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ABSTRACT

We propose a novel setting for reinforcement learning that combines two com-
mon real-world difficulties: presence of observations (such as camera images)
and factored states (such as location of objects). In our setting, the agent receives
observations generated stochastically from a larent factored state. These obser-
vations are rich enough to enable decoding of the latent state and remove partial
observability concerns. Since the latent state is combinatorial, the size of state
space is exponential in the number of latent factors. We create a learning algo-
rithm FactoRL (Fact-o-Rel) for this setting which uses noise-contrastive learning
to identify latent structures in emission processes and discover a factorized state
space. We derive polynomial sample complexity guarantees for FactoRL which
polynomially depend upon the number factors, and very weakly depend on the
size of the observation space. We also provide a guarantee of polynomial time
complexity when given access to an efficient planning algorithm.

1 INTRODUCTION

Most reinforcement learning (RL) algorithms scale polynomially with the size of the state space,
which is inadequate for many real world applications. Consider for example a simple navigation task
in a room with furniture where the set of furniture pieces and their locations change from episode
to episode. If we crudely approximate the room as a 10 x 10 grid and consider each element in the
grid to contain a single bit of information about the presence of furniture, then we end up with a state
space of size 2100, as each element of the grid can be filled independent of others. This is intractable
for RL algorithms that depend polynomially on the size of state space.

The notion of factorization allows tractable solutions to be developed. For the above example, the
room can be considered a state with 100 factors, where the next value of each factor is dependent
on just a few other parent factors and the action taken by the agent. Learning in factored Markov
Decision Processes (MDP) has been studied extensively (Kearns & Koller, (1999} |Guestrin et al.,
2003;|Osband & Van Royl 2014) with tractable solutions scaling linearly in the number of factors
and exponentially in the number of parent factors whenever planning can be done efficiently.

However, factorization alone is inadequate since the agent may not have access to the underlying
factored state space, instead only receiving a rich-observation of the world. In our room example, the
agent may have access to an image of the room taken from a megapixel camera instead of the grid
representation. Naively, treating each pixel of the image as a factor suggests there are over a million
factors and a prohibitively large number of parent factors for each pixel. Counterintuitively, thinking
of the observation as the state in this way leads to the conclusion that problems become harder as the
camera resolution increases or other sensors are added. It is entirely possible, that these pixels (or
more generally, observation afoms) are generated by a small number of latent factors with a small
number of parent factors. This motivates us to ask: can we achieve PAC RL guarantees that depend
polynomially on the number of latent factors and very weakly (e.g., logarithmically) on the size of
observation space? Recent work has addressed this for a rich-observation setting with a non-factored
latent state space when certain supervised learning problems are tractable (Du et al., [2019; Misra
et al., |2020; |/Agarwal et al.,|2020). However, addressing the rich-observation setting with a latent
factored state space has remained elusive. Specifically, ignoring the factored structure in the latent
space or treating observation atoms as factors yields intractable solutions.

*Correspondence at: dimisra@microsoft.com
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Figure 1: Left: A room navigation tasks as a Factored Block MDP setting showing atoms and factors.
Center and Right: Shows the different stages executed by the FactoRL algorithm. We do not show
the observation x emitted by s for brevity. In practice a factor would emit many more atoms.

Contributions. We combine two threads of research on rich-observation RL and factored MDP by
proposing a new problem setup called Fuctored Block MDP (Section 2)). In this setup, observations
are emitted by latent states that obey the dynamics of a factored MDP. We assume observations to be
composed of atoms (which can be pixels for an image) that are emitted by the latent factors. A single
factor can emit a large number of atoms but no two factors can control the same atom. Following
existing rich-observation RL literature, we assume observations are rich enough to decode the current
latent state. We introduce an algorithm FactoRL that achieves the desired guarantees for a large
class of Factored Block MDPs under certain computational and realizability assumptions (Section 4).
The main challenge that FactoRL handles is to map atoms to the parent factor that emits them. We
achieve this by reducing the identification problem to solving a set of independence test problems
with distributions satisfying certain properties. We perform independence tests in a domain-agnostic
setting using noise-contrastive learning (Section 3). Once we have mapped atoms to their parent
factors, FactoRL then decodes the factors, estimates the model, recovers the latent structure in the
transition dynamics, and learns a set of exploration policies. shows the different steps of
FactoRL. This provides us with enough tools to visualize the latent dynamics, and plan for any given
reward function. Due to the space limit, we defer the discussion of related work to

To the best of our knowledge, our work represents the first provable solution to rich-observation RL
with a combinatorially large latent state space.

2 THE FACTORED BLOCK MDP SETTING

There are many possible ways to add rich observations to a factored MDP resulting in inapplicability
or intractability. Our goal here is to define a problem setting that is tractable to solve and covers
potential real-world problems. We start with the definition of Factored MDP (Kearns & Koller,|1999),
but first review some useful notation that we will be using:

Notations: For any n € N, we use [n] to denote the set {1,2,--- ,n}. For any ordered set (or a
vector) U of size n, and an ordered index set Z C [n] and length &, we use the notation U [Z] to denote
the ordered set (U[Z[1]],U[Z[2]],--- ,U[Z[K]]).

Definition 1. A Factored MDP (S, A, T, R, H) consists of a d-dimensional discrete state space
S C {0, 1}d, a finite action space A, an unknown transition function T : § x A — A(S), an
unknown reward function R : § x A — [0,1] and a time horizon H. Each state s € S consists
of d factors with the i*" factor denoted as si|. The transition function satisfies T(s' | s,a) =

H?:l T;(s'[i] | s[pt(i)], a) for every s,s' € S and a € A, where T;; : {0,1}P0)l x A — A({0,1})
defines a factored transition distribution and a parent function pt : [d] — 2[4 defines the set of parent
factors that can influence a factor at the next timestep.

We assume a deterministic start state. We also assume, without loss of generality, that each state and
observation is reachable at exactly one time step. This can be easily accomplished by concatenating
the time step information to state and observations. This allows us to write the state space as
S = (81,82, ,Sy) where Sy, is the set of states reachable at time step h.
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A natural question to ask here is why we assume factored transition. In tabular MDPs, the lower
bound for sample complexity scales linearly w.r.t. the size of the state set (Kakadel [2003). If we
do not assume a factorized transition function then we can encode an arbitrary MDP with a state
space of size 27, which would yield a lower bound of ©(2¢) rendering the setting intractable. Instead,
we will prove sample complexity guarantees for FactoRL that scales in number of factors as d© ()
where k := max;¢(q) [pt(7)] is the size of the largest parent factor set. The dependence of « in the

exponent is unavoidable as we have to find the parent factors from all possible (Z) combinations, as
well as learn the model for all possible values of the parent factor. However, for real-world problems
we expect « to be a small constant such as 2. This yields significant improvement, for example, if
k = 2and d = 100 then d* = 100 while 27 ~ 103°.

Based on the definition of Factored MDP, we define the main problem setup of this paper, called
Factored Block MDP, where the agent does not observe the state but instead receives an observation
containing enough information to decode the latent state.

Definition 2. A Factored Block MDP consists of an observation space X = 2™ and a latent
state space S C {0,1}%. A single observation x € X is made of m atoms with the k*" denoted by
xz[k] € Z'. Observations are generated stochastically given a latent state s € S according to a
factored emission function q(x | s) = Hle qi(z[ch(i)] | s[i]) where q; : {0,1} — A(Z1PD) and
ch : [d] — 21" is a child function satisfying ch(i)Nch(j) = O wheneveri # j. The emission function
satisfies the disjointness property: for every i € [d], we have supp(g;(- | 0)) Nsupp (¢;(- | 1)) = @.E]
The dynamics of the latent state space follows a Factored MDP (S, A, T, R, H), with parent function
pt and a deterministic start state.

The notion of atoms generalizes commonly used abstractions. For example, if the observation is an
image then atoms can be individual pixels or superpixels, and if the observation space is a natural
language text then atoms can be individual letters or words. We make no assumption about the
structure of the atom space 2~ or its size, which can be infinite. An agent is responsible for mapping
each observation z € X to individual atoms (z[1],--- ,z[m]) € 2 ™. For the two examples above,
this mapping is routinely performed in practice. If observation is a text presented to the agent as
a string, then it can use off-the-shelf tokenizer to map it to sequence of tokens (atoms). Similar to
states, we assume the set of observations reachable at different time steps is disjoint. Additionally,
we also allow the parent (pt) and child function (ch) to change across time steps. We denote these
functions at time step h by ptj, and chy,.

The disjointness property was introduced in |Du et al.| (2019) for Block MDPs—a class of rich-
observation non-factorized MDPs. This property removes partial observability concerns and enables
tractable learning. We expect this property to hold in real world problems whenever sufficient sensor
data is available to decode the state from observation. For example, disjointness holds true for the
navigation task with an overhead camera in[Figure 1] In this case, the image provides us with enough
information to locate all objects in the room, which describes the agent’s state.. Disjointness allows
us to define a decoder ¢ : 271" — {0, 1} for every factor i € [d], such that ¢} (x[ch(i)]) = s]i]
if z[ch ()] € supp (¢;(. | s[¢])). We define a shorthand ¢} (z) = ¢} (z[ch(i)]) whenever ch is clear
from the context. Lastly, we define the state decoder ¢* : X — {0, 1}¢ where ¢*(z)[i] = ¢} ().

The agent interacts with the environment by taking actions according to a policy 7 : X — A(A).
These interactions consist of episodes {s1, 1, a1,71, 2, T2, a2, 72, - ,am, Sgt wWith s1 = 0, 2, ~
q(- | sn)s rn = R(zp,an), and spy1 ~ T(. | sh,an). The agent never observes {s1,--- , sy}

Technical Assumptions. We make two assumptions that are specific to the FactoRL algorithm. The
first is a margin assumption on the transition dynamics that enables us to identify different values of a
factor. This assumption was introduced by Du et al.|(2019), and we adapt it to our setting.

Assumption 1 (Margin Assumption). For every h € {2,3,--- ,H}, i € [d], let u; be the uniform
distribution jointly over actions and all possible reachable values of sp—1[pt(i)]. Then we assume:
[Py, (-, | snlt] =1) =Py, (-, - | suli] = 0)|l;y > o where Py, (sn—1[pt(i)],a | spli]) is the back-
ward dynamics denoting the probability over parent values and last action given sy[i] and roll-in
distribution u;, and o > 0 is the margin.

"The notation supp(p) denotes the support of the distribution p. Formally, supp(p) = {z | p(z) > 0}.
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captures a large set of problems, including all deterministic problems for which the
value of o is 1. [Assumption T|helps us identify the different values of a factor but it does not help with
mapping atoms to the factors from which they are emitted. In order to identify if two atoms come
from the same factor, we make the following additional assumption to measure their dependence.

Assumption 2 (Atom Dependency Bound). For any h € [H), u,v € [m] and u # v, if ch™!(u) =
ch=*(v), i.e., atoms z[u] and z,[v] have the same factor. Then under any distribution D € A(S},)
we have |[Pp (zp[ul, zp[v]) — Pp(zn[ul)Pp(2n[v]) 7y = Bnin-

Dependence assumption states that atoms emitted from the same factor will be correlated. This is
true for many real-world problems. For example, consider a toy grid-based navigation task. Each
state factor s[i] represents a cell in the grid which can be empty (s[i] = 0) or occupied (s[i] = 1).
In the latter case, a randomly sampled box from the set {red box, yellow box, black box}, occupies
its place. We expect[Assumption 2|to hold in this case as pixels emitted from the same factor come
from the same object and hence will be correlated. More specifically, if one pixel is red in color, then
another pixel from the same cell will also be red as the object occupying the cell is a red box. This
assumption does not remove the key challenge in identifying factors. As atoms from different factors
can still be dependent due to actions and state distributions from previous time steps.

Model Class. We use two regressor classes F and G. The first regressor class F : & x Z — [0, 1]
takes a pair of atoms and outputs a scalar in [0, 1]. To define the second class, we first define a decoder
class @ : 2™ — {0,1}. We allow this class to be defined on any set of atoms. This is motivated
by empirical research where commonly used neural network models operate on inputs of arbitrary
lengths. For example, the LSTM model can operate on a text of arbitrary length (Sundermeyer et al.
2012). However, this is without loss of generality as we can define a different model class for different
numbers of atom. We also define a model class U : X x A x {0,1} — [0, 1]. Finally, we define
the regressor class G : X x A x 27 — [0,1] as {(z,a, &) — u(x,a,¢(E)) |u €U, ¢ € P}. We
assume F and G are finite classes and derive sample complexity guarantees which scale as log | F|
and log |G|. However, since we only use uniform convergence arguments extending the guarantees
to other statistical complexity measures such as Rademacher complexity is straightforward. Let
Iy : S — A denote the set of all non-stationary policies of this form. We then define the class of
policies IT : X — A by {x — ¢(¢*(x)) | Ve € ILy}, which we use later to define our task. We use
P [€] to denote probability of an event £ under the distribution over episodes induced by policy 7.

Computational Oracle. We assume access to two regression oracles REG for model classes F and G.
Let D; be a dataset of triplets (z[u], z[v], y) where u, v denote two different atoms and y € {0, 1}.
Similarly, let Dy be a dataset of quads (x,a,z’,y) where z € X,a € A, & € 2", andy € {0,1}.

Lastly, let E p[-] denote the empirical mean over dataset D. The two computational oracles compute:
REG(Ds, F) =argmin Ep, (f(zful. #{v]) ~ v)*], REG(D2.G)=arg min Ep,|(g(r,a.%) ~ 9)*] .
g
We also assume access to a Apl optlmal planmng oracle planner. Let S = (Sl,~ gh) be a
learned state space and T = (T17 TH) with Th Sh 1 X A— A(Sh) be the learned dynamlcs,
and R : § x A — [0,1] be a given reward function. Let ¢ : S — Abea policy and V(¢ T.R)
be the pohcy value. Then for any Api > 0 the output of planner ¢ = planner(T R Apl) satisfies
V(s T, R) > sup,, V(; T, R) Ap, where supremum is taken over policies of type S A

Task Definition. We focus on a reward-free setting with the goal of learning a state decoder and
estimating the latent dynamics 7'. Since the state space is exponentially large, we cannot visit every
state. However, the factorization property allows us to estimate the model by reaching factor values.
In fact, we show that controlling the value of at most 2« factors is sufficient for learning the model.
Let €< (1) denote the space of all sets containing at most & different elements selected from the set
U including (). We define the reachability probability ny, (K, Z) for a given h € [H], K C [d], and
Z €0, 1}\’C\ , and the reachability parameter 7,,;, as:

K,Z):= sup P,(sp|K] = 2), min .= inf inf inf K, s[K]).
(K, Z) sup (snlK] = 2) 7 LR S L (K, s[K])

Our sample complexity scales polynomially with 77,;1}". Note that we only require that if s, [K] = Z
is reachable, then it is reachable with at least 7,,;, probability, i.e., either n, (K, Z) = 0 or it is
at least 1,,;,,. These requirements are similar to those made by earlier work for non-factored state
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space (Du et al.,[2019; Misra et al.,2020). The key difference being that instead of requiring every
state to be reachable with 7,,,;,, probability, we only require a small set of factor values to be reachable.
For reference, if every policy induces a uniform distribution over S = {0, 1}¢, then probability of
visiting any state is 2~¢ but the probability of two factors taking certain values is only 0.25. This
gives us a more practical value for 7,,,;,.

Besides estimating the dynamics and learning a decoder, we also learn an a-policy cover to enable
exploration of different reachable values of factors. We define this below:

Definition 3 (Policy Cover). A set of policies ¥ is an a-policy cover of Sy, for any o > 0 and h if:
Vs € S, K € €< ([d)), sup P (s,[K] = s[K]) > ann (K, s[K]).

Tew

3 DISCOVERING EMISSION STRUCTURE WITH CONTRASTIVE LEARNING

Directly applying the prior work (Du et al.| 2019} Misra et al.,2020) to decode a factored state from
observation results in failure, as the learned factored state need not obey the transition factorization.
Instead, the key high-level idea of our approach is to first learn the latent emission structure ch, and
then use it to decode each factor individually. We next discuss our approach for learning ch.

Reducing Identification of Latent Emission Structure to Independence Tests. Assume we are
able to perfectly decode the latent state and estimate the transition model till time step 2~ — 1. Our
goal is to infer the latent emission structure chy, at time step h, which is equivalent to: given an
arbitrary pair of atoms v and v, determine if they are emitted from the same factor or not. This is
challenging since we cannot observe or control the latent state factors at time step h.

