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ABSTRACT

One of the main challenges for feature representation in deep learning-based clas-
sification is the design of appropriate loss functions that exhibit strong discrimina-
tive power. The classical softmax loss does not explicitly encourage discriminative
learning of features. A popular direction of research is to incorporate margins in
well-established losses in order to enforce extra intra-class compactness and inter-
class separability, which, however, were developed through heuristic means, as
opposed to rigorous mathematical principles. In this work, we attempt to address
this limitation by formulating the principled optimization objective as learning
towards the largest margins. Specifically, we firstly define the class margin as
the measure of inter-class separability, and the sample margin as the measure of
intra-class compactness. Accordingly, to encourage discriminative representation
of features, the loss function should promote the largest possible margins for both
classes and samples. Furthermore, we derive a generalized margin softmax loss
to draw general conclusions for the existing margin-based losses. Not only does
this principled framework offer new perspectives to understand and interpret ex-
isting margin-based losses, but it also provides new insights that can guide the
design of new tools, including sample margin regularization and largest margin
softmax loss for the class-balanced case, and zero-centroid regularization for the
class-imbalanced case. Experimental results demonstrate the effectiveness of our
strategy on a variety of tasks, including visual classification, imbalanced classifi-
cation, person re-identification, and face verification.

1 INTRODUCTION

Recent years have witnessed the great success of deep neural networks (DNNs) in a variety of tasks,
especially for visual classification (Simonyan & Zisserman, 2014; Szegedy et al., 2015; He et al.,
2016; Howard et al., 2017; Zoph et al., 2018; Touvron et al., 2019; Brock et al., 2021; Dosovitskiy
et al., 2021). The improvement in accuracy is attributed not only to the use of DNNs, but also to the
elaborated losses encouraging well-separated features (Elsayed et al., 2018; Musgrave et al., 2020).

In general, the loss is expected to promote the learned features to have maximized intra-class com-
pactness and inter-class separability simultaneously, so as to boost the feature discriminativeness.
Softmax loss, which is the combination of a linear layer, a softmax function, and cross-entropy loss,
is the most commonly-used ingredient in deep learning-based classification. However, the softmax
loss only learns separable features that are not discriminative enough (Liu et al., 2017). To rem-
edy the limitation of softmax loss, many variants have been proposed. Liu et al. (2016) proposed
a generalized large-margin softmax loss, which incorporates a preset constant m multiplying with
the angle between samples and the classifier weight of the ground truth class, leading to potentially
larger angular separability between learned features. SphereFace (Liu et al., 2017) further improved
the performance of L-Softmax by normalizing the prototypes in the last inner-product layer. Sub-
sequently, Wang et al. (2017) exhibited the usefulness of feature normalization when using feature
vector dot products in the softmax function. Coincidentally, in the field of contrastive learning, Chen
et al. (2020) also showed that normalization of outputs leads to superior representations. Due to its
effectiveness, normalization on either features or prototypes or both becomes a standard procedure
in margin-based losses, such as SphereFace (Liu et al., 2017), CosFace/AM-Softmax (Wang et al.,
2018b;a) and ArcFace (Deng et al., 2019). However, there is no theoretical guarantee provided yet.
∗This work was done as intern at Peng Cheng Laboratory.
†Correspondence to: Xianming Liu <csxm@hit.edu.cn>
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Despite their effectiveness and popularity, the existing margin-based losses were developed through
heuristic means, as opposed to rigorous mathematical principles, modeling and analysis. Although
they offer geometric interpretations, which are helpful to understand the underlying intuition, the
theoretical explanation and analysis that can guide the design and optimization is still vague. Some
critical issues are unclear, e.g., why is the normalization of features and prototypes necessary? How
can the loss be further improved or adapted to new tasks? Therefore, it naturally raises a fundamental
question: how to develop a principled mathematical framework for better understanding and design
of margin-based loss functions? The goal of this work is to address these questions by formulating
the objective as learning towards the largest margins and offering rigorously theoretical analysis as
well as extensive empirical results to support this point.

To obtain an optimizable objective, firstly, we should define measures of intra-class compactness and
inter-class separability. To this end, we propose to employ the class margin as the measure of inter-
class separability, which is defined as the minimal pairwise angle distance between prototypes that
reflects the angular margin of the two closest prototypes. Moreover, we define the sample margin
following the classic approach in (Koltchinskii et al., 2002, Sec. 5), which denotes the similarity
difference of a sample to the prototype of the class it belongs to and to the nearest prototype of other
classes and thus measures the intra-class compactness. We provide a rigorous theoretical guarantee
that maximizing the minimal sample margin over the entire dataset leads to maximizing the class
margin regardless of feature dimension, class number, and class balancedness. It denotes that the
sample margin also has the power of measuring inter-class separability.

According to the defined measures, we can obtain categorical discriminativeness of features by
the loss function promoting the largest margins for both classes and samples, which also meets to
tighten the margin-based generalization bound in (Kakade et al., 2008; Cao et al., 2019). The main
contributions of this work are highlighted as follows:

• For a better understanding of margin-based losses, we provide a rigorous analysis about the
necessity of normalization on prototypes and features. Moreover, we propose a generalized
margin softmax loss (GM-Softmax), which can be derived to cover most of existing margin-
based losses. We prove that, for the class-balance case, learning with the GM-Softmax loss
leads to maximizing both class margin and sample margin under mild conditions.

• We show that learning with existing margin-based loss functions, such as SphereFace,
NormFace, CosFace, AM-Softmax and ArcFace, would share the same optimal solution.
In other words, all of them attempt to learn towards the largest margins, even though they
are tailored to obtain different desired margins with explicit decision boundaries. However,
these losses do not always maximize margins under different hyper-parameter settings. In-
stead, we propose an explicit sample margin regularization term and a novel largest margin
softmax loss (LM-Softmax) derived from the minimal sample margin, which significantly
improve the class margin and the sample margin.

• We consider the class-imbalanced case, in which the margins are severely affected. We
provide a sufficient condition, which reveals that, if the centroid of prototypes is equal
to zero, learning with GM-Softmax will provide the largest margins. Accordingly, we
propose a simple but effective zero-centroid regularization term, which can be combined
with commonly-used losses to mitigate class imbalance.

• Extensive experimental results are offered to demonstrate that the strategy of learning
towards the largest margins significantly can improve the performance in accuracy and
class/sample margins for various tasks, including visual classification, imbalanced classifi-
cation, person re-identification, and face verification.

2 MEASURES OF INTRA-CLASS COMPACTNESS AND INTER-CLASS
SEPARABILITY

With a labeled dataset D = f(xi, yi)gNi=1 (where xi denotes a training example with label yi, and
yi 2 [1, k] = f1, 2, ..., kg), the softmax loss for a k-classification problem is formulated as

L =
1

N

NX
i=1

� log
exp(wT

yi
zi)Pk

j=1 exp(wT
j zi)

=

NX
i=1

� log
exp(kwyi

k2kzik2 cos(θiyi
))Pk

j=1 exp(kwjk2kzik2 cos(θij))
, (2.1)
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where zi = �Θ(xi) 2 Rd (usually k � d + 1) is the learned feature representation vector; �Θ

denotes the feature extraction sub-network; W = (w1, ...,wk) 2 Rd×k denotes the linear classifier
which is implemented with a linear layer at the end of the network (some works omit the bias and use
an inner-product layer); θij denotes the angle between zi and wj ; and k � k2 denotes the Euclidean
norm, wherew1, ...,wk can be regarded as the class centers or prototypes (Mettes et al., 2019). For
simplicity, we use prototypes to denote the weight vectors in the last inner-product layer.

