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The impressive capabilities of large foundation models come at a cost of substantial
computing resources to serve them. Compressing these pre-trained models is of
practical interest as it can democratize deploying them to the machine learning
community at large by lowering the costs associated with inference. A promising
compression scheme is to decompose foundation models” dense weights into a sum
of sparse plus low-rank matrices. In this paper, we design a unified framework
coined HASSLE-free for (semi-structured) sparse plus low-rank matrix decomposi-
tion of foundation models. We introduce the local layer-wise reconstruction error
objective for this decomposition and demonstrate that prior work solves an approxi-
mation of this optimization problem. We provide efficient and scalable methods to
obtain good solutions to the exact optimization program. HASSLE-free substantially
outperforms state-of-the-art methods in terms of the layerwise reconstruction error
and a wide range of LLM evaluation benchmarks. For the Llama3-8B model with a
2:4 sparsity component plus a 64-rank component decomposition, a compression
scheme for which recent work shows impressive inference acceleration on GPUs,
HASSLE-free reduces the test perplexity by 18% for the WikiText-2 dataset and
reduces the gap (compared to the dense model) of the average of eight popular
zero-shot tasks by 28% compared to existing methods. Our code is available at:
https://github.com/mazumder-lab/HASSLE-free.

1. Introduction

Large Language Models (LLMs) have shown remarkable capabilities on numerous tasks in Natural
Language Processing (NLP), ranging from language understanding to generation [ 1-4]. The huge
success of LLMs comes with important challenges to deploy them due to their massive size and
computational costs. For instance, Llama-3-405B [4] requires 780GB of storage in half precision (FP16)
and hence multiple high-end GPUs are needed just for inference. Model compression has emerged
as an important line of research to reduce the costs associated with deploying these foundation
models. In particular, neural network pruning [5-7], where model weights are made to be sparse
after training, has garnered significant attention. Different sparsity structures (Structured, Semi-
Structured and Unstructured) obtained after neural network pruning result in different acceleration
schemes. Structured pruning removes entire structures such as channels, filters, or attention heads
[8-11] and readily results in acceleration as model weights dimensions are reduced. Semi-Structured
pruning, also known as, N:M sparsity [12] requires that at most N out of M consecutive elements are
non-zero elements. Modern NVIDIA GPUs provide support for 2:4 sparsity acceleration. Unstructured
pruning removes individual weights [13, 14] from the model’s weights and requires specialized

hardware for acceleration. For instance, DeepSparse [15-17] provide CPU inference acceleration for
unstructured sparsity.
Specializing to LLMs, one-shot pruning [18-21], where one does a single forward pass on a small

amount of calibration data, and prunes the model without expensive fine-tuning/retraining, is of
particular interest. This setup requires less hardware requirements. For instance, Meng et al. [ 18]
show how to prune an OPT-30B [22] using a single consumer-level V100 GPU with 32GB of CUDA
memory, whereas fine-tuning a pruned model (with a suboptimal sparsification strategy) using
Adam [23] at half-precision requires more than 220GB of CUDA memory.
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An interesting new development in model compression is the sparse plus low-rank matrix decomposi-
tion problem which aims to approximate model’s weights by a sparse component plus a low-rank
component [24-32]. Specializing to LLMs, Zhang and Papyan [33] propose OATS that outperforms
pruning methods for the same compression ratio (number of non-zero elements) on a wide range of
LLM evaluation benchmarks (e.g. perplexity in Language generation).

OATS [33] is a matrix decomposition algorithm that draws inspiration from a pruning algorithm
Wanda [20]. Wanda is related to another popular pruning method SparseGPT [19]. A recent
work ALPS [18] shows that by directly optimizing a layer-wise reconstruction loss for pruning can
result in better pruning-utility tradeoffs over prior approaches (e.g. Wanda, SparseGPT) especially
for high-sparsity regimes. In this paper, motivated by ALPS [18], we provide an optimization
framework to decompose pre-trained model weights into sparse plus low-rank components based
on a layer-wise loss function. Our framework is modular and can incorporate different pruning and
matrix-decomposition algorithms (developed independently in different contexts). We observe that
our optimization-based framework results in models with better model utility-compression trade-
offs, consistent with the findings in [18] for pruning. The advantage of our approach is particularly
pronounced for higher compression regimes.

Concurrently, in a different and complementary line of work, [34] have open-sourced highly special-
ized CUDA kernels designed for N:M sparse [ 12] plus low-rank matrix decompositions that result
in significant acceleration and memory reduction for the pre-training of LLMs. We note that our
focus here is on improved algorithms for one-shot sparse plus low-rank matrix decompositions for
foundation models with billions of parameters which is different from the work of [34] that focuses
on accelerating the pre-training of LLMs. The designed CUDA kernels [34] can be exploited in our
setting for faster acceleration and reduced memory footprint during inference.

Our focus here is also different from research related to contextual sparsity, which accelerates
foundation models by cutting off entire specific attention heads or MLP parameters dynamically
at inference time for a given input [35, 36]. The decomposition of LLMs’ weights and contextual
sparsity in LLMs are orthogonal research directions. They could be applied on top of each other
in the sense that a pre-trained model can benefit from speedups if its layers are compressed in
addition to speedups obtained thanks to contextual sparsity techniques which can be applied at
inference time. Another difference and motivation for the static compression approach we consider
here is that one can fine-tune the resulting model (with sparse plus low-rank decompositions) with
LoRA (low rank adaptation [37]) by fixing the (semi-structured) sparse component and training
the “smartly-initialized” low-rank components. This idea has been explored in the seminal works
of [38, 39]. In our proposed setting, we can reap the benefits of a faster forward-pass thanks to
available CUDA kernels for N:M sparsity plus low-rank structure and efficient backward-pass thanks
to LoRA modules.

Summary of approach. Our framework is coined HASSLE-free: Hardware-Aware (Semi-Structured)
Sparse plus Low-rank Efficient & approximation-free matrix decomposition for foundation models.

Hardware-aware refers to the fact that we mostly focus on a N:M sparse [ 12] plus low-rank decomposi-
tion, for which acceleration on GPUs is possible, although HASSLE-free supports any type of sparsity
pattern (unstructured, semi-structured, structured) in the sparsity constraint. Approximation-free
refers to the fact that we consider minimizing the local layer-wise reconstruction error introduced in
Equation (1). We show that prior work considers an approximation of this objective.