Leti = ch™!(u) and j = ch™!(v) be the factors that emit z[u] and z[v]. If i = j, then[Assumption 2]
implies that these atoms are dependent on each other for any roll-in distribution D € A(S,—1 x A)
over previous state and action. However, if ¢ # j then deterministically setting the previous action
and values of the parent factors pt (i) or pt(j), makes z[u] and z[v] independent. For the example
in fixing the value of s[1], s[2] and a would make z[u] and z[u’] independent of each other.

This observation motivates us to reduce this identification problem to performing independence
tests with different roll-in distributions D € A(Sy,—1 x A). Naively, we can iterate over all subsets
K € €<2x([d]) where for each IC we create a roll-in distribution such that the values of s;_1[K] and
the action a;,_ are fixed, and then perform independence test under this distribution. If two atoms
are independent then there must exist a /C that makes them independent. Otherwise, they should

always be dependent by

However, there are two problems with this approach. Firstly, we do not have access to the latent states
but only a decoder at time step i — 1. Further, it may not even be possible to find a policy that can set
the values of factors deterministically. We later show that our algorithm FactoRL can learn a decoder
that induces a bijection between learned factors and values, and the real factors and values. Therefore,
maximizing the probability of Ex.z = {én_1(zn_1)[K] = Z} for a set of learned factors K and
their values Z, implicitly maximizes the probability of Ex/. 2z = {s,—1[K'] = Z'} for corresponding
real factors K’ and their values Z’. Since the event é’;g; z is observable we can use rejection sampling
to increase its probability sufficiently close to 1 which makes the probability of Ex.z close to 1.

The second problem is to perform independence tests in a domain agnostic setting. Directly estimating
mutual information Z(z[u]; z[v]) can be challenging. Instead, we propose an oraclized independence
test that reduces the problem to binary classification using noise-contrastive learning.

Oraclized Independent Test. Here, we briefly sketch the main idea of our independence test scheme
and defer the details to Appendix[C] We comment that the high-level idea of our independence testing
subroutine is similar to[Sen et al.[(2017). Suppose we want to test if two random variables Y and Z
are independent. Firstly, we construct a dataset in the following way: sample a Bernoulli random
variable w ~ Bern(1/2), and two pairs of independent realizations (y(*), 2(1)) and (y(®), 2(?)); if
w = 1, add (y), 2D, w) to the dataset, and (y*), 2(?), w) otherwise. We repeat the sampling
procedure n times and obtain a dataset {(y;, z;, w;)}7_;. Then we can fit a classifier that predicts the
value of w; using (y;, z;). If Y and Z are independent, then (y;, z;) will provide no information about
w; and thus no classifier can do better than random guess. However, if Y and Z are dependent, then
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the Bayes optimal classifier would perform strictly better than random guess. As a result, by looking
at the training loss of the learned classifier, we can determine whether Y and Z are dependent or not.

4 FactoRL: REINFORCEMENT LEARNING IN FACTORED BLOCK MDPs

In this section, we present the main algorithm FactoRL (Algorithm IJ). It takes as input the model
classes F, G, failure probability 6 > 0, and five hyperparameters o, 7;in, Bmin € (0,1) and d, k €
N E] We use these hyperparamters to define three sample sizes ning, Taps, Nest and rejection sample
frequency k. For brevity, we defer the exact values of these constants to[Appendix D.7} FactoRL
returns a learned decoder ¢, : X' — {0, 1}dh for some dj, € [m], an estlmated transition model
Th, learned parent pth and child functions chh, and a 1/2-policy cover ¥}, of Sy, for every time
step h € {2 3,--+,H}. We use §, to denote the learned state at time step h. Formally, §;, =
(¢h1 (xn), -+ qﬁhdh (xh)) In the analysis of FactoRL, we show that dj,_; = d, and chy, is equivalent
to chy, up to permutation with high probability. Further, we show that ¢}, and chj, together learn a
bijection between learned factors and their values and real factors and their values.

FactoRL operates inductively over the time steps (Algorithm 1| [line 2. In the A" iteration, the
algorithm performs four stages of learning: identifying the latent emission structure, decoding the
factors, estimating the model, and learning a policy cover. We describe these below.

Algorithm 1 FactoRL(F, G, 3, 0, Mmin, Bmin, d, k). RL in Factored Block MDPs.

1: Initialize W;, = () for every h € [H] and quﬁl = X — {0}. Set global constants nind, Nabs; Nest, k-
2: forh € {2,3,--- ,H} do
3: chh = FactorlzeEm1ss1on(\I/h 1, qSh 1, F) /] stage 1: discover latent emission structure

4 q§h = LearnDecoder(G, U;,_ 1, chh) /I stage 2: learn a decoder for factors
5: Th,pth = EstModel(¥}_q, th 1, ¢h) // stage 3: find latent pt;, and estimate model
6.  forZ € €<».([d]), Z € {0,1}I do
7 Phzz = planner(f Ryzz,Apn) where Ryzz := 1{5,[Z] = Z} // stage 4: planning
8 If V(cphIZ,T RhIg) > 3nmin/4 then Uy, < Uy U {Ppzz o ¢h}

return {Chm(bh,Tmpth,‘I’h}h 5

Identifying Latent Emission Process. The FactorizeEmission collects a dataset of observations
for every policy in W;,_; and action a € A (Algorithm 2} line T{{4). Policies in Wj,_; are of the
type mz,z where T € G<a.([dp—1]) and Z € {0, 1}/#I. We can inductively assume 77,z to be
maximizing the probability of £7,z = {§,-1[Z] = Z}. If our decoder is accurate enough, then we
hope that maximizing the probability of this event in turn maximizes the probability of fixing the
values of a set of real factors. However, it is possible that P . (5,—1[Z] = Z) is only O(nmin)-
Therefore, as explained earlier, we use rejection sampling to drive the probability of this event close
to 1. Formally, we define a procedure RejectSamp(nz,z, £7.z, k) which rolls-in at time step b — 1
with 77,z to observe z,_; (line 3). If the event £z, z holds for z;,_; then we return xp,_1, otherwise,
we repeat the procedure. If we fail to satisfy the event &k times then we return the last sample. We use
this to define our main sampling procedure x5, ~ Dz z , := RejectSamp(nz,z, &7, 2, k) © a which
first samples x;,_1 using the rejection sampling procedure and then takes action a to observe x;,. We
collect a dataset of observation pairs (x(l), 33(2)) sampled independently from Dz z ,.

For every pair of atoms w,v € [m], we calculate if they are independent under the distribution
induced by Dz z , using IndTest with dataset Dz = , (line 5|7). We share the dataset across atoms
for sample efﬁc1ency If there exists at least one (I Z.a triple such that we evaluate z[u], z[v] to
be independent, then we mark these atoms as coming from different factors. Intuitively, such an 7
would contain parent factors of at least ch;, * (u) or ch;, ' (v). If no such Z exists then we mark these
atoms as being emitted from the same factor

2Our analysis can use any non-zero lower bound on 7y,in, Bmin, o and an upper bound on d and .
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Algorithm 2 FactorizeEmission(V¥y,_1, ggh,l, F).
1: for (n7,z,a) € Uj_1 x Aandi € [ning] do
Define £7.z 1= 1{¢n_1(zs_1)[Z] = Z}
Sample xgl ), xﬁl )~ RejectSamp(nz,z,E1.2,k) o a /I rejection sampling procedure
Dr.zi ¢ Driza U {2, 2))} // initialize Dz,z., = 0
forue{l,2,---,m—l}andve{u—kl,---,ml\d_o1 .
Mark u, v as coming from the same factor, i.e., ch;, (u) =ch, (v)if¥(Z, Z,a)

N R e

the oraclized independence test finds xj, [u], 1, [v] as dependent using Dz, z., and F
return chy, // 1abel ordering of parents does not matter.

Algorithm 3 LearnDecoder (G, ¥j_1, Eﬁh) Child function has type Eﬁh : [dn] — 2™
. for ¢ in [d},], define w = chh( ),D=0do

for n,,s times do // collect a dataset of real (y = 1) and imposter (y = 0) transitions

1
2
3: Sample (z(M), M), 2'W), (22 a2, 2/)) ~ Unf(P¥},_1) o Unf(A) and y ~ Bern(3)
4
5

If y = 1 then D < DU (M, a2/ Dw], y) else D + DU (), o™, 2/ [w], y)

U, d)i =REG(D,G) // train the decoder using noise-contrastive learning
return ¢ : X' — {0, 1} where for any x € X and i € [d},] we have e )i] = ¢i(x [chh(i)]).

Decodlng Factors LearnDecoder partitions the set of atoms into groups based on the learned child

function chh . For the ' group w, we learn a decoder gbm Z* — {0,1} by adapting
the prediction problem of Misra et al.|(2020) to Factored Block MDP setting. We define a sampling
procedure (z,a,x’) ~ Unf(¥,_1) o Unf(A) where x is observed after roll-in with a uniformly
selected policy in ¥y, till time step h — 1, action « is taken uniformly, and 2’ ~ T'(- | x, a) (line 3).
We collect a dataset D of real and imposter transitions. A single datapoint in D is collected by
sampling two independent transitions (z(1), o), 2/M), (2 ¢ 2/?)) ~ Unf(V},_,) o Unf(A)
and a Bernoulli random variable y ~ Bern(l/2). If y = 1 then we add the real transition
(™, aM, 2/M[w], y) to D, otherwise we add the imposter transition (z(1), a1, 2/ [w], ) (line 4).
The key difference from |Misra et al.[(2020) is our use «’[w] instead of ' which allows us to decode a
specific latent factor. We train a model to predict the probability that a given transition (z, a, z'[w]) is
real by solving a regression task with model class G (line 5)). The bottleneck structure of G allows us

to recover a decoder (;Aﬁl from the learned model. The algorithm also checks for the special case where
a factor takes a single value. If it does, then we return the decoder that always outputs 0, otherwise
we stick with ¢;. For brevity, we defer the details of this special case to|Appendix D.2.2| The decoder

for the h'" timestep is given by composition of decoders for each group.

Algorithm 4 EstModel(W,_1, dn_1, dn).
1: Collect dataset D of ne triplets (z, a, ') ~ Unf(¥y,_1) o Unf(A)
2: for Z,J € €< ([dp—1]) satisfyingZ N J = () do
3:  Estimate P(3,[k] | 8h_1]Z], 8n_1]7], a) from D using 6, Va € A,k € [dy).
4

. For every k define pt,, (k) as solution to following: (where we bind §' = §;, and § = §,_)

~

argmin - max Bk | 2] = u. 3] = v, a) - B(/[K] | 3(Z) = u, 3] = wa,a)|

5: Define T}, (§' | §,a) = I, P(5[k] | §[pt),(k)], a) and return T},, pt,,

Estimating the Model. EstModel routine first collects a dataset D of n.y independent transitions
(z,a,2") ~ Unf(P;_1) o Unf(A) (Algorithm 4} [line 1)). We iterate over two disjoint sets of factors
T,J of size at most . We can view Z as the control set and J as the variable set. For every
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learned factor k € [dj], factor set Z,.J and action a € A, we estimate the model P(3,[k] |
$h—1]Z], 8n—1[T], a) using count based statistics on dataset D (line 3).

Consider the case where the EEt = chy forevery t € [h] and where we ignore the label permutation for

brevity. If Z contains the parent factors pt(k), then we expect the value of P(3'[k] | §[Z], §[7], a) ~
Tr(8'[k] | 8[pt(k)], a) to not change significantly on varying either the set [ or its values. This
motivates us to define the learned parent set as the Z which achieves the minimum value of this gap
(line 4). When computing the gap, we take max only over those values of §[Z] and 3[.7] which can
be reached jointly using a policy in Wy _;. This is important since we can only reliably estimate the
model for reachable factor values. The learned parent function ];f 1, need not be identical to pt;, even
upto relabeling. However, finding the exact parent factor is not necessary for learning an accurate
model, and may even be impossible. For example, two factors may always take the same value
making it impossible to distinguish between them. We use the learned parent function pt ,, to define

Ty, similar to the structure of 1" (line 5).

Learning a Policy Cover. We plan in the latent space using the estimated model {ﬁ}le to find a
policy cover for time step h. Formally, for every Z € €<, ([dy]) and Z € {0, 1}, we find a policy
Pnzz to reach {8,[Z] = Z} using the planner (Algorithm 1} line 7). This policy acts on the learned
state space and is easily lifted to act on observations by composition with the learned decoder. We
add every policy that achieves a return of at least O (7, ) to ¥, (line 8).

5 THEORETICAL ANALYSIS AND DISCUSSION

In this section, we present theoretical guarantees for FactoRL. For technical reasons, we make the
following realizability assumption on the function classes F and G.

Assumption 3 (Realizability). For any h € [H|, i € [d] and distribution p € A({0,1}), there exists
Gihp € G, such that for all¥(x,a,z") € Xp_1 X A X X}, and & = 2'[chy,(i)] we have:
. Ti(¢7 (%) | ¢*(x), a)
Ginp(T, 0, &) = T —.
DO = TG [0, + (g7 )

Forany h € [H|, u,v € [m] withu # v, and any D € A(S},), there exists f,,p € F satisfying:

D(afu]. als) |
D(zlu], x[v]) + D(xfu]) D(x[v])

Vs € supp(D), x € supp(q(- | s)), fuvp (zlu],x[v]) =

Assumption 3| requires the function classes to be expressive enough to represent optimal solutions for
our regression tasks. Realizability assumptions are common in literature and are in practice satisfied
by using deep neural networks (Sen et al.,[2017; Misra et al.,|2020).

Theorem 1 (Main Theorem) For any 6 > 0, FactoRL returns a transition functton Th, a parent
function chh, a decoder th, and a set ofpolzczes Uy, for every h € {2,3,---,H}, that with

probability at least 1 — § satisfies: (i) chh is equal to chy, upto permutation, (ll) Uy, is a 1/2 policy
cover of Sy, (iii) For every h € [H)|, there exists a permutation mapping 0y, : {0,1}¢ — {0,1}¢ such
that for every s € Sj,_1,a € A,s' € Sy, and x' € X}, we have:

o) =05") |4 2 1-0 (e ) [ s B ) 000, <

and the sample complexity is poly(d*®~, | A|, H 1 Inm,In|F|,In|G|).

77]m 97 min’tf’

Discussion. The proof and the detailed analysis of has been deferred to D

Our guarantees show that FactoRL is able to discover the latent emission structure, learn a decoder,
estimate the model, and learn a policy cover for every timestep. We set the hyperparmeters in order
to learn a 1/2-policy cover, however, they can also be set to achieve a desired accuracy for the decoder
or the transition model. This will give a polynomial sample complexity that depends on this desired
accuracy. It is straightforward to plan a near-optimal policy for a given reward function in our learned
latent space, using the estimated model and the learned decoder. This incurs zero sample cost apart
from the samples needed to learn the reward function.
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Our results show that we depend polynomially on the number of factors and only logarithmic in the
number of atoms. This appeals to real-world problem where d and m can be quite large. We also
depend logarithmically on the size of function classes. This allows us to use exponentially large
function classes, further, as stated before, our results can also be easily extended to Rademacher
complexity. Our algorithm only makes a polynomial number of calls to computational oracles. Hence,
if these oracles can be implemented efficiently then our algorithm has a polynomial computational
complexity. The squared loss oracles are routinely used in practice, but planning in a fully-observed
factored MDP is EXPTIME-complete (see Theorem 2.24 of Mausam| (2012))). However, various ap-
proximation strategies based on linear programming and dynamic programming have been employed
succesfully (Guestrin et al., 2003)). These assumptions provide a black-box mechanism to leverage
such efforts. Note that all computational oracles incur no additional sample cost and can be simply
implemented by enumeration over the search space.

