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Abstract

Many applications of LLM-based text regres-
sion require predicting a full conditional dis-
tribution rather than a single point value. We
study distributional regression under empirical-
quantile supervision, where each input is paired
with multiple observed quantile outcomes, and
the target distribution is represented by a dense
grid of quantiles. We address two key limita-
tions of current approaches: the lack of local
grounding for distribution estimates, and the re-
liance on shared representations that create an
indirect bottleneck between inputs and quantile
outputs. In this paper, we introduce Quantile
Token Regression, which, to our knowledge,
is the first work to insert dedicated quantile
tokens into the input sequence, enabling di-
rect input-output pathways for each quantile
through self-attention. We further augment
these quantile tokens with retrieval, incorporat-
ing semantically similar neighbor instances and
their empirical distributions to ground predic-
tions with local evidence from similar instances.
We also provide the first theoretical analysis of
loss functions for quantile regression, clarify-
ing which distributional objectives each opti-
mizes. Experiments on the Inside Airbnb and
StackSample benchmark datasets with LLMs
ranging from 1.7B to 14B parameters show
that quantile tokens with neighbors consistently
outperform baselines (~4 points lower MAPE
and 2x narrower prediction), with especially
large gains on smaller and more challenging
datasets where quantile tokens produce substan-
tially sharper and more accurate distributions.

1 Introduction

Large Language Models (LLMs) have shown re-
markable capabilities beyond text generation, ex-
tending to structured prediction tasks such as time
series forecasting (Gruver et al., 2023) and regres-
sion (Vacareanu et al., 2024; Jacobs et al., 2024).
Recent work has shown that LLMs can approx-
imate numerical mappings with strong accuracy

when fine-tuned or prompted with in-context ex-
amples, making them attractive for text regression
tasks where crucial information lies in unstructured
text (Bitvai and Cohn, 2015; Chen and Si, 2024).

While most LLM-based regression work focuses
on point estimation, many real-world use cases re-
quire predicting full probability distributions rather
than single values. Price prediction, demand fore-
casting, and risk assessment all benefit from under-
standing not just central tendencies but also disper-
sion and tail behavior (Arora et al., 2023; Kneib
et al., 2023). Quantile regression (Koenker and
Bassett, 1978) provides a natural framework for
distribution prediction by estimating conditional
quantiles at different probability levels, offering
robustness to outliers and the ability to capture het-
erogeneous effects across the distribution.

Recent work by Vedula et al. (2025) takes an im-
portant first step towards LLM-based distributional
prediction by attaching multiple linear regression
heads to a shared final hidden state, each predict-
ing a different quantile. However, this architecture
has three key limitations. First, all quantile predic-
tions derive from the same representation bottle-
neck, creating only an indirect connection between
input features and quantile-specific outputs. The
model must compress everything relevant about the
distribution into a single vector, from which sep-
arate heads attempt to extract different quantiles.
Second, the method predicts distributions based
only on the query text, which may contain limited
information about the target distribution. This con-
trasts with how humans reason about distributions,
which naturally relies on comparison with simi-
lar instances. For example, when estimating the
price of a query product, one searches for similar
products and builds an understanding by compar-
ing features and observed price ranges. The model
can benefit from a richer local context obtained by
finding semantically similar items to inform the dis-
tribution estimate, but it does not have explicit ac-
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Figure 1: Overview of our approach. Left: Input includes query text and retrieved neighbors with their full empirical
distributions (as quantiles). Center: The baseline (Vedula et al., 2025) uses only query text without neighbors
and computes all quantiles from a shared hidden state via separate linear heads. Our Quantile Token approach
augments the input with neighbors and inserts dedicated (Q).) tokens that attend directly to the input, creating direct
input-output pathways for each quantile. Right: Output is a complete predicted distribution via 7 quantiles. Bottom:
We evaluate on two diverse datasets (Airbnb, Stack Overflow) with Qwen3 1.7B—14B models.

cess to such relevant reference points. Third, prior
retrieval-augmented method (Wang et al., 2025)
rely on training with single point labels for each
instance, which provides limited distributional su-
pervision compared to training with full empirical
distributions.

We address these limitations with a quantile to-
ken architecture augmented by neighbor context
(Figure 1). Our approach makes two key contribu-
tions:

Quantile Token Regression. We propose a
novel architecture that inserts learnable quantile
tokens ((Qr,), ..., (Qry)) directly into the input
sequence, which allows each quantile token to at-
tend to different parts of the input and accumulate
quantile-specific information. This creates a direct
input-output pathway for each quantile level, rather
than relying on separate linear heads over a shared
representation. The architecture enables more co-
herent quantile predictions since all quantile tokens
are produced jointly within the same attention com-
putation, and offers interpretability by revealing
which input features each quantile attends to.

Retrieval-Augmented Distribution Estimation.
We augment quantile regression with retrieved
neighbor instances, which are semantically sim-
ilar examples from a candidate pool. Crucially,
while prior retrieval-augmented approaches attach
only a single point label to each neighbor (Wang

et al., 2025) and only predict a single price output,
we equip each neighbor with its full empirical dis-
tribution represented as quantiles. This provides
the model with richer supervision. By grounding
predictions in distributional evidence from neigh-
bors, the model can better estimate not only central
tendency but also dispersion and tail behavior of
the target distribution.

To evaluate our approach, we construct two text-
to-distribution datasets from Inside Airbnb (In-
side Airbnb, 2025) and StackSample (Stack Over-
flow, 2019, 2025). Experiments with Qwen3 mod-
els (Yang et al., 2025) spanning 1.7B—14B parame-
ters show that (1) retrieval-augmented inputs con-
sistently improve quantile regression across model
scales (8% relative reduction in avg MAPE on
Airbnb, 63% on StackSample), (2) quantile to-
kens outperform the shared-representation baseline
(14% relative reduction in avg MAPE on StackSam-
ple, 6 x narrower intervals), and (3) the combina-
tion of both techniques yields the best performance.
We also provide a mathematical analysis of differ-
ent loss functions for quantile regression, clarifying
the distributional objectives each optimizes.