The softmax loss intuitively encourages the learned feature representation zi to be similar to the
corresponding prototype wyi

, while pushing zi away from the other prototypes. Recently, some
works (Liu et al., 2016; 2017; Deng et al., 2019) aim to achieve better performance by modifying
the softmax loss with explicit decision boundaries to enforce extra intra-class compactness and inter-
class separability. However, they do not provide the theoretical explanation and analysis about
the newly designed losses. In this paper, we claim that a loss function to obtain better inter-class
separability and intra-class compactness should learn towards the largest class and sample margin,
and offer rigorously theoretical analysis as support. All proofs can be found in the Appendix A.

In the following, we define class margin and sample margin as the measures of inter-class separabil-
ity and intra-class compactness, respectively, which serve as the base for our further derivation.

2.1 CLASS MARGIN

With prototypesw1, ...,wk 2 Rd, the class margin is defined as the minimal pairwise angle distance:

mc(fwigki=1) = min
i6=j

\(wi,wj) = arccos

�
max
i 6=j

wT
i wj

kwik2kwjk2

�
, (2.2)
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Figure 1: The curves of ratio between max-
imum and minimum magnitudes of prototypes
on MNIST and CIFAR-10/-100 using the CE
loss. The ratio is roughly close to 1 (< 1:3).

where \(wi,wj) denotes the angle between the vec-
tors wi and wj . Note that we omit the magnitudes of
the prototypes in the definition, since the magnitudes
tend to be very close according to the symmetry prop-
erty. To verify this, we compute the ratio between the
maximum and minimum magnitudes, which tends to
be close to 1 on different datasets, as shown in Fig. 1.

To obtain better inter-class separability, we seek the
largest class margin, which can be formulated as

max
{wi}k

i=1

mc(fwigki=1) = max
{wi}k

i=1

min
i 6=j

\(wi,wj).

Since magnitudes do not affect the solution of the max-
min problem, we perform `2 normalization for eachwi
to effectively restrict the prototypes on the unit sphere
Sd−1 with center at the origin. Under this constraint,
the maximization of the class margin is equivalent to
the configuration of k points on Sd−1 to maximize their minimum pairwise distance:

arg max
{wi}k

i=1⊂Sd�1

min
i 6=j

\(wi,wj) = arg max
{w}k

i=1⊂Sd�1

min
i 6=j
kwi �wjk2, (2.3)

The right-hand side is well known as the k-points best-packing problem on spheres (often called
the Tammes problem), whose solution leads to the optimal separation of points (Borodachov et al.,
2019). The best-packing problem turns out to be the limiting case of the minimal Riesz energy:

arg min
{w}k

i=1⊂Sd�1

lim
t→∞

X
i 6=j

1

kwi �wjkt2
= arg max
{w}k

i=1⊂Sd�1

min
i 6=j
kwi �wjk2. (2.4)

Interestingly, Liu et al. (2018) utilized the minimum hyperspherical energy as a generic regulariza-
tion for neural networks to reduce undesired representation redundancy. When w1, ...,wk 2 Sd−1,
k � d+ 1, and t > 0, the solution of the best-packing problem leads to the minimal Riesz t-energy:
Lemma 2.1. For any w1, ...,wk 2 Sd−1, d � 2, and 2 � k � d + 1, the solution of minimal
Riesz t-energy and k-points best-packing configurations are uniquely given by the vertices of regular
(k � 1)-simplices inscribed in Sd−1. Furthermore, wT

i wj = −1
k−1 , 8i 6= j.
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This lemma shows that the maximum of mc(fwigki=1) is arccos( −1
k−1 ) when k � d + 1, which

is analytical and can be constructed artificially. However, when k > d + 1, the optimal k-point
configurations on the sphere Sd−1 have no generic analytical solution, and are only known explicitly
for a handful of cases, even for d = 3.

2.2 SAMPLE MARGIN

According to the definition in (Koltchinskii et al., 2002), for the network f(x; �,W ) =
WT�Θ(x) : Rm ! Rk that outputs k logits, the sample margin for (x, y) is defined as

γ(x, y) = f(x)y �max
j 6=y

f(x)j = wT
y z �max

j 6=y
wT
j z, (2.5)

where z = φΘ(x) denotes the corresponding feature. Let nj be the number of samples in class j
and Sj = fi : yi = jg denote the sample indices corresponding to class j. We can further define the
sample margin for samples in class j as

γj = min
i∈Sj

γ(xi, yi). (2.6)

Accordingly, the minimal sample margin over the entire dataset is γmin = minfγ1, ..., γkg. In-
tuitively, learning features and prototypes to maximize the minimum of all sample margins means
making the feature embeddings close to their corresponding classes and far away from the others:
Theorem 2.2. For w1, ...,wk, z1, ...,zN 2 Sd−1 (where nj > 0 for each j 2 [1, k]), the optimal
solution fw∗i gki=1, fz∗i gNi=1 = arg max{wi}k

i=1,{zi}N
i=1

γmin is obtained if and only if fw∗i gki=1 max-

imizes the class margin mc(fwigki=1), and z∗i =
w�yi
−w�yi

‖w�yi
−w�yi

‖2 , where w∗yi
denotes the centroid of

the vectors fwj : j maximizes wT
yi
wj , j 6= yig.

As shown in the proof A, Theorem 2.2 guarantees that maximizing γmin will provide the solution
of the Tammes problem with respect to any feature dimension d, class number k, and both class-
balanced and class-imbalance cases. When 2 � k � d+ 1, we can derive the following proposition:
Proposition 2.3. For any w1, ...,wk, z1, ...,zN 2 Sd−1, d � 2, and 2 � k � d+ 1, the maximum
of γmin is k

k−1 , which is obtained if and only if 8i 6= j, wT
i wj = � 1

k−1 , and zi = wyi
.

Theorem 2.2 and Proposition 2.3 show that the best separation of prototypes is obtained when max-
imizing the minimal sample margin γmin.

On the other hand, let Lγ,j [f ] = Prx∼Pj
[maxj0 6=j f(x)j0 > f(x)j � γ] denote the hard margin

loss on samples from class j, and bLγ,j denote its empirical variant. When the training dataset is
separable (which indicates that there exists f such that γmin > 0), Cao et al. (2019) provided a fine-
grained generalization error bound under the setting with balanced test distribution by considering
the margin of each class, i.e., for γj > 0 and all f 2 F , with a high probability, we have

Pr(x,y)[f(x)y < max
l 6=y

f(x)l] �
1

k

kX
j=1

�bLγj ,j [f ] +
4

γj
bRj(F) + εj(γj)

�
. (2.7)

In the right-hand side, the empirical Rademacher complexity 4
γj

bRj(F) has a big impact. From the
perspective of our work, a straightforward way to tighten the generalization bound is to enlarge the
minimal sample margin γmin, which further leads to the larger margin γj for each class j.

