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Abstract

We study model personalization under user-level
differential privacy (DP) in the shared representa-
tion framework. In this problem, there are n users
whose data is statistically heterogeneous, and their
optimal parameters share an unknown embedding
U* € R¥*F that maps the user parameters in R?
to low-dimensional representations in R¥, where
k < d. Our goal is to privately recover the shared
embedding and the local low-dimensional repre-
sentations with small excess risk in the federated
setting. We propose a private, efficient federated
learning algorithm to learn the shared embedding
based on the FedRep algorithm in (Collins et al.,
2021). Unlike (Collins et al., 2021), our algo-
rithm satisfies differential privacy, and our results
hold for the case of noisy labels. In contrast to
prior work on private model personalization (Jain
et al., 2021), our utility guarantees hold under a
larger class of users’ distributions (sub-Gaussian
instead of Gaussian distributions). Additionally,
in natural parameter regimes, we improve the pri-
vacy error term in (Jain et al., 2021) by a factor
of O(dk). Next, we consider the binary classifica-
tion setting. We present an information-theoretic
construction to privately learn the shared embed-
ding and derive a margin-based accuracy guaran-
tee that is independent of d. Our method utilizes
the Johnson-Lindenstrauss transform to reduce
the effective dimensions of the shared embed-
ding and the users’ data. This result shows that
dimension-independent risk bounds are possible
in this setting under a margin loss.
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1 Introduction

The rapid advances in machine learning have revolution-
ized domains such as healthcare, finance, and personalized
services. However, this progress relies heavily on the avail-
ability of user data, which presents two critical challenges.
First, user data is often statistically heterogeneous, that is,
individual users have distinct data distributions. This het-
erogeneity hinders the training of a single global model that
performs well for all users. Second, the reliance on sensitive
user data raises significant privacy concerns, necessitating
robust mechanisms that offer strong privacy protections.

Model personalization has emerged as a key strategy to ad-
dress the challenge of statistical heterogeneity by adapting
models to individual users, rather than relying on a single
global model that may perform suboptimally across diverse
data distributions. A widely used framework for personal-
ization is shared representation learning, where users collab-
orate to learn a low-dimensional embedding that captures
commonalities in their tasks. This shared embedding allows
users to train their local models more efficiently, leveraging
the embedding to complement their unique data.

However, despite its effectiveness in handling heterogeneity,
model personalization introduces additional privacy con-
cerns, as learning shared representations involves user col-
laboration, which can inadvertently expose sensitive infor-
mation. Ensuring rigorous privacy protections in this setting
requires formal guarantees, such as user-level differential
privacy (DP) (Dwork et al., 2006), which prevents adver-
saries from inferring an individual’s presence in the training
dataset based on the trained model. Existing approaches to
private model personalization suffer from limitations such
as restrictive assumptions about data distributions, central-
ized processing requirements, and suboptimal privacy-utility
trade-offs.

In this work, we study model personalization under user-
level differential privacy via shared representation learn-
ing. In this problem, there are n users, where user ¢ € [n]
is associated with a data distribution D; and a dataset
Si; = (#1,...2m) ~ D™. The optimal parameter of user
i is denoted as w; € RY. We aim at learning a shared
low-dimensional embedding U* € R*** where k < d,
and user-specific parameters v}, ..., v € R* such that

e n

w; = U*v} for each user 7 € [n], under user-level DP. We
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propose a novel private federated algorithm for model per-
sonalization via shared representation that achieves superior
privacy-utility trade-off under relaxed assumptions. Our
contributions are summarized as follows:

1.1 Contributions

Efficient private federated algorithm for regression: We
extend the FedRep algorithm of (Collins et al., 2021) to
ensure user-level DP while addressing the case of noisy
labels in statistically heterogeneous user data. The algo-
rithm is iterative, where in each iteration ¢, it alternates
between local updates by the users to their local vectors
Vs, Unt € R and private aggregated gradient update
to the shared embedding U; € R%**, Previous work (Jain
et al., 2021) required performing exact minimization with re-
spect to both the local vectors and the shared embedding in
a centralized manner. Since the embedding update in (Jain
et al., 2021) involves a minimization over data from all the
users, transforming their algorithm to a federated algorithm
is not directly feasible. Meanwhile, ours is naturally a feder-
ated algorithm since the gradient is computed by each user
locally, which the server privately aggregates. In natural pa-
rameter regimes, we show that our algorithm attains excess

d’k d k
n2e2od + nmo? ) + m where

min, %

population risk of 0] (

Omin, 18 k-th largest singular véllue of ﬁv*. Compared to
(Jain et al., 2021), under the same parameter regimes, this
reduces the privacy error term by a factor of O(dk).

Robustness to broader data distributions: Unlike prior
work (Jain et al., 2021) that assumes Gaussian data, the util-
ity guarantees of our private federated algorithm apply to a
broader class of sub-Gaussian distributions. Moreover, our
results apply to statistically heterogeneous users in the sense
that individual users may have distinct sub-Gaussian distri-
butions, while the work of (Jain et al., 2021) assumes that
the features of all the users are standard Gaussian. Moreover,
we extend the results of (Collins et al., 2021) not only to
the private case but also to the non-realizable case of noisy
labels.

Improved initialization under privacy constraints: We
introduce a private initialization algorithm for our feder-
ated algorithm. Our initialization algorithm is based on the
subspace recovery approach of (Duchi et al., 2022). Our
algorithm leverages a top-k singular value decomposition
(SVD) with added Gaussian noise. This ensures a feasible
starting point for the shared embedding, even under relaxed
data assumptions.

Dimension-independent risk guarantees for classifica-
tion: We provide an information-theoretic construction for
the binary classification setting under the margin loss and
derive an risk bound that benefits from margin guarantees.
We incorporate the Johnson-Lindenstrauss transform to re-

duce the effective dimensionality of the embedding space.
This leads to a margin-based risk bound independent of the
input dimension d. This result holds for arbitrary distribu-
tions where the feature vectors are bounded in the Euclidean
norm.

1.2 Related Work

Our work builds on and extends several lines of research in
federated learning, model personalization, and differential
privacy:

Federated personalization via shared representations:
Shared representation learning has proven effective in ad-
dressing user heterogeneity (Collins et al., 2021; Jain et al.,
2021). Additionally, centralized subspace recovery methods
(Tripuraneni et al., 2021; Duchi et al., 2022) may be used to
provide a good initialization for the shared representation
for better federated personalization guarantees. While prior
work focuses on non-private or centralized settings, our ap-
proach incorporates user-level DP in a federated framework
and achieves better utility guarantees.

Differentially private model personalization: (Jain et al.,
2021) introduced a private algorithm for model personal-
ization with centralized processing and restrictive Gaussian
assumptions. Our method improves excess risk guarantees
and extends applicability to sub-Gaussian data distributions.
There are other prior works studying private model person-
alization like (Bietti et al., 2022; Hu et al., 2021), but these
works are not under the representation learning framework
and their results are not comparable to ours.

Optimization methods for representation learning: Rele-
vant optimization techniques include alternating exact min-
imization frameworks (Thekumparampil et al., 2021) and
gradient-based optimization, which has also been widely
used for personalization (e.g., (Collins et al., 2021; Raghu
et al., 2019; Lee et al., 2019; Tian et al., 2020)). Our al-
ternating minimization framework adapts these gradient
techniques to a privacy-preserving federated setting with
noisy labels.

Dimensionality reduction with DP guarantees: The use
of the Johnson-Lindenstrauss transform in private learning
has been explored in recent work (e.g., (L€ Nguyen et al.,
2020; Bassily et al., 2022; Arora et al., 2022)). We adapt this
technique for federated personalization, deriving margin-
based risk guarantees independent of the data dimension d.

2 Preliminaries

We consider a setting of n users, where each user i € [n] is
associated with distribution D; observed by a dataset .S; =
((z1,91)s - - (T Ym)) ~ D™ where x; € R? and y; € R.
Given a low dimensional embedding matrix U € R4x¥
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with orthonormal columns and local vector v € R”, the loss
incurred by the parameter (U, v) over data point (x,y) is
defined as £(U, v, (z,y)) = ¢'(y, (x,Uv)). Suppose k <
d. It is useful conceptually to think of the matrix U as
a transformation 2 — U " that maps z € R? onto the
low-dimensional space R*. In addition, we assume that
k < m. This assumption is necessary to attain useful utility
guarantees as in prior work (Jain et al., 2018).

Given a collection of data sets S = (S1,...,5,) €
R™(d+1)  embedding matrix U € R%* and collection
of local vectors V' = [vy,... vn}T € R™*F we write the
average empirical risk of (U, V') over S as

LU Vis) =3 S (U v (a,y))

i=1 (zy)es;

We also define the average population loss of (U, V') over
the data distributions D = (D4, ...,D,,) as

1 n
L(U,ViD) = — >  E(ay)p, (Ui, (2,9))]
i=1

Given any (U*, V*) € R4*k x R"** for U* with orthonor-
mal columns, our goal is to minimize the excess population
risk w.r.t (U*, V*) defined as

E(U,V) = L(U,V;D) — L(U*,V*; D).

Let M € R4*F be any matrix. Recall our setting in which
k < n. Denote the spectral norm of M with ||M]|2 and
its Frobenius norm with ||M||p. We denote by oyax (M)
and opmin (M) the largest and k-th largest singular values
of M, respectively. Further, suppose that Q € R?** is a
matrix with orthonormal columns and P € R¥** an upper
triangular matrix where QP = M is the QR decomposi-
tion of M. We take QR( - ) to be the function that maps
M to (Q, P). Finally, given a subspace B, we denote its
orthogonal subspace as B .

Definition 1. Let X € R be a random variable. We call X a
centered R-sub-Gaussian if X satisfies E [e**] < N R/2
for all X € R. Furthermore, we denote the distribution of
X as SG(R?).

We now introduce a quantity that is commonly used in ma-
trix completion (Jain et al., 2013) and shared representation
learning (Jain et al., 2021; Collins et al., 2021) as a measure
of distance between subspaces of R?. It is conceptually use-
ful to think of this distance as measuring the dissimilarity
of span and alignment between two subspaces.

Definition 2. We define the principal angle between
the column spaces of matrices My, My € RF via
dist(My, Ms) = HMFJ_MQH where ML_, M, are ma-

; 9 .

trices with orthonormal columns that satisfy span( M. 1—'— )=
span(M ), and span(Ms,) = span(My).

Note that we can instantiate the matrix M 1,1 with Igxq —
M, MlT This is used many times in our analysis. We show
how to bound the excess risk with the principal angle in
Lemma 35 in Appendix B.

Definition 3 (User-level Differential Privacy (Dwork et al.,
2006)). A randomized algorithm A is (e, 0)-user-level dif-
ferentially private (user-level DP) if for any pair of neigh-
boring collections of datasets S, S’ € R"™4+Y) differing
in a single user dataset and any event B in the output range
of A, we have

PA(S) € B] < P A(S") € B] + 4.

Billboard Model. In this paper, we adopt the billboard
model of differential privacy (Hsu et al., 2014; Kearns et al.,
2014). In this model, there are n users and a central com-
puting server. The server first runs a differentially private
algorithm using the sensitive data from the users. The output
of the algorithm is then broadcast to all users. Each user
will independently train their own model using the broad-
cast output and the user’s own data. The results of these
individual computations will be kept to each user and never
shared with other users.

Personalization via Representation Learning. We de-
note the the optimal parameters of user ¢ as w;, and we
assume all user parameters {wj, ... w} share a low dimen-
sional embedding matrix U* € R¥*? with k < d such that
w; = U*v} with a local vector v} € R” for i € [n]. Given
a dataset collection S = (51, ... S,), the goal is to privately
find a shared low dimensional embedding matrix U € R4*¥
and local vectors V = [vy,...v,]" with low excess risk
compared with U* and V* = [v},...v}]T. Throughout
this work, we assume U has orthonormal columns, hence
the shared matrix U effectively maps d-dimensional fea-
ture vectors x € R? to low-dimensional representations
U Tz € RF that ease local demands on each user. Given
parameter spaces U, V, the objective can be formulated as a
minimization problem written as ming ey, vey L(U, V; D).

3 Private FedRep Algorithm

In this section, we propose an efficient federated private
model personalization algorithm based on the FedRep algo-
rithm in (Collins et al., 2021) for regression problems. Our
algorithm is based on an alternating minimization frame-
work where the algorithm alternates between the updates of
user local vectors and the shared embedding by first finding
an empirical minimizer for each user, followed by comput-
ing a gradient with respect to the embedding. After we
compute the private shared representation, each user will in-
dependently solve for their user-specific local model, which
will be kept to each user. We provide rigorous utility and
privacy guarantees for our algorithm and give a detailed
comparison with prior work.
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We make several modifications to the original FedRep al-
gorithms and its analysis. First, we sample disjoint data
batches in each iteration to update the local vectors and
shared embedding separately while the original FedRep
uses the same data batches for both. This use of disjoint
data batches enables us to give a tighter bound on the Frobe-
nius norm of the computed gradients, which in turn reduces
the amount of noise required for privacy preservation. More-
over, we consider the setting of noisy labels, as opposed
to the original FedRep analysis. Incorporating label noise
introduces unique technical challenges into the analysis.
Roughly speaking, without label noise, we can show the
distance between the computed embedding with the ground
truth decreases geometrically with high probability across
iterations. However, such monotonic distance decrease is
no longer guaranteed in the presence of label noise. Instead,
we employ an induction-based argument to upper bound the
distance.

Before we introduce the Private FedRep algorithm, we first
give some definitions and assumptions that hold for the
entire section.

3.1 Problem Setting and Assumptions

In this section, we focus on quadratic loss defined
U, v, (z,y)) = (y— (,Uv))? for all U € Rk 4 ¢
RF, (z,y) € R, Define I' = max;c[y)||v][]2. Denote

= Omin (ﬁV*) and Omax,« = Omax (ﬁv*)
respectively. In our setting, we assume that the rank of
ﬁv* € R™*¥ is k, which implies Omin,«, the k-th largest
singular value of ﬁv*, is greater than 0. The values
I, 0max,«, and omin « are important in this setting and ap-
pear in our final bounds. We additionally define the condi-
tion number to be y = Zmaxx

Omin,*

Omin,*

The guarantees of our algorithm will rely on the following
assumptions.

Assumption 4 (Client Diversity). There are known
A, A > Osuch that A > Omax,« > Omin,x« > A

The assumption that oyin « > 0 is made explicitly or im-
plicitly in prior work (Collins et al., 2021; Jain et al., 2021).
Observe that Assumption 4 implies v < A . In this sense, ‘;
is an estimate of the condition number fy

To make our analysis tractable, we will introduce some
standard data assumptions similar to those invoked in prior
works (Collins et al., 2021; Du et al., 2020; Jain et al., 2021;
Thekumparampil et al., 2021; Tripuraneni et al., 2021). Al-
though we make these assumptions, our algorithm can be
used for a wider range of data sources than what is shown
here.

Assumption 5. Let i € [n] and x ~ D;. For all i € [n]
the feature distribution D; has covariance matrix Iy q and

II Ilz

is sub-Gaussian in the sense of E [e<"’”’“>]
u € R

Assumption 6. Let SG(R) be any centered R-sub-
Gaussian distribution over R. Sample ( ~ SG(R). For
all i € [n] and any data points (x,y) ~ D; we generate the
label y for the i-th user viay = x ' U*v} +  where ( is
independent for all x ~ D,;.

for all

Unless stated otherwise, in this section, we assume that
Assumptions 4, 5, and 6 hold. However, we note that our al-
gorithms do not require knowledge of Assumptions 5 and 6.

3.2 Main Algorithm

Algorithm 1 uses alternating minimization for convergence
to an approximate minimizer of the excess population risk
in parameters U € R** with orthonormal columns and
V e Rxk simultaneously. At each iteration of the in-
ner loop each user samples b data points without replace-
ment from their data set S;. The users then split this sam-
ple into disjoint batches B, ;, B}, for use in the comput-
ing parameters in iteration ¢. Our inner loop uses par-
allel execution at iteration ¢ to locally compute a mini-
mizer v;; € argmin,cps L(Ut,v B;+) and a gradient
Vit = VUL(UM,Ut, i,t) for each user i.
then aggregates clipped gradients {clip(V; s, %)}, T
its gradient step and then returns Uy to the users wLere
clip(M,r) = I\Jéy\lp - min {1 } for any M € RI*F
and 7 € R.

The server

HMH

Each iteration Algorithm 1 ensures that Uy has orthonor-
mal columns. Due to orthonormality, the noise injected
during the aggregation of (V; t);c[, does not affect the
norm of V; ;1 for each 4, ¢. This lack of noise propagation,
DY having a covariance matrix I, 4, and the use of disjoint
batches B, ¢, B; ; ensure the following bound on the size of
Vit

Lemma 7. With probability at least 1 — O(T - n=10), we

have _
I¥idlly < O ((R+T)TVE)
foralli € [n] and all t € [T simultaneously.

We use Lemma 7 to choose the clipping parameter v in
Algorithm 1 in later results.

