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Abstract

Low-Rank Adaptation (LoRA) has become the de facto parameter-efficient fine-
tuning (PEFT) method for large language models (LLMs) by constraining weight
updates to low-rank matrices. Recent works such as Tied-LoRA, VeRA, and VB-
LoRA push efficiency further by introducing additional constraints to reduce the
trainable parameter space. In this paper, we show that the parameter space reduction
strategies employed by these LoRA variants can be formulated within a unified
framework, Uni-LoRA, where the LoRA parameter space, flattened as a high-
dimensional vector space RD, can be reconstructed through a projection from a
subspace Rd, with d ≪ D. We demonstrate that the fundamental difference among
various LoRA methods lies in the choice of the projection matrix, P ∈ RD×d. Most
existing LoRA variants rely on layer-wise or structure-specific projections that limit
cross-layer parameter sharing, thereby compromising parameter efficiency. In light
of this, we introduce an efficient and theoretically grounded projection matrix that
is isometric, enabling global parameter sharing and reducing computation overhead.
Furthermore, under the unified view of Uni-LoRA, this design requires only a single
trainable vector to reconstruct LoRA parameters for the entire LLM – making Uni-
LoRA both a unified framework and a “one-vector-only” solution. Extensive
experiments on GLUE, mathematical reasoning, and instruction tuning benchmarks
demonstrate that Uni-LoRA achieves state-of-the-art parameter efficiency while
outperforming or matching prior approaches in predictive performance. Our code
is available at https://github.com/KaiyangLi1992/Uni-LoRA.

1 Introduction

Parameter-efficient fine-tuning (PEFT) [1] casts a new paradigm that leverages strong prior knowledge
built in foundation models and adapts them to a wide range of downstream tasks by updating a small
amount of trainable parameters. Among various PEFT methods, LoRA [2] has been particularly
prevalent in recent studies. Given a pre-trained matrix W0 ∈ Rm×n, LoRA constrains the weight
increment ∆W as a low-rank decomposition ∆W = BA, where B ∈ Rm×r and A ∈ Rr×n are
trainable parameters, with r ≪ min(m,n). LoRA reduces the fine-tuning cost significantly, while
achieving impressive predictive performance.
To further reduce the number of trainable parameters for fine-tuning, recent methods augment [3, 4, 5]
or modify [6] the LoRA architecture and tighten the trainable parameter space of LoRA into a
lower-dimensional subspace, in which the fine-tuning is performed. For example, Tied-LoRA [3]
ties all the B and A matrices of different LoRA-adapted modules and optimizes one pair of B and
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A matrices and the diagonal entries of two diagonal matrices per LoRA module. VeRA [4] further
reduces the trainable parameter space by randomly initializing B and A and freezing them afterwards,
leading to fine-tuning only two vectors per LoRA module. LoRA-XS [5] introduces an r × r matrix
per LoRA module, where r is the pre-defined LoRA rank, and fine-tunes a set of r × r matrices.
VB-LoRA [6] decomposes the B and A matrices of LoRA into fixed-length sub-vectors, and learns
a globally shared vector bank and the compositional coefficients for each sub-vector of Bs and As.
Despite the similarities among different LoRA variants, there isn’t a unified framework of LoRA
that can describe the aforementioned LoRA methods in a uniform language and enables a systematic
analysis of all of them.
Inspired by the works of measuring the intrinsic dimension of objective landscapes [7, 8], we view
the parameter space of LoRA as a D-dimensional space RD, and each LoRA variant defines a
d-dimensional subspace Rd, and a projection matrix P ∈ RD×d maps a trainable vector from the
subspace Rd back to the full LoRA parameter space RD. From the perspective of this unified view,
we recognize that most existing LoRA variants (e.g., Tied-LoRA, VeRA, and LoRA-XS) project
the parameters of each LoRA module into a separate and fixed-dimensional subspace. However,
recent studies (e.g., AdaLoRA [9] and LoRA-Drop [10]) have shown that the importance of LoRA
modules varies across layers, suggesting that locally projecting the parameters of different LoRA
modules into subspaces of the same dimensionality may be suboptimal. Moreover, our study reveals
that the projection matrices P used implicitly by Tied-LoRA, VeRA, and VB-LoRA do not possess
the property of isometry [11] from the trainable parameter space to the original LoRA parameter
space. In other words, those projections do not preserve the distance between parameter vectors in
the original LoRA parameter space, distorting the geometry of the optimization landscape.
To address the aforementioned limitations, we propose Uni-LoRA, a unified framework of LoRA
that treats the LoRA parameter space as a high-dimensional vector space and performs a global
projection into a shared low-dimensional subspace. We further introduce an efficient and theoretically
grounded projection matrix P ∈ RD×d, in which each row is a one-hot vector with the index of "1"
sampled uniformly from d slots, followed by a column-wise normalization. As discussed in Sec.
3.3, this construction ensures that P possesses three desirable properties for adaptation: globality,
uniformity/load-balancing, and isometry. Conceptually, this corresponds to randomly partitioning all
the D parameters of LoRA into d groups and enforce the parameters within each group to share the
same value during the training process. We prove that the resulting projection matrix is isometric
(or distance-preserving). Empirically, when fine-tuning the GEMMA-7B model, our Uni-LoRA
achieves performance comparable to LoRA while training only 0.52M parameters – only 0.0061%
of the base model size and 0.26% of the LoRA parameter size. Across multiple benchmarks, our
method achieves extreme parameter efficiency, while outperforming or matching the state-of-the-
art LoRA variants. Moreover, we show that our projection matrix attains the performance of the
Fastfood projection [12]. While Fastfood is a widely used structured projection method with a time
complexity of O(D log d), our method achieves a significantly lower time complexity of O(D). Our
contributions are summarized as follows:

• We propose a unified framework to analyze various LoRA variants, and show that many of them
(e.g., Tied-LoRA, VeRA, LoRA-XS, and VB-LoRA) can be interpreted as projecting trainable
parameters from the full LoRA parameter space into structured low-dimensional subspaces.

• We propose a simple yet extremely effective projection matrix that randomly partitions the LoRA
parameters into equally sized groups and enforces all the parameters in each group to share the
same value. Despite its simplicity, our approach outperforms or matches the performance of state-
of-the-art LoRA methods across a wide range of tasks, including natural language understanding,
mathematical reasoning, and instruction tuning.

• We further prove that our projection matrix is isometric and matches the performance of classical
Fastfood projection in practice, while incurring significantly lower computational cost.

