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Abstract

The rapid growth of model sizes and train-
ing datasets has created a strong demand for
test-time compute—the ability to perform in-
ference without additional training. At the
core of test-time compute is in-context learn-
ing (ICL), an emerging capability of large
language models (LLMs) that enables them
to perform statistical inference directly at test
time. Recent progress has shed light on the
mechanisms underlying in-context learning in
statistical tasks: language models can imple-
ment linear regression and classification by
iteratively extracting features at test time.
This naturally raises a broader question: Can
we analyze ICL beyond statistical learning and
extend it to discrete algorithmic tasks relevant
to NLP?

One of the fundamental tasks in NLP can
be formulated as discrete optimal transport:
matching tokens, with applications rang-
ing from machine translation to mixture-of-
experts routing. We show that transform-
ers with softmax self-attention can solve dis-
crete optimal transport via in-context learn-
ing when the model parameters are fixed and
only the input length and data distribution
vary. One implication of this result is that
transformers can approximately sort lists of
arbitrary length with a provable approxima-
tion guarantee.

Proceedings of the 29th International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

1 INTRODUCTION

In-context learning (ICL) is an emerging capability of
large language models (LLMs) that allows them to per-
form statistical inference directly from data provided
in their prompt, without parameter updates. Recent
work has extensively investigated the mechanism of in-
context statistical learning, examining the emergence of
in-context linear regression [Ahn et al., 2023, Von Os-
wald et al., 2023, Garg et al., 2022, Akyürek et al.,
2023, Vaswani et al., 2017], classification [Shen et al.,
2024, Tarzanagh et al., 2023], matrix completion [Lutz
et al., 2025] and reinforcement learning [Wang et al.,
2025]. While prior mechanistic studies focus on regres-
sion/classification, many NLP tasks are discrete. Can
transformers’ ICL extend to such combinatorial tasks?

This paper focuses on discrete optimal transport (OT)
with broad applications in data mining [Peyré et al.,
2019], bio-informatics [Schiebinger et al., 2019], and
natural language processing [Munkres, 1957]. Given
two sets of n points {x1, . . . , xn} and {y1, . . . , yn} in Rd,
the discrete OT problem seeks a permutation matrix
P ∗ ∈ {0, 1}n×n that minimizes the total matching cost

P ∗ = arg min
P∈Πn

∑
i,j

Pij ∥yi − xj∥22, (1)

where Πn is the set of n × n permutation matrices.
Sorting is a special case of discrete OT when d = 1 and
the yi’s are ordered.

1.1 Translation with OT

We connect optimal transport (OT) to the mechanism
of language translation in LLMs by analyzing their
internal word embeddings. As an illustrative example,
we prompt BERT with the following pair of translated
sentences in English and French:{

The quick brown fox jumps over the lazy dog (EN)

Le renard brun rapide saute par-dessus le chien paresseux (FR)



In-Context Learning for Discrete Optimal Transport: Can Transformers Sort?

Attention at (1) Attention at (6) Attention at (12) OT vs Translation

Figure 1: Translation with OT. The rightmost plot shows the optimal transport (OT) solution from (1), computed
between the English word embeddings (x1, . . . , xn) and the French word embeddings (y1, . . . , yn). Red dots mark correctly
aligned translation pairs. Observe the OT solution matches words with the same meaning. The other plots depict
attention-weight heatmaps from layers 1, 6, and 12, showing how the model iteratively approximates the OT solution.

Let x1, . . . , xn and y1, . . . , yn denote the vector repre-
sentations of the English and French words, respectively,
from the first encoder layer. Fig. 1 shows that the OT
solution in (1) aligns pairs of translated words. See
Appendix Figure 9 for the correlation plot. We present
further experiments on 1000 sentences in Section 5.2,
demonstrating that OT on word embeddings aligns
words for translation.

Even more interesting is the pattern of average atten-
tion weights (over heads) across the transformer layers.
Fig. 1 shows that the attention weights progressively
approximate the OT solution (P ∗ in (1)) as depth
increases. Remarkably, this interpretable mechanism
emerges naturally after pretraining, without any ex-
plicit regularization. In other words, the transformer
learns to align translated words across its layers. We
present a more extensive experiment on 10,000 trans-
lated sentences on Marian model [Junczys-Dowmunt
et al., 2018] in Section 5.1, supporting the above obser-
vation. But how can we explain this striking algorith-
mic behavior of attentions? To address this question,
we perform additional experiments on a transformer
specifically trained to solve OT.

1.2 Observations on OT Mechanism

To analyze the OT mechanism of attention, we trained
a transformer to solve discrete OT on small problem
instances with n = 7 points and evaluated it on larger
instances with n = 9. For training, we generated syn-
thetic data from a standard neutral distribution widely
used to study in-context learning [Garg et al., 2022] (see
Appendix A for details). Surprisingly, the transformer
can approximate the optimal OT solutions on larger
inputs (Fig. 2). This out-of-distribution generalization
suggests that transformers can adapt to input sizes
beyond those seen in training, a key requirement for in-
context learning. This result is particularly important
given prior efforts to modify transformers for solving
OT [Sander et al., 2022, Tay et al., 2020]. Yet, Fig. 2

demonstrates that standard transformers are capable
of solving the optimal transport problem.

A critical factor behind the observed generalization
is prompt engineering. Careful input augmentation
effectively extends the transformer’s memory, thereby
significantly enhancing its computational capacity to
solve OT; see Observation (2) in Fig. 2. We provide
further details and insights on this specific prompt
construction in the following sections.

The proposed prompt design encourages the attention
layers to solve the OT problem iteratively as depth
increases. As shown in Fig. 2, initially diffuse attention
weights gradually converge layer by layer toward the
optimal OT solution. While such iterative inference
has been analyzed for linear regression [Ahn et al.,
2023, Lutz et al., 2025], it remains unclear whether
these results extend beyond linear regression.

1.3 Contributions

We establish three main contributions:

Contribution (1): Mechanistic Analysis. We
discover a link between the mechanism of transformers
for language translation and OT. Our observations
show that attention weights align translated words
iteratively across the layers, which approximates the
OT solution for word embeddings.

To explain this striking observation, we analyze the
internal dynamics of feature extraction in transformers.
We show that the fundamental building block softmax
self-attention [Vaswani et al., 2017] is particularly well
suited to implement OT. In particular, a single self-
attention layer can simulate an iterative first-order
optimization method for OT, thereby explaining the
iterative inference behavior observed in Fig. 2.
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Figure 2: Observations on In-context Learning for OT. (1) The model is trained to solve OT with 7 data points
and evaluated on 9 data points. The left image shows the attention weights, which closely approximate the OT solution
shown on the right. (2) After specific prompt engineering, the attention weights between tokens estimate the OT solution.
Notably, this prompt engineering is used in (1). (3) The attention weights evolve across layers, progressively yielding a
more accurate approximation of the optimal solution. See Appendix A for details.

Contribution (2): Theoretical guarantees.
Leveraging the mechanistic insight, we prove: for any
two sets of n points in Rd, a transformer can estimate
the OT solution with

O
(

n3/2

depth1/2

)
-accuracy for all integers n. (2)

Consequently, sufficiently deep transformers can solve
OT for a wide range of n without modifying their
parameters, explaining scale generalization, Observa-
tion (1) in Fig. 2.

Contribution (3): Insights on prompt engineer-
ing. Crucially, the established results hinge on prompt
engineering, which provides an extended memory for
the attention layers. It also offers a new insight the
mechanism of prompt engineering.

