F(X0)) (1= @ (v (X1, X))
S %E [max {CI) (l/ (Xl,Xg)) s 1-— (I) (1/ (Xl,XQ))}] .

On the other hand, let S1 = > 5y anmi(X1), S2 = 32y cprg akmn(X2), and @, = @ (v (Xy, X2)). Since ¢ is strictly
increasing, H (f(Xs) — f(X1)) = H(S3 — S1) and H(f(X1) — f(X2)) = H(S; — S5). Then,

z%drﬂﬂHGma—ﬂm»@@mh&w

= LB [H ()~ 7)), + HFOK) — %)) (1 - )]
= ;El <]1{52>S1} + 5 Ls,= 51}) (]1{51>52} + % ’ ]1{52_51}> (1-®,)

= —E[max{®,,1 — P, }].

Now, we proceed to bound the gap between F' (f) and Fy.(f). We first rewrite Fi (f) as
Fr(f)
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—E[H(f(Xe) = FO)E [Lsy vt oy | X0 |

=E |H(f(Xo) — f(X1))P ( S a3 v <o) xl,x2>]

ke[K] ke[K]

=E |H(f(Xs) — (Z Yit+ Y0 Yi< Y an (me(Xa) = mi(X1)) |x1,x2)}

ke[K] ke[K] ke[K]
=E[H(f(X2) — f(X1))P (S < v (X1, Xz) | X1, X2)],

where
Vi 2 a (Y = (%))
Yi 2 - (Yék) - ﬁk(xz)> ;
Sy & > okeik) Yo+ 2reixy Vi

\/Zke[K aj, Zze{1 2} e (Xi) (1 =k (X3))
Note that Y}, and Y}, have zero mean, i.e., E [Yy | X1,X3] = E[Y}, | X1, Xz] = 0. Moreover, we have

2
E Vil | xl,xg} :azE Uvg’” = (X)) |x1,x2]

1 OXe) (1= 7 (%0))
B[V X1, %| = UY( — xl‘ |x1,x2]
me(X0) (1= e (X0) (1= m (X)) + 1 0% )2
< gazn (X0) (1= mk(%0)).

Similarly,
E[IVAI 1 X0, Xe | = adme(Xe) (1 = me(X2))

E |IVEl | X0, X | < Safm(Xa) (1= (X))

l\D\»—l

By the Berry-Esseen theorem, for any ¢,
|]P(SK <t | Xl,Xg) — (I)(t)|

(Z E [V | X0 %] + 3 B [IviP? xl,xg})_ -

ke[K] ke[K]

(Z ]E“Yk‘3|X1,X2} + Y E [|Y | Xl,xg])

ke[K] kE[K]

M) G ieqnzy %) (1 - m(X2)
(Zke[K ak 226{1 2} e (X)) (1 = mi(X; )))3/2

IN

| N

We can now bound the gap between F (f) and Fj(f):
[Fr(f) = Fre(f)]
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= [E[H(f(X2) = fF(X1)P (Sk < v (X1,Xz) | X1, Xz)] = E[H(f(X2) — f(X1))® (v (X1, X2))]|
E[H(f(X2) = fF(XD)| P (Sk < v (X1, X2) | X1, X2) = @ (v (X1, X2))]]
E

<
<E[P(Sk < v (Xi,Xz2) [ X1,Xg) — @ (v (X1, X2))]]
. Dokelr] 9 2ieqroy M(Xi) (1 —mk(Xs))

3/2

2 (Sheim) B Lieqrzy m (%) (1= me (X))
Therefore,
Fr(f*) = Fx(f)
= (Fie(f) = Fie(r) + (Fie(r) = Fie (D) + (Fie() = Fie(D)
Zke[K] aj Zze{l 2} M (Xi) (1 = ni(Xs))

<E 3/2
(Eke (K] az Zze{l 2} e (Xi) (1 — ni(X; )))

Next, we establish an upper bound for P (Zke[K akY = 2ke[K] akY( ) = 0):

Pl a3 ayd :0)

ke[K] kE[K]

—E|P ( ST aY? - 3 apyd? :o|x1,x2)}

i ke[K] ke[K]
=E[P(Sk = v (X1,X2) | X1, X2)]

=E P(SKSV(Xl,X2)|X1,X2)7 lim IP’(SthXhXQ)}
L t*)V(Xl,Xz)f
=K P(SK S Z/(Xl,XQ) | Xl,XQ) - (I)(l/ (Xl,Xg)) - R (l)l(mx - (]P)(SK S t | X17X2) - (I)(t)):| .
L=V (AL1,A2