2 Related Work
Parameter-efficient LoRA Variants. Despite the success of Low-Rank Adaptation (LoRA) [2] in
enabling parameter-efficient fine-tuning, several challenges remain – particularly when scaling to
even larger models or deploying multiple adapters on resource-constrained mobile devices. Recent
methods aim to further reduce the number of trainable parameters in LoRA by (1) selectively freezing
a subset of the parameters [4, 5]; (2) enforcing weight-tying across layers [3]; (3) learning global
parameter sharing through admixture reparameterization [6]. Our Uni-LoRA provides a unified
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framework in which various parameter-reduction strategies are manifested as structural patterns in
the projection matrix, thereby allowing the parameter redundancy in the LoRA parameter space to be
studied and reduced through the lens of dimensionality reduction. Perhaps surprisingly, parameter
sharing does not need to be layer-wise, structure-aware, or even learned. Our Uni-LoRA simplifies
the fine-tuning with a random weight-sharing strategy, where only one parameter vector needs to be
trained and stored, showcasing that one vector is all we need for LoRA.
Intrinsic Dimension. A growing line of work suggests that the effective degrees of freedom required
to train machine learning models [7] and fine-tuning [8] lie in a significantly smaller subspace
than the full parameter space. Zhang et al. [13] further demonstrate that the fine-tuning process
tends to uncover task-specific intrinsic subspaces, and that disabling these subspaces severely harms
generalization. Along this line, FourierFT [14] locally projects the layer-wise incremental parameter
matrices (i.e., ∆W ) of pretrained models onto fixed Fourier bases, and shows that it suffices to only
learn the corresponding combination coefficients.
Previous works [7, 8] typically employ distance-preserving dense Gaussian matrices or structured
transforms such as Fastfood to project the original parameter space into a lower-dimensional subspace.
In Uni-LoRA, we propose a novel construction of the projection matrix that is distance-preserving
(i.e., isometric) while significantly reducing computational cost compared to dense Gaussian or
Fastfood-based methods.

3 Proposed Method
3.1 Preliminaries: LoRA and its Parameter-efficient Variants
LoRA. LoRA [2] is a parameter-efficient fine-tuning technique for LLMs. Given a pre-trained
weight matrix W0 ∈ Rm×n, LoRA constrains the weight increment ∆W as a low-rank decomposition:
∆W = BA, where B ∈ Rm×r and A ∈ Rr×n are trainable, low-rank matrices with r ≪ min(m,n),
which significantly reduce the number of trainable parameters and improve fine-tuning efficiency.

Tied-LoRA / VeRA. Tied-LoRA [3] and VeRA [4] augment the LoRA architecture with two
extra diagonal matrices. Both methods constrain the weight increment as ∆W = ΛbPBΛdPA,
where PB ∈ Rm×r and PA ∈ Rr×n are shared/tied across all LoRA modules, and Λb ∈ Rm×m

and Λd ∈ Rr×r (per LoRA module) are trainable diagonal matrices that can selectively enable or
disable columns and rows of PB and PA by scaling, allowing effective, fine-grained adaptation with
a minimal number of trainable parameters. The main difference between Tied-LoRA and VeRA is
that while PB and PA are trainable in Tied-LoRA, they are randomly initialized and frozen in VeRA,
leading to a higher parameter efficiency.

VB-LoRA. VB-LoRA [6] decomposes the B and A matrices of LoRA into fixed-length sub-vectors,
and learns a globally shared vector bank and the compositional coefficients to generate each sub-
vector of Bs and As. During fine-tuning, only the parameters in the vector bank and the compositional
coefficients for each sub-vector are trained. Upon the completion of fine-tuning, only the vector bank
and the indices and values of the top-K (e.g., K = 2) compositional coefficients are stored, leading
to extremely small stored parameter size.

3.2 Uni-LoRA: A Unified Framework of LoRA

Despite the differences among the aforementioned LoRA variants, all of them augment or modify
the LoRA architecture and tighten the trainable parameter space of LoRA into a lower-dimensional
subspace. In this paper, we show that all these parameter space reduction strategies can be formulated
within a unified framework, which enables a systematic analysis of all these LoRA variants.
Inspired by the works on measuring the intrinsic dimension of objective landscapes [7, 8], we view
the parameter space of LoRA as a D-dimensional space RD, and each LoRA variant defines a
d-dimensional subspace Rd, and a projection matrix P ∈ RD×d maps a trainable vector from the
subspace Rd back to the full LoRA parameter space RD. Specifically, for each LoRA-adapted module
ℓ = 1, · · · , L, we row-flatten the low-rank matrices Bℓ ∈ Rm×r and Aℓ ∈ Rr×n, and concatenate
them to construct a full parameter vector of LoRA:

θD = Concat
(
vecrow(B

1), vecrow(A
1), · · · , vecrow(B

L), vecrow(A
L)
)
, (1)

where vecrow(·) denotes the row-wise flatten of a matrix into a column vector, and D = L(m+ n)r
is the total number of LoRA parameters. Instead of optimizing directly in the LoRA parameter space,
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Figure 1: Overview of Uni-LoRA and the representations of various LoRA methods in the unified
framework. For better visualization, we illustrate the framework with only two LoRA-adapted
modules. More examples including LoRA-XS and FourierFT are provided in Appendix A.1.

we propose to work in a lower-dimensional subspace with a parameter vector θd ∈ Rd, which is
projected to the original LoRA parameter space by a linear projection:

θD = Pθd, (2)
where P ∈ RD×d is a projection matrix with d ≪ D. In this formulation, θd ∈ Rd represents the
trainable parameters, and P can be trained along with θd or designed and frozen during the fine-tuning
process. We show that this view unifies a broad class of parameter-efficient LoRA variants, including
Tied-LoRA, VeRA, LoRA-XS, and VB-LoRA. Therefore, we call the formulation expressed by Eq. 2
Uni-LoRA, a unified framework of LoRA. In light of this unified framework, we demonstrate that the
fundamental difference among various LoRA methods lies in the choice of the projection matrix P
and whether P is trained along with θd or not.
Figure 1 illustrates the framework of Uni-LoRA and the representations of various LoRA methods,
including LoRA, Tied-LoRA, VeRA, VB-LoRA, and Uni-LoRA (Fastfood) in this unified framework.
Uni-LoRA As a specific instantiation of this unified framework, Uni-LoRA further introduces
an efficient and theoretically grounded projection matrix P ∈ RD×d, in which each row is a
one-hot vector with the index of "1" sampled uniformly from d slots, followed by a column-wise
normalization such that the nonzero entries in column j are set to 1/

√
nj , where nj denotes the

number of nonzero entries in that column. Once initialized in such a way, P remains frozen and
only the parameter vector θd is fine-tuned and projected back to the full LoRA parameter space
θD by P . Conceptually, this corresponds to randomly partitioning all the D parameters of LoRA into
d groups, with parameters within each group constrained to share the same value during fine-tuning.
Theorem 1 shows that such designed projection matrix P is isometric, which preserves the distance
between parameter vectors in the original LoRA parameter space, without distorting the geometry of
the optimization landscape.
Algorithm 1 provides the PyTorch-like pseudocode for Uni-LoRA, which can be seamlessly integrated
into the PyTorch framework. Given that the projection matrix P is one-hot like matrix, P isn’t
explicitly constructed. Instead, only the indices and values of nonzero entries of this sparse matrix
involve in the computation, leading to extremely efficient implementation.

LoRA It is straightforward to represent LoRA in the framework of Uni-LoRA. As illustrated in
Figure 1(b), in this case, P corresponds to a D×D identity matrix, and θd has the same dimensionality
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of the original LoRA parameter space, i.e., d = D. Apparently, the identity matrix P is isometric,
but it doesn’t have the effect of reducing number of trainable parameters of LoRA.