We formulate the compression/decomposition task as a clean optimization problem: we minimize a
local layer-wise reconstruction objective where the weights are given by the sum of a sparse and a low-
rank component. We propose an efficient alternating minimization approach that scales to models
with billions of parameters relying on two key components: one involving sparse minimization
(weight sparsity) and the other involving a low-rank optimization. We discuss how prior algorithms
can be interpreted as approximately solving these subproblems, each with different approximation
schemes.



We note that HASSLE-free differs from prior one-shot (sparse) pruning methods such as [7, 18, 19,

, 41] as we seek a sparse plus low-rank decomposition of weights. Additionally, it differs from
prior one-shot sparse plus low-rank matrix decomposition methods [33] as we directly minimize the
local layer-wise reconstruction objective introduced in Equation (1).

Our main contributions can be summarized as follows.

e We introduce HASSLE-free a unified one-shot LLM compression framework that scales
to models with billions of parameters where we directly minimize the local layer-wise
reconstruction error subject to a sparse plus low-rank matrix decomposition of the pre-
trained dense weights.

e HASSLE-free uses an alternating minimization approach that optimizes over a sparse and
a low-Rank component. HASSLE-free can use any pruning method as a plug-in for the
subproblem pertaining to the sparse component. Additionally, it uses gradient-descent type
methods to optimize the subproblem pertaining to the low rank component.

o We discuss how special cases of our framework relying on specific approximations of the
objective retrieve popular methods such as OATS, Wanda and MP — [13, 20, 33, 42]. This
provides valuable insights into the underlying connections across different methods.

e HASSLE-free improves upon state-of-the-art methods for one-shot sparse plus low-rank
matrix decomposition. For the Llama3-8B model with a 2:4 sparsity component plus a
64-rank component decomposition, HASSLE-free reduces the test perplexity by 18% for the
WikiText-2 dataset and reduces the gap (compared to the dense model) of the average of
eight popular zero-shot tasks by 28% compared to existing methods.

2. Related Work

Network pruning. Network pruning is a popular technique for reducing the complexity of deep
neural networks by removing redundant weights [5, 13]. Pruning methods can be classified on
the basis of the structure of the resulting sparse network. In terms of structure, pruning can be
categorized into unstructured pruning, semi-structured pruning, and structured pruning. Unstruc-
tured pruning offers better flexibility and higher sparsity levels, but requires specialized hardware
for acceleration, while structured pruning is more hardware-friendly but may suffer from larger
performance degradation. Semi-structured sparsity combines the benefits of unstructured sparsity
in terms of retaining the model’s performance thanks to its flexibility and the benefits of structured
sparsity in terms of efficiency. For example, NVIDIA has recently introduced sparse tensor cores [34]
to their hardware that accelerate Gemm with N:M sparsity on modern NVIDIA GPUs. In this paper,
we mostly consider N:M sparsity [12] for the sparsity constraint, although HASSLE-free supports
other sparsity structures.

Recently, algorithms —inspired by large-scale mathematical optimization tools—have been pro-
posed to prune a large pre-trained network under sparsity constraints. For example, CHITA [7],
FALCON [40] consider pruning using a Fisher loss function under unstructured sparsity and/or
FLOP constraints; ALPS [18] consider pruning using a layerwise reconstruction loss function under
unstructured /semi-structured sparsity; OSSCAR [43] study structured sparsity using a layerwise
reconstruction loss. Recently, [41] present SNOWS studying pruning for vision models using a
specialized loss function that takes into account higher-order feature embeddings. We refer the
reader to related work discussed in the aforementioned earlier papers for other nice algorithmic
work on pruning.

Sparse plus Low-Rank Matrix Decomposition. Decomposing a weight matrix into a low-rank
matrix plus a sparse matrix—closely related to the “robust PCA” problem—is a well-studied problem
from both theoretical and algorithmic perspectives in statistics, signal processing, optimization
communities [24-28]. More recently, these approaches have been explored in [29, 30] and in deep
learning by [31]. They have been extended to LLMs by [32] in the context of improving the utility of
fine-tuning LLMs and by [33] for sparse plus low-rank model compression.



One-shot matrix decompositions in LLMs. Matrix decomposition in the context of LLMs has
gathered a lot of attention recently. [38, 39] decompose models” weights into a quantized weight
plus a low-rank component. [39] study an alternating-minimization approach in a data-free fashion
(without using a calibration dataset). [38] consider both a data-free and a data-aware decomposition
for the quantized plus low-rank decomposition problem. Their data-aware decomposition relies
on an approximation of the Fisher importance matrix. The OATS approach [33] considers a sparse
plus low-rank decomposition of model’s weights—they take inspiration from the pruning algorithm
Wanda [20] to incorporate outlier information (from a calibration dataset) in their decomposition.
Our paper generalizes OATS [33] and computes a decomposition incorporating more information
from the calibration dataset.

3. Problem Formulation
We first introduce some notation that we will use throughout the paper.

Notation. For a matrix Z € R™*", rk (Z) denotes the rank of Z. For a given rank r € N, denote
C.(Z) = U, X, VT, corresponding to the matrices formed by retaining only the top-r singular
vectors and singular values from the full SVD of Z. The Eckart and Young [44] theorem shows that
Cr(Z) = arg minyg, vy<r |Z — M| where, || - || denotes Frobenius norm.

For a square matrix Z € R"*", Tr(Z) = }_,.(, Zii denotes the trace of Z, diag (Z) denotes the
diagonal matrix D € R"*" such that D;; = Z;; for any i € [n], and D;; = 0 for any i # j, 4,5 € [n].
We also let 1,, (and 0,,) denote the vector of all ones (and all zeros) of length n € N.

Layer-wise Reconstruction Error. Building on the one-shot pruning framework of Frantar and
Alistarh [19], we decompose the foundation model into layer-wise sub-problems, to be solved
sequentially layer by layer, where one aims to minimize the {5 error (ie, Frobienus norm error)
between the outputs of a dense layer and that of its compressed counterpart.