Taking the absolute value, we get

Pl Y a3 v =0
kE[K] ke[K]

< [IP(Si < v 00 Xe) X0 Xe) @ 0 (X)) + | tim [P (S < 0] X0 X) = 2 (0)

Do ke) @ Sieqr,zy Me(Xa) (1 — 11 (X3))

3/2
(e @ Sieqray m0%) (1 = m(X:)))

Consequently, we obtain a lower bound for cx:

Zke[K aj, Eze{l 2} e (Xi) (1 = mi(X3))

3/2
(Crern) 0 Lieqrzy m0X) (1= (X))

1
cg >max< — | 1 —FE ,0

Recall that AUCA(f;{D k)}) ) We then have
AUCLa (f*; {DIV}) ~ AUCL (F:{D1M})
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Fr(f*) — Fr(f)
CK

2.5

Skl G Zic (1,23 M (Xi) (111 (Xy)) ]
(Srerm) @ Sicqrzy mX) 1=k (X:))) >

(1 _ E |: Zke [K] sze{l 2} Wk(x ) 1 7Ik(x :|)
(Zke 107 Zieq,op M (Xa) (L= (X; )) 3/2

IN

Zke (K] aj Zze{1 o1 Me(X3) (1 = 1 (X5))

=y |E
(Sherr) 2 Sicqr.zy (%) (1= (X))

3/2

O
Proof of Corollary C.2. By Theorem C.1, we have
AUCLa (£7:{DM}) = AUCL (F:{DM})
SY|E : 1/2
(S Sie .2y 06 (1= (X))
1
Siﬁ( 2c(1—c)K>
1

(%)

O

D. Further Analysis of Label Aggregation

This section addresses further properties of label aggregation, including its behavior with anti-correlated labels and its
sensitivity to mixing weights, expanding on the discussions in Section 5.2.

D.1. Behavior with Anti-correlated Labels

Our theory (Proposition 5.4) shows the optimal scorer for label aggregation (cost ¢z = |§ — §'|) ranks by f ( ) x
S, ¥ (). For K = 2, this is equivalent to ranking by §(z) = p(Y() = 1,Y® =1 | X =2) — p(Y? =0,Y® =0 |
X = z). The derivation below shows f*(x) o §(z).

From Proposition 5.4, the scorer is (1) (z) 4+ 1®)(2). We have n(V(z) = p(Y) = 1,Y®) =0 | X = 2) + p(YD) =
LY® =1 |X=2)andn®(z) =p(YD =0,Y® =1 | X =2)+p(Y®) =1,Y? =1 | X = z). Summing them gives

nM(z) +n?(z) = (Y(1> =1,Y® =0 [ X=2)+p(YD =0, YO =1|X=2) 4+ 2p(YD =1,Y® =1 | X = z).
Since p(Y1) = 1,Y®) =0 | X =2) + p(YD =0,Y? =1 | X =2) +p(YD =1,Y?D =1 X x) +p(Y® =
0,Y® =0 | X*:z:) = 1, the sum simplifies to 1 — p(Y() = 0,Y2) =0 | Xfa:)er(Y(l) =1L,Y® =1|X=2)=
14 6(x).

This shows the optimal scorer does depend on label correlations via §(x). Let’s consider the implications:

« Overlapping (Y(!) = Y)): §(z) o (), so the ranking uses 7; (), which is sensible.

« Anti-correlated (Y() = 1 — Y®)): §(z) = 0. The scorer f*(z) is constant, yielding no ranking. This indicates
reduced robustness when the aggregated label Y1) + Y(2) = 1 is constant, making the AUC objective ill-defined.

+ Mild anti-correlation: Here, both p(Y(") = 1,Y®) =1 | X = z) and p(Y®) = 0,Y? =0 | X = z) would be
small, and the ranking depends on their difference via (). E.g., when 6(z) > 0, it is more likely that both labels are 1
than 0, resulting in  being ranked higher. The behavior would depend on the exact conditional probabilities.
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D.2. Sensitivity of Label Aggregation to Mixing Weights

We next generalize label aggregation by using non-uniform weights ay, s > 0 for the aggregation function, i.e., Y =
a1 - Y + ay - Y again for the K = 2 case for simplicity.