Tied-LoRA / VeRA As introduced in Section 3.1, Tied-LoRA [3] and VeRA [4] represents the
weight increment as ∆W = ΛbPBΛdPA, where PB and PA are shared/tied across all the LoRA-
adapted modules, and Λb and Λd are defined per LoRA module. Specifically, for each LoRA module
ℓ = 1, · · · , L, we extract the diagonal elements of Λℓ

b ∈ Rm×m and Λℓ
d ∈ Rr×r, and concatenate

them to construct a trainable parameter vector:

θd = Concat
(
diag(Λ1

b), diag(Λ
1
d), · · · , diag(ΛL

b ), diag(Λ
L
d )
)
, (3)

where diag(·) denotes the diagonal vector of a matrix, and d = L(m+ r) is the number of trainable
parameters of Tied-LoRA or VeRA. On the other hand, the full parameter vector of LoRA can be
formulated as

θD = Concat
(
vecrow(B̄

1), vecrow(Ā
1), · · · , vecrow(B̄

L), vecrow(Ā
L)
)
, (4)

where B̄ℓ = Λℓ
bPB and Āℓ = Λℓ

dPA, and they correspond to the LoRA parameters Bℓ and Aℓ.
As illustrated in Figure 1(c), the projection matrix P of Tied-LoRA and VeRA exhibits a structured
sparse pattern, composed of block-diagonal components reshaped from PB and PA (details of which
are relegated to Appendix A.1). Since PB and PA are shared/tied cross all the LoRA modules, the
block-diagonal components are repeated L times in P . The main difference between Tied-LoRA and
VeRA is the trainability of PB and PA, i.e., the projection matrix P is trainable in Tied-LoRA and
frozen in VeRA. This is indicated by two different colors in the diagram.
It is worth noting that the projection matrix P in Tied-LoRA and VeRA is structured to have non-zero
entries only in diagonal blocks, suggesting that the projection is local in nature. Also, the rows of
the LoRA matrices B̄ℓ ∈ Rm×r and Āℓ ∈ Rr×n are projected to two separate lower-dimensional
subspaces with the non-uniform dimensionalities (m vs. r). Moreover, this projection matrix is
not isometry, indicating that it may distort the geometric structure of the original parameter space.
Collectively, the locality, non-uniformity, and non-isometric nature of this projection may constrain
adaptation flexibility and limit representational expressiveness.
Uni-LoRA (Fastfood) This is a variant of Uni-LoRA, in which the project matrix P is initialized
with the classical structured Fastfood projection [12], which is isometric. Fastfood approximates
dense Gaussian projections with structured transforms and reduces the time complexity of a naïve
implementation from O(Dd) to O(D log d). As to be discussed in Section 3.4, Uni-LoRA with our
uniform random projection achieves a significantly lower time complexity of O(D).
Similarly, VB-LoRA, LoRA-XS, and FourierFT can be represented as specific instantiations in our
unified framework. Due to the page limits, the details are relegated to Appendix A.1.

3.3 Analysis of the Projection Matrix

Our discussion in Section 3.2 reveals that the key distinctions among various LoRA methods lie in
the choice of the projection matrix P and whether P is trained along with θd or not. We argue that a
well-structured P should have the following three properties, i.e., globality, uniformity/load-balanced,
and isometry, which can substantially enhance adaptation performance.

• Globality: Global parameter sharing across different types of matrices and layers breaks the
physical barrier and enables maximal reduction of parameter redundancy.

• Uniformity / Load-Balanced: Each subspace dimension is mapped to roughly equal number of
dimensions of the original full parameter space, such that the information is evenly distributed to
all subspace dimensions and load-balanced.

• Isometry: The projection preserves the distance between parameter vectors in the original full
parameter space, without distorting the geometric structure of the optimization landscape.

According to the properties above, we characterize the projection matrices employed by various
LoRA variants in Table 1. Theorem 1 proves that the uniform random projection introduced by our
Uni-LoRA is isometric.
Theorem 1. Let P ∈ RD×d be a projection matrix where each row selects exactly one entry uniformly
at random to be nonzero, and sets all other entries to zero. Let nj denote the number of nonzero
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Method Learnable Projection Globality Uniformity Isometry

VeRA [4] ✗ ✗ ✗ ✗
TiedLoRA [3] ✓ ✗ ✗ ✗
VB-LoRA [6] ✓ ✓ ✓ ✗
LoRA-XS [5] ✗ ✗ ✓ ✓
Uni-LoRA (Fastfood) ✗ ✓ ✓ ✓
Uni-LoRA (ours) ✗ ✓ ✓ ✓

Table 1: Properties of the projection matrices P employed by various LoRA methods, where
"Learnable Projection" refers to besides θd whether P itself contains trainable parameters.

entries in column j, and nj > 0 1. For column-wise normalization, each nonzero entry in column j is
set to 1/

√
nj . As a projection matrix, P is isometric. Formally, ∥P (x− y)∥ = ∥x− y∥,∀x, y ∈ Rd.

Proof. Given the construction of P in the theorem statement, we begin by showing that P⊤P = Id.
Consider the (j, k)-th entry of P⊤P : [P⊤P ]j,k =

∑D
i=1 Pi,jPi,k. Case 1: j ̸= k. Since each row

contains only one nonzero entry, there exists no row i such that both Pi,j and Pi,k are nonzero. Hence,
every term in the summation is zero, and we have [P⊤P ]j,k = 0. Case 2: j = k. Column j contains
nj nonzero entries, each of value 1/√nj . Thus, [P⊤P ]j,j =

∑D
i=1 P

2
i,j = nj ·

(
1/

√
nj

)2
= 1. From

the analysis above, we have [P⊤P ]j,k = 1, if j = k and 0 otherwise, thus P⊤P = Id. Therefore,

∥P (x− y)∥2 = (x− y)⊤P⊤P (x− y) = (x− y)⊤(x− y) = ∥x− y∥2, ∀x, y ∈ Rd

This completes the proof.

Why existing LoRA variants may be suboptimal? In light of our unified framework, Figure 1
reveals that the projections used by Tied-LoRA, VeRA, and LoRA-XS (except VB-LoRA) are all
local with layer-wise projection; furthermore, Tied-LoRA and VeRA are inherently non-uniform.
Specifically, although the B and A matrices of LoRA contain the same number of parameters, Tied-
LoRA and VeRA ties the parameters of B with more parameters in the lower-dimensional subspace
than A (i.e., m vs. r). Intuitively, such a non-uniform projection may be suboptimal as information
of the full LoRA parameter space is non-uniformly distributed to lower-dimensional subspace. In
Section 4.5, we conduct a controlled experiment comparing uniform and non-uniform projections,
and the results confirm that the uniform project consistently outperforms its non-uniform counterpart.

Why Isometry is important? Prior works [15, 16] show that if the projection matrix is isometric
(which satisfies ∥P (x − y)∥ = ∥x − y∥ for any pair of vectors x, y), the geometry of the original
space is preserved in the projected subspace. This property ensures that the optimization landscape
remains faithful to the original parameter space, making it particularly well-suited for subspace
training for neural networks.

3.4 Complexity Analysis

Storage Complexity. Since the projection matrix P of Uni-LoRA is generated from a random seed,
upon the completion of training, only the random seed and the learned subspace vector θd ∈ Rd need
to be stored or transmitted. As a result, the total number of stored data is only d+ 1, leading to an
extremely compact model representation and showcasing that one vector is all we need for LoRA.