2 Related Work

LLM-Based Regression. LLMs have been ap-
plied to regression through three main paradigms.
First, in-context learning performs regression with-



out fine-tuning by providing numeric examples in
the prompt (Garg et al., 2022; Vacareanu et al.,
2024). Second, LLM embeddings can be used
as features for conventional regressors (Imperial,
2021; Tang et al., 2025). Third, fine-tuning di-
rectly optimizes LLMs for numeric prediction,
either by treating numbers as text tokens or by
adding regression heads (Yang et al., 2020; Ja-
cobs et al., 2024; Song et al., 2024). Recent work
also explores regression-specific objectives, such
as decision-theoretic fine-tuning (RAFT) (Lukasik
et al., 2025) and coupling chain-of-thought with
regression losses (TRACT) (Chiang et al., 2025).
Our work follows the fine-tuning paradigm but tar-
gets distributional rather than point prediction.

Quantile Regression and Distributional Predic-
tion. Quantile regression (Koenker and Bassett,
1978) estimates conditional quantiles via the pin-
ball loss, enabling nonparametric characterization
of predictive uncertainty. Distributional predic-
tion is widely used in applications such as fore-
casting and risk-sensitive decision making (Arora
et al., 2023; Giirlek et al., 2024; Gu et al., 2024),
and recent work has begun integrating these ideas
with LLMs (Gruver et al., 2023; Gillman et al.,
2025). LLM-based quantile regression often at-
taches multiple quantile heads to a shared represen-
tation (Vedula et al., 2025; Dorka, 2024), which can
create a bottleneck between the input and quantile-
specific outputs. In contrast, our quantile token
architecture inserts dedicated tokens that partici-
pate in attention throughout the transformer, yield-
ing more direct input—output pathways for each
quantile.

Retrieval-Augmented Prediction. Retrieval
augmentation has been effective for grounding
LLM outputs in external evidence (Lewis et al.,
2020; Asai et al., 2023). For regression, retrieved
neighbors can provide context that improves
calibration; for example, retrieval-augmented
pricing leverages similar items to support numeric
estimates (Wang et al., 2025). Existing work
largely targets point prediction. We extend
retrieval augmentation to distributional prediction,
leveraging the intuition that similar instances often
exhibit similar outcome distributions, which is
informative for estimating dispersion and tail
behavior.

Text Regression Applications. Text regression
maps unstructured language to numeric targets in

domains including finance, real estate, product pric-
ing, and content scoring (Gu et al., 2024; Chen and
Si, 2024; Vedula et al., 2025; Wang et al., 2025;
Chiang et al., 2025). A common challenge is that
key signals are embedded in free-form text and are
difficult to capture with manual features. We for-
mulate text-to-distribution prediction as a general
problem and evaluate across multiple domains (e.g.,
Airbnb listings and community Q&A) to demon-
strate breadth beyond pricing-centric settings.

3 Method

3.1 Quantile Distribution Regression Task

Let X denote an input instance, where
each input X® is a text sequence
X0 = (xgi),x(;), 2W), and let Y o€ R
be a continuous outcome. The objective is to learn
a model that maps an input X to a conditional
distribution Fy|x (- | X), represented via its condi-
tional quantiles. Specifically, for a set of quantile
levels T = (11,...,7g) € (0,1)%, we predict the
quantile vector ¢ (X) = (¢r(X), ..., ¢y (X)),
where ¢, (X) is the 7-th quantile of Fyx (- | X).
This formulation follows the standard view of
quantile regression as distribution learning through
conditional quantiles.

Empirical Quantile Supervision. Each input
X; is paired with multiple observed outcomes
Yi = {vi1,--.,yinm, }» which we treat as realiza-
tions of Y | X;. We construct the empirical CDF
Fy(t) = ﬁl SMi 1[yim < t] with empirical
quantile function Q;(r) = E‘l(r). Since each
instance has a variable number of outcomes M;,
we interpolate @Z to a fixed grid of @@ = 99 quan-
tile levels 7 = {0.01,0.02,...,0.99} via linear
interpolation (Appendix B), producing target vec-
tors g; € R%.

Learning Objective. Given a dataset D =
{(X;, Vi) }Y.,, we train a model fy to predict q;
from X, i.e., fo(X;) ~ q;. This turns text-to-
distribution prediction into structured regression
over quantile levels, where the model learns not
only a central tendency but also dispersion and tail
behavior.

3.2 Quantile Token Regression

We introduce Quantile Token Regression, a sim-
ple architectural change that makes each quan-
tile prediction depend on a dedicated repre-
sentation.  Given an input sequence X =
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Figure 2: Quantile tokens enable specialized representations and direct input-output pathways for each quantile
level. For a Stack Overflow question about asyncio exception handling, different features signal different response
times: the popular “python” tag suggests fast answers, while the niche “asyncio” topic and code complexity suggest
slower responses. Center: Each quantile token (Q19, @50, Qoo) learns to attend to the features most predictive of
its target quantile—(Q)1( focuses on popularity signals while (Q9y focuses on complexity indicators. Right: The
resulting time-to-answer distribution captures both the possibility of a quick response (10% within 15 minutes) and

the long tail (90% within 18 hours).

(x1,...,2,)", we append Q special quantile to-
kens (Qr,), ..., (@ry) to the end of the sequence.
The resulting sequence is

Ty (Qry )y, (@) (1)

)’Z = (1‘1, .
We feed X into a pretrained transformer gy and
obtain final-layer hidden states H = gg()z ). Let
hy, € R¢ denote the hidden state at the position
of token (@, ). We then predict the k-th quan-
tile using a shared linear regressor applied to the
corresponding quantile-token representation.

Gy (X) =w " hyp +b. %))

Quantile token regression architecture has two
advantages. First, it creates a direct input-output
relation for each quantile level by allowing (Q, )
to collect information across all transformer layers,
rather than relying on separate linear heads over
a shared final representation. This improves the
alignment between the conditioning evidence and
quantile-specific predictions, which pays more at-
tention to extreme quantiles. Figure 2 illustrates
this mechanism on a Stack Overflow question,
where the range of response time to a question is
predicted. The (Q10) token learns to attend to pop-
ularity signals (e.g., “python” tag) that predict fast
answers, while (Qgo) attends to complexity indica-
tors that predict slower responses. Second, quantile
tokens result in more coherent quantile representa-
tions, since all quantile tokens are produced jointly

"Including the query text and any retrieved neighbor con-
text.

within the same attention computation, and they
enable interpretability by inspecting which parts of
the input each (Q,, ) attends to when forming its
estimate.