Following assumptions of Proposition 5.4 (that the Bayes-optimal scorer for costs c¢g5 = |g — 7’| preserves the ordering of
E[Y|X = z]), the Bayes-optimal scorer 7j(x) = E[Y|X = x] becomes:

i) =0-p(YD =0,YD =0 | X=2)4a - p(YD =1,Y® =0 | X =2)
+ay-p(YP =0,Y® =1 |X=2)+ (a1 +az) - p(YV =1,Y? =1 | X =z)
=a;-[pYV =1,YD =0 | X=2) +p(YD =1,Y® =1 | X = 2)]
+as - [p(y(l) =0,Y® =1 | X =) +p(y(1) =1,Y® =1 | X = z)]
= a1 (z) + aan® (z)

This result shows that the optimal scorer for weighted label aggregation is a direct linear combination of the individual
class-probability functions 1(*) (x), weighted by the explicitly chosen aggregation weights a.

This contrasts sharply with the optimal scorer for loss aggregation (Proposition 5.4), which is ) °, W (k) (z). In

loss aggregation, the effective weight on n(*) (x) depends not only on the chosen mixing weight ay, but also implicitly on the
label prior 7(*).

Therefore, regarding sensitivity:

» The label aggregation optimal scorer (under the assumptions above) is sensitive to the choice of weights oy in a direct
and predictable way: the final scorer is exactly the «-weighted sum of the 7, (x). It is notably insensitive to the class
i (k)
priors 7\,

« The loss aggregation optimal scorer is sensitive to both the chosen weights a;, and the class priors (%) through the
7 (1 — 7(F)) term.

E. Further Discussion on Application Scenarios

The problem of synthesizing multiple binary labels into a single coherent ranking has widespread applications beyond
the initial examples of information retrieval and medical diagnosis mentioned in §1. Our analysis of loss versus label
aggregation, particularly regarding Pareto optimality and the “label dictatorship” issue, can inform choices in various
real-world systems. Below, we elaborate on some potential application scenarios:

e Multi-faceted Information Retrieval: Users’ information needs can be complex, requiring documents to be relevant
across multiple dimensions or interpretations. For example, a search system might need to rank documents based on
topical relevance to different aspects of a query, alongside signals for document freshness, geographical relevance
for location-sensitive queries, or authoritativeness of the source. Each of these aspects can be represented by a

(potentially binary) label (e.g., “is_fresh,” “is_geo_relevant”). Effectively combining these signals is crucial for user
satisfaction (Perkio et al., 2005).

* Recommendation Systems: Modern recommender systems often optimize for multiple objectives simultaneously.
For instance, beyond predicting user engagement (e.g., click-through rate, purchase probability), systems may also
aim to promote relevance to users’ long-term interests, ensure diversity in recommendations to avoid filter bubbles, or
uphold fairness considerations across different item providers or content creators (Zheng & Wang, 2022).

* Computational Advertising: Ranking advertisements effectively requires balancing predictions from multiple models.
Commonly, platforms consider both the predicted click-through rate (CTR) and the predicted conversion rate (CVR) —
the likelihood that a click leads to a desired action (e.g., a sale). The final ranking aims to optimize overall platform
revenue or advertiser value, which often involves a synthesis of these distinct predictive labels (Wang et al., 2023a).

In each of these scenarios, understanding how different aggregation strategies (loss versus label) behave, as explored in our

work, can lead to more principled system design. The choice of aggregation method can influence how trade-offs between
objectives are handled and whether certain objectives inadvertently dominate others.
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F. Illustrative Example of Undesirable Dictatorship in Loss Aggregation

§5.1 discusses how the Bayes-optimal scorer for loss aggregation (Proposition 5.2) weights individual class-probability
functions 1*) (x) by ag/[r*) (1 — 7(*))]. This means that even with uniform explicit weights a;, = 1, labels that are more
marginally skewed (i.e., 7(*) is far from 0.5) receive higher effective weighting. We clarify that 7(*) = P(Y(*) = 1) is
the marginal prevalence of a label, which is distinct from its conditional probability n*) (z) = P(Y®®) =1 | X = z) for
a specific instance . A label can have a balanced marginal prior (7(*) ~ 0.5) yet be perfectly deterministic (noise-free)
conditionally (e.g., n®)(z) € {0, 1}).

Proposition 6.1 formalizes the problem whereby one label can become a “dictator”, i.e., the ranking overly favors it. Below
is an illustrative example from information retrieval where such dictatorship, driven by marginal skewness, would be
undesirable.