3 LEARNING TOWARDS THE LARGEST MARGINS

3.1 CLASS-BALANCED CASE

According to the above derivations, to encourage discriminative representation of features, the loss
function should promote the largest possible margins for both classes and samples. In (Mettes
et al., 2019), the pre-defined prototypes positioned through data-independent optimization are used
to obtain a large class margin. As shown in Figure 2, although they keep the particularly large margin
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(a) Test Accuracy (b) Class Margin (c) Sample Margin

Figure 2: Test accuracies, class margins and sample margins on CIFAR-10 and CIFAR-100 with
and without �xed prototypes, where �xed prototypes are pre-trained for very large class margins.

from the beginning, the sample margin is smaller than that optimized without �xed prototypes,
leading to insigni�cant improvements in accuracy.

In recent years, in the design of variants of softmax loss, one popular approach (Bojanowski &
Joulin, 2017; Wang et al., 2017; Mettes et al., 2019; Wang & Isola, 2020) is to perform normaliza-
tion on prototypes or/and features, leading to superior performance than unnormalized counterparts
(Parkhi et al., 2015; Schroff et al., 2015; Liu et al., 2017). However, there is no theoretical guarantee
provided yet. In the following, we provide a rigorous analysis about the necessity of normalization.
Firstly, we prove that minimizing the original softmax loss without normalization for both features
and prototypes may result in a very small class margin:

Theorem 3.1. 8" 2 (0; �= 2], if the range ofw1; :::; w k or z1; :::; zN is Rd (2 � k � d + 1 ), then
there exists prototypes that achieve the in�mum of the softmax loss and have the class margin" .

This theorem reveals that, unless both features and prototypes are normalized, the original softmax
loss may produce an arbitrary small class margin" . As a corroboration of this conclusion, L-Softmax
(Liu et al., 2016) and A-Softmax (Liu et al., 2017) that do not perform any normalization or only do
on prototypes, cannot guarantee to maximize the class margin. To remedy this issue, some works
(Wang et al., 2017; 2018a;b; Deng et al., 2019) proposed to normalize both features and prototypes.

A uni�ed framework (Deng et al., 2019) that covers A-Softmax (Liu et al., 2017) with feature nor-
malization, NormFace (Wang et al., 2017), CosFace/AM-Softmax (Wang et al., 2018b;a), ArcFace
(Deng et al., 2019) as special cases can be formulated with hyper-parametersm1, m2 andm3:

L 0
i = � log

exp(s(cos(m1� iy i + m2) � m3))
exp(s(cos(m1� iy i + m2) � m3)) +

P
j 6= y i

exp(scos� ij )
; (3.1)

where� ij = \ (w j ; z i ). The hyper-parameters setting usually guarantees thatcos(m1� iy i + m2) �
m3 � cosm2 cos� iy i � m3, andm2 is usually set to satisfycosm2 � 1

2 . Let � = cos m2 and
� = � m3 < 0, then we have

L 0
i � � log

exp(s(� cos� iy i + � ))
exp(s(� cos� iy i + � )) +

P
j 6= y i

exp(scos� ij )
; (3.2)

which indicates that the existing well-designed normalized softmax loss functions are all considered
as the upper bound of the right-hand side, and the equality holds if and only if� iy i = 0 .

Generalized Margin Softmax Loss.Based on the right-hand side of (3.2), we can derive a more
general formulation, called Generalized Margin Softmax (GM-Softmax) loss:

L i = � log
exp(s(� i 1 cos� iy i + � i 1))

exp(s(� i 2 cos� iy i + � i 2)) +
P

j 6= y i
exp(scos� ij )

; (3.3)

where� i 1; � i 2; � i 1 and� i 2 are hyper-parameters to handle the margins in training, which are set
speci�cally for each sample instead of the same in (3.2). We also require that� i 1 � 1

2 , � i 2 � � i 1,
s > 0, � i 1; � i 2 2 R. For class-balanced case, each sample is treated equally, thus setting� i 1 = � 1,
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� i 2 = � 2, � i 1 = � 1 and� i 2 = � 2, 8i . For class-imbalanced case, the setting relies on the data
distribution,e.g., the LDAM loss (Cao et al., 2019) achieves the trade-off of margins with� i 1 =
� i 2 = 1 and� i 1 = � i 2 = � Cn� 1=4

y i . It is worth noting that we merely use the GM-Softmax loss as
a theoretical formulation and will derive a more ef�cient form for the practical implementation.

Wang et al. (2017) provided a lower bound for normalized softmax loss, which relies on the as-
sumption that all samples are well-separated,i.e., each sample's feature is exactly the same as its
corresponding prototype. However, this assumption could be invalid during training,e.g., for binary

classi�cation, the best feature of the �rst classz obtained by minimizing� log exp( sw T
1 z )

exp( sw T
1 z )+exp( sw T

2 z )

is w 1 � w 2
kw 1 � w 2 k2

rather thanw1. In the following, we provide a more general theorem, which does not

rely on such a strong assumption. Moreover, we prove that the solutionsf w �
j gk

j =1 ; f z �
i gN

i =1 mini-
mizing the GM-Softmax loss will maximize both class margin and sample margin.
Theorem 3.2. For class-balanced datasets,w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2, and2 � k �
d + 1 , learning with GM-Softmax (where� i 1 = � 1, � i 2 = � 2, � i 1 = � 1 and � i 2 = � 2) leads to
maximizing both class margin and sample margin.

As can be seen, for any� 1 � 1
2 , � 2 � � 1, s > 0, and� 1; � 2 R, minimizing the GM-Softmax loss

produces the same optimal solution or leads toneural collapse(Papyan et al., 2020)), even though
they are intuitively designed to obtain different decision boundaries. Moreover, we have
Proposition 3.3. For class-balanced datasets,w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2, and 2 �
k � d + 1 , learning with the loss functions A-Softmax (Liu et al., 2017) with feature normalization,
NormFace (Wang et al., 2017), CosFace (Wang et al., 2018b) or AM-Softmax (Wang et al., 2018a),
and ArcFace (Deng et al., 2019) share the same optimal solution.

Although these losses theoretically share the same optimal solution, in practice they usually meet
sub-optimal solutions under different hyper-parameter settings when optimizing a neural network,
which is demonstrated in Table 1. Moreover, these losses are complicated and possibly redundantly
designed, leading to dif�culties in practical implementation. Instead, we suggest a concise and easily
implemented regularization term and a loss function in the following.

Sample Margin Regularization. In order to encourage learning towards the largest margins, we
may explicitly leverage the sample margin (2.5) as the loss, which is de�ned as:

Rsm(x ; y) = � (w T
y z � max

j 6= y
w T

j z): (3.4)

Noticeably, the empirical risk1
N

P N
i =1 Rsm(x i ; yi ) is a lower-bounded surrogate of� 
 min , i.e.,

� 
 min � 1
N

P N
i =1 Rsm(x i ; yi ), while directly minimizing� 
 min is too dif�cult to optimize neural

networks. Whenk � d+1 , learning withRsm will promote the learning towards the largest margins:
Theorem 3.4. For class-balanced datasets,w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2, and2 � k �
d + 1 , learning withRsm leads to the maximization of both class margin and sample margin.