3.3 Retrieval-based Quantile Regression

Semantically similar inputs tend to exhibit similar
outcome distributions. For example, similar prod-
uct descriptions yield similar price distributions,
and similar questions receive similar response-time
distributions. When conditioning only on the query
text, the model must implicitly learn these distribu-
tional patterns from the training data, which can be
challenging. We therefore augment quantile regres-
sion with neighbors, semantically similar, label-
bearing instances retrieved from a candidate pool,
to explicitly provide the model with distributional
evidence from similar instances.

Given an input text sequence X, we retrieve
the top-K semantically similar neighbors from a
candidate pool using dense embedding similarity.
Each retrieved neighbor is provided to the model
along with its empirical distribution represented as
a small set of quantiles. Implementation details,
including the choice of embedding model, retrieval
features, input formatting, and which quantiles are
selected for neighbors, are described in Section 4.1.

3.4 Loss Functions and Theoretical Analysis

A critical design choice in distribution learning is
the objective used to align the predicted quantile
vector G- (X) = (G (X), ..., Gry (X)) with the



supervision derived from the outcome set ); =
{vi1,--.,yim, }. Standard quantile regression ap-
plies the pinball loss to raw outcomes y. In contrast,
our training targets @,(7) are empirical quantile es-
timators computed from a finite sample ); and then
interpolated to a fixed grid. We therefore analyze
losses that are appropriate for quantile supervision,
and clarify what each objective targets in popula-
tion.

/1 and /5 losses on empirical quantiles (Wasser-
stein matching). We treat the interpolated empir-
ical quantiles Q;(73,) as noisy measurements of the
latent population quantiles Q*(X;, 7) and mini-
mize an element-wise £, loss:

N Q

£00) = 575 L2 [Qum) —dn(X0|. )
i=1 k=1
N Q 5

Lo, (0) = NLQ ZZ (@i(ﬂc) — G, (Xi)) T
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In one dimension, the p-Wasserstein distance
admits the quantile representation W) (F,G) =
J3 1Qr(u) — Qg (w)|P du (Villani, 2009). When
T is a dense, approximately uniform grid, £;, and
Ly, can be interpreted as discrete approximations
to Wl(FZ,Fg( | XA)) and W3 (E,Fg( | Xi)), re-
spectively, where Fy is the distribution implied by
the predicted quantiles. Here we assume the pre-
dicted quantiles are monotonic in 7 (or are mono-
tonized by sorting) so they define Fjp.

Mismatched pinball on empirical quantiles
(Pinball-Q). A seemingly natural alternative is
to apply the standard pinball loss to the empirical
quantile targets:

D WACE

where p,(u) = u(r — Ifu < 0]). While pin-
ball is proper for learning Q*(X, 7) from raw out-
comes, here the “outcome” fed to pinball is itself
a random quantile estimator. As a result, (5) gen-
erally targets the 7-th quantile of the estimator dis-
tribution Q;(7) | X, not the underlying parameter
Q*(Xi, ) (Appendix A). This yields a systematic
“inflation/deflation” effect away from 7 = 0.5.

~ 0, (X), )

Lpinbai-q (0

Scalarized pinball on a single statistic (Pinball-
Med). Prior LLM regression work often asso-
ciates each input with a single scalar label and
trains all quantile heads against that scalar us-
ing pinball. To mirror this setting under distribu-

tion supervision, we define a scalar pseudo-target
i = Qi(0. 5) (the sample median)? and optimize

NQZZka — Gr (Xi)) . (6)

i=1 k=1

Lpinbail-Med (0

Appendix A shows that (6) is generally inconsis-
tent for learning the full conditional distribution
when M, > 1: it learns the conditional distribu-
tion of the statistic y; (which concentrates around
Q*(X;,0.5) as M; grows), causing the predicted
quantile function to collapse.

Theoretical implications and empirical ordering.
Under the latent-sample model in Appendix A, for
each fixed (X, 7) the empirical quantile obeys an
asymptotic expansion Q;(7) = Q*(X;,7) + € r
where ¢; , is approximately centered and symmet-
ric with variance scaling as Var(e;r | X;)
7(1 —7)/M; (up to density factors). Consequently,
Ly, (median) and £, (mean) are Fisher-consistent
for Q* in the large-M; regime (with ¢; offering
additional robustness under heavy tails or outliers).
In contrast, Lpinpai-Q introduces a bias of order

M ;1/ % whose magnitude increases toward extreme
quantiles, while Lpinpai-Med discards distributional
shape and collapses toward the median. This analy-
sis predicts the empirical ordering observed in our
experiments: £,, performs best overall, Lpinpall-Q
is competitive but biased, and Lpinpai-Med Underper-
forms due to systematic loss of tail information.

The same theory suggests variance-aware
weighting by (M;, 1) (and density factors) to
downweight noisy tail quantiles when M; is
small; we leave this extension to future work (Ap-
pendix A).

4 Experiments

4.1 Datasets

We experiment upon two publicly available diverse
text-to-distribution datasets: Inside Airbnb (In-
side Airbnb, 2025) and StackSample (Stack Over-
flow, 2019, 2025). For both datasets, we construct
ground-truth distributions from multiple observed
outcomes per instance, keeping only instances with
at least 4 observations (an empirical threshold cho-
sen to balance label quality with dataset size). We
use stratified sampling for train/val/test splits. For
retrieval, we compute dense embeddings using
Qwen/Qwen3-Embedding-8B3 over the full text of

2If an application only provides a subset of quantiles, one
can analogously set y; to the median of the available reported

quantiles.
3https://huggingface.co/Qwen/Qwen3—Embedding—SB


https://huggingface.co/Qwen/Qwen3-Embedding-8B

Dataset  Split # Samples  Avg. # Tokens
Inside Airbnb
train 768,001 385
val 50,000 354
test 50,000 355
test_la (OOD) 61,551 385
StackSample
train 46,544 320
val 5,818 322
test 5,819 324

Table 1: Dataset split statistics. We report number of
samples and average number of tokens per sample.

each instance, and attach nine representative quan-
tiles * of each neighbor’s empirical distribution
spanning extremes to quartiles to the model input.
Full statistics are in Table 1. See Appendix C for
full construction details.