Theorem 8. Algorithm 1 is (¢, 0)-user-level DP in the bill-

Cw\/Tlog(l/é

board model by setting 6 =
lute constant C > 0.

for some abso-

We define A, 5 := C¥—"—= log 1/9) forany e > 0 and ¢ € [0, 1].

Omax,*

For the following result, recall the definition of v = F—

and Assumption 4, where we assume there exists A > 0
such that opin « > A.



Private Model Personalization Revisited

Algorithm 1 Private FedRep for linear regression

Require: S; = {(z;1,Yi1)s---, (@im,yim)} data for
users ¢ € [n], learning rate 7, iterations T, privacy
noise parameters &, clipping parameters 1, iy, batch
size b < |m/2T |, initial embedding Uy, € R4*F
Let S? — {(%,p%,g‘) 1 j € [m/2]} Vi € [TL]
Let S} <+ S;\'SY Vi€ [n]
Initialize: Uy < Ujp;
fort=0,...,7T—1do
Server sends Uy to clients [n]
for Clients i € [n] in parallel do
Sample two disjoint batches B; ; and B; ,, each of
size b, without replacement from S?

Dk

: Update v; as v; 3 — argmin, s E(Ut, v; B;¢)
7: Compute the gradient w.r.t U

Vit VUZ(Uu Vi,t; Bg,t)

8: Send V, ; to server
9: end for
10:  Server aggregates the client gradients as

> clip(Vig,9) + ft“)

i=1
Uis1, Prv1 < QR(Upy1)

A 1
Ut+1 < Ut -n (n

where &1 + Nk(0,62)
11: end for
12: Server sends UP™Y « U to all clients
13: for clients i € [n] 1ndependently do

14: o™« argmin,cgr L(UP™, v; SY) Vi € [n]
15: end for ' '
16: Return: UP™Y VPV o [of™ P T

Lemma9. Letn < 5———. Suppose 1—dist?(Up, U*) > ¢

for some constant c > 0. Set the clipping pa-

rameter ) = O ((R—&—F)dek). Assume T =
logn _ A . nmA>
nAz 0 < 1min (ma»x{AE 5,1}(R+F)Fd\fm+R2F2dUmm .

mF Uzr)ax *

max{R?,1} max{I'2,1}y*k[2+R?ko2

max, *

and Assump-

tions 5 and 6 hold for all user data. Set & as in Theorem 8
and batch size b = |m/2T|. Then, UP™, the first output of
Algorithm 1, satisfies

R i\
dist(UP™,U") < (1 — ———=| dist(Up,U™)

4

2 1
NET i x nmo

_%O<(R+Fﬂﬂv%T (R2+F%FMT>

min,*

with probability at least 1 — O(T - n~10).

Note that dist(Up, U*) in the right-hand side of the bound
in Lemma 9 is bounded from above by /1 — c.

Given Lemma 9, we may obtain our main excess population
risk bound. Let UP™ be the final shared embedding returned
from Algorithm 1. The intuition behind this result is that
a small principal angle between the two matrices UP™Y, U*
implies UP™ approxnnates U™ as a transformation Rd

R¥. Our choice of oP™ € argmin, cgr L(UP™, v; S}) for
S} independent of UP™ means w; = UP™oP™ reliably
transforms a fresh feature vector z ~ D¥ into a scalar z " w;
that is close to the noisy label " U*v} + ¢ when n, m are

sufficiently large.

Recall in Assumption 4 we assume there exist A, A > 0

such that A > opmax « > Omin,x > A

Theorem 10. Suppose all conditions of Lemma 9 hold with
2

n=g5zT=6 (Lg”)) and that Assumption 4 holds

as well. Then, UP™ and VPV, the outputs of Algorithm 1,

satisfy

L(Upriv Vpriv, D) _
2 F2 F4A2 2
<O<m-%) Pk

2.2 54 2
n-e mln*)\

L(U*,V*; D)
(m+ﬁwmm>

4 2
nmgmin,*

Rk
+ —
m

with probability at least 1 — O(T - n='0). Furthermore,
Algorithm 1 is (e, 0)-user-level DP in the billboard model.

Note our results in Theorem 10 can also be extended to the
case where new clients share the same embedding U*. This
is formally presented in the following corollary.

Corollary 11. Suppose all conditions of Theorem 10 hold.
Consider a new client with a dataset S,y1 ~ D)y,
where Assumptions 5 and 6 hold with |jv; |2 < T.

priv

Let UPY be the output of Algorithm 1 and Upy1 =
arg min, cpx LU v, 8,,1), if m' 2 klogm'. We have

(U—prlv7 zrill’ ’Dn+1) — L(U*, U:L—i-l; DnJrl)
_ G AT (B4 1A%
7’L2€20mm *>\2 7’””7‘0';1nin,*)‘2
Rk
+ o

with probability at least 1 — O(T - n =10 4 m/~100),

Initialization. We require dist(Up, U*) in Lemma 9 to be
bounded away from 1 otherwise the bound is trivial since
the first term becomes 1 when ¢ = 0. By definition of
the principal angle (2), dist(Up, U*) = 1 when the column
space of Uy and U* are orthogonal. For now, we assume
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such a Uy whose column space overlaps modestly with that
of U* in the sense of dist(Up, U*) < v/1 — ¢ can be found
with reasonable effort. In the next subsection we give an
efficient algorithm that guarantees such an initialization.

3.3 Private Initialization Algorithm

In this section, we introduce an initialization algorithm for
our private FedRep algorithm (Algorithm 1). Our initial-
ization algorithm is based on the estimator in (Duchi et al.,
2022) and the privacy guarantee is achieved by adding Gaus-
sian noise to the estimator before using top-k-SVD. Our
private initialization algorithm achieves the same conver-
gence rate as the one in (Jain et al., 2021). But unlike (Jain
et al., 2021), which is limited to i.i.d. standard Gaussian
feature vectors, the guarantee for our algorithm holds in a
broader class of sub-Gaussian feature vectors. The detailed
steps of the algorithm are provided in Algorithm 2, while its
privacy and utility guarantees are established in Lemma 12.

Algorithm 2 Private Initialization for Private FedRep

Require: S; = {(zi1,%i,1),---, (Tim/2,Yim/2)} data
for users ¢ € [n], privacy parameters ¢, 4, clipping
bound iy, rank k

Yinit 210g(125)

1: Let 6’mn — ne
2: Let &g < N0, 62,)
3: for Clients 7 € [n] in parallel do
. 2 T
4: Send Zz — mim=1) Zj17éj2 Yi, g1 yi7j2xi7jlxi,j2 to
server
5: end for
6: Server aggregates Z; and add noise for privatization

A 1
Z =— Z |IP Zw ¢lnlt) + glmt

3

7. Server computes

Unit DU, +— rank-k-SVD(Z)

init

8: Return: Uy

Lemma 12. Suppose that Assumptions 5 and 6 hold. Let
Uit be the output of Algorithm 2. Then, by setting iy =
O((R? +T?)d), we have

R2 F2d3/2
(T2

neo?

4
min,* mno

~ 2 1_‘2 FQ
diSt(UiniuU*)§O< (B +17) d)

with probability at least 1 — O(n =10
rithm 2 is (€, 0) user-level DP.

). Furthermore, Algo-

By using Lemma 12 in conjunction with Theorem 10 and

A% log(R?d/k)

an iteration count 7' = © < 3z > , we are able to

achieve the same utility guarantee as Theorem 10 without
any assumptions on dist(Upi, U*).

Comparison with (Jain et al., 2021): Under conventional
assumptions in prior work (Tripuraneni et al., 2021) to nor-
malize V* and SG(R) so that both T" and R are O(1), the
Priv-AltMin algorithm in (Jain et al., 2021) achieves an
excess risk bound of O ( &’k + 4 ) + % for

2.2,4
Gaussian data. Meanwhile, our Private FedRep algorithm

€E“0 7”’710‘
d2kA2 dA k
vt k)

min,*

min,
1’!]11) * nmo

achieves a rate of O (n2
When % (an upper bound on the condltlon number of
ﬁV*) is O(1), which is a regime considered in (Jain et al.,
2021) and assumed in (Collins et al., 2021), we improve the
privacy error term in (Jain et al., 2021) by a factor of O(dk).

More generally, in the regime where n =

5 (mm (dkm : \/EQd;fm 7 \/52(;24@\12))’
tighter than the bound of (Jain et al., 2021) by a factor of
19) (dﬁéz) when % = 6(\/ dk). Meanwhile, in the regime

~ . d2k2m d3km dA?
o (mln ( & T\ oning Fomin A

and n = Q (25m) we achieve a bound tighter than that
of (Jain et al., 2021) by a factor of 9] (dif;’xz)‘z) when
A _ A (dk

2=0(EVH)

Additionally, our work improves over that of (Jain et al.,
2021) in two important respects. First, it requires less re-
strictive data assumptions (sub-Gaussian instead of Gaus-
sian feature vectors). Second, our algorithm can be naturally
written as a federated algorithm while the algorithm in (Jain
et al., 2021) requires centralized processing and transform-
ing it to a federated algorithm is infeasible.

our bound is

where n =

3.4 Synthetic Data Experiment

The results in Figure 1 are obtained via data features from
N (0, I;) with problem parameters n = 20,000, d = 50,
k = 2, and m = 10. Our data labels are generated as in
Assumption 6 given label noise sampled from A (0, R?)
with R = 0.01. We use local GD and non-private FedRep
as baselines for our comparison. See Appendix B.4 for
details'.

4 Margin-based Dimension Reduced
Construction for Classification

We now introduce our information-theoretic guarantees for
private representation learning for classification problem
with margin loss. Our approach is based on the observation
that learning a shared linear representation can be framed as

'Note as well this GitHub repository with a copy of our code.
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—— Local optimization

1.00 4 ——- Non-private FedRep

—e— Private FedRep
Priv-AltMin

Population MSE

User-level Epsilon

Figure 1: Graph of population MSE over choice of privacy
parameter ¢ € [1,8] for synthetic data comparing Algo-
rithm 1 to Priv-AltMin in (Jain et al., 2021).

training a 2-layer linear neural network, enabling the use of
the Johnson-Lindenstrauss (JL) transform (Johnson, 1984)
for dimensionality reduction.

We demonstrate this utility guarantee as follows. First,
we introduce the assumptions and definitions that hold for
this section. This includes the definition for the Johnson-
Lindenstrauss transform along with a randomized instan-
tiation. Subsequently, we describe the score function and
covering argument required to combine dimension reduc-
tion with the exponential mechanism. We then introduce
Algorithm 3 that exploits the margin loss to attain our main
result of the section, Theorem 17. Finally, we discuss the
relevance of the main result and its independence from the
data dimension d.

Let k' < d. By applying a linear transformation of the
data via an appropriately chosen matrix M € R¥' %9 we
show that learning personalized parameters can support fur-
ther dimension reduction. This is done by first learning
U € R¥*F over the linearly transformed data in R¥ then
constructing the final shared embedding M TU € R¥F,
We obtain utility guarantees independent of the data dimen-
sion d via this process of first learning a low-dimensional
embedding then mapping it to R4**,

In this section, we study the classification setting. Let A" be
the d-dimensional Euclidean ball with constant radius 7 > 0
centered at the origin and )) = {—1,1}. Define that data
space Z = X x V. LetUd C R¥*F be the space of d x k
matrices with orthonormal columns and V C R™** be the
space of matrices with rows bounded in Euclidean norm
by a universal constant I' > 0. The data distributions for
our n users Dy, ..., D, are possibly distinct distributions
over X x ). We further define the distribution sequence
D= (Dy,...,Dy).

Definition 13. Let (U,v) € Rk x R¥ and (z,y) €

R? x {—1,1} any data point. We define the margin loss
as £,(U,v,z) = 1 [y(z,Uv) < p| and denote the 0-1 loss
WU, v, z) =Lo(U,v,2) = 1[y{z,Uv) <0].

LetU cU,veRF,and §' = (2} ...,2) € Z™. We de-
fine EP(U,U;S’) =1 St €U, v, 2}) for any U, v, S".
Suppose V = [v1,...,v,]T € Vandlet S = (Sy,...,5,)
be a sequence of datasets S; € Z™ for all i € [n]. We
further define L, (U, V; S) = LS L,(U,vi; ;) for all
U, V,S. Our goal is to privately optimize the population loss
L(U, V; D) = % Z?:l EZi~Di [L(U, V1, Zz)] over U, \%
with personalization of V. We accomplish this via an ap-
plication of the exponential mechanism over a cover of a
dimension-reduced version of /.

Definition 14. Let G C R? be any set of t vectors. Fix
7,8 € (0,1). We call the random matrix M € R¥ *? q
(t, 7, B)-Johnson-Lindenstrauss (JL) transform if for any
u, v’ € G

[(Mu, Mu') = (u,u')| < 7llull2]|e[|2
with probability at least 1 — 3 over M.

The JL transform is a popular and efficient method of
dimension reduction whose existence is ensured by the
Johnson-Lindenstrauss lemma (Johnson, 1984; Nelson,
2020; Woodruff et al., 2014). Via a JL transform )M we are
able to preprocess a feature vector x into a low-dimensional
vector Mz € R¥ for use in our federated learning problem.
This preprocessing showcased in Algorithm 3 effectively
reduces the dimension of our learning problem.

Lemma 15. (Bassily et al., 2022) Let 7,8 € (0,1). Take
G C R? to be any set of t vectors. Setting k' =

t

O (log;(zﬁ) for a k' x d matrix M with entries drawn

uniformly and independently from {:t \/1]?} implies that M
is a (t, 7, §)-JL transform.

Suppose M € R¥ %% ig a random matrix with entries drawn

uniformly from {i\/%} Define Uy = {MU : U € U}.

Let Br be the k&’ x k-dimensional Frobenius ball of radius
V/2k. We define N7 to be a Frobenius norm ~-cover of
Br. Assuming that v < 1, we have Uy; C Br with high
probability. That is, for any U’ € Uy there exists U € N7

- K’k
where |U" — U|| < 5. Moreover, |IN7| < O <(\{YE) >

Algorithm 3 first takes as input the user data sequence S and
score function f. It then constructs a JL transform M in the
sense of Lemma 15. Algorithm 3 reduces the dimensionality
of the users’ data in .S by applying M to each feature vector
in each user’s dataset. The exponential mechanism is run
over a cover N7 using a score function f( -, Sys), which
will be defined shortly, to obtain a low-dimensional shared
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embedding U € R¥*k This MTU € R*F ig used by
Algorithm 3 where the final embedding UP™ = M TU and
local vectors VP = [v]™, ... oh™]T are computed by the

users via UP™,

Remark: Our algorithm functions as an improper learner
in the sense that the learned shared representation UP™ is
not necessarily an orthonormal matrix. However, this does
not affect the performance of the final user-specific classi-
fiers in terms of expected loss. In particular, Theorem 17
establishes that the expected loss incurred by our algorithm
remains close to that of an optimal orthonormal shared rep-
resentation, ensuring that the lack of orthonormality does
not degrade utility.

Assume for simplicity that m is even.
S; = SYuUS! where S? = {z,..
S; = {zmy1j,...,2m,} for each i € [n]. Fur-
ther, we denote S* = (S%,...,S%) where t € {0,1}.
Suppose that S = (Si,...,S,) C 2"+ 5 a se-
quence of n datasets with m samples each. Let Sy =
((51)1\,{, Ce (Sn)A[) where (Si)]\/[ = {(Mxi,j7 yi,j) 1 €
[m]} for all i € [n]. The score function for Algorithm 3
is f(U, SM) = —% Z?:l min”vi”SF Lp(U, Vis (Si)M) for
U € N. Since we provide a user-level privacy guaran-
tee, we must bound the sensitivity of f over neighboring
sequences .S, S’ where S’ differs from .S by at most a single
user’s entire dataset. It can be shown that the sensitivity
is bounded % which follows easily from the fact that the
margin loss is bounded by 1.

We partition
.yzm ;} and

Algorithm 3 Private Representation Learning for Per-
sonalized Classification

Require: dataset sequences S° and S* of equal size, score
function f(U’, - ) = —minyey L,(U',V; - ) over
matrices U’ € R¥ ** privacy parameter ¢ > 0, target

dimension k' = O (M) ,

1: Sample M € R¥ %4 with entries drawn i.i.d uniformly
1

from {j: T

2: Let Sy = ((Sl)M» ey (Sn)M) where (Si)JM =
{(Mz,y) : (z,y) € S?} fori € [n]

3: Let N7 be a Frobenius norm «-cover of Br

4: Run the exponential mechanism over A/, privacy pa-
rameter €, sensitivity %L, and score function f(U’, Sas),
toselect U € N7 _

5: LetUPY <~ MTU _

6: Each user i € [n] independently computes v} <
argmin,,, <p LU, v, S})

7: Return: UP™Y, VPiv — [P oPVT

The lemma below is an extension of a fundamental result
for the exponential mechanism (McSherry & Talwar, 2007).