Time and Space Complexity of Projection. The projection matrix P of Uni-LoRA is a sparse
matrix with exactly D nonzero entries. As a result, the projection operation Pθd has both time and
space complexity of O(D). In contrast, the classical distance-preserving methods such as dense
Gaussian projections require O(Dd) time and space, while the Fastfood transform [12] has a time
complexity of O(D log d) and a space complexity of O(D).

To summarize, our Uni-LoRA not only provides a unified framework of LoRA but also introduces
an efficient and theoretically grounded projection, which enjoys all three desired properties that
we discussed above. This approach requires no architectural modifications, no sparsity priors, and
achieves a significantly lower time complexity than the classical Fastfood transform.

1To ensure the condition nj > 0 is always held, we can re-sample P if one column happens to be all zeros.
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Algorithm 1 Pseudocode of Uni-LoRA in a PyTorch-like Style

# in_dim, out_dim, r: input/output dimensions of the linear layer, LoRA rank
# theta_d: only trainable parameter vector of length d
# index_A/B: maps LoRA matrices A/B to subspace vector theta_d
# norm_factor_A/B: normalization matrix, same shape as index_A/B, with entry value
# norm_factor_A[i,j]=1/sqrt(n_k), where k=index_A[i,j] and n_k is its occurrence
# frequency across all index_As and index_Bs.
# x, W: input and original weight
class Uni-LoRA:
def __init__(self, in_dim, out_dim, r, theta_d):

d = len(theta_d)
self.index_A = torch.randint(0, d, (in_dim, r), dtype=torch.long)
self.index_B = torch.randint(0, d, (r, out_dim), dtype=torch.long)
self.theta_d = theta_d

def update_norm_factor(self,norm_factor_A,norm_factor_B):
self.norm_factor_A = norm_factor_A
self.norm_factor_B = norm_factor_B

def forward(self,W,x):
A = self.theta_d[self.index_A] * self.norm_factor_A
B = self.theta_d[self.index_B] * self.norm_factor_B
# For memory efficiency, we avoid explicitly computing \delta W = B @ A.
return x @ W + (x @ A) @ B

4 Experiments

In this section, we evaluate our method through a series of experiments. We begin by comparing Uni-
LoRA to the state-of-the-art PEFT methods: LoRA, Tied-LoRA, VeRA, LoRA-XS, and FourierFT on
the GLUE benchmark. Next, we extend our analysis to mathematical reasoning tasks on Mistral and
Gemma models, as well as instruction tuning tasks on Llama2. All our experiments are conducted
on a server equipped with 8 NVIDIA A100 80GB GPUs. For reproducibility, we provide detailed
hyperparameters and specifications of computing resources for each experiment in Appendix A.2.

4.1 Natural Language Understanding

We adopt the General Language Understanding Evaluation (GLUE) benchmark [17] to assess the
performance of Uni-LoRA across various natural language understanding tasks. Following [4, 6], we
focus on six tasks from GLUE: SST-2 [18] (sentiment analysis), MRPC [19] (paraphrase detection),
CoLA [20] (linguistic acceptability), QNLI [21] (inference), RTE [22] (inference) and STS-B [23]
(semantic textual similarity). Our experiments use RoBERTabase and RoBERTalarge [24] as the
backbone models. We apply LoRA with rank 4 to the query and value matrices in each Transformer
layer, and project the resulting LoRA parameter space into a subspace of dimension d = 23, 040,
matching the subspace size used by the best-performing VB-LoRA baseline [6].

Table 2 reports the results across 12 cases spanning 6 GLUE tasks and 2 model scales. Uni-LoRA
ranks either first or second in 11 out of the 12 cases, with the only exception being on the RTE task
of RoBERTalarge, where the dataset is small and the performance variance is relatively high. As we
can see, Uni-LoRA consistently outperforms Tied-LoRA, VeRA, LoRA-XS, and FourierFT while
requiring fewer trainable parameters. For example, when fine-tuning RoBERTalarge, our method
reduces the number of trainable parameters to less than 40% of that required by Tied-LoRA or VeRA,
while achieving better performance across all tasks. Moreover, Uni-LoRA achieves performance
comparable to VB-LoRA while using significantly fewer trainable parameters, suggesting that our
fixed projection matrix is as effective as the learned projection in VB-LoRA. Furthermore, since our
projection matrix is not learned, Uni-LoRA incurs substantially lower computational overhead than
VB-LoRA (See Tables 9, 10, 12 in the appendix for details).

1† The original VB-LoRA paper reports the number of stored parameters rather than trainable ones: 0.23M
for RoBERTabase, 0.24M for RoBERTalarge, 0.65M for Mistral-7B, 0.67M for Gemma-7B, 0.8M for Llama2-7B,
and 1.1M for Llama2-13B. For consistency, we report the number of trainable parameters throughout all tables,
following the convention used in other baselines.
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Table 2: Results with RoBERTabase and RoBERTalarge on the GLUE benchmark. The best results in
each group are shown in bold, while the second-best results are denoted with underlining. We report
Matthew’s correlation for CoLA, Pearson correlation for STS-B, and Accuracy for all other tasks.
We report the median performance over 5 runs with different random seeds.

Method # Trainable Params SST-2 MRPC CoLA QNLI RTE STS-B Avg.

B
A

S
E

FT 125M 94.8 90.2 63.6 92.8 78.7 91.2 85.2
LoRA 0.295M 95.1±0.2 89.7±0.7 63.4±1.2 93.3±0.3 86.6±0.7 91.5±0.2 86.6

VeRA 0.043M 94.6±0.1 89.5±0.5 65.6±0.8 91.8±0.2 78.7±0.7 90.7±0.2 85.2
Tied-LoRA 0.043M 94.4±0.5 88.5±1.0 61.9±1.6 92.0±0.4 76.2±1.3 89.8±0.3 83.8
VB-LoRA 0.075M† 94.4±0.2 89.5±0.5 63.3±0.7 92.2±0.2 82.3±1.3 90.8±0.1 85.4
FourierFT 0.024M 94.2±0.3 90.0±0.8 63.8±1.6 92.2±0.1 79.1±0.5 90.8±0.2 85.0
Uni-LoRA(Ours) 0.023M 94.5±0.2 89.7±0.4 64.6±1.0 92.3±0.4 79.8±1.1 90.9±0.2 85.3

L
A

R
G

E

LoRA 0.786M 96.2±0.5 90.2±1.0 68.2±1.9 94.8±0.3 85.2±1.1 92.3±0.5 87.8

VeRA 0.061M 96.1±0.1 90.9±0.7 68.0±0.8 94.4±0.2 85.9±0.7 91.7±0.8 87.8
Tied-LoRA 0.066M 94.8±0.6 89.7±1.0 64.7±1.2 94.1±0.1 81.2±0.1 90.8±0.3 85.9
VB-LoRA 0.162M† 96.1±0.2 91.4±0.6 68.3±0.7 94.7±0.5 86.6±1.3 91.8±0.1 88.2
LoRA-XS 0.025M 95.9±0.3 90.7±0.4 67.0±1.2 93.9±0.1 88.1±0.3 92.0±0.1 87.9
FourierFT 0.048M 96.0±0.2 90.9 ±0.3 67.1±1.4 94.4±0.4 87.4±1.6 92.0±0.4 88.0
Uni-LoRA(Ours) 0.023M 96.3±0.2 91.3±0.6 68.5±1.1 94.6±0.4 86.6±1.6 92.1±0.1 88.3

Table 3: Results with the Mistral-7B and
Gemma-7B models on the GSM8K and MATH
Benchmarks. The best results in each group are
shown in bold. Baselines’ results are either re-
produced using their reported configurations or
directly sourced from their original papers.