Comparison with Block MDP Algorithms. Our work is closely related to algorithms for Block
MDPs, which can be viewed as a non-factorized version of our setting. Du et al.| (2019) proposed
a model-based approach for Block MDPs. They learn a decoder for a given time step by training
a classifier to predict the decoded state and action at the last time step. In our case, this results in
a classification problem over exponentially many classes which can be practically undesirable. In
contrast, [Misra et al.| (2020) proposed a model-free approach that learns a decoder by training a
classifier to distinguish between real and imposter transitions. As optimal policies for factored MDPs
do not factorize, therefore, a model-free approach is unlikely to succeed (Sun et al.,|2019). [Feng
et al.| (2020) proposed another approach for solving Block MDPs. They assume access to a purely
unsupervised learning oracle, that can learn an accurate decoder using a set of observations. This
oracle assumption is significantly stronger than those made in|Du et al.[(2019) and Misra et al.{(2020),
and reduces the challenge of learning the decoder. Crucially, these three approaches have a sample
complexity guarantee which depends polynomially on the size of latent state space. This yields an
exponential dependence on d when applied to our setting. It is unclear if these approaches can be
extended to give polynomial dependence on d. For general discussion of related work see[Appendix B]

Proof of Concept Experiments. We empirically evaluate FactoRL to support our theoretical
results, and to provide implementation details. We consider a problem with d factors each emitting
2 atoms. We generate atoms for factor s[i], by first defining a vector z; = [1,0] if s[¢] = 0, and
z; = [0, 1] otherwise. We then sample a scalar Gaussian noise g; with 0 mean and 0.1 standard
deviation, and add it to both component of z;. Atoms emitted from each factor are concatenated
to generate a vector z € R??. The observation  is generated by applying a fixed time-dependent
permutation to z to shuffle atoms from different factors. This ensures that an algorithm cannot figure
out the children function by relying on the order in which atoms are presented. We consider an
action space A = {a1,as, - ,aq} and non-stationary dynamics. For each time step t € [H|, we
define o, as a fixed permutation of {1,2,--- ,d}. Dynamics at time step ¢ are given by: T;(s¢41 |

St,a) = H?zl Tii(se1(i] | s¢[i], a), where Ty;(s441]i] = s¢[i] | s¢[i],a) = 1 forall a # a,,(;), and
Tyi(se41[i] = 1 — s¢i] | s¢[i], ao, () = 1. We evaluate on the setting d = 10 and H = 10.

We implement model classes F and G using feed-forward neural networks. Specifically, for G we
apply the Gumbel-softmax trick to model the bottleneck following Misra et al.| (2020). We train the
models using cross-entropy loss instead of squared loss that we use for theoretical analysis For the
independence test task, we declare two atoms to be independent, if the best log-loss on the validation
set is greater than c. We train the model using Adam optimization and perform model selection using
a held-out set. We defer the full model and training details to

For each time step, we collect 20,000 samples and share them across all routines. This gives a sample
complexity of 20,000 x H. We repeat the experiment 3 times and found that each time, the model
was able to perfectly detect the latent child function, learn a !/2-policy cover, and estimate the model
with error < 0.01. This is in sync with our theoretical findings and demonstrates the empirical use of
FactoRL. We will make the code available at: https://github.com/cereb-rl.

Conclusion. We introduce Factored Block MDPs that model the real-world difficulties of rich-
observation environments with exponentially large latent state spaces. We also propose a provable
RL algorithm called FactoRL for solving a large class of Factored Block MDPs. We hope the setting
and ideas in FactoRL will stimulate both theoretical and empirical work in this important area.

3We can also easily modify our proof to use cross-entropy loss by using generalization bounds for log-loss
(see Appendix E in|Agarwal et al.|(2020))
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APPENDIX ORGANIZATION

This appendix is organized as follows.

¢ [Appendix A]provides a list of notations used in this paper.

covers related work
[Appendix C|describes the independence test algorithm and its sample complexity guarantees

Append provides sample complexity guarantees for FactoRL

ppend provides list of supporting results

[Appendix Fprovides details of the experimental setup and optimization

A NOTATIONS

We present notations and their definition in In general, calligraphic notations represent sets.
All logarithms are with respect to base e.

B RELATED WORK

There is a rich literature on sample-efficient reinforcement learning in tabular MDPs with a small
number of observed states (Brafman & Tennenholtz, 2002 |Strehl et al.| 20065 Kearns & Singh| [2002;
Jaksch et al., [2010; |Azar et al., 2017} Jin et al., [2018). While recent state-of-the-art results along
this line achieve near-optimal sample complexity, these algorithms do not exploit the latent structure
in the environment, and therefore, cannot scale to many practical settings such as rich-observation
environments with possibly a large number of factored latent states.

In order to overcome this challenge, one line of research has been focusing on factored MDPs (Kearns
& Koller, |1999; \Guestrin et al., 2002; 2003}, [Strehl et al., [2010), which allow a combinatorial number
of observed states with a factorized structure. Planning in factored MDPs is EXPTIME-complete
(Mausam), 2012) yet often tractable in practice, with factored MDPs statistically learnable with
polynomial samples in the number of parameters that encode the factored MDP (Osband & Van Royl
20145 |L1 et al., 2011). There has also been several empirical works that either focus on the factored
state space setting (e.g., Kim & Mnih| (2018)); Thomas et al.|(2018)); |[Laversanne-Finot et al.| (2018));
Miladinovic et al.|(2019)), or the factored action space setting (e.g., He et al.|(2016));\Sharma et al.
(2017)). However, these works do not directly address our problem and do not provide sample
complexity guarantees.

Another line of work focuses on exploration in a rich observation environment. Empirical results (Tang
et al., 2017;|Chen et al.,|2017; Bellemare et al., |2016; Pathak et al.| 2017)) have achieved inspiring
performance on several RL benchmarks, while theoretical works (Krishnamurthy et al.l 2016} Jiang
et al., 2017) show that it is information-theoretically possible to explore these environments. As
discussed before, recent works of Du et al.[(2019), Misra et al.|(2020) and |[Feng et al.[(2020) provide
computationally and sample efficient algorithms for Block MDP which is a rich-observation setting
with a latent non-factored state space. Nevertheless, this line of results crucially relies on the number
of latent states being relatively small.

Finally, we comment that the contrastive learning technique used in this paper has been used by
other reinforcement learning algorithms for learning feature representation (e.g., Kim et al.[(2019);
Nachum et al.|(2019); Srinivas et al.| (2020)) without theoretical guarantee.

C INDEPENDENCE TESTING USING NOISE CONTRASTIVE ESTIMATION

In this section, we introduce the independence testing algorithm, and provide its theoretic
guarantees. Algorithm[5|will be used in Algorithm 2]as a subroutine for determining if two atoms are
emitted from the same latent factor. We comment that the high-level idea of Algorithm [5]is similar to
Sen et al.| (2017), which reduces independence testing to regression by adding imposter samples.

13
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Notation Description

N Space of natural numbers {1,2,---,}

Z Space of integers {--- ,—2,—1,0,1,2,--- ,}

Z>o Space of positive integers {0,1,2,--- , }, equivalent to N U {0}.

[N] Given n € N, this notation denotes the set {1,2,--- , N}.

C<i(U) Given an ordered set U and k € Z>, this denotes the set of all
ordered subsets of &/ with at most k elements including the empty set.

ulZ] For a given n-dimensional vector u and Z = (i1, iz, -- i) € 2",
u[Z] denotes the k-dimensional vector (u[iy], ulia], - - - , ulix])

[Z; J] Denotes concatenation of two ordered sets Z and J

A(U) Set of all possible distributions over the set /.

A Set of atoms

X Set of all observations

X}, Set of all observations reachable at time step h

m Number of atoms in the observation

x Observation consisting of m atoms denoted by (z[1], - - , z[m]).

S Set of latent states

Sh Set of latent states reachable at time step i

d Number of latent factors

s Latent state represented by a vector in {0, 1}¢.

o* Decoder function which maps an observation € A’ to latent state s € S.

x Decoder function which maps = € X’ to its i*" latent state value.

Formally, Vo € X and i € [d], ¢} () = ¢*(z)[d].

A Action space

T:8xA— A(S)

pty, - [d] — 2ld]

chy, : [d] — 2™
q:8— AX)

T;

4i

F.G

O X —{0,1}

Transition function on the latent dynamics

Horizon of the problem denoting the maximum number of actions

an agent takes in a single episode.

Parent function for time step h. We drop h when it is clear.

Child function for time step h. By definition, for any 4, j € [d] and 7 # j
we have chp, (i) N chy(5) = 0. We drop h when clear.

Emission function that generates « ~ ¢(- | s) given s € S.

it" product term in the transition function. Formally, for s, s’ € S and

a € Awehave T(s' | s,a) = Hf’:l T;(s'[i] | s[pt(4)], a).

it" product term in emission function. Formally for z € X’ with ¢*(z) = s
we have (x| 5) = [T} ai(x[ch(i)] | s[i])

Regressor classes. We will denote individual member of the class as
feFandgeg

Decoder class.

Table 1: List of notations and their definition.
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C.1 ALGORITHM DESCRIPTION

Let D € A(Sp-1 x A) be our roll-in distribution that induces a probability distribution
Pp € A(A}) over observations at time step h. Let u,v € [m] be two different atoms, and
Pp(z[u], z[v]), Pp(zn[u]) and Pp (24 [v]) be the joint and marginal distributions over xp,[u], 24 [v]
with respect to roll-in distribution D. The goal of our algorithm to determine if =5, [u] and xp[v] are
independent under Pp,.

Algorithm 5 IndTest(F, D, u,v, §) Oraclized Independency Test. We initialize Dy, i, = 0.

I: Initialize Drain = 0 and sample 21, 22, -+ , 2, ~ Bern(3).

2: fori € [n] do

3 if z;, = 1 then

4 Dirain ¢ Dirain U {(2V[u], 2>V [v], 1)}
5: else

6 Dirain < Dirain U { (V) [u], 252 [v], 0)}.
7. Compute f = argmin e 5 L(Dyyain, f), Where

Luuin )=+ . Af(alulal]) -~ 2}

(@[u],z[v],2) EDtrain

8: return Independent if L(Dyain, f) > 0.25 — 32/103 else return Dependent.

We solve this task using the IndTest algorithm which takes as input a dataset of
observation pairs D = {(z*1), z(#2)}2_ where (1) 22 ~ Pp(-,-), and a scalar 3 € (0,1).
We use D to create a dataset Dy,,j, of real and imposter atom pairs (z[u], z[v]). This is done by
taking every datapoint in D and sampling a Bernoulli random variable z; ~ Bern(1/2) (line I). If
z; = 1 then we add the real pair (x*D[u], 2D 0], 1) to Dirain , otherwise we add the
imposter pair (x> [u], z(+2) [v] We train a classifier to predict if a given atom pair
(z[u], z[v]) is real or an imposter (line 7). The Bayes optimal classifier for this problem is given by:
_ Pp (z[u], z[v])

Pp(zful, z[v]) + Pp(a[u])P(x[v])
If 2[u] and z[v] are independent then we have Pp(z[u], z[v]) = Pp(x[u])Pp(x[v]) everywhere on
the support of Pp. This implies f7,(z) = % and its training loss will concentrate around 0.25. Intu-
itively, this can be interpreted as the classifier having no information to tell real samples from imposter
samples. However, if z[u], z[v] are dependent and ||Pp(z[u], z[v]) — Pp(z[u])Pp(z[v])|ly > B
then we can show the training loss of f* is less than 0.25 — O(/3%) with high probability. The
remainder of this section is devoted to a rigorous proof for this argument.

Vo € supp(Pp),  fp(xlul,z[v]) :=Pp(z = 1] z[ul, z[v])

C.2 ANALYSIS OF ALGORITHM[3

Before analyzing Algorithm [5] we want to slightly simplify the problem in terms of notations. We
introduce two simple notations X and Y which represents the random variables z[u| and z[v],
respectively. We will simply use D to denote the joint distribution of X and Y. Define Dy, ,;, to be
the distribution of the training data (Xrain, Yerain, 2) produced in|Algorithm 5} It’s easy to verify that
1
Dtrain (XtraiIu Y:craina Z) = § [ZD(XtrairU thrain) + (1 - Z)D(Xtrain)D(}/train)] . (1)
Suppose the distribution D is specially designed such that at least one of the following hypothesis
holds (which can be guaranteed when we invoke Algorithm [3)):

Hy | DX, Y) - D)D) 2 5
2
v.s. Hy:||[D(X,Y)—D(X)D(Y)|; < %

In the remaining part, we will prove that Algorithm [5]can correctly distinguish between H, and H;
with high probability.
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C.2.1 TWO PROPERTIES OF THE BAYES OPTIMAL CLASSIFIER

Our first lemma shows that the Bayes optimal classifier for the optimization problem in[line 7]is a
constant function equal to 1/2 if X and Y are independent.

Lemma 1 (Bayes Optimal Classifier for Independent Case). In[Algorithm 3] if X and Y (atoms u
and v) are independent under distribution D, then for the optimization problem in|line 7], the Bayes
optimal classifier is given by:
1
V(Xtrainv )/train) f*(Xtrain; Ytrain) - 5

Proof. From Bayes rule we have:

J*(Xtrains Yirain)
=Dirain(z = 1 | Xirains Yirain)
B Dirain(Xtrain, Yerain | 2 = 1) Dirain(z = 1)
" Durain(Xtrain, Yirain | 2 = 1) Dirain(2 = 1) + Dirain(Xerain, Yirain | 2 = 0)Dirain(z = 0)
_ Dirain(Xtrain, Yrain | 2 = 1)
 Dirain(Xirain, Yirain | 2 = 1) + Divain(Xerain, Yirain | 2 = 0)’

where the last identity uses Dyyain(2 = 1) = Dipain(z = 0) = 1/2.

When z = 0, we collect Xt;ain and Yi . from two independent samples. Therefore, we have
Dtrain (Xtrairn }/train | z = 0) = D(Xtrain)D(nrain)~

When 2z = 1, using the fact that X,,i, and Yi,.i, are independent under distribution D, we also have
Dtrain(Xtrairn Krain I Z = 1) = D(Xtrain; }/train) = D(Xtrain)D()/train)'

Consequently, f*(Xirain, Yirain) = 1/2. O
Our second lemma provides an upper bound for the expected training loss of the Bayes Optimal

Classifier. Later we will use this lemma to show the training loss is less than 0.25 — O(3?) with high
probability when Hj holds.

Lemma 2 (Square Loss of the Bayes Optimal Classifier). In |[Algorithm 5||line 7| the Bayes optimal
classifier has expected square loss

£t Do) < - (525~ pcyoy 2w )

Proof. Recall the formula of the Bayes optimal classifier in Lemmal[T]

D(X,Y)
D(X)D(Y) + D(X,Y)’

f*(va) =

Plugging it into the square loss, we obtain
EDiuin [(f*(X,Y) = 1)?]
“Epyu [F(X,Y) (F1(X,Y) = 1) + (1= F(X,7)) (F(X,Y))?]
=ED s [f7(X,Y) (1 = f7(X, Y))]

:i—EDmm[(;_ D(X)D]? +D X, Y > ]
2
gi— (EDMDH;_ D(x)Dl()( + D(X,Y H)
2
si_ (;EDH;_ D(X)D%(’))(;Yl)?(XaY)’D ' D

16



Published as a conference paper at ICLR 2021

C.2.2 THREE USEFUL LEMMAS

To proceed, we need to take a detour and prove three useful technical lemmas.

Lemma 3. Let pu and v be two probability measures defined on a countable set X. If | — v|Tv > ¢

then
G
(@) + (@) 2‘ =

>0

Proof.

I
=

e sl Toc|
z) — v(z)

1
Eomp [Hu(x) > v(2)} ’M(m) +v(x)

Y

== NI N

¢

S ua) [wm > u(w)}ff”

>

[H{u(z) > v(@)} (u(x) — v(z))]

o
&
m
=

>

|
U

Lemma 4. Fix ¢ € (0,1). Then with probability at least 1 — §, we have

< 10,/CFD.

L(fa Dtrain) - EDnainL(f*v Dtrain) n

where Dyyain i the training set consisting of n i.i.d. samples sampled from Dy, ain, f is the empirical
minimizer of L(f, Diyain) over F, [* is the population minimizer, and C(F,J) := In %:\ is the

complexity measure of function class F.

Proof. By Hoeffding’s inequality and union bound, with probability at least 1 — ¢, for every f € F,
we have
C(F,9)

|L(f7 Dtrain) - EDtminL(fv Dtrain)| S 10 n .