Key to obtaining this result is that v is both the error pa-
rameter of the JL transform and the radius of the sets in our
cover N7.
Lemma 16. Fixe,p > 0,8 € (0,1). Algorithm 3 is (e, 0)-
user-level DP. Sample S ~ D™. Then, Algorithm 3 returns
UP™ from input S such that
min L(UPY,V;5%) < min EP(U, V; 8%
vev (U,V)euxy

~ (r2I?k
+0 ( . )
ep’n
with probability at least 1 — 3 over the randomness of S
and the internal randomness of the algorithm.
Theorem 17. Fixe,p > 0,8 € (0,1). Algorithm 3 is (¢, 0)-
user-level DP in the billboard model. Sample user data

S ~ D™, Then, Algorithm 3 returns UP™, VPV from input
S such that

L(Upriv, ypriv. D)< min

= (UV)euxv
~ (202
+0 (r +

r2I'2
nep? mp?

with probability at least 1 — B over the randomness of S
and the internal randomness of the algorithm.

ZP(U7 V7 SO)

To the best of our knowledge, the above bound is the first
margin-based population loss bound that is independent of
the data dimension in private personalization with shared
embedding.

5 Conclusion

In this work, we revisit the problem of model personal-
ization under user-level differential privacy (DP) in the
shared representation framework. We propose a novel pri-
vate federated personalization algorithm that extends the
FedRep method while ensuring rigorous privacy guarantees.
Our approach efficiently learns a low-dimensional shared
embedding and user-specific local models while providing
strong privacy-utility trade-offs, even under noisy labels and
broader sub-Gaussian data distributions. A key contribution
of our work is demonstrating that private model personal-
ization can be achieved in a federated setting with improved
risk bounds. Specifically, we show that our approach re-
duces the privacy error term by a factor of O(dk) in a natu-
ral parameter regime, leading to a higher accuracy in high-
dimensional settings. Moreover, our private initialization
technique ensures a good starting point for learning shared
representations, even under privacy constraints. Addition-
ally, for binary classification, we provide an information-
theoretic construction for private model personalization that
leverages dimensionality reduction techniques, and hence,
derive margin-based dimension-independent risk bound.
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While our work provides significant advancements in private
federated personalization, several open directions remain
for future research: (i) Relaxing the identity covariance as-
sumption: Current results assume sub-Gaussian feature dis-
tributions with identity covariance. While this assumption
simplifies the analysis and aligns with prior work, it does
not hold in many real-world applications. A key challenge
is extending our methods to handle arbitrary covariance
matrices. This could involve leveraging adaptive precon-
ditioning techniques or covariance-aware mechanisms to
improve learning under more general feature distributions.
(ii) Extending beyond quadratic loss functions: Most of effi-
cient private personalization algorithms, including ours, rely
on quadratic loss (i.e., least-squares regression) due to its
analytical convenience. Developing gradient-based methods
for more general loss functions, such as logistic or hinge
losses, remains an important open problem. Current tech-
niques for private optimization in these settings are either
computationally expensive or lack strong utility guarantees.
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This work advances the theoretical and algorithmic foun-
dations of privacy-preserving personalized learning, a key
challenge in the deployment of trustworthy machine learn-
ing systems. In domains such as healthcare, education,
and mobile applications, users’ data are often sensitive and
highly personalized—making it critical to ensure privacy
while delivering individualized models.

Our contributions demonstrate that personalization and
strong privacy guarantees can coexist in federated learn-
ing systems, without compromising accuracy. The proposed
algorithms address limitations in prior work by supporting
a broader range of user data distributions and operating
in realistic federated environments. Importantly, we show
that the accuracy of learned models can remain robust even
in high-dimensional settings or under label noise, which
frequently arise in practice.

By enabling theoretically sound, privacy-preserving person-
alization, this research can help guide the design of secure
and reliable machine learning solutions across a wide array
of socially impactful applications.
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A Technical Lemmas

Proposition 18. Ler X = (X1,..., X,) € R® be random vector. Assume that X, is Ry,-sub-Gaussian for each p € [a
and that X,,, X, are uncorrelated for p # q. Let R = (Ra, . .., Rq). Then, for each v € R®, the random variable (v, X) is
(llv]l2 max,e[q) Ra)-sub-Gaussian.

Proof. Fix an arbitrary A € R. Observe
E [6)\<V,X>] -E [H e()\up)Xp‘|
p=1
a
[1E [ewpm]
p=1
ﬁ SR
p=1

S 6A2||1/H§ maxpyea] Ri

IA

where the second equality holds by uncorrelatedness, the first inequality from the definition of sub-Gaussian, and the final
inequality from definition of ||v/||3. O

Proposition 19. Let X = (X1,...,X,) € R be random vector with E [X] = 0. Assume Xy, X4 are uncorrelated for
p # q. Suppose that v, m € R* with (v, ) = 0. Then, (v, X) and (7, X) are uncorrelated.

Proof. By the assumptions of the above proposition

E[(v, X)(m, X)] =E |> 1,X, ) pr,,]

Lp=1

=E| > XX,
| p,a€lal

=E Z vpmp X

Lp=1

+E | XX,
p#q

=0’ Z VpTp + Z vpmgE [Xp) E [X]
p=1 p#q

=0
=E[(v, X)] - E[(m, X)]

where the last three equalities hold by (v, ) = 0, the uncorrelatedness of the components of X, and the linearity of
expectation. O

Lemma 20 (McDiarmid’s inequality). Let f : R™ — R be a measurable function. Assume there exists a constant ¢; > 0
where, forall x1,...,z, € R

s/up|f(x1,...,mi_l,xi,xiﬂ,...,xn) — f(T1, e T, T i1y )| <
z;€R

foreachi € [n]. Suppose X1, ..., X, € Risa sequence of i.i.d. random variables. Then, for all s > 0

252

Plf(X1,...,Xn) —E[f(X1,....X,)] >s] <e Titie.

12
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Definition 21. We say that a random variable X € R is R-sub-exponential if
E [€>\|X|] < AR
forall X such that0 < A <1/R.

For the definition above, we call the smallest such R the sub-exponential norm of an R-sub-exponential random variable.
Lemma 22 (Bernstein inequality). Let X1, ..., X,, € R? be a sequence of i.i.d. R-sub-exponential random variables. Then,

forany s >0
1 n
P|— X; >

52
2

—cn min( i)
<e REE

for some constant ¢ > 0.

Lemma 23 (Lemma 4.4.1 (Vershynin, 2018)). Let M € Re%b pe any matrix. Take S~ 1, S 10 be the unit spheres in
R®, R?, respectively. Suppose that N*, N'* are Euclidean e-covers over S*~1, S*~1. Then

M2 < v Mv'.

1—c¢ veNr‘Ill,%]’Ker

Definition 24. A centered random vector X &€ R® with covariance matrix ¥ is isotropic if
L=E[XX"]=L.

Definition 25. A centered random vector X € R® is R-sub-Gaussian if

R2||u)3

E [e<X’“>} <e 2
forall u € R*.

Note that when a centered vector X € R is 1-sub-Gaussian and has covariance matrix I, the components of X are
1-sub-Gaussian. We use this fact in our results in conjunction with Assumption 5.

Theorem 26 (Theorem 4.6.1 (Vershynin, 2018)). Let M be an a x b matrix whose rows are independent mean-zero
K -sub-Gaussian isotropic random vectors in R, Then, for any o > 0, there exists ¢ > 0 where

Va — cK? (\/5—&— oz) < Opin(M) < Omax (M) < Va + cK? (\/5—!-04)
with probability 1 — 2e=’,
Corollary 27. Let M be an a x b matrix whose rows are independently drawn from N'(0,62I,x,). Then, for any o > 0,
we have

o (\/ﬁ— (\/B‘f' Oé)) < Umin<M) < UmaX(M) <o (\/&‘i‘ (\/B+ a))
with probability at least 1 — 2e=’,
Proof. Observe that we have M = &M for a matrix M ~ N*%(0,1). As well, note that M satisfies Theorem 26 with
K = 1 since its rows are standard Gaussians.

For any matrix A € R**?, we also have that o, (¢’ A) = ¢’0,,(A) for ¢ > 0 a constant and 7,,(A) the p-th singular value of
A. Combining the above reasoning and Theorem 26, there exists a constant ¢ > 0 such that

Va—c(Vo+a) < omin(M) < onax(M) < Va+ ¢ (Vb+a)
implies
5 (Va—c(Vb+a)) < omn(M) < onex(M) <5 (Vatc(Vh+a))

with probability at least 1 — 2¢~°". Furthermore, for standard Gaussians we have ¢ = 1. O
Note that one could simply apply Theorem 26 directly to the matrix M from Corollary 27 by using K = &, but this does not

give the desired result. In particular, we require that & scale both terms of the upper bound of oy,.x (M) in our later analysis
of the Gaussian mechanism.

13
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B Missing Proofs for Section 3

B.1 Main algorithm results

We first restate our algorithm and main assumptions.
Assumption (Restatement of Assumption 4). There are known A, X\ > 0 such that A > Omax « > Omin« > A
Assumption (Restatement of Assumption 5). Let i € [n] and © ~ D;. For all i € [n] the feature distribution D; has

llui3
covariance matrix 14 and is sub-Gaussian in the sense of E [e<m’“>] <e 2 forallu e R

Assumption (Restatement of Assumption 6). Let SG(R) be any centered R-sub-Gaussian distribution over R. Sample
¢ ~ SG(R). For all i € [n] and any data points (x,y) ~ D; we generate the label y for the i-th user via

y=x"U"v; +¢
where ( is independent for all x ~ D;.

Unless stated otherwise, in this section, we assume that Assumptions 4, 5, and 6 hold. Furthermore, throughout our proofs
we assume n = ((dk). This assumption is reasonable in the context of our work since n = Q(dk) is required for non-trivial
results in our final bounds.

Algorithm 1 Private FedRep for linear regression

Require: S; = {(z;1,¥i,1),- .-, (Tim,¥i,m)} data for users ¢ € [n], learning rate 7, iterations T, privacy noise parameter
&, clipping parameters ), 1y, batch size b < |m/2T |, initial embedding Uy, € RIXF
Let SZO — {(Lti,j,yi,j) 1€ [m/Q]} Vi € [n]
Let S} « S;\ SY Vi€ [n]
Initialize: Uy < Ujpn
fort=0,...,7T—1do
Server sends U, to clients [n]
for Clients i € [n] in parallel do
Sample two disjoint batches B; ; and Bz/',t’ each of size b, without replacement from S?
Update v; as R
V¢ < argmin L(Uy, v; B; 1)
veERF
Compute the gradient w.r.t U N
Vz‘7t — VUL(Ut, Vi t3 B;,t)

Send V; ; to server
end for
Server aggregates the client gradients as

R 1 <
U1 < U — 1 (n Zlcllp(vi,t,w) + §t+1>
Ups1, Pry1 < QR(Upp1)

where &1 + Nk(0,62)
end for
Server sends UP"Y «— Uy to all clients
for Clients ¢ € [n] independently do

o™ «— argmin,cpr L(UP™, v; S}) Vi € [n]
end for ) )
Return: UP™Y, VPV < [pf™ o™ T

Lemma (Restatement of Lemma 7). With probability at least 1 — O(T - n=1°), we have

Vil < O (R -+ D)DVak)

14
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foralli € [n] and all t € [T] simultaneously.
Proof. The privacy guarantee directly follows from the the privacy guarantee of Gaussian mechanism and advanced

composition. In the following, we prove a high probability bound for ||V; ¢ || .. Let B; = {(] ;,; ;) : j € [b]} be a data
batch of user ¢ sampled at iteration t as in Algorithm 1. Then we have

b
2 T
Vit = b Z (<x;]’ Utvit+1 — U*vf) + Q‘:j) xé,j”i,tﬂ
j=1

Denote © = Uv; 141 — U*v;. Throughout the proof we condition on the event

&= {Ki,j S R\/26 log(nb),
/

which holds by the sub-Gaussianity of z; ;, the independence between z; ; and U;v; 111 — U™}, and Proposition 42 with
probability at least 1 — O(nb - n~14) > 1 — O(n=12). Given event £, we have

5 .
<u,x;J)| < [Jull4 v/26log(nb), and ||v; 1412 < ZF for all (4, 7) € [n] x [b]}

5
(@}, Ui — U™0f) + Gy < §(R +T')y/26log(nb).

Meanwhile, the (p, ¢)-element of x;’jv;H has
5
|(1'/i7j)p(vi,t+l)q| < ZF 26 log(nb) 1)

for all 4, j with probability at least 1 — O(nb - n~'*) by the sub-Gaussianity of the components of x; ; and conditioning on
&. Therefore, taking union bound on p, ¢, t without conditioning, we have, with probability at least 1 — O(T'dk - n=12)

Vil o < 82(R + I)T'Vdklog(nb)
for all 4, ¢ simultaneously. Finally, we bound 1 — O(T'dk - n='2) > 1 — O(T - n~10). O
Theorem (Restatement of Theorem 8). Algorithm 1 is (e, 0)-user-level DP in the billboard model by setting 6 =

VT 1og(1/9)

for some absolute constant C' > 0.
Proof. Since the computation of VP is performed by each user independently, it is sufficient to show that the computation
of UP™ satisfies centralized user-level DP.

Given the definition of the clipping function, for each ¢ € [n], we have ||clip(V;+,%)||r < % which implies that the

Clb\/Tlog'(l/é)

iteration ¢ is p = O (#21/5)) under zero-concentrated differential privacy (z-CDP, (Bun & Steinke, 2016)). By the

sensitivity for each update of the U; is bounded by 1. By taking 6 = , we obtain the privacy cost of each

E2

composition property of z-CDP, we obtain the total privacy cost p = 23:1 pr =0 (m) Then, we can convert the

z-CDP guarantee to DP guarantee with the privacy parameter being p + \/pIn(1/6) = O(e) with sufficiently small J.
Therefore, the computation of UP™ is (¢, 4)-DP and the algorithm is (e, )-DP in the billboard model. O

For the rest of our proof we condition on the event of clipping does not affect the original gradient norm in Algorithm 1. By
Lemma 7, this event has probability at least 1— (T'-n 1) for all i, ¢ simultaneously when selecting 1) = O ((R + DIV dk) .

Let vy 4,...,v,, be the sequence of local user parameters generated at iteration ¢ of Algorithm 1. Define the matrix
Sy, = = 30 vigvy,. Take B] = (B} ,, ..., B}, ,) to be the sequence of batches from of Algorithm 1 used to update U at
iteration ¢ for each user i. Assume that we re-index the batches B , = {(x} ;,y; ;) : j € [b]} for each i, t. Let Uy 1, Piya
be the matrices from the QR decomposition, and

n n b
1 1 t t dxk
Vi=-— ;vm =— D> VulUs v (x7;,4),) € R

i=1 j=1
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the aggregated gradient, all computed in Algorithm 1. For ease of notation we also drop the iteration index ¢ on the data
points (xf s yf) ;)- Recall that 7 is the fixed stepsize for Algorithm 1.

Lemma 28. If P, is invertible, then

dist(Up11,U”) < |1PY N2 (k= n8vi ||z dist(Us, U) + 0l| Ve = Eg; [Velll2 + nll€l2) -
Proof. Let Ut+1 be the ¢-th iterate of Algorithm 1 before QR decomposition. Observe

1(U*) [Ustll2 = 1(U*) (U = nVe + &) |2
< |(U*)L(U; = V¢ + 1Ep[Ve] — nEg; [Ve))ll2 + 1€l
<UL (U = nEpy[VaD)ll2 + Ve — Egg[Villl2 + nlléll2

since ||(U*)]||2 = 1. Then, since the data has covariance matrix I, and label noise ; ; that satisfies E[¢; ;] = 0

Ep [Vi] = 3 ZZEB' x;, TUwi s — (2 ;Vj)TU*v;" + Ci,j)x'i7jv;]

’Lljl

anZEB w52} )T (Upory — U)o

i=1 j=1

1 n b
% Z Z EBZ [(Utvm — U*’U;C)UiTt]

i=1 j*l

anZUtvltvzt U : zt

=1 j=1

where the second equality holds because (z;, j)TUtvi,t — (z, j)TU *vy + (; ; is a scalar and the fourth equality by the fact
that Bj is independent of Uy, V;. Hence

n

n b b
5 2 2 U Uiy = Urvivy) = 5> 0> (U [Uwiawiy = (U) LU=y vigvry
i=1 j=1 i

since (U*) [U* = 0. Then, for Sy, = L " v; 0/,

S

IU*) LU =By, [VDl2 = 1(U") LU = 12v,) |2 < [k = 12w |21 (U*) LU 2.

t+1
Hence R
I(U*) LU ll2 < [k = 05w, [l2[l(U*) LU 2 + 0l Ve = E;, [Villl2 + nllé: ] 2- 2
Now, assuming that P, is invertible
(U L Uallz = (U LU P Il
<Pl U) L0k llo-
So
*\ T —1 *\ T 17
[(U") LUts1llz < 1P 1201(UF) LU l2- (©)
Combining (2) and (3) finishes the proof. O]

Our proof for our main result follows from bounding the terms and factors on the right-hand side of the inequality in
Lemma 28; namely

dist(Us1, U”) < P4 12 (I — 02, ll2dist(Us, U*) + 0| Ve = By [Velll2 + nlléel2) - @

16
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The above inequality has four important components. The term ||V, —Ep; [V]||2 is the deviation of the aggregated gradient
from its mean and hence can be bounded via concentration inequalities (see Proposition 30) and the term ||&]|2 is the
magnitude of the Gaussian noise added for privacy, which is not difficult to bound as well (see Proposition 29).