Model Method # Parameters GSM8K MATH

MISTRAL-7B

Full-FT 7242M 67.02 18.60
LoRA 168M 67.70 19.68

LoRA-XS 0.92M 68.01 17.86
VB-LoRA 93M† 69.22 17.90
VeRA 1.39M 68.69 18.81
FourierFT 0.67M 68.92 17.50
Uni-LoRA (Ours) 0.52M 68.54 18.18

GEMMA-7B

Full-FT 8538M 71.34 22.74
LoRA 200M 74.90 31.28

LoRA-XS 0.80M 74.22 27.62
VB-LoRA 113M† 74.86 28.90
VeRA 1.90M 74.98 28.84
FourierFT 0.59M 72.97 25.14
Uni-LoRA (Ours) 0.52M 75.59 28.94

Table 4: Score1 and Score2 denote evaluations on
MT-Bench single-turn and multi-turn dialogues.
LoRA∗ and VeRA were scored using an older
GPT-4 API. LoRA# and other methods were
evaluated using the updated version. The two
sets of results are reported separately for fairness.

Model Method # Parameters Score1 Score2

LLAMA2 7B

LoRA∗ 159.9M 5.19 -
VeRA 1.6M 5.08 -

w/o FT - 1.31 1.11
LoRA# 159.9M 5.62 3.23
VBLoRA 83M† 5.43 3.46
Uni-LoRA (Ours) 0.52M 5.58 3.56

LLAMA2 13B

LoRA∗ 250.3M 5.77 -
VeRA 2.4M 5.93 -

w/o FT - 1.46 1.06
LoRA# 250.3M 6.20 4.13
VBLoRA 256M† 5.96 4.33
Uni-LoRA (Ours) 1.0M 6.34 4.43

4.2 Mathematical Reasoning

To evaluate mathematical reasoning capabilities, we fine-tune the Mistral-7B-v0.1 [25] and Gemma-
7B [26] models on the MetaMathQA [27] dataset and test them on GSM8K [28] and MATH [29]. We
compare our results with the state-of-the-art methods, following their experimental configurations.
Table 3 shows that Uni-LoRA achieves strong and consistent performance across both Mistral-7B
and Gemma-7B backbones. On the MATH benchmark, it reaches 18.18 with Mistral-7B and 28.94
with Gemma-7B, outperforming LoRA-XS, VB-LoRA and FourierFT. It also yields higher accuracy
than LoRA-XS on both GSM8K and MATH, while using less than 70% of its trainable parameters.
Compared to VB-LoRA, Uni-LoRA achieves similar or better performance with substantially fewer
parameters. It also demonstrates comparable accuracy to VeRA on mathematical reasoning tasks,
while requiring only half as many trainable parameters on Mistral-7B and less than one-third on
Gemma-7B. Furthermore, Uni-LoRA consistently outperforms FourierFT on both tasks, while being
more parameter-efficient.

4.3 Instruction Tuning

Instruction tuning refers to the process of fine-tuning a model on a set of instructions or prompts to
improve its ability to follow task-specific directives [30]. We perform instruction tuning on the Llama
2 [31] model using the Cleaned Alpaca dataset [32], which improves the quality of the original Alpaca
dataset. Following [4, 6], we fine-tune the Llama 2 model [31] within the QLoRA framework [33],
which enables low-memory fine-tuning of LLMs on a single GPU. The fine-tuned models generate
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responses to MT-Bench questions, which are then scored by GPT-4 on a 10-point scale. We apply
Uni-LoRA to project the rank-4 LoRA weights into a 0.5M-dimensional subspace for Llama2-7B
and a 1M-dimensional subspace for Llama2-13B.

Table 4 reports the results. Due to a noticeable discrepancy between the reported scores, we include
two sets of LoRA results for each experiment: one from Kopiczko et al. [4] and another from our own
reimplementation. Although we closely follow the experimental settings of Kopiczko et al. [4], we
speculate that the difference may be attributed to changes in the GPT-4 model over time. Nevertheless,
comparing the relative performance of VeRA and Uni-LoRA with respect to their corresponding
LoRA baselines remains meaningful. As we can see, Uni-LoRA achieves performance comparable
to LoRA while using only 0.3% (Llama2-7B) and 0.4% (Llama2-13B) of the LoRA parameters.
Similarly, VeRA also demonstrates comparable performance relative to its own LoRA baseline, but it
requires more than twice the number of trainable parameters compared to Uni-LoRA. Furthermore,
Uni-LoRA consistently outperforms VB-LoRA across both evaluation metrics on Llama2-7B and
Llama2-13B, while using significantly fewer trainable parameters of VB-LoRA and slightly fewer
stored parameters.

4.4 Experiments of Computer Vision Tasks

To further assess the effectiveness of Uni-LoRA on more complex vision tasks, we follow the
experimental setup in FourierFT [14] and conduct additional evaluations. Specifically, we apply
Uni-LoRA with d = 74,000 on ViT-Base and d = 144,000 on ViT-Large, using a fixed rank r = 4.
A grid search is conducted over the head learning rate in {1×10−3, 2×10−3, 5×10−3, 1×10−2}
and the trainable vector learning rate in {2×10−3, 5×10−3, 1×10−2, 2×10−2, 5×10−2}. The
number of training epochs is fixed at 20. All experiments are repeated five times, with the mean and
standard deviation across the runs reported in Table 5.

Table 5: Comparison of Uni-LoRA and baseline methods on eight computer vision datasets using
ViT-Base and ViT-Large backbones. All baseline results, including Full Fine-tuning (FF) and Linear
Probing (LP), are taken from the original FourierFT paper [14]. In LP, only the classification head is
fine-tuned.
Model Method # Trainable OxfordPets StanfordCars CIFAR10 DTD EuroSAT FGVC RESISC45 CIFAR100 Avg.

Para.