Airbnb. The task is to predict the price distri-
bution for an Airbnb listing given its textual de-
scription and metadata. We construct the dataset
from Inside Airbnb (Inside Airbnb, 2025), collect-
ing all available cities from 2024-09 to 2025-08
(119 cities) and converting prices to U.S. dollars.
Each listing is represented by its title, description,
amenities, location, and property type. We con-
struct the ground-truth price distribution from ob-
served monthly prices across time snapshots, yield-
ing ~840k samples from 55 cities after filtering.
We hold out Los Angeles to form an out-of-domain
(OOD) test set.

StackSample. The task is to predict the distribu-
tion of response times (time from question posting
to receiving an answer) for a Stack Overflow ques-
tion given its text. We use StackSample (Stack
Overflow, 2019, 2025), a Kaggle-hosted subset of
Stack Overflow Q&A. Each question is represented
by its title, body, and tags. We construct the ground-
truth response-time distribution from observed an-
swer response times. Following prior work (Vedula
et al., 2025), we apply log transformation to handle
the wide range of response times (from minutes to
hours).

4.2 Experimental Setup

We fine-tune Qwen3 models (1.7B—14B param-
eters) (Yang et al., 2025) with LoRA (Hu et al.,
2022), predicting Q=99 uniformly spaced quan-
tiles. We compare QR i —¢ (baseline quantile re-
gression (Vedula et al., 2025)), QR =g (QR with

41,5, 10, 25, 50, 75, 90, 95, and 99 percentiles.

K =8 retrieved neighbors), and QT x—g (quantile
tokens with K'=8 neighbors). We evaluate using
average MAPE (Mean Absolute Percentage Error),
wMAPE, sMAPE for point accuracy, and CRPSS
(Continuous Ranked Probability Skill Score) and
RCIW (Relative Coverage Interval Width) for dis-
tributional quality, mostly following Vedula et al.
(2025). Full details on dataset construction, experi-
mental setup, hyperparameters, and metric defini-
tions are in Appendix D, G, and E.

4.3 Experimental Results

Our Quantile Tokens Regression approach (QT)
consistently outperforms the quantile regression
(QR) baseline across both datasets and all model
sizes (Tables 2 and 3). The method ranking is sta-
ble: QT x—g outperforms QR —g, which in turn
outperforms QR i —( on all reported metrics. Com-
pared to retrieval-augmented QR, QT improves
both accuracy and sharpness, consistently reducing
average MAPE and producing markedly narrower
prediction intervals, with RCIW reduced by multi-
ple factors in both datasets. The advantage of QT is
especially pronounced on StackSample, the smaller
and more challenging dataset with response times
spanning from 1.01 mins to 12 hrs. The QRx—¢
baseline produces extremely poor distributions
with very wide confidence intervals (RCIW @99
of 4.55 x 10%), while QT x—g converges more reli-
ably. Comparing QT g —g to the baseline QR x—g,
QT x—g reduces average MAPE from 266.65 to
84.30° (68% reduction) and shrinks RCITW @99
from 4.55 x 10* to 346.90 (131 x reduction). Even
compared to retrieval-augmented QR =g, QT =g
achieves 14% lower average MAPE (84.30 vs
98.56) and 6 X narrower intervals.

Neighbor retrieval provides substantial gains
across all configurations, with particularly large im-
pact when training data are limited. On StackSam-
ple, retrieval yields dramatic improvements: for the
QR baseline, average MAPE drops from 266.65 to
98.56 (63% reduction) when moving from K=0
to K=8. On Airbnb, retrieval also consistently
improves average MAPE for QR across all model
sizes: for Qwen3-4B, average MAPE drops from
30.31 to 27.78 (8% reduction), and similar gains
hold at other scales. These substantial improve-
ments empirically validate the hypothesis (Sec-
tion 3.3) that semantically similar inputs exhibit

5The absolute MAPE on StackSample remains high due to
the limited dataset size and the inherently high uncertainty in
response-time prediction compared to price prediction.



Model Method K avgMAPE| wMAPE| sMAPE| CRPSST RCIW@90, RCIW@95| RCIW@99]
Quantile Regression 0 32.60 53.60 32.09 0.4408 12.72 16.29 19.06
Qwen3-1.7B Quantile Regression 8 29.27 52.12 29.43 0.4588 16.73 22.80 29.84
Quantile Token 8 27.18 50.18 27.39 0.4677 391 545 7.58
Quantile Regression 0 30.31 52.06 30.28 0.4536 9.58 12.30 14.66
Qwen3-4B  Quantile Regression 8 27.78 50.75 27.95 0.4700 11.77 15.08 17.94
Quantile Token 8 26.89 49.99 27.14  0.4700 5.12 7.17 9.64
Qwen3-8B Quantile Regression 0 29.02 51.18 29.05 0.4616 7.61 9.69 11.34
Quantile Regression 8 26.64 49.88 27.07 0.4800 7.38 9.48 11.27
Quantile Token 8 26.56 49.63 26.75 0.4700 3.89 5.44 6.96
Qwen3-14B Quantile Regression 0 30.23 51.85 29.91 0.4575 10.89 14.25 16.87
Quantile Regression 8 27.96 50.63 27.83 0.4754 17.46 22.98 27.51
Quantile Token 8 26.40 49.67 26.67 04741 4.61 7.39 11.10

Table 2: Results on the Airbnb test set with various model sizes. QR denotes quantile regression, QT denotes
quantile token regression, and K is the number of anchors. Best value per metric column is in bold.