Deriving bounds on || P}, |2 and [|I, — nSv, ||2dist(Us, U*) in (4) is less obvious and require some extra work. We can
understand ||, — 73Xy, ||2 as a measurement of how close Xy, is to 1. So, when ||I; — nXy, |2 is small, the vectors
V1, - -+, Un, are evenly distributed in R* with no bias in any direction. For example, if vy 4, ..., v, + are independent with
viy ~ N(0,n7711}) for each i, the matrix I —nXy, = I — 1 Dy vi,tv; will concentrate around the (d x k)-dimensional
Zero matrix.

The quantity || P} |2 is more subtle. This quantity is a result of relating dist(Uy41, U*) and dist(Uy, U*) via || (U T

as in our proof of Lemma 28. We can interpret ||P,;11||2 as quantifying how far Uy, is from having orthonormal

columns. As well, we require that Ptjrll exists in general because the principal angle has dist(A, M’) = 1 whenever
rank (M) # rank(M").

Recall that v is the gradient clipping parameter in Algorithm 1.
Proposition 29. For all t, we have

ne

|mm§o<mﬁﬂ%mwmua>

with probability at least 1 — O(n~=19).

N \ 16} . .
Proof. Leto = %W as in the statement of Theorem 8. Let o > 0. Then, by Corollary 27
o <\/E— (\/E"_ a)) S O—min(gt) S O'max(gt) S o) <\/&—|— <\/%+ a))

with probability at least 1 — 2e=" Choosing a = /10d log n gives us

l&ille < & (Va+ VE+ /10dlogn)
¥ (\/&Jr VE+ \/W) 9T 1og(1.25/9)

ne

<0 <wcmog<n> 1og<1/6>>

ne

with probability at least 1 — 2¢~ 1041087 O

Proposition 30. For any t, we have

_ 2(R2 + T2)'2d
IV, ~ Es; (V)2 < 0 <\/ )

with probability at least 1 — O(n~=19).

Proof. Let N4 and N'* be Euclidean %—covers of the d and k-dimensional unit spheres, respectively. Then, by Lemma 23
we have

4
Vi —Ep; [Vi]l|2 < 3 max a' (Vi —Ep [Vi]) 0.

Now
a' (Vi—Ep [Vi])b

n b
2
= ZZ (@5, Urviy — U*0f) + G j) (@, 5 ;) (vie, b)

=1 j=1

_ 2 ZZEB§ [((m;’j,Utvi}t —U*v}) + Gij) (a,x;j)(vi,t,b)] )

17
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We condition on ||v; 4|2 < 2T for each i, which has probability at least 1 — O(n~14) by Proposition 42. Then, we have that

2
nb (@, Upvig = U0}) + Cij) (a, 2 ) (vie, b) — By [((2] 5, Upvse — U*0f) + G j) (@, 27 ) (vig, b))

are centered, independent sub-exponential random variables when also conditioning on U;. The sub-exponential norm of
. . 2
these random variables is (%) . %

we get from Lemma 22

. Then, given Uy, V; are independent of B} and assuming nb > 20(d + k) logn,

_ 2(R2 1 I'2)[2
a'l'(vt_IEB£ [Vt])b§0< 77(Rj;b)d)

with probability at least 1 — O(n~1?) . This bound holds unconditionally since v; ; are bounded with probability at least

1 — O(n=19) for each i. Thus
_ 2(RZ 1 T2)I2d
V2~ By (Wil < O W ’m) ®

nb

with probability at least 1 — O(n~1%) by the union bound. O

In Lemma 9 and Theorem 10, we assume there exist cg, c; > 1 such that

log ) nmM?
T = 5 < min 5 ,
nA ¢y max{A. 5, 1}(R + )Tdvkmlog? (nm) + RT2do?;,  log(nm) ©
mF2O-I2‘HaX,*
comax{R?,1} - max{I'2, 1}74kT'2log® n + R?ko3, .« . log(nm) '
This relationship between 7" and the problem parameters is equivalent to setting
logn
T=—+ 7
e @)
along with assuming the following two conditions on m and n:
Assumption 31. Let Fy =1 — distz(UU, U*) > 0. We assume there exists some constant ¢y > 1 where
max{R? 1} - max{T? 1}y*klog’n Rk
m > ¢ ( E(%Ux%lax7* + Tz log(nm) | T. 8)

. \/log(1.25/5 .
Assumption 32. Let A 5 = C#/) for some constant C > 0 and Eg =1 — dlStQ(UO, U*). For the user count n,
we assume, for some constant ¢; > 1

©))

2 2172
I (maX{Aw;, 1} (RE—Z)I\“Q) Pdvklog*(nm) | R’T d:jg(nm)> -
0

Our Assumptions 31 and 32 are used repeatedly throughout Appendix B. These conditions are easily leveraged as individual
assumptions on m and n, unlike the upper bound on 7'. Including the equality (7) allows us to contain all required conditions
on 7', m, and n to one convenient setting.

Lemma 33. Let Eo = 1 — dist?(Up, U*) and ) = O ((R n F)F\/dk). Suppose Assumption 31 and 32 hold. Then, for
any iteration t, we have that P, is invertible and

Nl

9 —
— 70 mi *EO
Piha < (1 — inx
ogn
|| t+1|2_< e )

with probability at least 1 — O(n~10).

18
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The proof of Lemma 33 is deferred to Appendix B.3.
Lemma34. Letn < 55—, n>e Ey=1-— dist*(Uy, U*), and 1) = 0] ((R +D)T'v dk). Suppose Assumptions 31

max,*

and 32 hold along with T = n};’#. Then, for all t, we have

2
— ngmin,*EO
1P 2]l 1k — n8v; |12 < \/i

with probability at least 1 — O(n~19).

Proof. We will show that

1 no.. .Eo
I, —nX <l-no2 (—=V, ) < |1
H k n V1||2 = N0 min (\/ﬁ t) = < 4

with high probability for each . Then selecting n > ¢® and using Lemma 33 implies the product || P} ||2]| 1k — nZv, |2
satisfies the lemma statement.

Note that By, = VTV, = LY v, 07, and define omin v, = Omin (ﬁvt) Given V; = V*(U*)TU, — F by
Lemma 39 and V* and (U*) T U are full rank, we have

1 1 1
min —Vi ) > min —=V*(U* TU — Umax —F
oo (54) 2 7an (57 078) = ()
1 1
> min —V* min U TU — Omax —F
> o (V") o (@70 = e (727
Now, via the argument of Lemma 39, we have, with probability at least 1 — O(n~10)

VT 26 R2 log(nb)

1
= < — max,x* 7 No91 10
Fmax <\/ﬁF> ST e T T % (10)

for 7, = cry/ %. Recall that v = % and v = — L Then, there exists a constant ¢ > 0 such that, by

in,* max, *

Assumption 31 with cg > 16¢2, we have

E2 2 .
VTg Crmasx S & OUmax,* S Umax,*EO S Jmln,*EO (11)
1—7 ’ covytlogn ~ 4 v4logn 4y/logn
2 E202 .
26R 10g(§b> & ijax,* S Omax *EO S Umln,*EO (12)
(1 —7)%b cov*klogn 4\/74k10gn 4y/logn

max{R?,1}-max{I'?,1}y*klog? n
{ }ESU«;{ Ik log T andy > 1.

max, *

and

IN

since m > ¢ (

Furthermore

Guin (U0 2 /1= (U U3 = /1 - dist®(U;, U%)

Therefore, we obtain

1 1
Omin,V; = Omin (\/EV*> Omin ((U*)TUt) — Omax <\/EF)

> Omi 1 — dist*(Uy, U*) — Eo )
= Umin,x* ts 2\/@
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with probability at least 1 — O(n~19). Thus

E 2
1—noly, v <1—no2, 1 —dist?(Uy, U*) — —— : 13
N0 min, v, = ngmln,*( 18 ( ty ) 2\/@ ( )

Claim 1: We have
I = nSv;ll2 < 1—no?

min,V; *

with probability at least 1 — O(n~19).

We prove Claim 1 by showing 2021 + = , which implies

. = o2 T min,V;

max,Vy
||Ik - nEVt ||2 < max {|1 - namax,Vt|7 |1 - 77012rlin,\/t|} < 1- nJIQnin,Vt'
First, we reuse
2
o LF < VT — 26 R2 log(nb)
\/ﬁ 1-— Tk ’ (1 — Tk)Zb
as in (10). By Lemma 39 and the triangle inequality along with the submultiplicativity of the spectral norm

1
Omax,V; — Omax (\/ﬁ‘/;f)

1 - 1
< max \ ~ — * * max 7F
= O <\/HV(U)Ut>+U (ﬁ)
S Omax,* + Omax (\}ﬁF> .
So

1
Omin,V; S Omax,* + Omax (\/EF) . (14)

1 Omax,*
max 7F S -
iy <¢ﬁ ) 2

By (11) and (12), we have

and thus via (14)
Ulznin,v,, < 20r211ax,*'
Since omin,v, < Omax,v; by definition, we have o2 v + 02, v, < 405, .. This gives us 20311(“7* < Uﬁmx,vﬁ‘fﬁm..vt
with the required probability. This proves Claim 1.
Next, we will prove the following claim using induction.
Claim 2: Leta = _ \/ljg(nm,) - 25T21§g(nm). We have (/1 — dist*(U;, U*) > /(1 — ta)E, for each iteration ¢ € [T).

Base case: when ¢ = 0, the inequality \/1 — dist?(Uy, U*) > /Ey is clearly true since Ey = 1 — dist*(Up, U™).

Inductive hypothesis: we assume /1 — [[(U*) [ U¢||3 > /(1 — ta) Ey for some ¢ € [T].

Inductive Step: note ta < % for any ¢ € [T]. Our assumption on /1 — |[(U*) [ U,||3, (13), and assuming nn > e imply

E 2
2> g2 1—ta)Ey — ——— ) . 15
Omin,V; £ Jmln,*< ( ) 0 2\/@ (15)
Now, since nn < 202 <= <2Hr , Weyl’s inequality and (15) give us
max,* max, Vi min, Vi

By \’
I — % <1-— <1- 1-ta)Ey — —/—— | .
1k — n2Zv, |2 namln Vi ﬁffmm * < ( @) Eo 2 logn)
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By Lemma 33

. -4
— N0 min *EO
Prlo< (1 - —=22—
177 _< m)
with probability at least 1 — O(n~19). This event is a superset of the probabilistic bounds from earlier in this lemma.

Then

1
2 -2 2
* namin,*EO EO *

~ (n(R+TD)TdvVE \/n2(R2—%IQ)F2d
+O< ne + nb

(16)

with probability at least 1 — O(n~19). Assuming n > eF0/(V2=1/2° e have

E() 2 E() 2 7702 i EO
1—no2, 1—ta)Ey— —2 ) <1—no2. VE /2 - —2 ) <1 Iminxrr
77O-n11n,>'= < ( Oé) 0 2\/@) — 775nnn,* < / 2\/10@ — 4

As well, if n > €%, we have
2 _% 2
"0 min *EU 2 Ey
1— 1—nol . (VO —ta)Ey — ———
( ) < M0 min, % ( ( Ct) 0 2 /r)g n

2logn
Ey, \?
1 —nol, VE)/2 - ——
UUmm,*< 0/ 9 logn) )

j
o
o9
3| =

2 2
N0 min *EO
<|1-— 2 1-— :
- < 4 4
o2 E
_ 1_ n min,* 0
4

‘We now use the lower bound assumptions of the user count n and data sample count m. Recall the exact statements of
Assumption 31 and 32. That is, there exist ¢y, c; > 1 such that

max{R2,1} - max{I'2,1}y*klog*n R2k
m > ¢ ( { ! fo7 2{ 1"k log + = log(nm)> T
Oo—max,* r

and

2 212
N> e max {A. 5,1} (R +T') Tdvk log®(nm) N R*T*dlog(nm) T
E2\2 m

The problem parameters that lower bound m, n now come into use during this proof. Furthermore, recall that by Assump-
tion 4 we know some A > 0 such that A\ < oyin «. Then, by Assumptions 31 and 32 along with n > €® and T' = lf]i;l, there
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exists a constant ¢ > 0 such that
2 3
* namin,*EO *
1) Uil < (1 : 4> [N ®

ol(s noZim.Eo\ *n(R+T Pd,/Tk log (1/5) log(nb)
v2logn

_1
1_ HllIl* ) : \/772(R2 +F2)F2dlogn

w\»—A

+

V2logn nb

- T oin, ) 2 (OO 4 0 (n(R + I)Id\/Tklog(1/5) log(nb)
ne

_|_

a7

IN

: (
\/7]2 (R2+T1?) F%ilog(nm))

1
2 2772
mln* * 77)\ EO T
1— T oV
) 1) LT2 + O (clTlog(nm)

N (R + D)o, AT
cpcr max{R2, 1} -max{I'2, 1}y4k3 T2 log(nm) log* n
1
2 3
10 min,« 0 \fo'mm *
<|l1-— Uill2 + O
( 1 ) 172Ul (MW
. ¢ Egn(R + T)T08y,, logn )

cocy max{R2,1} - max{I'2, 1}44k3 T2 log(nm) log? n

1
2 2 4
77Umin,*‘EO % ¢E? E
= [1-—"— | [I(U")1Ul2 + ° p—
4 c1yT+/log(nm) coc1v*k2T? log(nm) logn
since 1 < 57— and A < oy +-Recall that v, k > 1. Using the choice of ¢y, ¢y > 10¢in (17), we have

max *

1
T naanin,*EO : T
1) LUl < \ 1= ——p— | [U")LUtllz +

10 T\/log nm) \/10074/€2T2 log(nm)logn
E2

<|UH U2 + — 22—
") 0 + 5 —

Thus, given Fy <1

E2
1— (U [ Upe ]2 > 1 — (O N | P S——
| U3 > <||< U+ s

2E2 U* TU 2 E4
=1—||(U*)IUt||§— oll(U™) 1 t||2_ 0

5T 4 /log nm 25T210g(nm)

>1—||(U) U3 -

1
(5T1 /log(nm) 25T2 log( nm)) ’
Then, by our assumptions that /1 — [|(U*) [ U||3 > /(1 — ta) Ey, we have
L= [(U*) LUs1]l3 2 1= |(U*) LUz 13 — aBo 2 (1 — ta) Eg — aEg = (1 = (t + 1)a) Ep.
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Thus, by inductive hypothesis

Oumin (UF)TU;) > /1 = dist® (U, U*) > /(1 — ta) Eg

for any ¢ > 0. This proves Claim 2.

10T'y/log(nm)+1
2572 log(nm)

Omin (UF)TU;) > /1 —dist* (U, U*) > /(1 — ta)Eg > \/Eo/2 (18)

for each ¢ > 0. Via (18) and n > €® along with < 55—

max, *

2
— namin,*EO
1Bl — vl < \/i

Observe thatta < Ta =T < % for all ¢. Using this, Claim 2 implies

with probability at least 1 — O(n~19) for any ¢ € [T' — 1]. This proves the lemma. O

Lemma (Restatement of Lemma 9). Let < 5——. Suppose 1 — distz(Uo, U*) > c for some constant ¢ > 0. Set
N TI N _logn _ A : nmA?

the clipping parameter 1) = O ((R +D)T'v dk). Assume T' = =53 = O<m1n (maX{AE’g,1}(R+F)rd\/gm+R2F2dUiiny* ,

F2 2 . ~ .
(T 1}.ma;?1ﬂ201"}i:’2;r2 TR7o? )) and Assumptions 5 and 6 hold for all user data. Set & as in Theorem 8 and batch

max, *

size b= |m/2T|. Then, UP™, the first output of Algorithm I, satisfies

T
i 2 z ~ 2 2\T'2
mWWWUU<<1—m%“”><mﬂhUﬂ+O<m+rgka+ “*+2WdT>
4 neo_min,* nmamin,*

with probability at least 1 — O(T - n*w)_
Proof. By Lemma 28

IO*) LUsallz < IP5 N2 (1 = 3w 2l (U) LUz + 01 Ve — Epy [Vel |2 + nlléll2) - (19)

We must bound all three terms on the right-hand side of (19). Combining (19) and Proposition 30

§ B § _ 2(R2 + I2)T2d
1@ Vel < 13 (nfk ol () [Tl + O W ”(nb)) +77||5t|2> 20)

with probability at least 1 — O(n~19). Combining our choice of ¢ with Proposition 29, via the union bound

(R+F)Fd\/ﬁ+\/n2(R2:ZF2)F2d)> o

ne b

IU*) LUl < 1PSA 2 (IIIk =12, 2 [lU) LUl + O (n

for all t € [T — 1] simultaneously with probability at least 1 — O(T" - n=19).