For each layer-wise sub-problem, let W € RVn*Not denote the pre-trained (dense) weight matrix
of layer ¢, where Ny, and Ny, denote the input and output dimension of the layer, respectively.
Given a set of N calibration samples, the input activation matrix can be represented as X € RVL* i,
where L is the sequence length of an LLM. It corresponds to the output of the previous layer (¢ — 1)
compressed layers (sparse plus low-rank), computed using the N calibration samples. We seek
to find a sum of a sparse weight matrix Wg and a low-rank weight matrix M that minimizes the
reconstruction error between the original and new layer outputs, while satisfying a target sparsity
constraint and a low-rank constraint. The optimization problem is given by

Minwe M HXW—X(WS+M)H st. WseCs, tk(M)<r 1)

2
F
where Wg, M € RNnXNow | Co denotes the the sparsity-pattern constraint set.

4. Algorithm Design

Optimizing Problem (1) is challenging as the constraints are non convex. While this optimization
formulation relates to the Robust-PCA literature [24, 25, 45], the size of parameters in Wg and M
can reach over 100 million in the LLM setting. For instance, the size of a down projection in a FEN of
a Llama3-405b [4] has more than 800 million parameters. Due to the limitations of prior approaches
(at this scale), we need to design computationally efficient algorithms to address the layer-wise
reconstruction matrix decomposition problem (1).

We propose to (approximately) optimize problem (1) using an alternating minimization approach
[24, 28]. At each iteration, we consider two sub-problems. In particular, at iteration ¢, we consider
sub-problem (P1), which pertains to the sparse component of the matrix decomposition:

. 2
WD ¢ arg minyy HXW -X (Ws + M(t)) HF st. WgeCs (2)

o~

~ 2 ~
— arg miny, HXW“) - XWSHF st. Ws e Cs. (WO .= W — M®)



The second sub-problem we consider, at iteration ¢, pertains to the low-rank component of the matrix
decomposition problem, is (P2):

—~ 2
M+ € argming, HXW - X (WsD + M) HF st k(M) <r 3)
_ 2 _ /-\
= arg miny, HXW(t+1) _ XMHF st. k(M) <r. (WD .= W — Ws(t+1)>

For notation simplicity, we remove the dependence on the iteration ¢ and study (2) rewritten as
follows:

- 2
Ws* € arg minyy, HXW _ XWSHF st. Ws € Cg (4)
— argminy, Tr ((VV ~Ws)TH(W — WS)) st. Ws e Cs. (H = XTX)
Similarly, we study (3) rewritten as follows:

M* € argminy |[XW - XM|% st k(M) <r (5)
= argminy; Tr (W —-M) H(W -M)) st rtk(M)<r.

We proceed to discuss algorithms that solve different variations of (P1) and (P2), and establish
connections across existing methods in model compression.

4.1. Minimizing sub-problem (P1)

For (4), one can consider different variants for H, the Hessian of the local layer-wise reconstruction
error.

4.1.1. Data-Free version: X = Iy, xn, = H=1In, xn,

A data-free pruning method (without a calibration dataset) considers X to be an identity matrix in
(4). When H is an identity matrix, equation (4) can be solved to optimality and an optimal solution
is obtained with Magnitude Pruning (MP, [13, 42]) using a simple hard thresholding operator on
the dense weight W — keeping the largest values and setting the remaining values to zero. Note
that MP can be applied to unstructured [13], semi-structured N:M sparsity [12], and structured
pruning [18]. This accommodates most sparsity sets Cg in the pruning literature.

4.1.2. Diagonal-approximation: H = diag(X ' X)

In Problem (4) we can approximate the Hessian of the local layer-wise reconstruction error by
its diagonal. An optimal solution in this case, can be obtained by hard thresholding DW, where
D = /diag(XTX). Note that this approximation results in the state-of-the-art pruning algorithm
Wanda [20]. In fact, the importance metric, S;; in Wanda for each entry W, is given by:

Xl = [DW] (D = V/diag(X X))

where, X; > denotes the i*" column of the input activation matrix X. [20] show impressive results
with this approximation for unstructured and semi-structured sparsity. OATS [33] decomposes
model weights into sparse plus low-rank using alternating minimization; their sparse update uses
this Wanda approximation (diagonal of the local layer-wise objective’s Hessian).

Sij = ‘sz

4.1.3. Full Hessian: H = X "X + I

This approach aims to minimize (4). [19] consider the full Hessian of the local layer-wise recon-
struction objective (P1) at the scale of pruning LLMs—they use approximations to simplify the
algorithm (as opposed to approximating the optimization formulation). Meng et al. [ 18] propose

’The difference in this formula—indexing of columns of X— with respect to the one introduced the Wanda
paper stems from the fact that Wanda considers the output of the layer to be XW T whereas we consider XW.



advanced algorithms to obtain good solutions to this optimization program using the operator
splitting technique ADMM [46]—they find impressive results for unstructured sparsity and N:M
sparsity. Meng et al. [43] consider the full Hessian formulation for structured sparsity and use
combinatorial optimization techniques for optimization.

Our framework can use any pruning algorithm developed for minimizing (P1). Since we aim to
directly optimize formulation (1), we select methods that use the entire Hessian—we observe that
these approaches give better utility for high compression ratios. SparseGPT [19] and ALPS [18]
are high-quality pruning methods that consider the entire Hessian. For our numerical results, we
present results using SparseGPT (default) and/or ALPS for problem (P1).

4.2. Minimizing sub-problem (P2)

For problem (P2), we discuss algorithms and related work for different choices of H.

4.2.1. Data-Free version: X = Iy, «n,,

Similar to the pruning literature, we consider a data-free version for the rank constrained problem.
Here a closed-form solution of the minimizer is given by the Truncated-SVD C,.(W) corresponding
to the best rank-r approximation of W. Li et al. [39] use SVD on the full matrix during their low-
rank minimization step for quantization plus low-rank matrix decomposition. Guo et al. [38] use a
randomized SVD [47] (in context of quantization plus low-rank decomposition) instead of the full
SVD resulting in runtime improvements.

