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Abstract

While Large Language Models (LLMs) have demonstrated impressive abilities across var-
ious domains, they still struggle with complex problems characterized by multi-objective
optimization, precise constraint satisfaction, immense solution spaces, etc. To address the
limitation, drawing on the superior semantic understanding ability of LLMs and also the
outstanding global search and optimization capability of genetic algorithms, we propose to
capitalize on their respective strengths and introduce Lyria, a general LLM-driven genetic
algorithm framework, comprising 7 essential components. Through conducting extensive
experiments with 4 LLMs across 3 types of problems, we demonstrated the efficacy of Lyria.
Furthermore, with 7 additional ablation experiments, we further systematically analyzed
and elucidated the factors that affect its performance. We finally revealed its limitations
and provided insights into future directionﬂ

1 Introduction

Large Language Models (LLMs) have demonstrated versatile abilities across various domains and tasks,
benefiting from the large-scale corpora they are trained on (Jiang et al.l 2024; [Valmeekam et al., |2023; [Pan
et all [2023; Tang & Belle, |2024). Nevertheless, their performance remains inferior, especially when faced
with complex problems, characterized by their immense solution spaces, precise constraint satisfaction,
multi-objective optimization, and domain-specific prior knowledge, such as reasoning (Mittal et al.l [2025)),
planning (Valmeekam et al.l [2023), theorem proving (Song et al., 2025)), code generation (Jiang et al., [2024)),
and etc.

Genetic algorithms, a subset of evolutionary algorithms inspired by natural selection, powered by their
essential operators such as selection, crossover, and mutation, are commonly used to approach optimal
solution by iteratively optimizing the population through generations (Katoch et al.l |2021}; |Genl [2019; |[Koza,
1994). They have been studied and applied across diverse fields, such as reasoning (Hameed et al., 2023;
Schéfer & Schulz, [2015; Tamaddoni-Nezhad & Muggleton), 2001), planning (Burns et al., [2024}; Elshamli et al.)
2004), combinatorial optimization (Shao et all [2023; [Kobler, |2009)), and symbolic regression (Bertschinger
et al.l 2024} |Ashok et al., [2020), primarily due to their ability to escape local optima, conduct systematical
searches, and flexibly integrate domain-specific knowledge, thereby enabling them to approach global optimal
solutions (Katoch et al., |2021]).

Leveraging the semantic understanding and extensive prior knowledge acquired by LLMs from large-scale
corpora (Minaee et al., |2025; [Tang et al., [2023)), as well as the capacity of genetic algorithm to continuously
optimize solutions within immense search spaces (Katoch et al., [2021; |Genl 2019)), we propose to integrate
them to capitalize on their respective strengths. Therefore, we introduce a general framework called Lyria,
consisting of 7 essential components as illustrated in Figure |1 aiming to enhance the capability of LLMs to
tackle complex problems. To evaluate its effectiveness, we conducted experiments using 4 LLMs on 3 types
of problems, comprising 2 NP-hard and 1 NP-complete, against 2 baselines, demonstrating its significant
performance improvements. In addition, we also executed 7 additional ablation experiments to analyze the
impact of various factors on its performance.

1Our code is available at https://anonymous.4open.science/r/Lyria.
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Figure 1: The Lyria framework, consisting of 7 essential components, i.e., Error Detector, Deduplicator,
Ezxperience Pool, Fitness Evaluator, Selector, Crossover Operator, and Mutation Operator, enables evolving
candidate solutions through generations to obtain superior solution.

We summarize our contributions as follows:

1. We proposed Lyria, a general LLM-driven genetic algorithm framework for solving problems charac-
terized by precise constraint satisfaction, immense solution spaces, domain-specific prior knowledge,
etc., and demonstrated its effectiveness through evaluations with 4 LLMs on 3 types of problems
consisting of 2 NP-hard and 1 NP-complete;

2. We crafted domain-specific operators and constructed dedicated prompts tailored to each type of
problem, ensuring that Lyria is aligned with their unique requirements;

3. We conducted 7 additional ablation experiments to comprehensively analyze the impact of various
factors on the performance of Lyria and demonstrated the indispensability of each component for
Lyria.

2 Related Work

Recently, research on the integration of LLMs and genetic algorithms has begun to emerge, demonstrating
promising results across a variety of tasks.

Through synergistically combining LLMs with evolutionary algorithms, EVOPROMPT (Guo et al., [2024)
shows its efficacy to optimize discrete prompt generation, outperforming existing automatic prompt genera-
tion methods across various LLMs and tasks. In addition, [Morris et al.| (2024]) proposed a novel framework
which leverages LLMs to autonomously evolve neural network architectures through feedback-driven code
modifications via Evolution of Thought and Character Role Play, while Nasir et al.| (2024]) proposed a method
LLMatic that integrates the code-generation capabilities of LLMs and Quality Diversity algorithms which
are a subset of evolutionary algorithms (Cully & Demiris, 2017; [Pugh et al., [2016) to efficiently discover
network architectures. Furthermore, [Hemberg et al.| (2024) proposed and demonstrated the way to replace
traditional genetic programming operators with LLM-based operators. Moreover, [Pinna et al.| (2024) pro-
posed an approach based on LLMs and Genetic Improvement to improve code generation. In addition, [Tang
et al.| (2025) introduced a hybrid LLM-driven genetic algorithm designed specifically to improve the ability
of LLMs in the task of context-free grammar generation and demonstrated its significant effectiveness and
potential.

Nevertheless, a general LLM-driven genetic algorithm framework along with a comprehensive analysis, has
yet to be proposed, resulting in an incomplete and unclear understanding of it. Differing from prior work, this
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paper introduces a general LLM-driven framework comprising 7 principal components and offers a thorough,
in-depth analysis of the various factors that may affect its performance.

3 Benchmarks

To evaluate Lyria, we selected 2 NP-hard problems, i.e., Sudoku (Yato & Seta) |2003) and Traveling Salesman
Problem (Papadimitriou & Steiglitzl, (1976)), and 1 NP-complete problem, i.e., Graph Coloring (Gent et al.,
2017). All the 3 types of problems are characterized by their vast solution spaces and stringent constraints
satisfaction requirements, thereby supposed to pose significant challenges to LLMs. It is worth noting that
Lyria is not restricted to these problems, and the selection of them is only motivated by their complexity
and the convenience of generating uncontaminated data. We describe each problem, their metrics, and the
challenges generation in the following sections.

3.1 Sudoku

Sudoku (SK) is a number-placement puzzle played on a 9 x 9 grid, where each cell must be assigned a digit
from 1 to 9. The grid is partitioned into nine 3 x 3 subgrids. A correct Sudoku solution requires that each
row, column, and subgrid contains all digits from 1 to 9 exactly once. The puzzle is typically presented with
some cells pre-filled, and a given solution must respect the constraints.

Let s’ denote a SK solution, defined as a 9 x 9 matrix with each cell filled:

U1 U2 U3 v Urg
U211 U2 U3 -+ U9
g = |U31 U32 U333 - U39
Ug1 Ug2 U9z -+ U9

Let S denote the solutions to all SK problems. We mainly employ 3 metrics to assess the quality of the
generated solutions:

o Correctness: The correctness of s’ is defined as CR(s'), which returns 1 if s’ satisfies all the row,
column, and subgrids constraints, otherwise 0. Formally, let R(s’,i) denote a set of values at row
i, C(s',j) denote a set of values at column j, and B(s’, k) denote a set of values in the k-th 3 x 3
subgrid. The CR(s’) is given as:

L if (Vi, [R(s', )| = 9) A (V, [C(s',5)| = 9) A (VE, |B(s', k)| = 9)
CR(s') = A (Vi, g, s'[i, j] € {1,...,9})
0, otherwise

We report the correctness percentage of S as Sudokugp.

e Score: Evaluating a SK solution solely based on its correctness provides an overly narrow perspec-
tive, since when an LLM fails to provide a fully correct solution, it becomes challenging to observe
and analyze whether it yields a high-quality albeit suboptimal solution and how closely it approxi-
mates the optimal solution. Thus, we define the score of a given s’ as the average of percentages of
constraints sanctification of rows, columns, and subgrids. Higher score means s’ approaches more to
the optimal solution. Formally, let I(X) be an indicator function that returns 1 if X = {1,...,9},
oth(er/\;vise 0. Let 1t = Z?:l I(R(s',)), IS = Z?:l I(C(s, 7)), and 15 = 22:1 I(B(s',k)). We have
SC(s") as:

1
SC(s') = 100 - ﬁ(JIR +IC + Hfi),

We report the average of S as Sudokugc.
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e Penalized Score: To prevent a solution from resorting to extreme strategies to improve correctness,
such as boosting row and column correctness while sacrificing subgrid correctness, and thus ending
up far from the optimal solution despite a seemingly high score, we adopt the geometric mean to
mitigate the impact of these extreme values on the overall score. Formally, we have PS(s’) as:

/1B 19 1B
9 9 9’
We report the average penalized score of S as Sudokupg.

PS(s') = 100 -

To generate a set of SK challenges for evaluation, we fixed the number of unfilled cells to 40 in each puzzle,
generating a total of 50 distinct 9 x 9 SK instances.

3.2 Graph Coloring

Graph Coloring (GC) is the task of assigning colors to the vertices of a given graph such that no two adjacent
vertices share the same color. Formally, given a graph G = (V, E) and a set of k distinct colors, the goal is
to find a function f:V — {0,1,...,k — 1} such that for any edge (u,v) € E, f(u) # f(v).

Let f’ be a GC solution. Let F denote the solutions to all GC problems. We mainly employ 4 metrics to

evaluate the solution quality:

o Correctness: The correctness of f’ indicates whether it assigns colors to each vertex such that no
adjacent vertex has the same color. Formally:

1, if (VU eV, f'(v) € {z}f;ol) A (V(u,v) eE, f'(u) # f’(v)),

CR(f) =
() {O, otherwise.

We report the correctness percentage for F as GCcopg.

e Conflict Ratio We define the conflict ratio as the ratio of edges whose endpoints share the same
color. Define an indicator function:

Ter(f,u,v) = {1’ if f'(u) = f'(v),

0, otherwise.