To bound the right-hand side of the above inequality, we need to bound || P} ||o. By Lemma 33, with probability at least

— 2‘ B,
1—O(T - n~1%), we have || P} |2 < (1 B

Ey < 1, and logn > 1 (assuming, without loss of generality, that n > 2). Further, by

) - O(1) for all ¢ simultaneously, where the last equality follows

from the fact that <
Lemma 33

1
20max,*

2 3
N0 min,«£0 . ~ R+ DDdVkT 2(R2 +T2)I'2d
— ) Il )IUt2+O<”( n)e YA — ) ) (22)

1(U*) LUt 2 < (1 -
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for all ¢ simultaneously with probability at least 1 — O(T - n~10)
Now, what remains is to obtain the tightest possible bound on the recursion from Lemma 22 via the summation of a

geometric sum. Since dist(U*,U;) = ||[(U*) [ Uy||2 < 1, we have, for all ¢ simultaneously

dlSt U* Ut+1

mln B D)dvkT 2(R2 +T2)I"2d
< (1 dlSt U*,ty) +0 <7](R+ ) + n*(R er ) )
ne n

<1 Tinings ) dist(U*, Uy)
o2

<1 B 1n,*EO> ( (R + F)Fd\/ﬁ R2 + FQ)IQd)

<

ne nb

W[

2 B
(1—”0“““’* 0) dist(U*, Uy)

<
= 4
5 1 (n(R +DPAVET | [o?(B + F2)r2d>
1—,/1- nomm Eo/4 ne nb
enoi L\ ~ ((R+D)LdVET R2 4+ T2)I'2d
<|1- Tmin,s dist(U™, Uy) + O (F+ )2 + ( +4 )
4 neamin,* nbo—min,*

< 2z for any = > 1 and since there exists ¢ > 0 such that

10) given that — L
O

with probability at least 1 — O(T - n~
Ey > c. Selecting batch size b = [m/2T | completes the progf of the lemma

Lemma 35 (Adaptation of Theorem 4.2 (Jain et al., 2021)). Let X be a matrix with rows sampled from D; and i the vector
of its labels generated according to Assumption 6. Suppose that (z,y) withx ~ D; isa data point independent of X with
label vector y. Take U to be any matrix with orthonormal columns and v € argmin, ||v"U " X — ¢||2. Then

2
E (16,0, (¢, 9)) ~ 0", U", (9))] < T2NO0T U3 + 2.

Proof. Assume that X ~ D" is a data matrix with label vector i generated as in Assumption 6 using noise vector
¢ ~ SG(R?)™. Let x ~ D; be a data point that is independent of X. By definition of our loss function ¢ and data generation

method

Eyp, .c [€(v, U, (z,y))] = Ezup, [(xTUv — 2" U*v* + C)Q}
= (Uv— U*v*)T]EmNDi [sz] (Uv
= [Uv = U*o*l; + E[¢?]

- U™v*) + E[¢?]

for any fixed U € R¥* v € R. Since v € argmin,|[v' UTX — §||3 we have 5 = (UT XX U)

24
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inverse exists by our assumption that £ < m. Then

_ _ 1 2
E[[05 - U] =E [HU OTxXT0) O Xy - U J
o g o 2
—E D‘U (OTXX ) OTXX U — U + O (0T XXT0) UTng
_ R%*k
<E|[[|00TUv - U] + =
m
_ R%*k
— ||TTTU - Ut + =2
m
- R%*k
<T?||(@0T - U*||s + =
where the first inequality follows from the fact that (UTXXTU )71 U'XX'U = I implies UT =
(UTX XU )_1 UTXXT by orthonormality of the columns of U and the expected mean square estimation error of
sub-Gaussian noise. Combining our two inequalities with E [¢(v*, U*, (z,v))] = E[¢?] completes the proof. O

Theorem (Restatement of Theorem 10). Suppose all conditions of Lemma 9 hold with n = ﬁ T=0 (%) and
that Assumption 4 holds as well. Then, UP™ and VP, the outputs of Algorithm 1, satisfy

L(Upriv7 Vpriv; D) _ L(U*, Vv D)

~ (R +T?)IMA%d*k (R?4+T2)IA%d
<0 n2e2gt. A2 + nmo?. 2
Rk
+7
m

with probability at least 1 — O(T - n=1°). Furthermore, Algorithm 1 is (¢, §)-user-level DP.

Proof. ViaLemma 9 and n < 55—

max, *

T
i 2 z ~ 2 2\T72
dist(UP™,U™) < (1 - C77‘Tmm,*> dist(Up, U™) 4+ O <(R - I‘)Qfd\/ﬁ + (R + F4 )r dT)
4 najmin,* nmamin,*

with probability at least 1 — O(T-n ). Note that dist(Ur, U*) = ||(UrUy — I)U*||,. Applying Lemma 35 and plugging
our choice of 7" in this bound finishes the proof. O

Theorem 36. (Theorem 4 (Tripuraneni et al., 2021)) Given a new user with a dataset S,y of size m;whose elements
sampled from distribution D1 where assumptions 6 and 5 hold with |[v};, ||| < I'. Then if dist(UP™,U*) < ¢ and

ma > klogmy, let vf;j:l = argmin, cgr L(UPY, v; S, 11), then we have
N ~ R%k
07051 = U 2 < O (1207 4 S

with probability at least 1 — O(m5 *°°)

Corollary (Restatement of Corollary 11). Suppose all conditions of Theorem 10 hold. Consider a new client with a
dataset Sy1 ~ D). |, where Assumptions 5 and 6 hold with ||[v}; |||z < T. Let UP™ be the output of Algorithm I and

opt = argming, cpr L(UP™, 05 Spyq), if m’ 2 klogm/. We have

L(Upriv> UELr-ii:l; DﬂJrl) - L(U*7 U:Hrl; Dn+1)

~ [ (R2+THT*A2d%k R? +T%)IA%d 2k
<0<( ) yELIOTA, R )

2,254 2 4 2 /
NP0, A MO i A m

with probability at least 1 — O(T - n =10 4 m/~100),
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Proof. From the proof in Lemma 35, we have
LUP™, 0531 Do) = LU, 05413 D) < U0 4y = UPYOR |12 + E[p’] — Ef”)
— HU*’U:,Jrl Upr]v pr1v1||2
Then by Lemma 9 and our choice of 7', we obtain

. ; (R+ r)rdAf (R? 4+ T2)['2dA2
dist(UP™, <
ist(UP, U7) 0 ( neos. .\ nmot. A2

m1n * min,*

Then we plug the bound of dist(UP™, U*) into Theorem 36, and obtain
(Upnv’ 7Plr_1:1’an+1) - L(U*7U:L+1;Dn+l) < HU* Up+1 Upnv 5::1”2

- 2 1‘\2 F4A2 2 2 F2 F4A2 2
<O<(R+) @k (R +T°) d+Rk>_

— 2.2 2 4 2
N7€70 min, *)‘ nmamin,*)‘ m2

B.2 Private initialization results

Theorem 37 (Theorem 2.1 (Duchi et al., 2022)). Let M, M € R4 pe symmetric matrices. Suppose p € [k] for k a
positive integer with k < d. Denote by \y, the p-th largest eigenvalue of M. Let A, A be matrices with columns the top-k

eigenvectors of M, M, respectively. Then, A\, — A\, +1 > 0 implies
2| M — M|

dist(4, A) < .
( ) Ak — A1

Proof. The theorem holds trivially when w > 1. So, we focus on the case w <1

< 1, we have

Let >\ be the p-th largest eigenvalue of M. By Weyl’s inequality and w

Ak — A1

Moyt = A1 < [|M = M|z < 5
This and the assumption A\, — Ag1 > 0 imply

M T Akt (23)

Aot = Mgt >

By the Davis-Kahan theorem (Stewart, 1990)
2| M — M|z
k= Aksl
Combining (23) and (24) along with ||ALZ1||2 = dist(A, A) finishes the proof. O

|ATAll2 < (24)

We use a slight adaptation of Theorem L.1 from (Duchi et al., 2022). The statement of the result below is different from
the original result by a single step. This step is where the authors use the Davis-Kahan theorem to obtain a bound on
the principal angle. We instead state their Theorem L.1 before applying Davis-Kahan for use in our private initialization
guarantee.

Theorem 38 (Adaptation of Theorem L.1 (Duchi et al., 2022)). Let S = (S1,...,S,) be a sequence of datasets where

Si = {(zi,1,¥i1) - -+ (Ti,my2, Yi,my2) } are sampled according to Assumptions 5 and 6 for each i € [n]. Define Z; =
TRTTY Du a2 s e Vit YiiaTis T g Z = 5 Doy Ziy and Z = 371 B [Z;). Then, we have
_ R2 +T2)I"2d
122 <0 <1og3<nd> M)
mn

with probability at least 1 — O(n~10).
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Algorithm 2 Private Initialization for Private FedRep

Require: S; = {(,1,%i,1),- - (Tim/2, Yi,m/2)} data for users i € [n], privacy parameters ¢, d, clipping bound i, rank
k
Let Gipit < poy
Let &inie ¢ N9*4(0,62,)
for Clients i € [n] in parallel do
Send Z; < iy 25, g, Yisia Yija Ty T4, 1O server
end for
Server aggregates Z; and add noise for privatization

Yinity/log ( L5 )

AN AN S S s

7= Z clip(Z;, Yinit) + Einit
i=1

3=

7: Server computes R
Uit DU, < rank-k-SVD(Z)

init

8: Return: Uy

Lemma (Restatement of Lemma 12). Suppose that Assumptions 5 and 6 hold. Let Uiy, be the output of Algorithm 2. Then,

by setting Vinix = O((R? + T'?)d), we have

dist(Uinii, U*) < O

mno?

2
neo min,*

min,*

~ ((R2 02 [(R +F2)F2d>

with probability at least 1 — O(n~10). Furthermore, Algorithm 2 is (e, §) user-level DP.

Proof. The privacy guarantee follows directly from the guarantee of Gaussian mechanism. For our utility guarantee, we
condition on the event

& = {luis| < O + R log(mn)).

xf,j| <O (\/log dmn) for all (4, j,p) € [n] x [m] x [d] simultaneously}

where xfy ; represents the p-th entry of z; ;. The condition £ holds with probability at least 1 — O(n=19).

Conditioning on event £, we obtain N
1Zillr < O ((R* +1?)d)

and the clipping will not change the gradient norm. Let Z = 1 Y% | 7, 7 = L 5™ E[Z,]. Via Corollary 27 and the
fact that the clipping does not affect the bound, we have

5 R R? +T?)d%/?\/Tog nlog®(dmn
12 = 2l = Il < O (Viow) = o (I ommion (dmn) ) 25
with probability at least 1 — 2e~10logn,
By Theorem 38, we have
_ R?2 +T2)2d
1Z—-2]: <0 <1Og3(nd) (mn)> (26)
with probability over 1 — O(n~10). Therefore, by (25) and (26), we have
1Z = Zlla <|1Z = Zll2+ 12 = Z|
<0 <(32 + T2)d3/2\/log n log? (dmn) +log(nd) (R2 + F2)F2d> 27)
- ne mn
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with probability at least 1 — O(n~1%) via the union bound. Finally, using Theorem 37 and the fact that Z =
LS (U*p)(U*vp) T with (27), we obtain

212 -2
diSt(Uinit7 U*) S u

g

min,*

+ log®(nd)

<0 ((R2 +T2)d%/2\/Tog nlog?(dmn)

Tl€O'2

min,*

TTLTLO'4

min,*

(R2 + F2)F2d>

with probability at least 1 — O(n~19).

B.3 Auxiliary lemmas

The results of this section include multiple adaptations of those from (Collins et al., 2021) such as Lemma 43 and Lemma 33.
Our proofs, when they are adaptations, are substantially more complex due to the addition of label noise and differential
privacy to design Private FedRep (Algorithm 1).

This section has the following structure. We first characterize the solution of the local minimization step of Algorithm 1 in
Lemma 39. Next, we introduce in Proposition 40 terms quantifying the label noise terms that periodically appear throughout
our proofs. Using this proposition, we give a bound on the error from estimating v7, ..., v, incurred during the local
minimization step of Algorithm 1 in Lemma 41. Using similar methods, in Lemma 43 we bound the spectral distance
of the linear operator that defines the gradient step of Algorithm 1 from the identity operator. Finally, using all of these
intermediate results allows us to prove Lemma 33, a key lemma in our main proof of Section B.1.

Take 7, Z; to be the index sets of our batches in Algorithm 1. Let B; s = {(zij,vi;) : j € Zi} and B}, = {(2} ;,v; ;) :
J € Zj}. We omit iterations ¢ on our quantities for ease of notation. Further, we reindex the elements of B, ¢, B , to

B¢ = {(wj,yi;):j €[b]}and B, = {(x;j,ygj) cje (b} LetA; ; = eixzj,Agd = e;x’; ; foreach (i, ) € [n] X I.
Define A : R"*4 — R where A(M) = ({4, M)F) ;. j)ein)xz, for all matrices M € R™*4, We analogously define the

operator A’ with respect to the matrices A;) i

Denote (A’)T : R" — R"*4 the adjoint operator of A’ defined as (A")T(M) = Y7, 2:1<A§7j, M) Aj ;. In this sense

(A)t A : Rmxd — Rn*d g 3 single operator. Furthermore, recall that & ~ A (0, 62)%** and choose 6 = O (m)

Define the following recursion from Algorithm 1.

Algorithm 1 recursion

2 1 * * |2
Vi1 < arg min —H.A(V UHT =V (WU)T) +¢
VeRnxk le 2
J * * T
Orr < Us = — (AT AVia (U)T = V*(UNT)) Ve -
2 =

nZVU<A/(Vt+1(Ut)T)’ Q) +né

Uiy, Py1 < QR(Ut-H)-

We will now state a theorem that gives an analytic form for V1. Suppose p, ¢ € [d]. Let ug ¢, uy be the g-th column of
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U, U*, respectively. Define
n b

Z Z (Ai’jup’tu;t(Ai’j)T) € R™*™

=1 j

Gp,q =

S| =
i
Il
—_

>
Il

S| =
M@

Il
-

A'L' 2w ut T Az p T eRan
(Ausnel0) T (405)7) o0

=17

— nxn
Dy g = (upt,us) Inxn € R

n b
Wp = % Z ZCi,in,jupﬂf € R".

i=1 j=1

Q¥
~

Take G, C, D to be nk x nk block matrices with blocks G}, 4, Cp 4, Cp,q and W an nk-dimensional vector created by
concatenating W), for each p € [k]. Denote v* = Vec(V*), a column vector of dimension nk.

For the following lemma we define
F=[(GY(GD-C)W +W))i...(G"Y(GD — O)o* + W))i] € R™** (30)
where (G~ ((GD — C)v* + W)),, is the p-th n-dimensional block of the nk-dimensional vector G~ ((GD — C)v* + W).
Lemma 39. The matrix V1 satisfies
Vi1 =VXUN'U, - F
at each iteration t + 1 for the error matrix F € R"*,
Proof. Note that V1 minimizes the function F(V,Uy) = Z||A(V*(U*)T = V(U;)T) + gHi and so V, F(Vi1,U;) =

0 for v, the p-th column of V' for each p € [k]. Recall our definition of A4, ; = eixzj for e; the i-th n-dimensional standard
basis vector. Given that

AWV (U =VU)T) + s = AV U T = VO))|s+ 2AVU)T = VU)T) 0 +IICI1
we have for 1, the g-th column of U,

0=V, F(Vig1,Up)
9 k n b 4
= SIS (g (i) et — (1) (Aig) ;) vt + Vo, AV (U)T = Vi (U)T), 0
g=1i=1 j=1

Let (M), be the p-th column of a matrix M. Then

Vo, (AVF(U) T = Viga (U) 1), ) = =V, (A(Vigr (U) 1), €)
= =V, (i3, Virr (U) 1) P) 6.y etmixz,  §)

= -V, Z Gij{Aij Vi (U) ) e
(i,5)€[n] x [b]

= -V, < > Ci,in,jyvt+1(Ut)T>
(4,5)

€[n]x[0]

= -V, < Z Ci,in,jUt,Vt+1>
(4,9)

€[n]x[b]

F

F

=\ - Z Gi,jAi, iUt

(@,9)€[n]x[0]
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the p-th column of the matrix — Z(i DemIxb] GijAi ;U € R™**. Hence

k n b kE n b n b
1 1 2
EZZZ Ai jup, tuqt J) Uqt4+1 = EZZZ i, Up,t (U ( i,j)T) 7’; + EZZCLJ'ALJ'UM-
q=1i=1 j=1 q=11i=1 j=1 i=1 j=1
Then, for 0y 1 = (v 411,00 41) T €R™and 0* = ((vf)",..., (v;) )" € R™ we have

Vi1 =G IC@ + W) =Dv* — G H(GD — C)o* + W)

conditioned on the event that G~! exists. We denote F' = [(G~((GD — C)v* + W))1...(G"Y((GD — C)v* +
W))k] € R™* where (G™1((GD — C)v* + W)), is the p-th n-th dimensional block of the nk-dimensional vector
G~ Y((GD — C)v* + W). Recalling the definition of D, we have that V; 1, = V*(U*) U, — O

In order to evaluate the final bounds with label noise included we must bound the following terms

—

STV AV (U),)

and 1
VAV (U)),0)

in spectral norm.
Proposition 40. With probability 1 — O(n=1), we have

—

> 26 R?n log(nb)

1
(1) Hva<A(VZ+1(Ut)T), < b
2

Furthermore, with probability at least 1 — O(n~1°), we have

—

> 2

_ 4\/2-15R2I‘2dlogn
<3 .