4.2.2. Diagonal-approximation: H = diag(X " X)

The diagonal approximation of H appears in the pruning literature, see eg Wanda [20]. We analyze
problem (P2) with this approximation. Similar to 4.1.2, we introduce D = y/diag(X"X) in (5), use
the fact that D is symmetric, and have:

M* € argminy; Tr (W —M) ' D*(W —-M)) st k(M) <r
= argminy; |[DW — DM||2F st. rk(M) <r.

Assumptionl The input activations matrix X satisfies diag (X T X) is full-rank. Equivalently, no column
of X is identically On.1..

Theorem 4.1 If Assumptionl holds, then the closed-form minimizer of (5) is given by
M* =D 'C,.(DW).

The proof of Theorem 4.1 is obtained by introducing the auxialiary variable M = DM and noting
that rk(M) = rk(M), when Assumption1 holds.

Interestingly, OATS [33] uses the same operation in their low rank update as a part of the alternating
minimization approach (for sparse plus low rank matrix decomposition).

Corollary 4.2 OATS [33] exactly minimizes (1) with a diagonal approximation of the Hessian of the local
layer-wise reconstruction errot, since they minimize (P1) and (P2) with the same diagonal approximation
H = diag(X T X).

4.2.3. Full Hessian: H = XX + \I

Motivated by the use of a full Hessian for pruning (cf Sec 4.1.3), we also consider Problem (5)
by using the full Hessian. We reparametrize the low-rank matrix M € RNnxNew by UV ', with
U € RVoxr 'V g RNewX" We use first-order optimization methods to (approximately) minimize the
layer-wise reconstruction objective (wrt U, V), given by:

M* = U*V*',| U*,V* cargmingy Tr <(v‘v - UVT)T H (vV - UVT)) : (6)



Diagonal Scaling for Numerical Stability. Our initial experiments for problem (6), using gradient
descent type methods on U and V showed that the optimization problem can be ill-conditioned in
some transformer layers. This can lead to numerical instability in the optimization procedure. To
address this, we follow a similar rescaling approach proposed by Meng et al. [18]. Define (similar
to 4.2.2) the matrix D = y/diag(X " X) and reformulate the optimization equation (6) as follows
(when Assumptionl holds).

* —1pTANT* | * * . X T T -1 -1 X T
M* =D 'U*V*', U*,V* € argming y Tr (DW—UV ) D~ 'HD (DW—UV ) .
(7)
We note that the minimization problems in (7) and (6) are equivalent. This scaling, which sets the

diagonal of the new Hessian to 1y,,, only modifies the steps of gradient descent and leads to faster
convergence in practice. See Figure 1 showing the usefulness of our proposed diagonal scaling.

4.3. Our Proposed Approach

We consider program (1) with the full Hessian. Our results show that using the entire Hessian
outperforms OATS [33], which considers (1) with the diagonal approximation of the Hessian
approach, on a wide range of LLM benchmarks and compression ratios.

In our experiments, we show results with the SparseGPT [19] (default) or ALPS [18] algorithm
to minimize (P1) and the Adam algorithm [23] to minimize (P2) reparameterized and rescaled
asin (7). For (P1), we let Ours w/ SparseGPT and Ours w/ ALPS denote the algorithms that use
HASSLE-free with SparseGPT and ALPS (respectively).

Optimizations for Efficiency. Note that for a given layer ¢, the Hessian of the local layer-wise
reconstruction problem X "X in (4) as well as the rescaled version D=!X XD~ in (5) are invariant
throughout iterations. This is very important as pruning algorithms that use the entire Hessian
information [ 18, 19] need the Hessian inverse in their algorithm update. This inversion and associated
costs of Hessian construction are done only once (for each layer) and then amortized throughout
iterations. In Algorithm 1, we use U®~1) and V(*~1) as initializations for the optimizer, as they are
close to the minimizers of (P2) at iteration ¢. This accelerates the convergence in practice.

Computational Complexity of HASSLE-free w/ SparseGPT & Runtimes.

Model Algorithm Runtime
e Hessian constructionin O(N LN, ): This is obtained by OATS-2:4+64LR 9.27
. . . NL . . o
using the 1de1’1t1ty XTX — Z o .TﬂCT fOllOng [ ] Llama3-8B  Ours-2:4+64LR w/ SparseGPT 20.49
4 . . . 35 H Ours-2:4+64LR w/ ALPS 20.13*
e Hessian inversion in O(N;2).

. 3 in O(Tane (N3 OATS-2:4+64LR 045

e Sparse minimization (w/ SparseGPT®) in O(Tam (N3 + Llama32-1B  Ours-2:4+64LR v/ SparseGPT 216

N2 Nout)): The associated pruning itself is applied dur- Ours-2:4+64LR w/ ALPS 6.77

ing each of the alternating minimization steps, hence OATS-2:4+64LR 2581

its cost is multiplied by Tam. Llama3.2-3B  Ours-2:4+64LR w/ SparseGPT  6.19

o Low-Rank minimization in O(TamTirNZ Nout): The Ours-2:4+64LR w/ ALPS 17.06
first-order optimization of U,V is performed in  Table 1: Runtime (hours) Analysis for one-
O(N%Nout) for TamT1r times overall. shot 2:4 sparse plus a 64-rank matrix decom-

position of HASSLE-free. All unmarked ex-
periments were run on a single L40 GPU.

In the context of LLMs, where Ni,, Nout are a constant multiple of &, the LLM hidden dimension, the
complexity of HASSLE-free w/ SparseGPT is given by O(NLh + TamTirh?).

The computational cost of ALPS is more involved — we report only its runtime in Table 1
*Using a single A100 80GB GPU. We use L40 48GB GPUs for all other experiments in Table 1.



Algorithm 1 Low-Rank-GD

Input Optimizer (optimization algorithm, e.g. Adam), H (Hessian), W (Weights), Uinit, Vinit
(warm-up initialization for the joint minimization of U, V), Tir (# iterations),  (learning rate).

Obj(U, V) « Tr ((W ~UV)TH(W — UVT))

U*, V* < Optimizery v (Obj, Uinit, Vinit, TR, 77)
Output U*, V*.