The conflict ratio CF for a given f’ is given as:

Z(u,fu) cFE HCF(flv u, ’U)
|E| '

CF(f') =

We report the average of F as GCeop.
e Score: We define the score of a given f’ as the percentage of edges colored properly as:
Score(f") = (1 — CF(f")) - 100.
We report the average of F as GCg¢.

o Penalized Score: The penalized score is a modified score that penalizes solutions using too many
colors, e.g., coloring each vertices with a distinct color. Let k' = |{f'(v) : v € V}| be the total
number of distinct colors used. Formally, we have PS as:

0, if &' > |V,
PS(f") = < Score(f"), if k' <k,
Score(f’) - R, otherwise.

/

where R = (1 — M;—k

) is the penalty ratio for the score. We report the average of F as GCpg.

To generate a set of GC challenges for evaluation, we fixed the number of vertices |V| to 9, the size of the
color set k to 3 and the edge connection probability to 0.5. This process yields 50 distinct GC instances.
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3.3 Traveling Salesman Problem

Traveling Salesman Problem (TSP) is a route-finding task defined on a set of cities and pairwise distances
between them. Formally, let G = (V| E) be a complete undirected graph in which V' = {wv,...,v,} is a set of
vertices of the graph and F = {(u,v) : u,v € V,u # v} is a set of edges. A distance function d : VxV — R
assigns each edge (u,v) a nonnegative distance d(u, v). The goal in the TSP is to find a Hamiltonian cycle in
G whose total distance is minimized. Formally, a route r is any permutation 7 of V', with the first element
also appearing at the end, forming a cycle, defined as a sequence r = [vﬂ(l), e ,vﬂ(n),vﬂ(l)}. The total
distance of this route is given as: D(r) = d(vy(n), vr(1)) + Z?;ll d(Vx(i), U (i+1))- Thus, the goal of TSP is to
determine the route 7* in all possible routes R such that Vr € R, D(r) > D(r*), i.e., r* = Irréi}% D(r).

Let ' € R be a TSP solution and r’ = [v},v5, ..., v]y, ). Let T denote the solutions to all problems. We
mainly employ 4 metrics to analyze the solution quality:

o Correctness: The correctness of r’ indicates whether it is the shortest route while starting and
ending at v{. Formally:

e
1, if (= 1;%111%D(r))
CR() = A (V1 =0y 10)
AT =1VI+1)
0, otherwise.

We report the average of T as TSP¢og.

o Excess Distance Multiplier: The excess distance multiplier of v’ quantifies the factor by which
a solution’s distance exceeds the optimal distance D(r*). Formally:

D() — D)
EDM(r') = mi (3, —)

(r') = min )
The value of 0 indicates the solution’s distance matches the optimal distance, while a value of 1
means the solution is twice as long as the option distance and so on. We make the value saturates
at 3 as a default and maximum. We report the average of T as TSPgpas.

« Missing Cities: A given route v’ may skip some cities or revisit others. To measure this, we count
the number of distinct cities that are missed from the solution. Formally:

MC(r") = V]| = |{v|ver}.
We report the average of T as TSP j;¢.

o Penalized Score The penalized score for v’ measures how closely it approximates r*, while applying
penalties to the exceeded distance and also the omission of cities. Let Dist = 1 — %(T) and

Miss =1 — Mlcv(lr/). Formally:

PS(r") = IS - min(Dist, Miss)

where .S = 100 is the initialized score. We report the average of T as TSP pg.

To generate a set of TSP challenges for evaluation, for each TSP problem, we fixed the number of cities
|V| to 10. The coordinate (x,,y,) of city v is sampled as z,y o U]0,100] and the distance between cities
are calculated by Euclidean distance. A start and end city is fixed and noted as v;. An optimal reference
route is then derived by exhaustively enumerating all Hamiltonian cycles beginning and ending at v;. This

procedure is repeated to produce 50 distinct TSP instances.
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4 Methodology

Lyria comprises 7 primary components: Error Detector, Deduplicator, Ezxperience Pool, Fitness Evaluator,
Selector, Crossover Operator, and Mutation Operator. We begin with a high-level overview of the framework,

followed by a detailed elucidation of each component in Section {1 [£.2] [£:3] [4-4] [£.5] [4:6] [£.7] respectively.
Subsequently, we provide and explain the pseudo code in Section [£.8]

Initially, an LLM generates a population of candidate solutions. Every candidate is scored by the Fitness
Evaluator and analyzed by the Error Detector. Evolution then proceeds in generations: a fraction of the
lowest fitness individuals, determined by the replay rate, is replaced by the highest fitness candidates drawn
from the Fxperience Pool; the Selector chooses appropriate parents; the Crossover Operator, guided by
parental errors, generates offspring until the population size is restored; and the Mutation Operator modifies
each candidate according to its own errors. After initialization and every crossover and mutation operations,
the Deduplicator removes duplicates to maintain diversity. The updated population is re-evaluated and
advanced in the next generation, until reaching the predetermined maximum number of generations.

4.1 Error Detector

Inspired by Reflexion (Shinn et al. [2023) and Self-Refinement (Madaan et al., |2023), whenever a new candi-
date is generated, the error detector (ED) identifies its errors up to a predefined mazimum detected errors,
enabling crossover and mutation operators to learn from past mistakes, thereby promoting the generation
of improved candidates. In Lyria, we proposed two types of EDs: Verifier-based ED (VED) and LLM-based
ED (LED). For both of the two types of EDs, they are mainly consisted of two error types, i.e., Syntaz Error
(XE) which indicates whether the syntax or format of a given solution is correct, and Semantic Error (SE)
which reveals the information of the incorrect parts of the solution.

41.1 VED

A VED invokes external instruments, e.g., parsers, compilers, test suites, model checkers, etc., to examine
a candidate against formal criteria and to emit deterministic and unbiased diagnoses. We designed specific
VEDs for each problem type:

SK VED Let s’ be a SK solution. With respect to the XE of SK, noted as XEgk, for any generated SK
solution by LLMs, we require it to be in the format of a 9 x 9 matrix, with each cell separated by a space,
as described in Prompt Template If the format is correct, XEgk(s') = 0, otherwise XEgk(s') = 1. With
respect to the SE of SK, noted as SEgk, it consists of indices of cells that do not satisfy its row, column,
and subgrid constraints. We define it as: SEgk(s’) = {(i,4,t) | 4,7 € {1,...,9} At € {0,1,2}}}, where 4,
are row and column index respectively and t indicates the unsatisfied constraint, in which 0 indicates row,
1 means column, and 2 refers to subgrid.

GC VED Let f’ be a GC solution, represented as a sequence F' = [0}, 05, ..., OIVI] where o; = f'(v;) is a
color assignment for v; € V. With respect to the XE of GC, noted as XEgc, for any generated GC solution
by LLMs, we require it to be in the format of a list of digits separated by commas, as described in Prompt
Template If the format is valid, XEgc(F') = 0, otherwise 1. With respect to the SE of GC, noted as
SEqc, it is composed of two components: Conflict Edges (CE) which consists of a set of edges where adjacent
nodes share the same color, violating coloring constraints, i.e., CE(f’) = {(u,v) | (u,v) € EA f'(u) = f'(v)},
and Ezcess Colors Count (ECC) which indicates the number of distinct colors used that exceeds the specified
color count k, i.e., ECC(f") = |F'| — k. Hence, SEgc for f’ is given as: SEgc(f') = (CE(f"), ECC(f”)).

TSP VED Let 7’ be a TSP solution. With respect to the XE of TSP, noted as XErgp, for any generated
TSP solution by LLMs, we require it to be in the format of a list of digits separated by commas, with the first
and last city being the same and equal to 0 and each city index in the range from 0 to number_of_ cities—1,
as described in Prompt Template If it is valid, XErgp(r’) = 0, otherwise 1. With respect to the SE
of TSP, noted as SErgp, it comprises two components: Missing Cities Set (MCS) which consists of the
cities omitted in 7/, i.e., MCS(r’) = {v | v € V Av ¢ r'} and Excess Distance (ED) which indicates the
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difference between the distance used in 7’ and r*, i.e., ED(r') = D(r') — D(r*). Hence, SErgp is given as:
SETSP(T/) = (MCS(T/), ED(T’)).

41.2 LED

An LED prompts an LLM to introspectively evaluate the candidate, harnessing its knowledge and reasoning
abilities trained on corpora. By contrast to VED which always gives deterministic and robust errors infor-
mation, LED may hallucinate on identifying errors and give imprecise error information. However, given a
certain type of problem, in the case that external verifiers for this type of problem are unavailable and LLMs
are capable of accurately capturing errors and providing errors information, LED remains indispensable.
We crafted dedicated prompt templates for each of problem types by converting the rules of VEDs given in
Section [L.1.1] to natural language, and demonstrated them in Prompt Template [T} 2} and [3]

4.2 Deduplicator

During initialization, crossover, and mutation, the deduplicator (DD) discards any individual that duplicates
an existing one, requesting replacements until a preset mazrimum deduplication attempts is reached. This
prevents identical candidates from dominating and preserves diversity.

Formally, given a sequence of candidates C = [¢;]¥_; where k is the number of candidates generated, a
newly generated candidate cyg41, and a predefined maximum deduplication attempts T, the deduplicator
DD(C, ¢k41,7) operates as follows: if cx11 ¢ C, it returns cxyq; if F € {1,...,7}, cgll ¢ C and Vj <

i, c,(i)_l € C, it returns cgll; otherwise, it returns 0221. Here, 0221 denotes a regenerated candidate. Hence,

unique candidates are accepted immediately, and duplicates trigger up to 7 regenerations, with the first
non-duplicate retained or the final candidate accepted if all fail.

4.3 Experience Pool

During initialization and after each generation, candidate solutions with their fitness scores and errors are
recorded in the experience pool (EP). Before selection, the lowest fitness individuals in the population
are systematically replaced with the highest fitness candidates in EP, with the number of replacements
determined by a predefined replay rate. The EP preserves high-quality solutions and prevents inferior
candidates from dominating the population, averting convergence toward suboptimal regions.