H%vUM(Vm(Ut)T)» nb

Proof. Claim 1: With probability 1 — e~ 111°2(") ' we have

—

L AV (U)T), 0

H 26 R?n log(nb)
; .

9 b

Note that for any given p € [n] and ¢ € [k]

(2VV<A<vt+1<Ut>T>f>>M: <2Vv<<< 243: Vet (U) D))l >)

) )

1
=13 Z Ci,ij(@z’ij, Vi1 (U) ") R) )

(,3)€[n]x[m] p.q

1
=l7 X GiVvlerUnVin)r)e
(i,4)€[n)x[m]

1
= E Z Ci,jeiijUt

(4,9)€[n]x [m]
b
b Z 3 (Tp.js Uq,t)
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for ug ; the g-th column of U;. Observe that ¢, ; is independent of both x,, ; and u, ; for all j € [m]. Condition on the event

E ={|¢i,j| < R\/26log(nd) forall (i,5) € [n] x [m]}

which has probability at least 1 — e~131°8("®)_ Via this conditioning the random variable ¢, ; (7} j, uq.¢) is R1/26log(nb)-
sub-Gaussian given that (x, j, uq,¢) is 1-sub-Gaussian. Note as well {,, ; (2} ;, uq,+) is mean zero and independent for each

26 R? log(nb)
b

j. So, 3 Z?:l Cp,j(Tp.js Uq,e) is centered, -sub-Gaussian, and independent for every p.

. . _ 2
Let 52 be the variance of } Z;’.:l Cpj(Tp,j, Uq,t), which has & < 4/ %ﬁg("b) Then, ( Zj 1Gp.i(@p sy g, t>)

has covariance matrix I. By the one-sided version of Theorem 26

Tmax (Tr;VV(A(VtH(Ut)T), 5>> <0 (\/ﬁ+ VEk + w)

q€(k]

with probability at least 1 — e, Multiplying through by & and setting o = +/n, we have

1 - 26 R?n log(nb
PV AV @), <y REes)
2
with probability at least 1 — e~" conditioned on the event £. So, in general
1 - 26 R?n log(nb
EREANGALNG) RV
2

with probability at least 1 — e~ — e~ 12108(n) > ] _ ¢—11108(nb) Thjs proves our first claim.

Claim 2:  With probability at least 1 — O(n~1?), we have

—

)

_ 4\/2 -15R2I"2dlogn

1 T
ARG I

Note that

1
VAV (U))

3‘,_.

ZZCZ,]A ,]7‘/;5+1 Ut) >
F

1111

<: ZC’L] Vt+1 LJv(Ut)T>
F

=1 j=1

%ZZC” 2] W+17Ut>

- F

b
D Gi(Aig) TViga.

=1 j=

U“‘
—
=

Observe that since (A; ;)" is a matrix with one non-zero column z; ;, we have (A; ;) " Vi1 = @} ;(vi41) T where v; 441
is the i-th row of V; ;1. Let N4 and N'* be Euclidean Z-covers of the d and k-dimensional unit spheres, respectively. Then,
by Lemma 23

n b n b
G Ve | = | 535S Gt )

2 2
4 1 n b
= T = ot (v T
= 5 el @ | b 2 2 Gt ) T
i=1 j=1
4
T3 eNd be/\/k nb ;jzlcm ) 1] ) (Vi,t41,b)
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Let [|v; 1412 < 2T for all i with probability at least 1 — O(n~'*) via Proposition 42. As well, we condition on the event

5
&= {vi’t+1||2 < 11“ for all 4 simultaneously}

which has probability P[] > 1 — O(n~13).

Since |(v;, t+1, b)| < T by Cauchy-Schwarz, the random variable ¢; ;(a, z} ;) (vi 141, b) is sub-exponential. Furthermore,
the variable 1.¢; ; (a, x5 ;)(vi,t+1,b) has sub-exponential norm bounded by 125RL < 2R 4nd is mean zero. Following

64nb —
from Lemma 22 conditioned on £ and for nb > 15dlog n, we have

4 [2-15R2TI"2dlogn
3TLbZZCl7J ) z] Uz,t+1,b>S3\/ —

=1 j=1

with probability at least 1 — e~ 199198 ™ Via the union bound over N4, N'*

4
LS S () Vs S nbzz@,j IRTC
=1 j=1 9 =15=1
- 4\/2-15R2F2dlogn
-3 nb

with probability at least 1 — 99+ke=15dlogn > 1 _ =10dlogn et [ be the event

2-15R?T2dlogn
FE = bZZCz] 7,]) ‘/t+1 § 3\/ nb g

=1 j=1 9

Applying the fact that P[E¢] < P[E¢|E] + P[£¢] < e~104108n 1 O(n~13) = O(n~1?) finishes the second claim.

Recall the following definitions given prior to Lemma 39 where A; ; = e;x; ;. Denote
1D
Gpq = b Z Z ,J“p,t“ A’,j)—r) € R™"
i=1 j=1
1 b
= Z Z i, Up,t (Ai,j)T) S
i=1 j=1

Dp.g = (up,t;ug)nxn € R™"

n b
Wp = %Z ZCi,in,jupﬂf € R".

i=1 j=1

(3D

Take G, C, D to be nk x nk block matrices with blocks G}, 4, Cp 4, Cp,q and W an nk-dimensional vector created by
concatenating W), for each p € [k]. Let G?, C%, D' be the k x k matrices formed by taking the i-th diagonal element from

each G, 4, Cp. ¢, Dp 4, respectively.

35k log n

Lemma 41. Let 1, = ¢, for some ¢ > 0. Then

M G2 <

with probability at least 1 — O(n~13).
Furthermore,

26 R?nk log(nb)

@ IFlp < T

HQdiSt(Ut, U*) +
with probability at least 1 — O(n~'1).
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Proof. Claim1: We have
1

1—

IG™H Iz <

with probability at least 1 — e~ 13k logn,

Let a be a normalized vector in nk dimensions. Define a’ € R¥ to be the sub-vector of a constructed by choosing each
((p — 1)n + 4)-th component for p = 1, ..., k. Observe that

Omin(G) = min a' Ga
a:|lal|2=1
n
. T
= min a G'a

: =1
a:flall2=1 =

Y

min o (GY).
i€[n]

Let IT" = ¢ Z?’:l x; jx; ;. By our definition below (31), we have G = U, TI'U;. Note that %U,Ta:w‘ is %—sub—Gaussian

and independent for each ¢, j. Assume b > k. Then, using a one-sided form of Theorem 26, there exists a constant ¢, > 0

where
) k w
min (U, I'U;) > 1= ¢, \/7 —
Omin(U, II'UL) > c b+\/6

with probability at least 1 — e~ Setting o = +/T4% log 1 gives us
Omin(GY) > 1 — 1

with probability 1 — e~14¥1°8™ for 7, as in the lemma statement. Via the union bound over i € [n]
Omin(G) > 1 — 71

with probability at least 1 — e~ 13k 1logn,

Claim 2: We have

VT ) 26 R2nk log(nb)
V*||2dist(Uy, U* _—
lkaH [2dist(Uz, U™) + (1—74)2b

e~ 11 log(nb) .

1F)lp <

with probability at least 1 — 2~ 13k logn

The proof follows from bounding H* = G'C* — D' for each i € [n] in spectral norm with Lemma 22 and exploiting the

.. max; vl
definition of our parameter v = maxiem|lvill2

Omax,*

Let X; be the design matrix for x; 1, ..., ;. Note that, by the definitions below (31), we have

. ) ) ) 1
G'D'—C' = (U,) 'I'U(U,) U* — U TITI'U* = E(Ut)TXin(Ut(Ut)T — I,)U*.

Then n
*\ (12 1, %
I(GD — C)Vee(V)|3 = S I1H ()13
i=1
< SIE B3
i=1
V2 * |12 - (12
14 13> IH 3.
i=1
and so

(GD — C)Vec(V*)|l3

IN

2 n
v * 7
—IVIE D_IH3. (32)
=1
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We now bound each H' using concentration inequalities. Define A = ﬁXiUt and B = %Xi(Ut(Ut)T —1,)U*. We

denote the rows of A and B with a; ; = %(Ut)Txm and b; ; = %U*(Ut(Ut)T — I4)z; ;, respectively. Note that, for NF
a Euclidean i-cover of the unit sphere in k& dimensions, we have

IBTAll; <2 max u' BT Au
w,u’ ENF

b
=2 max u' E bija; ;| o
w,u’ ENk . o

Jj=1
b
i
=2 max (u, bs 5) (@i j,u")

w,u ENFk £
Jj=1

via Lemma 23. Now, fix some (u,u') € N* x N*. Then, a; ; = == (U;) "@; ; and b; ; = =U*(U(U;) " — Iy)xi ;. So,

Vb Vb
(u,a; ;) 1s %\/E-sub-Gaussian and (b; j,u') is %\/Edist(Ut, U*)-sub-Gaussian. This means their product is 2% dist(Uy, U*)-
sub-exponential.
Now, from Lemma 22, there exists ¢’ > 0 such that
b
P[|H'|I3 > 2s] <P A 1<u»bi,j><ai,j7u'> > s
=
< 92kefc’bmin(2_5‘“5[2?2bu*) ) 1-6‘135‘(?]%[}*) ) .
Let 7> 0 satisty g7y = max (7, 72). Then
72 = min ( i > >
2.5dist?(Uy, U*) " 1.6dist(Uy, U*) )
Picking 7% = 14’2‘?” and assuming that b > 11k logn ensures
. .92 % |
P ||, > 3bdist™ (U, U*)klogn < ¢~ 1aklogn (33)
b
for any fixed ¢ € [n]. So
k1

P [||(GD — C)Vee(VH)||2 > 3502(|V*||2dist2 (U, U*)C;gn}

<P fuv*u?inm\\? > 3502 (| V* |2dis(U,, U*) 108"

= " 2 2 22 2 t b

klogn
b

2TL
v .
<IP’—§ H|2 > 3502dist?(U,, U™
[ni1| 12 vedist™ (Uy )

k1
< nP [||H1|§ > 35dist2(Uy, U™) Og"]

b

< 671316 logn

where the first inequality follows from (32) and the last inequality follows from (33). The rest of the proof follows from
the fact that F' = [(G~Y((GD — C)o* + W) ... (G7Y((GD — C)v* + W))y]. That is, we bound G~ [W1, ..., W]
via an application of Claim 1 along with Proposition 40 part (1). This gives a bound on the norm of F' = [G~1((GD —
C)0*)1...G7YH((GD — C)o*)] + G=L[Wh, ..., W}] by the union bound. O
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Let f; be the i-th row of F in row vector form. Also, recall that G*, C%, D? are the k x k matrices formed by taking the i-th
diagonal element from each G}, 4, Cp ¢, Dp. 4 as in (31).

Proposition 42. Suppose Assumption 31 holds. For all t € [T — 1], we have that v; 411 from Algorithm 1 satisfies

5
[vi,e1ll2 < ZF

with probability at least 1 — O(n='*) for all i € [n).

Proof. By Lemma 39, we have (as row vectors) v; 441 = v; (U*)TUt — f;. This implies

v e41llz < 05 l210*) T Uellz + [ £ill2

and so ||v;11ll2 < T' + || fill2. Fix ¢ € [n] and assume that v7, < 1. This is not difficult to achieve when using

Assumption 31. Recall that we defined 7, = ¢4/ %. Now, denoting the i-th row of a matrix with (M); .

.
n b
.1 . . . « 1 -—1
£l = GG C = DY@DT + | 530D GG AU
i=1j=1 ,
ik ||
, T
.1 . . . « —1 1
<G 2M(GTCT = DY) T2 + 1G° 12 ngi,jl“ZjUt
j=1 1k ||
UTk : 40R?klogn
< *11, dist * SR logn
< o a0, )
< YTk by 40R2%klogn
177’]C (177’]4)2[)

with probability at least 1 — 2~ 14k1log(n) _ —14log(nd) yja the argument of Lemma 41 part (1), and the same arguments as
Lemma 41 part (2) and Proposition 40 part (1) applied to the vectors G~ (GiC — D¥)(v}) T and (% 22:1 Gijry ; Ut>

7%

Now, assuming that m > 4000¢? max{R2’1}'m.ax2{F2’l}74k log? . and m > 4000 R’k log(nm), we have

T Eéo-max,* r2
VT 40R?klogn < r
1— 7 (1 —71)2b 4
Taking the union bound over all : finishes the result. O

Lemma 43. Let 7;, = 5v/134/ %. Suppose Assumption 31 holds. Then, we have, for any iteration t, that

1

n

.
(G AWr )T =V (O)T) = V@) =V @))) Vi

2

3RI'2\/15 - 24dk log(n) log(nb)

< i dist(U, U*) + ()
nb)a

with probability at least 1 — O(n~10).

Proof. Take W = (Wy,...,W;,)" € R™ where W, = 237" z?zingmum. Recall that F' = [(G~((GD —

CYo* +W))1...(G7YH(GD — C)o* + W))i] € R™** by (30). Define W = [G~1W; ... G~1Wy]. Let Q; be the matrix
defined via rows ¢; where
¢ =U(U) U ()" = U(fi) T = U (v])"

35



Private Model Personalization Revisited

Finally, define by @t the matrix with rows g; + = ¢; + — Wi,* (Ut)T where /VVH is the i-th row of 1. Note that

1(/1 T
(G A0 =V @) = Va @ =V @) Vi

T ST (34)
< l (Z(A’)TA’(ét) - @t) Vit1 1 (2(A/)TA/(Wi(Ut)T) _ Wi(Ut)T> Vi

+ -
n
2

2

The lemma follows from bounding the right-hand terms individually.

Let 7, = 5v/13y/ dlosn,

Claim 1: We have
1
n

S T,gdiSt(Ut, U*)
2

(Lra@)-a) v

with probability at least 1 — e~ 10d1losn _ 9e—13klogn,

Note that N
1Gill2 < 10U TU* (i) " = U (07) "Iz + [Ue(f2) T = Ue(W2) T2
< Tdist(Uy, U") + [Ifi = Wil
Now
1fi = Will2 = |G* BIG D = Clall(w]) T2
. N ZNy
< dist(Us, U*) 7= jk

with probability at least 1 — 2¢~13%198™ via an argument identical to Lemma 41 part (2) without the label noise term. Choose
co > 1000¢? in Assumption 31 to ensure v7j, < 5. Then || f; — W;|l2 < Tdist(Uy, U*) and hence ||g;]|2 < 2Tdist(U;, U*)
with probability at least 1 — 2~ 13F1osn,

By Proposition 42, we have ||v; ¢41]|2 < 3T with probability at least 1 — O(n~1%) for each i . Observe
1 IND 75 ~\ ' T _ =~ T
" ((A) A(Qr) — Qt) Vityr = — ZZ (@ 5 Gi0) v ; (Vi) = Gip(vien) ') -
i=1 j=1
We first condition on the event

= {|q~1||2 < 2Ddist(Uy, U*) and ||v; ¢141]]2 < ZI‘ foralli € [n]}

which has probability at least 1 — O(n~'°) by the union bound. Define the Euclidean 1 z-covers of the d and k-dimensional
unit spheres A'? and A'®, respectively. Via Lemma 23

Z Z Ty J,ql t)Z; J(vi,t—&-l)—r - (Yi,t(vi,t-s-l)T)

’Lljl 9

n b
1 ~
- Z Z ,J, Gi,t) a75€”><vi,t+17 b) — (@, @it) (Vi,t+1, b>) .

< — max
= 3 aeNdbeNF nb p

=~

The variable (x ;, G ;) is 20'dist(Uy, U*)-sub-Gaussian and (a, z ;) is 2-sub-Gaussian via Proposition 18. This means
(2} > i) {a, @ ;) is sub-exponential with norm STdist(Uy, U*). Then, the variable - (x i Git) (@, T ;) (Vigg1, b) s
sub-exponential with norm

50 - 502 .
%dlst(Ut,U Nvile < Edlst(Ut,U )
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given that we have conditioned on £. Note that the variables ((z} i Qi) (V1)

2 i x(, (Vi T E]Vi’t(viytH)T) are centered.
Furthermore, due to our conditioning we can concentrate these variables with respect to the randomness x
independent of ¢; ¢, v; ++1. So, by Lemma 22 there exists a constant ¢’ > 0 where

P
;,; since they are

P nbzz z]?%i ”(Uz‘,t+1)—r

— Gia(viepr) )| = 2s|E
i=1 j=1

) (35)
2
< gtk —c'nbmi ) . '
< exXp ( ¢ nomin (52F4dist(Ut, U=)2’ 5T2dist(Uy, U*)

From (35) we denote 72 = min ( s?

s 2 _
52Tadist(U,,U*)2? 5F2dist(Ut,U*)> and further set 7
then

(di‘i)bl()gn If nb > 13(d+k) logn

nbzz

~ . . [T*dlogn
L @) (iag1) T = Ga(vias) ) || > 5V13dist(Uy, U™) — S8R e
=1 j=1

nb
2
S 9d+k6713(d+k) logn S eflodlogn

Recall that P[€] > 1 — O(n~1°) . Therefore, we have

nbzz

- . . [T*dlogn
&} 5 @) j(ine1) T = Ga(vigen) V) || > 5V13dist(Uy, U™) - Cosh
=1 j=1

nb (36)
2
< e—lOdlogn + O(n—10> _ O(n—lo).