A Note on Applications. While our primary
focus has been interpretability and mechanistic under-
standing, our theoretical results have also informed
the design of foundation models for downstream appli-
cations. In particular, Adduri et al. [2025] develop a
novel transformer architecture for single-cell perturba-
tion analysis.

2 BACKGROUND

2.1 Entropy regularization

While OT is constrained to the combinatorial set of
permutation matrices, it can be relaxed to optimization

over a continuous set. The state-of-the-art method is
based on linear programming, namely

P̂ = arg min
P∈Rn×n

∑
ij

PijCij ,

subject to P is doubly stochastic,

where C ∈ Rn×n is a cost matrix such that Cij =
∥yi − xj∥2. Comparing the above problem with the
original problem in (1), we notice that the constraint
requiring P to be a permutation matrix has been re-
laxed to allowing P to be a doubly stochastic matrix.
Recall the solutions of linear programs lie among the
extreme points of the constraint set. Since the extreme
points of doubly stochastic matrices are permutation
matrices [Brockett and Wong, 1991], the above linear
program has the same solution as (1), i.e., P ∗ = P̂ .

The above linear program has O(n2) variables. Due
to the quadratic growth with n, solving the linear
program becomes computationally challenging for large
n. Cuturi [2013] proposes a computationally efficient
alternative based on regularization with entropy:

P ∗
λ := arg min

P∈Rn×n

∑
ij

PijCij + λPij log(Pij),

subject to P is doubly stochastic
(3)

The Lagrangian dual of the above program has only
O(n) variables which is considerably fewer than O(n2)
variables for the original linear program. Introduc-
ing the dual parameters v ∈ Rn and u ∈ Rn, the
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Lagrangian function is defined as follows:∑
ij

PijCij + λ
∑
ij

Pij log(Pij)

− u⊤ (P1n − 1n)− v⊤
(
P⊤1n − 1n

)
.

Pij = e
−Cij+vj+ui

λ −1 minimizes the Lagrangian func-
tion. This structure inspired the use of Sinkhorn’s
fixed point iteration to find the solution of the dual
problem. In particular, Sinkhorn [1967] proves that
there exists a unique doubly stochastic matrix of the

form [P ∗
λ ]ij = e

−Cij+v∗
i +u∗

j
λ −1 that is the solution of a

simple fixed-point iteration where u∗, v∗ are unique up
to scaling factors. [M ]ij denotes the element of the
matrix M located in row i and column j. Leveraging
this theorem, Cuturi [2013] proves Sinkhorn recurrence
can efficiently find P ∗

λ .

Apart from Sinkhorn’s recurrence other optimization
methods can also solve Lagrangian dual problem. Re-
call the minimizer Pij = e

−Cij+ui+vj
λ −1. Plugging this

into the Lagrangian function yields

min
v,u∈Rn

λ

∑
ij

e
−Cij+ui+vj

λ −1

−
∑

vi −
∑
i

ui︸ ︷︷ ︸
L(u,v)

(4)

It is easy to check that L is convex in u and v as its
Hessian is diagonally dominant, hence positive semi-
definite. Thus, standard first-order optimization can
optimize L such as gradient descent with adaptive
coordinate-wise stepsizes:{

uℓ+1 = uℓ −Dℓ∇uL(uℓ, vℓ)

vℓ+1 = vℓ −D′
ℓ∇vL(uℓ, vℓ)

, (5)

where ∇uL denotes the gradient of L with respect
to u and Dℓ, D

′
ℓ ∈ Rn×n are diagonal matrices with

positive diagonal elements which include stepsize for
each coordinate of vectors uℓ and vℓ. We will prove
that self-attention in transformers can simulate the
above iterations.

2.2 Soft-max Self-attention

Attention layers are fundamental building blocks of
neural networks, developed over decades of research.
Hochreiter and Schmidhuber [1997] pioneered this de-
velopment by proposing an attention mechanism for
Recurrent Neural Networks (RNNs) inspired by human
cognition. Graves et al. [2014] employs the attention
mechanism to develop a memory system for a para-
metric version of the Turing machine. Bahdanau et al.
[2014] adapts this attention mechanism in neural Tur-
ing machine to design a powerful model for machine

translation. While attention was originally introduced
for recurrent models, Vaswani et al. [2017] proposes
non-recurrent attention layers, combined with resid-
ual connections [He et al., 2016], thereby significantly
enhancing the training of attention weights.

Attention layers rely on a convex combination. Let
Z ∈ Rn×d. An attention layer is a function de-
noted by attenθ : Rn×d → Rn×d with parameters
θ :=

[
K,Q, V ∈ Rd×d

]
defined as

attenθ(Z) = AZV, Aij =
e⟨Kzi,Qzj⟩∑n

j=1 e⟨Kzi,Qzj⟩
,

where zi and zj are rows of Z. The convex combination
of data points induces a local dependency between
the representations of tokens, thereby capturing the
contextual relationships among them.

Tay et al. [2020] investigate whether attention layers
can perform sorting. Since standard self-attention lay-
ers cannot directly implement Sinkhorn’s iteration, Tay
et al. [2020], Sander et al. [2022] propose a novel atten-
tion mechanism called Sinkhorn attention. However,
because standard self-attention remains widely used,
we investigate whether the standard self-attention can
approximate the OT solution.

2.3 The Engineered Prompt

We propose a particular input denoted by Z0 ∈
R(n+1)×(2d+9) to encode the assignment problem:

Z0 =


x1 y1 ∥x1∥2 ∥y1∥2 14 03
x2 y2 ∥x2∥2 ∥y2∥2 14 03
...

...
...

...
...

xn yn ∥xn∥2 ∥yn∥2 14 03
0d 0d 0 0 −v4 03

 . (6)

The elements in blue are the original prompts, which
are sufficient for the assignment. The elements in
red are carefully engineered. 14 denotes the all-
ones 4-dimensional vector, 0d denotes the all-zeros
d-dimensional vector, and v4 = [0, 0, 0, 1].

Our analysis shows that the engineered prompt gives
the transformer enough input structure and memory to
simulate optimization methods for optimal transport
(OT). The appended zeros create an augmented rep-
resentation across layers, allowing attention to store
and update gradient-descent iterates. In experiments,
using the natural encoding of (xi, yi) in the prompt
reduces performance (see Observation (2) in Fig. 2).

2.4 Transformer

We consider a specific transformer architecture com-
posed of multiple soft-max self-attention with residual
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connections. Let Zℓ denote the intermediate repre-
sentation of the input Z0 at layer ℓ which obeys the
following recurrence

Zℓ+1 = Zℓ +

2∑
j=1

atten
θ
(ℓ)
j
(Zℓ)B

(ℓ)
j , (7)

where θ
(ℓ)
j are parameters of the attention layers,

B
(ℓ)
j ∈ Rd′×d′

are the weights to combine attention
heads. Remarkably, the model has two attention
heads. Remarkably, all our results extend to trans-
former blocks that include both attention and feedfor-
ward layers. This is because feedforward layers with
zero weights, combined with residual connections, effec-
tively reduce the architecture to one consisting solely of
self-attention layers. Moreover, restricting the analysis
to two attention heads is not a limitation: any trans-
former with more heads can be reduced to an equivalent
two-head attention block by zeroing out the mixing
weights of the additional heads. Finally, although we
do not explicitly include attention masks in our for-
mulations, appropriate masking can be incorporated
without affecting the validity of our analysis.