For the EP updating, formally, let EP; denote EP at generation ¢, which is initialized as: EPy =
{(ci, si,€:) | ei € Co, i € So, €; € Ep}, where Cy = [¢;]?, is a sequence of candidates representing the initial
population, Sy = [s;]"_; is a sequence of fitness score corresponding to each candidate in Cy, and Ey = [e1]?
is a sequence of error information of each candidate in Cy. After each generation ¢, the experience pool is
updated as: EPt+1 =EP, U {(ci,si,ei) | c;, € Cy, 8, €5y, e; € Et}.

For the candidates replacement before selection, let Cy_1 = {ci,...,¢,} be the previous population and
CEP = {ct,..., ¢} be the candidates from EP at t. For the replay rate p, we define replacement count
k = |p-n]. Let permutation o' sort C;_; such that Sot(i) < Sgt(y) for all @ < j, and permutation ot sort
CEP such that Spu(i) = Syuqy forall i < j. We construct the new population C'=d,c,...,cd,], in which

= gy f 1 <i<kand sy, ;) > s51(), otherwise Ci = Cot (i)

4.4 Fitness Evaluator

The fitness evaluator (FE) assigns each candidate a score, determining selection probability during evolution
and influencing their crossover and mutation opportunities. Higher scores indicate the proximity of solutions
to the optimum, increasing the possibility of selection to generate offspring. Lower scores reduce their
selection probability. The FE critically guides the evolution and different FEs can exert distinct evolutionary
processes. In Lyria, we propose two types of FEs, i.e., Oracle-based FE and LLM-based FE.
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Oracle-Based FE The Oracle-based FE leverages an external verifier that deterministically returns a
score for a candidate solution. Given a candidate and the associated scoring criteria, the verifier strictly
adheres to the criteria, producing a precise score. For all 3 problem types, we implement their penalized
score metric as the FE criteria in their verifiers to compute their fitness scores.

LLM-Based FE The LLM-based FE eliminates the need for external or handcrafted verifiers by prompting
an LLM to generate scores. Although an LLM can occasionally deviate from the ground-truth score, it is
still worthy and indispensable, when an external verifier is unavailable or costly to obtain. For each type
of problem, we instruct the LLM to compute the fitness score based on their penalized score metric. We
demonstrate all prompt templates in Prompt Template [ 5} and [0}

4.5 Selector

Given a sequence of candidate solutions, the selector elects appropriate candidates and prepares a mating
pool for subsequent crossover and mutation. While prioritizing individuals with high fitness may promote
the generation of superior offspring, exclusively retaining them may impede population diversity and risk
premature convergence to local optima. To balance exploration and exploitation, we implement a hybrid
selection strategy for the selector that combines truncation selection with tournament selection. Nevertheless,
we note that Lyria is not confined to a specific selection strategy and it can be substituted by any alternatives.

Let C' = [¢;]_; be a sequence of candidates with fitness scores S = [s;]_;. Let k. € [0,n] denote the number
of fittest candidates that are directly carried forward in truncation selection. Let k. = n — k. denote the
number of candidates for tournament selection. The selector sorts C' in descending order based on their
fitness, giving Cy1 = [co1(1), Cot(2)s -+ - Col(n)]- Then, it selects a subsequence of k. fittest candidates from
C,., corresponding to the truncation selection, as Ciyne = [Cgi(l),CJL(Q), .. ~7Cai(ke)]~ Then, let Iigu =

. . iid. .
[($i7yi)]§;1 be a sequence of index-pairs and z;,y; <~ U[l,n]. The candidates selected by tournament
selection is given as Ciour = [}, 5™, ..., 2], where ¢ = ¢, if s,, > sy,, otherwise ;" = ¢,,. Thus,
combining the truncation selection and tournament selection, the selector is defined as: Select(C, S, ke, k) =

Cirunc U Ciour- Hence, the candidates selected as the mating pool is C' = Select(C, S, ke, k).

4.6 Crossover Operator

The crossover operator (CO) selects parent pairs from the mating pool, governed by a predefined crossover
rate. If crossover is skipped, a parent is randomly returned; otherwise, offspring are generated. This iterates
until the offspring population reaches the predefined population size. The objective of CO is to combine
advantageous traits of parents while suppressing detrimental ones to produce improved offspring with higher
fitness. In Lyria, we propose two COs, i.e. External CO (ECO) and LLM-based CO (LCO) , which are
alternated in evolution based on an external crossover rate, for which higher prioritizes ECO while lower
prioritizes LCO.

4.6.1 ECO

In ECO, two parent candidates are combined via external procedures or tools, based on domain-specific
strategies and also the error information of the given parents. Varying from domains, distinct strategies can
be employed, e.g., leveraging external heuristics provided by domain experts, formal logical constraints, etc.
We designed specific ECOs for each problem type:

SK ECO Let c1,co be parent candidates as two 9 x 9 matrix. Let Premoved denote the initially removed
positions of the puzzle and {(4,) | (¢,7,t) € SEsk(¢)} € Premoved- The crossover operator COgk(c1, ¢2)
produces the child ccpjlq as:

c1 if SEsk(c1)
Cchild = § C2 if SESK(C2)
D (cg, Peorr(c1))  otherwise,

=0,
=0

)



Under review as submission to TMLR

where Peorr(¢1) = Premoved \ {(¢,7) | (i,4,t) € SEsk(c1)} are ¢;’s corrected positions, and ®(¢, Peorr) updates
¢ by replacing ¢’s values at {(i,7) | (4,4,t) € SEsk(¢)} N Peorr-

GC ECO Let ¢1,co be two parent candidates, which are two GC solutions of which each represented as
a sequence of color assignments, i.e., ¢ = [01,02,...,0y|] where o; is a color assignment for v; € V. Let
CV(c) = {v | (v,u) € CE(c)} denote conflict vertices in candidate c. The external crossover operator ECOgc
generates the child ccpjlq as:

Co [Z] ifi e CV(Cl) \ C\/V(CQ)7
Vi, cenialt] = § c1[i] if i € CV(c2) \ CV(cr),
R(c1[i], e2[i]) otherwise,

where ¢ € {1,...,|V|} indicates both an index in a color assignment sequence and also a city, and R(z,y)
denotes uniform random selection between = and y. Thus, COg¢ transfers non-conflicting colors between
parents while preserving valid vertex assignments.

TSP ECO Let ¢, co be two parent candidates, which are two routines, for which each routine is a sequence
of visited cities. The external crossover operator ECOrgp generates the child ccpjq as:

C1 if SETSP(Cl) = (@, O),
Cchild = § €2 if SErgp(c2) = (0,0),
U(cy,c9,k)  otherwise,

where k"< U [1,n — 1] is a uniformly random crossover point, and

1 fori <k
Vi, W(cr, c2, k)]i] = Cl[l.] or i < k,
coli] fori >k,
where i € {1,...,|V][} is an index of a sequence. Thus, COrsp merges partial routes from both parents while
preserving order.

4.6.2 LCO

In LCO, an LLM is prompted to merge two parent candidates by integrating their advantageous attributes
and excluding their deficiencies, drawing on the experience and prior knowledge of the LLM and their
understanding of the error information of the candidates provided by the ED, to produce an improved child.
This approach eliminates the need to manually specify any domain-specific strategy, instead fully delegating
it to the LLM. We demonstrated the prompts we designed for each of the 3 problem types in Prompt

Template [7] B and [0}

4.7 Mutation Operator

The mutation operator (MQO) applies mutations to each candidate based on a predefined mutation rate,
returning either the original or mutated candidate. This preserves population diversity and prevents prema-
ture convergence. In Lyria, we propose two MOs, i.e., External MO (EMO) and LLM-based MO (LMO),
which are alternated in evolution via an external mutation rate, for which higher prioritizes EMO while lower
prioritizes LMO.

471 EMO

In EMO, the mutation is handled by external procedures or tools, guided by domain-specific mutation
strategies and also the error information of the candidate, to modify the candidate. We designed specific
EMOs for each problem type:
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SK EMO Given a candidate ¢ as a 9 x 9 matrix, the EMOgy is given as:

C if SESK (C) = @,
O(c,p,v) otherwise,

EMOSK (C) = {

where p “&" U{(E,7) ] (¢,7,t) € SE(c)}) is an error position, v s U[1,9] is a random value, and O(c, p,v)
denotes replacing ¢’s value at the position p with the value v.

GC EMO Given a candidate c as a sequence of color assignments, the EMOgc proceeds as:
EMOgo(c) = D(A(c)).
It is composed of two main components, i.e., Conflict Edges Resolution and Excess Colors Correction,

denoted as A and I' respectively.

Conflict Edges Resolution is given as:

A@Mﬂ::{y if cfi] € CV(c)

cli] otherwise,

where i "5 UL, |c]] is a randomly selected index, and y R UO,...,k—1}\ {c[i]}) is a new color value.
Hence, it reassigns a new color to a vertex if it is conflicted such that y # c[i].

Excess Colors Correction is given as:

z ifcfi] €O,

cli] otherwise.

wm@mz{

where i € {1,...,|c|}, 2z 5 UH{0o,...,k—1}) and O = {k,...,k + ECC(c)}. Hence, it replaces all color

values > k with random valid colors z € {0,...,k — 1}.

TSP EMO Give a candidate ¢ as a route, which is a sequence of visited cities, let Y be a set of duplicated
cities in ¢, and let M = MCS(c) be a set of missing cities, the EMOrgp is given as:

c if M =0,
Q(c) otherwise,

EMOTSP (C) = {

where () is defined as:

i, (o)l = {ﬂ(]) e

in which ¢ € {1,...,]c|}, ¢ is an injection from the first » = min(|Y|,|M]) elements of Y into M. Hence,
it resolves errors by substituting duplicates with missing cities, ensuring the mutated child becomes a route
without missing cities.