Although learning withRsm theoretically achieves the largest margins, in practical implementation,
the optimization by the gradient-based methods shows unstable and non-convergent results for large
scale datasets. Alternatively, we turn to combineRsm as a regularization or complementary term
with commonly-used losses, which is referred to assample margin regularization. The empirical
results demonstrate its superiority in learning towards the large margins, as depicted in Table 1.

Largest Margin Softmax Loss (LM-Softmax). Theorem 2.2 provides a theoretical guarantee that
maximizing
 min will obtain the maximum of class margin regardless of feature dimension, class
number, and class balancedness. It offers a straightforward approach to meet our purpose,i.e.,
learning towards the largest margins. However, directly maximizing
 min is dif�cult to optimize a
neural network with only one sample margin. As a consequence, we introduce a surrogate loss for
balanced datasets, which is called the Largest Margin Softmax (LM-Softmax) loss:

L (x ; y; s) = �
1
s

log
exp(sw T

y z)
P

j 6= y exp(sw T
j z)

=
1
s

log
X

j 6= y

exp(s(w j � w y )T z) (3.5)

which is derived by the limiting case of thelogsumexp operator, i.e.. we have� 
 min =
lim s!1

1
s log(

P N
i =1

P
j 6= y i

exp(s(w T
j z i � w T

y i
z i ))) . Moreover, sincelog is strictly concave, we
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can derive the following inequality

1
s

log(
NX

i =1

X

j 6= y i

exp(s(w T
j z i � w T

y i
z i ))) �

1
N

NX

i =1

L(x i ; yi ; s) +
1
s

logN: (3.6)

Minimizing the right-hand side of (3.6) usually leads to that
P

j 6= y i
exp(s(w T

j z � w T
y i

z)) is a
constant, while the equality of (3.6) holds if and only if

P
j 6= y i

exp(s(w T
j z � w T

y i
z)) is a constant.

Thus, we can achieve the maximum of
 min by minimizingL(x ; y; s) de�ned in (3.5).

It can be found that, LM-Softmax can be regarded as a special case of the GM-Softmax loss when� 2
or � 2 approaches�1 , which can be more ef�ciently implemented than the GM-Softmax loss. With
respect to the original softmax loss, LM-Softmax removes the termexp(sw T

y z) in the denominator.

3.2 CLASS-IMBALANCED CASE

Class imbalance is ubiquitous and inherent in real-world classi�cation problems (Buda et al., 2018;
Liu et al., 2019). However, the performance of deep learning-based classi�cation would drop sig-
ni�cantly when the training dataset suffers from heavy class imbalance effect. According to (2.7),
enlarging the sample margin can tighten the upper bound in case of class imbalance. To learn towards
the largest margins on class-imbalanced datasets, we provide the following suf�cient condition:
Theorem 3.5. For class-balanced or -imbalanced datasets,w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2,
and2 � k � d + 1 , if

P K
i =1 w i = 0 , learning with GM-Softmax in (3.3) leads to maximizing both

class margin and sample margin.

This theorem reveals that, if the centroid of prototypes is equal to zero, learning with GM-Softmax
will provide the largest margins.

Zero-centroid Regularization. As a consequence, we propose a straight regularization term as
follows, which can be combined with commonly-used losses to remedy the class imbalance effect:

Rwf w j gk
j =1 = �




 1

k

kX

j =1

w j



 2

2: (3.7)

The zero-centroid regularization is only applied to prototypes at the last inner-product layer.

4 EXPERIMENTS

In this section, we provide extensive experimental results to show superiority of our method on a
variety of tasks, including visual classi�cation, imbalanced classi�cation, person ReID, and face
veri�cation. More experimental analysis and implementation details can be found in the appendix.

4.1 VISUAL CLASSIFICATION

To verify the effectiveness of the proposed sample margin regularization in improving inter-class
separability and intra-class compactness, we conduct experiments of classi�cation on balanced
datasets MNIST (LeCun et al., 1998), CIFAR-10 and CIFAR-100 (Krizhevsky & Hinton, 2009).
We evaluate performance with three metrics: 1) top-1 validation accuracyacc; 2) the class margin
mcls de�ned in (2.2); 3) the average of sample marginsmsamp . We use a 4-layer CNN, ResNet-18,
and ResNet-34 on MNIST, CIFAR-10, and CIFAR-100, respectively. Moreover, some commonly-
used neural units are considered, such as ReLU, BatchNorm, and cosine learning rate annealing.
We use CE, CosFace, ArcFace, NormFace as the compared baseline methods. Note that CosFace,
ArcFace, NormFace have one identical hyper-parameters, which is used for comprehensive study.

Results.As shown in Table 1, all baseline losses fail in learning with large margins for alls, in which
the class margin decreases ass increases. There is no signi�cant performance difference among
them. In contrast, by coupling with the proposed sample margin regularizationRsm, the losses turn
to have larger margins. The results demonstrate that the proposed sample margin regularization is
really bene�cial to learn towards the possible largest margins. Moreover, the enlargement on class
margin and sample margin means better inter-class separability and intra-class compactness, which
further brings the improvement of classi�cation accuracy in most cases.
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Table 1:Test accuracies (acc), class margins (mcls ) and sample margins (msamp ) on MNIST, CIFAR-10 and
CIFAR-100 using loss functions with/withoutRsm in (3.4). The results with positive gains arehighlighted.

Dataset MNIST CIFAR-10 CIFAR-100

Metric acc m cls m samp acc m cls m samp acc m cls m samp

CE 99.11 87.39� 0.5014 94.12 81.73� 0.6203 74.56 65.38� 0.1612
CE +0:5R sm 99.13 95.41� 1.026 94.45 96.31� 0.9744 74.96 90.00� 0.4955

CosFace (s = 10 ) 98.98 95.93� 0.9839 94.39 96.00� 0.9168 74.44 83.31� 0.4578
CosFace (s = 20 ) 99.06 93.24� 0.8376 94.13 91.22� 0.7955 73.26 79.17� 0.3078
CosFace (s = 64 ) 99.25 89.50� 0.7581 93.53 64.14� 0.6969 73.87 72.56� 0.2233

CosFace (s = 10 ) + 0:5R sm 99.16 95.56� 1.033 94.42 96.26� 0.9675 73.76 90.21� 0.5089
CosFace (s = 20 ) + 0:5R sm 99.24 95.41� 1.030 94.27 96.18� 0.9490 74.41 89.02� 0.4780
CosFace (s = 64 ) + 0:5R sm 99.27 95.35� 1.019 94.20 95.48� 0.9075 74.53 85.31� 0.3817

ArcFace (s = 10 ) 99.05 94.64� 0.8225 94.50 91.23� 0.8501 73.96 76.91� 0.4313
ArcFace (s = 20 ) 99.11 90.84� 0.6091 94.11 53.98� 0.5707 74.74 60.91� 0.3010
ArcFace (s = 64 ) 99.21 82.63� 0.4038 � � � � � �

