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ABSTRACT

Neural surrogate models for PDEs increasingly rely on generative methods to pro-
duce predictive ensembles, but existing approaches typically employ fixed nois-
ing schedules, leading to poorly calibrated uncertainty, especially under autore-
gressive rollouts and limited inference budgets. We propose a framework for
calibrated probabilistic PDE forecasting that learns an adaptive latent stochastic
transport between consecutive time steps. We model the transition between latent
VAE posteriors using a learned Itô SDE with state-dependent drift and diffusion,
trained via closed-form conditional supervision derived from a Gaussian stochas-
tic interpolant, and regularized with an energy distance to improve distributional
fidelity. This formulation enables simulation-free training and allows the diffusion
term to adapt to the local dynamical regime. Across several PDE benchmarks, our
method consistently improves calibration in short-to-intermediate rollouts com-
pared to fixed-schedule generative baselines, while maintaining comparable mean
accuracy under matched compute-constrained inference budgets.

1 INTRODUCTION

Neural surrogates for partial differential equations (PDEs) produce predictions that can degrade un-
der distribution shift (Koupaı̈ et al., 2024); and small one-step errors can accumulate when forecasts
are iterated forward in time (Kovachki et al., 2024; Lippe et al., 2023). These effects are particularly
present in chaotic regimes. For this reason, predictions should be accompanied by well calibrated
uncertainty estimates, that indicate when a surrogate is reliable. A way to address uncertainty quan-
tification is to have methods that parameterize a predictive probability distribution within a single
model (Bülte et al., 2025).

Generative models provide a route to model probabilistic distributions via sampling. The success of
diffusion models (Ho et al., 2020; Song et al., 2021) and of their continuous-time counterparts, flow
matching (Lipman et al., 2023) and stochastic interpolation (Albergo et al., 2023), has motivated
their adoption for probabilistic PDE forecasting and operator learning (Rühling Cachay et al., 2023;
Price et al., 2024; Li et al., 2025; Zhou et al., 2025). However, generative models are trained to
match the data distribution rather than to produce well-calibrated predictive intervals (Sajjadi et al.,
2018). The issue is amplified in conditional generation, where the model may rely too much on the
conditioning input state, and quickly collapse toward a conditional mean, especially in a few-step
settings (Dhariwal & Nichol, 2021; Ho & Salimans, 2021; Bortoli et al., 2025). This often results in
overconfident generative surrogates.

Physical systems can showcase a diversity of regimes and the appropriate level and structure of pre-
dictive uncertainty can therefore change substantially with the system state. Despite this, classical
stochastic interpolants (SI) cannot express such heteroscedastic, regime-dependent behavior, due to
their fixed diffusion coefficient (Albergo et al., 2023). As a result, the induced conditional distribu-
tion is misspecified and the forecasts become systematically miscalibrated. We propose to augment
classical SI with an adaptive diffusion term that depends on the system state, leading to an improved
modeling of the uncertainty.
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To instantiate this idea, we introduce a framework for calibrated probabilistic transport between the
latent posteriors of consecutive PDE states. Leveraging a Variational Autoencoder (VAE), we model
the transition between consecutive latent time steps via a learned Itô SDE. Crucially, unlike standard
approaches, we parameterize both the drift and diffusion terms with neural networks.

2 METHOD

Our method learns the drift and state-dependent diffusion coefficient of an Itô SDE over an auxiliary
time τ ∈ [0, 1] that transports samples between VAE posteriors of consecutive PDE states.

2.1 OBJECTIVE: LATENT POSTERIOR TRANSPORT VIA A STOCHASTIC BRIDGE

A common setting for neural PDE surrogates is to learn the time evolution model in a reduced latent
space, where PDE states are first compressed into a lower-dimensional representation. We use a
VAE, where the encoder Eϕ maps PDE solution fields u ∈ Rdu to a diagonal Gaussian posterior

qϕ(z|u) = N (µϕ(u), σ
2
ϕ(u)), z ∈ Rdz , dz ≪ du,

and the decoder Dϕ defines a conditional likelihood pϕ(u|z).

Encoder posterior as target. Since zt+1 is unobserved, the only supervision available for the next
latent state comes from the encoder posterior qϕ(zt+1 | ut+1). Combined with the data dynamics,
this induces a target distribution over zt+1 given ut, obtained by averaging the encoder posterior over
likely next states. Thus, the optimal one-step predictor matches the encoder-induced conditional
latent transition p̃(zt+1 | ut).

Continuous-time stochastic bridge . We realize this conditional transition as a continuous-time
stochastic bridge over an auxiliary interpolation time τ ∈ [0, 1]. We model the transition between
consecutive posteriors via an Itô SDE:

dzτ = fθ(zτ , τ) dτ + gθ′(zτ , τ) dWτ , (1)
where Wτ is a standard Wiener process. The drift fθ and the diagonal state-dependent diffusion
amplitude gθ′ are parameterized by neural networks. Unlike classical SI that prescribe a global dif-
fusion schedule, we learn both drift and diffusion directly from data, and the interpolation endpoints
correspond to consecutive latent posteriors.