4.7.2 LMO

In LMO, an LLM is instructed to mutate a given candidate, by identifying and improving its inferior
parts, based on the knowledge of LLMs and their understanding of error information. Similar to LCO, this
approach eliminates the necessity to manually construct domain-specific strategies and enables the LLM to
autonomously design strategies to modify the given candidate. We designed the prompt for each problem
type and demonstrated them in Prompt Template [I0] [II] and

10
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4.8 Pseudo Code of Lyria

The pseudo code of Lyria is demonstrated in Algorithm |I|, in which P means the problem, n, means
population size, ng means generations, k. means the number of fittest candidates that are directly carried
forward in truncation selection, ¢ means the mazimum detected errors, p means replay rate, T means the
maximum deduplication attempts, 7 means crossover rate, £ means external crossover rate, kK means mutation
rate, p means external mutation rate, FE means the fitness evaluator which can either be Oracle-based or
LLM-based, ED means the error detector which can either be Verifier-based or LLM-based, LCO means the
LLM-based crossover operator, ECO means the external crossover operator, LMO means the LLM-based
mutation operator, EMO means the external mutation operator, and llm indicates the LLM which accepts
a prompt and returns a responseﬂ

We provide a line-by-line explanation of the pseudo code as follows. At Line 2, we initialize essential
parameters. From Line 3 to 12, we use DPPROMPT to construct the prompt. For example, we use prompt
templates shown in Prompt Template [I3] [[4] and [I5] to construct the prompt for each problem type. Then,
llm uses this prompt to generate new candidate. Deduplicator removes redundant candidates, FE assigns
fitness score to the candidate, ED detect its errors up to € for which we show the prompt templates we
used in Prompt Templates[I} 2} and [8] For Line 13-46, Lyria starts evolution. At Line 14, EP intervenes to
replace the lowest fitness candidates from the previous population with the highest fitness candidates from
EP along with their fitness scores and errors. At Line 15-16, the selector selects appropriate candidates along
with their fitness scores and errors. For Line 17-28, the crossover rate 1 determines whether to apply the
crossover operation, while the external crossover rate ¢ determines whether ECO is prioritized. For LCO,
we demonstrate the prompt templates we used for each problem type in Prompt Template [7} [§] and [0] For
Line 29-41, the mutation rate x determines whether to apply the mutation operation, while the external
mutation rate p determines whether EMO is prioritized. For LM O, we demonstrate the prompt templates
we used for each problem type in Prompt Template and For Line 42-45, population, fitness,
errors, and EP are updated, and the evolution advances into the next generation.

In addition, in practice, to prevent unnecessary additional overhead, especially when best__ fitenss attains
its optima, we also introduce a fitness threshold. During both initialization and the end of each generation,
we check whether best_ fitness meets or exceeds the fitness threshold. The best_ solution is returned earlier
if it meets the threshold. For every type of problem, the fitness threshold is set to 100.

5 Main Experiment

5.1 Baselines

We adapted two baselines, i.e., Direct Prompting (DP) and Best-of-N Direct Prompting (BoN), for compar-
ative evaluation. We elaborate on the details and necessity of the two baselines as follows. A discussion of
why comparisons with other LLM-driven genetic algorithms or metaheuristic algorithms are not included is
provided in Section [7}

For DP, an LLM is invoked once and prompted to generate a solution directly in a zero-shot manner, in which
it is required to think and reason in any way it deems appropriate before producing the final answer. We
designed the prompt templates for each problem type and demonstrated them in Prompt Template [I3] [14]

and [15

Since Lyria may sample an LLM up to L times for a single problem, a naive comparison against DP could favor
Lyria merely by virtue of increased samplingﬂ To ensure a fair comparison, we adopt the BoN approach. For
each problem, BoN draws N = L independent responses from the LLM using the identical prompt template
employed by DP and preserves the one with the best metrics as the answer. Additionally, same as Lyria, a
deduplicator is introduced to remove redundant answers. This approach equalizes the number of sampling
and ensures any observed performance improvements are attributable to the innovations of Lyria.

2In Algorithm [1] "||" means concatenating two arrays.
3The calculation of L is demonstrated in Appendix

11
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Algorithm 1 Pseudo Code of Lyria

1: procedure LYRIA(P,ny, ng, ke, €, p,7,1,&, K, 1, FE,ED, LCO, ECO,LMO, EMO, lim)
2 population, fitness, best__fitness, best__solution, errors, EP, 7" + [],[], =00, 0,[], 0,0
3 while |population| < n, do > Initialization
4: prompt < DPPROMPT(P)
5: candidate < llm(prompt)
6 if child € population and 7" < 7 then 7' < 7/ + 1; Continue else 7" < 0 > Deduplicator
7 population, fitness < population || [candidate], fitness || [FE(candidate)]
8 errors < errors || [ED(candidate, €)]
9: if fitness[—1] > best_ fitness then
10: best__solution, best__fitness < candidate, fitness[—1]
11: end if
12: end while
13: for n;, < 1 to n, do > Start Evolution
14: population, fitness, errors <— Replacing |n, - p| candidates with EP > EP Replay
15: selected < SELECT(population, fitness, k., |population| — k) > Selection Phase
16: Update fitness, errors to align with selected
17: of fspring, os__fitness, os_errors, v < [],[],[], 0
18: while |of fspring| < n, do > Crossover Phase
19: 1, Ca, 81, S2, €1, €3 < RANDOMCHOICE(selected, fitness, errors)
20: if RD() < n then > Apply ECO or LCO , and RD() means z "% 140, 1]
21: child < ECO(P,c1,ca,e1,€2) if RD() < € else LCO(P, ¢y, ¢2, 81, S2, €1, €2, llm)
22: else
23: child < RANDOMCHOICE([¢q, ¢2])
24: end if
25: if child € of fspring and 7 < 7 then 7’ < 7/ + 1; Continue else 7 + 0
26: of fspring, os__fitness < of fspring || [child], 0os__fitness || [F E(child))
27: os_errors < os_errors || [ED(child, )]
28: end while
29: mutated, mt__fitness, mt__errors, v < [],[],[],0
30: while |mutated| < n, do > Mutation Phase
31: i+ |mutated|
32: ¢, e, 8 < of fspring[i], errors[i], fitness|i]
33: if RD() < k then > Apply EMO or LMO
34: child < EMO(P,c,e) if RD() < p else LMO(P, ¢, s, e, llm)
35: else
36: child < ¢
37: end if
38: if child € mutated and 7/ < 7 then 7’ + 7’ 4+ 1; Continue else 7/ < 0
39: mutated, mt__fitness + mutated || [child], mt__fitness || [FE(child)]
40: mi_errors < mt_errors || [ED(child, €)]
41: end while
42: population, fitness < mutated, mt__fitness > Update Population
43: errors < mt_ errors
44: EP + EP U {(c,s,€) | ¢ € population, s € fitness,e € errors}
45: Update best__solution and best__fitness
46: end for
47: return best__solution

48: end procedure

12
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Model Method ‘ SKCR SKPS ‘ GCCR GCPS ‘ TSPCR TSPPS
DP 0 39 0 73 0 79
GPT-40-Mini BoN 6 16 73 134 0 86 113 4 14 94 115
Lyria 8 18 12 73 134 — 0 97 124 111 | 6 16 12 96 117 12
DP 0 31 0 74 0 81
Qwen2.5:32B-Instruct BoN 8 18 76 145 0 87 113 8 18 97 116
Lyria 32132124 87156111 | 0 96 122 19 | 30130122 99 118 12
DP 0 0 0 0 0 60
Mistral:7B-Instruct BoN 0 515 0 84 184 0 80 120
Lyria 0 12 11217 | O 92 192 18 | 0 89 129 19
DP 0 26 0 73 0 34
Qwen2.5:7B-Instruct BoN 0 55 129 0 84 111 0 88 154
Lyria 0 61 135 16 | O 95 122111 | 4 14 14 95 161 17

Table 1: The results of Correctness and Penalized Score for SK, GC, TSP. For each LLM, across the three
methods, the best correctness and penalized score are highlighted with a bold font. Blue arrows 1| indicate
performance differences relative to the DP baseline, while red arrows 1] denote differences relative to the
BoN baseline.

5.2 Experiment Settings

For a comprehensive evaluation, we selected 4 LLMs: GPT-4o0-Mini, Qwen2.5:32B-Instruct, Qwen2.5:7B-
Instruct, and Mistral:7B-Instruct.

For DP, we set the temperature to 0 for greedy decoding and the maximum generated tokens to 4096.

For BoN, we set the temperature at 0.7 to enable diverse generated answers, the mazimum generated tokens at
4096, the sampling times N at 345 to align the number of queries with Lyria, and the mazimum deduplication
attempts at 3.

For Lyria, we switch on the Oracle-based FE. We set the temperature of LLM at 0.7, the mazimum generated
tokens at 4096, the population size at 30, the generations at 15, the mazimum detected errors at 3, the
mazimum deduplication attempts at 3, the replay rate at 0.6, the crossover rate at 0.7, the external crossover
rate at 0.3, the mutation rate at 0.3, and the external mutation rate at 0.3.

5.3 Results & Analysis

As shown in Table [1} LLMs struggle across problems in DPﬁ While BoN greatly improves the performance
across the problems, Lyria demonstrates its ability to further consistently contribute significant improvement
across various LLMs and problems. For example, Lyria improves GCpg for GPT-4o-Mini by 24% over
DP and 11% over BoN, while enhancing SKcr by 32% and 24% and also SKps by 56% and 11%, for
Qwen2.5:32B-Instruct, compared to DP and BoN, respectively. In addition, for relatively small LLMs like
Quwen2.5:7B-Instruct, Lyria also shows its efficacy, by 22% and 11% GCpg increases, and 61% and 7%
TSP pg improved, compared to DP and BoN, respectively.

Furthermore, across all LLMs, for SK, Lyria shows an average 10% and 7% increases on SK¢opr with 34%
and 6% increases on SK pg, compared to DP and BoN. For GC, Lyria shows 40% and 10% improvement on
GCpg. For TSP, Lyria shows 10% and 7% increases on TSPcr with 32% and 5% improvement on TSPpg.
Therefore, across all LLMs and problems, Lyria demonstrates 7% and 5% increases on the correctness and
35% and 7% improvements on the penalized score, compared to DP and BoN, respectively, demonstrating
the consistent performance contribution offered by Lyria.

4Results of all metrics for each problem type are shown in Appendix
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Lyria vs BoN

Average of the Mean Penalized Score

4

0 1 2 3 4 5
Index of (Population Size, Generations) for Lyria and N for BoN

Figure 2: The figure shows the performance comparison between Lyria and BoN, in which the x-axis indexes
each parameter set, e.g., index 0 means the pair of (n, =5, ny = 5) for Lyria and N = 23 for BoN, and the
y-axis shows the corresponding score averaging across SKpg, GCpg, and TSP pg.