Consider ranking documents based on two binary, conditionally deterministic (noise-free, %) () € {0, 1}) labels:

o Y(1): “is_relevant” (core topical relevance to the user’s query).

e Y@): “is_recent” (document published in the last 24 hours).
Assume the following marginal priors in the document collection for a typical query:

e For “is_relevant” (Y()): A good number of documents are relevant, and many are not. Let 71 = 0.4. Thus,
a1 —7M) =04 x 0.6 = 0.24.

* For “is_recent” (Y(?)): Very few documents are extremely recent. Let 7(2) = 0.01. Thus, 7 (1 — 7(?)) =
0.01 x 0.99 = 0.0099.

If we use loss aggregation with uniform explicit weights a; = 1 and ag = 1, the a¥) terms from Proposition 6.1 become:

« o =ay/[rM(1 - 7M)] =1/0.24 ~ 4.17.
« a® =ay/[r@ (1 - 7)] =1/0.0099 ~ 101.01.

Since a® > o), according to Proposition 6.1, the “is_recent” label (Y(?)) will dictate the ranking. The system will
primarily rank documents based on whether they are extremely recent. An irrelevant but very recent document would likely
be ranked above a highly relevant document that is not from the last 24 hours.

This outcome is undesirable if the user’s primary goal is to find relevant information, with recency being a secondary,
tie-breaking, or less critical factor. The loss aggregation objective, in this case, inadvertently prioritizes the “is_recent”
signal heavily, not because its conditional signal is necessarily stronger or more important for the user’s core task, but
because its marginal distribution is highly skewed. The system optimizes for a property of the label’s distribution in the
dataset (its rarity) rather than strictly adhering to an equal consideration of the (equally clean) conditional signals for
relevance and recency. This highlights why relying on marginal priors for weighting can be problematic. Label aggregation
(Proposition 5.4, with appropriate costs) would score by (") (z) + n(?) (), giving equal intrinsic weight to the conditional
signals from Y1) and Y(2) regardless of their marginal priors.

G. Empirical details

In this section we provide details to empirical experiments in the paper.

In Table 5 we summarize the prompts used to obtain relevance and clicks labels for the MS MARCO examples shown in
Tables 2.

G.1. Synthetic data generation for the exhaustive enumeration of the optimal solutions

We begin with a synthetic experiment with a goal of verifying our theory pertaining to maximizers of the loss aggregation
objectives. We generate a synthetic dataset, and compute the optimal solutions via brute force evaluation;
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Label Input prompt

Engagement Imagine you are an information retrieval expert. Your aim is to judge whether the following
document will be clicked if it is shown for the following query.
Query: {query}
Document: {document}
Do you predict this document will be clicked for this query? Output only yes or no and nothing
else.

Relevance Imagine you are an information retrieval expert. Your aim is to judge whether the following
document will be considered relevant by a normal user if it is shown for the following query.
Query: {query}
Document: {document}
Do you predict this document will be considered relevant by a normal user for this query? Output
only yes or no and nothing else.

Table 5. Prompts used for predicting engagement and relevance of different documents per query in MS MARCO dataset (Bajaj et al.,
2018). We select documents according to the original order from the MS MARCO dataset.

We consider a two dimensional Gaussian distribution with zero mean and a uniformly sampled covariance matrix 3.
We sample N two-dimensional samples and consider the first dimension to correspond to y; () (clicks) and the second
dimension to y, () (relevance). We make the two scores bi-level by thresholding the numbers at 0.

We aim to consider an exhaustive set of hypotheses such that it is possible to conduct a brute force evaluation of different
objectives. To this end, we consider the following hypothesis class f. We consider the image of f to be [P] = {1,2,..., P}.
For each sample 2 and the corresponding relevance scores y; () and yo (), if both relevance scores agree, we set f(x) to
correspond to P - y1 (z) (i.e., the maximum value if both scores equal 1, and 0 if both scores equal 0). For all remaining
x (where y1 () # y2(x)), we consider all assignments of f from [P]. This way, if y1(x) # y2(x) on M samples, the
hypothesis class Y for f consists of PM hypotheses.

We enumerate different values for the a; and ao weights in the loss aggregation objective from a cartesian product
[5] x [5], and for each pair of values, we exhaustively enumerate all f € Y and calculate: the loss aggregation objective
Zke[K] ay, AUC(f;yx) and both of the per scoring function objectives AUC( f; y1) and AUC(f; y2). We then do the same
for label aggregation and label product objectives.

