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Abstract

While slow-thinking large language models (LLMs) exhibit reflection-like rea-
soning, commonly referred to as the “aha moment”, their ability to generate
informative critiques and refine prior solutions remains limited. In this paper,
we introduce Double-Checker, a principled framework designed to enhance the
reasoning capabilities of slow-thinking LLMs by fostering explicit self-critique
and iterative refinement of their previous solutions. By fine-tuning on our curated
1,730 self-critical instances, Double-Checker empowers long-CoT LLM:s to iter-
atively critique and refine their outputs during inference until they evaluate their
solutions as correct under self-generated critiques. We validate the efficacy of
Double-Checker across a comprehensive suite of reasoning benchmarks, demon-
strating that iterative self-critique significantly enhances the reasoning capabilities
of long-CoT LLMs. Notably, our Double-Checker increases the pass@1 per-
formance on challenging AIME benchmarks from 4.4% to 18.2% compared to
the original long-CoT LLMs. These results highlight a promising direction for
developing more trustworthy and effective LLMs capable of structured self-critique.

1 Introduction

Reasoning—the capacity to solve complex tasks by logically connecting facts and drawing conclu-
sions—represents a critical milestone in the quest for human-level Al or Artificial General Intelligence
(AGI) [} 2L 3L 14]). Following the advent of large language models (LLMs), extensive research has
sought to further enhance their reasoning ability, spanning more effective pretraining [5, 6], super-
vised fine-tuning [[7, 8 9} 10, [11]], rigorous evaluation [4} 12} [13]], and, more recently, reinforcement
learning (RL) [[14, 15, 116]. In particular, [[15] shows that RL with verifiable rewards can push LLMs
toward generating long chains of thought (long-CoT) [17] and exhibiting reflective-like reasoning
behavior, often termed as the “aha moment” [18]. Despite these gains, Recent works [[19,20] suggest
that revisiting and refining previous solutions might unlock further improvements, motivating us to
integrate the “aha moment” into a systematic “reflect-and-refine” loop.

The key concept lies in the “reflect-and-refine” is critique: the model’s explicit evaluation of whether a
solution is correct and, if needed, how it can be improved [21}[22][23]]. Critique underpins the principle
of selectively refining only those solutions that need fixing, thereby preserving originally correct
answers [24, 25]. Numerous studies have demonstrated that critique can subsequently be utilized to
enhance the quality of generated outputs [22} 23] 26]. For example, [22}27] train specialized critique-
oriented LLMs capable of providing feedback to generator LLMs. However, employing a separate
model exclusively for critique introduces additional overhead [22]]. Alternatively, [23]] proposes
integrating critique as a training objective. Nevertheless, the resulting LLMs are unable to leverage
self-critique effectively during inference. Furthermore, [[19] reports only marginal improvements
for Long-CoT LLMSs, even after fine-tuning on 100K self-critique examples. These raise an open
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Question: Among the 900 residents of Aimeville, there are 195 who own a diamond ring, 367 who own a set of golf
clubs, and 562 who own a garden spade. In addition, each of the 900 residents owns a bag of candy hearts. There are
437 residents who own exactly two of these things, and 234 residents who own exactly three of these things. Find the
number of residents of Aimeville who own all four of these things.

Answer: 73

DeepSeek-Distill-Qwen-7B

<think>

</think>

Given the hyperbola, ...
Thus, the final answer is | 480

+ probe prompt to induce self-critique:

Alright, let's go through the solution step
by step ...

Therefore, the final answer is | 480

DoubleChecker-DS-7B Round 0

<think>

</think>

<summary>

Given the hyperbola, ...
Thus, the final answer is | 480
</summary>

DoubleChecker-DS-7B Round 1

<critique>
Overall Judgment: Incorrect
</critique>

<think>

</think>

<summary>
...... , the correct answer should be | 73
</summary>

Figure 1: Double-Checker correctly solves a math problem in AIME24 leveraging self-critique,
while DeepSeek-Distill-Qwen-7B still gets the same wrong answer under a self-critical probe.

question: Do Long-CoT LLMs, which demonstrate reflection-like reasoning, possess the capacity to
leverage self-critique to enhance performance? If not, how can we equip them with this ability?

In this paper, we investigate the integration of reflection-like reasoning with self-critique to enhance
the reasoning abilities of slow-thinking LLMs. Specifically, we start by examining whether long-CoT
LLMs can leverage self-critique to iteratively refine their prior solutions during inference in a probe-
induced manner. Our findings reveal that the occurrence of an "aha moment" does not necessarily
indicate the presence of a self-critique mechanism (see Sec. [3.1). For instance, as illustrated in
Fig.[I} DeepSeek-Distill-Qwen-7B fails to generate informative critiques of its prior solution,
ultimately arriving at the same incorrect answer. To address this, we introduce Double-Checker, a
novel framework designed to empower LLMs to critique and refine their prior solutions iteratively
and adaptively. Through a specialized training process that combines direct inference instances with
curated critique-refine data (1,730 instances in total), our Double-Checker equips long-CoT LLMs
with an effective self-critique capability. This enables iterative improvements in performance during
inference via self-critique. An example of this process is shown in Fig. [T} where Double-Checker
successfully resolves a complex math problem using the "reflect-and-refine" approach.

Our main contributions can be summarized as follows:

O We investigate the self-critical behavior of long-CoT LLMs via a probing and find that they are
unable to generate informative critiques to improve their prior solutions.

® We proposeDouble-Checker, a novel framework that pairs direct inference data with carefully
curated critique-refine dataset (1,730 in total), enabling LLMs to iteratively correct flawed reasoning
during inference.