Because f is the empirical optimizer,

. X . C(F,5
L(f7 Dtrain) S L(f 7Dtrain) S EDtmmL(f 7Dtrain) + 10 ( )

Because f* is the population optimizer,

C(F,9)

C(F,9)

L(fv Dtrain) Z ]EDtra;nL(fv Dtrain) - n

2 EDtrainL(f*7 Dtrain) - 10

Combining the two inequalities above, we finish the proof. O

For notational convenience, we introduce the following factor distribution Dy, ., defined on the
same domain of (XY 2):

1
Dfactor(Xv Y7 Z) = gD(X)D(Y)

Lemma 5. Suppose F contains the constant function f = 1/2. Then with probability at least 1 — 6,
we have
1 C(F.0)

’L(fa Dtrain) - 4‘ S 10 T + 2||Dtrain - DfactorHTV-

17



Published as a conference paper at ICLR 2021

Proof. By|Lemma 4] with probability at least 1 — §, we have
C(F,9)

n

’L(fa Dtrain) - ED“.ainL(f*v Dtrain)

<10 2

Noticing that L is bounded by 1, we have for every f € F
|EDfactorL(f7 Dtrain) - EDtra;nL(fa Dtrain)‘ S 2||Dtrain - DfactorHTV7 (3)

where Ep, .. L(f, Dirain) defines the expected loss of f over Diyain Where Diyain consists of
samples i.i.d. sampled from Dsyctor-

Since y is a symmetric Bernoulli r.v. independent of (X, Y") under distribution Dg,ctor, We have
1

?gg EDfactorL(f) Dtrain) = Z (4)

Using the inequality | miny L1 (f) — miny Lo(f)| < maxy |L1(f) — L2(f)| for any functionals
Ly, Ly, along with @) and (3) we bound the minimum loss under distribution Dy, ,ip as:

1
inlE L Drain_7§2Drain_Dacor . 5
min Ep,, ., L(f; Disain) — 7| < 2] D factor | TV )
Combining (3) with (Z) completes the proof. O

C.2.3 MAIN THEOREM FOR ALGORITHM[3|

Finally, we are ready to state and prove the main theorem for Algorithm 5}

Theorem 2. Under the realizability assumption and n > Q(@), can distinguish
Hy: |[D(X,Y) = D(X)D(Y)ll, =

v.s. Hy:||D(X,Y)—D(X)D(Y)|:

= N ™
%‘Qw \

correctly with probability at least 1 — 6.

Proof. If Hy holds, by we have the following lower bound for the training loss of the
empirical minimizer,

P 1 C(]:7 6) 62
L(f,D)>--1 - —. 6
In contrast, if Hy is true, applying[Cemma 4] we obtain
. C(F,0
L(.faD) SEDtm]l]L(f*,D)-i‘lO %
Invoke [Lemma 2| and |[Lemma 3|
1 /1 1 D(X,Y) 2
E L *Drain < - - -E o :
P 0" Pewn) < 5= (380 |3~ 5770072 5 )
2
L5
— 4 256
Therefore, under Hy, the training loss of the empirical minimizer is upper bounded as below
2 I C(F,9)
L(f,D) <= — — +104/ ——. 7
(D)< -5t - )
Plugging n > O( 0(54’6)) into and we complete the proof. [
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D THEORETICAL ANALYSIS OF FactoRL

In this section, we provide a detailed theoretical analysis of FactoRL. The structure of the algorithm
is iterative making an inductive case argument appealing. We will, therefore, make an induction
hypothesis for each time step that we will guarantee at the end of the time step.

Induction Hypothesis. We make the following induction assumption for FactoRL under [Assump
tion 1}{3] and across all time steps. For all ¢ € {2 3,---,H}, at the end of time step ¢ (Algo

rithm 1} |1 , FactoRL finds a child function ch; : [d] — 2[m] a decoder ¢; : X — {0,1}%, a
transition function 7}, : {0,1}4 x A — {0,1}%, and a set of policies ¥, satisfying the following:

H.1 chy : [d] — 2™ and chy : [d] — 2™ are same upto relabeling, i.e, for all u,v € [m] we
—~—1 —~—1

have ch, (u)=ch, (v)ifand only if ch; '(u) = ch; *(v). Note that a child function is

invertible by definition. We can ignore this label permutation and assume ch; = ch; for

cleaner expressions. This can be done without any effect. We will assume ch; = ch; when
stating the next three induction hypothesis.

IH.2 There exists a permutation mapping 6, : {0,1}% — {0,1}% and o € (0, 55) such that for
every i € [d] and s € S; we have:

P(r(ze)li) = 07 (s)li] | si]) > 1 — e,
P((Zt(xt) =07 (s)|s)>1—dp> %

The two distributions are independent of the roll-in distribution at time step ¢. The first one

holds as ¢y (x)[i] only depends upon the value z; [Eﬁt( )] = x¢[chs(i)] which only depends
on s[i]. The second one holds as z; is independent of everything else given s;. The form of
o will become clear the end of analysis.

IH.3 Forevery s € S;_1,s € S; and a € A we have:

where Ay, Agpp > 0 denote estimation and approximation errors whose form will become
clear at the end of analysis.

IH.4 Forevery s € S; and K € €<2,([d]), let Z = s[K] and Z = 60;"(s)[K], then there exists a
policy 7, 2 € ¥, such that:

P

L6, 67405 ) = T | s,0)|| | < 3D+ Aup),

W)CZA(St[IC] - Z) Z CW]t(’Q Z) Z AMmin -

Base Case. In the base case (¢t = 1), we have a deterministic start state. Therefore, we can without
loss of generality assume a single factor and define chy[1] = m. As we can also define chq[1] = [m)]
without loss of generality, therefore, this trivially satisfies the induction hypothesis 1. We define
¢1 : X — [0]% (Algorithm 1| [line 1). This satisfies induction hypothesis 2 with 6; being the identity
map. The induction hypothesis 3 is vacuous since there is no transition function before time step
1. For the last condition, we have for any K, Z = [0]/¥I'and Z = [0]'¥I. For any policy = we have
P.(s1]K] = 2) = (qzﬁl(xl)[lC] =Z)=1> Amin Note that we never take any action from this
policy, therefore, we can simply define Uy = ()

D.1 GRAPH STRUCTURE IDENTIFICATION

In this section, we analyze the performance of [Algorithm 2| given as input Wy, _1, $h,1, F, 3 and n.

We will analyze the performance a fixed pair of atoms u, v € [m] and then apply the full result using
union bound. We first state the result for the rejection sampling.

Lemma 6. For policy n;. 5 € Wy, event £, 5 = {3,1[Z] = ZYand k € N, let D;’gl =
RejectSamp(n,. 5, &7 5, k) be the distribution induced by our rejection sampling procedure. Let
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Z = 9(2) denote the real factor values corresponding Z. Then we have:

nmin k
Ppes(snoa[Z] = 2) 21— — (1 2)", ®)

Proof. Fromwe have Pr__(sp—1[Z] = Z) > =iz This implies:

T1,2

P A(.§h,1[I} = Z) 2 Pﬂz;§(§h,1[:z—] = Z ‘ Shfl[I] = Z)PTFI;Z* (sh,l[I] = Z)

Tr.2
1-d min min .
> L= d0min T ying A2 and [FLA).

Leta =Pr__(8h-1[Z] = Z ) be the acceptance probability of event £ z. then it is easy to see that

the probablhty of the event occurring under DreJeCt

_ nmzn k
]PD?; (f,’I;ZA):a—i—(l—a)a—i—(l—a)2a—&—.-~(1—a)”C 1azl—(l—a)k21—<1— 1 )

We express the desired failure probability as shown:

A~

PD?’Z‘ (sh—1lZ] # 2) = IP’D;J;[ (Shflm # Z,8h-1[I] # E)HP’D?? <5h71[I] #Z, 8,111 =2
| | | ©)

‘We bound the two terms below:

Ppys (sn112) # 2,601 (1) # Z) < By (3112 # 2) < (1 ”’”’")k . (10)

4
P s (sh,lm £ Z, 8,1 [T] = z) < Py (gh,l[z] = Z | sp_1[T] # Z,) <o (1)

Combining [Equation 9| [Equation 10[and |Equat10n lllwe get:

. k
P (5h-1[Z] = Z2) =1 — P e (sp_1[T] # Z) > 1— 0 — (1 - 7’”””) .12
;2 ;2
0

We now analyze the situation for a given pair of atoms. Recall for any distribution D € A(Sy,_1)
and a € A, we denote D o a as the distribution over Sy, where s’ ~ D o a is sampled by sampling
s ~ D and then s’ ~ T(. | s,a). We want to derive roll-in distributions at time step h, such that
atoms coming from the same parent satisfy hypothesis Hy and atoms coming from different parents
satisfy hypothesis H; under this roll-in distribution. This will allow us to use independence test to
identify the parent structure in the emission process. Specifically, we consider the roll-in distributions

induced by Dre]eft o a for some sets Z, 7 and action . Instantiating the definition of these hypothesis

from | with these roll-in distributions and setting 8 = i, gives us:
5min
HO . ||PDrsjs<ﬂoa(.r[u], 1‘[1}]) — ]P)Drejecﬂoa (x[u])HDijecAloa(x[U])Hl Z 2
;2 ;2 ;2
2
V.S. Hl . ||IP)DrejecAloa(x[U],x['U]) - PDrejecloa(x[u])PDrejecAlo ( [ ])”1 >~ mln
T2 T2 T2 100

Lemma 7 (Same Factors). If for two atoms u, v we have ch; ' (u) = ch; ' (v), i.e., they are from the
same factor then the hypothesis Hy is true for D o a for any D € A(S,—_1) and a € A. In particular,

this is true for D} e’eit o a for any choice of sets T, J and action a.
Proof. Follows trivially from [Assumption 2} O

Lemma 8 (Different Factors). If for two atoms u,v we have ch; * (u ) = i and chy ' (v) = j and
1 # j, then if T contains pty (i) U pty(4), then for o < B and | > In (/3 ) the hypothesis

— 1200 - nnzn
H, holds for Drefei’ o a for any Z such that ;.5 €V 1anda € A

20
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Proof. Let D' € A(S),—1) be a distribution that deterministically sets s,—1[Z] = Z. Then it is easy
to verify that Pproq (2h[u], 21 [v]) = Pproa(zh[u])Pproq(xr[v]) for any a € A and zj, € X},.

Then for any Z and action a € A we have using triangle inequality:

]P)Drejecioa (mh [U] 5 Th ['U}) - ]P)Drejexioa (.Th [u])]P)DrejecAloa(xh ['U])
I;Z I;Z ;2

1

IN

+
1

P s o (@[], 20 [0]) = Poroa(@nlu], za[0])

4+
1

Pproa(@nlu]) — PD;JEOG(%[U]) Pproa(@alv]) — PD;j;c;oa(xh[v])

1

As z[u] and xp[v] come from different factors, therefore, we have
P(znlul, znlv] | sn-1,a) = P(alu] [ sp-1[Z], a)P(zn[v] | sn-1[Z], ).

‘We use this to bound the three terms in the summation above.

PD;j;egoa(xh[uLxh['U]) — Pproal@nlul, z4[v]) )

= Y| X reli [ lE Pl [on1(2]0) { P (12~ Por(snalZ) |

zp[ul,zp[v] [sh-1[Z]

< D> Y Pl | snalZ] a)B(zale] | sp1lT],a)

sh—1[Z] zn[u],zn[v]

P e ($7-1[Z]) — PD’(Shl[I])’

Pp

(sna 1)) - IPD/<Sh_1m>\

reject
T2

sh,l[I] ;Z
= 1 - ]P)Dre]ecAl(Sh_l[I] == Z)‘ + Z PDreJecAl (Sh_l[I})
;2 I:Z
sh—1[Z]#Z
TImin k
=2(1 =P (sn1[T] = 2) ) <20+2 (1 - )
T2 4

The other two terms are bounded similarly which gives us:

. k

P prc (xp[u], zplv]) — P pric (2p[u])Pproa(zn[v])

1 4
We want this quantity to be less than % to satisfy hypothesis H;. We distribute the errors equally
and use In(1 + a) < aforalla > —1 to get:
2

A 8 30

o < k> ln( > (13)
1200 Nmin Bmin

O

Theorem 3 (Learning chy). Fix 0pg € (0,1). If 0 < 2o and k > 5 1n ( 30 ) and Ting >

1200 — MNmin Bunin
2 2k+1 —
@) (% In m> , then learned chy, is equivalent to chy, upto label permutation with

probability at least 1 — §,4.

Proof. For any pair of atom u, v, if they are from the same factor then H holds from|[Cemma 7]and
IndTest mark them dependent with probability at least 1 — §. This holds for every triplet of Z, Z, a
and there are at most |A|(2ed)?**1, of them. Hence, from union bound we mark u, v correctly as
coming from different factors with probability at least 1 — |.A4|(2ed)?"*14.

If v and v have different factors then for any Z containing the parents of both of them, and any value
of Z and a, H; always holds from|[Cemma 8|and IndTest marks them as independent. Note that
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Timestep h — 1 Time step h

Parent Children
State Factors
~

'l
%

Figure 2: Scheme showing the important variables for the decoding step.

such an 7 will exists since the we iterate over all possible sets of size upto 2x. Hence, with probability
at least 1 — |.4]2%9, we find u and v to be independent for every Z and a. Hence, our algorithm
correctly will mark them as coming from different factors.

For a given u and v, we correctly predict their output with probability at least 1 — |.A|(2ed)?*16.
Therefore, using union bound we correctly output right result for each u and v with probability at least

1—|A|m?(2ed)?**+15. From[Theorem 2| we require ni,g > O ( L In %E‘) Binding |A|(2ed)?" 1§

ﬁr%\in
to ding then gives us the required value of n;,4 to achieve a success probability of at least 1 — §;q. If we
correctly assess the dependence for every pair of atoms correctly, then trivially partitioning them using

the dependence equivalence relation gives us chy, which is same as chy, upto label permutation. [

D.2 LEARNING A STATE DECODER

We focus on the task of learning an abstraction at time step h using[Algorithm 3| We have access to

chy, which is same as chy, upto label permutation. We showed how to do this in endix C| We
will ignore the label permutation to avoid having to complicate our notations. This would essentially

mean that we will recover a backward decoder qASh = (gghl, S qAShd), where there is a bijection
between {%,”} and {(b;}j

As we learn each decoder {qAShi} independently of each other, therefore, we will focus on learning

the decoder ¢y; for a fixed ¢. The same analysis will hold for other decoder and with application of
union bound, we will establish guarantees for all decoders. Further, since we are learning the decoder
at a fixed time step h, therefore, we will drop the i from the subscript for brevity. We use additional
shorthand described below and visualize some of them in [Figure 2]

e s and x denote a state s,_1 and an observation x_1 at time step h — 1

e s’ and 7’ denotes state s;, and observation x, at time step h

e s'[i] denotes i*" factor of state at time step h

e 5 denotes s[pty(i)] which is the set of parent factors of s'[i]. Recall that from the factoriza-
tion assumption, we have T'(s'[i] | s,a) = T;(s'[i] | §, a) for any s, a.

° al denotes ahi decoder for i*" factor at time step h

e w denotes pt(i) which is the set of indices of atoms emitted by s'[i].

¥ denotes a’[chp,(7)] which is the collection of atoms generated by s'[7].
e N = |U,_,| is the size of policy cover for previous time step.

Let D = {(z®),a®) £*) 4(*))17 be a dataset of ny real transitions (y = 1) and imposter
transitions (y = 0) collected in [Algorithm 3| [line 2}{4] We define the expected risk minimizer (ERM)
solution as:

Nabs

2
b; — i (&) q(R) #(k)y _ (k)} (14)
i arg min x ,a , L
g = argmin kE 1 {g( ) -y
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Recall that by the structure of G, we have §; = (4, qgl) where w; € W, and qASZ ed. 2+ —>{0,1}
is the learned decoder. Our algorithm only cares about the properties of the decoder and we throw
away the regressor u;.