ArcFace (s = 10 ) + 0:5R sm 99.14 95.42� 1.034 94.21 96.27� 0.9651 74.47 90.13� 0.5143
ArcFace (s = 20 ) + 0:5R sm 99.19 91.38� 1.030 94.32 96.15� 0.9571 74.64 88.73� 0.4804
ArcFace (s = 64 ) + 0:5R sm 99.14 95.29� 1.019 � � � � �

NormFace (s = 10 ) 99.06 94.34� 0.7750 94.16 94.40� 0.8004 74.23 79.10� 0.4250
NormFace (s = 20 ) 99.09 89.27� 0.5263 94.09 74.32� 0.6001 73.87 77.47� 0.2498
NormFace (s = 64 ) 99.00 82.08� 0.2621 94.01 36.50� 0.2633 73.42 52.37� 0.0993

NormFace (s = 10 ) + 0:5R sm 99.16 95.38� 1.034 94.23 96.28� 0.9650 74.54 90.10� 0.5160
NormFace (s = 20 ) + 0:5R sm 99.19 95.37� 1.031 94.38 96.17� 0.9519 74.75 88.86� 0.4773
NormFace (s = 64 ) + 0:5R sm 99.34 95.29� 1.021 94.42 93.87� 0.9508 74.33 76.02� 0.3665

4.2 IMBALANCED CLASSIFICATION

To verify the effectiveness of the proposed zero-centroid regularization in handling class-imbalanced
effect, we conduct experiments on imbalanced classi�cation with two imbalance types: long-tailed
imbalance (Cui et al., 2019) and step imbalance (Buda et al., 2018). The compared baseline losses
include CE, Focal Loss, NormFace, CosFace, ArcFace, and the Label-Distribution-Aware Margin
Loss (LDAM) with hyper-parameters = 5 . We follow the controllable data imbalance strategy
in (Maas et al., 2011; Cao et al., 2019) to create the imbalanced CIFAR-10/-100 by reducing the
number of training examples per class and keeping the validation set unchanged. The imbalance
ratio � = max i ni =min i ni is used to denote the ratio between sample sizes of the most frequent
and least frequent classes. We add zero-centroid regularization to the margin-based baseline losses
and the proposed LM-Softmax to verify its validity. We report the top-1 validation accuracyaccand
class marginmcls of compared methods.

Table 2: Test accuracies (acc) and class margins (mcls ) on imbalanced CIFAR-10. The results with
positive gains arehighlighted (where * denotes coupling with zero-centroid regularization term).
Dataset Imbalanced CIFAR-10 Imbalanced CIFAR-100

Imbalance Type long-tailed step long-tailed step

Imbalance Ratio 100 10 100 10 100 10 100 10

Metric acc m cls acc m cls acc m cls acc m cls acc m cls acc m cls acc m cls acc m cls

CE 70.88 77.41� 88.17 79.63� 62.21 76.50� 85.06 82.24� 40.38 64.73� 60.42 66.24� 42.36 60.32� 56.88 62.82�

Focal 66.30 74.14� 87.33 74.48� 60.55 63.31� 84.49 75.16� 38.04 54.67� 60.09 59.29� 41.90 55.98� 57.84 55.72�

CosFace 69.28 58.77� 87.02 81.61� 53.64 19.78� 84.86 75.96� 34.91 4.731� 60.60 70.81� 40.36 0.764� 47.56 8.559�

CosFace* 69.52 91.90� 87.55 95.46� 62.49 95.86� 85.59 96.12� 40.98 80.93� 60.77 84.97� 41.17 41.59� 57.97 83.93�

ArcFace 72.20 65.86� 89.00 85.23� 62.48 54.29� 86.32 80.51� 42.77 13.22� 63.21 67.73� 41.47 0.497� 58.89 0.369�

ArcFace* 72.23 92.30� 89.22 96.23� 64.38 93.51� 86.65 96.23� 44.68 56.60� 63.80 73.45� 44.26 32.10� 60.79 79.85�

NormFace 72.37 62.72� 89.19 82.60� 63.69 51.00� 86.37 77.82� 43.71 16.11� 63.50 71.26� 41.93 1.363� 59.85 21.32�

NormFace* 72.07 94.95� 89.30 94.50� 64.07 93.06� 86.49 96.28� 44.25 64.85� 63.81 79.85� 44.51 36.30� 60.22 80.83�

LDAM 72.86 73.30� 88.92 88.19� 63.27 61.42� 87.04 85.21� 43.28 7.733� 63.62 73.19� 41.65 0.852� 58.32 6.085�

LDAM* 72.86 91.75� 89.51 96.26� 64.99 96.04� 86.74 96.26� 45.23 70.96� 64.18 85.03� 44.48 43.26� 60.83 75.22�

LM-Softmax 65.32 4.420� 88.69 68.91� 50.47 0.452� 86.08 52.20� 41.52 4.500� 63.26 68.31� 41.53 0.467� 55.44 1.372�

LM-Softmax* 73.21 92.57� 89.12 95.73� 65.91 93.84� 87.07 96.05� 45.28 69.53� 63.77 81.99� 46.23 43.15� 60.73 74.78�

Results. As can be seen from Table 2, the baseline margin-based losses have small class margins,
although their classi�cation performances are better than CE and Focal, which largely attribute to
the normalization on feature and prototype. We can further improve their classi�cation accuracy by
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enlarging their class margins through the proposed zero-centroid regularization, as demonstrated by
results in Table 2. Moreover, it can be found that the class margin of our LM-Softmax loss is fairly
low in the severely imbalanced cases, since it is tailored for balanced case. We can also achieve
signi�cantly enlarged class margins and improved accuracy by the zero-centroid regularization.

4.3 PERSONRE-IDENTIFICATION

Table 3: The results on Market-1501 and DukeMTMC
for person re-identi�cation task. The best three results are
highlighted.
Dataset Market-1501 DukeMTMC

Method mAP Rank1 Rank@5mAP Rank@1 Rank@5

CE 82.8 92.7 97.5 73.0 83.5 93.0

ArcFace (s = 10 ) 67.5 84.1 92.1 37.7 58.7 72.7
ArcFace (s = 20 ) 79.1 90.8 96.5 61.4 78.3 88.6
ArcFace (s = 64 ) 80.4 92.6 97.4 67.6 83.4 91.4

CosFace (s = 10 ) 68.0 84.9 92.7 39.3 60.6 73.1
CosFace (s = 20 ) 80.5 92.0 97.1 64.2 81.3 89.7
CosFace (s = 64 ) 78.7 92.0 97.1 68.2 83.1 92.5

NormFace (s = 10 ) 81.2 91.6 96.3 63.7 79.3 88.5
NormFace (s = 20 ) 83.2 93.5 97.9 71.6 83.8 93.3
NormFace (s = 64 ) 77.5 90.0 96.9 60.1 75.2 88.1

LM-Softmax (s = 10 ) 83.3 92.8 97.1 72.2 85.8 92.4
LM-Softmax (s = 20 ) 84.7 93.8 97.6 74.1 86.4 93.5
LM-Softmax (s = 64 ) 84.6 93.9 98.1 74.2 86.6 93.5

We conduct experiments on the task of per-
son re-identi�cation. Speci�cally, we use
the off-the-shelf baseline (Luo et al., 2019)
as the main code to verify the effectiveness
of our proposed LM-Softmax. We follow
the default parameter settings and training
strategy, and train the ResNet50 with Triplet
Loss Schroff et al. (2015) coupling with
the compared losses, including the Soft-
max loss (CE), ArcFace, CosFace, Norm-
Face, and our proposed LM-Softmax. Ex-
periments are conducted on Market-1501
(Zheng et al., 2015) and DukeMTMC (Ris-
tani et al., 2016). As shown in Table 3,
our proposed LM-Softmax obtains obvi-
ous improvements in mean Average Preci-
sion (mAP), rank-1(Rank@1), and rank-5
(Rank@5) matching rate. Moreover, LM-Softmax exhibits signi�cant robustness for different pa-
rameters, while ArcFace, CosFace, and NormFace show worse performance than ours and are more
sensitive to parameter settings.