® Experiments on a wide range of reasoning benchmarks demonstrate that even with a modest
amount of critique data, Double-Checker unlocks substantial improvements in accuracy. Notably,
our method raises pass@1 performance on challenging AIME benchmarks from 4.4% to 18.2%,
underscoring the impact of explicit self-critique.

2 Related Work

Long Chain-of-Thought and Slow Thinking. The rise of LLMs has driven extensive research
aimed at enhancing their reasoning capabilities through a range of strategies. Early efforts include
advancements in pretraining methodologies [5, 6], supervised fine-tuning [[7} (8}, 9} [10} [11], and
rigorous evaluation techniques [4} [12} [13]. More recently, RL has emerged as a key paradigm for
improving reasoning in LLMs. For instance, [15] demonstrates that RL with verifiable rewards
enables models to generate long chains of thought (long-CoT) [17], fostering more structured,
multi-step problem-solving skills. This approach has been shown to promote reflective reasoning
behaviors, termed as the "aha moments" [[18]. These advancements mark significant progress in
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LLM reasoning [28]. However, our work reveals a critical limitation: while strong reflection-like
reasoning allows LLMs to recognize errors or inconsistencies, it does not inherently ensure robust
self-improvement [29] 30]. Additionally, existing self-improvement methods [29, 30]] often depend
on external tools or explicit feedback mechanisms, making it challenging to guide a single LLM
through multiple, reliable rounds of refinement. Addressing these challenges is crucial to unlocking
the full potential of self-improvement in LLMs.

Critique LLMs and Integrated Self-Improvement. A parallel line of research employs critique
models or reward estimators to score and refine outputs from a “generator” model, especially in
mathematical domains [31}132,[33| 134]]. While effective in principle, this split-architecture strategy
requires substantial overhead (running two separate LLMs) or produces numeric feedback that lacks
actionable corrections [35]]. Other efforts have tried to incorporate critique into a single model’s
training objective [23] or train on large multi-round self-critique data [19], but with limited gains in
iterative refinement. Against this backdrop, our work introduces Double-Checker, which merges
critique and generation into a unified “reflect-and-refine” loop within one long-CoT LLM. By
carefully curating critique-oriented examples and integrating them with direct-inference data, we
equip long-CoT LLMs with the capability to generate meaningful critiques and adaptively refine their
prior solutions based on self-generated critiques, ultimately enabling robust self-improvement.

3 Method

3.1 Aha Moment Does Not Equate to Effective Self-Critique

Previous studies have observed that fast-thinking LLMs often generate uninformative critiques,
limiting their capacity for self-improvement [22,[36]]. In contrast, slow-thinking LLMs are believed
to exhibit self-reflection behaviors, identifying and potentially correcting errors in their reasoning
steps [I15L[16]. This raises the intriguing question: Can long-CoT LLMs with strong reflection-like
reasoning abilities perform effective self-critique? To investigate this, we conduct experiments on
AIME24 using DeepSeek-R1-Distill-Qwen7B and DeepSeek-R1-Distill-Qwen32B, employ-
ing a probe to induce self-critique behavior (see Appendix [A.T] for detailed settings). We have
the following results: @ DeepSeek-R1-Distill-Qwen7B and DeepSeek-R1-Distill-Qwen32B
follow the probe prompt and produce informative critiques in only 0% and 8.5% of cases, respec-
tively. ® The performance on AIME24 improves slightly after refinement with self-critique (1.6%
for Qwen7B: 57.1% — 58.7% and 0.8% for Qwen32B: 72.1% — 72.9%). These findings suggest
that the aha moment does not inherently translate into effective self-critique. While these models
demonstrate strong capabilities in reflection-type reasoning, their capacity to autonomously evolve
through effective self-critique remains limited.

3.2 Double-Checker Framework

Despite exhibiting the "aha moment," long-CoT LLMs demonstrate limited ability to generate
actionable critiques and effectively apply them for iterative self-refinement. We hypothesize that this
limitation arises because current long-CoT LLMs are primarily trained for direct inference. As a
result, these models do not naturally transition toward interactive refinement through self-critique,
even when prompted with carefully designed probes (see Sec.[3.1)). To address this gap, we propose
Double-Checker, a novel framework designed to enable long-CoT LLMs to critique their prior
solutions and iteratively refine their reasoning. An overview of Double-Checker is depicted in Fig.
The following section presents the detailed training and inference process of Double-Checker.

3.2.1 Training Process

As shown in Fig. [2](c), the training process of Double-Checker consists of four key steps: 1) Initial
Generation, 2) Critique with Answer Correctness, 3) Refinement, 4) Distillation, The first three
steps focus on data curation, while the final step involves model training. Start from an original
training dataset Doy = {(Q;, GT;)}, which consists of multiple questions with their corresponding
ground-truth answers, we will detail each step below.

Initial Generation For each question (), we first obtain its direct inference result from a strong
teacher long-CoT LLM 7T (e.g., DeepSeek-R1) as: T : Q — Ty & Sy, where Sy contains the
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Figure 2: The overview of Double-Checker. (a) Direct inference pipeline of long-CoT LLM:s:
generating a long thought (7}) followed by a summary (Sy) that concludes the answer (Ag) for the
question (). (b) The inference pipeline of iterative refinement with self-critique. (c) Training stage
of our Double-Checker. (d) Adaptive inference with self-critique of our Double-Checker.

model-generated initial answer . The answer Ag is then evaluated for correctness by comparing
it with the ground-truth answer GT'.