Let D(x,a, ) be the marginal distribution over transitions. We get the marginal distribution by
marginalizing out the real (y = 1) and imposter transition (y = 0). We also define D(x, a) as the
marginal distribution over z, a. We have D(z,a) = pup—1(x) ﬁ as both real and imposter transitions

involve sampling « ~ pp,—1 and taking action uniformly. Recall that yi5, _; is generated by roll-in with
a uniformly selected policy in ¥y, till time step h — 1. Let P(z,a,% | y = 1) be the probability of
a transition being real and P(z, a, & | y = 0) be the probability of the transition being imposter. We
can express these probabilities as:

P(z,a,@ |y =1) = D(z,a)T(% | x,a), P(z,a,3 |y =0) = D(z,a)p(&), (15)

where p(Z) = E(;,q0)~p[T(Z | x,a)] is the marginal distribution over Z. We will overload the
notation p to also define p(z') = E(; q)~p[T(z" | ,a)]. Lastly, we can express the marginal
distribution over transition as:

D(z,a,%) = P(z,a,%2 |y=1)P(y =1) + P(z,a,% | y =0)P(y = 0)

Pt 1@ | 0) + (o)
We start by expressing the Bayes optimal classifier for problem in

Lemma 9 (Bayes Optimal Classifier). Bayes optimal classifier g* for problem in is
given by:

- * o\ ( 3
V.0 8) € suppD. (.0 8) = e T e @Bt @) + G @) O

Proof. The Bayes optimal classifier is given by ¢*(x,a,Z) = P(y = 1 | x,a,&) which can be
expressed using Bayes rule as:
Pz,a,2 |y=1)Py=1)
P(z,a,2|y=1)P(y=1)+ P(z,a,% |y =0)P(y =0)
P(z,a,2 |y=1)

= i =B 1
P(z,a,& |y =1)+ P(x,a,% |y =0)’ using ply) = Bern(1/2)

Ply=1|z,a,2)=

Theorem 4 (Decoder Regression Guarantees). For any given 8,55 € (0, 1) and ngps € N we have the
following with probability at least 1 — §yps:

Em,a,wa (gz(xa a?‘f) - g*(x,a,j))z S A(nabxa 5ab37 ‘gDa

where A(nabs, dabs; [9]) = 75 In % and c is a universal constant.

Proof. This is a standard regression guarantee derived using Bernstein’s inequality with realizability
(3). For example, see Proposition 11 inMisra et al.| (2020) for proof. [
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Corollary 5. For any given .55 € (0,1) and ngs € N we have the following with probability at

least 1 — Ogpg:
] < A(nabm Oabs |g|) 17

Proof. Applying Jensen’s inequality (E[v/Z] < /E[Z]) to[Theorem 4|gives us:

E%II@ND [|gl(‘ra a, j:) - g*(CC, a, j?)

]E:n,a,dcwD [|§(x,a,dﬂ) - g*(‘ra avi')” = E:v,a,a'cND [\/m(x,a,i) - g*(xv a7£)|2:|

S \/Ea:,a,:iND |:(g([1)7(l,j}) - g*(l’,a7i‘))2:|
< A(nabs;(sabsa |g‘)

O
Coupling Distribution We introduce a coupling distribution following Misra et al.| (2020).
Deowp(, 0,21, %2) = D(x,a)p(£1)p(E2). (18)
We also define the following quantity which will be useful for stating our results:
£(i, Fa 1 0) = T(i1 | z,a) _T(;EQ |;E,a). (19)

p(#1) p(i2)
Lemma 10. For any fixed 6,5 € (0, 1) we have the following with probability at least 1 — §ps:

Ky a,81,52~Deoip 1{$z(571) = (/51(532» |§(i“1,:i‘2,:13,a)\} < 8/ A(Nabs; davs |G])-

Proof. We define a shorthand notation £ = 1{$i(a'31) = & (Z2)} for brevity. We also define a
different coupled distribution D, given below:

D::oup(xaa7i‘1)j:2) = D(ZIJ,G)D(Jﬁl ‘ JL‘,CL)D(QVS'Q ‘ 1‘,(1) (20)

!
coup

where D(Z | z,a) = 3 {T(d& | ,a) + p(&)}. It is easy to see that marginal distribution of D
over x, a, &1 is same as D(z, a, @1).

We first use the definition of £ (Equation 19) and ¢g* (Equation 9) to express their relation:

*(z.a.01) — a* (. a. & _ p(:f1),0(:i2)|§(921,3?2,x,a)\
l9°(@,a,31) = 9" (@ 0,82l = T T T p@0) (TG | 20) F 2(50))

p(E1)p(Z2)

- Ty, 2 : 21
AD(&y | x,a)D(i2 |,2,a) €01, 22,2, 0] 21
The second line uses the definition of D(% | z, a). We can view B &(j;)a) and (pi(jic)a) as importance

/
coup

weight terms. Multiplying both sides by £ and taking expectation with respect to D/, then gives us:

1
ZEDW [E1&(21, B2, x,a)|] (22)

We bound the left hand side of as shown below:
Ep, [8 |g*(m, a, j1) - g*(a:, a, jQ)H

coup

<Ep,, [€197(x;a,81) = gi(x, a,21)[] + Ep;

coup coup

ED' [g |g*(x,a,f1) 79*(x3a7i'2)|} =

coup

(€19i(2,a,21) — 9" (2, a, &2)]
= EDC'O.,p [5 |g*($7 a, jjl) - gl(x’ a, 'i'l)H +Ep; [8 |§1($7 @, 572) - g*(xa a, j2)”

coup

=2Epy,, (€197 (z,a,%1) = §i(x, a, 31)[] = 2Ep [ ]g" (2, a, &) — §(z, a, )]

coup

<2 A(nabs; 6ab57 g)
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Here the first inequality follows from triangle inequality. The second step is key where we use
gi(x,a,%1) = §i(x,a, i) whenever £ = 1. This itself follows from the bottleneck structure of G
where §;(x, a, #;) = w;(z, a, ¢;(Z)). The third step uses the symmetry of #; and %5 in D/ whereas

coup
the fourth step uses the fact that marginal distribution of D/ is same as D. Lastly, final inequality

uses £ < 1 and the result of [C Combining the derived inequality with [Equation 22| proves
O

our result.

We define the quantity P(s'[i] = 2 | D') := E(5 4)~p [1{5'[i] = 2}] for any distribution D’ €
A(Sp—1 x A). From the definition of p, we have p(s'[i] = z) = P(s'[i] = z | D). Intuitively, as we
have policy cover at time step h — 1 and we take actions uniformly, therefore, we expect to have
good lower bound on P(s'[i] = z | D) for every i € [d] and reachable z € {0,1}. Note thatif z = 0
(2 = 1) is not reachable then it means we always have s, [i] = 1 (sp[¢] = 0) from our reachability
assumption (see[Section 2)). We formally prove this next which will be useful later.

Lemma 11. For any z € {0, 1} such that s'[i| = z is reachable, we have:

1 _ 1 AMmin
ol =) = B(s'li] = 2| D) = P

Proof. Fix zin {0,1}. As s'[i] = z is reachable, therefore, from the definition of 7,,;, we have:

min < sup P, =2z) <su P.( =230
" sup Pr(s'[i] pz | 5,a)
<Zsup]P’()T il] 8,a) = Zn il | 3,a)
3.a mell
We use the derived inequality to bound P(s'[i]] = z | D) as shown:
R Mh—l(g) I . (0% . . . ATmin
P(s'[i] = 2 | D) = T(s'li) ==1%,a) 2 7 ) T (s'li] =z | 5,a) = :
24l A 2 NIA

The first inequality uses the fact that p 1 is created by roll-in with a uniformly selected policy in
U,_1 which is an « policy cover. Recall that N = |¥},_4|. The second inequality uses the derived
result above. O

Lemma 12. For any %1, &2 such that ¢7(Z1) and ¢} (E2) is reachable, we have:

]E:n,aND Hg(flaf%xa G)H Z 1{¢:(‘f1) 7& ¢:(j2)}an2rn]\lfno—

Proof. For any z, a, ¥1, T2 we can express & as:
T(7 (1) | o*(2)[pt(i)],a)  T(¢7(22) | ¢*(x)[pt(i)], @)
(97 (1)) p(¢*(22))

where we use the factorization assumption and decodability assumption. Note that we are implicitly
assuming ¢ (£1) and ¢7 (Z2) are reachable, for the quantity (%1, &2, x, a) to be well defined.

|§(:E1,552733,a)| =

We define D; to be the marginal distribution over S[pt(i)] x A. Taking expectation on both side
gives us:
o T(¢;(#1) | 8,a)  T(d;(Z2) | 5,0a)
B 601,200 = Brv, | _ Tites)
‘ p(o )) (97 (%2))
) -

;@
—Z\E”D (3,a ] ¢j (1)) —Pp,(5,a | ¢j(2))|
=2 IIPD,:(-,- | ¢7(21)) =P, (., - [ 97 (22))ll7v

The second equality uses the definition of backward dynamics Pp, over S[pt(i)] x A and the
identity p(s'[i]) = P(s'[i] | D). If ¢} (&1) = ¢} (&2) then the quantity on the right is 0. Otherwise,
this quantity is given by 2 ||Pp,(.,. | s'[{] =1) = Pp,(.,. | s'[i]] = 0||py. In the later case, both
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§'[i] = 1 and s'[{] = 0 configurations are reachable, and without loss of generality we can assume

P(s'[i] = 0 | D) > 1/2. Our goal is to bound this term using the margin assumption (Assumption I}).
We do so using importance weight as shown below:

2|Pp, (.. [ s'[i]] = 1) =Pp, (- | '[i] = 0) 1y

o ialslil = ]P)Di(gva|sl[i]:1) N 5alslil = PDi(gaa\s/M:O)

= S [puta 91 = DEXE T Sy sl 7 ol =0)

D), B(s/li] = 1] ) B =0 w)

=2 uGsa) |G = Vg =1y oy P =0 =01 D)
D5, B([1] = 0| Dy) . ,

> in O S 5 = 1) = B | 510 = Oy

Do) B(s[i] =0 D)

T 5a wi(8,a) P(s[i] =0 | w;)

The first step applies importance weight. As wu; has support over all reachable configurations $
and actions a € A, hence, we can apply importance weight. The second step uses the definition
of backward dynamics (Pp,P,,). The third step uses Lemma H.1 of Du et al. [Du et al.[(2019)
(see[Lemma 24]in [Appendix E]for statement). Finally, the last step uses We bound the
two multiplicative terms below:

We have D(5,a) = pn_1(3)% @ 2 %TXT The first equality uses the fact that actions are taken

uniformly and second inequality uses the fact that ;1 is an a-policy cover. As u; is the uniform

distribution over S[pt()] x A, therefore, we have w;(3,a) = D(5,0)

This gives us wGa) 2

1
TPt A] "
Lj’\’;”ﬂ'pt(z) |. We bound the other multiplicative term as shown below:

P(s'li] = 0] Di)

B0 u) 2 FC=01D)2

[N

Combining the lower bounds for the two multiplicative terms and using 2P/ > 1 we get:

. . ANmin0
2|[Pp, (. | $'li] = 1) = Pp, (.. | §[i] = 0)lgy > Slmin

2N @3)

Lastly, recall that our desired result is given by 2 ||Pp,(.,. | s'[i] = 1) = Pp,(.,. | s'[i]] = 0)||v
whenever ¢} (Z1) # ¢7 (Z2) and 0 otherwise. Therefore, using the derived lower bound multiplied by
1{¢}(&1) # ¢;(Z2)} gives us the desired result. O

Corollary 6. We have the following with probability at least 1 — 0 yps:
~ ~ . s . 16 N
Eiy o | L{i(1) = 3:(02)}1{07 (1) # 67 (22)}] <

AMNmin0

A(nabsa (;abs; |g|)

Proof. The proof trivially follows from applying the bound in[Lemma 12|to[Lemma 10]as shown
below:

Ev o010 Dy | U1 (1) = Gil02)}6(01, 2,2, a)
= Esyamp |Hi(81) = 3:(82)} s €01, 52,2, a)]]
ANmin0

> ST By [[HOi(1) = Gu(32)}1{0} (21) # 6} (32))]
The 1nequa11ty here uses The left hand side is bounded by 81/ A(nubs, Oabs, |G]) us—

ing 0 Combining the two bounds and rearranging the terms proves the result.

At this point we analyze the two cases separately. In the first case, s'[¢] can be set to both 0 and 1. In
the second case, s[i] can only be set to one of the values and we will call s'[7] as degenerate at time
step h. We will show how we can detect the second case, at which point we just output a decoder that
always outputs 0. We analyze the first case below.
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D.2.1 CASE A: WHEN s'[i] CAN TAKE ALL VALUES

Corollary 6|allows us to define a correspondence between learned state (i.e., output of ngSi) and the
actual state (i.e., output of ¢7). We show this correspondence in the result.

Theorem 7 (Correspondence Theorem). For any state factor s'[i], there exists exists Uy € {0,1}
and 1 = 1 — tg with probability at least 1 — 55 such that:

P(¢i(2) =i | s'[]] = 0) = 1 — ¢,
P(gi(x) = | s[i] =1) 21—,

16N2|A]
012'(]37”710

where ¢ := A(Rabs, ans, |G]) and & ~ p, provided o € (0, 3).

Proof. For any u, z € {0, 1} we define the following quantities:

Poi=Bag U6} (8) =2}, Pus = Eanp[L{8:(3) = w}1{6}(2) = 2)].

It is easy to see that these quantities are related by: P, = P,. + P_y).. We define g =
arg max,e{o,1y Fuo and @43 = 1 — dig. This can be viewed as the learned bit value which is in most
correspondence with s[i] = 0. We will derive lower bound on Pago/P, and Pa;1/P, which gives us the
desired result. We first derive the following lower bound on P;o:

P P P
Payo > % >, 24)

where we use the fact that max is greater than average. Further, for any u, z € {0, 1} we have:
Essssanp |HBi(@1) = 6:(2) 1107 (31) # 67 (32)}]
> Eay sap | L1(01) = 0} 1{1(52) = u}1{67(31) = 2}1{0] (32) = 1 — 2}
= PuzPu(lfz)

We define a shorthand notation A’ := wlf% A(Nabs, dabs, |G|). Then from|Corollary 6| we have
proven that P, P,y < A’ for any u, z € {0, 1}. This allows us to write:

A’ Pi A’ 2A’
_ = >1-— >1-—
Pygo Py P1Pyy0 Py Py

Py1=P —Py1 > P —

where the last inequality uses [Equation 24] We will derive the same result for Pugo/p,.

N Paso A A
= >1- >1- 2
Pall PO POPﬁll P()Pl — 24/

Piyo =Py — Py0> P —

where the last inequality uses derived bound for Pa;1/p,. If we assume A’ < % then we get
Payo 27/
Pg 21— PoPy”

As Py + P, = 1, therefore, we get PyP; = Py — P02 =P -PLIfP < % then Py — Pg > %.

Otherwise, Py > 3 which implies P; < % and P, — PZ > £t This gives us Py, > min{£2, 21},

Using lower bounds for Py and P; from gives us Py P, > g‘;\’f"m , and allows us to write:

Py q . 4N|A\A'7 Piso 1 4N|A|A"
Pl o AMmin PO o AMmin
It is easy to verify that p = %’M. As ”00 = (qbz( ") =g | s[i] = 0) and “11 =P(¢. i(z') =
@1 | s[i] = 1), therefore, we prove our result The only requirement we used is that A < By
which is ensured if g € (0, 2). D
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D.2.2 CASE B: WHEN s'[i] TAKES A SINGLE VALUE

We want to be able to detect this case with high probability so that we can learn a degenerate decoder
that only takes value 0. This would trivially give us a correspondence result similar to[T’heorem 7

We describe the general form of the LearnDecoder subroutine in[Algorithm 6] The key difference
from the case we covered earlier is For a given factor ¢, we first learn the model §;

containing the decoder ¢;, as before using noise contrastive learning. We then sample 74, iid triplets

Daeg = {(25,a;5,&;)};5 where (z;,a;) ~ D and &; ~ p . Recall & = x[chp(i)]. Next,
we compute the width of prediction values over Dy, as defined below:
max |g(zj,a;,&;) — §(@k, ar, Tr)| (25)
7,k € [Ndeg]
If the width is smaller than a certain value then we determine the factor to be degenerate and output a
degenerate decoder ¢; := 0, otherwise, we stick to the decoder learned by our regressor task. The
form of sample size nge; Will become clear at the end of analysis, and we will determine the reason
for the choice of threshold for width in Intuitively, if the latent factor only takes one value
then the optimal classifier will always output 1/2 and so our prediction values should be close to one
another. However, if the latent factor takes two values then the model prediction should be distinct.