6 Ablation Experiments

To further investigate the impact of various factors that influence the performance of Lyria, we conducted
7 additional experiments. To avoid prohibitive costs, we selected Qwen2.5:7B-Instruct and limited the
number of problems to 10. Unless otherwise specified, we adhere to the same parameter settings as in the
main experiment and refer their performance to the penalized score metric.

6.1 Scaling Population Size and Generations

This experiment investigates the impact of scaling population size n, and generations ng on the performance
of Lyria. We executed 6 experiment settings, each pairing a n, and n4: (5,5), (10,10), (20,20), (30, 30),
(40,40) and (50,50). For each setting, we applied the BoN baseline for comparison, with the corresponding
values of N equal to 23, 80, 300, 660, 1160, and 1800. As demonstrated in Figure averaged across
problems, while BoN exhibits diminishing marginal gains as parameters scaled, Lyria demonstrated consistent
improvements and increasingly larger performance gaps compared to BoN. We attribute the limitations of
BoN to LLMs getting trapped in local optima without effective capacities to extricate themselves from it,
resulting in even sampling an arbitrarily large number of answers yet still failing to yield further performance
improvements. However, Lyria inherently possesses the capacity to escape local optima, driving substantial
performance improvements while increasing n, and n,.

In addition, to disentangle the individual contribution of n, and ng, we conducted 6 additional experiments
settings. We fixed the n, at 10 while varying n, at values of 10, 30, and 50, and conversely fixed n, at 10
while adjusting n,, across values of 10, 30 and 50. For the former, averaged across problems, the penalized
scores increase by 4%, while the latter one yields 7% gains. The modest 3% difference between them could
result from the limited diversity in smaller populations, causing offspring becoming homologous to their
parents, thereby suppressing evolutionary efficacy. However, given this minor gap, we cannot exclude the
possibility that it arises from stochastic variation.

14
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6.2 Oracle-Based FE VS LLM-Based FE

This experiment seeks to explore how the performance of Lyria varies when using an Oracle-based FE versus
an LLM-based FE. We compared an Oracle-based FE with two LLM-based FEs, one built on Qwen2.5:7B-
Instruct and the other on GPT-40-Mini.

We observed that, averaged across problems, the Oracle-based FE achieved a penalized score of 84, whereas
Qwen2.5:7B-Instruct and GPT-40-Mini scored only 51 and 50, respectively. The superior result of Oracle-
based FE, as expected, shows that a stronger evaluator markedly boosts the performance of Lyria. Addi-
tionally, it is also worth noting that the nearly identical scores of GPT-4o-Mini and Qwen2.5:7B-Instruct
indicate no significant difference in their evaluative capacity, although GPT-/o-Mini demonstrates a consis-
tent better problem solving ability than Qwen2.5:7B-instruct as shown in Table[I} We expect the future work
to seek to improve the ability of LLMs as evaluator and approach it to oracle level. Thus, the Oracle-based
FE in Lyria can be fully replaced by LLMs, which is advantageous when an Oracle-based FE is unavailable
or difficult to secure.

6.3 Impact of ED, EP, DD

This experiment aims to investigate the impact of the Error Detector, Experience Pool, and Deduplicator
on Lyria.

For ED, we vary the mazimum detected errors e at values of 0, 3, 6, and 9. For TSP, we do not observe
a significant impact when increasing e. In contrast, for SK, as € rises, the SKpg also increased, yielding
4% gains. For GC, increasing e produced a significant 7% improvements. We attribute the performance
differences across problems to the varying efficacy of their dedicated design of ECO and EMO.

For EP, we vary the replay rate p at values of 0, 0.3, and 0.6. We observed that varying p did not produce
significant changes in GCpg and TSPpg. However, for SK, while setting p to 0 and 0.6 yielded scores of
59 and 62, setting p = 0.3 produces a score of 73, bringing up a significant improvement of 14% and 11%
compared to the scores when p = 0 and p = 0.6. We attribute this discrepancy to the trade-offs of p. When
p is too low or EP is dropped, since the population of each generation evolves solely by referring to its
immediate predecessors, the lack of retained historical best solutions may bias the evolutionary direction.
Conversely, when p is too high, overreliance on historical best solutions which may themselves be local
optima, can homogenize the evolved population and lead to premature convergence on suboptimal solutions.

For DD, we vary the mazimum deduplication attempts T at the values of 0, 3, and 6. Averaged across
problems, increasing 7 does not bring up a significant improvement, which, nevertheless, is as expected and
does not mean that the deduplicator is dispensable. Since the solution spaces of all the given problems
are considerably immense, and when the population size remains much smaller than the solution space, it
results in a low incidence of duplicate individuals, DD therefore may not be invoked. Thus, when encountering
problems with comparatively smaller solution spaces, DD could effectively eliminate duplicates and thereby
enhance population diversity.

6.4 Impact of ECO and EMO

This experiment aims to investigate the impact of External Crossover Operator and External Mutation
Operator on Lyria. Given the close interdependence between these two operators, rather than evaluating
their efficacy in isolation, we simultaneously vary both the external crossover rate £ and the external mutation
rate u to investigate the efficacy of them. Thus, we construct 3 experiment settings, each pairing a £ and pu:
(0,0), (0.3,0.3), and (0.6, 0.6).

For GC, raising £ and p induces a 6% performance gain by improving GCpg from 91 to 97. However, for
TSP, we did not observe a significant performance gain after increasing the rates. Furthermore, for SK, we
observed a 6% performance drop after raising rates. The disparity of the results illustrates that the quality of
ECO and EMO designs tailored to specific problems can markedly influence performance. High-quality ECO
and EMO enable Lyria to evolve populations more effectively, leading to better performance. We consider
that a high-quality ECO and EMO may contain, but are not limited to, extra or superior heuristics beyond

15



Under review as submission to TMLR

what an LLM alone can provide, structural or precise constraints, or expert domain knowledge. Conversely,
poor designed of them may trigger performance declines. We consider that inferior operators can synthesize
solutions worse than their predecessors, especially when they are frequently used in the case that £ and p are
elevated, which can introduce low-quality individuals into each generation, thereby degrading performance.
Therefore, a meticulous and superior design of ECO and EMO is essential for Lyria.

7 Limitations & Future Directions

Although our evaluation of Lyria focuses on SK, GC, and TSP problems, the framework is not restricted to
these domains. We believe Lyria can be applied in a broader range of domains, especially for those problems
characterized by multi-objective or discrete optimization, precise constraints, immense solution spaces, while
also needing semantic understanding, such as planning in a dynamic environment, code synthesis, music
generation, and other real-world applications. We encourage and expect the integration of Lyria into these
domains in future works.

Furthermore, to our best knowledge, while several recent works began to explore approaches that integrate
LLM with genetic algorithm, as mentioned in Section 2] these efforts have largely been confined to enhancing
performance within a specific domain. Therefore, they fall short of offering a general framework and also a
comprehensive investigation into what factors may affect and govern its effectiveness. Hence, they lack direct
comparability with this work. In addition to LLM-driven genetic algorithm, research on hybrid frameworks
that integrate LLMs with other metaheuristic algorithms remains scarce, such as combination of LLMs
with particle swarm optimization or ant colony optimization. Since different metaheuristic algorithms may
offer distinct advantages across various domains and problem types, further investigation along this line
could yield deeper insights into the comparative benefits of integrating LLMs with different metaheuristic
algorithms. However, since works that explore other LLM-driven metaheuristic frameworks in a manner
similar to our approach are still lacking, we are therefore unable to make a comparison. Therefore, as no
directly comparable framework currently exists, this paper concentrates more on the internal analysis to
ensure that the observed performance improvements arise from the virtue of the framework itself rather than
from other factors, e.g., increasing samplings, and also examining the contribution and necessity of each
component.

In addition, in Section [6.2] we observed a large performance gap between the Oracle-based FE and the
LLM-based FE. Since we do not expect, in practice, an Oracle-based FE is always available, we believe
replacing the Oracle-based FE with an LLM-based FE can greatly increase the applicability and convenience
of Lyria in real-world applications. Thereby, we expect future work to improve the LLM-based FE to
approach the Oracle-based FE.

Currently, both ECO and EMO are manually designed, and as we have observed in Section [6.4] their design
could significantly contribute to the performance. For different problems or domains, to achieve effective
ECOs and EMOs always requires dedicated experts to carefully craft them, often involving multiple rounds
of testing and iteration. Thus, it is necessary to develop an approach that can automatically design ECOs
and EMOs, thereby eliminating the burden of manual design. Such an approach would not only facilitate
the rapid application and generalization of this framework across diverse domains and problems, but could
also enable LLM-based agents to autonomously design ECOs and EMOs when facing different environments
and tasks, and thus leverage Lyria to substantially enhance their capabilities.

Finally, while Lyria exerts significant performance improvements, especially when the population size and
generations are increased, it necessarily induces more LLM queries, leading to longer response time and
higher costs. Thereby, reducing this overhead is an important goal for subsequent work.

8 Conclusion

In this work, we introduced Lyria, a general LLM-driven genetic algorithm framework, which integrates
the semantic understanding and reasoning abilities of LLMs with the global and systematic search capac-
ity of genetic algorithms, comprising 7 essential components, to solve complex problems characterized by
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multi-objective optimization, precise constraint satisfaction, immense solution spaces, domain-specific prior
knowledge, etc. We conducted extensive experiments with 4 LLMs across 3 types of problems, consisting of
2 types of NP-hard problem and 1 type of NP-complete problem, to show the superior ability of Lyria, and
also conducted 7 additional ablation experiments to demonstrate how various factors affect its performance.
Furthermore, we also reveal its limitations and offer perspectives on future direction. We hope this work
offers valuable insights into the integration of LLMs with genetic algorithms and sparks further exploration
in this field.
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A L Calculation of Lyria

Lyria could sample an LLM up to L times for a single problem. Let n, be the population size, n, be the
generations, n be the crossover rate, £ be the external crossover rate, x be the mutation rate, and u be the
external mutation rate. The sample times L are given as:

L:np+(np'n'(l_g)""np"{'(l_/"))'ng

Thus, for example, given n, = 30,n, = 15,7 = 0.7, = 0.3,k = 0.3, 4 = 0.3, we have L =30+ (30-0.7- (1 —
0.3)+30-0.3-(1—-0.3))-15 = 345.