Critique with Answer Correctness Given a question () and its preceding summary Sy, we employ
a proficient LLM C to generate detailed critiques. The critique explicitly signals the correctness of
the initial answer Ag (correct/incorrect). To optimize critique quality, we employ distinct prompts
tailored to correct and incorrect Ay (see App.[A.3)). This answer correctness signal is indispensable
for effective critique generation. Formally, critique generation follows:

C : {Instruction incorporating Answer Correctness Signal} & Q ® Sy — Cy

where C adheres to the structured format defined in App.[A.2]

Refinement When the initial answer Ay is correct, we collect the corresponding critique C; and
store the triplet (Q, So, C1) into our training set D ;;ique. For incorrect Ay, we refine the solution
using a Refinement long-CoT LLM R, which takes the question @), prior summary Sy, and critique
Ciasinput: R : Q ® Sy ® C; — T1 & S1, where T and S, represent the refined reasoning and
summary, respectively. The refined answer A; is extracted from S; and compared to the ground truth
GT. If Ay matches GT, (Q, So, C1,Th,S1) is added to Deyjrigue; otherwise, it is discarded.

Distillation After the data curation stage, training examples are categorized into two formats:
(Q, So, C1) for correct answers Ag and (Q, Sp, C1,71,S1) for incorrect answers. For simplic-
ity, instances with (Q, Sp, C1) are padded to (@, So, C1, Ty, S;) using a predefined template (see
App.[A.4). To maintain the ability of direct inference of the original long-CoT LLM M, we will mix

critigue With a direct inference training set Dgjyec = {(Q To,S0)}. Finally, our training set will
be Dirain = Dairec U Deritique- The learning objective is

0

. 1
mm{ = Do < Z log Paty (To © So | Q) + Z log Pty (Cr & Th & 51 | QGBSO))}

Diirect Dmuque

where 0 is the parameters of long-CoT LLM M and | Dy, | denotes the number of training examples.



131

132
133

134
135

136
137

138
139
140

141
142
143

144
145

146
147
148
149

150
151
152
153
154
155

156
157
158
159
160
161
162
163

Algorithm 1 Double-Checker Inference Pipeline

Require: Question ), Long-CoT LLM M, number of iterations N
1: Generate initial output 7o ® So ~ Pa(+|Q) >Direct Inference
2: forn < 1to N do

3 Critique previous summary and refine C,, ® T, @ Sn ~ Paq(+|Q @© Sn—1)  >Self-Critique & Refine
4 if C,, indicates that A,,_; (the answer of S,,_1) is correct then >Stopping Criteria
5: return S,,_1
6
7
8

end if
: end for
. return Sy

3.2.2 Inference Pipeline

We will first introduce a paradigm shift from direct inference (Fig. [2](a)) to iterative refinement via
self-critique (Fig. E] (b)). Concretely:

* Round 0 (Direct Inference). Given a question (), the model M generates a detailed reasoning chain
Ty and a final summary Sy, i.e.,

M:Q — Ty Sy.

where @ denotes the string concatenation. This baseline (long-CoT) output forms the initial
solution.

* Round I (Self-Critique + Refinement). We now feed both () and the prior summary Sy to M. The
model produces a critique C; of Sy and then refines the solution into a new thought 77, finally
yielding a new summary S;. Formally,

MZQEBSO — Cl@Tl@Sl.

* Round n (Repeated Refinement). For subsequent rounds (1 < n < N), the model receives
Q @& Sp—1, generates C,, to critique the previous summary, and refines the solution into 7}, and S,,.
Symbolically,

M:Q®S—1 = C,®T, ®5,.

We continue until the model’s critique deems the answer correct or a maximum iteration limit NV is
reached.

Context Window The thought 7; is typically lengthy, while the corresponding summary S; usually
encapsulates all the essential information of 77, serving as a concise version of T;. Discarding T; and
retaining only S; for each refinement round will ensure that the entire refinement process remains
within the context window of Long-CoT LLMs.

Critique Space The critique evaluates the prior summary, assessing whether the answer is correct
and proposing actionable suggestions to enhance the solution when needed. Following [22], our
critique consists of three components: 1) an analysis of the summary, 2) actionable improvement
suggestions, 3) an answer correctness judgment (correct/incorrect). This judgment enables early
termination of the iterative refinement process when the solution is deemed correct (see Sec.[3.2). An
example of the critique structure is provided in Appendix[A.2]

As illustrated in Fig.[2](d), our Double-Checker adopts an iterative refinement pipeline that alternates
between: (1) appending the previous summary (.S, _1) to the input question (@), and (2) generating
an informative critique (C),) followed by refining the prior solution (75,, S,). The process terminates
when the critique C), predicts the correctness of the answer extracted from S,,_;. The complete
inference procedure is formally presented in Algorithm [I] To ensure termination, we define a
maximum iteration limit V. Although theoretically the process could iterate infinitely until all
test examples achieve critique-verified correctness, we impose a finite N in practice to prevent
computational divergence due to potential inability to predict correctness for certain cases.



164

165

166
167
168
169
170
171
172
173
174
175

176
177
178
179
180

181

182
183
184
185
186
187
188
189

190
191
192

194
195
196
197
198
199
200

201

202
203

204
205
206
207
208

210

211
212
213

4 Experiments and Results

4.1 Training Setup

Training Data Construction To construct the original training set D,,;4, we compile a pool of
candidate problems from existing mathematical reasoning datasets: S1.1 [11]], DeepMath-103K [37],
OpenRS [38]], and ORZ-Math-Hard [39]. We filter these candidates using two key criteria: 1) Answer
Verifiability: Ensuring ground-truth labels are verifiable via rule-based validation, 2) Difficulty:
Selecting problems with appropriate complexity. We get a collection of around 8K high-quality
questions, calibrated for both difficulty and correctness. For initial generation, critique annotation,
and refinement, we utilize Qwen3-235B-A22B [40]] and DeepSeek-R1 [[15]], i.e., 7 = C = R, but
with different instructions. We also incorporate a subset of S1.1 training instances as our Dy, ect,
resulting in a total training set Dyyqin = Dgirec U Deritique 0f 1,730 training instances. The details
of our data sources and filtering process are given in App.[B.1]

Training Details We train the Distilled long CoT variants of DeepSeek-R1 (7B and 32B parameters)
on our curated training set Dy, using full-parameter fine-tuning. The training process employs
DeepSpeed ZeRO optimization [41] for efficient memory utilization and FlashAttention2 [42] for
accelerated training. Following the implementation in [10]], we set the maximum sequence length to
16,384 tokens and adopt a learning rate of 5 x 10~%. Implementation details are in App.