V
iT

-B
as

e

LP - 90.28±0.43 25.76±0.28 96.41±0.02 69.77±0.67 88.72±0.13 17.44±0.43 74.22±0.10 84.28±0.11 68.36
FF 85.8M 93.14±0.40 79.78±1.15 98.92±0.05 77.68±1.21 99.05±0.09 54.84±1.23 96.13±0.13 92.38±0.13 86.49

FourierFT 72K 93.21±0.26 46.11±0.24 98.58±0.07 75.09±0.37 98.29±0.04 27.51±0.64 91.97±0.31 91.20±0.14 77.75
FourierFT 239K 93.05±0.34 56.36±0.66 98.69±0.06 77.30±0.61 98.78±0.11 32.44±0.99 94.26±0.20 91.45±0.18 80.29
Uni-LoRA 72K 94.00±0.13 76.06±0.23 98.77±0.03 76.99±0.96 98.86±0.10 50.36±0.63 94.08±0.19 92.10±0.25 85.15

V
iT

-L
ar

ge

LP - 91.11±0.30 37.91±0.27 97.78±0.04 73.33±0.26 92.64±0.08 24.62±0.24 82.02±0.11 84.28±0.11 72.96
FF 303.3M 94.43±0.56 88.90±0.26 99.15±0.04 81.79±1.01 99.04±0.08 68.25±1.63 96.43±0.07 93.58±0.19 90.20

FourierFT 144K 94.46±0.28 69.56±0.30 99.10±0.04 80.83±0.43 98.65±0.09 39.92±0.68 93.86±0.14 93.31±0.09 83.71
FourierFT 480K 94.84±0.05 79.14±0.67 99.08±0.05 81.88±0.50 98.66±0.03 51.28±0.66 95.20±0.07 93.37±0.11 86.68
Uni-LoRA 144K 94.65±0.23 83.16±0.62 98.77±0.03 81.35±0.48 98.89±0.07 58.89±0.62 95.24±0.12 93.08±0.11 88.00

Experiments show that Uni-LoRA consistently outperforms FourierFT across computer vision
benchmarks. Remarkably, even when FourierFT uses three times as many trainable parameters,
Uni-LoRA still achieves better performance. Furthermore, when the number of trainable parameters
in Uni-LoRA is less than one-thousandth of that in full fine-tuning, the performance gap between
Uni-LoRA and full fine-tuning remains within 2.5%. These results highlight the strong efficiency and
generalizability of Uni-LoRA in complex computer vision tasks.

4.5 Ablation Study

Comparison with Fastfood-based Projections. Fastfood [12] is a classical projection method
known for its low computational and memory cost and distance-preserving properties. To evaluate the
effectiveness of our projection method, we compare it against Uni-LoRA (Fastfood) on four GLUE
tasks in terms of both predictive performance and runtime efficiency. Table 6 shows that Uni-LoRA
with the uniform random projection consistently outperforms Uni-LoRA (Fastfood) in terms of
predictive performance across four GLUE tasks, while being significantly faster. For example, on
MRPC, it achieves a slightly higher score (91.3 vs. 90.7) with a 65% reduction in training time (9 vs.
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Table 6: Comparison of Uni-LoRA and Fastfood
on four GLUE tasks in predictive performance
and training time (mins). We report Matthew’s
Correlation for COLA and Accuracy for others.
Both methods underwent grid search over the
same learning rate range, and all other hyperpa-
rameters were kept identical across experiments.

Task Method Score (%) Time (mins)

MRPC Uni-LoRA 91.3 9
Fastfood 90.7 26

COLA Uni-LoRA 68.5 21
Fastfood 65.3 60

SST-2 Uni-LoRA 96.3 80
Fastfood 96.1 251

QNLI Uni-LoRA 94.6 147
Fastfood 94.1 358

Table 7: Ablation study of Uni-LoRA with lo-
cal projection and non-uniform projection on
four GLUE tasks in predictive performance. For
COLA, we report Matthew’s correlation and Ac-
curacy for others. All methods were tuned using
grid search over the same learning rate range,
with all other hyperparameters kept identical
across experiments. We report the median perfor-
mance over 5 runs with different random seeds.

Task Uni-LoRA Local Non-uniform

MRPC 91.3±0.6 90.9±0.8 90.7±0.6

COLA 68.5±1.1 68.5±1.3 67.0±1.5

SST-2 96.3±0.2 96.2±0.3 96.1±0.4

QNLI 94.6±0.4 94.5±0.1 94.0±0.4

26 mins). This efficiency stems from the linear time complexity O(D) of our projection, compared
to Fastfood’s O(D log d).

Comparison with Layer-wise Projections. To investigate the impact of global vs. layer-wise
(local) projections to our method, we construct a controlled variant as follows. On the RoBERTa-large
model, we project the parameters of each layer into its own trainable subspace, with each local
projection matrix constructed in the same way as that of Uni-LoRA’s. To ensure a fair comparison, we
set the per-layer subspace dimensionality such that the total number of trainable space dimensionality
matches that of Uni-LoRA’s. Table 7 shows that local projection performs worse than global projection
on MRPC, SST-2, and QNLI, while both methods achieve comparable performance on CoLA.

Comparison with Non-uniform Projections. To investigate the impact of uniform vs. non-uniform
projections to our method, we construct a controlled variant in which two separate projection matrices
are used: one projects all LoRA A matrices into the first two-thirds of the subspace dimensions,
and the other projects all B matrices into the remaining one-third. Both projection matrices are
constructed using the same method as that of Uni-LoRA’s. Table 7 shows that the uniform projection
consistently outperforms the non-uniform projection across all the tasks.

5 Conclusion

This paper introduces Uni-LoRA, a unified framework of LoRA that reinterprets a broad class
of parameter-efficient LoRA variants through the lens of global subspace projection. In light of
this unified view, Uni-LoRA further introduces an efficient and theoretically grounded projection
matrix, which enjoys all three desired properties of globality, uniformity, and isometry for adaptation
performance. Uni-LoRA requires no architectural modifications, no sparsity priors, and achieves a
significantly lower time complexity. Our results show that even within the LoRA space, which is
already low-rank, there exists an additional low-dimensional parameterization that has several orders
of magnitude fewer trainable parameters than LoRA.

Limitations and broader impacts As an extreme parameter-efficient fine-tuning method, Uni-LoRA
doesn’t possess any significant limitations other than it is currently only evaluated on small to medium
scale NLP/CV benchmarks due to limited computing resources. As for its broader impacts, Uni-LoRA
enables high-quality adaptation of LLMs with minimal computational resources, contributing to the
democratization of model customization. We do not foresee any societal risks beyond those generally
associated with the use of LLMs.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction reflect all contributions in the paper.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims made in
the paper.

• The abstract and/or introduction should clearly state the claims made, including the contribu-
tions made in the paper and important assumptions and limitations. A No or NA answer to
this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how much the
results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals are
not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: Please refer to the “Limitations and Broader Impacts” in the conclusion section.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that the
paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to vi-

olations of these assumptions (e.g., independence assumptions, noiseless settings, model
well-specification, asymptotic approximations only holding locally). The authors should
reflect on how these assumptions might be violated in practice and what the implications
would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was only
tested on a few datasets or with a few runs. In general, empirical results often depend on
implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to
provide closed captions for online lectures because it fails to handle technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by review-
ers as grounds for rejection, a worse outcome might be that reviewers discover limitations that
aren’t acknowledged in the paper. The authors should use their best judgment and recognize
that individual actions in favor of transparency play an important role in developing norms
that preserve the integrity of the community. Reviewers will be specifically instructed to not
penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and a
complete (and correct) proof?