B Additional Results

We demonstrate the results of all metrics for each problem type in Table and [4

Model Method SKcr SKse SKpgs
DP 0 43 39
GPT-40-Mini BoN 6 74 73
Lyria 8 74 73
DP 0 35 31
Qwen2.5:32B-Instruct BoN 8 7 76
Lyria 32 87 87
DP 0 1 0
Mistral:7B-Instruct BoN 0 11 5
Lyria 0 16 12
DP 0 32 26
Qwen2.5:7B-Instruct BoN 0 57 55
Lyria 0 62 61

Table 2: The results of all metrics for SK.

Model Method GCcr GCsc GCpgs GCer
DP 0 73 73 27
GPT-40-Mini BoN 0 86 86 14
Lyria 0 97 97 4
DP 0 74 74 26
Qwen2.5:32B-Instruct BoN 0 87 87 13
Lyria 0 96 96 4
DP 0 100 0 0
Mistral:7B-Instruct BoN 0 86 84 15
Lyria 0 93 92 7
DP 0 73 73 27
Qwen2.5:7B-Instruct BoN 0 84 84 16
Lyria 0 95 95 5

Table 3: The results of all metrics for GC.
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Model Method TSPCR TSPPS TSPED]V[ TSPMC
DP 0 79 0.64 0
GPT-40-Mini BoN 4 94 0.18 0
Lyria 6 96 0.13 0
DP 0 81 0.58 0
Qwen2.5:32B-Instruct BoN 8 97 0.09 0
Lyria 30 99 0.04 0
DP 0 60 1.20 2
Mistral:7B-Instruct BoN 0 80 0.61 0
Lyria 0 89 0.31 0
DP 0 34 1.97 5
Qwen2.5:7B-Instruct BoN 0 88 0.36 0
Lyria 4 95 0.15 0

Table 4: The results of all metrics for TSP.

C Prompts

Prompt Template 1: Sudoku LLM-Based Error Detector

===Instructions===

1. You are a Sudoku expert who can find the errors in a sudoku candidate solution;

2. Given this Sudoku puzzle and its candidate solution, you should find the errors in the candidate
solution;

3. The correctness of the solution depends on:

(1) Correct Syntax: it has a correct format, meaning each row, column, and

{subgrid_ size}x{subgrid_ size} square exactly contain {puzzle grid_size} number, and each cell is
separated by space. The solution format must be in the same format as the given puzzle but there is
no unfilled dot;

(2) Correct Semantics: for each row, column, and {subgrid_size}x{subgrid_size} square, the
numbers 1 to {puzzle grid_size} should appear exactly once;

4. If the syntax is incorrect, the errors should be "Syntax is wrong" (Noted as Type 1 Error Msg);
5. If the syntax is correct, the errors should be the positions of the wrong numbers in the candidate
solution with its conflict type, "row", "col", or "subgrid" (Noted as Type 2 Error Msg);

6. You should find all the errors in the candidate solution;

7. If there are no errors, the errors should be "No errors" (Noted as Type 3 Error Msg);

8. You can think it thoroughly in any way you want, but You MUST give the errors in the end of
your thinking in the format as:

(1) For Type 1 Error Msg: "Syntax is wrong" wrapped in triple backticks as a code block;

(2) For Type 2 Error Msg:

a. Each error is in the format as "i,j,type", where i is the row number and j is the column number
starting from 0 and type is the conflict type, "row", "col", or "subgrid";

b. Each error is separated by a newline;

c. All errors should be wrapped in triple backticks as a code block;

(3) For Type 3 Error Msg: "No errors" wrapped in triple backticks as a code block;

(4) You can give comments or explanations before or after the code block but you MUST NOT give
any comments or explanations in the code block;

===Type 1 Error Example===

Syntax is wrong
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===Type 2 Error Example===
0,0,row

1,0,subgrid

2,1,col

===Type 3 Error Example===

No errors

===Sudoku Puzzle===

{puzzle}

===Candidate Solution===

{candidate}

Prompt Template 2: Graph Coloring LLLM-Based Error Detector

===Instructions===

1. You are a Graph Coloring expert who can find the errors in a graph coloring candidate solution;
2. Given this Graph Coloring puzzle:

(1) The graph is represented by the adjacency matrix with {n_ vertices} vertices, in which "y"
means the two vertices are adjacent and "n" means the two vertices are not adjacent;

(2) The goal is to color the vertices with {color_count} colors such that no two adjacent vertices
have the same color;

3. Given its candidate solution, you should find all the errors in the candidate solution;

4. The correctness of the solution depends on:

(1) Correct Syntax: the solution should be a list of {n_ vertices} integers separated by comma such
as "0,1,2", each integer represents the color of the corresponding vertex, and the colors should be
integers from 0 to {color_count - 1};

(2) Correct Semantics: for each pair of adjacent vertices, the colors of the two vertices should be
different;

4. If the syntax is incorrect, the errors should be "Syntax is wrong" (Noted as Type 1 Error Msg);
5. If the syntax is correct, the errors messages should be in two types:

(1) Type 2.1 Error Msg: the error msg are in the format as "i,j,color", where i is the vertex number,
j is the vertex number, and color is the conflict color, and all of them are integers and separated by
comma;

(2) Type 2.2 Error Msg: the error msg are in a number which indicates the number of exceeded
colors, such as "0" means no exceeded colors, "1" means one exceeded color, "-1" means the colors
used are less than the allowed color count, and so on;

6. You should find all the errors in the candidate solution;

7. If there are no errors, the errors should be "No errors" (Noted as Type 3 Error Msg);

8. You can think it thoroughly in any way you want, but You MUST give the errors in the end of
your thinking in the format as:

(1) For Type 1 Error Msg: "Syntax is wrong" wrapped in triple backticks as a code block with the
language indicator as "t1";

(2) For Type 2.1 Error Msg:

a. Each error is in the format as "i,j,color", where i is the vertex number, j is the vertex number, and
color is the conflict color, and all of them are integers and separated by comma;
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b. Each error is separated by a newline;

c. All errors should be wrapped in triple backticks as a code block with the language indicator as
"t2.1";

(3) For Type 2.2 Error Msg: the number of exceeded colors wrapped in triple backticks as a code
block with the language indicator as "t2.2";

(3) For Type 3 Error Msg: "No errors' wrapped in triple backticks as a code block with the
language indicator as "t3";

(4) You can give comments or explanations before or after the code block but you MUST NOT give
any comments or explanations in the code block;

===Type 1 Error Msg Example===

Tl

Syntax is wrong

===Type 2.1 Error Msg Example===

TTUt2.1

0,1,2

1,2,0

we

===Type 2.2 Error Msg Example===

TTT82.2

1

===Type 3 Error Msg Example===
T3

No errors

===Graph Adjacency Matrix===

{adjacency_ matrix}

===Candidate Solution===

{candidate}

Prompt Template 3: Travel Salesman Problem Error Detector

===Instructions===

1. You are a Travel Salesman Problem expert who can find all the errors in a TSP candidate
solution;

2. Given this Traveling Salesman Problem puzzle:

(1) The distance matrix is a 2D matrix with {n_ cities} rows and {n_ cities} columns, in which each
element represents the distance of traveling from the city in the row to the city in the column;

(2) The goal is to find the shortest path that visits each city exactly once and returns to the origin
city;

3. Given its candidate solution, you should find all the errors in the candidate solution;

4. The correctness of the solution depends on:

(1) Correct Syntax:

a. the solution should be a list of {n_ cities} integers separated by comma such as "0,1,2", each
integer represents the index of the city in the path, and the indexes should be integers from 0 to
{n_ cities - 1};

b. the first and last city should be the same and should be 0, which means the path should return to
the origin city which is 0;
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c. the index of city should be in the range from 0 to {n_ cities - 1};

(2) Correct Semantics:

a. No missing city: the path should visit each city exactly once and return to the origin city;

b. Optimal path: the path should be the shortest path;

5. If the syntax is incorrect, the errors should be "Syntax is wrong' (Noted as Type 1 Error Msg);
6. If the syntax is correct, the errors messages should be in two types:

(1) Type 2.1 Error Msg: the error msg are in the format of list separated by comma, where each
element is a missing city in the path, such as "0,1,2", where 0, 1, 2 are the missing cities, and all of
them are integers and separated by comma,;

(2) Type 2.2 Error Msg: the error msg are in a number which indicates the exceeded distance, such
as "0" means the distance is the optimal distance, "10.5" means the distance exceeds the optimal
distance by 10.5, and it should be a float;

6. You should find all the errors in the candidate solution;

7. If there are no errors, the errors should be "No errors" (Noted as Type 3 Error Msg);

8. You can think it thoroughly in any way you want, but You MUST give the errors in the end of
your thinking in the format as:

(1) For Type 1 Error Msg: "Syntax is wrong" wrapped in triple backticks as a code block with the
language indicator as "t1";

(2) For Type 2.1 Error Msg:

a. the error msg are in the format of list separated by comma, where each element is a missing city
in the path, such as "0,1,2", where 0, 1, 2 are the missing cities, and all of them are integers and
separated by comma;

c. the error should be wrapped in triple backticks as a code block with the language indicator as
"t2.1";

(3) For Type 2.2 Error Msg: the exceeded distance wrapped in triple backticks as a code block with
the language indicator as "t2.2";

(3) For Type 3 Error Msg: "No errors" wrapped in triple backticks as a code block with the
language indicator as "t3";

(4) You can give comments or explanations before or after the code block but you MUST NOT give
any comments or explanations in the code block;

===Type 1 Error Msg Example===

Tl

Syntax is wrong

===Type 2.1 Error Msg Example===

T2

0,1,2

===Type 2.2 Error Msg Example===
TTUt2.2

10.5

===Type 3 Error Example===

T3

No errors

—===Distance Matrix===

{distance matrix}

===Candidate Solution===
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{candidate}

Prompt Template 4: Sudoku LLM-based Fitness Evaluator

===Instructions===

1. You are a Sudoku expert who can evaluate whether a sudoku candidate solution is correct or not,
or how close it is to the correct solution;

2. Given this Sudoku puzzle and its candidate solution, you should evaluate its score. The score is
to measure how close the candidate is to the solution;

3. The correctness of the solution depends on:

(1) Correct Syntax: it has a correct format, meaning each row, column, and

{subgrid_ size}x{subgrid_ size} square exactly contain {puzzle grid_ size} number, and each cell is
separated by space. The solution format must be in the same format as the given puzzle but there is
no unfilled dot;

(2) Correct Semantics: for each row, column, and {subgrid_ size}x{subgrid_ size} square, the
numbers 1 to {puzzle_grid_size} should appear exactly once;

4. If the syntax is incorrect, the fitness score should be 0.0;

5. If the syntax is correct, the score is calculated based on the number of correct numbers in rows,
columuns, and subgrids, and shown in percentage. R = number of correct rows / {puzzle grid_size}
+ {delta}, C = number of correct columns / {puzzle grid size} + {delta}, and S = number of
correct subgrids / {puzzle_grid_size} + {delta}. The fitness score is calculated based on geometric
mean as (R x Cx S) ** (1/3) * 100.0, in which higher is better and 0.0 means the candidate is
wrong at all while 100.0 means the candidate is correct;

6. In most of time, you should NOT give a score of 0.0 unless <4> are satisfied; You should give a
score between 0.0 and 100.0 to indicate how close the candidate is to the correct solution;

7. Think it carefully and do NOT randomly guess the score;

8. You can think it thoroughly in any way you want, but You MUST give the score as a float
number in the end of your thinking.