2.2 GAUSSIAN STOCHASTIC INTERPOLANT AND ANALYTIC CONDITIONAL TARGETS

We construct a stochastic interpolant between independent endpoint samples z0 ∼ qϕ(zt|ut) and
z1 ∼ qϕ(zt+1|ut+1):

zτ = (1− τ)z0 + τz1 +
√
γ(τ) ξ, ξ ∼ N (0, I), (2)

where γ(τ) = σscaleτ(1− τ) and σscale is a tunable hyperparameter.

Learning the diffusion from endpoints alone is underdetermined and naı̈ve objectives may admit
degenerate solutions or poor conditioning, especially near τ ≃ 1 where the remaining horizon ∆τ =
1− τ is small. The most direct remedy would be pathwise supervision by integrating equation 1 to
τ = 1, but this requires differentiating through an SDE solver.

Instead, we supervise equation 1 using a local one-step kernel from (zτ , τ) to the endpoint. We
approximate the remaining transition τ → 1 by

ẑ1 | zτ = zτ +∆τ fθ(zτ , τ) +
√
∆τ gθ′(zτ , τ)⊙ ξ, ξ ∼ N (0, I). (3)

Under the above setup, let µ1|τ and Σ1|τ denote the conditional mean and covariance of z1 given zτ .
Then the conditional moments are given explicitly by:

µ1|τ = µ1 + τΣ1Σ
−1
τ (zτ − µτ ), Σ1|τ = Σ1 − τ2Σ1Σ

−1
τ Σ1,

where µτ = (1− τ)µ0 + τµ1 and Στ = (1− τ)2Σ0 + τ2Σ1 + γ(τ)I . This follows from standard
Gaussian conditioning. We use (µtarget,Σtarget) = (µ1|τ ,Σ1|τ ) as exact conditional targets at any τ .
We match these conditional moments to the analytic targets from equation 2.2:

Ldrift = Eτ,zτ

[∥∥∆τ fθ(zτ , τ)−(µtarget−zτ )
∥∥2
2

]
, Lvar = Eτ,zτ

[∥∥∆τ gθ′(zτ , τ)
2−Σtarget

∥∥2
2

]
. (4)
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2.3 DISTRIBUTIONAL REGULARIZATION VIA ENERGY DISTANCE

To penalize distributional mismatch without integrating the SDE, we add an ED term between
samples from the one-step kernel equation 3 and samples from the target conditional Gaussian
N (µtarget,Σtarget):

LED = Eτ,zτ

[
ED

(
{ẑ(k)1 }Kk=1, {ẑ

(ℓ)
1,target}Lℓ=1

)]
, (5)

Our final objective is
L = Ldrift + λvarLvar + λEDLED, (6)

where λvar and λED are ramped up from 0 after a drift warm-up stage.

2.4 INFERENCE BY SDE INTEGRATION

At inference time, given ut, we draw z0 ∼ qϕ(zt | ut) and integrate equation 1 over τ ∈ [0, 1] to
obtain samples of zt+1. Using Euler–Maruyama (EM) with ∆τ = 1/N :

z
(k)
n+1 = z(k)n +∆τ fθ(z

(k)
n , τn) +

√
∆τ gθ′(z(k)n , τn)⊙ ξn, (7)

for n = 0, . . . , N−1 and τn = n∆τ , with ξn ∼ N (0, I). Decoding the ensemble yields a predictive
distribution for ut+1, and we repeat the procedure autoregressively for multi-step forecasting.

3 EXPERIMENTS

We evaluate our method’s ability to produce calibrated predictive distributions under compute-
constrained, few-step inference. We compare against standard generative baselines on two PDE
datasets using four metrics capturing mean accuracy, distributional quality, calibration, and spread.

3.1 EXPERIMENTAL SETTING

Datasets We use 2D trajectory datasets generated with APEBench (Koehler et al., 2024) using the
suite defaults. We consider Kolmogorov Flow and Kuramoto–Sivashinsky (KS) equations.

Baselines We compare our method to standard conditional generative baselines in latent space.
All methods share the same trained VAE, conditioning, and latent-processor backbone, and differ
only in the auxiliary-time construction, training loss, and sampler steps (from now number of for-
ward evaluations (NFE)). Diffusion (DDIM). Discrete noising with N=100 steps; trained to predict
added Gaussian noise. We sample with DDIM (Song et al., 2020) using a chosen number of denois-
ing steps. Flow Matching (FM). Noise-to-data conditional FM (Lipman et al., 2023) with linear
interpolant; trained by ℓ2 velocity matching. We sample by Euler ODE integration with chosen NFE.
Stochastic Interpolants (SI). Continuous-time adaptation of the implementation from (Zhou et al.,
2025); trained with the standard SI drift-matching loss. We sample with EM with chosen NFE.

