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Abstract

Training deep networks often fails due to ill-conditioned weight matrices and poorly shaped spec-
tra. We propose Chebyshev Moment Regularization (CMR), an orthogonally invariant spectral
penalty that jointly controls a log-condition proxy and higher-order Chebyshev moments of the
normalized Gram spectrum. CMR is implemented in exact and fast matrix-free modes, and its
gradients are mixed with the task loss via a decoupled, norm-capped rule. On a deliberately ill-
conditioned “VANISH” testbed, CMR reliably revives collapsed training, stabilizes gradient norms,
and produces compact spectra, outperforming spectral norm and condition-only baselines. We fur-
ther prove monotone descent of the condition proxy, bounded moment gradients, and orthogonal
invariance, providing theoretical support for CMR as a practical conditioning tool.

1. Introduction

Training deep networks in aggressive regimes (large depth, high learning rates, low precision) of-
ten produces ill-conditioned weight matrices with skewed spectra, leading to vanishing or unstable
gradients. Common fixes such as careful initialization, architectural tweaks, or spectral norm con-
straints only indirectly affect conditioning or control a single spectral edge.

We propose Chebyshev Moment Regularization (CMR), a simple drop-in spectral penalty that
directly shapes the Gram spectrum of each layer. CMR combines a smooth log-condition proxy with
higher-order Chebyshev moments of an affinely normalized spectrum, is orthogonally invariant,
and admits both exact and matrix-free implementations. To avoid destabilizing optimization, we
compute task and spectral gradients separately and mix them with a time-dependent weight and a
global norm cap, so that the spectral update never overwhelms the task update.

On a deliberately ill-conditioned “VANISH” testbed, CMR reliably rescues collapsed runs, sta-
bilizes gradient norms, and yields compact spectra, outperforming spectral norm and condition-only
baselines. We further prove monotone descent of the condition proxy under its gradient flow and
bounded moment gradients, supporting CMR as a practical tool for conditioning-sensitive training.

2. Method: Chebyshev Moment Regularization

Let W € R™*"™ be a weight matrix (for conv layers we flatten each kernel to an m x n matrix) and
G = W W with eigenvalues 0 < Apin(G) < Amax(G).
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Spectral proxies. We control the condition number via

peona(W) = %(log Amax(G) — 108 (Amin(G) + e)), (1)

where € > 0 is a small floor.
To capture higher—order spectral shape we normalize G to [—1, 1]. Let

c= %(Amax(G) + )\min(G))y d = max {%(Amax(G) - Amin(c;’))a 6}7 ()
and define G = (G — ¢I)/d. With Chebyshev polynomials T}, (via the standard three—term recur-

rence), we define for K > 3and 8 > 0

sp(W) = %Tr(Tk(@)), wy, = exp (B(k—?))), k=3,...,K, 3)

and the moment proxy

K
pmoment(W) = Z Wi Sk(W)2- 4)
k=3

We start at £ > 3 because £ = 0, 1,2 mostly encode mass/mean/variance of the normalized spec-
trum and are already constrained by the edge normalization and pcopg-
For a model with weight matrices {W“) }£:1 we define the total spectral penalty

L

Lspec (9) = Z (al Pcond(W(Z)) + a2 pmoment(W(Z))) . (5)
(=1

Exact and fast modes. In exact mode we form G = W W, compute all eigenvalues, and eval-
uate s, (W) exactly by applying the Chebyshev recurrence to G and taking traces. In fast mode
we only use matrix—vector products with T and W : A\,.x(G) is obtained by power iteration,
Amin(G) by inverse power iteration on (G + eI)~!, and s; (W) are estimated with a Hutchinson
estimator using S Rademacher probe vectors and the same recurrence applied in a matrix—free way.

2.1. Decoupled and Capped Spectral Gradients

Let Ly, (0) be the usual training loss. We use a time—dependent regularization weight
t
)\t:)\-min{l, TTV} (6)
where Ty, is a warmup horizon (warmup_steps in code). At step ¢ the conceptual objective is
£t(0) — Etask(g) + )\t £spec(9)- (7)
Rather than differentiating £; in one pass, CMR decouples the gradients. We first compute

Gtask = véﬁtask(9>7 Gspec,raw — vOﬁspec (0)7

and then apply the warmup to the spectral part

Gspec = At Yspec,raw -
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Let pspec € (0, 1] be a cap and 6 > 0 a small stabilizer. With global /> norms || - || over all trainable
parameters we set

0, if || gspecl| = 0,
= (®)
% min {1, M }, otherwise,
HQSpGCH +9
and update with
gt = Gtask T 7Vt Gspec- 9

Thus the spectral update is always bounded as ||Vt gspec || < pspec || Grask |-

3. Theoratical Analysis

We show: (i) the condition proxy decreases under its gradient flow, (ii) moment gradients are
bounded under mild spread, and (iii) the penalty is orthogonally invariant. Proofs are in App. B; the
rationale for using k£ > 3 moments is in App. A.