===Sudoku Puzzle===

{puzzle}

===Candidate Solution===

{candidate}

Prompt Template 5: Graph Coloring LLM-based Fitness Evaluator

===Instructions===

1. You are a Graph Coloring expert who can evaluate whether a graph coloring candidate solution is
correct or not, or how close it is to the correct solution;

2. Given this Graph Coloring puzzle:

(1) The graph is represented by the adjacency matrix with {n_ vertices} vertices, in which "y"
means the two vertices are adjacent and "n" means the two vertices are not adjacent;

(2) The goal is to color the vertices with {color_count} colors such that no two adjacent vertices
have the same color;

3. Given its candidate solution, you should evaluate its score. The score is to measure how close the
candidate is to the solution;

4. The correctness of the solution depends on:
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(1) Correct Syntax: the solution should be a list of {n_ vertices} integers separated by comma such
as "0,1,2", each integer represents the color of the corresponding vertex, and the colors should be
integers from 0 to {color_count - 1};

(2) Correct Semantics: for each pair of adjacent vertices, the colors of the two vertices should be
different;

4. If the syntax is incorrect, the fitness score should be 0.0;

5. If the syntax is correct, the score is calculated based on:

(1) Number of Conflicted Edges (noted as CE): the number of edges that two adjacent vertices have
the same color;

(2) Number of Exceeded Colors (noted as EC): the number of colors exceeded the allowed color
count;

(3) The score is now calculated as: Max(0, (1 - (CE/{n_edges})) * (1 - EC/({n_ vertices -
color__count}))) * 100, which means the score does not only depend on the number of conflicted
edges but also the number of exceeded colors and ranges from 0.0 to 100.0;

6. In most of time, you should NOT give a score of 0.0 unless your are very sure; You should give a
score between 0.0 and 100.0 to indicate how close the candidate is to the correct solution;

7. Think it carefully and do NOT randomly guess the score;

8. You can think it thoroughly in any way you want, but You MUST give the score as a float
number in the end of your thinking.

===Graph Adjacency Matrix===

adjacency matrix_ str

===Candidate Solution===

{candidate}

Prompt Template 6: Travel Salesman Problem LLM-based Fitness Evaluator

===Instructions===

1. You are a Travel Salesman Problem expert who can evaluate whether a TSP candidate solution is
correct or not, or how close it is to the correct solution;

2. Given this Traveling Salesman Problem puzzle:

(1) The distance matrix is a 2D matrix with {n_ cities} rows and {n_ cities} columns, in which each
element represents the distance of traveling from the city in the row to the city in the column;

(2) The goal is to find the shortest path that visits each city exactly once and returns to the origin
city;

3. Given its candidate solution, you should evaluate its score. The score is to measure how close the
candidate is to the solution;

4. The correctness of the solution depends on:

(1) Correct Syntax:

a. the solution should be a list of {n_ cities} integers separated by comma such as "0,1,2", each
integer represents the index of the city in the path, and the indexes should be integers from 0 to

{n_ cities - 1};

b. the first and last city should be the same and should be 0, which means the path should return to
the origin city which is 0;

c. the index of city should be in the range from 0 to {n_ cities - 1};

(2) Correct Semantics:

a. No missing city: the path should visit each city exactly once and return to the origin city;

b. Optimal path: the path should be the shortest path;

4. If the syntax is incorrect, the fitness score should be 0.0;
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5. If the syntax is correct, the score is calculated based on:

(1) Number of Missing Cities (noted as MC): the number of missing cities in the path;

(2) Used Distance (noted as UD): the total distance of the path;

(3) The score is computed as follows (in range of [0...100]):

1) Let base_score = 100;

2) Let OD = the sum of the shortest distances of the path; (You should try to the best to think
about its optimal distance)

3) Let ED = UD - OD;

4) Let ED_ Multiplier = ED / OD; (calculate how much the distance exceeds the optimal distance,
it MUST be in range of [0...{DEFAULT EDM}])

5) distance excess ratio = ED_Multiplier / {DEFAULT EDM}; (in range of [0...1])

6) distance_ correctness = base_ score - (base_score * distance_excess_ratio); (in range of [0...100])
7) missing_ratio = MC / (the length of the path - 1); (in range of [0...1])

8) missing_correctness = base_score - (base_score * missing ratio); (in range of [0...100])

9) The final score is min(distance__correctness, missing correctness), then clamped so it never goes
below 0 or above 100.

6. In most of time, you should NOT give a score of 0.0 unless your are very sure; You should give a
score between 0.0 and 100.0 to indicate how close the candidate is to the correct solution;

7. Think it carefully and do NOT randomly guess the score;

8. You can think it thoroughly in any way you want, but You MUST give the score as a float
number in the end of your thinking.

===Distance Matrix===

{distance matrix}

===Candidate Solution===

{candidate}

Prompt Template 7: Sudoku LCO

===Instructions===

1. Given this Sudoku puzzle and these two Sudoku candidate solutions, you should thoroughly think
both good and bad parts of each candidate and whether they are correct solutions to the puzzle;

2. If you think one of them are already correct, you can give the correct solution directly;

3. If you think the two candidates have good parts or bad parts, you can combine the good parts of
both candidates, exclude the bad parts of both candidates, or do both of them simultaneously,
aiming at creating a new candidate solution which can be better than the original candidates and
approach more to the correct solution;

4. If you think it is not necessary to combine the two candidates, you can also give a new candidate
solution which is totally different from the original candidates, aiming at approaching more to the
correct solution;

5. After crossover, the solution should approach or become correct, which means:

(1) Correct Syntax: it has a correct format, meaning each row, column, and

{subgrid_ size}x{subgrid_ size} square exactly contain {puzzle_grid_size} number, and each cell is
separated by space. The solution format must be in the same format as the given puzzle but there is
no unfilled dot;

(2) Correct Semantics: for each row, column, and {subgrid_ size }x{subgrid_size} square, the
numbers 1 to {puzzle grid_size} should appear exactly once;

6. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";
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7. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

8. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in the same format as the puzzle wrapped in triple backticks as a code block;

9. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Sudoku Puzzle===

{puzzle}

===Candidate Solution 1===

{c1}

Score of Candidate Solution 1: {s1} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution 1:

{c1__error}

===Candidate Solution 2===

{c2}

Score of Candidate Solution 2: {s2} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution 2:

{c2_error}

Now, keep the scores and errors in mind and think about how to combine the two candidates to
create a new candidate solution that is better than the original candidates.

You can think in any way but you must finally give a candidate solution wrapped in triple backticks
as a code block in the same format as the puzzle:

Prompt Template 8: Graph Coloring LCO

===Instructions===

1. Given this Graph Coloring puzzle:

(1) The graph is represented by the adjacency matrix with {n_ vertices} vertices, in which "y"
means the two vertices are adjacent and "n" means the two vertices are not adjacent;

(2) The goal is to color the vertices with {color count} colors such that no two adjacent vertices
have the same color;

2. Given these two candidate solutions, you should thoroughly think both good and bad parts of
each candidate and whether they are correct solutions to the puzzle;

3. If you think one of them are already correct, you can give the correct solution directly;

4. If you think the two candidates have good parts or bad parts, you can combine the good parts of
both candidates, exclude the bad parts of both candidates, or do both of them simultaneously,
aiming at creating a new candidate solution which can be better than the original candidates and
approach more to the correct solution;

5. If you think it is not necessary to combine the two candidates, you can also give a new candidate
solution which is totally different from the original candidates, aiming at approaching more to the
correct solution;

6. After crossover, the solution should approach or become correct, which means:
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(1) Correct Syntax: the solution should be a list of {n_ vertices} integers separated by comma such
as "0,1,2", each integer represents the color of the corresponding vertex, and the colors should be
integers from 0 to {color_count - 1};

(2) Correct Semantics: for each pair of adjacent vertices, the colors of the two vertices should be
different;

7. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

8. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

9. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in a list of integers separated by comma wrapped in triple backticks as a code
block;

10. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Graph Adjacency Matrix===

{adjacency_matrix}

===Candidate Solution 1===

{c1}

Score of Candidate Solution 1: {s1} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution 1:

{cl_error}

===Candidate Solution 2===

{c2}

Score of Candidate Solution 2: {s2} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution 2:

{c2_error}

Now, keep the scores and errors in mind and think about how to combine the two candidates to
create a new candidate solution that is better than the original candidates.