4.2 Evaluation Setup

Evaluation Setting We evaluate on AIME24, AIME25, MATHS500 [43]], and OlympiadBench [44]]
for mathematical reasoning, and GPQA [12] for multidisciplinary problems. Following [[LO], we adopt
an unbiased pass@ 1 metric for datasets with only 30 test examples (i.e., AIME24 and AIME25),
generating 16 samples with a decoding temperature of 0.6. For the remaining benchmarks, we
use greedy decoding. We use VLLM [45] to accelerate inference and set the maximum sequence
length to be 32,768 tokens. We set IV in Algorithm [I]to 3 for Double-Checker-DS-7B and 1 for
Double-Checker-DS-32B. A brief introduction to different benchmarks and detailed evaluation
setting can be found in App.

Baselines We compare Double-Checker against a comprehensive set of baselines, categorized
as follows: 1) DeepSeek-R1-Distill-Qwen Series (7B, 32B): Strong long-CoT LLMs distilled
from DeepSeek-R1 using 800K examples. 2) S1.1 (7B, 32B) [L1]: Two CoT LLMs distilled from
DeepSeek-R1 using 1K high-quality from multiple sources. 3) LIMO-32B [10]: A powerful LLM
trained on 837 carefully curated examples. 4) InftyThink (7B, 32B) [46]: Models trained on
333K examples adapted from OpenR 1-Math, with results from the original paper using multi-round
interactive inference. 5) Light-R1 (7B, 32B) [28]]: Two-stage SFT (79K data) + RL-trained models.
6) Naive-SFT Baseline (7B, 32B): DeepSeek-R1-Distill-Qwen trained on questions of our Dy;q;p
using standard SFT (without critique learning), which can isolate the contribution of training data. 7)
We also include OpenAI-o1 series [14] and DeepSeek-R1 for reference. For 4) and 7), we report
the results from other papers directly (see App.[C.I), and run the remaining baselines by our own.

4.3 Main Results

Table [T summarizes the primary evaluation results on multiple challenging reasoning benchmarks.
From Table[T] we have several key observations:

Double-Checker consistently enhances the performance of original long-CoT LLMs across
all reasoning benchmarks and model scales. Our model, Double-Checker-DS-7B, outperforms
DeepSeek-Distill-Qwen-7B by an average of 9.9%, while Double-Checker-DS-32B exceeds
DeepSeek-Distill-Qwen-32B by 11.9%. Notably, Double-Checker-DS-32B achieves a signifi-
cant improvement of 18.2% in pass@1 on the AIME25 benchmark, and Double-Checker-DS-7B
boosts pass@1 performance on AIME24 by 9.7%, demonstrating the effectiveness of our
Double-Checker on complex reasoning tasks.

Self-critique is a crucial factor in driving performance improvements across benchmarks.
Compared to the "naive SFT" baseline, which utilizes the same training problems but excludes
explicit critical data, our Double-Checker consistently shows superior performance across all
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Table 1: Main results (in %) on various benchmarks. The best results within each group are in
bold. * indicates that the results of the corresponding LLM are sourced from their technical reports
or other references due to the cost of using APIs or the unavailability of the LLM. Please refer to
Appendix [C.T] for corresponding references. The remaining results are from our own runs.

Model AIME24 AIME25 MATHS500 Olympiad GPQA AVG
OpenAI-ol-Preview* 44.6 379 85.5 52.1 73.3 -
OpenAI-ol-mini* 63.6 53.8 90.0 - 60.0 -
OpenAI-01-1217% 79.2 - 96.4 - 75.7 -
DeepSeek-R1* 79.8 70.0 97.3 - 71.5 -

7B Models
S1.1-7B 17.5 19.6 76.4 37.6 19.2 34.1
InftyThink-7B* 40.0 - 91.7 - 51.9 -
LightR1-7B-DS 57.1 454 90.8 57.6 21.2 54.4
DeepSeek-R1-Distill-7B (Our base model) 56.7 43.7 90.0 48.9 20.7 52.0
Double-Checker-DS-7B naive SFT 57.1 433 88.8 56.3 24.2 53.9
Double-Checker-DS-7B 66.4 48.1 91.0 59.7 44 .4 61.9

32B Models
LIMO-32B 57.1 50.8 92.6 65.6 61.1 65.4
S1.1-32B 56.7 47.5 91.6 63.8 61.6 64.2
InftyThink-32B* 62.5 - 96.0 - 65.6 -
QwQ-32B-Preview 44.2 34.2 90.2 58.8 68.2 59.1
LightR1-32B-DS 76.6 65.4 94.4 64.9 68.7 74.0
DeepSeek-R1-Distill-32B (Our base model) 72.1 50.4 88.8 55.7 50.5 63.5
Double-Checker-DS-32B naive SFT 74.6 60.4 93.8 65.3 64.1 71.6
Double-Checker-DS-32B 79.8 68.6 94.6 67.5 66.3 75.4

benchmarks. For instance, on the GPQA benchmark with the 7B model, our Double-Checker
nearly doubles the performance (44.4% vs. 24.2%). On average, Double-Checker outperforms the
"naive SFT" baseline by 8% for the 7B model and 3.8% for the 32B model. These results underscore
the pivotal role of self-critique in enhancing the reasoning of long-CoT LLMs.