Algorithm 6 LearnDecoder(G, ¥y, _1, Eﬁh) Child function has type Eﬁh : [dp] — 20m]
1: for i in [d], define w = chy, (i), D = ), Dgey = 0 do
2 for n,ps times do /l collect a dataset of real (y = 1) and imposter (y = 0) transitions
3: Sample (z(M), ), 2/M), (22 0 2/?)) ~ Unf(P),_1) o Unf(A) and y ~ Bern(3)
4: Ify = 1 then D < DU (zM) oM 2/ D w], y) else D + DU (D), a2/ [w], y)
5: §i = uy, @ = REG(D, G) // train the decoder using noise-contrastive learning
6: for n4c, times do /I detect degenerate factors
7: Sample (M), o™, 2/M), (23 a?),2/?)) ~ Unf(P),_1) o Unf(A)
8: Daeg < Daeg U {(zM,aM) 2/?))}
9: i max; pefng,] |9 (25, aj, w]) — gi(ak, ar, x},[w])] < %thenﬁ max over Dgey
10: ¢; =0 // output a decoder that always returns 0

return ¢ : X' — {0,1}4n where for any = € X and i € [d),] we have ¢ (x)[i] = (/é\l(a:[gﬁh(z)])

For convenience, we define D'(z,a,%) = D(z,a)p(&), and so (z;,a;,&;) ~ D’. For brevity
reasons, we do not add additional qualifiers to differentiate x;, a;, ¥; from the dataset of real and
imposter transitions, we used in the previous section for the regression task. In this part alone, we
will use x;, a;, Z; to refer to the transitions collected for the purpose of detecting degenerate factors.

Lemma 13 (Markov Bound). Let {(x;,a;, avcj)}?i"l be a dataset of iid transitions sampled from D'.

. . a7 de; ‘abs»Yabs »
Fix a > 0. Then with probability at least 1 — s — 2ndes v/ B (b s | G1) we have:

a
v.] € [ndeg}, ‘g(mjaajajj) _g*(l'j;aj;fﬂ <a.

Proof. 1t is straightforward to verify that for any (z;, a;, &;) we have D(z;, a;, ;) > D'(%j.a;.3;)/2.
Using [Corollary 5| we get:

E:L’,a,iwD’ [lf](l’, a, :E) - g*($7 a, SE')H S 2 A(nabs> 6abs; |g|)
Let &; denote the event {|g(z;,a;,%;) — g*(x;,a;,%;)| < a} and &; be its negation, then:

Mdeg
5 < 2 A 75 )
]P’(ﬁjieglgj) >1-— Z]P’(Ej) >1-— Tdeg (T:bs abs ‘gD,
j=1

where the first inequality uses union bound and the second inequality uses Markov’s inequal-
ity. As holds with probability &5, our overall failure probability is at most

2 & A 3575337
Saes - Ndeg\/ (Zb b \g|)_ O
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Lemma 14. For any reachable parent factor values 3, action a € A and reachable s'[i] € {0,1},
2,2
we have D' (3, 0, 8'[i]) > St
_ Br-1(3) > 02,

Proof. We have D’'(3,a,s'[i]) = TP(S, [i]) > F= %f%. where used the induction hypothe-
sis[[H.4]that ¥ is an a-policy cover of Sp,_q and O

Lemma 15 (Degenerate Factors). Fix a > 0. If §'[i] only takes a single value then with probability

2705 \/ A(Nabs,davss |G 1)
a

we have:

at least 1 — 8,5 —

max |§(xy, a5, %) — §(xr, ar, Tr)| < 2a
J,kE[Mdeg]

Proof. When s'[i] takes a single value then g* is the constant function % For any j and k we get the
following using and triangle inequality.

|g(l‘]aa]aj]) - g(l‘k,ak,.ik” < |g('r]7ajvjj]) _g*(‘/lj]7a‘]7i‘])| +
9" (zk, ak, Tx) — §(Tk, ak, T1)| < 2a.

O
Lemma 16 (Non Degenerate Factors). Fix a > 0 and assume nge, > %, then we have:
o2 o
g(xi,a;,%;)—§ LA, 0 > —_Imin” 9
jJ?El[a’n);g] |g(l’] a; 'Tj) g(‘rk: ag mk)| = 16N2|A| a
with probability at least 1 — §gps — 2ndes A(Z”b’”é"“"gl) —4exp (fiaanZQ‘ATQ’”)
Proof. [Equation 23|implies that there exists 3, a such that
T(i)=1]3,a) T(i]=0]35,a) < WlminG
p(s'li] = 1) p(s'li] = 2N
Combining this with [Equation 21| we get:
. . = 1)p(s'[i] = 0) ANmin0
“(3,a,5'[i] = 1) — g*(3,a,s'[i] = 0)] > p(s'[i]
o7 (8.l = 1) =0 0.5 = 01 = 5T S 15 D=0 5,0 2N
2,2

= 16N2|4]

where [Equation 26| uses p(s'[i]] = 1)p(s'[i]] = 0) > ‘2’]’(;"% , as one of the terms is at least 1/2 and
other can be bounded using

Say we have two examples in our dataset, say {(z1, a1, %1), (z2, az, Z2)} without loss of generality,
such that ¢*(x1)[w] = ¢*(x2)[w] = §, action a; = az = a, ¢} (&1) = 1, and ¢} (&2) = 0. Then we
have:

‘max |§(x;,a5,%;) — §(xk, ak, Tr)| > [§(x1, a1, E1) — §(22, a2, T2)|
JvkE[nng]

> 19%(8,a,1) — g7 (3,0, 0)]

—19(w1,a1,71) — g* (21,01, 21)|

—19(w2, a2, T2) — g* (22, az, T2)|

P linin? — 2a  (using[Equation 26]and [Lemma T3]
~ 16NZ?|A]

We use |[Lemma 13| which has a failure probability of Jyps -+ 2ndsg y/ A (e S, |G1) . Further, we also
assume that our dataset contains both (3, a, s'[i] = 1) and (3, a, §'[i] = OU) Probablhty of one of these
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2 2
events is given by |Lemma 14] Therefore, if ngeg > jjzn‘;“' then from [Lemma 25|and union bound,

min

2, 2
the probability that at least one of these transitions does not occur is given by 4 exp (7 %) .

The total failure probability is given by union bound and computes to:

2nde A(nabs 5abs |g‘) a2772 in Tlde

6 g ) ’ 4 _ min g

abs a TAeP T 3Ne A

O
2, 2
If we fix a = ‘;07\;3% then in the two case we have:
2,2

. . . . ot o
Degenerate Factor ma. Ti, i, %) — §(xp, ap, Tp)| < ——220
(Deg ) j,ke[vfjeg] 19( r @y 25) — (g, ag, Tp)| < A0N2|A]

(Non-Degenerate Factor) ax |g(zj,a4,%5) — §(zk, ag, Tx)| > 30215 in0
- max Tj,Q5,T; T, T e T
8 JokC ] I\Tj, A, Lj) — G Lk, Ak Tk BONZ|A|
Theorem 8 (Detecting Degenerate Case). We correctly predict if s’ [z] is a degenerate factor or not

2 2 2,2
when using ng., = ifgnlf‘ log (ﬁ) and o < %"‘frg“ log™! (ﬁ), with probability at least
1 — 36 aps-

Proof. The result follows by combining[Lemma [6/and|Lemma 15| and using the value of a described
above. These two results hold with probability at least:

2ndeg A(nabsa 5ab57 |g‘) —dex <_ a27772ninndeg>

1 — Gaps —
abs a 3N2| A2

Setting the hyperparameters to satisfy the following:

3NZ?| A2 4 Ry 480N A3 4
Ndeg = #log <5> s A(nabsvdabSa |g|) 2 > Alog <5> s

2,2 4,04
A Minin abs a nrrLirL(SabSJ abs

gives a failure probability of at most 3d,s. The later condition can be expressed in terms of o which
gives us the desired bounds (see definition of p). Lastly, note that setting nge, this
way also satisfies the requirement in Lastly, note that the resultant bound on g is much
stronger than required for[Theorem 7} Therefore, we can significantly improve the complexity bounds
in the setting where there are no degenerate state factors. O

D.2.3 COMBINING CASE A AND CASE B

shows that we can detect degenerate state factors with high probability. If we have a
degenerate state factor and we detect it, then correspondence theorem holds trivially. However, if we
don’t have degeneracy and we correctly predict it, then we stick our learned decoder and
holds true. These two results allows us to define a bijection between real states and learned states that
we explain below.

Bijective Mapping between real and learned states For a given time step h and state bit s[i] = z,
we will define 4y, as the corresponding learned state bit. When h and ¢ will be clear from the
context then we will express this as u,. We will use the notation s to denote a learned state
at time step h — 1 and § to denote learned state at time step h. Let pt(i) = (i1,--- ,%;) and
spt(i)] = w := (w1, wy,--wy), then we define W = (Uwp—1)iyw, - Uh—1)i,w,) as the learned
state bits corresponding to w. More generally, for a given set KC € 2%, we denote the real state factors
as s[K] (or s'[K]) and the corresponding learned state factors as §[K] (or §'[K]).

We define a mapping ), : {0,1}¢ — {0,1}¢ from learned state to real state. We will drop the

subscript & when the time step is clear from the context. We denote the domain of 6}, by §h which
is a subset of {0, 1}¢. Note that every real state may not be reachable at time step h. E.g., maybe
our decoder outputs 8 = (0, 0) but that the corresponding real state is not reachable at time step

h. visualizes the mapping.
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unreachable
states

Figure 3: Bijection between learned state space §h and the state space at time step h. The bijection

maps every state in Sy, to a unique state in Sp,. However Sy, also contains learned states that do not
correspond to a reachable state at this time step. This happens due to error in the decoder.

For a learned state § we have s = 0(8) if s = (21, , zq) and 8 = (up1sy, " , Undz, ). We would
also overload our notation to write w = 6(w) for a given §[K] = 1w where w = 0(3)[K], whenever
factor set K is clear from the context.

We call s’ (or s) as reachable if s’ € Sy, (or s € Sy,_1). Similarly, we call §’ (or ) as reachable if
01,(8") (or 0,—1(8)) are reachable. For a given set of factors K, we call w € {0, 1}|’C‘ as reachable for
K if there exists a reachable state with factors K taking on value w. Similarly, we define @ € {0, 1}/~|
as reachable for a given KC if 6(w) is reachable for K.

We use the mapping to state the correspondence theorem for the whole state.

2 2 2,2
Corollary 9 (General Case). If nge, = ?;JZULA' log (5%_) and o < %ﬁ'ﬁfﬁ* log™! (%’_) holds,

then with probability at least 1 — 3d04p5, we have:
Vs' € Sy, P(5'[i] = 071 (s)[i] | s'[i]) > 1 — o, P =0"1(s")|s') >1—do.

Proof. The first result directly follows from being able to detect if we are in degenerate setting or not
and if not, then applying|[Theorem /| and if yes then result holds trivially. This holds with probability
at least 1 — 3daps from|[Theorem Si Applying union bound over all d learned factors gives us success
probability across all factors of at least 1 — 3dd,ps. The second one follows from union bound.

d
P(s £ 07 (s) | ) = P(3i: 8l £ 07 )l | sli) < Y PGl # 07l | sli) < de.
O

As we noticed before, our bounds can be significantly improved in the case of no degenerate factors.
This prevents application of expensive Markov inequality. Therefore, we also state bounds for the
special case below.

Corollary 10 (Degenerate Factors Absent). If o € (O7 %) then with probability at least 1 — ddgps,
we have:

Vs' € S, P(5'[i] = 07 (s )[i] | s'[i]) > 1 — o, P(5 =071(s) | s') > 1—do.

Proof. Same as except we can directly apply as we don’t need to do any

expensive check for a degenerate factor. O

D.3 MODEL ESTIMATION

Our next goal is to estimate a model fh : §h,1 x A — A(gh) and latent parent structure ﬁh,
given roll-in distribution D € A(Sy,—1), and the learned decoders {¢; }+<p. Recall that our approach

estimates the model by count-based estimation. Let D = {(z®),a®), 2/(¥))} 7= be the sample

collected for model estimation.

Recall that we estimate pt), (i) be using a set of learned factors Z that we believe is pt, (i) and varying
a disjoint set of learned factors 7. If pt(i) C Z then we expect the learned model to behave the same
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irrespective of how we vary the factors 7. However, if ]ﬁ(z) & T then there exists a parent factor that
on varying will different values for the learned dynamics. Let K = Z U J be the set of all factors in
the control group (Z) and variable group (J).

We will first analyze the case for a fixed ¢ € S}, and control group Z and variable group J. For
a given o € {0,1}, % € {0,1}XI and a € A, we have Pp(§'[i] = © | 3[K] = 1, a) denoting the
estimate probability derived from our count based estimation (Algorithm 4} [line 3). Let Pp (8'[{] =
¥ | 8[K] = w, a) be the probabilities that are being estimated. It is important to note that we use
subscript D for these notations as the learned states § are not Markovian and /C may not contain pt(z),
therefore, the estimated probabilities P and expected probabilities P will be dependent on the roll-in
distribution D.

In order to estimate Pp (. | 851 [K] = W, a) we want good lower bounds on Pp (85— [K] = W, a)
for every a € A and ¥ reachable for . Our roll-in distribution D only guarantees lower bound on
Pp(sp—1[K], a). However, we can use to bound the desired quantity below.

Lemma 17 (Model Estimation Coverage). If ¢ < % then for all K € €<3.([d]), a € A and
w € {0, 1}Xl reachable for K, we have:

~ N O”]min
P _ = >
D(Sh 1[/C] w,a) = 4“N| |
Proof. We can express Pp(§,—1[K] =, a)

= ﬁIP’ p(8h-1[K] = ) as actions are taken uniformly.
Let sp,—1 = 0p—1(8p—1) and w = sp_1[K]. We bound Pp(85,-1[K] = @
Pp(8p-1[K] = @) = Pp (8p-1[K] = @, sp—1[K] = w)

= ]P)D (§h_1UC] =w ‘ Sh_l[lq = w) ]P)D (Sh—l[’q = w)

= H Pp (§h_1[k] = Wy, ‘ Sh_l[k] = wk)]P’D (Sh—l[’q = w)
kex
AMNmin AMmin

> (1 — )% >

2(1-"—5— 2 5y
where the third step uses the fact that value of learned state §,_1[k] is independent of other decoders
given the real state bit sj,_1 [k]. The fourth step uses and the fact that we have good coverage
over all sets of state factors of size at most 2«. Last inequality uses |K| < 2k and o < % O

w) as shown:

We now show that our count-based estimator Pp converges to P and derive the rate of convergence.

Lemma 18 (Model Estimation Error). Fix .y € (0,1). Then with probability at least 1 — 6,y for
every K € G<a,([d]), w € {0,1}XI reachable for K, and a € A we have the following:

9€{0,1}

where Agsy(Tigss, Sest) 1= % (%) In (M)

2\ aNminMest Oest

Proof. We sample n.y samples by roll-in at time step 2 — 1 with distribution D and taking actions
uniformly. We first analyze the failure probability for a given K, w, a. Let £(K, @, a) denote the

event {§,_1[K] = w,ap—1 = a}. If E(K,w,a) occurs in our dataset at least m times for some
m > 13 1n(1/5) then from [Corollary 15| we have

Z ’@D(gh[l] =9 | §h—1UC] = ”LZ),(J,) - PD(éh[Z] = | §h_1[]C] = ’LD,CL) S €,
v€{0,1}
with probability at least 1 — §.[Lemma 17|shows that probability of £(K, W, a) is at least S kzin

TFNTAT-
TRT1
25 mNIAl )y, (%) then we get at least m samples of event
ANmin o

E(K,w, a) with probability at least 1 — §. Therefore, the total failure probability is at most 24: § due

to not getting at least m samples and § due to[Corollary 15|on getting m samples. This holds for
every triplet (K, 0, a) and shows that there are at most 2(ed)?*|.A| such triplets. Hence,

with application of union bound we get the desired result. O

Therefore, from [Lemma 28|if neg >
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Lemma 19 (Model Approximation Error). For anyi € [d],K € €<a.([d]),s € Sp—1,a € A, ¢’ €
Sy, let3 =0, ,(s) and § = 0, ' (s'). Then we have:

5koN

anmin

Pp (5[] | 3[K], a) = Pp(s'[i] | s[K], a)] < Agpp =

Proof. We will first bound |Pp(s'[4] | $[K], a) — Pp(s'[i] | s[K],a)| and then use correspondence
result to prove the desired result. We start by expressing our conditional probabilities as
ratio of joint probabilities.