4.4 FACE VERIFICATION
Table 4: Face veri�cation results on IJBC-C,
Age-DB30, CFP-FP and LFW. The results with
positive gains arehighlighted.
Method IJB-C Age-DB30 CFP-FP LFW

ArcFace 99.4919 98.067 97.371 99.800
CosFace 99.4942 98.033 97.300 99.800
LM-Softmax 99.4721 97.917 97.057 99.817

ArcFacey 99.5011 98.117 97.400 99.817
ArcFacez 99.5133 98.083 97.471 99.817
CosFacey 99.5112 98.150 97.371 99.817
CosFacez 99.5538 97.900 97.500 99.800
LM-Softmaxz 99.5086 98.167 97.429 99.833

y andz denotes training withR sm andR w, respectively.

We also verify our method on face veri�cation that
highly depends on the discriminability of feature em-
beddings. Following the settings in (An et al., 2020),
we train the compared models on a large-scale dataset
MS1MV3 (85K IDs/ 5.8M images) (Guo et al., 2016)
and test on LFW (Huang et al., 2008), CFP-FP (Sen-
gupta et al., 2016), AgeDB-30 (Moschoglou et al.,
2017) and IJBC (Maze et al., 2018). We use ResNet34
as the backbone, and train it with batch size 512 for
all compared methods. The comparison study includes
CosFace, ArcFace, NormFace, and our LM-Softmax.
As shown in Table 4,Rsm (sample margin regularization) andRw (zero-centroid regularization) can
improve the performance of these baselines in most cases. Moreover, it is worth noting that the
results of LM-Softmax are slightly worse than ArcFace and CosFace, which is due to that in these
large-scale datasets there exists class imbalanced effect more or less. We can alleviate this issue by
addingRw, which can improve the performance further.

5 CONCLUSION

In this paper, we attempted to develop a principled mathematical framework for better understanding
and design of margin-based loss functions, in contrast to the existing ones that are designed heuris-
tically. Speci�cally, based on the class and sample margins, which are employed as measures of
intra-class compactness and inter-class separability, we formulate the objective as learning towards
the largest margins, and offer rigorously theoretical analysis as support. Following this principle,
for class-balance case, we propose an explicit sample margin regularization term and a novel largest
margin softmax loss; for class-imbalance case, we propose a simple but effective zero-centroid reg-
ularization term. Extensive experimental results demonstrate that the proposed strategy signi�cantly
improves the performance in accuracy and margins on various tasks.
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Appendix for “Learning Towards the Largest Margin”

A PROOFS

Lemma 2.1. For any w1; :::; w k 2 Sd� 1, d � 2, and 2 � k � d + 1 , the solution of minimal
Rieszt-energy andk-points best-packing con�gurations are uniquely given by the vertices of regular
(k � 1)-simplices inscribed inSd� 1. Furthermore,w T

i w j = � 1
k � 1 , 8i 6= j .

Proof. See in Borodachov et al. (2019, Theorem 3.3.1).

Theorem 2.2. For w1; :::; w k ; z1; :::; zN 2 Sd� 1 (wherenj > 0 for eachj 2 [1; k]), the optimal
solutionf w �

i gk
i =1 ; f z �

i gN
i =1 = arg max f w i gk

i =1 ;f z i gN
i =1


 min is obtained if and only iff w �
i gk

i =1 max-

imizes the class marginmc(f w i gk
i =1 ), andz �

i =
w �

y i
� w �

y i
kw �

y i
� w �

y i
k2

, wherew �
y i

denotes the centroid of

the vectorsf w j : j maximizesw T
y i

w j ; j 6= yi g.

Proof. According to the de�nition of
 min , we have

arg max
w

max
z


 min = arg max
w

max
z

min
i

w T
y i

z i � max
j 6= y i

w T
j z i

= arg max
w

min
i

max
z i

w T
y i

z i � max
j 6= y i

w T
j z i

= arg max
w

min
i

max
z i

w T
y i

z i � w T
k z i

= arg max
w

min
i

kw y i � w k k2

;

wherek = arg max j 6= y i
w T

j z i , andz i = w y i � w k

kw y i � w k k2
. Notice thatw T

k z i = � 1
2 kw y i � w k k2, then

k = arg min j 6= y i kw T
y i

� w j k2. Therefore, we have

arg max
w

max
z


 min = max
w

min
i

min
k6= y i

kw y i � w k k2 = arg max
w

min
i 6= j

kw i � w j k2;

i.e., maximizing
 min will provide the solution of the Tammes Problem, which also maximizes the
class margin.

On the other hand,z �
i maximizesw � T

y i
z i � maxj 6= y i w � T

j z i , i.e.,

z �
i = arg max

z i 2 Sd � 1
w � T

y i
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j 6= y i

w � T
j z i

= arg max
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kw �
y i

� w �
y i

k2

;

wherew �
y i

denotes the centroid of the vectorsf w j : j maximizesw T
y i

w j ; j 6= yi g.

Proposition 2.3.For anyw1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2, and2 � k � d + 1 , the maximum
of 
 min is k

k � 1 , which is obtained if and only if8i 6= j , w T
i w j = � 1

k � 1 , andz i = w y i .

Proof. Based on Theorem 2.2, the maximum of
 min is obtained if and only iff w i gk
i =1 maximizes

the class margin andz i = w y i � w y i
kw y i � w y i k2

, i.e., w T
i w j = � 1

k � 1 according to Lemma 2.3. At this time,

we havez i = w y i � w y i
kw y i � w y i k2

= w y i � ( � w y i )
kw y i � ( � w y i )k2

= w y i .

Theorem 3.1.8" 2 (0; �= 2], if the range ofw1; :::; w k or z1; :::; zN is Rd (2 � k � d + 1 ), then
there exists prototypes that achieve the in�mum of the softmax loss and have the class margin" .
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Proof. With the softmax loss, the goal is to optimize the following problem

min
f w j gk

j =1 ;f z i gN
i =1

L = �
1
N

NX

i =1

log
exp(w T

y i
z i )

P K
j =1 exp(w T

j z i )
:

8" 2 (0; �
2 ], we can easily obtaink � d + 1 vectorsw 0

1; :::; w 0
k on the unit sphereSd� 1, such that

the angle between any two of them is" 2 (0; �
2 ).