Our Double-Checker demonstrates strong generalizability. Although the training data primarily
consists of math reasoning problems, Double-Checker achieves remarkable performance on GPQA,
a multidisciplinary QA benchmark. Notably, the only source of reasoning problems from other
disciplines is derived from S1.1 [11], and our training problems constitute a proper subset of S1.1.
However, our Double-Checker even shows significant improvements over S1.1, achieving a 25.2%
performance gain for the 7B model and a 4.7% gain for the 32B model on GPQA. Additionally,
Double-Checker, which relies solely on SFT, performs comparably to models trained with large-
scale RL, such as LightR1. Specifically, Double-Checker-7B outperforms LightR1-7B-DS by an
average of 7.5%, while Double-Checker-32B surpasses LightR1-32B-DS by 1.4%. These results
align with previous findings that smaller models tend to benefit more from SFT than RL [47 40].

5 Analysis

5.1 The Effect of Self-Critique

To verify the effectiveness of self-critique, we evaluate different model configurations on two
representative benchmarks: AIME24 (math problem-solving) and GPQA (general QA). Figure E]
displays the results for both 7B and 32B models under the following settings:

» DS-Distill-Qwen: A distilled long-CoT baseline.

* Naive SFT: Fine-tuned with the same problems as our training set without explicit critical data.

* N=0,1,2,3: Our Double-Checker approach with N = 0,1, 2, 3 rounds of inference-stage self-
critique and refinement.

Observations and Analysis. We notice that at the 7B and 32B scales, self-critique leads to
immediate accuracy gains over the distilled baseline. In the 7B setting, moving from N=0 (no
refinement) to N=1 increases performance from 57.3% to 62.7% on AIME24 and from 33.3% to
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Figure 3: Accuracy comparisons on AIME24 (left) and GPQA (right) for two model sizes (7B and
32B). We compare: (1) DS-Distill-Qwen (a distilled baseline), (2) Naive SFT (fine-tuning without
explicit critique), and (3) Double-Checker with varying rounds of self-critique (N = 0, 1, 2, 3).

Table 2: Ablation study (in %) on Training Data.

Model AIME24 AIME25 MATH500 Olympiad GPQA AVG
DeepSeek-R1-Distill-7B 56.7 43.7 90.0 48.9 20.7  52.0
Double-Checker-DS-7B naive SFT 57.1 433 88.8 56.3 24.2 53.9
Double-Checker-DS-7B exclude Dpjrect 57.5 44.2 86.9 55.5 19.7 52.8
Double-Checker-DS-7B w.o. Qwen3 62.0 45.6 90.8 59.5 439 60.4
Double-Checker-DS-7B 66.4 48.1 91.0 59.7 44.4 61.9

43.4% on GPQA, with further rounds (N=2,3) pushing AIME24 up to 66.5% and GPQA to 44.4%; by
contrast, Naive SFT yields only modest improvements over DS-Distill-Qwen. In the 32B setting,
Double-Checker starts with a higher performance even at N=0 (77.7% on AIME24 vs. 72.1%)
and achieves 79.8% on AIME24 and 66.3% on GPQA by N=1, after which performance saturates
(79.6%—79.8% on AIME24; 65.0%—66.3% on GPQA). This suggests that the 32B model acquires
self-critique more rapidly than the 7B model. Additionally, incorporating self-critical data during
SFT proves beneficial for enhancing direct inference ability as well (N = 0 vs. "naive SFT").

These results confirm the strong positive impact of self-critique. Even a single refinement round
(N=1) consistently brings notable accuracy gains over baselines, and multiple rounds can yield
further improvements—particularly at smaller scales (7B). In contrast, [23]] shows even decreased
performance of N = 1 over N = 0 (direct inference). By explicitly learning to critique and update its
reasoning, Double-Checker effectively bridges the gap between “long chain-of-thought generation”
and “iterative self-improvement”, resulting in strong reasoning power.

5.2 Ablation Study of Training Data

To isolate the contributions of different training data components, we ablate whether (i) we include
the original direct-inference data (Dp;ect), (i1) we use a naive SFT approach without critique data,
and (iii) we exclude Qwen3-annotated examples in our curated dataset. Table [2]reports the results on
multiple math and reasoning benchmarks.

Observations and Analysis. Naive SFT (Double-Checker-DS-7B naive SFT) vs. Base-
line.  Simply fine-tuning (without explicit critique data yields a mild improvement over
DeepSeek-R1-Distill-7B (53.9% vs. 52.0% average). This suggests that fine-tuning on direct
inference data (in conventional SFT manner) is beneficial, but the gains are limited in the absence of
dedicated critique-and-refine training signals.

Excluding Direct Inference Data (exclude Dpirect). Removing the original direct-inference exam-
ples (Round 0 data) degrades average accuracy to 52.8%. This decline underscores the importance
of retaining a portion of direct inference data in the training mix to preserve the model’s overall
reasoning capability. We believe this occurs because training exclusively on De,;ique causes the
model to lose its ability to perform direct reasoning at N = 0.
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Effect of removal of Qwen3 Data (w.o. Qwen3). Removing Qwen3-generated critical examples
reduces performance from 61.9% to 60.4% on average. Although not as large a drop as excluding
direct data, this shows that Qwen3 training instances further enrich the critique set and boost final
performance. We believe that scaling up the critical data could yield further performance gains.