2.5 Notations

Table 1: Notation summary

Symbol Definition

n The number of points in OT
d Dimension
{xi/yi}ni=1 Sets of points in Rd for OT
C ∈ Rn×n Cost with Cij = ∥yi − xj∥22
Πn Set of permutation matrices
P ∗ ∈ {0, 1}n×n Optimal transport in (1)
λ > 0 Regularization parameter in (3)
P ∗
λ ∈ Rn×n Optimal regularized OT plan

u, v ∈ Rn Dual parameters
Zℓ ∈ Rn×d Token representations at layer ℓ
A(ℓ) ∈ Rn×n Attention weight at layer ℓ

Let Z0 ∈ Rn×d denote the input to the transformer. Its
representation at layer ℓ is denoted by Zℓ. The input
matrix Z0 contains the points x1, . . . , xn and y1, . . . , yn
from the assignment problem. Let P ∗ be the optimal
assignment solution, and let P ∗

λ be its approximation
obtained via entropy regularization. The transformer
is parameterized by θ, which includes all attention
parameters θ

(ℓ)
j at layer ℓ and attention head j. The

vectors uℓ and vℓ denote the gradient descent iterates
on the dual objective function L, as defined in (4). For
a matrix M , we use the notation [M ]i,j to refer to
the entry in row i and column j. See Table 1 for a
summary.

3 THE OT MECHANISM OF
SOFTMAX ATTENTION

What is given to a language model is ultimately a
vector representation of words (word embeddings). How
does the language model matches words with the same
meaning given the word embeddings? Fig. 2 shows
the process of alignment is iterative across the layers.
We mathematically prove this iterative alignment by
linking attention weights to dual OT. In particular,
the next theorem states that ℓ attention layers stacked
in transformers can simulate ℓ-iterations of gradient
descent on the dual objective function L defined in (4).

Theorem 3.1 (Dual OT with Transformers)

Let Dℓ, D
′
ℓ ∈ Rn×n are diagonal matrices whose

diagonal elements are{
(γℓ[Dℓ]ii)

−1 =
∑

j e
(−Cij+[uℓ]i+[vℓ]j)/λ−1 + 1,

(γℓ[D
′
ℓ]jj)

−1 =
∑

i e
(−Cij+[uℓ]i+[vℓ]j)/λ−1 + 1.

There exists a configuration of parameters inde-
pendent from inputs and n such that{

[Zℓ](1:n),(2d+7) = uℓ −Dℓ∇uL(uℓ, vℓ)

[Zℓ](1:n),(2d+8) = vℓ −D′
ℓ∇vL(uℓ, vℓ)

,

holds for all integer values of n, where uℓ and
vℓ are gradient descent in (5) iterations starting
from u0 = v0 = 0.

Notably, the above result supports the "iterative infer-
ence hypothesis" [Jastrzebski et al., 2018], that links
the mechanism of deep neural networks to optimization
methods. This hypothesis postulates that residual con-
nections enable deep networks to implicitly implement
gradient descent across layers to tackle complex tasks.
The hypothesis is based on striking observations on
the underlying mechanisms of Convolutional Neural
Networks (CNNs) [Alain, 2016]. Previous studies have
theoretically proven this hypothesis for solving least-
squares using transformers [Ahn et al., 2023, Von Os-
wald et al., 2023, Akyürek et al., 2023]. Building on
these studies, we demonstrate that transformers can
implement gradient descent for OT and connect it to
language translation.

We highlight that the established result holds for stan-
dard softmax self-attention. In particular, we show
that softmax attention is especially well-suited to im-
plementing gradient descent on the objective function
L, as defined in (4). Remarkably, attention mecha-
nisms cannot simulate the gradient of an arbitrary
function and exhibit inherent limitations in their com-
putational capabilities. In particular, linear attention
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A(1) A(300) A(600) P ∗
λ

Figure 3: Convergence of attention matrices. The plotted matrices are attention weights in layers (1), (300) and (600).
We observe these matrices converge to the regularized OT solution (the rightmost plot), which is proven by Theorem 3.2.

is well-suited for problems such as linear regression,
where the underlying objective is quadratic [Ahn et al.,
2023, Von Oswald et al., 2023]. In contrast, softmax
attention is better aligned with tasks involving token
matching.

Prompt engineering is essential for the proof of Theo-
rem 3.1. Expanding the input size by adding columns
and rows creates an extended data representation ma-
trix across the layers. Attention layers can utilize a
part of this matrix as memory to store the iterates of
gradient descent . Furthermore, the input dependent
part of the prompt supplies the necessary statistics for
the attention layers to implement gradient descent.

By connecting the intermediate data representations to
a well-established algorithm, we can leverage powerful
theoretical tools to prove that a transformer with frozen
weights can approximate OT solution. We first present
an informal version of the result below and defer the
full theorem and proof to Appendix D.

Theorem 3.2 (Approximation Bound)

Informal statement: There exists a choice of at-
tention parameters, independent of n, d, and the
input Z0, such that the attention weights at layer ℓ
approximate the regularized optimal transport so-
lution P ∗

λ with error

O

(
n1/2e1/λ√

ℓ

)
,

where λ > 0 is the regularization parameter.

The error bound provided above is in terms of the
Hilbert projective metric, a well-established measure
for analyzing the convergence behavior of the Sinkhorn
algorithm [Franklin and Lorenz, 1989]. According to
the theorem, the attention matrices converge to P ∗

λ at
a rate of O

(
1

depth1/2

)
, implying that performance im-

proves with increasing depth. This convergence holds
for any integer n. Thus, a sufficiently deep transformer
can approximate solution of OT for broad choice of n

without changes in parameters. This result mathemat-
ically proves transformers are capable of seen general-
ization in Fig. 2.

An application of the last theorem is that transformers
can be used to sort lists. As discussed, sorting is a
specific instance of assignment problem for d = 1 with
y1 < · · · < yn. Thus, transformer can sort with an
error that vanishes with λ. Graves et al. [2014] experi-
mentally demonstrate that the neural Turing machine
can sort. Here, we theoretically prove this capability for
transformers by establishing an approximation bound.

Notably, the proof of the last theorem is constructive;
it provides an explicit form of the parameters. This
explicit characterization enables us to experimentally
validate the result by directly instantiating the param-
eter choices. Fig. 3 shows that the estimate of the
OT solution improves as the network depth increases,
confirming the inverse dependence of the bound in the
theorem on depth. Similarly, Fig. 4 demonstrates that
a transformer with frozen weights can solve OT for
varying values of n, explaining the out-of-distribution
generalization observed in Fig. 2. In these experiments,
we use POT library [Flamary et al., 2021] to estimate
P ∗
λ .

4 RELATED WORKS

Rank collapse of attention. The last theorem es-
tablishes that rank collapse in attention layers can be
avoided. A substantial body of work has shown that
attention matrices tend to become low-rank as network
depth increases [Geshkovski et al., 2023, Wu et al.,
2024, Dong et al., 2021] across a wide range of param-
eter choices. Specifically, Dong et al. [2021] demon-
strate that attention layers lacking residual connec-
tions are particularly susceptible to this collapse, while
Geshkovski et al. [2023] show that even with residual
connections, attention with symmetric weights may still
exhibit rank collapse. This degradation substantially
limits expressive power and challenges training [Danesh-
mand et al., 2020], motivating a line of research into
techniques that mitigate the collapse with normaliza-
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A(2000) P ∗
λ A(2000) P ∗

λ

Figure 4: Sample Size. left: n = 8, right: n = 4. The transformer’s weights remain unchanged. Observe the transformer
can solve the OT problem for both values of n, demonstrating a form of out-of-distribution generalization proven in
Thm. 3.1.

tion layers [Meterez et al., 2024, Daneshmand et al.,
2021, Joudaki et al., 2023].Our last theorem demon-
strates that rank collapse can be avoided through a
specific prompt engineering combined with particular
parameter choices. The key insight is that P ∗

λ serves as
an approximation of the full-rank permutation matrix
P ∗, ensuring that attention matrices maintain high
rank across layers.