Algorithm 2 HASSLE-free

Input for a given layer £: H = (XX + AI) (Hessian of (1), plus a regularization term for numer-

ical stability), W (dense pre-trained weights), Tanm (# iterations of alternating-minimization),
Tir (#iterations of Low-Rank-GD), 1 (learning rate for U, V), Cy (sparsity pattern), r (rank of
low-rank components), Prune (any pruning algorithm, e.g. SparseGPT/ALPS), Optimizer (any
first-order algorithm, e.g. Adam), is_scaled (bool to apply scaling 4.2.3).

D + ,/diag(H) //Diagonal of the Hessian.

H™ !« inv(H) //Inverse the Hessian.

WS — ONinXNoul

U « ONin <7

V ./\fNoer // element-wise independent gaussian initialization.

fort=1...Tay do

W < Prune (H*l, W_uUv’, Cs)

/] Wg =~ \/7\\7 — UVT, satisfies Cg sparsity pattern & minimizes (P1).
n < get_Ir(¢t,n) // In practice, n, =n/(t+ 10).
if is_scaled then

U,V ¢ Low-Rank-GD (0ptimizer, D'HD!,D (\/7\\7 - WS) DU, V, Tix, m)

U+ D 'U //Rescale U back.
else

U,V + Low-Rank-GD (Optimizer, H, W — Ws,U,V, TR, nt)

!/ UV =W — Ws, has rank at most r & minimizes (P2).
M« UV’
Output for a given layer £: Wg, M.

5. Experimental Results

5.1. Experiment Setup

Models and datasets We evaluate our proposed method HASSLE-free on two families of large
language models: Llama-3 and Llama-3.2 [4] with sizes ranging from 1 to 8 billion parameters. To
construct the Hessian X " X, we follow [19]: we use 128 segments of 2048 sequence length each,
randomly sampled from the first shard of the C4 training dataset [48]. To ensure consistency, we
use the same calibration data for all pruning algorithms we benchmark. We also consider one-
shot compression results without retraining. We assess the performance using perplexity and
zero-shot evaluation benchmarks, with perplexity calculated according to the procedure described
by HuggingFace [49], using full stride. For perplexity evaluations, we use the test sets of raw-
WikiText2 [50], PTB [51], and a subset of the C4 validation data, which are popular benchmarks
in the LLM pruning literature [18, 19, 43]. Additionally, we evaluate the following zero-shot tasks
using LM Harness by Gao et al. [52]: PIQA [53], ARC-Easy (ARC-E) & ARC-Challenge (ARC-C)
[54], Hellaswag (HS) [55], Winogrande (WG) [56], RTE [57], OpenbookQA (OQA) [58] and BoolQ
[59]. The average of the eight zero-shot tasks is also reported.



5.2. Results
To benchmark the performance of our matrix decomposition algorithm, HASSLE-free uses the same

number of alternating-minimization steps as OATS [33] which is 80. We report results for the scaled
version of HASSLE-free, with the same learning rate = 1le~2 for all layers and considered models.
We consider the following two settings.

N:M Sparsity + Fixed Rank: We impose the sparsity pattern Cs to be IV : M sparsity and we fix the
target rank r = 64 of the low-rank component for all layers. We benchmark our method with OATS
[33]. The results are reported in Table 3.

N:M Sparsity + Fixed Compression Ratio: This is similar to the setting described by [33] for
N:M sparsity evaluations. Each layer, with dense weight matrix W, is compressed to a prefixed
compression ratio p (e.g. 50%) so that W ~ W .5 + M, and the target rank is given by

r= L(l - P %) : (Nout ' Nin)/ (Nout + Nin)J'

Note that the effective number of parameters stored is therefore

#params W y. s +#params U+ #params V = % -(Nout*Nin) +7Nin+7Nowt < (1—p)-#params V/\\/',
hence the comparison to other pruning methods matched at the same compression ratio p. The
results are reported for the Llama3-8B model in Table 2 for HASSLE-free, 0ATS, and different N:M

pruning algorithms (SparseGPT [19], Wanda [20], DSNoT [21]) compressed at p = 50%. The results
are expanded for HASSLE-free and OATS in Appendix A.

Table 2: Performance analysis for one-shot . Perplexity (1) Zero-shot (1)
. 1

N:M sparse plus a low-rank matrix decom- 8 C4 WI2 PTB  PIQA ARCE ARCC
position of the Llama3-8b model. The com- SparseGPT-4:8 1494 1240 1790 7320 6854 3486
; ‘i f _ Wanda-4:8 1888 1452 2426 7152 6491 3403
lgressllor} ratio is fixed tlo be p = O‘?' F(g DSNoT-4:8 1889 1476 2390 7149 6565 3357
erplexity, (|) lower va ues are prererred. SparseGPT-2:4 1889 1635 2508 7054 6309  31.84
For zero-shot tasks, (1) higher values are Wanda-2:4 3081 2436 4489 6756 5620 2611
preferred. Bolded values correspond to a DSNoT-2:4 2878 23.09 4095 6770 5646 2568
. bet lus low-rank OATS-2:8+LR 2103 1454 2415 7367 5968  37.12
comparison between sparse plus low-ran Ours-2:8+LR w/ SparseGPT 2005 1503 2201 7405 6052 3618
decomposition algorithms. Underlined Ours-2:8+LR w/ ALPS 17.89 13.07 19.11 7454 6553  39.08
values Correspond to the overall best co- OATS-3:8+LR 16.87 1143 1853 7524 6591 39.85
X , . Ours-3:8+LR w/ SparseGPT 1616 1136 1671 7579 6755  41.04
mopression scheme given a compression Ours-3:8+LR w/ ALPS 1485 1020 1542 7715 6940  43.64
ratio p = 50%. dense 944 614 1118 8079 7769 5333

5.3. Reconstruction error on a single Transformer block

To show the performance of OATS and HASSLE-free on the layer-wise reconstruction objective (1),
we compute the error produced with the two algorithms (both after 80 iterations—default value used
in OATS [33]). This is given by HXV/\\/ — X (Wg + M) ||%, when applied to the model Llama-3-8B
[4], we let Cs correspond to 2 : 4 sparsity and use fixed rank r = 64. Results of the local layer-wise
error are reported in Figure 1 for OATS, HASSLE-free scaled and HASSLE-free unscaled.