You can think in any way but you must finally give a candidate solution as a list of integers
separated by comma wrapped in triple backticks as a code block:

Prompt Template 9: Travel Salesman Problem LCO

===Instructions===

1. Given this Traveling Salesman Problem puzzle:

(1) The distance matrix is a 2D matrix with {n_ cities} rows and {n_ cities} columns, in which each
element represents the distance of traveling from the city in the row to the city in the column;

(2) The goal is to find the shortest path that visits each city exactly once and returns to the origin
city;

2. Given these two candidate solutions, you should thoroughly think both good and bad parts of
each candidate and whether they are correct solutions to the puzzle;

3. If you think one of them are already correct, you can give the correct solution directly;
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4. If you think the two candidates have good parts or bad parts, you can combine the good parts of
both candidates, exclude the bad parts of both candidates, or do both of them simultaneously,
aiming at creating a new candidate solution which can be better than the original candidates and
approach more to the correct solution;

5. If you think it is not necessary to combine the two candidates, you can also give a new candidate
solution which is totally different from the original candidates, aiming at approaching more to the
correct solution;

6. After crossover, the solution should approach or become correct, which means:

(1) Correct Syntax:

a. the solution should be a list of {n_ cities} integers separated by comma such as "0,1,2", each
integer represents the index of the city in the path, and the indexes should be integers from 0 to
{n_cities - 1};

b. the first and last city should be the same and should be 0, which means the path should return to
the origin city which is 0;

c. the index of city should be in the range from 0 to {n_ cities - 1};

(2) Correct Semantics:

a. No missing city: the path should visit each city exactly once and return to the origin city;

b. Optimal path: the path should be the shortest path;

7. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

8. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

9. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in a list of integers separated by comma wrapped in triple backticks as a code
block;

10. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Distance Matrix===

{distance matrix}

===Candidate Solution 1===

{c1}

Score of Candidate Solution 1: {s1} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution 1:

{cl__error}

===Candidate Solution 2===

{c2}

Score of Candidate Solution 2: {s2} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution 2:

{c2_error}

Now, keep the scores and errors in mind and think about how to combine the two candidates to
create a new candidate solution that is better than the original candidates.

You can think in any way but you must finally give a candidate solution as a list of integers
separated by comma wrapped in triple backticks as a code block:
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Prompt Template 10: Sudoku LMO

===Instructions===

1. Given this Sudoku puzzle and this Sudoku candidate solution, you should thoroughly think about
the good and bad parts of the candidate and whether it is a correct solution to the puzzle;

2. If you think the candidate is already correct, you can give the correct solution directly;

3. If you think the candidate has bad parts, you can change or improve the bad parts to make it
good, aiming at creating a new candidate solution which can be better than the original candidate
and approach more to the correct solution;

4. If you think it is not necessary to change the candidate, you can also give a new candidate
solution which is totally different from the original candidate, aiming at approaching more to the
correct solution;

5. After mutation, the solution should approach or become correct, which means:

(1) Correct Syntax: it has a correct format, meaning each row, column, and
{subgrid_ size }x{subgrid_ size} square exactly contain {puzzle_grid_size} number, and each cell is
separated by space. The solution format must be in the same format as the given puzzle but there is
no unfilled dot;

(2) Correct Semantics: for each row, column, and {subgrid_size}x{subgrid_size} square, the
numbers 1 to {puzzle_grid_size} should appear exactly once;

6. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

7. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

8. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in the same format as the puzzle wrapped in triple backticks as a code block;

9. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Sudoku Puzzle===

{puzzle}

===Candidate Solution===

{candidate}

Score of Candidate Solution: {score} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution:

{error}

Now, keep the score and errors in mind and think about how to change the candidate to create a
new candidate solution that is better than the original candidate.

You can think in any way but you must finally give a candidate solution wrapped in triple backticks
as a code block in the same format as the puzzle:

Prompt Template 11: Graph Coloring LMO

===Instructions===

1. Given this Graph Coloring puzzle:

(1) The graph is represented by the adjacency matrix with {n_ vertices} vertices, in which "y"
means the two vertices are adjacent and "n" means the two vertices are not adjacent;

(2) The goal is to color the vertices with {color_count} colors such that no two adjacent vertices
have the same color;
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2. Given this candidate solution, you should thoroughly think about the good and bad parts of the
candidate and whether it is a correct solution to the puzzle;

3. If you think the candidate is already correct, you can give the correct solution directly;

4. If you think the candidate has bad parts, you can change or improve the bad parts to make it
good, aiming at creating a new candidate solution which can be better than the original candidate
and approach more to the correct solution;

5. If you think it is not necessary to change the candidate, you can also give a new candidate
solution which is totally different from the original candidate, aiming at approaching more to the
correct solution;

6. After mutation, the solution should approach or become correct, which means:

(1) Correct Syntax: the solution should be a list of {n_ vertices} integers separated by comma such
as "0,1,2", each integer represents the color of the corresponding vertex, and the colors should be
integers from 0 to {color_count - 1};

(2) Correct Semantics: for each pair of adjacent vertices, the colors of the two vertices should be
different;

7. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

8. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

9. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in a list of integers separated by comma wrapped in triple backticks as a code
block;

10. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Graph Adjacency Matrix===

{adjacency_matrix}

===Candidate Solution===

{candidate}

Score of Candidate Solution: {score} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution:

{error}

Now, keep the score and errors in mind and think about how to change the candidate to create a
new candidate solution that is better than the original candidate.

You can think in any way but you must finally give a candidate solution as a list of integers
separated by comma wrapped in triple backticks as a code block:

Prompt Template 12: Travel Salesman Problem LMO

===Instructions===

1. Given this Traveling Salesman Problem puzzle:

(1) The distance matrix is a 2D matrix with {n_ cities} rows and {n_ cities} columns, in which each
element represents the distance of traveling from the city in the row to the city in the column;

(2) The goal is to find the shortest path that visits each city exactly once and returns to the origin

city;

2. Given this candidate solution, you should thoroughly think about the good and bad parts of the

candidate and whether it is a correct solution to the puzzle;
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3. If you think the candidate is already correct, you can give the correct solution directly;

4. If you think the candidate has bad parts, you can change or improve the bad parts to make it
good, aiming at creating a new candidate solution which can be better than the original candidate
and approach more to the correct solution;

5. If you think it is not necessary to change the candidate, you can also give a new candidate
solution which is totally different from the original candidate, aiming at approaching more to the
correct solution;

6. After mutation, the solution should approach or become correct, which means:

(1) Correct Syntax:

a. the solution should be a list of {n_ cities} integers separated by comma such as "0,1,2", each
integer represents the index of the city in the path, and the indexes should be integers from 0 to
{n_cities - 1};

b. the first and last city should be the same and should be 0, which means the path should return to
the origin city which is 0;

c. the index of city should be in the range from 0 to {n_ cities - 1};

(2) Correct Semantics:

a. No missing city: the path should visit each city exactly once and return to the origin city;

b. Optimal path: the path should be the shortest path;

7. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

8. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

9. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in a list of integers separated by comma wrapped in triple backticks as a code
block;

10. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Distance Matrix===

{distance matrix}

===Candidate Solution===

{candidate}

Score of Candidate Solution: {score} (0.0 means the candidate is wrong at all while 100.0 means the
candidate is correct)

Errors of Candidate Solution:

{error}

Now, keep the score and errors in mind and think about how to change the candidate to create a
new candidate solution that is better than the original candidate.

You can think in any way but you must finally give a candidate solution as a list of integers
separated by comma wrapped in triple backticks as a code block:

Prompt Template 13: Sudoku Direct Prompting

===Instructions===

1. Given this Sudoku puzzle, you should fill in the missing numbers represented by dots;

2. The solution should be correct, which means:

(1) Correct Syntax: it has a correct format, meaning each row, column, and
{subgrid__size}x{subgrid_size} square exactly contain {puzzle_grid_size} number, and each cell is
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separated by space. The solution format must be in the same format as the given puzzle but there is
no unfilled dot;

(2) Correct Semantics: for each row, column, and {subgrid_size}x{subgrid_size} square, the
numbers 1 to {puzzle_grid_size} should appear exactly once;

3. The puzzle is guaranteed to have a unique solution;

4. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

5. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

6. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in the same format as the puzzle wrapped in triple backticks as a code block;

7. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Sudoku Puzzle===

{puzzle}

Prompt Template 14: Graph Coloring Direct Prompting

===Instructions===

1. Given this Graph Coloring puzzle:

(1) The graph is represented by the adjacency matrix with {n_ vertices} vertices, in which "y"
means the two vertices are adjacent and "n" means the two vertices are not adjacent;

(2) The goal is to color the vertices with {color_count} colors such that no two adjacent vertices
have the same color;

2. The solution should be correct, which means:

(1) Correct Syntax: the solution should be a list of {n_ vertices} integers separated by comma such
as "0,1,2") each integer represents the color of the corresponding vertex, and the colors should be
integers from 0 to {color count - 1};

(2) Correct Semantics: for each pair of adjacent vertices, the colors of the two vertices should be
different;

3. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

4. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

5. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in a list of integers separated by comma wrapped in triple backticks as a code
block;

6. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Graph Adjacency Matrix===

{adjacency_matrix}

Prompt Template 15: Travel Salesman Problem Direct Prompting

===Instructions===

1. Given this Traveling Salesman Problem puzzle:

(1) The distance matrix is a 2D matrix with {n_ cities} rows and {n_ cities} columns, in which each
element represents the distance of traveling from the city in the row to the city in the column;
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(2) The goal is to find the shortest path that visits each city exactly once and returns to the origin
city;

2. The solution should be correct, which means:

(1) Correct Syntax:

a. the solution should be a list of {n_ cities} integers separated by comma such as "0,1,2", each
integer represents the index of the city in the path, and the indexes should be integers from 0 to
{n__cities - 1};

b. the first and last city should be the same and should be 0, which means the path should return to
the origin city which is 0;

c. the index of city should be in the range from 0 to {n_ cities - 1};

(2) Correct Semantics:

a. No missing city: the path should visit each city exactly once and return to the origin city;

b. Optimal path: the path should be the shortest path;

3. You should check the syntax carefully. If the syntax is incorrect, you should give a new solution
which obey the rule "correct syntax";

4. You should check the semantics carefully. If the semantics is incorrect, you should give a new
solution which obey the rule "correct semantics";

5. You can think whatever way you want, but at the end of thinking, the final solution should be
given and written in a list of integers separated by comma wrapped in triple backticks as a code
block;

6. You can give thinking steps or explanation before or after code block but you MUST NOT give
any comments or explanations in the code block;

===Distance Matrix===

{distance_ matrix}
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