Overall, these results confirm that our curated critique dataset, especially when combined with the
original direct-inference examples and auxiliary data from Qwen3, plays a pivotal role in achieving
the best performance. In other words, the model benefits from both (i) Conventional long CoT data
for maintaining its direct inference ability (/N = 0) and (ii) explicit self-critique examples for learning
to iteratively refine its solutions. (iii) potentially more diverse critical data.
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Figure 4: Token usage for AIME24 (left) and GPQA (right). Blue solid line: the per-round average
token count, orange dashed line: the cumulative token count over all rounds; green dash-dotted line:
the average token consumption for "naive SFT" baseline without iterative refinement.

5.3 Analysis of Response Length

The token usage for different rounds of Double-Checker-DS-7B for AIME24 and GPQA is shown
in Fig. 4] We run up to three refinement rounds (n = 0, 1, 2, 3) with Double-Checker. We then
record both average and cumulative generated tokens used for the full conversation, including
thoughts, critiques, and summaries.

Observations and Analysis. On AIME24, the average tokens per round drops sharply: from 13.5k
atn = 0to 4.6k at n = 1, and continues decreasing across subsequent rounds (3.6k at n = 2, 3.1k
at n = 3). A similar pattern holds for GPQA, where the initial 10.9k tokens at n = 0 is reduced to
roughly 2-3k in the later rounds. Meanwhile, cumulative tokens grows steadily with each additional
round: for instance, it rises from 13.5k to 24.9k on AIME24 by n = 3, and from 10.9k to 17.2k on
GPQA. Nevertheless, each new round adds far fewer tokens than the first round. Notably, on GPQA,
the total tokens spent in our Double-Checker at N = 2 is even smaller than "naive SFT".

Interestingly, the tokens spent on the direct inference of our Double-Checker is fewer than those of
"naive SFT" baseline, indicating that incorporating critical data for SFT could also reduce the token
consumption at N = 0. While allowing more rounds naturally increases the total token count, each
round’s contribution is substantially smaller than that of the direct long-CoT baseline. Hence, there is
a clear trade-off between improved accuracy (via multiple critique/refine steps) and total token usage.
In practice, we find that even a single or two rounds of refinement often suffice to boost correctness
without incurring a prohibitive increase in cumulative tokens.

6 Conclusion

We have presented Double-Checker, a framework that explicitly enforces LLMs to critique and re-
fine their previous solutions for self-improvement. Our approach integrates generating reflection-like
reasoning and actively correcting potential errors through iterative self-critique. Experimental results
on multiple mathematical and multidisciplinary benchmarks demonstrate that Double-Checker
consistently improves accuracy over comparable baselines, often by large margins. Furthermore, we
emphasize the pivotal role of self-critique during inference in enhancing the reasoning capabilities
of long-CoT LLMs. Double-Checker demonstrates the value of equipping LLMs with a struc-
tured critique space and training them to reflect and refine their outputs, facilitating more reliable
self-improvement for complex reasoning tasks.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We clearly articulate our core contributions (the self-critique mechanism, the
curated dataset, and empirical improvements), all of which match the experiments and
conclusions presented in Sections of introduction and experiment of the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We include a Limitations paragraph at the end of Appendix.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Experiments and Results section detail dataset filtering, training hyperpa-
rameters, evaluation settings, and stopping criteria to replicate our main claims. Further
parameters are in the Appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All experimental settings (including training and evaluation) are detailed in
Section "Experiments and Results" and Appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: Our dataset of 1,730 self-critique examples is described in detail; we will share
it publicly once accepted.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: In Experiment section, we specify model size, learning rates, and baselines,
enabling readers to replicate our experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: We do not include error bars or confidence intervals, as our main bench-
marks have standard pass@1 or single-run accuracy metrics. We focus on direct accuracy
improvements without repeated trials due to computational cost.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We do not present exact compute resource details (e.g., total GPU hours),
though we disclose model scales (7B, 32B) and note the usage of GPUs and memory-
efficient training strategies (DeepSpeed/ZeRO). More precise resource usage can be inferred
but is not explicitly listed.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our work uses publicly available math benchmarks and does not involve
human-subject experiments or private user data. We have adhered to the code of ethics with
respect to data handling and license usage to the best of our knowledge.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
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11.

12.

Justification: We briefly discuss broader impacts in our Broader Impact statement, outlining
potential benefits in the Appendix.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not release the full pre-trained models or large, sensitive datasets.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cite and credit all datasets (S1.1, DeepMath-103K, etc.) and provide
references for the LLMs we build upon (DeepSeek-R1, Quwen3, etc.).

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.
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 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We introduce a curated dataset of 1,730 self-critique instances. we describe its
composition and creation process in Experiment section and Appendix.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No crowdworkers or human subjects were involved in this research.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: We did not conduct research with human subjects or crowdsourcing; thus no
IRB approval is required.
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760 Guidelines:

761 * The answer NA means that the paper does not involve crowdsourcing nor research with
762 human subjects.

763 * Depending on the country in which research is conducted, IRB approval (or equivalent)
764 may be required for any human subjects research. If you obtained IRB approval, you
765 should clearly state this in the paper.

766 * We recognize that the procedures for this may vary significantly between institutions
767 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
768 guidelines for their institution.

769 * For initial submissions, do not include any information that would break anonymity (if
770 applicable), such as the institution conducting the review.

771 16. Declaration of LLM usage

772 Question: Does the paper describe the usage of LLMs if it is an important, original, or
773 non-standard component of the core methods in this research? Note that if the LLM is used
774 only for writing, editing, or formatting purposes and does not impact the core methodology,
775 scientific rigorousness, or originality of the research, declaration is not required.