Layer-wise reconstruction Error
x1

[0 HASSLE-free scaled

. . . ! BN HASSLE-free unscaled
Figure 1: Local layer-wise reconstruction error | x10? == oATS

(lower values are preferred) analysis of the de-
composition of the layers of the first transformer
block in Llama-3-8B into a 2:4 sparse component
plus a 64-rank low-rank component. All methods
use the same number of alternating minimization
steps 80. We show results for HASSLE-free w/
SparseGPT for minimizing (P1).

2

Objective Error 1

1 " g_proj k_proj v_proj o_proj gate_proj up_proj down_proj
6. COIIClllSIOIl Transformer blocks layers

We present HASSLE-free, a unified framework for one-shot sparse plus low-rank matrix decomposi-
tion for foundation models. HASSLE-free considers a local layer-wise reconstruction objective and



Perplexity (/) Zero-shot (1)

Model Algorithm
C4 WT2 PTB PIQA HS ARCE ARC-C WG RTE OQA BoolQ Avg
DATS-2:8+64LR 36824 41614 56546 5229 2803 2753 2270 4917 5271 2640 4208 37.61
Ours-2:8+64LR w/ SparseGPT 9046 9259 10880 5452 30.85 3144 2073 5020 5271 2660 60.37 4093
Ours-2:8+64LR w/ ALPS 7003 7520 99.44 5734 3237 3249 2159 5272 5271 27.00 6272 42.37
0ATS-3:8+64LR 4821 3565 5652 6523 4205 4701 2594 5801 5271 2740 67.89 4828
Ours-3:8+64LR w/ SparseGPT 2888 2148 3254 6899 5219 5055  29.86 6290 5307 2980 7284 5253
Ours-3:8+64LR w/ ALPS 2560 1942 2772 6948 5458 53.83 3038 6582 54.87 33.60 7024 5410
Llama3-8B OATS-4:8+64LR 1597 1052 1671 7514 6869 6667 4087 69.60 54.87 3940 79.76  61.89
Ours-4:8+64LR w/ SparseGPT 1467 993 1528 7639 7048 6848 4258 7032 5415 39.80 7948 6271
Ours-4:8+64LR w/ ALPS 1414 958 1478 7693 7135 6915 4445 7174 5848 4140 79.69 6415
DATS-2:4+64LR 2105 1442 2262 7285 6247 6069 3635 67.09 5487 3500 7511 58.05
Ours-2:4+64LR w/ SparseGPT  18.06 1266 18.66 7486 6477 6385 3737 6922 5668 3640 7612 5991
Ours-2:4+64LR w/ ALPS 1676 1183 1776 7508 6637 63.64 3754 69.69 64.62 37.20 77.89 6150
dense 944 614 1118 8079 7917 7769 5333 7285 69.68 4500 8144  69.99
0ATS-2:8+64LR 74037 82540 75422 5212 2746 2837  23.72 4886 5271 2460 37.77 3695
Ours-2:8+64LR w/ SparseGPT  167.87 133.01 16273 5430 2873 3035 2193 5051 5343 2520 5168 39.52
Ours-2:8+64LR w/ ALPS 12547 11449 13610 5528 2007 3211 2090 5146 5271 2560 55.87 4038
DATS-3:8+64LR 9632 7410 9370 5952 3351 3641 2270 5099 5271 2580 6214 4297
Ours-3:8+64LR w/ SparseGPT 4579 3415 5220 6208 3824 4104 2363 5454 5271 3040 6220 45.60
Ours-3:8+64LR w/ ALPS 4095 3033 4458 6376 39.64 4314 2466 5493 5271 2820 61.65 46.09
Llama3.2-1B OATS-4:8+64LR 2675 1849 3194 6730 4952 5051 2841 5667 5596 3240 6287 5046
Ours-4:8+64LR w/ SparseGPT 2271 1605 2680 6828 5142 5122 2918 58.64 5307 3000 6251 5054
Ours-4:8+64LR w/ ALPS 2118 1511 2468  70.08 5273 5227  29.69 5809 5199 3200 6312 5125
0ATS-2:4+64LR 3680 2626 4235 6436 4335 4777 2645 5580 5271 3040 6266 47.94
Ours-2:4+64LR w/ SparseGPT  27.09 1957 3173  67.03 4753 4743 2816 58.64 5271 3060 62.60 4934
Ours-2:4+64LR w/ ALPS 2556 1838 2997  68.12 47.84 4895  28.07 5912 5271 32.80 6220 49.98
dense 1401 975 1759 7459 63.66 6048 3626 60.69 56.68 3720 6398 56.69
OATS-2:8+64LR 44437 54353 85116 5256 27.54 27.99 2346 5043 5199 2660 37.86 37.30
Ours-2:8+64LR w/ SparseGPT 12214 11474 16578 5457 2893 3000 2108 4949 5271 2620 6214 4065
Ours-2:8+64LR w/ ALPS 87.85 8597 12834 5577 30.33 3224 1980 4980 5271 2660 6131 41.07
0ATS-3:8+64LR 5680 4162 7275 6268 4049 4184 2406 5391 5235 2660 6410 4575
Ours-3:8+64LR w/ SparseGPT  35.07 2712 39.63 6643 4608 4642 2662 5817 5596 29.00 6547 4927
Ours-3:8+64LR w/ ALPS 2974 2290 3573 6741 4826 5269 2841 5817 5271 30.00 69.24 50.86
Llama3.2-3B ~ gp75_4.8+64LR w/ ALPS 1852 1285 2069 7285 6168 6242 3601 6417 6029 3640 7275 5832
Ours-4:8+64LR w/ SparseGPT 1719 1215 1924  73.99 6359 6292 3626 6748 57.76 3920 7190 59.14
Ours-4:8+64LR w/ ALPS 1640 1162 1817 7383 6424 6229 3626 6519 5596 37.00 72.87 5846
0ATS-2:4+64LR 2432 1706 2854 7198 5587 5880 3336 5991 53.07 33.80 7018 54.62
Ours-2:4+64LR w/ SparseGPT  20.82 1565 2377 7171 57.88 5884 3439 6212 5812 3360 6792 5557
Ours-2:4+64LR w/ ALPS 1934 1425 2164 7252 59.28 6027 3336 6385 57.04 3640 7223  56.87
dense 1133 781 1353 7748 7361 7163 4599 69.85 5451 43.00 7339  63.68