(1) If the domain ofw1; :::; w k is Rd, then letw j = sw 0
j , andz i = w y i . In this way, we have

w T
y i

z i > w T
j z i , 8j 6= yi . The in�mum of softmax loss can be obtained by directly increasings.

(2) If the domain ofz1; :::; zk is Rd, then letw j = w 0
j , andz i = sw y i . In this way, we have

w T
y i

z i > w T
j z i , 8j 6= yi . The in�mum of softmax loss can be obtained by directly increasings.

In conclusion, without both normalization for both features and prototypes, the original softmax loss
may produce an arbitrary small class margin" .

Theorem 3.2. For class-balanced datasets (i.e., each class has the same number of samples),
w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2, and 2 � k � d + 1 , learning with GM-Softmax (where
� i 1 = � 1, � i 2 = � 2, � i 1 = � 1 and � i 2 = � 2) leads to maximizing both the class margin and the
sample margin. More speci�cally, the optimal solution

f w �
j gk

j =1 ; f z �
i gN

i =1 = arg min
w j ;z i 2 Sd � 1

1
N

NX

i =1

� log
exp(s(� 1w T

y i
z i + � 1))

exp(s(� 2w T
y i

z i + � 2)) +
P

j 6= y i
exp(sw T

j z i )

have the largest class marginm�
c = arccos � 1

k � 1 and the largest sample margin
 �
min = k

k � 1 . The
lower bound of the risk islog[exp(s(� 1 + � 1 � � 2 � � 2)) + ( k � 1) exp(� s( 1

k � 1 + � 1 + � 1))] ,
which is obtained if and only if8i 6= j , w T

i w j = � 1
k � 1 , andz i = w y i .

Proof. Since the functionexp is strictly convex, using the Jensen's inequality, we have

L =
1
N

NX

i =1

� log
exp(s(� 1w T

y i
z i + � 1))

exp(s(� 2w T
y i

z i + � 2)) +
P

j 6= i exp(sw T
j z i )

�
1
N

NX

i =1

� log
exp(s(� 1w T

y i
z i + � 1))

exp(s(� 2w T
y i

z i + � 2)) + ( k � 1) exp( s
k � 1

P
j 6= i w T

j z i )

Let w = 1
k

P k
i =1 w i , � = � 2 � � 1, � = � 2 � � 1, � = k

k � 1 , and� = 1
k � 1 + � 1, then we have

L �
1
N

NX

i =1

log
�
exp(s(� w T

y i
z i + � ) + ( k � 1) exp(s(� w � � w y i )

T z i � s� 1)
�

�
1
N

NX

i =1

log[exp(s� + s� ) + ( k � 1) exp(� sk� w � � w y i k2 � s� 1)]

=
1
k

kX

i =1

log[exp(s� + s� ) + ( k � 1) exp(� sk� w � � w i k2 � s� 1)]

;

where we use the facts that� w T
y i

z i � � when� � 0, (� w � � w y i )
T z i � �k � w � � w i k2 when

z i 2 Sd� 1. Due the convexity of the functionlog[1 + exp(ax + b)] (a > 0), we use the Jensen's
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inequality and obtain that

L � log

"

exp(s(� + � )) + ( k � 1) exp(�
s
k

kX

i =1

k� w � � w i k2 � s� 1)

#

� log

2

4exp(s(� + � )) + ( k � 1) exp(�
s
k

vu
u
t k

kX

i =1

k� w � � w i k2
2 � s� 1)

3

5

= log
�
exp(s(� + � )) + ( k � 1) exp(�

s
k

q
k(k� 2 � 2k�� kwk2

2 + k� 2kwk2
2) � s� 1)

�

� log[exp(s(� + � )) + ( k � 1) exp(� s(� + � 1))]

= log
�
exp(s(� 2 � � 1 + � 2 � � 1)) + ( k � 1) exp(� s(

1
k � 1

+ � 1 + � 1))
�

;

where in the second inequality we used the Cauchy–Schwarz inequality, and the third inequality is
based on that� � 2� , � 1 � k � 2

2k � 2 , which holds since� 1 � 1
2 .

According to the above derivation, the equality holds if and only if8i , w T
1 z i = ::: = w T

y i � 1z i =

w T
y i +1 z i = ::: = w T

k z i , w T
y i

z i = 1 , z i = � � w � � w y i
k� w � � w y i k2

, k� w � � w1k2 = ::: = k� w � � w k k2,

andw = 0 . The condition can be simpli�ed as8i 6= j , w T
i w j = � 1

k � 1 , andz i = w y i when2 � d
and2 � k � d + 1 .

Proposition 3.3. For class-balanced datasets,w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2, and 2 �
k � d + 1 , learning with the loss functions A-Softmax (Liu et al., 2017) with feature normalization,
NormFace (Wang et al., 2017), CosFace (Wang et al., 2018b) or AM-Softmax (Wang et al., 2018a),
and ArcFace (Deng et al., 2019) share the same optimal solution.

Proof. A uni�ed framework for A-Softmax with feature normalization, NormFace, LMLC/AM-
Softmax and ArcFace can be implemented with hyper-parametersm1, m2 andm3, i.e.,

L 0
i = � log

exp(s(cos(m1� iy i + m2) � m3))
exp(s(cos(m1� iy i + m2) � m3)) +

P
j 6= y i

exp(scos� ij )
;

where� ij = \ (w j ; z i ). The setting of these hyper-parameters always guarantees thatcos(m1� iy i +
m2) � m3 � cosm2 cos� iy i � m3, andm2 is usually set to satisfycosm2 � 1

2 . Let � = cos m2
and� = � m3 < 0, then we have

L 0
i � � log

exp(s(� cos� iy i + � ))
exp(s(� cos� iy i + � )) +

P
j 6= y i

exp(scos� ij )
; (A.1)

where the equality holds if and only if� iy i = 0 .

According to Theorem 3.2, we know that the empirical risk of the loss function in the right-hand
side of (3.2) has a lower bound, then we obtain

1
N

NX

i =1

L 0
i � � log

exp(s(� + � ))
exp(s(� + � )) +

P
j 6= y i

exp(� s
k � 1 )

(A.2)

The equality holds if and only if8i 6= j , w T
i w j = � 1

k � 1 , andz i = w y i . Sincez i = w y i means
� iy i = 0 , indicating that the equality in (3.2) holds. Then the optimal solution is the same for
A-Softmax with feature normalization, NormFace, CosFace, and ArcFace.