Assumptions and notation. We take ¢ > 0 so that )\min(WTW + eI) > 0. Gradients of spectral
terms are well-defined whenever the extremal singular values are simple; otherwise, statements hold
almost everywhere and extend via Clarke subgradients of spectral functions [1, 7, 10]. For Lemma 3
we assume a nontrivial spectral spread Apax(G) — Amin (G) > 0 Amax(G) for some 0 € (0, 1]; see
Remark 4 for the § — 0 case.

Theorem 1 (Monotone Descent for the Condition Proxy) Let W (t) evolve under the gradient
flow W (t) = =nV'w peona(W (t)) for n > 0. The condition proxy exhibits a strict descent property:

d
%Pcond(W(t)) =" HVWPcond(W(t»Hi“ <0.

Corollary 2 (Control over the Log-Condition Number) The condition proxy pcona and the true
log-condition number log k(W) are related by the identity log k(W) = peona(W) + % log(1 +
e/ O‘?nin(W)), Thus, the monotone decrease of p.ona guaranteed by Theorem 1 forces a non-increasing
trend in log k(W), bounded by an additive term that vanishes as € — 0.

Discrete-step behavior. While Theorem 1 is stated for gradient flow, in our experiments we ob-

serve a discrete-step monotonic trend for pcong under standard optimizers (Sec. 4), supporting its

use as a direct conditioning signal.

Note. The identity holds pointwise; the monotonicity conclusion applies almost everywhere along

trajectories where pconq is differentiable, and extends in the sense of energy dissipation inequalities

using Clarke subgradients [7].

Lemma 3 (Moment Gradients are Bounded and Scale-Friendly) Assume the spectral spread Apax(G)—
Amin(G) > 0 Apax(G) for some 0 € (0, 1]. Then the Frobenius norm of the moment penalty’s gra-
dient satisfies

C- K L
VW pmoment|| p < 17— + O([W]l5 7).
TE =W, ?

Moreover, without the spread assumption one always has the general bound

!
HvamomentHF < \/ﬁe K ||W||27
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so the claimed 1/||W ||2 decay is precisely the regime where the affine normalization is edge—dominated
(e, d=O(|W|3)).

Remark 4 When the spectrum is nearly degenerate (spread — 0), d is set by € and the bound
becomes linear in ||W ||2. In practice we keep e small and rely on the condition proxy to widen the
edges, quickly entering the favorable 1/||W || regime.

Proposition 5 (Orthogonal Invariance) The CMR penalty is invariant under orthogonal trans-
formations. For any orthogonal matrices QQ, R of appropriate dimensions,

Pcond(QWR) = pcond(W) and pmoment(QWR) = pmoment(W)-

4. Stylized VANISH Testbed

To isolate the effect of CMR on gradient stability, we consider a deliberately adversarial “VANISH”
setting. We train a fully—connected MLP on MNIST with depth L = 20 and hidden width d = 256,
using tanh activations and orthogonal initialization with a small spectral scale (“x—stress”). This
configuration is chosen so that standard training either fails completely or converges to a poor local
minimum.

We compare three methods:

1. Vanilla: Adam with cross—entropy loss, no explicit spectral control.
2. SN: spectral normalization on every linear layer, enforcing || W (9| < 1.

3. CMR: Chebyshev Moment Regularization (cond + moment penalty) in fast mode with Hutchin-
son probes and the decoupled, capped mixing rule of Sec. 2.

All methods share the same optimizer hyperparameters, batch size, and initialization.

VANISH: Test Acc (depth=20, CMR Mode: fast)
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Figure 1: VANISH testbed. Test accuracy vs. epoch for a depth-20 MLP on MNIST. Vanilla
collapses near chance, SN partially stabilizes but plateaus at low accuracy, while CMR (fast mode)
exhibits a sharp recovery and reaches high test accuracy.