776 Answer: [Yes]

777 Justification: Experiments and Results Section detail how we use Qwen3-235B-A22B,
778 DeepSeek-R1, and other LLMs in data generation, critique, and refinement.

779 Guidelines:

780 * The answer NA means that the core method development in this research does not
781 involve LLMs as any important, original, or non-standard components.

782 * Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
783 for what should or should not be described.

19


https://neurips.cc/Conferences/2025/LLM

784

785

786
787
788

789
790
791

792

793
794

795

796

797
798

804

806

807

808
809
810

811
812
813

A Detailed Settings of Double-Checker

A.1 Setting of Meta-Experiments

For the experiment in Sec. [3.I] we use the following probe to induce self-critique ability, which
is adapted from [23]. The evaluation setting on AIME24 aligns with our main experiments (see

App.[B3).
To evaluate whether the long CoT LLMs can generate informative critiques using the probe, we

examine whether their generated content attempts to assess the correctness of their prior solution. If
they do not engage in this answer judgment, we consider the critique to be informative.

The Critique Probe

Please critique each reasoning step of your previous solution to this problem and explain whether
your solution is correct or not.

In your critique, you must verify whether any of your previous reasoning steps contain logical or
computational errors and suggest ways to correct them if any errors are found.

After critiquing your solution, you must conclude your judgment with ’Conclusion: right/wrong
[END]’.

If your conclusion is ’right’, stop generating. If your conclusion is *wrong’, improve your previous

solution based on your critique, and present the final answer in| ANSWER |.

Critique:

Figure 5: The Probe of Our Experiment in Sec.

A.2 The Critique Space

As mentioned in Sec. ??, our critique consists of three components: 1) an analysis of the summary, 2)
actionable improvement suggestions, 3) an answer correctness judgment (correct/incorrect).

We showcase one such example in Fig. [

A.3 Critique Generation

To ensure the quality of critiques, we employ different prompts for correct and incorrect Ag (see
Sec.[3:2.1). The prompts are given in Fig.[7)and 8]

A.4 Distillation Details

After the data curation stage, training examples are categorized into two formats: (Q, Sy, Cy) for
correct answers Ag and (Q, So, C1,T1,51) for incorrect answers. For simplicity, instances with
(Q, So, C1) are padded to (Q, So, C1, T}, S7) using a predefined template (see Fig.[9). Here, T{ and
S are negligible compared to the original reasoning 7T and summary Sy. During inference (as
described in Alg. [T, if a critique C,, predicts correctness, T}, and S,, can be disregarded since the
extracted answer A,, from S,, will match S,,_1.

B Detailed Experimental Setup

B.1 Training Data

This appendix outlines the filtering criteria applied to our candidate question pool, focusing on two
primary principles: difficulty and answer verifiability. We detail the filtering pipeline for each dataset
source as follows:

S1.1 Dataset The dataset comprises 1,000 high-quality questions together with their ground-truth
answers sourced from multiple domains, with the reasoning trajectory annotated by DeepSeek-R1.
However, some questions with open-ended answers can not be reliably evaluated using a rule-based
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The Design of Critque Space

<critique>

Analysis:

The initial approach incorrectly assumes that "exactly two" and "exactly three" categories can be
directly summed with those numbers to derive the count of residents owning all four items. This
overlooks the distinction between "exactly two" (and "exactly three") and the inclusion of the
universal set (candy hearts). The problem requires applying inclusion-exclusion principles to
account for overlaps among the four items, not just summing those who own exactly two or three.
The solution conflates the total population with direct arithmetic of exclusive categories, leading
to an invalid conclusion.

Improvement suggestions:

1. Re-examine the definitions of "exactly two" and "exactly three" in the context of a universal set
(candy hearts), recognizing that these groups inherently include ownership of the universal item.
2. Use inclusion-exclusion formulas to model overlaps between the four categories systematically.
3. Differentiate between residents owning all four items and those owning subsets (e.g., two
specific items plus candy hearts).

4. Set up equations based on known totals (e.g., total residents, counts for each item) to solve for
unknown overlaps.

Overall judgment:
Incorrect
</critique>

Figure 6: An Example of the Critique.

Prompt for Generating Critiques of Incorrect Answers

You are tasked with analyzing your last solution to a problem and providing constructive feedback
based on previous solutions. Do NOT provide direct solutions.

You have already know your last solution to the problem is incorrect.

Important: Do NOT mention something like ''you have already know your last solution is
incorrect' in your feedback.

Structure your response using the following format (without <format> tags):

<format>

Analysis:

{ Analysis}

Improvement suggestions:
{Suggestions}

Overall judgment:
{Incorrect}
</format>

Figure 7: The Prompt for Generating Critiques of Incorrect Answers.

14 evaluation framework. After the removal of these unverifiable instances, we retain 861 questions with
815 both validated answers and corresponding DeepSeek-R1 annotated reasoning trajectories. We will
si6  also use this subset as our Dy, ec.

817 DeepMath-103K It contains 103K math problems, each annotated with two reasoning paths
s1e  generated by DeepSeek-R1. We retain only 0.6K questions where the DeepSeek-R1-annotated
819 reasoning paths are judged to be incorrect compared to ground truth answers by a rule-based
g20 evaluation method. We bypass the initial generation stage of Double-Checker and instead initialize
g2t the reasoning process directly from the DeepSeek-R1-annotated reasoning paths.
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Prompt for Generating Critiques of Correct Answers

You are tasked with analyzing your last solution to a problem and providing constructive feedback
based on previous solutions. Do NOT provide direct solutions.