Model Method K avgMAPE| wMAPE| sMAPE| CRPSST RCIW@90, RCIW@95] RCIW@99]
Qwen3-4B  Quantile Regression 0 266.65 75.00 6741  0.0668 3900.57 6949.75 45480.31
Qwen3-4B  Quantile Regression 8 98.56 74.97 67.19  0.3001 545.50 1025.38 2110.01
Qwen3-4B  Quantile Token 8 84.30 73.02 64.86  0.3375 274.20 315.40 346.90

Table 3: Results on the StackSample dataset.

similar outcome distributions, as retrieved neigh-
bors’ distributions provide informative context for
predictions. This contrast aligns with dataset scale:
Airbnb is much larger, with ~840k listings across
55 cities, while StackSample contains ~58k ques-
tions. Therefore, retrieval has greater impact when
training data are more limited, offering explicit
distributional evidence from similar instances that
helps ground predictions.

Model scaling shows diminishing returns at
larger sizes on Airbnb. Moving from 1.7B to 4B pa-
rameters reduces average MAPE by 7% for QT —g
(from 27.18 to 26.89), while moving from 8B to
14B yields only 1% improvement (from 26.56 to
26.40). This aligns with empirical scaling laws
(Kaplan et al., 2020) but shows that gains saturate
in our settings. Notably, distributional metrics do
not monotonically improve with size: for example,
QR _g shows wider intervals at 14B than at 8B
(RCIW @99 increases from 11.27 to 27.51). Since
we tune hyperparameters per model, this suggests
that larger backbones can be more sensitive to op-
timization and regularization choices, and better
point accuracy does not necessarily translate into
sharper confidence intervals.

To summarize, these results suggest that re-
trieval augmentation and quantile tokens are es-
pecially critical for harder, higher-uncertainty text-
to-distribution tasks rather than providing only in-
cremental gains. We further evaluate generalization

by holding out Los Angeles in the Airbnb dataset
during training and OOD testing on its listings,
with full results in Appendix F.

4.4 Ablation Studies

4.4.1 Loss Functions

Table 4 validates the theoretical comparison in Sec-
tion 3.4 and Appendix A by contrasting Wasser-
stein losses with pinball variants under empirical-
quantile supervision.

Loss avg MAPE| CRPSST RCIW@95]
Pinball-Med 32.80 0.5331 151.78
Pinball-Q 32.66 0.5332 151.27
£1 Wasserstein 26.55 0.4682 3.55
£2 Wasserstein 26.64 0.4737 4.15

Table 4: Ablation on loss functions on Airbnb dev set
using Qwen3-4B with K'=8 neighbors.

The two Wasserstein objectives, which are
Fisher-consistent for the target quantiles as the
number of labels per instance increases, achieve
the best practical accuracy and sharpness. In par-
ticular, /1 Wasserstein yields the lowest average
MAPE and the tightest confidence intervals, while
{2 Wasserstein is competitive but slightly worse
on both average MAPE and RCIW @95. In con-
trast, the pinball-based objectives perform poorly
for distribution learning in our setting: PINBALL-
Q applies pinball loss to the empirical quantile



targets, and PINBALL-MED uses only the em-
pirical median as supervision. Both incur much
larger average MAPE and extremely wide intervals,
consistent with the predicted bias of PINBALL-Q
and the loss of distributional information under
PINBALL-MED. Although the pinball losses at-
tain higher CRPSS than Wasserstein, this primarily
reflects a sharpness—calibration tradeoff: they pro-
duce overly conservative forecasts with inflated dis-
persion, which can improve skill relative to the ref-
erence while yielding uncertainty estimates that are
too unsharp to be useful in practice, as indicated by
RCIW @95 above 150 versus 3—4 for Wasserstein.
Overall, these results support using Wasserstein ob-
jectives for empirical-quantile supervision, with £;
Wasserstein providing the best accuracy—sharpness
tradeoff in our experiments.

4.4.2 Number of Neighbor

Table 5 studies number of retrieved items K on the
Airbnb dev set using Qwen3-4B with QT and ¢;
Wasserstein loss, applying postprocess monotonic-
ity (described in Section 4.4.3).

#Neighbors avg MAPE| CRPSST RCIW@95]
0 29.54  0.4509 4.90
2 2702 0.4625 445
4 2664 04676 434
8 26.55  0.4682 3.55
16 2585 04735 347

Table 5: Ablation on the number of retrieved neighbors
on Airbnb dev set using Qwen3-4B.

Increasing K consistently improves average
MAPE and CRPSS while tightening intervals. The
improvement is most pronounced when neighbors
are first introduced, especially from K=0 to K=2,
and exhibits diminishing returns as K increases.
Using K'=16 performs best overall, reducing aver-
age MAPE from 29.54 to 25.85 and improving
CRPSS from 0.4509 to 0.4735, while lowering
RCIW@95 from 4.90 to 3.47. However, larger
K increases the number of input tokens, which
raises memory usage and training cost (e.g., K=16
requires approximately 2x memory per sample and
1.4x total training time compared to K =8)..

4.4.3 Monotonicity

Our proposed Quantile Token regression approach
provides no guarantee that the predicted quantiles
will satisfy the monotonicity constraint, which can
cause issues like the 90th percentile prediction be-
ing lower than the 80th percentile. Table 6 therefore

compares three approaches to ensure monotonicity
on the Airbnb dev set using Qwen3-4B with QT, ¢4
Wasserstein loss, and K'=8 neighbors.

Method avg MAPE| CRPSST RCIW@95]
BASELINE 26.55 0.4682 3.55
CUMSUM 26.51 0.4749 7.16
POSTPROCESS 26.35 0.4701 3.55

Table 6: Ablation on monotonicity method on Airbnb
dev set using Qwen3-4B with K =8 neighbors.

BASELINE applies no monotonicity constraint
and uses the raw predicted quantiles as-is. CUM-
SUM enforces monotonicity during both training
and inference by predicting non-negative gaps be-
tween adjacent quantiles and cumulatively sum-
ming them to form ordered quantiles. POST-
PROCESS keeps training unchanged and enforces
monotonicity only at inference time by sorting
the predicted quantiles. Empirically, CUMSUM
slightly improves average MAPE and yields the
best CRPSS, but substantially widens intervals. In
contrast, POSTPROCESS achieves the lowest aver-
age MAPE, while maintaining comparable CRPSS
and intervals.