Test accuracy and gradients. Figure 1 shows test accuracy over epochs. In this x—stressed
regime, Vanilla quickly collapses to near—random performance (= 0.11) and never recovers. SN
keeps training numerically stable but saturates around 0.25-0.30 accuracy, consistent with an overly
contractive mapping. In contrast, CMR exhibits a sharp transition: after a few low—accuracy epochs
it rapidly “revives” training, reaching ~ 0.85 test accuracy by epoch 5 and 2> 0.96 by epoch 10.
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Along this trajectory, we monitor the global gradient norm ||VgLyask||2. Vanilla frequently enters
a vanishing regime with extremely small gradients; SN stays in a narrow band close to the lower
edge, matching slow learning; CMR keeps gradient norms comfortably within a “stable band”
where gradients are informative but non—exploding. Together with decreasing condition proxies of
hidden layers, this supports the view that CMR turns a numerically pathological configuration into
a well-behaved one without changing the architecture.

5. Ablation: Moments and Mixing Strategy

We now dissect which parts of CMR are responsible for the stabilization observed in Sec. 4. We
keep the VANISH setup fixed and compare four variants:

* Vanilla: no spectral penalty.
* CondOnly—Capped: condition proxy only (a2 = 0) with capped mixing.

* CondMoment—Capped (full CMR): both condition and moment penalties with capped mix-
ing.

* CondMoment-Naive: same spectral penalty as full CMR, but mixed via naive addition
Liask + At Lspec (no decoupling or capping).

Singular Value Spectrum (hidden layers)

4.0 p_cond only
p_cond + p_moment

[ 2 4 6 8 10 12
Singular value o

Figure 2: Effect of higher—order moments. Hidden—layer singular value spectra under CondOnly—
Capped vs. CondMoment—Capped. The moment term removes a heavy tail and produces a compact,
better—spread spectrum.

Singular Value Spectrum (hidden layers)

Naive (VL + AVp)
35 Capped mixing

Singular value o

Figure 3: Mixing strategy. Singular value spectra for naive mixing V Liack + AtV Lgpec Vs. decou-
pled capped mixing (Alg. 1).
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5.1. Role of Higher—Order Moments

CondOnly—Capped and CondMoment—Capped both reduce the condition proxy and eventually es-
cape the collapsed regime, but CondMoment—Capped does so earlier and with smoother training
curves (cf. Fig. 1). The singular value histograms in Fig. 2 make the difference explicit: CondOnly
compresses the condition number but leaves a heavy tail—a few large singular values and many
very small ones. Adding the moment proxy substantially reshapes the spectrum: singular values
concentrate in a compact interval and the tail is dramatically shortened. Equivalently, the Cheby-
shev moments s; (W) remain small for £ > 3 only under full CMR, confirming that the moment
term controls spectral shape beyond what the log—condition number can see.

5.2. Decoupled Capped Mixing vs. Naive Addition

Naive mixing uses
Gnaive = veﬁtask(g) + )\tvaﬁspec(e)7

which allows the spectral component to dominate early in training. CMR instead uses the decou-
pled, capped rule of Alg. 1, enforcing ||V gspec|| < Pspecl| Grask||-

Both CondMoment-Naive and CondMoment—Capped can reach high final accuracy (= 0.96-0.97),
but their optimization traces differ. Naive mixing exhibits large gradient spikes and over—shrinks the
spectrum, producing histograms with mass piled near the smallest singular values (Fig. 3). Capped
mixing maintains a moderate spread of singular values and keeps gradients inside the stable band
from Sec. 4, avoiding the “regularizer fights the task” regime. Overall, these ablations indicate that
both ingredients are necessary for robust stabilization: (i) higher—order Chebyshev moments are
needed to control the full spectral shape, and (ii) decoupled capped mixing prevents the spectral
penalty from destabilizing or over—shrinking the network during optimization.

6. Related Work

Stability has been pursued via architecture (residual, normalization) [4, 6] and initialization [3],
which help indirectly rather than optimizing spectra. Among regularizers, spectral norm constrains
only ||[W{|2 [8], while orthogonality pushes near-isometries [2]. In contrast, CMR is a loss-level,
orthogonally invariant regularizer that jointly controls spectral edges (log-condition) and higher-
order shape (Chebyshev) with a capped mixing rule, offering a more direct handle on conditioning
with descent and bounded-gradient guarantees.
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Appendix A. Why Moments Start at £ = 3
Let G = WTW with eigenvalues {)\;}"_; and define the affine normalization G = (G —cl)/d

with ¢ = £ (Amax + Amin) and d = max{3(Amax — Amin), €} so that o(G) C [~1,1]. Chebyshev
moments are s, = +Tr(T;(G)) with Tp(z) = 1, T1(z) = z, and T»(z) = 2z* — 1. They satisfy

so=1, §51 = lTr(@):/\d—C, 32:%Tr(2@2_[):2.%zxg_17
i

“n

hence Var(\) = (%) — s2. Thus s, s1, 82 encode mass/mean/variance of the normalized spec-
trum—quantities already fixed by the edge-based normalization (¢, d) and largely governed by the
condition proxy. Penalizing £ < 2 would double-count edge/scale control and can interfere with
Peond- We therefore use &k > 3 to isolate higher-order shape (tails, asymmetry, peaky structure),
complementing edge control without redundancy.