Answer: [Yes]

Justification: Please refer to Theorem 1 and its proof.
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Guidelines:
• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if they appear

in the supplemental material, the authors are encouraged to provide a short proof sketch to
provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main experi-
mental results of the paper to the extent that it affects the main claims and/or conclusions of the
paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: In Sections 3.2 and 3.3 of the main text, as well as in Algorithm 1, we provide
a precise description of our method. In Section 4, we clearly outline our experimental setup,
including the backbone models used, the tasks evaluated, and the datasets and metrics employed.
In Appendix A.2, we detail the hyperparameter configurations for each experiment. Our code is
also provided as part of the supplementary material.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived well by

the reviewers: Making the paper reproducible is important, regardless of whether the code
and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken to
make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might
suffice, or if the contribution is a specific model and empirical evaluation, it may be necessary
to either make it possible for others to replicate the model with the same dataset, or provide
access to the model. In general. releasing code and data is often one good way to accomplish
this, but reproducibility can also be provided via detailed instructions for how to replicate the
results, access to a hosted model (e.g., in the case of a large language model), releasing of a
model checkpoint, or other means that are appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of
the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how to

reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe the

architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should either

be a way to access this model for reproducing the results or a way to reproduce the model
(e.g., with an open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are
welcome to describe the particular way they provide for reproducibility. In the case of
closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?
Answer: [Yes]
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Justification: Our source code includes instructions for execution. The code is configured to
automatically download the necessary datasets upon running.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not including
code, unless this is central to the contribution (e.g., for a new open-source benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how to
access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state
which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized versions
(if applicable).

• Providing as much information as possible in supplemental material (appended to the paper)
is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]

Justification: Section 4 provides a clear description of our experimental setup, covering the
backbone models, evaluation tasks, datasets, and metrics. Appendix A.2 further specifies the
hyperparameter settings used in each experiment. The accompanying code and usage instructions
are included in the supplementary material.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail that

is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: In Tables 2 and 6, we report the median performance and the corresponding standard
deviation computed over multiple independent runs.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the main
claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

• The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
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• It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

• It is OK to report 1-sigma error bars, but one should state it. The authors should preferably
report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality
of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how they
were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experi-
ments?
Answer: [Yes]
Justification: In Appendix A.2, we report the computational resources used, including GPU models,
memory usage, and runtime.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud

provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual experi-

mental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute than the

experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: The authors have read the https://neurips.cc/public/ EthicsGuidelines and ensured
that this paper conforms to it.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a deviation

from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consideration

due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?
Answer: [Yes]
Justification: We discussed both potential benefits and risks to society in the “Limitations and
Broader Impacts” paragraph of the conclusion section.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal impact or

why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses (e.g.,

disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied to
particular applications, let alone deployments. However, if there is a direct path to any
negative applications, the authors should point it out. For example, it is legitimate to point out
that an improvement in the quality of generative models could be used to generate deepfakes
for disinformation. On the other hand, it is not needed to point out that a generic algorithm
for optimizing neural networks could enable people to train models that generate Deepfakes
faster.

• The authors should consider possible harms that could arise when the technology is being
used as intended and functioning correctly, harms that could arise when the technology is
being used as intended but gives incorrect results, and harms following from (intentional or
unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks, mechanisms
for monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators,
or scraped datasets)?
Answer: [NA]
Justification:This paper poses no such risks.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with necessary

safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do not
require this, but we encourage authors to take this into account and make a best faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in the paper,
properly credited and are the license and terms of use explicitly mentioned and properly respected?
Answer: [Yes]
Justification: Appendix A.4 provides details on the licenses and usage of external assets.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of service of

that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the package

should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of the
derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [Yes]
Justification: The supplementary material contains documentation on code installation and usage.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their sub-

missions via structured templates. This includes details about training, license, limitations,
etc.

• The paper should discuss whether and how consent was obtained from people whose asset is
used.

• At submission time, remember to anonymize your assets (if applicable). You can either create
an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?
Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

• Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or
other labor should be paid at least the minimum wage in the country of the data collector.

15. Institutional review board (IRB) approvals or equivalent for research with human subjects
Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?
Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent) may
be required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines
for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or non-standard
component of the core methods in this research? Note that if the LLM is used only for writing,
editing, or formatting purposes and does not impact the core methodology, scientific rigorousness,
or originality of the research, declaration is not required.
Answer: [NA]
Justification: Our research does not involve the use of large language models (LLMs) in any
important, original, or non-standard component of the core method. LLMs were not used for model
design, data generation, training, or evaluation.
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Guidelines:
• The answer NA means that the core method development in this research does not involve

LLMs as any important, original, or non-standard components.
• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for what

should or should not be described.
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A Appendix

A.1 Representations of additional LoRA/PEFT methods in the unified framework

Tied-LoRA/VeRA As introduced in Section 3.1, Tied-LoRA [3] and VeRA [4] represents the
weight increment as ∆W = ΛbPBΛdPA, where PB and PA are tied/shared across all the LoRA-
adapted modules, and Λb and Λd are defined per LoRA module. Specifically, for each LoRA module
ℓ = 1, · · · , L, we extract the diagonal elements of Λℓ

b ∈ Rm×m and Λℓ
d ∈ Rr×r, and concatenate

them to construct a trainable parameter vector:

θd = Concat
(
diag(Λ1

b), diag(Λ
1
d), · · · , diag(ΛL

b ), diag(Λ
L
d )
)
, (5)

where diag(·) denotes the diagonal vector of a matrix, and d = L(m+ r) is the number of trainable
parameters of Tied-LoRA or VeRA. On the other hand, the full parameter vector of LoRA can be
formulated as

θD = Concat
(
vecrow(B̄

1), vecrow(Ā
1), · · · , vecrow(B̄

L), vecrow(Ā
L)
)
, (6)

where B̄ℓ = Λℓ
bPB and Āℓ = Λℓ

dPA correspond to the LoRA parameters Bℓ and Aℓ, respectively,
and vecrow(·) denotes the row-wise flatten of a matrix into a column vector.

As illustrated in Figure 2(a), the projection matrix P of Tied-LoRA and VeRA exhibits a structured
sparse pattern, composed of block-diagonal components reshaped from PB and PA. Specifically,

P = Diag
({

(PB)
T
i,:

}m

i=1
,
{
(PA)

T
j,:

}r

j=1
, · · · ,

{
(PB)

T
i,:

}m

i=1
,
{
(PA)

T
j,:

}r

j=1

)
, (7)

where (·)Ti,: denotes the transpose of the i-th row of a matrix, and Diag(v1, v2, · · · , vL(m+r)) con-
structs a block diagonal matrix from L(m + r) column vectors. Since PB and PA are tied/shared
cross all the LoRA modules, the block-diagonal components are repeated L times in P . Moreover, the
main difference between Tied-LoRA and VeRA is the trainability of PB and PA, i.e., the projection
matrix P is trainable in Tied-LoRA and frozen in VeRA. This is indicated by two different colors in
the diagram.

VB-LoRA decomposes the B ∈ Rm×r and A ∈ Rr×n matrices of LoRA into fixed-length
sub-vectors as follows:

vecrow(B
ℓ) = Concat(uℓ

1, · · · , uℓ
NB

), vecrow(A
ℓ) = Concat(vℓ1, · · · , vℓNA

), ∀ℓ ∈ {1, · · · , L}, (8)

where ui, vj ∈ Rb are sub-vectors of length b, and N ℓ
B = mr

b and N ℓ
A = rn

b represent the numbers
of sub-vectors decomposed from Bℓ and Aℓ, respectively.