This proves Claim 1.

Claim 2: We have

.
L (Grora o)) - W) v

with probability at least 1

) (nb)?

< 3RI'2,/15 - 24dk1og(n) log(nb)

—O(n=19).

Observe

-
Il
—
.
Il
-

Note that the random variables (] ;, Wi(U) T, i) — Wi (Up)T (v5,041) T have mean zero since z
are independent along with E [Wi(Ut)

1 and W (Uy) T
=0 Using a covering argument identical to Claim 1, we have

n b
ZZ( 74 WiU) Tl (i) T = WalU) T (i) )

e

S,

n b
1
3a€/\rfr'}%))é,/\/k77,b;z_:< i.j0 W U) ")(

Recall that WZ =

2

(37

a, T

) i, b) = (@ WaUD) T (via, b))

1 n b T
(ﬁ Zi:l Zj:l Cz(,jxg,j(vi,tJrl) )
SRI\/2kIog(nb)

€ R*. Conditioning on [[v; 412 < 3T, we have ||W;]|
i,k
4v'nb

with probability at least 1 — ke~ 12108(nb) > 1 _ ¢~111og(nb) by the union bound on the components of W,
Multiplication by U," on the right does not change this bound given orthonormality
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We thus condition on the new event

— SRI'\/24k ] b
E=S WU |2 < og(nb) and v 4412 < §I‘ for all i € [n]
4v/nb 4

which has probability at least 1 — O(n~'1) via our above work and Proposition 42. The variable (x . Wi(Ut)T> is

2,37
( 5RI'\/24k log(nb)

-sub-Gaussian via conditioning on £. This means
4v/nb ) g 5

(s TTU) Y s wn11,B) — T (0) ) (s 0,0))

< <3R1"2\/24klog(nb)

sl )-sub—exponential. Using an argument identical to how we showed (36), the inequality (37) implies

T 2
1 1 —~ —~ 3RI“\/15 - 24dk log(n) log(nb
(G awon = WwT) v | < VIS 2 e lostnd) a8)
n|\ b ) (nb)a
with probability at least 1 — O(n‘lo). Combining (36) and (38) via the union bound finishes the second claim.
Combining (34) with Claims 1 and 2 via the union bound finishes the proof. O

Recall the exact statements of Assumption 31 and 32. That is, there exist cg, c; > 1 such that

21 2, 1}y*k log” 2k
m> e (maX{R , 1} - max{T?, 1}y*k log L R 1og(nm)> T
E2o2 I2

max,*

and

2 212
N> max {A. 5,1} (R + ') Tdvk log® (nm) N R*T*dlog(nm) T
E2\2 m

Lower bounds on the constants ¢y, c; are used many times in the proof for the following lemma.

Lemma (Restatement of Lemma 33). Let Eo = 1 — dist(Up, U*) and 1 = O ((R ¥ F)F\/dk). Suppose Assumption 31
and 32 hold. Then, for any iteration t, we have that P, is invertible and

1
-1
1 n : 0
P, 2 < _ Tminyxr e
|| H ( \/210gn

with probability at least 1 — O(n=19).

Proof. Recall that F = G~Y(GD — C)V* + G 'Vy(A(Vi1(U)7),¢) and let 7, = cﬂ/%,ﬂc =

15v/13/ 2 ‘“Og" for some constant ¢ > 0. Letting ¢g > 2000¢2 in Assumption 31, we have ——
1672 < 2

4 .
—— <3 and noting

47R?nlog(nb)
b

with probability at least 1 — O(n~11) via the argument Lemma 41 part (2) for the spectral norm.

Recall that Q; = Vi (U)T — V*(U*)T and V; = V*(U*)"U; — F by Lemma 39. Now, denote H, =
— 3 (ANVTA Q) Vigr + n&y, Hy = — 3 (A)TA(Qy), and Wy = 2V (A(Vi1(Up) T), ¢). By Recursion 28, we have

4
1F2 < gumellV7lz + (39)

Pt11Pt+1 = ﬁt110t+1
= (U)"U, - Z((Ut)TH; F(H)TU) + (U)W, + (W) TU,) — g((Wt)TH; L HTW,)

2
n %(H{)TH{ + (W)W,
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By Weyl’s inequality, the above implies

Onin(Pree1) 2 1= WA (U HiVi + (Vi) T () TU) + i (V)T We o+ (W) TUL)
= (W) T H Vi + (Vi) ()W) = Auna(U) & 46/ 0)
= Mma (W) & + & W) + Z—mem«H;)TH;) + Amin (We) W)
> 1= D (U0 H Ve + (Vi) T () TU) + A (U)W (W) T0)
(W) T Vi + (Vi) (D) TWE) = A (U) & 46/ 0)

- )\max((Wt)Tgt + ftTWt)

To complete this proof we must bound each of these terms individually. That is, we upper bound

%Amax((Ut)THtml + (Vig) T(H) Ty (40a)
Amax (Up) T& + & U) (40b)
Amax (W) & + & Wy) (40c)
gAmax((Wt)THth + (Vigr) T (H) W) (40d)
and lower bound
Amin (U2) "Wy + (W) TU). (41)

These bounds follow from our previous propositions and lemmas.

Term (40a) has

gAmax((UtﬂHtvm + (Vip) T (H)TUY)

= max ﬂaT(Ut)THtVtJrl + (Vigr) " (Hy) "Usa

llallz=1 7

2
= max —naT(Vt_H)THtUta

llall2=1 7

2 1 . P
20T ()T (b<A>*A (@)Qt) Vit max 2La” (V1) Qula.

"~ lallz=1 1 llafla=1

‘We have

3RI'?,/15 - 24dk log(n) log(nb)
(nb) ¥

2 1 12 / !/
max —naT(VtH)T (b(.A WA (Qr) — Qt) Uia < 217y, +

by Lemma 43. We are able to drop the second term on the right-hand side above later due to its very fast rate of decay in
n, b. Now

2 2
X %GT(W+1)TQtUtCL: max £<Qt,W+1aaT(Ut)T>F

llallz=1 llallz=1
_ 2ﬁ * *\ T T T _ 2ﬁ T T
_Hl’IﬁaXl " <Qt,V (U) Utaa (Ut) >F " <Qt,Faa (Ut) >F.
all2=

‘We bound the first term above via
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2%7 (Qu,V*(U*) Uaa™ (U)T) .

_ 2y (U:(Vig) T = U (V)T V*U*) " Uraa™ (U;) )

= e (U (U)TU(VH)T = U(F)T —U*(vH)T) VF(U*) Uad (U,)7)
= 2,7”“ (U(U)" =) U (v)'V*(U*)  Uraa (U)T) - 277’%1« (U(F) TV (U*) Uraa™ (U)T)
=——tr (F)"V*(U*)"Uraa™)

(42)
< Dox (F) TV (U") UraaT)|
— %IGT(F)TV*(U*)TUtG/’
2n
n
2
“E ) vels
8 VTk 2 —+ \/47772R2O—r21’1ax,* IOg(TLb)

5771 — T Umax,* b

IN

lall2[|(F) TV (U*) T Uell2]|all2

IN

<

with probability at least 1 — O(n =) by (39), where equalities 3 and 4 hold by the cycling property of the trace and
((Ut)J_Ut)T = 0. Then

— 2;77 <Qt,FaaT(Ut)T>F

2
— _%7 tr (U, (U)TU* (V)T = U(F)T —U*(V*)T) Faa " (U)T)
2
= _z’? tr (U(U)" =) U*(V*) Faa" (Uy) ") + ;” tr (Faa® (U;) TU(F)T)
2 43)
— ﬁ T(F)TF
n
2n
< ;IIFH%
2.2 1 4 2 21
< EU vATE 2012‘(1ax,* 54n° R? log(nb)
3 (1 *Tk) b

with probability at least 1 — O(n =) where the third equality follows from the cycling property of the trace and
((Uy)LU;) T = 0. Combining (42) and (43) gives us

2n T T 1z 9 1547% R? log(nb)
AT, Ua < 8n——8 2977 7Y DEARD)
HU«H2>:(1 n a ( t+1) Qt tad > 77(1 — Tk)gamax,* b

2’7—]2

given that T,f < 73, by selecting ¢y > 3503 in Assumption 31. Define 7, = v1y + Letting cg, ¢; > 4000, for (40a),

J*

we have
VT 15402 R% log(nb
D ma (U TH Vi + (Vo) T(H) TUL) < 207f + 8p— o2+ 154" R log(nb)
n (1 — Tk) ’ b
N \/47772]%20?%,(7* log(nb) ~ 3RI'2,/15 - 24dk log(n) log(nb)
b (nb)3
T ) 4?2 R? max{o2,,. ., 1} log(nb)
<85 4\/ : :
> 77(1 77—_k)20-max,* b
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Note that (U;) "¢, in (40b) is a k x k Gaussian matrix with independent columns. Now, by an equivalent statement as
Corollary 27 for a k£ x k matrix

Amax(Us) &+ &1 U) = max o (Up) €& + & Ua

a:llall2=1

=2 max a' (Uy)'&a
a:llalls=1

< 2[|(U) &l
< 2m5(2Vk + w)

for w > 0 with probability at least 1 — 2¢=°" for some constant ¢’ > 0. We select v = /10k log n, which means

Amax(Ur) "& + €/ Uy) < 4no+/10k logn
with probability at least 1 — O(n~19).

Now, for (40c)
)\max((Wt)Tgt +€tTWt) = 1nax aT((Wt)Tgt + g;rWt)a’

llalla=1

< 2 max antTWta

llalla=1
< 2[|&el2lIWell2
4 [2-15R?n2T2d]1
< 2n6+/10d logn (3\/ SR ”b Og”)
n
with probability at least 1 — O(n ') via Corollary 27 and Proposition 40 part (1). Now we bound the term (40d). Note that
n T T T 20(1 vt 4
gAmax«Wt) Ht‘/t+1 + (V;erl) (Ht) Wt) S ; E(A) A (Qt)‘/t+1 ||WtH2
2
277 1 Nt g/
< W Z(A) A(Q1) = Qi | Vira|| +1Q:Vagallz ) [Well2  (44)
2

IN

. N 2
<3777'12d15t(Ut7 U*) + :||QtVt+1||2> [Well2

by Lemma 43 and taking ¢y > 4000¢2 and ¢; > 4000 from Assumptions 31 and 32 so 257/ dist(Us, U*) is dominant over
the noise term. Then

. * 2
%/\max((Wt)THtVtH + (Vi) T (Hy) "Wy < (QUT;leSt(Ut, U*) + 7?|QtVt+12) W2 (45)
Note that QTédiSt(Ut,U*) < 1 by taking ¢y > 400003 and ¢; > 4000 from Assumptions 31 and 32 since T,’C =
5v/134/ %. Then, by (39), the orthonormality of U, U*, and the definition of Q¢

1QeVisallz < [U(U) TU (V)T = U(F)T = U (V)T 2|V (U*) U — Fl2
< @IVl + 1FI (V2 + 1F]]2)

47R?%n log(nb 47R2n log(nb
g<(2+2m)nv*|2+ f”) <<1+2m>||V*|2+ f”)

47(2 + 2vTE )2 R2||V*||3n log(nb) n 47R?nlog(nb)

< (24 2um)?|IV*I3 +\/ 5 5

Then

2 P2 52 2
? 4’ R Umzx’* log(nb) n 154nR blog(nb) (46)

2
ZQeVislle < 202+ v7) 0% . +
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by selecting the constant g in Assumption 31 to have ¢y > 4000¢2 such that 7y, < 10 Recall that

2-15n2R?T"dlogn
Wil < 5

with probability at least 1 — O(n~1%) by Proposition 40. So, combining (45) and (46)
(W) T HiVia + (Vi) () W)

\/2 15m2(1 + v7y,)2 R?T2do3, ., log(nb)

<4\/2 1512 R2T2dlogn
-3 nb

TP RE0Y 0, 108(R0) | 15402 log<nb>>

nb

L

3

\/2 157)2R2F2d10gn <39
)

3 b

with probability at least 1 — O(n~ ) Recall vry, < smce co > 40000 Moreover, for ¢; > 4000

<
4 \/2 ~15n%(2 + 2vTy )2 R?*12do,,, . log(nb)
3

4 \/ 2 - 15n2R2I'2d log(nb) N
3 nb nb
4¢zmwmwm%n w¢ﬂﬁmﬁmA%mw 1547 R? log(nb)
+ = = +
3 nb 5 b b
16 2 - 1502 R*T?d max{oZ,,, ., 1} log(nb)
=3 nb
by Assumptions 31 and 32.
Observe that for (41)
Amin (U) TWe + (W) TU) = 2Xmin (Ur) T We) = =2[Amin (Ur) T W)
and

- | mln((Ut) Wt)| Z *2O—min((Ut)TWt)) Z *20max((Ut)TWt))-

Note that concentration inequalities hold for the sum of uncorrelated sub-Gaussian random variables and U,” having
orthonormal rows. Then, by a modified version of Lemma 40 part (2) for a k x k-dimensional version of W,

amax((Ut)TWt) = HH\llaxl aT(Ut)TWta
all2=

< [1(U) " Walla

_4 \/ 2 15n2R2T 2k log(nb)

-3 nb

with probability at least 1 — O(n~19). Notice that our upper bound is independent of the data dimension d. Thus

2 - 1502 R2T2k log(nb
Amin ((Ut) Wt+(Wt)TUt)<§\/ o1 Rnb og(nb)

Via the above work we have, simultaneously by the union bound, there exists a constant ¢ > 0 such that

2R? 2 . 1}log(nb
s (U0 Vi + (Vi) () TU) € 02 + by e e, L ToB()
Amax (U2) & + &7 Uy) < éno/klogn
2 21"2 1
Amax (W) T& + &/ Wy) < éné/dlogn ( W) )
2R2I'2d max{o2,. ,,1}log(nb
Z max((Wt) Ht‘/;&+1+(%+1)T(Ht)TWt)<6\/n {nzlaxv } g( )
. In?2R?T2klog(nb
Auin (U)W, ﬂ%ng<c¢"nbg()
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with probability at least 1 — O(n~1?). The value of & may change between lines. Its precise value does not matter and this
(RAT)L Tedk log(nb) ) Putting together the

constant is used to simplify our proof. By our choice of ¢, we have & = O ( p

bounds in (47) and selecting ¢y > 400003 and c; > 4000 in Assumptions 31 and 32

min(Pig1) > 1 — enTuot e — éno\/klogn

2R?2max{o2, ., 1}log(nb R?nT2d1
_é\/n { , } log( )_én&\/m( n ogmn

g

b nb

R \/772R2I‘2k10g(nb) X \/n2R2r2dmax{ar2m*, 1} log(nb)
¢ nb ¢ nb
>1- énfkafnax,* — 2¢no+/dlogn
2A\/7]2R2 max{I'2, 1} log(nb) A\/UQRQFQd max{o2,, ., 1}log(nb)
_ 925 _é
b nb

with probability at least 1 — O(n~1?). Via our choice of &, there is a constant ¢ > 0 such that

2¢n(R + T)Tdy/ Thlog(1.25/5) log® (nb)
ne

B 2&\/772R2 max{I'2, 1} log(nb) B é\/772321"2d max{c2,, ., 1}log(nb)
b nb

Recall again that 7, = ¢,/ 35}“20“, T = 5\/13\/%, and v = —— > 1. Then

= 2 _ 2 /
NTkOmax,x — MVYTkOmax, + N7y

k1 dl
= O s 35% + 5V 00 |
Y Y

Recall the exact statements of Assumption 31 and 32. That is, there exist ¢y, c¢; > 1 such that

2
min

(Pt+1) >1-— 6777:k02

g max,x

R%21}- I'2, 1}4%k log? Rk
m> co (max{ bl ks n | B 1og(nm)> T
OUmax,* r

and

2 272
N> max {A 5,1} (R +T') Tdvk log® (nm) LR dlog(nm) \ -,
E2\2 m

The problem parameters that lower bound m, n now come into use during the following steps. Furthermore, recall that by
Assumption 4 we know some A > 0 such that A < oy, . Then, there exists a constant ¢ > 0 such that

enr o2 énoiin’*Eo 677)\2E8
Fomax =7 e Togn 9,31 2 '
coc1v?k2 log®(nm) log n
and thus
P P 2
CNoin B Noin B
O < T b @)

veologn \/0001’72/C > log?(nm) log n
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since A < Oin,«. Further, this same constant ¢ satisfies

2en(R+ F)Fd\/Tk log(1.25/8) log®(nb) N A\/HQRQ max{I2, 1} log(nb)
¢
b

ne
N A\/nQRQFQd max{oz.. ., 1}log(nb)
¢
nb

< 2en\2E3 Vo E 1
CNO min, =
~ c14/log(nm) K N e max{I'?,1}klogn

, X max{o3, .. . 1}
+ 677)\0111in,*E0 3 ; 2
cocy max{I'?, 1}k2 log®(n)log(nm)

and thus

2én(R + F)I‘d\/Tk log(1.25/8) log®(nb) N A\/HQRQ max{I2, 1} log(nb)
¢
b

ne
) \/ P R2T2d max {02, ., 1} log(nb)
+c :
nb
2no?. [E? 1
< ZMminx 20 5ngr2nin7*E0\/

c14/log(nm) co max{I'?,1}klogn

max{o2_ .1
=+ é770—r2nin *Eg { HI:X,* 2 }
' cocy max{I'?,1}k2 log”(n)log(nm)

(49)

since A < Opin,«. Note that E2 < Ej since Ey € (0,1). Then, combining cg, c; > max{10v/2¢, 10v/2¢2,4000¢2, 4000}
with (48) and (49) gives us

2
o2 (1t>t+1)>1_770L11”‘EO (50)
m - V2logn
with probability at least 1 — O(n~19). O
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B.4 Private FedRep experiments

In this subsection we describe the synthetic data experiments we designed to compare our Private FedRep (Algorithm 1) to
the Private Alternating Minimization Meta-Algorithm (Priv-AltMin) of (Jain et al., 2021). Our comparison is described
in Figure 2 as a graph of population mean square error (MSE) over choice of privacy parameter € > 0. Note that we also
experimented with non-private AltMin, which performs similarly to the non-private FedRep in Figure 2.