Appendix B. Full Theoretical Results and Proofs

This appendix provides detailed derivations and proofs for the theoretical claims made in Section 3.
We adopt the notation from the main text.

B.1. Gradient of the Condition Proxy

To prove our main results, we first require the explicit form of the gradient for peong(WW). We state
the formula under simplicity of the extremal singular values; otherwise, subgradients exist and the
identities hold almost everywhere [1, 7].

Lemma 6 (Gradient of peona) Let W = U SV be the singular value decomposition of W. As-
sume the largest singular value oyax(W') and smallest singular value o,in (W) are simple. Let
(u1,v1) and (uy, v, ) be the corresponding pairs of left and right singular vectors. The gradient of
the condition proxy is given by:

1 Omin(W
L S, SO T
Tmax (W) Omin(W)? + €
Consequently, the squared Frobenius norm of the gradient is:

1 omin (W) \?
con W ; = .
[V peona (W) amax(w)2+<amin(W>2+€>

Proof The condition proxy is defined as peond(W) = log omax(W) — & log(omin(W)? + €). The
gradient of a simple singular value o; (W) with corresponding vectors (u;, v;) is the rank-one matrix
Vwai(W) = u;v, . Applying the chain rule yields:

1 1

vI/V Pcond (W) =

Vw 1OgUmax(VV) = mvwamax(w) = ai(VV)ulvir’
1 1
Vi (5 10g(omin(W)? + €)) = §WVW(Umm(W)2)
2 min w min w
= g ( ) VWUmin(W> = ? ( ) U UT

2(omin(W)?2 +€) Omin(W)24¢ " 77
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Subtracting the second term from the first gives the gradient formula. For the Frobenius norm, we
use the fact that singular vectors form orthonormal sets, meaning (ulvlT, v, Vg = Tlr(vluir upv, ) =
(u{ u,)(v{ v.) = 0 for 1 # r. Thus, the squared norm is the sum of the squared norms of the two
orthogonal rank-one components:

2

2 2 2 2
2 T T T i T
VW peona (W) 7 = o'riaxu v HF :::ieurv P = 0-121:1lax Hulvl HF+ <0£::i€) ‘urvr
Since Hu%”zT”ir = ||UzH§ H%H% = 1, the result follows. |

B.2. Proof of Theorem 1 and Corollary 2

Proof [Proof of Theorem 1] We analyze the time derivative of Peond (W (t)) along the gradient flow
W (t) = —nVwpeond(W (t)). By the chain rule:

d .
Zpeond(W (1)) = (Y peona W (1)), W (1)) .
Substituting the definition of the gradient flow:

d

apcond(W(t)) = (Vw pecond(W (1)); =nV'w peond(W (¥))) p = —1 HVWPcond(W(t))”i“

Since the squared Frobenius norm is always non-negative, we have % Peond(W (1)) < 0. The descent
is strict whenever V pcong 7 O (the generic case). |

Proof [Proof of Corollary 2] The log-condition number is log (W) = log oax (W) —1og omin (W).
The condition proxy is peond(W') = log omax(W) — % log(omin(W)? + €). We can write:

log k(W) = (10g Omax — log( ohin + e)) 1 log( Oiin + €) — 1og omin
= Pcond(W) 1 log( Omin T 6) ) log( rmn)
min + €
= pcond(W) + % log (O’>

min

1 €
= pcond(W) + 5 log <1 + O'min(W)2> .