5 Conclusion

We studied text-to-distribution prediction under
empirical-quantile supervision, where each input
has multiple observed outcomes and the target dis-
tribution is represented by a dense quantile grid.
We introduced a retrieval-augmented approach
that grounds distribution estimates with retrieved
neighbor instances and their empirical distribu-
tions, and Quantile Token Regression, which pre-
dicts each quantile from a dedicated token repre-
sentation formed through self-attention. Across
Inside Airbnb and StackSample, both methods im-
prove accuracy and yield sharper predictive inter-
vals, with especially large gains on the smaller,
more challenging StackSample dataset. We also
analyzed training objectives, showing that Wasser-
stein matching better fits quantile-target supervi-
sion than pinball variants and offers a stronger
accuracy—sharpness tradeoff in practice. Overall,
combining retrieval-based grounding with quantile-
specific representations is a simple, effective ap-
proach for scalable text-to-distribution prediction,
motivating future work on variance-aware weight-
ing, calibration under sharpness constraints, and
broader applications.



Limitations

Our evaluation relies on empirical quantiles con-
structed from multiple observed outcomes per in-
put and interpolated to a fixed quantile grid; since
ground-truth values at every quantile level are typi-
cally unavailable, this interpolation can introduce
approximation error, especially when each instance
has only a few labels, and the resulting distribu-
tions may not fully reflect real-world conditional
outcome distributions. We also evaluate only the
Qwen3 model family, so the observed gains from
retrieval augmentation and quantile tokens may de-
pend on the backbone and should be validated on
additional LLLM families. In addition, we report
point estimates for all metrics but do not provide
uncertainty quantification such as bootstrap con-
fidence intervals, which would strengthen statis-
tical reliability when comparing close configura-
tions. Finally, we do not study text-generation-
based quantile prediction; prior work found that
generation underperforms regression-style decod-
ing for point estimation (Vedula et al., 2025), so
we focus on regression-based quantile outputs and
leave generative methods for distribution prediction
to future work.
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Appendix
A Theoretical Analysis of Quantile Supervision

This appendix formalizes the behavior of different objectives when training labels are empirical quantiles
computed from finite samples. We justify the empirical ordering observed in our experiments: Ly,
performs best, Lpinbail-q is slightly worse but better than Lpinpaii-med, and pinball-style objectives are
appropriate only in the extremely sparse supervision regime.

A.1 Latent sample model and quantile-label noise

Fix an input instance X = x. Let F*(- | ) denote the true conditional distribution of Y | X = x with
(left-continuous) quantile function

Q*(x,7):=inf{t e R: F*(t| z) > 7}, 7€ (0,1).

For simpliticity, here we assume M; are equal to M. In our data, each input X is paired with a multiset
of outcomes V; = {y;1, - - ., yir }» which we model as
Lid
Yil, - - s Yid ™~ F ( ‘X’L)a
with a variable sample size M across instances. From }); we construct the empirical CDF ﬁz(t) =

% Z%zl [[yim < t], and define the empirical quantile estimator (with the same interpolation rule as in
the main text)

Qi(7) = Fi_l(r).

For theoretical analysis, we treat @Z(T) as a standard sample quantile estimator; the additional linear
interpolation changes the estimator by at most O(1/M) when f(Q) > 0 that does not change the
asymptotics in large M regime.

Regularity assumption. We assume that for the quantile levels of interest 7 € [Tinin, 1 — Tmin]: (1)
F*(- | z) is continuously differentiable in a neighborhood of Q*(x,7); (ii) the conditional density
f*(t | x) = 0.F*(t | ) exists and satisfies f*(Q*(x,7) | ) > 0.

Under these conditions, sample quantiles admit a Bahadur-type expansion and a central limit theorem
(e.g., “Bahadur representation”, (Bahadur, 1966)):

T — F(Q*(X;,7))
[ QA (X4, 1) | Xy)

Qi(r) = Q*(Xi,m) + + i, i = 0p(MT?), @)

Asa consequence,

VAE(@) - 0em) = {0 g ) ®

Thus Q;(7) can be viewed as a noisy measurement of Q*(X;, ) with heteroskedastic noise that is
(asymptotically) centered and symmetric. While the vector (Q;(71), ..., Q;(7q)) is correlated across T
(since all quantiles are computed from the same sample };), our population minimizer statements below
are pointwise in 7 and rely only on the marginal distribution in (8).

A.2 Population minimizers for /; and /5 losses

Fix 2 and 7 and define the random label Z := Q;(7) | (X; = z). Consider a scalar prediction a € R.
Proposition 1. The conditional risk minimizers satisfy:

arg min E[(Z—-a)? | X =2] =E[Z | X = z], arg min E[|Z—a| | X = z] € Median(Z | X = x).
ac ac
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Proof. Both losses are convex in a. For squared loss, differentiate the conditional risk and set to zero. For
absolute loss, the subdifferential of « — E|Z — a| is

1 1
0= |P(Z <alx)— §,IP(Z <alzr) - 3

so 0 € difand only iff P(Z < a|z) < § <P(Z < a|z). This yields the median characterization. ~ [J

Proposition 2 (Asymptotic Fisher consistency of Ly, and L,,). Under the latent sample model and
regularity assumptions above, for each fixed (x,7) € X X [Tmin, 1 — Tmin), the population targets of Ly,
and Ly, converge to the true quantile:

E|Qi(r) | X; = | = Q"(x,7) + O(M™Y),  Median(Qi(r) | Xi =) = Q(w,7) + o(M~/2).

In particular, as M — oo, both losses are Fisher-consistent for Q*(x, ).

Proof sketch. Equation (8) implies that @Z(T) is asymptotically normal and hence asymptotically sym-
metric about Q*(z, 7), yielding median consistency. Finite-sample bias of sample quantiles is typically
O(1/M) under smoothness, yielding the stated mean expansion. Applying Proposition 1 completes the
argument. O

A.3 Bias of mismatched pinball on empirical quantiles (Pinball-Q)

Proposition 3. Let p-(u) = u(r — I[u < 0]). For any scalar random variable Z,

arg miﬂ]g Elp:(Z —a)] € Quantile,(Z),
ac

i.e., pinball loss targets the T-th quantile of the label distribution.