_ P/l sl a)

Po(s'[i] | 3K],a) = Py (5[], a)

Pp(s'li] | s[K], a)

From [Lemma 29| we have:
£+ &g
< 77
B AR

g1 := |Pp(s'[i], 5[K],a) — Pp(s'[i], s[K], a)| and e2 := |Pp(5]K],a) — Pp(s[K],a)|. We bound
these two quantities below:

Pp(s'li] | 8[K],a) — Pp(s'[i] | s[K],a) where (27)

er=| Y Po(s[i 5K snoalKla) = S Bo(s'lil, 3a1 1K), 5K, @)
sh—1[K] Sn-1[K]

=13 Bo(si K s kL)~ > Po(s'lil snalK], s[K], )

sn—1[K]#s[K] 3n—1[K]#£3[K]
< max Pp(s'[i], 3[K], sn—1[K], a), Z Pp(s'[i], $n-1[K], s[K],a) ¢,
sn—1[K]#s[K] sn-1[K]#3[K]
Term 1 Term 2

Where the first inequality uses |a — b| < max{a, b} for a,b > 0.

‘We bound Term 1 below:

Term 1: |% Z Pp(s'[i] | 3[K], sn—1]K], @)P(3[K] | sp—1[K])Pp(sn—1[K])

sn—1[K]#s[K]
< |—j| S Po(s[i] | 31K], sn-1 1K) @)Pp (sh-1[K])
sh—1[K]#s[K]
< ﬁ Y Po(sneilk) < ﬁ
sn—1[K]#s[K]
The key inequality here is P(3[K] | s5,—1[K]) = [],cxc P(3[K] | sn—1[k]) < o, as there exist at least
one j € K such that s;,_1[j] # s[j] and for this 7 we have P(§[j] | sp—1[j]) < o

We bound Term 2 similarly:

Term 2: ﬁ Z Pp(s'[i] | 8n-1[K], s[K],a)Pp(8n-1[K] | s[K])Pp(s[K])
Sn-1[K]#3[K]

Sop X ok sk = {1 -PoGlK] | s[k))
5n—1[K]#£3[K]

where we use Pp (

&‘
=
=
=
|
=
Bl
m
e}
=
2
=
-
=
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—
|
S
=
fo+)
=
o
=
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This gives us g1 < fL“’. The proof for &5 is similar.

e2=| Y Pp(3[Kl,sn1lKl,a) = > Pp(8n-1[K],s[K],a)
sh—1[K] $h—1[K]

- Po3lK], snoalKla) = > Pp(8uiK],s[K],a)
sn—1[K]#s[K] 8r—1[K]#3[K]

max > PoG3K)sa-1lKla), > Pp(8n-a[K],s[K],a)
sn_1[K]s(K] Sno1[K]#3(K]

Term 3 Term 4
‘We bound Term 3 below similar to Term 1:
1

Term 3: T Z Pp(8[K]|sn—1[K])Pp(sn-1[K])
sp—1[K]#s[K]
0 0
< Y Pp(spalK]) <
A [K)#£s([K] A
Sh—1 S
and Term 4 is bounded similar to Term 2 below:
1 A
Term 4: o > Po(3a-1[K] | s[K)Po(sK])
Sn-1[K]#3[K]

1 .
STA] {1 =Pp(3[K] | s[K])}

1 2K0
< —{1-(1-pFl <222
= |A\{ (1-0)"} < |A]

This gives us e < %. Plugging bounds for ¢; and &5 in and using Pp(s[K],a) =

Pp(s[K AMNmin o3 .
D\(A[l D > ﬁ gives us:

4k 4koN

Pp(s'[i] | 8[K],a) — Pp(s'[i Kl,a| < < . 28
(s ] | 6] a) ~ Bo(s'[i] | K], ] < ety < 182 ©8)
We can use correspondence result to derive a lower bound:
Pp(s'[i] | $[K],a) = Pp(8'[i] | s'[i)Pp(s'[] | S[K], a)
> (1= 0)Pp(s'[i] | 8[K],a) > Pp(s'[i] | $[K],a) — ¢
and an upper bound:
Pp(s'[i] | 8K, a) = Pp(8'[d] | s[{)Pp(s'[i] | $K],a)+
P(8'[i) [ 1 = $'[i)Pp (L — s'[i] | $[K], a)
<Pp(s'[i] | 5[K], a) + 0
Combing the lower and upper bounds with[Equation 28| gives us:
e A . 4koN 5koN
_ < < .
(6] | 6K, a) ~ Bo(/[] | K], a)] < (50 4 p < 2PES
which is the desired result. O

We can merge the estimation error and approximation error to generate the total error.
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Lemma 20 (K-Model Error). Forany i € [d), K € F<2.([d]), s € Sp—1, a € A ' € S, let
8=0,"(s)and & = 0, '(s'). Then we have:

B (31 | K], @) — Bo (5[] | 5], 0)] < Aew(tes Gew) + Dy

with probability at least 1 — 0.

Proof. Follows trivially by combining the estimation error (Lemma 18] and approximation error
(Lemma 19) with application of triangle inequality. O

D.4 DETECTING LATENT PARENT STRUCTURE IN TRANSITION ptp,

We are now ready to analyze the performance of learned parent function pAth. Let K4,Ks €
C<an([2d]) and w1 € {0,1}%1] 4py € {0, 1}F2. We will assume 1, is reachable for K; and
Wy is reachable for ICy. For convenience we will define the following quantity {2 to measure total

variation distance between distributions Pp(s'[i] | -,-) conditioned on setting §[K;] = 41 and
3[Kq] = w2, and for a fixed action a € A:

~ . . 1 =gt Ao . St A .

Qia (K1, i, Kaythn) =5 Y ’]P’D(s'[z]:v|s[lC1]:w1,a)fIP’D(s/[z]:v\s[ng]:w%a)’.
v€{0,1}

We can compute Q for every value of 7, K1, 11, Ko, 12, a in computational time of O ((26d)3”+3 |A|)

We also define a similar metric for the true distribution for any IC,K2 and v € {0,1},w; €
{0, 1}/%11 apy € {0,1}%21 and a € A:

Qi (K1, w1, Ko, ws) := % Z [Pp(s'li] = v | s[K1] = wi,a) —Pp(s'[i] = v | s[Ka] = wa,a)|.

ve{0,1}

Recall that [Z; 7| denotes concatenation of two ordered sets Z and 7. We use this notation to state
our next result.

Lemma 21 (Inclusive Case). Fix i € [d] and T € €< ([d]). If pt(i) C Z then for all a € A and
@ € {0, 1} we get:

max Qo ([Z; J1], [ 01), [Z; To, [ 2]) < 2800 (Messs Oest) + 28apps

J1,J2,W01,W2
where max is taken over Jy, Ja € €<x([d)), w1 € {0,111, 1y € {0, 111721 such that [a;101] is
reachable for |[L; 1], [ti; 2] is reachable for [Z; Jo], and TN J1 = I N Jo = 0.
PI’OOf: We fix jl,jg,ﬁ,lz)l,lbg,a and let ICl = [I, jﬂ, ICQ = [I, jg], v = 9(’[}), u = 9("&),
wy = O(11), and wy = O(w2). As pt(i) C Z, therefore, we have:
Pp(s'[i] = v | s[K1] = [wsw1],a) = T;(s'[i] = v | $|[Z] = u,a) = Pp(s'[i] = v | s[Kz] = [u;ws],a)
Using this result along with and application of triangle inequality we get:
Pp(8'[i] = 0| 3[K1] = [@; 1], a) — Pp (&[] = & | 5[Ca] = [ 02], @) | < 20eqt(Ttest, Ges) +2Aupp-

Summing over ¥, dividing by 2, and using the definition of Q proves the result. O

The following is a straightforward corollary of
Corollary 11. Fix i € [d] then there exists an T such that for all a € A and i € {0,1}171:

max . f\Zia([-z—; j1]7 [’LAL, uA)l]a [Ia JQ]; [’ll, UA)2]) S 2Aest(nest7 5est) + 2Aapp7

J1,J2,01,02

where max is taken over J1, J2, W1, We satisfy the restrictions stated in|Lemma

Proof. Take any T such that pt(i) € Z and apply [Lemma 21} Note that we are allowed to pick such
an 7 as |pt(i)| < k by our assumption. O
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Recall that we define pt(7) as the solution of the following problem:

pi(i) = argmin - max Qo ([T; T, [0;901), [T; Ta), [0; da)), (29)

a,0,J1,J2,W1,W2
where Z € 6<.([d]),a € A, and 4, J1, J2, W1, Wo satisfy the restrictions stated in

We are now ready to state our main result for pt.
Theorem 12 (Property of pt). Forany s € Sp—1,a € A, s' € Sp, let § =0, ", (s) and §' = 0,7 (s').
Then the learned parent function pAt satisfies:

veld,  [Bo(0l | SO @) — Ti(s ] | spt)], )| < 3 (s, Se) + 3 gy

Proof. Fix i € [d]. Let J = pt(i) — pt(i) and K = pt(i) U J. As pt(i) C K, therefore, we have:
Pp(s'[i] | s[K], a) = Ti(s'[i] | s[pt(i)], a)
Combining this result with we get:

‘@D(é/m | §[K:]’ a) — TZ(S/[Z] | SLPt(Z)LG)‘ < Aest(neshaest) + Aapp-

From the definition of pt (1) (Equation 29) and|Corollary 11|we have:

‘ ~ o~ ~ o~

Pp(8'[i] | 8[pt(i); 0],a) — Pp(8'[i] | §[pt(i); j],a)) < 25 (Mest, Oest) + 2D app-

Note that we are allowed to use|Corollary 11|as §[5t( /); 0] and 3[pt(i); J] are both reachable since
);

ds
they are derived from a reachable real state s, Ipt(i)] < &, |[pt(i); T]| < |[pt(i); pt(i)]| < 2k, and

( )N =10 = pt( ) N J. Combining the previous two inequalities using triangle inequality
completes the proof. O

D.5 BOUND TOTAL VARIATION BETWEEN ESTIMATED MODEL AND TRUE MODEL

Given the learned transition parent function pt , we define the transition model as:
Thi (3'0i] | 8lpta (D)), a) = Bp (8'1i] | 8lpta (D), a), §15,a) HTm il | 8lpty (D)), a) -

From Theorem 12|we have forany i € [d], § € Sp,_1,a € A, s’ € S, and § = 07 1(s),8 = 071(s'):
I Tua 5] | 31pt(0)],0) = T('18] | s[pt()], @)| < 3Bes(res Bos) + 3.

Transition Closure. A subtle point remains before we prove the model error between fh and
T. only states guarantee for those 5 that are inverse of a reachable state s. However,
as stated before, due to decoder error we can reach a state § which does not have a corresponding
reachable state, i.c. () € S, (see[Figure 3). We cannot get model guarantees for these unreachable
states S since we may reach them with arbitrarily small probability. However, we can still derive model
error if we can simply define the real transition probabilities in terms of the learned probabilities for
these states. This will not cause a problem since the real model will never reach these states. We start
by defining the closure of the transition model 7° for time step h as:

Vs e gh,l,a €A 5 eS8y, TP(0(8) | 0(5),a) = {T:(S(A])J ZgA) ) i)ftl(?egf\?vifeShil

We also define the state space domain of 7)) as Sy _; = {0,-1(8) | V§ € Sp_1}. Itis easy to see that
01 represents a bijection between S, and Sp_;.

We will derive our guarantees with respect to 7°° which will allow us to define a bijection between

the domain of 7 and 7°, and use important lemmas from the literature. The next result shows that
our use of 7° is harmless as it assigns the same probability as 7" to any event.
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Lemma 22 (Closure Result). Let T be the closure of transition model with respect to some learned
transition model. Then for any policy m € 11 and any event £ which is a function of an episode
sampled using 7, we have P (E;T) = Pr(E;T°), where P (E;T") denotes the probability of event
& when sampling from m and using transition model T’

Proof. The proof follows form observing that when using 7°° we will never reach a state s ¢ Sp_1
for any h — 1 by definition of Sj_1. From definition of 7° this means that both 7° and 7" will
generate the same range of episodes sampled from 7 and will assign the same probabilities to them.
As & is a function of an episode, therefore, its probability remains unchanged. O

With the definition of closure, we are now ready to state our last result in this section, which bounds
the total variation between the estimated model and the transition closure under the bijection map 6.

Theorem 13 (Model Error). For any § € §h,1 and a € A we have:

S |Td 8,) = TR0) 1003, 0)] < 6 (Dot o) + Aagy).

8’ Ggh,

Proof. If 0(3) & Sp—1 then by definition T° the bound holds trivially. Therefore, we focus on
0(8) € Sp—1 for which T° = T'. We define the quantity for every j € [d]:

Si= > HTm il | 3[pt(i) HT 0(3)pt()],a)|  (30)

8'[5]---8'[d]€{0,1} |i=j
We claim that S; < 6(d — j + 1)(Aeq + Aypp) for every j € [d]. For base case we have:
Si= Y. [Tl | slpt(d)], @) = T(O()[d) | 0(3)[pt(A)], )| < 6(Aes + D),
§'[d]e{0,1}

from We will assume the induction hypothesis to be true for Sy for all & > j. We
handle the inductive below with triangle inequality:

Sj = Z H Ti(8'1i] | 8[pt(9)], @)|Ths (3'15] | 8lpt()], @)

§'[7]---8'[d]€{0,1} i=j+1

Y. TEE)6(3)pt()], a) H Thi(8'[3) | 8[pt(3)], @)

§'[4]---8'[d]€{0,1} i=j+1

The first term is equivalent t0 >4 1c 0.1y [Th; (8[7] | 8[pt(5)], a) — T(6(8")[5] | 0(3)[pt(4)], a)l
which is bounded by 6(Acs + Aypp) following base case analysis. The second term is equivalent to
S;+1 which is bounded by 6(d — j)(Aest + Aapp) by induction hypothesis. Combining these two
bounds proves the induction hypothesis and the result then follows from bound for S . O

D.6 LEARNING A PoLiCY COVER
In this section we show how we learn the policy cover. We start by defining some notation.

Two MDPs. After time step h, we can define two Markov Decision Processes (MDPs) at this time
M, and My, My, is the true MDP consists of state space (S7, - -+, Sy), action space A, horizon
h, a deterministic start state s; = {0}¢, and transition function 7 : S ; x A — A(S;) for all
t € [h]. Recall that the set S, C {0, 1} denote states which are reachable at time step h, and the set
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S; € 8¢ C {0, 1} represents the closure of state space S, based on the learned state space S,. For
any t € [h], s € Sy and KK € C<ok([d]) we know sup, cpp o Pr(5:[K] = 5[K]) > Drmin.

The second MDP /\/l n, consists of the learned state space (81, . Sh) action space A, horizon h, a
deterministic start state §; = {0}, and transition function Tt : St 1 X A— A(St)

For every ¢t € [h], we have 6; : St — &7 represent a bijection from the learned state space to the
closure of the set of reachable states at time step ¢. The learned decoder ¢, predict 6;(s) given s € S;
with high probability for all ¢ < h by and for ¢ = h due to|Corollary 9

Lastly, the transition model T} and T} are close in L; distance for ¢ < h due to[IH.3|and for ¢t = h
due to

These results enable us to utilize the analysis of [Du et al.|(2019)) for learning to learn a policy cover.

Letp: S — Adenote a non-stationary deterministic policy that operates on the learned state space.
Similarly, ¢ : S° — A denote a non-stationary deterministic policy that operates on the real state.
We denote ¢ = ¢ o 0 if for every § € S, $(8) = ©(6(8)). Similarly, we denote ¢ = % o 1 if for
every s € S°, ¢(s) = ¢(0~1(s)). Let m : X — A be a non-stationary deterministic policy operating
on the observation space. We say m = @ o ¢ if for every x € X’ we have 7(z) = ¢(¢(x)). Similarly,
we define m = ¢ o ¢* if for every x € X we have 7(x) = p(¢*(x)).

We will use P[£] to denote probability of an event £ when actions are taken according to policy
m: X — A We will use P, [£] to denote the probability of event £ when we operate directly on
the real state and take actions using ¢. Similarly, we define P;[£] to denote the probability of event

& when we operate on the learned state space. Lastly, let ﬁ@ [€] denote probability of an event £
when actions are taken according to policy ¢ operating directly over the latent state and following

our estimated transition dynamics 7 : § x A — A(§ ). Recall that our planner will be optimizing
with respect to P [£].