2.00
1.75 A
1.50 4
W o1.25 o
s —— Local optimization
E 1.00 1 ——- Non-private FedRep
o —e— Private FedRep
E . )
2 .75 4 Priv-AltMin
a
0.50 A
0.25 A
0.00 S Y S — £V it " ———
T T T T T
1 2 4 6 8

User-level Epsilon

Figure 2: Graph of population MSE over choice of privacy parameter € € [1, 8]. Local optimization is done via non-private
gradient descent on each user’s data separately and their population MSEs averaging over n users.

The features 2 € R of our synthetic data are sampled from a standard normal Gaussian distribution. We select optimal
parameters U™, v7, ..., v} by sampling U from a d x k-dimensional Gaussian distribution then generating an orthonormal
matrix U* via (U*, P) = QR(U) and sampling v} ~ N (0, I};) for all i € [n]. Labels are generated as in Assumption 6 and
we choose Gaussian noise with standard deviation R = 0.01. Further, both Private FedRep and Priv-AltMin are initialized
using an implementation of Algorithm 2.

Our problem is instantiated with d = 50, k = 2, m = 10, and n = 20, 000. For FedRep we prune our hyperparameters,
deciding on T" = 5 and learning rate = 2.5 with clipping parameter ¢ = 10. Similarly, Priv-AltMin with iterations
optimized for T = 5 and clipping parameter 10~%. The Gaussian mechanism variance for both algorithms is calculated

using the privacy parameter A, 5 = 7@610%1.25/5) with § = 1076,
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C Missing Proofs for Section 4

We first restate our algorithm along with some initial definitions and results.

Define By = {U € R¥¥ . ||U||p < v/2k}. Assume for simplicity that m is even. We also partitioned S; = SY U S}
where SY = {z1;,...,2m ;} and S} = {zm41,...,2m,;} for each i € [n]. Further, we denote S* = (Sf,...,5})
where ¢ € {0,1}. Suppose that S = (Si,...,S,) C Z"4+D) is a sequence of n datasets with m samples each. Let
Sm = ((S1)m - - - (Sn)ar) where (Si) v = {(M;5,yi,5) + § € [m]} forall i € [n]

Algorithm 3 Private Representation Learning for Personalized Classification

Require: dataset sequences S° and S* of equal size, score function f(U’, - ) = — miny ¢y ZP(U ")V - ) over matrices

r21r2 log(n7n/6))
2 ]

U’ € R¥** privacy parameter e > 0, target dimension k' = O ( .

1: Sample M € R* %4 with entries drawn i.i.d uniformly from {i

Let Sy = ((S1)ar, - - -5 (Sp)ar) where (S;)p = {(Ma,y) : (=
Let A7 be a Frobenius norm ~y-cover of Bp

Run the exponential mechanism over N7, privacy parameter €, sensitivity %, and score function f(U’, Sys), to select
UeN” B

Let UP™Y « MTU , -

: Bach user i € [n] independently computes v} « arg min,,,<p L(U™, v, S})

7: Return: UP™Y VPV = [ o™ T

1
Nz
,y) € 82} fori € [n]

Rl

AN

Definition (Restatement of Definition 13). Let (U, v) € R¥* x R* and (z,y) € R? x {—1, 1} any data point. We define
the margin loss as
L,(U,v,2) = 1[y(z,Uv) < pl

and denote the 0-1 loss
LU, v,z) =Ly(U,v,2z) = 1[y(z,Uv) <0].
Definition (Restatement of Definition 14). Let G C R? be any set of ¢ vectors. Fix 7, 3 € (0, 1). We call the random matrix
M € R¥*da (¢, 7, 3)-Johnson-Lindenstrauss (JL) transform if for any u,u’ € G
[(Mu, Mu') — (u,u')| < 7llull2[]u[|2

with probability at least 1 — 3 over M.

Proposition 44 ((Woodruff et al., 2014)). Let G C RY be any set of t vectors. Fix 7,3 € (0,1). For M € RF* q
(t, T, B)-JL transform for any u € G

(1 =7 [lull < [Mullf < (1+7) [Jul3
with probability at least 1 — B over M, which holds simultaneously with Definition 14.

og( L
Lemma (Restatement of Lemma 15). Let 7, 3 € (0, 1). Take G C R? to be any set of t vectors. Setting k' = O lgT(f_,B))

for a k' x d matrix M with entries drawn uniformly and independently from {:I:\/%} implies that M is a (t,T,3)-JL

7

transform.

Lemma 45 (Lemma D.1 (Bassily et al., 2022)). Fix 3 € (0,1). Suppose U € R¥F* and that z; ; € R%, v; € R* for all
(i,§) € [n] x [m]. Let M € R¥*% be a ((n 4 1)m, vy, B/2)-JL transform in the sense of Proposition 44. Then, there exists
a constant ¢ > 1 such that, with probability at least 1 — (3 over the randomness of M, we have

1
81,12 < (Hc W) 13 m
20 < <1+c W) A @
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1
o UM My = o] U] < €U 22 0D 3
forall (i,7) € [n] x [m] simultaneously.

Recall that I/ is the space of orthonormal d x k matrices and V the set of n x k matrices with columns whose Euclidean
norms are bounded by I' > 0. Throughout the following results we assume that v < ¢ W for some constant
¢ > 1 and a target dimension %’ for a JL transform. Furthermore, whenever we define a JL transform M, we assume that it
preserves the norm of data points z; ; for all (, j) € [n] x [m] and some fixed matrix in U € U. Let N7 be a Frobenius
~-cover of the v/2k-radius Frobenius ball B. By cover we mean that A" contains the center points of Frobenius balls of
~-radius whose union contain By. Note as well that N7 C Bp.

Proposition 46. Let M € R¥*? pe a ((n + 1)m,~, 8/2)-JL transform in the sense of Proposition 44. Assume
c*log (nm/B) < k' and that x; j is a sequence of r-bounded feature vectors for each (i,j) € [n] x [m]. Suppose
N7 is a Frobenius norm ~y-cover of the k' x k-dimensional \/2k radius ball. Moreover, let U € U and U € N7 where
H(? — MU||r < . Then, there exists a constant ¢ > 1 where, with probability at least 1 — (3 over the randomness of M, we

have

log (nm/pB)

v;rl}TMxi)j —] U 2 j| < (V2 + 1)l ¥

foranyV =[v1,...,v,] € Vandall (i,7) € [n] x [m] simultaneously.
Proof. Note that since U has orthonormal columns, we have ||[Uwv;||, = ||v;||, < T forall 5. So

log (nm/ ) 47)

|viTUTMTMxi7j — viTUTasLﬂ <ecrl %

with probability at least 1 — % [ by part (3) of Lemma 45. Recall that v < ¢4/ 105(72% for some constant ¢ > 1. Assume

r?T%log (nm/B) < k', which implies v < 1. Let B be the k' x k-dimensional Frobenius ball of radius v/2k. We
define A/ to be a Frobenius norm y-cover of Br. Note || MU||r < v2k with probability at least 1 — 33 by part (2) of

Lemma 45. That is, with probability at least 1 — £ 3, there exists U € N7 such that |[U — MU|| < . Let U € N be
within  Frobenius-distance of MU conditioned on the event | MU ||r < v/2k.

Now, there exists a constant ¢ > 1 such that

0] UTMz; ; —v] UTM T Ma,

< Hvi||2H(7TM%,j ~ UMM,

‘ 2

< villo|U = MU || p|| M 4
< \/érI‘y

2

log (nm/p)

< V2erm i

where the third inequality holds by part (1) of Lemma 45 along with our choice of U and the fourth inequality by our choice
of . Hence

r7 1
ol U7 Maij — o] UTMT Ma; ;| < VaerD Bg%ﬂ@, 48)
with probability at least 1 — /3. Combining (47) and (48) with the union bound and triangle inequality completes the
proof. o

Lemma (Restatement of Lemma 16). Fixe,p > 0,8 € (0,1). Algorithm 3 is (€, 0)-user-level DP. Sample S ~ D™. Then,
Algorithm 3 returns UP™ from input S such that

min E(UpriV,V; S% < min Ep(Ua V8% + @) (

272k
vey (U,V)eUxy

ep’n

with probability at least 1 — 3 over the randomness of S and the internal randomness of the algorithm.
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Proof. Let M € R¥ %@ be a ((n + 1)m,~, 8/4)-JL transform in the sense of Proposition 44. Further, let B C R¥ *F be
the Frobenius ball of radius v/2k. Recall that v < ¢4/ log“}c% for a constant ¢ > 1. Assume ¢? log (nm/3) < k', which
implies v < 1.

Define V» € argminy ¢y, EP(U’, V; 89 for each U’ € R¥* and fix U € argming oy EP(U’, Vi3 S°). Denote the

columns of Vi; as vy, . .., v,. Let N7 be a Frobenius norm ~y-cover over Br. We have | MU ||r < v/2k with probability at

least 1 — % [ by part (2) of Lemma 45. Choose v = W for some constant a € (0, 1) along with U € N within

Frobenius distance -y of MU conditioned on the event || MU || < v/2k. Then, by Proposition 46, for all (, j) € [n] x [m]
simultaneously, we have

UIUTMQJM- —v0] Uz | <ap
with probability at least 1 — % (. Assuming 1 — ap > 0, the above implies, with probability at least 1 — % 3, that
L(MTO,Vyyr g3 8°) < L(MTU, Viy; 8°) < L, (U, Viy; 8°) (49)
where the left-hand inequality holds by V, .+ being a minimizer for E(M U, -8 ).
Let U € argming g, Z(MT U', Va3 SY). Then, by definition of U and the fact that N7 C B, we have
L(MTU,Vyr5;8%) < LM U, Vyr 53 8°). (50)

Let (S{)a = {(Mx;5,yi ;) : j € [m/2]} forall i € [n] and Spr = ((SY)a1)iefn)- This definition and the characterization
of our losses in Definition 13 imply L(U, Vy, 53 5%,) = L(MTU, Vyri; S°). Via the exponential mechanism over
N7 given score function —L(U’, V03 8%,) for U’ € N7 and the usual empirical loss guarantees for the exponential
mechanism, we obtain UP™ € R¥*k where UP™ = M TU for some U € N7 such that

P s . log| N7

L(UP™, Viyo; S°) = L(U, Vy v 55 S%) < L(U, Voyr 5 S3y) + O (Og||>

en
with probability at least 1 — % 5. This gives us

22k log <¥) log ((nm/))

ep’n

LUP™ Vi: SO < LM U, Vyyr5:8°) + O (51)

Kk
since JN7| = O ((‘f) ) and k' = O (M) by our choice of «y. Combining (49), (50), and (51) via the

union bound along with recalling our definition V7 € argminy, ¢y, EP(U ', V;S9) finishes the proof. O

Theorem (Restatement of Theorem 17). Fixe,p > 0,8 € (O, 1)..Alg0rithm 3 is (€, 0)-user-level DP in the billboard model.
Sample user data S ~ D™. Then, Algorithm 3 returns UP™ VP from input S such that

. . ~ ~ [ 212 212
s X

nep? mp?
with probability at least 1 — 3 over the randomness of S and the internal randomness of the algorithm.

Proof. Let VP™ € V be the matrix with columns o™ € arg min ., <p L(UP p; S1) and V € V with columns o; €
arg min ., <p L(UP™ ; §9) for each i € [n]. We first note that
LUPY VPY.Dy —  min  L,(U,V;S°)
(UV)eUxV

= (L@, v D) — L™, VD)) + (L™, Vi D) - L™, V, 5°)) 52)

+ (L™, V,8% —  min fp(U,V;SO)
(UV)eUxv
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log(’}g% for a constant

Let M € R¥*dbe a ((n + 1)m,~, 3/6)-IL transform in the sense of Proposition 44. Let v = ¢
c¢>0andy = O (). Assume ¢ log (nm/3) < k', which implies v < 1. Denote by B the &’ x k Frobenius ball of

radius v/2k. Let N be a y-cover of Br. Using Lemma 16, we have

~ A ~ ~ (r2T?%k
L priv . QO0y : L . Q0 < r
(U™ v; SY) (U,\;I)lérlifxv (U, V;8%) <0 ( n (53)

with probability at least 1 — % [ over the randomness of M.

Claim 1: We have

. . AN ~ k!
L(UPTIV,VPTIV;D) _ L(UPTIV,V;D) <0 ( m)

with probability at least 1 — % ﬁ

By the definition of VPV we have R R

L(UP™, v, 1y < LUP™, V; 1. (54)
Our proof strategy is to obtain generalization error bounds for the parameters (UP, VP¥) and (UPY, V) with respect to
the loss E( -;S1), which we leverage to prove the claim. We first analyze the generalization properties with respect to
¢, D of our 2-layer linear networks induced by the matrix product Uv for any U € Bp and v € R¥ with |jv]|y < T. We
denote the family of 2-layer linear networks induced by the matrix product Uv as £ and define Br C R¥’ to be the centered
V/2kT-radius Euclidean ball. Let 7, be the space of binary classifiers induced by taking the sign of the functionals (-,Uv)
with Uv € L. Similarly, define H to be the space of binary linear classifiers induced by functions ( - , w) for all w € Br.

Since £ C Br each functional { - , Uv) must also be contained in the space of functionals ( - ,w) with w € Bp. This
naturally implies 7y C H. Hence, the VC dimension of Hy is no larger than the VC dimension of H, i.e. at most &" + 1.
Recall N7 C By and that, by the description of Algorithm 3, there is a particular U € N such that UP™ = M TU. Then,
we have U € Bp and thus the binary classifier induced by Uv is in #, for any v with [|v||2 < T.

To garner a generalization guarantee, we use the fact that the VC dimension of H, is O(k’). Recall that (S;)y =
{(Mz; 4,yi5) : (xi,y:5) € Si} for each i € [n]. Denote Spr = ((Si)ar)ie[n) and define the sequence of distributions
Dy = ((D1)ms - - -, (Dr) ) where for, each i € [n], we have that 2’ ~ (D;)s has the same distribution as Mz with
x ~ D;. Thus, we obtain, from the VC dimension generalization error bounds on H that, for each i € [n], the following

[E0 2" (D)ae) =BG 2 (S >\<o<\/@
’L(ﬁ,'ﬁi;(Di)M)—E(ﬁ,{;i;(sl_l)M)‘§5<\/Z>

with probability at least 1 — & B. Then, by the union bound and taking the arithmetic mean over the n users

and

~ . ~ ~ . ~ /
LT, V™ Day) = LT, V™ 5},)| < O ( i)

~ A ~ o~ A —_~ /
‘L(U, ViDy) — LU, V; 511\4)‘ <0 (\/ k)
m

with probability at least 1 — % (. Via the inner product that characterizes our losses in Definition 13, we have L(ﬁ7 VD M) =
L(UP . V:D) and L(U, VP™; D)) = L(UPY, VPV: D). Using the above inequalities and (54), we obtain

. . . A~ 4
L(UP™,v*™; D) — L(UP™,V;D) < O (Mfﬂ)
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with probability at least 1 — % B, which proves Claim 1.

Another application of the VC bound and the union bound gives us, with probability at least 1 — % 5, that

o o~ ~ k'
LU VD) — L({U™,V;S8°) <O ( m) ) (55)
Combining (53), Claim 1, and (55) via the union bound, and recalling that ¥’ = O (M) by our choice of 7,
finishes the proof. O
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