You have already know your last solution to the problem is correct.

Important: Do NOT mention something like ''you have already know your last solution is
correct' in your feedback.

Structure your response using the following format (without <format> tags):

<format>

Analysis:

{Analysis}

Improvement suggestions:
{Suggestions}

Overall judgment:
{Correct}
</format>

Figure 8: The Prompt for Generating Critiques of Correct Answers.

Padding Template

it

<think>

From my last analysis, I have already got the right answer.
</think>

75
Sl .
<summary>

My previous solution is correct. Therefore, the answer is| ANSWER |.

</summary>

Figure 9: The Padding Template of Training Examples, where ANSWER is A,.

OpenRS & ORZ-Math-Hard The OpenRS dataset contains 7,000 mathematical reasoning prob-
lems, and ORZ-Math-Hard comprises 13,000 challenging math problems. Neither dataset provides
DeepSeek-R1-annotated reasoning trajectories. To filter simple questions, we generate four re-
sponses per question using DeepSeek-R1-Distill-Qwen-7B with temperature 0.6 and retain only
those questions where at least two responses are incorrect. For the remaining questions, we generate
four responses using DeepSeek-R1-Distill-Qwen-32B with temperature 0.6 and retain only those
with at least two incorrect responses. This yields 2.3K difficult problems from OpenRS and 4.4K
from ORZ-Math-Hard.

To balance the distribution of correct and incorrect initial summaries (Sp), we also exclude cor-
rectly solved questions from DeepMath-103K, OpenRS, and ORZ-Math-Hard based on their initial
generation by DeepSeek-R1.

B.2 Training Details

We train the on DeepSeek-R1-Distill-Qwen-7B and DeepSeek-R1-Distill-Qwen-32B our
curated training set Dy, using full-parameter fine-tuning. The 7B model is trained on either 8xH800
GPUs or 8xH20 GPUs, while the 32B model is trained on either 8xH800 GPUs or 32xH20 GPUs.
The training process employs DeepSpeed ZeRO optimization [41] (stage 2 for 7B, and stage 3 for
32B) for efficient memory utilization and FlashAttention2 [42]] for accelerated training. Following
[10]], we set the maximum sequence length to 16,384 tokens and use a batch size of 32, with a learning
rate of 5 x 1076, Training times are approximately 0.7 hours per epoch for the 7B model on 8xH20
GPUs and 1.1 hours per epoch for the 32B model on 8xH800 GPUs.
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B.3 Evaluation Details

We evaluate our models on six benchmarks covering diverse reasoning tasks. For mathematical
reasoning, we use:

* AIME24/AIME2S: Extremely difficult math competition problems, each dataset contains
only 30 examples.

* MATHS00 [48]: A high school level math problems, the subset of 500 problems is from the
original test set of MATH [43]].

* OlympiadBench [44]: A benchmark of Olympiad-level problems requiring advanced
problem-solving skills. We only include the math subset for our evaluation.

For multidisciplinary reasoning, we use GPQA [12], which covers questions spanning biology,
physics, and other domains.

Following [10], we adopt an unbiased pass @ 1 metric for datasets with limited test examples (AIME24
and AIME2S5), generating 16 samples with decoding temperature 0.6. For other benchmarks, greedy
decoding is used. For baseline models, we use the top-p parameter suggested in their original papers,
while for our models, we fix top-p = 1.0. Inference is accelerated using vLLM [45], with a maximum
sequence length of 32,768 tokens.

C Results Clarification

C.1 Results Source

As described in Section f.2] most of the results for open-source LLMs presented in Table [T] are
reproduced through our own experiments. However, for LLMs that require API access (e.g.,
OpenAI-01-1217), we have cited the results from their official technical reports or other sources due
to budget constraints. Similarly, the results for InftyThink [46]] are sourced from their paper, as their
code and models are not publicly accessible.

The sources of these results are detailed as follows:

* Results of InftyThink are from their paper [46]].

* The results of OpenAI-ol-Preview on AIME24, MATHS500 [43], AMC23, GPQA [12],
and OlympiadBench-Math [44] are from LIMO [10].

* The results of OpenAI-ol-mini, OpenAI-o01-1217, DeepSeek-R1 on AIME24,
MATHS500, and GPQA are from DeepSeek-R1 report [[15].

* The result of OpenAI-ol-mini on UGMathBench is from UGMathBench [4].

* The results of OpenAI-ol-Preview, OpenAI-ol-mini, and DeepSeek-R1 on AIME25
are from [49]].

The evaluation settings of the cited results on MATH500 and GPQA differ from those used in our runs.
Specifically, the referenced results on MATH500 and GPQA were obtained using a temperature of
0.6 and the pass@ 1 metric, which are expected to yield higher performance than the greedy decoding
setting in our setting.

D Limitation and Broader Impact

Limitations. While Double-Checker demonstrates significant gains in long-CoT reasoning, it
does rely on a specialized LLMs for initial critical solution generation and on well-defined correctness
signals for critique. We have primarily evaluated Double-Checker on mathematical problems with
clear ground-truth labels; extending it to more open-ended or partially supervised domains remains
an interesting direction for future research. Additionally, our current implementation uses a fixed
iteration limit N for stopping. Investigating more adaptive or confidence-based stopping criteria
could further enhance the robustness and flexibility of our approach. Furthermore, investigating the
role of self-critique for reinforcement learning could also be a promising direction.
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ss7  Broader Impact. By incorporating explicit self-critique, Double-Checker offers a pathway to
sss more transparent and responsible Al, potentially reducing hallucinations and improving explainability
889 in applications such as education, research, and automated reasoning systems.
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