Theorem 14 (Planner Guarantee). Fix Ay > 0,h € [H|. Let T € G<o,([d]) and w € {0,1}171.
We define a reward function R : § — [0,1] where R(8) := 1{7(5§) = h A s[I] = w}. Let
PR = planner(T R, h, Ap) be the policy learned by the planner. Let & := $p o ¢ then:
P (snlZ] = 0(w)) > n(salZ] = O(w)) — 2doH — 12dH Ay — 12dH Ay — Ay, 31
further, we have:
Py, ({3n[Z] = 0}) > n(sp[Z] = O(w)) — 6dH A — 6dH Ay — Dy, 32)
and if {sp[Z] = 0(w)} is unreachable, then

Py, ({81[Z] = 0}) < 6dHA s + 6dHAypp. (33)

Proof. We define two events £ := = {sp[Z] = 0(w)} and € := {sh[I} = w}. We define a policy
©Rr = pr o0~ where for every s € S we have pr(s) = pr(071(s)). We also define 7 : X — A
as T(z) = @r o ¢*(x). If for a given z € X and ¢*(x) = s we have qAS(x) = 0~ !(s) then
m(x) =¢ R($ (z)) = 7(x). Hence, every time our decoder outputs the correct mapped state 6(s),

policies 7 and 7 take the same action. We use the result of Du et al.| (2019) stated in
(setting € set to dp using[Corollary 9)) to write:

[P7(E) = P(E)] = [P2(E) — Pyyr(€)] < 2deH (34)

Let ¢ : S° — A be any policy on real state space and let ¢ : S — A be the induced policy on
learned state space given by ¢(8) = ¢ 0 6(8) = ©(0(8)) for any § € S. We showed in[Theorem 13
that 7" and 7" have small L; distance under the bijection €. Therefore, from the perturbation result

of [Du et al (2019) stated in[Lemma 31 we have:

>

Shesg

Ps(071(34)) — Py(sn)| < he < He,
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where € := 6d (Aest(Nests dest) + Aapp) due to [Theorem 13| As {s;,[Z] = 6(w)} < {5,[Z] = w0},
therefore, we can derive the following bound:

P, (€) — Py(€)| = S P - Y Ba(0(sn)
spE€Sy;sn[I]=0(w) sp €Sy ;sn[I]=0(w)
<y ‘Rp(sh) —]f”@(G_l(sh))‘ < He (35)
Shesg

Let ¢* = arg max P, [£] be the optimal policy to satisfy {s,[Z] = 6(w)}. Note that ¢* is also the
latent policy that optimizes the reward function R on the real dynamics. Let * = * o ! be the
induced policy on learned states. We now bound the desired quantity as shown:

P3(E) 2 Py, [€] — 2doH (using [Equation 34)
> Py, (€) — 2doH — He (using [Equation 33)
> I%*( A) —2doH — He — Ay (¢r is Ap-optimal on JA“)
> Py« (€) —2doH — 2He — Ay (using [Equation 33)

=n(sp[Z] = 0(w)) — 2doH — 2He — Ay
This proves |[Equation 31|and [Equation 32| Note that our calculations above show:

I@LﬁR(‘(f‘) S PLPR[E] + HE
If {s,[Z] = 6(w)} is unreachable then P, , [€] = 0. Plugging this in the above equation proves
and completes the proof. L]

D.7 WRAPPING UP THE PROOF FOR FactoRL

We are almost done. All we need to do is to make sure is to set the hyperparameters and verify each
induction hypothesis. We first set hyperparameters.

Setting Hyperparameters. Let {s,[Z] = 6(w)} be reachable for some 7 € G<2,([d]) and W €

{0, 1}!. Then applying Theorem 14|and using the definition of 7,,;,, we have:

Pﬁ— (Sh[I] = 9(71])) > Nmin — QdQH — 12dHAesl — 12dHAapp — Ap]
As we want the right hand side to be at least an,,;, we divide the error equally between the three
terms. This gives us:

(Planning Error) Ay < (1=a)0min/4 (36)

a(l — g

M 1A i i E A < (1=a)Nmin <
(Model Approximation Error) app < Mminfag8dH = 0 < 5 10md F N

(37)

(Model Estimation Error) Agy < (1=)0min/48dH

184322°d? H2N|A| . , ( 4e|A|(ed)?"
> 1 _— 38
7 e = a(l - a)2n§nin " ( 565t > ( )

(Decoding Error) o < (1=a)nmin/gdH (39)

The model approximation error places a more stringent requirement on g than the decoding error for
planning. However, throughout the proof for FactoRL in this section, we made other requirements on
our hyperparameters. For  this is given by min{5aa/1200, 1/2} = Baia/1200 by combining constraints
in[Lemma 8| and [Theorem 7} and an additional constraint for detecting non-degenerate factors stated
in Due to the inefficiency of the non-degenerate factors detection, we state results
separately for the two cases:

2. 1— 2
o0 < min { 12’“0“6 , a(2 40/-@31)‘?]7%1” } (no non-degenerate factor)
2 a(l—a)n?,, a®n2. Ouws 4
< : min min min ~ aos 1 -1 ({ = 1
e= mm{uoo’ 240rdHN * 30N2[AZ %\ Ga (general case)
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Using the definition of o from[Theorem 7} we get a value of n,, for non-degenerate factor
and general case (Eq 4T) given below:

38402 N*|AJ? 2d?H?N?* 25
TNabs > |A|ln(|g|> max{a; } (40)

4 4 04
a477min02 Oabs (1 - a)277min Bmin

2 n74 2 2 72 172 N2 4 4
_ 3840PNA 1n(|g|>max{ REHIN? 25 NYAL (54 )} an
abs

Tabs = 14 2 2 2,4 24 0 44§52
A Min @ Oabs «Q (1 - a) Nmin Bmin o nmin§abs

Recall that for detecting degenerate factors we collect n4e, Samples. gives value of this

hyperparameter as
p = BAP (4
dee azn?nin 6ab5 ’

which also satisfies the condition in Lastly, gives number of samples for

independence testing ni,q and rejection sampling frequency k as:

2 2k+1
Nind > O (i In - |AH];‘(2€d) ) , k> 8 In (;0 )
ind Nmin min

min
Failure probabilities for a single timestep are bounded by §;,q due to identification of emission
structure (Theorem 3)), 3dduys due to decoding (Corollary 9), and dey due to model estimation
(Lemma 17)). The total failure probability using union bound for a single step is given by &ing +
3ddaps + Jest> and for the whole algorithm is given by 8y H + 3d0ups H + dest H. Binding dig H —
8/3, 3ddapsH — /3, bt H +— /3, gives us total failure probability of § and the right value of
hyperparameters.

Sample complexity of FactoRL is at most kH ning + HNaps + HNgeg + Hneg episodes which is order
of:
pozy {4, | AL H, —— % . S, n 7L ) ).
NMmin 0 Bmin O

where use the fact that N = |¥),_;| can be at most 2(ed)?" from Note that if we did not
have to apply the expensive degeneracy detection step, then we would get logarithmic dependence
on 1/5,,. Cheaper ways of detecting degeneracy can, therefore, significantly improve the sample
complexity.

We have not attempted to optimize the degree and exponent in the sample complexity above.

For our choice of two hyperparameters n.y and n,,s, we can bound the model error and decoding
failure by:

a(l — a)npin
240kdHN

(1 - O‘)nmin

(Model Error) 6d(Amod + Agpp) < 1 ,

(Decoding Failure) o <

Verifying Induction Hypothesis. Finally, we verify the different induction hypothesis below.

1. We already verified |IH.1| with |The0rem 3l We learn a Eﬁh that is equivalent to chy, upto
label permutation.

2. We already verified [[H.2] with[Corollary 9 Given a real state s € Sy, our decoder outputs
the corresponding learned state with high probability. We also derived the form of p.

3. We already verified [TH.3| with[Theorem 13| We also derived the form of Ay and Aypp.

4. Lastly, [Theorem 14]and our subsequent calculations for hyperparameter show that ¥y, is
an a-policy cover of Sy, and that the size of Uy, is at most 2(ed)?"* from Lastly,
for all reachable factor values we get the value of learned policy as at least (1+)nmin /2
using and our choice of hyperparameter values. Similarly, from we
get the value of learned policy for all unreachable factor values as at most (1—=)nmin/4. This
allows us to filter all unreachable factor values. In the main paper, we focus on the value of
a = 1/2, which explains why on[Algorithm 1} [line 8 we only keep those policies with value
at least (1+@)nmin /2 = 3nmin /4. This verifies [[H.4]

This completes the analysis for FactoRL.
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E SUPPORTING RESULT

Lemma 23 (Assignment Counting Lemma). For a given k,d € N and k < d, the cardinality of the
set {(K,u) | K € G<i([d]),u € {0, 1}1%1} is bounded by 2(ed)*.

Proof. Assume k > 2. The cardinality of this set is given by Zf:o ('Z) 2% which can be bounded as
shown below:

k k k 7 k k
E 2'=1+2d E 2'<1+2d E — ] 2°<1+2d E d)" E d)".
i=0 (Z> ! +i:2 <Z> = +i:2 ( Z) = +i:2 e < i=0 o

The first inequality here uses the well-known bound for binomial coefficients (7;) < (%)i for any
n,4 € Nand ¢ < n. Further bounding the above result using ed — 1 > ed/2 gives us:

k
Y (ed) < (:;l)il < 2(ed)*.
=0

The proof is completed by checking that inequality holds for k < 2. [

Lemma 24 (Lemma H.1 in/Du et al.|(2019)). Letu,v € R‘i with ||ul]y = ||v||1 = Land ||u—v]||; > e
Then for any o > 0 we have [[au — ul[y > 5.

Lemma 25 (Chernoff Bound). Let q be the probability of an event occurring. Then given n iid
samples withn > %, the probability that the event occurred at least once is at least 1 — 2 exp(_?q").

Proof. Let X; be a 0-1 indicator denoting if the event occurred or not, and let X = Z?:l X;. We
have E[X;] = g and E[X] = ¢qn. Let t = 1 — 1/gn. We will assume that gn > 1 and so ¢t € (0,1).

Then the probability that the event never occurs is bounded by:
2

P(X <1)=P(X < (1—-1t)gn) <exp (—q;zt ) < 2exp{—%}.

O

Lemma 26 (Hoeffding’s Inequality). Let X1, Xo, - - , X,, be independent random variables bounded
by the interval [0, 1. Let empirical mean of these random variables be X = % Sy X, then for
any t > 0 we have: o -
P(|X — E[X]| > t) < 2exp(—2nt?).
Lemma 27 (Theorem 2.1 of [Weissman et al.| (2003)). Let P be a probability distribution over a
discrete set of size a. Let X" = X1, Xo,- -, X, be independent identical distributed random
variables distributed according to P. Let Py be the empirical probability distribution estimated
from sample set X". Then for all € > 0:
2

ne
P(||P — Pxn|1 =€) < (2% —2)exp (—8) )

The next result is a direct corollary of
Corollary 15. For any m > 3% In (1/s) samples, we have | P — Px~ ||y < € with probability at least
1—4.

Lemma 28. Ler X1, X5, -- , X, be 0-1 independent identically distributed random variables with
mean 1. Let X =" | X,;. Fixm € Nand § € (0,1). If n > 27’”111 (&) then P(X <m) < 4.

Proof. This is a standard Chernoff bound argument. We have E[X] = nu. Assuming n > ™/, then
from multiplicative Chernoff bound we have:

L L B e e

Setting right hand side equal to ¢ and solving gives us n > % (m + ln(%)) which is satisfied

whenever n > 22 In (%) O
I
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Lemma 29 (Lemma H.3 of |Du et al.[(2019)). For any a,b,c,d > 0 with a < b and ¢ < d we have:
a ¢ <\a—c|+|b—d|

b dl' ™  max{b,d}

The next Lemma is borrowed from |Du et al.| (2019). They state their Lemma for a specific event
(€ = «(3) in their notation) but this choice of event is not important and their proof holds for any
event.

Lemma 30 (Lemma G.5 of Du et al.| (2019)). Let S = (S, - SH) and S = (gl, §H) be
the real and learned state space. We assume access to a decoder ¢ X — S and let ¢* X =S
be the oracle decoder. Let 0}, : Sh — Sy, be a bijection for every h € [H| and 6 : S — S where
0(3) = 01,(3) for 3 € Sp. Forany h € [H] and s, € Sy, we assume P(3), = 0, (sn) | sn) >1—¢
i.e., given the real state sy, our decoder (gg) will map it to 0;,* (sy,) with probability at least 1 — e.

Let ¢ : S — A be a deterministic policy on thf real state space and § : S — A be the induced
policy given by $(8) = ¢(0(3)) for every § € S. Let m, 7 : X — A where w(x) = p(¢*(z)) and
(x) = @(p(x)) for every x € X. For every random event € we have:

P () —Px(E)| < 2eH

Lemma 31 (Lemma H.2. of Du et al.|(2019)). Let there be two tabular MDPs M and M Let

S = (81, ,Su) be the state space of M and S = (Sl, SH) be the state space of./\/l Both
MDPs have a A be the action space of both MDPs and hortzon of H. For every h € [H], there exists

a bijection 0, : Sh— Sp. LetT: S x A— A(S) andT : 8 x A — A(S ) be transition dynamics
Sfor M and M satisfying:

Vhe HacAsel, Y ’Th(ﬁ(é’)|9(§),a)—fh(§’|§,a) <e

3~Sp

Let ¢ : S — A be a policy for M. Let ¢ : S — A be the induced policy on M such that for any
§ € Swe have p(8) = p(0(8)). Then for any h € [H] we have:

2

sRESK

P@(@il(éh)) — PW(S}L) < he

F EXPERIMENT DETAILS

We provide details for our proof of concept experiment below.

Modeling Details. We model F, used for performing independence test, using a single-layer feed-
forward network 6 with Leaky ReLu non-linearity (Maas et al.,[2013)) and a softmax output layer.
Give a pair of atoms z[u] and x[v], we concatenate these atoms and map it to a probability distribution
over {0, 1} by applying 0.

We implement the model class G for learning state decoder following suggestion of|Misra et al.| (2020).
Recall that a function in G maps a transition (x,a, ) € X x A x 2 ™* to a value in [0, 1]. We first
map x and & to vectors v; and v, respectively, using two separate linear layers. We map the action
a to its one-hot vector representation 1,. We map the vector vz to a probability distribution using
the Gumbel-softmax trick (Jang et al.L[2016)), by computing g; o< exp(vs[i] + ;) for all i € {1, 2},
where 9J; is sampled independently from the Gumbel distribution. We concatenate the vectors vy, 1,
and ¢ and map it to a probability distribution over {0, 1}, through a single layer feed-forward network
6g with Leaky ReLu non-linearity. We recover a decoder ¢ from the model that maps a set of atoms

T to ¢(T) = arg max;e(o,1} ¢i+1-
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Learning Details. We train the two models using cross-entropy loss. Formally, given a dataset
Ding = {(xs[u], z;[v],y;)}im for performing independence testing, and a dataset Dgps =

Ti, @, T4, y;) poy for learning a decoder, we optimize the model by minimizing the cross-entropy
loss as shown below

Mind Tabs

f = 1 § = 1
f argrfnea}( i Z n f(y | zifu], z;[v]), g = arg I;leagx Teae Z ng(y | i, a;, &;).

Here we overload our notation to allow the output of models to be distribution over {0, 1} rather than
a scalar value in [0, 1] as we assumed before. This is in sync with how we implement these model
class and allows us to conveniently perform cross-entropy loss minimization.

Planner Details. We use a simple planner based on approximate dynamic programming. Given
model estimate, reward function and a set of visited learned states, we perform dynamic programming
to compute optimal Q-values for the set of visited states. We assume the Q-values for non-visited
states to be 0. This allows us to compute Q-values in a computationally-efficient manner. Later, if the
agent visits an unvisited state, then it simply takes random action.

Hyperparameters. We set the hidden dimension of 8 £ to 10 and that of 65 to 56. We set the
threshold c on held-out log-loss value, when performing independence test to be 0.65. For reference,
if one uses a random uniform classifier then its performance is — In(0.5) & 0.69. We train both
models for 10 epochs using Adam optimization with learning rate of 0.001, and a batch size of 32.
We remove 0.2% of the training data and use it as a validation set. We evaluate on the validation
set after every epoch, and use the model with the best performance on the validation set. We used
PyTorch 1.6 to develop the code and used default initialization scheme for all parameters.
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