In-context Learning. Our study is motivated by
a recent line of research exploring how transformers
can perform regression using in-context samples Garg
et al. [2022], Von Oswald et al. [2023], Akyürek et al.
[2023], Ahn et al. [2023]. Garg et al. [2022] propose
analyzing regression tasks encoded directly within the
prompts of language models. Von Oswald et al. [2023]
show that linear attention mechanisms can implement
gradient descent on the mean squared error to solve
such tasks. Building on this, Ahn et al. [2023] inves-
tigate how data distribution influences the in-context
learning behavior of transformers. Their results suggest
that data can guide linear attention to learn a wider
class of algorithms, including preconditioning strategies
for ill-conditioned problems. In this work, we extend
these ideas to the assignment problem—a fundamen-
tal computation with applications in natural language
processing.While pervious works mostly use a linear
attention for analysis, here we study the mechanism of
soft-max self attention which is widely used in practice.

Prompt Engineering Prompting language models
is an art as a proper prompting can substantially en-
hance their response. For instance, using phrases like
"let’s think step by step" into prompts has been shown
to help language models to produce more accurate
solutions with logical reasoning [Kojima et al., 2022].
This insight has inspired a growing body of research
aimed at automating prompting to enhance the perfor-
mance of language models. Among the key directions
are two prominent areas of focus: the automation of
prompt engineering through reinforcement learning-
based chain-of-thought prompting [Wei et al., 2022,

Zhang et al., 2023, SU et al., 2023, Zhou et al., 2023],
and prompt optimization techniques [Cheng et al., 2024,
Pryzant et al., 2023, Rubin et al., 2022]. We study the
essence of prompt engineering for in-context learning.

5 EXPERIMENTS

So far, we have provided a mechanistic analysis of token
alignment in LLMs, showing that attention weights can
iteratively align tokens across transformer layers. In
this section, we investigate whether such token align-
ment also emerges in language translation.

Dataset. Experiments mostly are conducted on a
subset of English–French sentence pairs from the
WMT14 dataset [Bojar et al., 2014]. Specifically, we
used the training split.

Implementation. Code is publicly avail-
able at the following GitHub repository:
https://github.com/hadidaneshmand/aistats26-incontextOT. Our
implementation used minimal assistance from GenAI,
as documented in the repository, where only the
toy-example in Fig. 1 is mainly implemented by GenAI.
We additionally validated our outputs by comparing
them with the GenAI implementation and obtained
similar results. All experiments were run on a single
NVIDIA RTX PRO 6000 Blackwell Workstation
Edition. Reproducing the reported results is estimated
to take less than one day.

5.1 Attention Alignment for Translation

According to Theorem 3.2, the attention weights should
progressively improve token alignment across layers.
We assess this emergence in the pretrained Marian
model [Junczys-Dowmunt et al., 2018] and multilingual
BERT model [Devlin et al., 2019].

Attention. For each transformer layer ℓ, the model
outputs per-head self-attention matrices {A(ℓ,k)}Hk=1

https://github.com/hadidaneshmand/aistats26-incontextOT
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where H denotes the number of heads. We average
across heads to obtain

A(ℓ) =
1

H

H∑
k=1

A(ℓ,k) ∈ Rn×n,

and then extract the French→English attention block
when the input consists of concatenated English–French
sentence pairs. Notably, the way this block is extracted
depends on the model:

• In BERT, the attention matrix has size
(#all tokens)2, so we extract the corresponding
off-diagonal block of the attention matrix.

• In Marian, the attention matrix has size
#(French tokens) × #(English tokens), since
translation is performed in the decoder.

Since each word may be split into multiple tokens, we
average the attention weights over the tokens corre-
sponding to each word in order to convert token-level
attention weights into word-level attention weights.

Evaluation Metric To obtain reliable ground-truth
word correspondences, we use the MUSE English–
French dictionary [Lample et al., 2017, Conneau et al.,
2017a], which provides semantically equivalent trans-
lation pairs. To evaluate how effectively attention
captures translation correspondences, we compute the
total attention mass assigned to translated word pairs:

corrℓ =
∑
word

A(ℓ)(word, translation of word). (8)

Fig. 5 shows that corrℓ increases with ℓ, indicating
that deeper layers produce attention maps that align
translated word pairs more accurately. This progressive
improvement parallels Theorem 3.2 and the empirical
observation in Fig. 1.

This observation also extends to the BERT model,
with a slight difference. As shown in Fig. 6, attention
iteratively allocates more weight to translated words
across layers 1–5 and 7–12. This result, together with
the observation in the next section, suggests that BERT
solves OT twice across its layers.

5.2 Embedding OT and Translation

We show that OT connects with the mechanism of
translation in language models. In particular, we sub-
stantiate translated-word alignment to OT, supporting
the observation in Fig. 2 via a large-scale evaluation on
1000 sentence pairs from the WMT14 English–French
translation dataset [Bojar et al., 2014]. To obtain
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Figure 5: Attention dynamics for translation. x-axis:
transformer layer index ℓ. y-axis: The metrics defined in
(8); Increasing metric values indicate that attention weights
across layers progressively provide better estimates of trans-
lated word alignments, closely resembling the attention
dynamics for OT. Mean on 10000 sentences from WMT14
English–French translation dataset. The confidence interval
is not visible due to small variance.
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Figure 6: Attention Dyanmics for BERT: x-axis: trans-
former layer index ℓ. y-axis: The metric defined in (8).
Observe: attention progressively allocates more weight to
translated words across the layers 1-5 and 7-12. This result
implies that attention may solve OT twice across the layers.
Mean over 8,000 sentences is reported.

ground-truth word alignments, we use the MUSE bilin-
gual dictionary [Lample et al., 2018, Conneau et al.,
2017b], which provides type-level translation pairs. We
then compare these ground-truth alignments with word
matching produced by OT applied to word embeddings
from the pretrained BERT model, computed by POT
library [Flamary et al., 2021]. Fig. 7 reports the propor-
tion of matched translated word pairs obtained from
OT on word embeddings across BERT layers. We
observe that the matching rate is consistently high,
indicating that solving OT on word embeddings can
effectively align words with their translations. This
finding further supports the results in Fig. 1, suggesting
that solving OT with attention layers (seen in the last
subsection) contributes to the translation mechanism
in pretrained large language models.
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Figure 7: OT and translation. x-axis: layer index; y-axis:
proportion of matched translated word pairs identified by
applying OT to word embeddings at different BERT layers.
This shows that OT on word embeddings can effectively
recover translation correspondences between words. Mean
and 80% confidence internal on 1000 sentences from WMT14
English–French translation dataset.

6 DISCUSSIONS

We studied the mechanism of token alignment, with
optimal transport (OT), in attention layers. We exper-
imentally link token alignment to language translation,
showing that attention weights can iteratively match
semantically equivalent words, iteratively across the
layers. We then analyzed the underlying mechanism
of OT in transformers, proving that attention layers
can approximate the OT alignment up to an error that
vanishes with depth.