Proof. Similar as the above proof for /1, the subdifferential of a — E[p,(Z — a)] is
0=[P(Z < alx) - 7,P(Z < alx) — 7]

so the optimality condition is P(Z < a|z) < 7 < P(Z < a|x). O

Proposition 4 (Bias of Lpinvan-q). Fix (x, T) and write the empirical quantile label as

~

Qi(r) = Q*(a,7) +eir, iy = QiT) — Q*(, 7).
The population minimizer of Lpinpaii-o at level T satisfies
q}")mball_Q(a:, 7)=Q"(x,7) + QuantileT(ain | X; = x)
Under the normal approximation in (8), the resulting inflation/deflation bias is approximately

7(1—7) 1
M fH(Q*(z,7T) [ 2)

Tpinbaii-o(T, T) = Q" (x,7) + > (7) )

Proof. By Proposition 3, Lpinbai-q targets the T-quantile of the random label @1(7) | X; = x. Quantiles
are translation-equivariant, giving the first display. Under (8), ¢; - is approximately normal with standard
deviation \/7(1 — 7)/(vV'M f*(Q* | x)), and the T-quantile of a centered normal is ®~1(7) times its
standard deviation. O

Equation (9) shows that the leading O(M -1/ 2) inflation term vanishes at 7 = 0.5, but Pinball-Q
systematically inflates upper quantiles (7 > 0.5) and deflates lower quantiles (7 < 0.5). The magnitude of
this mismatch is O(M -1/ 2) and grows away from 7 = 0.5 over typical interior grids and can be further
amplified when f* is small (often in tails).
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A.4 Scalarized pinball is inconsistent for distribution learning (Pinball-Med)
Define the scalar pseudo-target
and recall the scalarized objective Lpinbai-Med(0) = NLQ Zl i P (Wi — 47, (X3)).

Proposition 5 (What Lpinbai-Med learns). For each T € (0,1) and fixed x, the population minimizer of
Lpinbali-Med At level T satisfies

Qpinbaii-mea(T> T) € Quantile, (y, | Xi = 95)

Consequently, Lpinpaii-mea 1S proper for the conditional distribution of the statistic y; = @i(0.5), not for
Y | X.

Proof. Fix (x, ) and view y; as the random label. Applying Proposition 3 to Z = y; | X; = z yields the
claim. O

Proposition 6 (Collapse in the large-M regime). Assume M — oo and the regularity conditions above.
Then y; = Q;(0.5) — Q*(x,0.5) in probability, and hence

q}kjinball-Med(:Ea T) — Q*(l‘a 05) fOl’ all T € (07 1)

If F*(- | ) is non-degenerate, this implies a non-vanishing distributional error; for example,

1
Wi (F*(- | ), 6g*(2,0.5)) :/0 |Q* (z,u) — Q*(2,0.5)| du > 0.

Proof sketch. Consistency of the sample median follows from standard quantile consistency. As y;
concentrates, the conditional distribution of y; | X; = x converges to a point mass at Q*(x,0.5), whose
T-quantile equals the same point for every 7. The W identity is standard in one dimension. U

A.5 Why Lpinban.q can outperform Lpiypall-Med

Propositions 4-6 formalize a bias-information trade-off. Compared to Pinball-Med, Pinball-Q uses the
full set of empirical quantiles {Qi(Tk)}gzl, preserving supervision about distributional shape. Although
Pinball-Q incurs an O(M ~'/2) bias away from 7 = 0.5, Pinball-Med introduces a structural error by
collapsing the predicted quantile function toward the median when M > 1. In intermediate regimes where
M is small but greater than one, the error from losing tail/shape information can dominate the mismatch
inflation term, making Lpinpai-q empirically stronger than Lpinpai-med- Finally, ¢1 on empirical quantiles
combines the shape information of Pinball-Q with asymptotic Fisher consistency, explaining the empirical
ordering Ly, > Lpinball-Q > LPpinball-Med Observed in our experiments.

A.6 Towards a variance-aware weighting

Equation (8) implies heteroskedastic noise across (M, 7). A variance-aware extension replaces the
unweighted losses with weights proportional to the inverse asymptotic variance,

M f*(Q*(Xi, ) | Xi)?
(1 — %)

wi,k X

)

yielding a quasi-likelihood weighted least squares objective. In practice, the unknown density factor can
be estimated from the predicted quantile slope via f*(Q*(x,7) | ) = 1/0;Q*(x, 7) (when the quantile
function is differentiable and strictly increasing), suggesting a fully data-adaptive weighting scheme. We
leave a systematic study of these weights to future work.
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B Quantile Interpolation

Each instance is associated with a variable-size set of observed outcomes Y; = {vi1, - - ., ¥in;, }» Where
M; can differ across instances. We sort them to obtain order statistics ;1) < -+ < y;(ag) and
treat these samples as defining an empirical quantile function. To obtain a fixed-dimensional training
target, we interpolate the empirical quantile function to a dense grid of @ = 99 quantile levels 7 =
{0.01,0.02,...,0.99}, producing

G = (Q:(0.01),...,Q:(0.99)) € R”. (10)

For each 7, we compute a fractional rank r;;, = 1 + (M; — 1)1y and set @l(Tk) by linear interpolation
between yi(|ry, ) and Yipry,1)-

C Dataset Construction Details

Airbnb. We collect all available cities from Inside Airbnb data snapshots between 2024-09 and 2025-08,
covering 119 cities. We drop listings with fewer than 4 price observations and remove cities with fewer
than 10k samples after filtering, yielding ~840k samples from 55 cities. For retrieval, we build one
training index per city and restrict retrieved neighbors to the same city. For each retrieved neighbor, we
append only its title to the model input.

StackSample. We filter out answers with response time exceeding 12 hours, convert each remaining re-
sponse time to minutes, then apply log transformation to ensure a manageable range. We perform quantile
interpolation over the log-transformed response times to create the ground-truth quantile distribution. For
retrieval, we build an index from training questions only. For each retrieved neighbor question, we append
only its title to the model input.