Theorem 3.4. For class-balanced datasets,w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2, and2 � k �
d + 1 , learning withRsm = � w T

y z + max j 6= y w T
j z leads to the maximization of the class margin

and the sample margin.
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Proof. Let L (z; y) = � w T
y z + max j 6= y w T

j z, w = 1
k

P k
i =1 w i , then we have

1
N

NX

i =1

L(zi ; yi ) =
1
N

NX

i =1

(� w T
y i

z i + max
j 6= y i

w T
j z i )

�
1
N

NX

i =1

(� w T
y i

z i +
1

k � 1

X

j 6= y i

w T
j z i )

=
k

N (k � 1)

NX

i =1

� (w y i � w )T z i

�
k

N (k � 1)

NX

i =1

�k w y i � wk2

=
1

k � 1

kX

i =1

�k w i � wk2

�
1

k � 1
�

vu
u
t k(

kX

i =1

kw i � wk2
2)

=
1

k � 1
�

q
k(k � kkwk2

2)

� �
k

k � 1

(A.3)

where the equality holds if and only if8i 6= j , w T
i w j = � 1

k � 1 , andz i = w y i .

Theorem 3.5. For class-balanced or -imbalanced cases,w1; :::; w k ; z1; :::; zN 2 Sd� 1, d � 2,
and 2 � k � d + 1 , if

P K
i =1 w i = 0 , then learning with the GM-Softmax loss in (3.3) leads to

maximizing both the class margin and the sample margin. More speci�cally, the optimal solution
f w �

j gK
j =1 ; f z �

i gN
i =1 has the largest class marginm(W � ) = arccos � 1

K � 1 and the largest sample

margin
 �
min = k

k � 1 . The lower bound of the risk is1N
P N

i =1 log[exp(s(� i 1 + � i 1 � � i 2 � � i 2)) +
(k � 1) exp(� s( 1

k � 1 + � i 1 + � i 1))] , which is obtained if and only if8i 6= j , w T
i w j = � 1

K � 1 , and
z i = w y i , i.e., the optimal solution maximizes that class margin and sample margin.

Proof. For the GM-Softmax lossL i = � log
exp( s( � i 1 w T

y i
z i + � i 1 ))

exp( s( � i 2 w T
y i

z i + � i 2 ))+
P

j 6= y i
exp( sw T

j z i ) , let � i = � i 2 �

� i 1 � 0, � i = � i 2 � � i 1. If
P K

i =1 w i = 0 , then we have

L i = � log
exp(s(� i 1w T

y i
z i + � i 1))

exp(s(� i 2w T
y i

z i + � i 2)) +
P

j 6= y i
exp(sw T

j z i )

� � log
exp(s(� i 1w T

y i
z i + � i 1))

exp(s(� i 2w T
y i

z i + � i 2)) + ( k � 1) exp( 1
k � 1

P
j 6= y i

sw T
j z i )

= � log
exp(s(� i 1w T

y i
z i + � i 1))

exp(s(� i 2w T
y i

z i + � i 2)) + ( k � 1) exp(� s
k � 1 w T

y i
z i )

= log
�

exp(s� i w T
y i

z i + s� i ) + ( k � 1) exp(�
s

k � 1
w T

y i
z i � s(� i 1w T

y i
z i + � i 1))

�

� log
�

exp(s(� i 1 + � i 1 � � i 2 � � i 2)) + ( k � 1) exp(� s(1=(k � 1) + � i 1 + � i 1))
�

: (A.4)

where in the �rst inequality we used the Jensen's inequality, and the last inequality comes from the
facts that� i w T

y i
z i � � i and� 1

k � 1 w T
y i

z i � � i 1w T
y i

z i � � 1
k � 1 � � i 1.

Therefore, we have the lower bound of the risk1
N

P N
i =1 L i � 1

N

P N
i =1 log[exp(s(� i 1 + � i 1 �

� i 2 � � i 2)) + ( k � 1) exp(� s( 1
k � 1 + � i 1 + � i 1))] , where the equality holds if and only if8 i ,
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w T
1 z i = ::: = w T

y i � 1z i = w T
y i +1 z i = ::: = w T

k z i , andw T
y i

z i = 1 . The condition can be simpli�ed
as 8i 6= j , w T

i w j = � 1
k � 1 , andz i = w y i when2 � d and2 � k � d + 1 .

B MORE ANALYSIS

In this section, we provide more analysis about the uni�ed framework of margin-based losses in
(3.2), Sample Margin Regularization, Largest-Margin Softmax (LM-Softmax) loss.

B.1 A UNIFIED FRAMEWORK

A uni�ed framework that covers A-Softmax (Liu et al., 2017) with feature normalization, NormFace
(Wang et al., 2017), CosFace/AM-Softmax (Wang et al., 2018b;a) and ArcFace (Deng et al., 2019)
as special cases can be formulated with hyper-parametersm1, m2 andm3:

L 0
i = � log

exp(s(cos(m1� iy i + m2) � m3))
exp(s(cos(m1� iy i + m2) � m3)) +

P
j 6= y i

exp(scos� ij )
; (B.1)

where� ij = \ (w j ; z i ). In the following, we provide the details of the derivation from (3.1) to (3.2)

For the parameterm1, it satis�es thatcos(m1� ) � cos(� ) in SphereFace Liu et al. (2017). There-
fore, based on the de�nition of the multiplicative-angular operator, we havecos(m1� iy i + m2) �
cos(� iy i + m2). To better understand the theoretical optimal solution, we make the constraint that
� iy i 2 [0; �

2 ], which is reasonable because the unique minimizer of these losses, like SphereFace,
CosFace, and ArcFace, should satisfy� �

iy i
= 0 , rather than belongs to( �

2 ; � ].

As for m2, ArcFace did not analyze its range. Instead, we can easily derive that0 � m2 � �
2 .

Otherwise, the minimum of ArcFace will be obtained at� iy i = � , sincecos(� iy i + m2) � cos(� +
m2) whenm2 > �

2 , which is ridiculous. Therefore, for� iy i ; m2 2 [0; �
2 ] , we havecos(� iy i + m2) =

cos� iy i cosm2 � sin � iy i sinm2 � cosm2 cos� iy i , which is the main derivation from (3.1) to (3.2).

B.2 ON THE SAMPLE MARGIN REGULARIZATION AND BEYOND

The sample margin regularization term in (3.4) actually encourages the feature representationz to
be similar to the corresponding prototypew y , and pushz away from the most similar one of the
other prototypes. This concept is similar to contrastive learning, where the most similar one of the
other prototypes can be regarded as the hardest negative representation. And we also have

Rsm(x ; y) � � w T
y z +

1
k � 1

X

j 6= y

w T
j z; (B.2)

where the right side can be regarded as pushingz away from the centroid 1
k � 1

P
j 6= y w j or pushing

z away from other negative representations. Intuitively, we can also use the right side of Eq. B.2 as
a sample margin regularization.

B.3 MORE CLARIFICATIONS

As shown in the main paper, GM-Softmax loss, LM-Softmax loss, Sample Margin regularization,
and Zero-centroid regularization serve different purposes. More speci�cally,

• The GM-Softmax loss is only derived as a theoretical formulation, which is not used for
practical implementation.

• The LM-Softmax loss is tailored to obtain large margins with only one hyper-parameter.
It can be used to replace popular margin-based losses, such as CosFace, and ArcFace,
to obtain better discriminativeness of feature representations. Compared with NormFace
Wang et al. (2017), LM-Softmax achieves much better performance on the task of person
ReID, as shown in Table 3. This demonstrates that removing the termexp(sw T

y z) in the
denominator is helpful, which enforces LM-Softmax to have a stronger �tting ability.
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