Our findings open several promising avenues for fu-
ture research. In particular, we outline four directions
that can deepen our understanding of token alignment
mechanisms in large language models.

Depth Efficient Guarantees. According to Theorem 3.2,
a transformer with depth O(ϵ−2) can achieve an O(ϵ)-
accurate solution, following the established convergence
rate for gradient descent with adaptive step sizes. How-
ever, only O(log(1/ϵ)) Sinkhorn iterations are needed
for the same accuracy. We believe this gap arises from
a loose convergence analysis, which can be refined in
future work.

Learning with Small Prompts. We prove that a trans-
former with fixed parameters can solve OT for any
arbitrary n. This striking generalization has practi-
cal benefits: it can drastically reduce both training
time and memory usage for assignment tasks, since the
transformer can be trained on prompts with a constant
number of tokens. A natural question arises: what is
the minimal value of n sufficient for the model to learn
the assignment task?

Prompt Engineering. We theoretically and experimen-

tally demonstrate that prompt engineering is essential
for in-context assignment. However, the underlying
mechanism of prompt engineering remains understud-
ied in a broader context. Our findings motivate further
study of prompt engineering from a computational
perspective, highlighting its role in enhancing the com-
putational expressivity of transformers.

Generalized Cost Functions. The OT problem can be
formulated with a general cost function, beyond the
standard Euclidean distance ∥xi − yj∥2. An important
question is whether standard softmax attention can
solve the assignment problem with a general cost func-
tion C(xi, yj). We conjecture that a combination of
attention layers and feedforward networks can approxi-
mate solutions in general cases.
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Supplementary Materials

A Experimental settings

Training loss. We generate random data and train a transformer to solve the assignment task by minimizing

min
θ

! fθ

x1 y1
x2 y2
⋮ ⋮
xn yn……

− P*

x1
x2
⋮
xn

2

, (9)

where the expectation is taken over randomly generated inputs x1, . . . , xn, and the ■ marks engineered part of
the input in (6). fθ : R(n+1)×(2d+9) → Rn is the output function of a transformer with parameters θ. To generate
outputs, we use an attention layer defined as

fθ(Z0) = [attenθ([Zℓ]1:n,:)]:,0:d (10)

where [Zℓ]1:n,: denotes the first n rows of Zℓ in (7). The above indexing allows us to generate the outputs of size
n× d.

Training data. The expectation in the training loss (9) is taken over 1000 random samples generated with
n = 7. x1, . . . , xn are a random permutation of [1/n, 2/n, . . . , n/n], and we set yi = i/n in our experiments.

Optimization. For training, we run 104 iterations of Adam [Kingma and Ba, 2014] with stepsize 0.001. Parame-
ters are initialized from a Gaussian distribution with covariance matrix 1/(2d + 9). We set B(ℓ)

j = (1/20)I2d+9 where
Ik is the square identity matrix of size k. We optimize the attention parameters θ := {[K(m,j), Q(m,j), V (m,j)]}ℓm=1

using the reparameterization P (ℓ,j) = K(ℓ,j)Q(ℓ,j) and optimize P (ℓ,j).

Without prompt engineering. To study the impact of prompt engineering in Fig. 2 Observation (2), we
remove additional columns in the engineered prompt as

Z ′ =

x1 y1 0
...

...
...

xn yn 0

 ∈ Rn×3. (11)

We trained the model on exactly the same training data with the same optimization settings.

B The Aligning Transformer

The theoretical and experimental results presented are based on a specific choice of parameters for the attention
layers. These parameters are used both to generate the plots in figures 3 and 4 and also used to prove the main
theorems.

Recall that the hidden representations in the transformer obeys

Zℓ+1 = Zℓ +

2∑
j=1

atten
θ
(ℓ)
j
(Zℓ)B

(ℓ)
j ,
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09×d

 0d×d

0d×d

09×d

  0d
Id

−e
(9)
3

 0d0d
03

  0d
Id

−e
(9)
2

  0d
Id

e
(9)
8

  0d
Id

−λe
(9)
5

 0d0d
03

  0d
Id

e
(9)
5

 0d×2

0d×2

03×2



[V (ℓ,1)]ij =

{
1 i = 2d+ 6 and j = 2d+ 7

0 otherwise

[V (ℓ,2)]ij =

{
1 i = 2d+ 6 and j = 2d+ 8

0 otherwise

B
(ℓ)
j γℓI(2d+9)×(2d+9)

Table 2: Parameters for OT: Our proof is constructive since it specifies the choice of parameters.

where {θ(ℓ)j } denotes the parameters of attention head j at layer ℓ containing three matrices as θ
(ℓ)
j =

{K(ℓ,j), Q(ℓ,j), V (ℓ,j) ∈ Rd×d}.

We define P (ℓ,j) = K(ℓ,j)(Q(ℓ,j))⊤. Let p = d+ 9, and let e(k)i ∈ Rk denote the i-th standard basis vector, defined

by [ei]j =

{
1 if i = j,

0 otherwise
. Based on these definitions, Table 2 summarizes the choice of parameters for OT.

C Proof of Theorem 3.1

We demonstrate that two attention heads can jointly implement a single step of gradient descent (with adaptive
step sizes) on L(u, v). By induction, multiple attention heads can implement several iterations of gradient descent
with adaptive step sizes. The proof is constructive, explicitly determining the choice of parameters specified in
Section B.

Recall uℓ, vℓ ∈ Rn are iterations of gradient descent (with adaptive coordinate-wise stepsize) on Lagrangian
function L defined in (5):{

uℓ+1 = uℓ −Dℓ∇uL(uℓ, vℓ)

vℓ+1 = vℓ −D′
ℓ∇vL(uℓ, vℓ)

, L(u, v) := λ

∑
ij

e(−Cij+ui+vj)/λ−1

−
∑

vi −
∑
i

ui

where the coordinate-wise stepsizes are

(γℓ[Dℓ]ii)
−1 =

∑
j

e(−Cij+[uℓ]i+[vℓ]j)/λ−1 + 1, (γℓ[D
′
ℓ]jj)

−1 =
∑
i

e(−Cij+[uℓ]i+[vℓ]j)/λ−1 + 1.

Define x = [x1, . . . , xn], y = [y1, . . . , yn] ∈ Rn×d and x2 = [∥x1∥2, . . . , ∥xn∥2], y2 = [∥y1∥2, . . . , ∥yn∥2] ∈ Rn. Let
H(ℓ) ∈ Rn×n obeys

H(ℓ) = 1
λ

(
−x21⊤n + 2xy⊤ − 1n(y

2)⊤ + uℓ1
⊤
n + 1n(vℓ)

⊤)− 1n1
⊤
n (12)
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Define M (ℓ) ∈ Rn×n defines as M
(ℓ)
ij = eH

(ℓ)
ij . Gradient descent thus follows:

uℓ+1 = uℓ −Dℓ(M
(ℓ)1n − 1n) (13)

vℓ+1 = vℓ −D′
ℓ((M

(ℓ))⊤1n − 1n) (14)

Induction statement. We assume the statement holds for ℓ and then prove it for ℓ+ 1. Thus, the induction
hypothesis is

Zℓ =


x1 y1 ∥x1∥2 ∥y1∥2 14 [uℓ]1 [vℓ]1 0
x2 y2 ∥x2∥2 ∥y2∥2 14 [uℓ]2 [vℓ]2 0
...