This is the stated identity. Since peona(7W') decreases monotonically under the flow (Theorem 1),
log k(W) must also follow a non- increasing trend, perturbed only by the additive term which is
positive and depends on the ratio €/o> |

min*

B.3. Proof of Lemma 3 (Moment Gradient Bounds)

Proof The moment penalty iS pmoment(WW) = 2523 wyskp(W)2. Tts gradient is Viy pmoment =
ZkK:?) 2wy s Vws. We focus on bounding ||V syl p. Recall s, = 1Tr(T)(G)) where G =
(G —cI)/d and G = W TW. Using the chain rule for matrix derivatives: Vs, = 2W Vg5, and

Vask = gSG’“ gg The main term is % = T,g(@), by T} (z) = k Ug—_1(z) and
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SUP,e(—11] [Uk—1(2)| = k, we have || Ty (-)[loc < k2 [9, Thm. 1.2]. Thus the dominant part of the
gradient is

9 N

Taking the Frobenius norm and using || AB||r < ||A||2||B||r gives

2 ~ 2 ~ 2k?
IVwsile S g IV [ TU@) < 5 Wl VA ITL@ll < Zg 171,

Under the spread assumption, d = O(||W||2), yielding |V skl = O(k?/||W||2). Summing over
k =3,..., K and absorbing constants gives the stated bound; terms from V¢, Vd scale as 2 and

become O(||W||5?) after multiplying by W. If the spread is negligible, d = ¢ and the alternative
bound follows. |

B.4. Proof of Proposition 5 (Orthogonal Invariance)

Proof Let (), R be orthogonal matrices.

1. Condition Proxy pcona: The singular values of a matrix W are defined from the eigenvalues
of W TTW. The singular values of QW R are defined from the eigenvalues of (QW R) T (QW R) =
R'WTQTQWR = RT(WTW)R. Since WTW and R" (W TW)R are related by an or-
thogonal similarity transformation, they have the same eigenvalues. Therefore, W and QW R
have the same singular values. Since pcond(1V') depends only on opax (W) and opin (W), it
follows that peond (QW R) = peona(W).

2. Moment Proxy pmoment: Let Gy = WTW and Gowr = (QWR)T(QWR) = RTGwR.
As shown above, Gy and Gow r have the same set of eigenvalues. The affine normaliza-
tion constants ¢ = %()\max + Amin) and d = max{%()\max — Amin), €} depend only on the
extremal eigenvalues, and are thus identical for Gy and Ggw . Let’s call them ¢ and d.
The normalized Gram matrices are Gy = (G — cI)/d and @QWR = (Gowgr —cl)/d =
(RTGwR — ¢RTIR)/d = RT (Gw — cI)R/d = R" Gy R. By the functional calculus for
matrix polynomials [5, Chap. 1], Tk(RTéwR) = RTTk(C:’W)R. Using the cyclic property
of the trace,

1 1 1 .

sk(@QWR) = ~Tr(R'Ti(Gw)R) = ETY(RRTTk(@W» = —Tr(Ti(Gw)) = sk (W).

n
. . . o K 2 .
Since the moments s;, are invariant, the penalty pmoment(W) = > ;5 wisi(W)* is also

invariant.

This completes the proof that the entire CMR penalty is orthogonally invariant. |

Appendix C. Additional Diagnostics for the VANISH Testbed

For completeness we report additional diagnostics for the VANISH experiments.

10
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Gradient norms. First, we plot the epoch—wise global gradient norm ||V Ly sk |2 for all methods.
Vanilla frequently falls below the stable band, confirming gradient vanishing. SN stays within the
band but very close to its lower edge, matching its slow improvement in accuracy. All CMR variants
keep gradient norms within a comfortable interior of the band, with CondMoment—Capped showing
the most stable trajectory.

Layer—wise statistics. Second, we track per—layer condition proxies and singular values at early
and late epochs. Vanilla exhibits very skewed spectra with large condition proxies in deep layers. SN
enforces oyax =~ 1 but still drives many singular values to near zero, especially in the middle layers.
CondOnly—Capped reduces condition proxies but retains a noticeable tail. CondMoment—Capped
yields uniformly compact spectra and low condition proxies across all hidden layers, matching the
design of the penalty.

Taken together, these diagnostics corroborate the main findings of Secs. 4 and 5: without CMR,
the VANISH testbed suffers from either vanishing gradients or excessively skewed spectra, while
full CMR with capped mixing produces stable gradients and compact spectra throughout the net-
work.

Appendix D. Main Algorithm

Algorithm 1: CMR-SGD with decoupled, capped spectral gradients

Input: model 6, task loss Li,qx, Weights (A, o, o), cap pspec, warmup Ty, stabilizer §
fort=0,1,2,... do

Gtask < v@»ctask(e);

At <= A-min{l, /Ty };

Ospec,raw < v@ Zf (Ollpcond(W(g)) + Olmeoment(W(Z)));

Gspec < At Jspec,raw»

Yt <= min{1, pspec||graskll/(|gspec|l +6)}s

gt <= Gtask + VtYspecs
Update 6 with gradient g;;

end

11
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