Table 3: Performance analysis for one-shot N:M sparse plus a 64-rank low-rank matrix decomposition
of Llama3 and Llama3.2 models. The rank of the low-rank component is fixed to be r = 64. For
Perplexity, (J) lower values are preferred. For zero-shot tasks, (1) higher values are preferred.

employs an alternating minimization approach to get good solutions. It scales to models with billions
of parameters and it is made efficient by exploiting the problem structure (e.g. Hessian-invariance
throughout iterations and diagonal rescaling of a minimization approach). Our experiments show
that HASSLE-free outperforms existing methods for sparse plus low-rank decomposition of LLMs
on a wide-range of LLM evaluation benchmarks. There are many directions for future work. Can we
design more efficient algorithms for the decomposition? Extending (P1) (subproblem pertaining
to sparsity) to include quantization and quantized-sparse compression would be interesting—this
would give a better understanding of optimization-based approaches in decomposing dense pre-
trained weights into a compressed version (e.g. quantized) plus a low-rank component.
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A. Experimental Details

A.1. Experimental Setup

Following the framework proposed by Frantar and Alistarh [19] for one-shot pruning, we minimize
Equation (1) sequentially, layer by layer. For a given layer ¢, the input activation matrix X introduced
in Section 3 is the output of the previous ¢ — 1 compressed layers (sparse plus low-rank) using N
calibration samples.

Implementation details.

e For the construction of the Hessian matrix H = X T X introduced in Section 4, we use the
same setup of SparseGPT [19] and we use the author’s implementation of SparseGPT—as a
pruning plug-in method to minimize (P1) (codes available on GitHub).

e We utilize the author’s implementation of OATS [33] with the default hyperparameter
settings to show LLM evaluation benchmarks and layer-wise reconstruction error in Figure 1.

e The LLM evaluation benchmarks reported in Table 2 are retrieved from the paper ALPS by
Meng et al. [ 18] which uses the same evaluation strategy (and code) we do for the reported
tasks [other zero-shot tasks are not reported in ALPS]. We report all zero-shot tasks results
for OATS and HASSLE-free in Table 4.

A.2. Hyperparameter Choice

The hyperparameters used in HASSLE-free for all experiments and models are the following: A =
0.01 Tr (H). Tam is set to be 80; default value in OATS. Tir = 50; we propose this default value for
all experiments. 7 = le~2; we propose this default value for all experiments (only works well with
the scaling introduced in Section 4.2.3). r is either set to 64 and fixed for all layers, or is flexible and
given by the formular = [(1—p — 47) - (Nout - Nin)/ (Nout + Nin) | introduced in Section 5. Prune;
we propose by default to use SparseGPT. Optimizer; we propose the Adam optimizer. is_scaled; we
propose to set this to True by default. It converges faster in practice and allows to skip the tuning of
the learning rate 7.

A.3. Additional Experimental Resuls

N:M Sparsity + Fixed Compression Ratio: This is the same setting described in Section 5. We extend
the results reported in Table 2 to include the 8 zero-shot tasks and the Llama3.2 model. Results are
reported in Table 4.

Unstructured Sparsity + Fixed Rank Ratio: This is the setting introduced in OATS [33]. This scheme
takes as inputs a compression ratio p (e.g. 50%) and rank ratio x (e.g. 0.3; default value in OATS for
the Llama3-8B model). The rank of the low-rank component r and the number of non-zeros k in the
unstructured sparsity are given by.

Nout : Nin

p= e R k= A=) (= ) N N

See OATS for a discussion on how to choose the rank ratio « for a given model. Note that OATS
introduces OWL ratios—different sparsity budgets for different layers to reduce the utility drop. The
results for this setting do NOT apply OWL and consider uniform unstructured sparsity throughout
layers. The results for OATS and HASSLE-free are reported in Table 5.
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Perplexity (/) Zero-shot (1)

Model Algorithm
C4 WT2 PTB PIQA HS ARC-E ARC-C WG RTE OQA BoolQ Avg
0ATS-2:8+LR 21.03 1454 24.15 73.67 6242  59.68 3712 6543 5523 3640 7398 57.99
Ours-2:8+LR w/ SparseGPT ~ 20.05 15.03 22.01 74.05 60.69  60.52 36.18 66.77 57.04 3500 76.02 5828
Ours-2:8+LR w/ ALPS 17.89 13.07 19.11 74.54 64.50  65.53 39.08 69.14 59.57 37.60 76.85 60.85
Llama3-8B OATS-3:8+LR 16.87 1143 1853 7524 6690 6591 39.85 6890 61.37 39.00 76.61 61.72
Ours-3:8+LR w/ SparseGPT 16.16 1136 16.71 75.79 67.33  67.55 41.04 69.53 5848 3920 7991 62.35
Ours-3:8+LR w/ ALPS 14.85 1020 1542 7715 69.66  69.40 43.86 7024 63.54 39.40 7789  63.89
dense 944 614 1118 80.79 79.17  77.69 5333 72.85 69.68 45.00 8144 69.99
OATS-2:8+LR 78.18 53.05 80.17 59.03 36.42 37.08 22.87 5280 5271 2740 6177 4376
Ours-2:8+LR w/ SparseGPT  41.08 30.92 48.85 6322 39.07 4255 25.77 5517 53.07 2800 6211 46.12
Ours-2:8+LR w/ ALPS 36.29 27.35 42.07 64.09 41.55 43.64 2491 55.88 53.07 31.00 6190 47.01
Llama3.2-1B OATS-3:8+LR 42.81 29.35 47.58 63.49 4225 4343 25.09 54.85 5235 29.60 62.05 46.64
Ours-3:8+LR w/ SparseGPT  31.35 22.89 34.99 6643 4500 4642 2585 5643 5271 2880 6226 47.99
Ours-3:8+LR w/ ALPS 26.78 19.37 31.55 67.30 47.09  46.89 27.90 56.59 52.71 30.60 63.61 49.09
dense 1401 975 1759 7459 63.66  60.48 3626  60.69 56.68 3720 6398  56.69
OATS-2:8+LR 30.73 22.65 36.31 6855 51.76  54.46 3114 61.17 5848 3080 7043 5335
Ours-2:8+LR w/ SparseGPT 2522 19.61 29.54 69.59 5294 5530 29.69 6267 5523 30.60 6924 53.16
Ours-2:8+LR w/ ALPS 22,62 17.31 26.58 70.84 55.74  57.28 3259 6472 5415 3540 67.83 54.82
Llama3.2-3B OATS-3:8+LR 2196 15.84 26.22 72.69 58.61 5892 3413 6314 5812 33.60 6722 55.80
Ours-3:8+LR w/ SparseGPT  20.03 14.85 22.92 7242 5892  56.69 3353 64.01 5632 37.00 7031 56.15
Ours-3:8+LR w/ ALPS 18.21 13.50 20.96 72.96 61.62  62.25 34.98 66.38 5848 3520 70.12 57.75
dense 1133 7.81 1353 7748 7361 71.63 4599  69.85 5451 43.00 7339 63.68