...
...

...
...

...
...

...
xn yn ∥xn∥2 ∥yn∥2 14 [uℓ]d [vℓ]d 0
0 0 0 0 −v4 ? ? 0

 ∈ R(n+1)×(2d+9),

where 14 denotes the all-ones 4-dimensional vector, v4 = [0, 0, 0, 1], and [u]i denotes element i of vector u. It is
easy to check that the above equation holds for ℓ = 0 as u0 = v0 = 0n. The choice of w(ℓ,j)

v ensure that only the
2d+ 7-th and 2d+ 8-th columns of Zℓ change with ℓ, which are highlighted in . We prove that

Zℓ+1 =


x1 y1 ∥x1∥2 ∥y1∥2 14 [uℓ+1]1 [vℓ+1]1 0
x2 y2 ∥x2∥2 ∥y2∥2 14 [uℓ+1]2 [vℓ+1]2 0
...

...
...

...
...

...
...

...
xn yn ∥xn∥2 ∥yn∥2 14 [uℓ+1]d [vℓ+1]d 0
0 0 0 0 −v4 ? ? 0

 ∈ R(n+1)×(2d+9),

Indeed, the extended prompt offers sufficient memory to store the iterates of gradient descent.

Induction proof. We begin by computing the output of the first attention head in layer ℓ+ 1, step by step.
Through straightforward algebra, we obtain the following:

ZℓP
(ℓ,1) =

[
0 2x/λ 0n −1n/λ −∥x∥2/λ uℓ/λ −1n 02×n 1n/λ 0
0 0 0 0 0 0 0 02×1 0 0

]
∈ R(n+1)×d′

where matrices x and y are defined earlier in the proof. With these notations and the preceding equation, we
proceed as follows:

ZℓP
(ℓ,1)Z⊤

ℓ =

[
H(ℓ) 0n
0⊤n 0

]
which obtains

exp(ZℓP
(ℓ,1)Z⊤

ℓ ) =

[
M (ℓ) 1n
1⊤n 1

]
(15)

Furthermore, the choice of parameters V (ℓ,1) obtains

ZℓV
(ℓ,1) = −γ

[
0n . . . 0n 1n 0n 0n
0 . . . 0 −1 0 0

]
Stitching all equations together yields

atten
θ
(ℓ)
1
(Zℓ)B

(ℓ)
1 =

[
0n . . . 0n −Dℓ(M

(ℓ)1n − 1n) 0n 0n

0
... 0 n− 1 0 0

]
Observe that the matrix above contains the gradient ∇uL(uℓ, vℓ) from Eq. (14), which is required to compute the
next gradient descent iterate uℓ+1. Similarly, we can show that

atten
θ
(ℓ)
2
(Zℓ)B

(ℓ)
2 =

[
0n . . . 0n 0n −D′

ℓ((M
(ℓ))⊤1n − 1n) 0n

0
... 0 0 n− 1 0

]
,

which computes vℓ+1 in parallel using a second attention head. Thus, substituting the last two equations into (7)
concludes the induction proof.
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D Theorem 3.2

D.1 Formal statement

Attention matrices can approximate the entropy-regularized assignment solution, denoted by P ∗
λ , as defined in (3).

Consider the block of attention matrices A(ℓ) ∈ Rn×n, defined by

A
(ℓ)
ij =

e⟨K
(ℓ,1)z

(ℓ)
i ,Q(ℓ,1)z

(ℓ)
j ⟩∑n

j=1 e
⟨K(ℓ,1)z

(ℓ)
i ,Q(ℓ,1)z

(ℓ)
j ⟩

(16)

where z
(ℓ)
i is the i-th row of Zℓ, representing the token embeddings at layer ℓ, and Q(ℓ,1), K(ℓ,1) are the query

and key weight matrices of an attention head at layer ℓ.

We prove the attention matrix A(ℓ) converges to P ∗
λ in an appropriate metric for certain choice of parameters of

attention layers. As discussed, solution P ∗
λ in (3) can be written as

P ∗
λ = diag(p∗)Qdiag(q∗)

p∗, q∗ ∈ Rn
+, Q ∈ Rn×n

+ ,
(17)

where diag(v) is a diagonal matrix whose diagonal element in row i is vi, Qij = e−
Cij

λ −1, p∗i = ev
∗
i /λ and

q∗j = eu
∗
j /λ. It is easy to check that replacing p∗ and q∗ with cp∗ and q∗/c leads to the same matrix P ∗

λ for all
c ∈ R+. Franklin and Lorenz [1989] introduce a metric that accounts for this particular scaling invariance:

µ(q, q′) = log

(
max
ij

qiq
′
j

qjq′i

)
. (18)

Remarkably, µ is a metric that satisfies the triangle inequality [Franklin and Lorenz, 1989]. However, µ is not a
norm, as µ(q, q′) = 0 only implies that there exists a constant c such that q = cq′. The next theorem establishes
an explicit convergence rate for the attention matrices A(ℓ) to P ∗

λ in µ.
Theorem D.1 (Formal version of Thm. 3.2: Convergence to P ∗

λ in the Hilbert projective metric). Let C ∈ Rn×n

be a cost matrix with entries Cij , and fix λ > 0. Define

Q ∈ Rn×n
+ , Qij = e−Cij/λ−1.

Let P ∗
λ ∈ Rn×n

+ denote the entropy-regularized optimal transport plan, which admits the factorization

P ∗
λ = diag(p∗)Qdiag(q∗) for some p∗, q∗ ∈ Rn

+,

unique up to positive rescaling of p∗, q∗. Consider a transformer with a fixed choice of parameters (independent
of n, d, and the input) as constructed in Appendix B, and let A(ℓ) ∈ Rn×n

+ denote the attention matrix (for a
specified head/block) at depth ℓ. For each ℓ ≥ 1 there exist pℓ, qℓ ∈ Rn

+ such that

A(ℓ) = diag(pℓ)Qdiag(qℓ).

Define the Hilbert projective metric

µ(u, v) = log

(
max
i,j

uivj
ujvi

)
, u, v ∈ Rn

+,

and let

ϕ(Q) = max
i,j,k,ℓ

Qik Qjℓ

Qjk Qiℓ
, η =

√
ϕ(Q)− 1√
ϕ(Q) + 1

∈ [0, 1).

Set
1

4
r2 = ∥p1 − p∗∥22 + ∥q1 − q∗∥22.

Then, provided ℓ ≥ 64n e3r/λ r, there exists an index k ≤ ℓ such that

min
k≤ℓ

max
{
µ(pk, p

∗), µ(qk, q
∗)
}

≤ 36
√
n e1.5r/λ√

ℓ (1− η)
.
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Remark D.2. We improved the bound in Thm. 3.2 from O
(
n3/2

ℓ1/2

)
→ O

(√
n
ℓ

)
while preparing the supplementary

material.
Remark D.3 (On scaling, metric choice, and non-monotonicity). (i) The factorization of P ∗

λ is invariant to the
rescaling (p∗, q∗) 7→ (c p∗, c−1q∗), c > 0; the metric µ is designed to quotient out this invariance. (ii) The “mink≤ℓ”
accounts for possible non-monotone progress across layers; the bound holds for the best iterate up to depth ℓ.
(iii) The constant r encodes the initialization distance to (p∗, q∗), and the quantity η is the classical Sinkhorn
contraction factor [Franklin and Lorenz, 1989].