In the end, we plot the maximizers of loss and label aggregation in Figure 5, and confirm the following characterizations of
the optimal solutions:

(a) Yip consists of all assignments of scores from {0, 1, 2} to the disagreeing examples (they can disagree in any way, and
only need to be smaller than 3).

(b) YT ,a < consists of only a single assignment to f to the disagreeing examples such that: f for examples with y; (x) >
y2(x) is 1 and otherwise it is 2.

(¢) Jioa > consists of only a single assignment to f to the disagreeing examples such that: f for examples with y; (x) >
y2(x) is 2 and otherwise it is 1.

(d) Yi,a, - consists of all assignments to f to the disagreeing examples such that any relation is satisfied between the two
sets of disagreeing examples. This case is equivalent to LA.

G.2. Details on AUC optimization

The indicator function in the AUC definition (1) makes it non-differentiable, and thus, direct AUC optimization is challenging.
To mitigate this, previous works propose relaxation of the indicator function with different surrogate functions, including the
hinge loss function, the logistic loss function and other choices (Sun et al., 2023; Tang et al., 2022). Thus, for a surrogate
function ¢, we arrive at the following formulation:

AUC?(f; D) = Ex+Ex— |o(f(XF) = f(X7))
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Figure 5. AUC metrics for Bayes-optimal solutions according to different objectives. We confirm the following relations among the
per-objective optimal solutions sets: Y7.oa > C YToa,= = Ylan C Yip and Yioa,« C Yioa,= = YTaa C Y7p. Notice the Pareto front
is given by a linear function spanned by the solutions corresponding to Yi ;o < and Y7o ~.

Objective 7 =05 7@ =06 7@ =07 73 =08 =3 =0.9

AUC(y1) 0.53 0.44 0.52 0.56 0.50
AUC(ys) 0.49 0.46 0.50 0.54 0.45
AUCy,a 0.06 0.04 0.08 0.07 0.07
auchy) 0.05 0.13 0.09 0.11 0.10

Table 6. |AUC(y1) — AUC(y2)| on the synthetic dataset from MLP model training. Each column value (0.5, . ..,0.9) corresponds to
the marginal probability for the second label, P(y> = 1), while the marginal probability for the first label is fixed, P(y1 = 1) = 0.5.
We find label aggregation yields the lowest difference between per-label AUC metrics. Here, AUCLaa = AUC(y1 + y2) and AUC&’}Q =
AUC(y1) + AUC(y2).

In our work, unless otherwise stated, we assume a logistic surrogate function ¢.

G.3. Details on synthetic training experiments

We draw uniform two-dimensional random vectors wy, wo over [—1, 1]? and calculate label distributions using a sigmoid

linear model, with (V) (z) = o(a - w{ ) and ®) (z) = o(7 - w, x), where o(2) = is the sigmoid function. We

1
14+exp(—=z)
then sample labels y; () and g5 (2) uniformly from the distributions ") (z) and (? (z).

We train a 3-layer MLP model with hidden dimension 256 and ReLLU activation over 8K examples for 50 epochs. We
evaluate on held out 2K examples.

G.4. Additional results

For completeness, in Figure 6 we report metrics for per-signal AUC corresponding to results in Figure 2.

G.5. Additional synthetic experiments

We generate instances # € R? from a uniform distribution over [—1, 1]%. We next draw uniform random vectors p1, fi2, i3,
14 over [0, 1]? controlling the skewness label distributions n(*) () and ) () (see Appendix G.3 for details of the data
generation process). Depending on the sampled values, we end up with different marginal skewness of the distributions. We
fix the marginal 7(*) = 0.5 and vary 7(?) to control the effect label skewness on the performance of different techniques.
We train a multi-layer perceptron model with varying level of skewness for the second label, while keeping the first label
balanced. We report the results in Table 6. We find that the difference between the per-label AUC is the smallest for label
aggregation when the distribution for the second label is imbalanced. Thus, label aggregation better balances between the
two objectives, whereas loss aggregation tends to favor one over the other.
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Figure 6. Plots of AUC(-; D(l)) (i.e., clicks) and AUC(+; D(2)) (i.e., relevance) for optimal scorers as a function of skewness in label
Y, corresponding to to results in Figure 2. We compare label aggregation and loss aggregation on a synthetic dataset. We fix
V= P(Y(l) = 1) = 0.5 and vary 7@ = P(Y(Q) = 1). The sigmoid scaling parameter 7 controls how close the label distribution is
to a deterministic distribution (the larger 7, the closer it is to a deterministic distribution). We find loss aggregation to lead to a higher
difference between per-label AUC metrics.
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