Metrics We report Mean Squared Error (MSE) for mean accuracy, Continuous Ranked Probabil-
ity Score (CRPS) as a strictly proper score for distributional quality, Root Mean Squared Calibration
Error (RMSCE) to quantify calibration, and Spread-Skill ratio (SSR) as a complementary diagnostic
to detect over/under-dispersion. We report |log(SSR)| so that lower values indicate better perfor-
mance, for clarity. All metrics are computed in physical space and averaged over spatial grid points,
channels, batch elements, and over the reported horizon range.

Architecture and experimental setting. VAE: All methods operate in the same latent space given
by a Deep Compression Autoencoder (DCAE) (Chen et al., 2025) trained with a standard β-VAE
objective (Higgins et al., 2017). We train one VAE instance for each dataset Processor: Our model
and all baselines share a Transformer trunk PΘ (DiT-based (Peebles & Xie, 2023)). The trunk’s
output branches into a a drift head fθ and a diffusion head gθ′ . The drift head consists in a final per-
token projection followed by an unpatchify operation. The diffusion head uses the same decoder,
preceded by an additional transformer block, and is only instantiated for our method.
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Table 1: Interval evaluation (steps 1–20) at NFE=5. Mean ± std over the test set (lower is better).
MSE/CRPS/RMSCE are scaled by 103/102/102 (reported in 10−3/10−2/10−2 units). Best and
second-best per dataset/metric are highlighted (green/blue).

Dataset Model MSE (10−3) (↓) CRPS (10−2) (↓) RMSCE (10−2) (↓) | log(SSR)| (↓)

Kolmogorov

DDIM 178 ± 4 18.84 ± 0.14 9.52 ± 0.05 0.628 ± 0.005

FM 107 ± 3 16.33 ± 0.15 20.33 ± 0.03 1.494 ± 0.006

SI 220 ± 5 22.43 ± 0.14 10.56 ± 0.06 0.653 ± 0.005

Ours 120 ± 2 14.53 ± 0.12 3.95 ± 0.06 0.268 ± 0.006

KS

DDIM 33.88 ± 0.14 11.12 ± 0.02 15.051 ± 0.015 0.8773 ± 0.0014

FM 9.138 ± 0.015 5.152 ± 0.005 5.483 ± 0.010 0.2984 ± 0.0007

SI 9.604 ± 0.009 5.220 ± 0.003 3.378 ± 0.009 0.1417 ± 0.0003

Ours 7.824 ± 0.012 4.760 ± 0.004 2.509 ± 0.007 0.0209 ± 0.0007

Training protocol. We train in a teacher-forcing regime using randomly sampled consecutive
pairs (ut, ut+1) from training trajectories. For objectives that sample an interpolation time, we
draw τ ∼ U(τmin, 1− τmin) with τmin > 0 to avoid numerical issues near the endpoints.

Evaluation protocol and compute budget. We evaluate probabilistic forecasts under autoregres-
sive rollout with a fixed ensemble size K = 16 and emphasize compute-constrained sampling with
a small NFE=5.

3.2 PERFORMANCE OF PREDICTIVE DISTRIBUTIONS

Table 1 reports interval metrics over rollout steps 1-20 across both PDE datasets at fixed compute
budget (NFE=5). Our method consistently achieves the strongest uncertainty quality, with the lowest
calibration errors (RMSCE) and spread–skill ratio | log(SSR)|, while remaining competitive in mean
accuracy (MSE) and CRPS. These results match the intended purpose of the method.

Flow matching is consistently strong in mean accuracy, but it is systematically miscalibrated. Its
large | log(SSR)| values, together large RMSCE, indicate under-dispersed predictive ensembles, i.e.,
the model concentrates too much probability mass around the ensemble mean. This aligns with prior
observations that flow-matching-style training can behave primarily as a conditional mean matcher
in low-step forecasting regimes, rather than faithfully representing the full predictive distribution.

By contrast, the remaining baselines do not exhibit a uniform behavior across scenarios. DDIM
and SI show mixed behavior across PDEs, suggesting that fixed schedules/noise parameterizations
interact strongly with the dataset’s intrinsic stochasticity and error growth.

4 CONCLUSION

We introduced a probabilistic neural PDE surrogate that learns a drift and a state-dependent diffusion
coefficient of a latent Itô stochastic bridge that transports between consecutive VAE encoder poste-
riors. In contrast to fixed-schedule diffusion, flow-matching, or classical stochastic interpolants, this
allows our method to have a learnable uncertainty mechanism. Across several PDE benchmarks and
under matched compute-constrained inference budgets, we produce predictive ensembles with sub-
stantially improved calibration and spread–skill agreement, while remaining competitive in mean
accuracy.

We acknowledge as limitation that our method’s uncertainty calibration learning leverages the VAE
posterior, yet standard β-VAEs are not optimized for calibrated UQ under shift or chaotic rollouts.
A possible next step is developing UQ-aware VAEs. Additionally, error accumulation under autore-
gressive rollout is favored by the teacher forcing, one-step setting. This motivates future work to
develop multi-step training strategies to learn uncertainty growth under compounding error.
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