D.2 Proof

Challenge: According to Thm. 3.1, a transformer can implement gradient descent. Therefore, the proof casts
to analyzing gradient descent (with specific coordinate-wise stepsizes) on the convex L. However, we cannot
directly apply existing convergence results from convex optimization. The existing convergence results for smooth
convex optimization are in terms of function value L when L is not strongly convex1. But, the theorem statement
aims at the convergence to a minimizer.

Figure 8: Proof techinque for Theorem 3.2. We first prove that the attention matrix converges to a local neighborhood
of the set of doubly stochastic matrices. This convergence is illustrated by the blue curves converging to a small circle.
Next, we show that this convergence implies convergence to the minimizer. To establish this, we hypothetically run
Sinkhorn’s iterations and leverage their known convergence rate. The red curve illustrates these hypothetical Sinkhorn
iterations.

Proof Sketch. The proof consists of two key steps: (i) the convergence of attention matrix A(ℓ) to a matrix
that is approximately doubly stochastic, and (ii) a hypothetical simulation of Sinkhorn’s recurrence. See Figure 8
for the illustration.

(i) As shown in Thm. 3.1, the transformer can perform gradient descent with an adaptive step size on the
convex function L. Since L is convex, gradient descent is guaranteed to converge to a stationary point
where the gradient norm becomes zero. Specifically, it is straightforward to verify that ∇uL = M1− 1 and
∇vL = M⊤1− 1, where Mij = exp

(
−Cij+ui+vj

λ − 1
)
. Therefore, small gradients for u and v imply that M

is close to being doubly stochastic.

(ii) We demonstrate that when the matrix M is approximately doubly stochastic, it is near the desired solution
P ∗
λ . To establish this, we (hypothetically) run Sinkhorn’s recurrence starting from M and use its contraction

property proven by [Franklin and Lorenz, 1989].

Before elaborating on the details of (i) and (ii), we present two propositions.

Preliminaries. Define the functions row : Rn×n
+ → Rn

+ and col : Rn×n
+ → Rn

+ as

row(A)i =
1∑
j Aij

, col(A)j =
1∑
i Aij

.

1It is easy to check that L is not strongly convex since it Hessian has a zero eigenvalue.
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We also introduce functions f, g : Rn×n → Rn×n defined as

f(A) = Adiag(col(A)), g(A) = diag(row(A))A.

Indeed, f(A) (resp. g(A)) normalizes the columns (resp. rows) of A by a scaling factor of their average. We will
later use f and g to formulate Sinkhorn’s recurrence, which iteratively normalizes the rows and columns of a
matrix with positive elements. The next proposition proves that an almost doubly stochastic matrix remains
almost doubly stochastic under f and g. To formulate the statement, we introduce a set containing matrices that
almost doubly stochastic matrices:

Sϵ :=
{
A ∈ Rn×n

+ | ∥A1n − 1n∥∞ ≤ ϵ and ∥A⊤1n − 1n∥∞ ≤ ϵ
}
.

Proposition D.4. Suppose that A ∈ Sϵ; then f(A) ∈ S3ϵ and g(A) ∈ S3ϵ, as long as ϵ < 1/3.

Recall the metric d defined in (18). The next proposition establishes a particular property of f and g with respect
to d.
Proposition D.5. Let A ∈ Sϵ be decomposed as A = diag(w)Qdiag(q), where w, q ∈ Rn

+.

(i) For f(A) = diag(w)Qdiag(q′), µ(q, q′) ≤ 4ϵ holds for ϵ < 1
4 .

(ii) For g(A) = diag(w′)Qdiag(q), µ(w,w′) ≤ 4ϵ holds for ϵ < 1
4 .

Convergence Analysis. According to Theorem 3.1, there is a choice of parameters such that

A
(ℓ)
ij = e

−Cij+[uℓ]i+[vℓ]j
λ −1,

where uℓ and vℓ are the iterates defined in (5). The following lemma establishes that, as the number of iterations
ℓ increases, A(ℓ) meets a neighborhood of doubly stochastic matrices.
Lemma D.6. For γ−1

k = (n+ 2)e
2r/λ, there exists a k ≤ ℓ such that

A(k) ∈ Sϵ, where ϵ2 :=

(
1

ℓ

)
3ne

3r/λr.

Notably, the matrix A(k) has a specific structure that ensures A(k) ∈ Sϵ is sufficient to approximate P ∗
λ . To prove

this statement, we leverage the contraction property of Sinkhorn’s recurrence.

Contractive Sinkhorn’s Process. According to the last lemma, there exists an iteration k ≤ ℓ such that
A(k) ∈ Sϵ. We then apply Sinkhorn’s recurrence starting from A1 = g(A(k)) as:

Am+1/2 = f(Am), Am+1 = g(Am+1/2).

Notably, we utilize the above recurrence solely for the proof; hence, there is no need for a transformer to
implement this recurrence. According to the definition, Am can be decomposed as diag(wm)Qdiag(qm), where
Qij = e−Cij/λ−1 and qm, wm ∈ Rn

+. Sinkhorn [1967] proves that there exist unique vectors w∗, q∗ ∈ Rn
+ such that

P ∗
λ = diag(w∗)Qdiag(q∗), where w∗

i = eu
∗
i /λ and q∗j = ev

∗
j /λ. [Franklin and Lorenz, 1989] establish the linear

convergence of (wm, qm) to (w∗, q∗):{
µ(wm+1, w

∗) ≤ ηµ(wm, w∗)

µ(qm+1, q
∗) ≤ ηµ(qm, q∗)

, η =
ϕ(A1)

1/2 − 1

ϕ(A1)1/2 + 1
< 1, (19)

where ϕ(A) = maxijkl
AikAjl

AjkAil
. Since A1 = diag(w1)Qdiag(q1), we have ϕ(A1) = ϕ(Q).

Propositions D.4 and D.5 enable us to demonstrate that there exists a constant c such that cA1 lies within
a neighborhood of P ∗

λ . Proposition D.4 combined with Lemma D.6 ensure A1 ∈ S3ϵ. Thus, we can apply
Proposition D.5 to obtain: µ(q2, q1) ≤ 12ϵ. Using Proposition D.4 again, we find that A1+1/2 ∈ S9ϵ. Consequently,
we can invoke Proposition D.5 once more to yield: µ(w2, w1) ≤ 36ϵ. Applying the triangle inequality together
with 19 completes the proof:

36ϵ ≥ µ(w2, w1) ≥ µ(w1, w
∗)− µ(w2, w

∗) ≥ (1− η)µ(w1, w
∗)

12ϵ ≥ µ(q2, q1) ≥ µ(q1, q
∗)− µ(q2, q

∗) ≥ (1− η)µ(q1, q
∗).
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E Proof of Lemma D.6

Notations. Define the concatenated vector of iterates as

θk =

[
uk

vk

]
,

and consider the following block diagonal matrix:

Λk =

[
Dk 0
0 D′

k

]
,

where Dk and D′
k are diagonal matrices at iteration k defined in Theorem 3.1. Define the ball B(r) = {θ ∈ Rn |

∥θ∥ ≤ r}. If θk ∈ B(r), then

γk
n exp(r/λ) + 1

In ⪯ Λk ⪯ γkIn. (20)

Smoothness of L. The Hessian of L has the following form

∇2L :=

[
∇2

uuL ∇2
uvL

∇2
vuL ∇2

vvL

]
=

diag(
∑

i Mij) M

M⊤ diag(
∑

j Mij)