Table 4: Performance analysis for one-shot N:M sparse plus a low-rank matrix decomposition of
Llama3 and Llama3.2 models. The compression ratio is fixed to be p = 0.5. For Perplexity, (|) lower
values are preferred. For zero-shot tasks, (1) higher values are preferred.

Perplexit; Zero-shot

Model Algorithm Ld y () ™
[ WT2  PTB PIQA HS ARC-E ARC-C WG RTE OQA BoolQ Avg
OATS-60%+LR 23.61 16.52 25.85 7291 59.65  60.10 3336 6535 53.07 3160 7596 56.50
Ours-60%+LR w/ SparseGPT 20.70 15.66 23.31 7329 6058  59.26 3464 67.88 5343 3540 75.08 57.44
Ours-60%+LR w/ ALPS 18.55 13.69 20.58 73.88 63.75 63.38 36.77 67.25 58.48 37.60 76.15  59.66
OATS-70%+LR 10698  81.77 11044 55.60 3030 3245 20.05 4996 5271 27.00 6235 4130
Llama3-88  0urs-70%+LR w/ SparseGPT 50.07 49.13 60.89 60.50 39.67 37.21 2338 5525 5271 2740 66.09 4527
Ours-70%+LR w/ ALPS 41.50 34.38 47.66 64.58 41.76  42.30 25.77 60.62 5271 29.80 68.35 48.24
OATS-80%+LR 74840  909.75  1601.02 5229 2725 2681 2440 4759 5271 2660 37.83 36.93
Ours-80%+LR w/ SparseGPT 164.27 26528  235.38 53.32 2853 29.38 2022 4949 5271 2660 3884 3739
Ours-80%+LR w/ ALPS 120.66  150.32  148.24 53.86 29.27  29.55 21.08 50.67 5271 2740 4792 39.06
dense 11.33 7.81 13.53 7748 7361  71.63 4599 6985 5451 4300 7339 63.68
0ATS-60%+LR 73.87 54.42 79.95 5849 35.02 3535 2295 5083 5271 2620 6220 4297
Ours-60%+LR w/ SparseGPT 53.56 41.63 58.35 62.68 38.62  39.69 2534 5556 5271 29.00 62.08 4571
Ours-60%+LR w/ ALPS 44.60 36.72 46.82 64.47 40.37 4217 25.51 5478 5271 2640 62.20 46.08
0ATS-70%+LR 32624  311.00  315.90 5441 2866  29.25 23.29 51.07 5271 2660 59.82 40.73
Llama3.2-1B Ours-70%+LR w/ SparseGPT 156.56  135.92  153.59 55.60 2931 3148 2090 5099 5271 2640 6214 41.19
Ours-70%+LR w/ ALPS 97.60 83.34 98.42 56.80 30.71 34.13 2056 5335 5271 2500 6128 41.82
0ATS-80%+LR 1856.90 3129.91 4402.58 5071 2620 2626 2415 5004 5271 2580 3783 3671
Ours-80%+LR w/ SparseGPT 34134 37874  400.86 52.77 2687  28.96 21.76  50.75 53.07 25.60 3991 37.46
Ours-80%+LR w/ ALPS 286.65 269.78  262.04 53.26 27.59 28.70 21.67 4870 53.07 2600 42.08 37.64
dense 11.33 7.81 13.53 7748 7361 7163 4599  69.85 5451 43.00 73.39 63.68
OATS-60%+LR 34.57 24.94 4151 67.79 4840 5257 30.38 5770 5415 3080 65.66 50.93
Ours-60%+LR w/ SparseGPT 27.67 21.90 33.40 69.15 5204 5126 2952 6196 5812 2980 69.72 5270
Ours-60%+LR w/ ALPS 2443 18.68 28.38 70.24 5442 53.58 30.55 63.22 5848 3460 6832 54.18
OATS-70%+LR 15548  121.76  167.60 5457 29.83 3043 2142 4964 5271 2820 6043 40.90
Llama3.2-3B Ours-70%+LR w/ SparseGPT 78.65 75.23 103.10 5843 3244 3527 21.67 4941 5271 2700 6229 4240
Ours-70%+LR w/ ALPS 56.85 50.70 74.66 60.23 36.09 37.42 22.61 5312 52.71 28.00 62.02 44.02
OATS-80%+LR 1085.27 1610.87 2546.29 50.60 26.60  26.68 2440 47.67 5271 2660 37.83 36.64
Ours-80%+LR w/ SparseGPT 217.62 32098  320.02 53.10 2786 29.12 2201 4775 5054 2660 46.61 37.95
Ours-80%+LR w/ ALPS 149.85 185.15 229.48 53.37 28.60 29.00 19.71 50.43 52.71 25.80 56.73  39.54
dense 11.33 7.81 13.53 7748 7361  71.63 4599 6985 5451 4300 7339 63.68

Table 5: Performance analysis for one-shot unstructured sparsity plus a low-rank matrix decompo-
sition of Llama3 and Llama3.2-3B model. The rank ratio of the low-rank component is fixed to be
k = 0.3. For Perplexity, ({) lower values are preferred. For zero-shot tasks, (1) higher values are
preferred.
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