D Experimental Setup Details

We run all experiments on a single AWS GPU cluster with NVIDIA H100 and H200 GPUs, set () = 99
with uniformly spaced quantile levels, and tune hyperparameters (e.g., number of epochs, batch sizes,
learning rates, and maximum sequence length) across settings, model sizes, and datasets to report the best
configuration. Unless otherwise specified, we use K = 8 retrieved neighbors. We fine-tune the Qwen3
model family (Yang et al., 2025) with LoRA (Hu et al., 2022) using the HuggingFace Transformers library
(Wolf et al., 2020).

E Evaluation Metrics

We evaluate quantile predictions on a test set {(z;,y;)}/",, where the model outputs ¢, (z;) for 7 €
{Tk}gzl. Since each sample has a ground-truth distribution, we first compute the Mean Absolute
Percentage Error (MAPE) at each quantile in a coarse set of target quantiles 7 = {0.1,0.2,...,0.9}.
Then we compute the average over them, which we refer to as averageMAPE:

MAPEQr = @ M , (11)
n qr (i)
avgMAPE = % > MAPEG@r, 12)

TET

We additionally report the Weighted Mean Absolute Percentage Error (WMAPE) and the Symmetric
Mean Absolute Percentage Error (sSMAPE) using the median prediction §; = §o.5(x;). We use y; =
qo.5(x;) as the benchmark value, which is the median of the ground-truth distribution.

WMAPE = 100 2zt |9 — il (13)
> i |wil
200 5~ [9i — yil

SMAPE = — ) 22 (14)
n ; |9i] + |yl
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Model Method K avg MAPE| wMAPE| sMAPE| CRPSS? RCIW@90, RCIW@95, RCIW@99,

QR 0 32.01 45.93 37.18 0.4706 14.06 17.98 21.05
Qwen3-1.7B QR 8 24.95 37.68 25.64  0.5750 15.01 21.57 29.66
QT 8 22.82 34.78 24.16 0.5901 3.72 5.18 7.35
QR 0 32.01 45.64 37.36 0.4680 10.00 12.76 14.92
Qwen3-4B QR 8 23.54 35.79 2430  0.5904 9.60 12.37 14.89
QT 8 22.70 34.59 24.13 0.5952 5.10 7.12 9.64
QR 0 30.92 43.31 36.12 0.4950 8.26 10.52 12.29
Qwen3-8B QR 8 22.56 34.32 2330  0.6036 6.65 8.48 9.91
QT 8 22.35 33.55 23.51 0.6058 3.76 5.16 6.58
QR 0 29.11 40.53 3221 0.5332 11.54 14.72 17.20
Qwen3-14B QR 8 23.33 35.23 24.50  0.6016 13.23 16.88 19.78
QT 8 22.36 33.31 22.95 0.6128 5.38 8.41 11.70

Table 7: Results on the Airbnb OOD test set (Los Angeles).

For the evaluation of distributional quality, we report the Continuous Ranked Probability Skill Score
(CRPSS) and Relative Coverage Interval Width (RCIW). CRPSS is

C}{Psmodel

CRPSS =1 — CRPS., (15)
where CRPS,.¢ is computed from a reference forecast. We report RCIW@c for ¢ € {90, 95,99}:
100 " QT“(C) (xl) B qATz(c) ($1)7 (16)

RCIW@Qc = —
n

i=1

o5 ()]

where (74, 7,) are chosen to approximate the desired central coverage (for Q=99, we use (0.05,0.95),
(0.02,0.98), and (0.01, 0.99) for ¢=90, 95, 99, respectively).

F Experiments Results on OOD Dataset

Asin 7, the LA test set can appear easier than the multi-city test split for two complementary reasons. First,
Los Angeles is a large, high-density city in the dataset, so retrieval can find closer and more informative
neighbors, leading to stronger grounding for distribution prediction. Second, U.S. cities and listings
constitute a substantial portion of our training data, so LA is not far from the dominant training distribution
in both language and pricing patterns. As a result, the holdout primarily reflects a city-level split rather
than a severe domain shift, which helps explain why OOD performance can be comparable to or even
better than the stratified test set.

G Hyperparameter Configurations

This section provides the hyperparameter configurations used in our experiments. All models were
trained using LoRA fine-tuning on the Qwen3 family. Table 8 shows hyperparameters for Inside Airbnb
experiments, and Table 9 shows hyperparameters for StackSample experiments.
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Model Method K LR Epochs Train BS Eval BS LoRA Rank Max Len

Qwen3-1.7B QR 0 3e-6 5 64 64 384 1024
Qwen3-1.7B QR 8 3e-6 5 64 64 384 2048
Qwen3-1.7B QT 8 3e-6 5 16 8 384 2048
Qwen3-4B QR 0 26 5 32 32 384 1024
Qwen3-4B QR 8 2e-6 5 32 32 384 2048
Qwen3-4B QT 8 2e6 5 16 16 384 2048
Qwen3-8B QR 0 2e-6 5 16 16 384 1024
Qwen3-8B QR 8 2e6 5 16 16 384 2048
Qwen3-8B QT 8 2e-6 5 16 16 384 2048
Qwen3-14B QR 0 le6 5 32 32 384 1024
Qwen3-14B QR 8 le6 5 16 16 384 2048
Qwen3-14B QT 8 le6 5 8 8 384 2048

Table 8: Hyperparameters for Inside Airbnb experiments. K = number of neighbors, LR = learning rate, BS = batch
size per device, Max Len = maximum sequence length. All models use weight decay = 0.01, LoRA dropout = 0.1,
and Wasserstein W1 loss.

Model Method K LR Epochs Train BS Eval BS LoRA Rank WD Warmup Max Len

Qwen3-4B QR 0 3e-7 8 32 64 64 0.01 0.0 1280
Qwen3-4B QR 8 3e-7 8 32 32 64 0.01 0.0 2304
Qwen3-4B QT 8 3e-7 5 16 16 192 0.01 0.1 2304

Table 9: Hyperparameters for StackSample experiments. K = number of neighbors, LR = learning rate, BS = batch
size per device, WD = weight decay, Warmup = warmup ratio, Max Len = maximum sequence length. QR models
use LoRA dropout = 0.1, QT model uses LoRA dropout = 0.15. All use Wasserstein W1 loss.
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