 (21)

We will prove that the Hessian bounded within the domain θ ∈ B(r). For all v :=

[
s ∈ Rn

s′ ∈ Rn

]
such that ∥v∥2 = 1,

we have

v⊤∇2Lv = ∥s∥2diag(
∑

i Mij)
+ 2s⊤Ms′ + ∥s′∥2diag(

∑
j Mij)

(22)

where ∥v∥2A = v⊤Av. Recall Mij = e
−Cij+ui+vj

λ −1, hence∑
ij

sis
′
jMij =

∑
ij

sie
ui/λsje

vj/λe−
Cij/λ−1 (23)

≤
∑
ij

sie
ui/λsje

vj/λ (24)

≤
√∑

i

s2i e
2ui/λ

√∑
i

(s′i)
2e2vi/λ (25)

≤ e
2r/λ (26)

It is easy to check that ∥diag(
∑

i Mij)∥ and ∥diag(
∑

j Mij)∥ are bounded by ne
r/λ. Replacing these inequalities

into (22) yields

v⊤∇2Lv ≤ ne
r/λ

∥s∥2 + ∥s′∥2︸ ︷︷ ︸
=1

+ 2e
2r/λ ≤ (n+ 2)e

2r/λ. (27)

Thus, L(θ) is ζ-smooth for ζ := (n+ 2)e
2r/λ when θ ∈ B(r).

Boundedness of iterates. The recurrence relation of the iterates defined in (5) leads to the following inequality:

∥θk+1 − θ∗∥2
Λ−1

k

= ∥θk − θ∗∥2
Λ−1

k

− 2⟨θk − θ∗,∇L(θk)⟩+ ∥∇L(θk)∥2Λk
, (28)

recall ∥v∥2A = v⊤Av. Since L is ζ-smooth within B(r), by Theorem 2.1.5 of Nesterov [2013], we have

⟨∇L(θ), θ − θ∗⟩ ≥ 1

ζ
∥∇L(θ)∥2. (29)
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Substituting the above inequality into (28) yields

∥θk+1 − θ∗∥2
Λ−1

k

≤ ∥θk − θ∗∥2
Λ−1

k

−
(
2

ζ
− γk

)
∥∇L(θk)∥2. (30)

Let ∆k := ∥θk − θ∗∥2
Λ−1

k

. For γk = 1
ζ , the above inequality ensures that ∆k is monotonically decreasing:

∆k+1 ≤ ∆k −
(
2

ζ
− γk

)
∥∇L(θk)∥2 ≤ ∆k.

To maintain θk ∈ B(r) for all k, choose r such that

∥θk∥ ≤ ∆k + ∥θ∗∥Λ−1
k

≤ ∥∆1∥Λ−1
1

+ ∥θ∗∥Λ−1
1

≤ 2 (∥θ1 − θ∗∥+ ∥θ∗∥) = r.

We now show that θk ∈ B(r) concludes the proof.

Convergence to a stationary point. Since θk ∈ B(r), we can take the average of (30) over k = 1, . . . , ℓ:
ℓ∑

k=1

∥∇L(θk)∥2 ≤ ζ

(
ℓ∑

k=1

∆k −∆ℓ+1

)
≤ ζ∆1 ≤ ζ

(
ne

r/λ + 1
)
r.

The above inequality leads to the following bound on the minimum gradient norm:

min
k≤ℓ

∥∇L(θk)∥2 ≤ 1
ℓ

ℓ∑
k=1

∥∇L(θk)∥2 ≤
(
1

ℓ

)
ζ(ne

r/λ + 1)r. (31)

Closeness to Doubly Stochastic Matrices. By definition,

∇L(θk) =

[
M (k)1n − 1n

(M (k))⊤1n − 1n

]
, (32)

where 1 denotes the vector of all ones. Substituting the expression for ∇L(θk) into (31) gives

min
k≤ℓ

(
∥M (k)1n − 1n∥2 + ∥(M (k))⊤1n − 1n∥2

)
≤ ζ(n exp(r/λ) + 1)r

ℓ
. (33)

F Proof of Proposition D.4

We prove f(A) ∈ S3ϵ and the proof for g(A) ∈ S3ϵ follows exactly the same. Since A ∈ Sϵ, the following two
inequalities hold ∣∣∣∣∣∑

i

Aij − 1

∣∣∣∣∣ ≤ ϵ =⇒
∑
i

Aij ≥ 1−

∣∣∣∣∣1−∑
i

Aij

∣∣∣∣∣ ≥ 1− ϵ (34)

Using the above two inequalities, we proceed as

| Aij∑
i Aij

−Aij | = Aij |1− 1∑
i Aij

| (35)

≤ Aijϵ∑
i Aij

(36)

≤ Aijϵ
1−ϵ . (37)

We use the above inequality to complete the proof:∣∣∣∣∣∣
∑
j

Aij∑
i Aij

− 1

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∑
j

Aij∑
i Aij

−
∑
j

Aij

∣∣∣∣∣∣+ |
∑
j

Aij − 1| (38)

≤
∑
j

| Aij∑
i Aij

−Aij |+ ϵ (39)

≤ ϵ
1−ϵ

∑
j

Aij + ϵ (40)

≤ ϵ
(
1 + 1+ϵ

1−ϵ

)
(41)
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Figure 9: Attention vs. OT Correlation. The vertical axis reports the correlation between the attention
heatmap and the OT solution across layers of the multilingual BERT model. The horizontal axis indexes the
layer. We observe that attention patterns increasingly align with the OT plan in deeper layers, yielding a better
approximation of the OT solution computed from word embeddings. This pattern is observable in Figure 1

G Proof of Proposition D.5

We prove part (i), and the proof for part (ii) follows exactly the same. The following inequality holds for A ∈ Sϵ:

∀j :

∣∣∣∣∣∑
i

Aij − 1

∣∣∣∣∣ ≤ ϵ. (42)

Using the above inequality, we get:

|q′j − qj | =
∣∣∣ qj∑

i Aij
− qj

∣∣∣ (43)

= qj |
1∑
i Aij

− 1| (44)

≤ qj

(
ϵ

1−ϵ

)
(45)

Plugging the above inequality into µ concludes the proof:

qiq
′
j

qjq′i
≤ 1

1− 2ϵ
=⇒ µ(q, q′i) ≤ log( 1

1−2ϵ ) ≤
2ϵ

1−2ϵ . (46)

H Supplementary experiments

Attention–OT correlation. Figure 1 shows that, across two English–French sentence pairs, the attention
maps progressively become closer to the optimal-transport (OT) plans computed from the corresponding word
embeddings. To quantify this trend, we report the correlation between the attention weights and the OT solution.

Additional Results. Figure 10 repeats the experiment in Figure 2 for a larger n.
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test n = 15 optimal P ∗

(1) generalization

without with

(2) prompt engineering

layer 5 layer 15 last layer (20)

(3) Iterative inference

Figure 10: Observations on In-context Learning for OT. We extend the experiments shown in Fig. 2 to larger
values ofn. (1) The model is trained to solve OT with 7 data points and evaluated on 15 data points. The left image
shows the attention weights, which closely approximate the OT solution shown on the right. (2) After specific prompt
engineering, the attention weights between tokens estimate the OT solution. Notably, this prompt engineering is used in
(1). (3) The attention weights evolve across layers, progressively yielding a more accurate approximation of the optimal
solution. See Appendix A for details.
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