VB-LoRA learns a shared vector bank B = {α1, · · · , αh}, with αi ∈ Rb, and the compositional
coefficients to generate each sub-vector of Bs and As. Specifically, each sub-vector is generated from
top-K (e.g., K = 2) compositional coefficients over B. Since the coefficients are sparse, we can
encode them efficiently by K indices over B and K coefficient values.

As illustrated in Figure 2(b), under our framework, the original LoRA parameter space θD is formed
the same as in Eq. 1. The trainable vector θd of VB-LoRA is formed by concatenating all the vectors
in B:

θd = Concat(α1, α2, · · · , αh). (9)

The projection matrix P is structured as a block-diagonal matrix, where each diagonal block is of
size b× b, matching the dimensionality of vectors in B. Since K = 2 in VB-LoRA, two diagonal
blocks in a row in P is responsible to reconstruct one sub-vector of Bs or As, where the location of
the diagonal block corresponds to the coefficient index and the diagonal value is the coefficient value.
Note that the compositional coefficients are learned in VB-LoRA. Therefore, the locations and values
of the diagonal blocks in P are trained along with θd, i.e., the vector bank parameters.

LoRA-XS represents the weight increment as ∆W = PBΛRPA, where PB ∈ Rm×r and PA ∈
Rr×n are derived from the singular value decomposition (SVD) of the pretrained weight matrix
W and are kept frozen during fine-tuning, while ΛR ∈ Rr×r is the only trainable component.

21



Tied-LoRA / VeRA

B

A
PA

PB

P
(e.g., r = 1)

θd

θD

PA

PB

A

B

𝐵"!

𝐴̅!

𝐵""

𝐴̅"

(a) VB-LoRA

θD P

B1

A1

B2

A2
θd

(b)

LoRA-XS

P
(e.g., r = 2)

θD

A1

B1

B2

A2

θd

𝑃#!

(c) Fourier FT

θD

ΔW1

ΔW2

P

θd

(d)

𝑃#"

P$"

P$!

𝐵"!

𝐵""

Figure 2: Representations of additional LoRA/PEFT methods in our unified framework. For better
visualization, we illustrate the framework with only two LoRA-adapted modules.

Specifically, for each LoRA module ℓ = 1, · · · , L, we column-wise flatten each Λℓ
R, and concatenate

them to construct a trainable parameter vector:

θd = Concat
(
veccol(Λ

1
R), veccol(Λ

2
R), · · · , veccol(Λ

L
R)

)
, (10)

where veccol(·) denotes the column-wise flatten of a matrix into a column vector. On the other hand,
the full parameter vector of LoRA can be formulated as:

θD = Concat
(

vecrow(B̂
1), vecrow(Â

1), · · · , vecrow(B̂
L), vecrow(Â

L)
)
, (11)

where B̂ℓ=P ℓ
BΛ

ℓ
R and Âℓ=P ℓ

A correspond to the Bℓ and Aℓ of LoRA, respectively. Since Âℓ=P ℓ
A

is initialized, frozen, and independent of Λℓ
R, we only need to map Λℓ

R to B̂ℓ, i.e., projecting the
trainable parameter θd to the B̂ portion of θD. As illustrated in Figure 2(c), the projection matrix P
of LoRA-XS also exhibits a structured sparse pattern, composed of the row-vectors extracted from
P ℓ
B organized in a stripe pattern.

FourierFT isn’t a LoRA-based method that performs parameter-efficient fine-tuning in the domain
of low-rank adaptation. Instead, FourierFT learns the weight increment ∆W directly by utilizing
the Fast Fourier Transform (FFT) for sparse representation. We show that despite FourierFT isn’t
a LoRA variant, our Uni-LoRA is a unified framework that can represent FourierFT is the same
uniform language and enables a systematic analysis.

FourierFT leverages the Fourier bases to parameterize the weight increments, wherein a small number
of trainable Fourier coefficients can be used to synthesize the full weight increments. To represent
FourierFT in our unified framework, we row-wise flatten the weight increment ∆W ℓ for each adapted
module ℓ = 1, · · · , L, and concatenate them to construct the full PEFT parameter space:

θD = Concat
(
vecrow(∆W 1), vecrow(∆W 2), . . . , vecrow(∆WL)

)
. (12)

On the other hand, the trainable parameter vector θd is formed by concatenating the Fourier coeffi-
cients for each adapted module.
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As illustrated in Figure 2(d), the projection matrix P also exhibits a block structure since FourierFT
adopts a layer-wise projection:

P = Diag
(
P̃ 1, P̃ 2, · · · , P̃L

)
, (13)

where the block matrix P̃ ℓ, denoting the Fourier subspace for the ℓ-th module, is generated by
randomly sampling a subset of Fourier bases.

A.2 Hyperparameters and Computing Resources

The hyperparameters used for the natural language understanding, mathematical reasoning, and
instruction tuning are provided in Tables 8, 9, 10 and 11 . All experiments were conducted on a
server equipped with 8 NVIDIA A100 80GB GPUs.

Computation overhead The proposed projection in Uni-LoRA is straightforward to implement in
modern deep learning frameworks such as PyTorch, enabling full utilization of GPU acceleration.
Moreover, since the projection matrix in Uni-LoRA is frozen and does not require training – as
opposed to Tied-LoRA and VB-LoRA – it incurs significantly lower computational overhead. As
shown in Tables 9 and 10, Uni-LoRA achieves substantially shorter training time compared to
VB-LoRA, and is on par with the original LoRA.

Memory efficiency Uni-LoRA significantly reduces memory consumption by minimizing the
number of trainable parameters. During LoRA fine-tuning, the forward computation is performed as
z = Ax, H = Bz, without the need of explicitly instantiating ∆W . This memory-efficient strategy
is seamlessly supported in Uni-LoRA and has been implemented in our codebase. As shown in
Tables 9 and 10, Uni-LoRA consistently consumes less memory than VB-LoRA across all model
configurations evaluated.

Table 8: Hyperparameters and computing resources used in the natural language understanding
experiments on the GLUE benchmark. h: hour, m: minute.

Model Hyperparameter SST-2 MRPC CoLA QNLI RTE STS-B

Optimizer AdamW
Warmup Ratio 0.06
LR Schedule Linear
Init. of θd U(−0.02, 0.02)

B
A

S
E

# GPUs 1
Epochs 60 30 80 25 160 80
Learning Rate (Head) 1E-4 2E-2 5E-3 2E-4 5E-4 2E-4
Learning Rate (θd) 5E-3
|θd| 23,040
Rank 4
Max Seq. Len. 512
Batch Size Per GPU 32
Training Time 9.2h 15.5m 1.8h 6.2h 1h 1.1h
GPU Memory 24,310 MiB

L
A

R
G

E

# GPUs 1
Epochs 20 40 40 20 40 40
Learning Rate (Head) 2E-4 2E-3 2E-2 5E-3 5E-3 1E-4
Learning Rate (θd) 5E-3
|θd| 23,040
Rank 4
Max Seq. Len. 128
Batch Size Per GPU 32
Training Time 1.3h 9m 21m 2.5h 6.5m 13m
GPU Memory 9,402 MiB
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Table 9: Hyperparameters and computing resources used in the mathematical reasoning experiments.
h: hour, m: minute.

Hyperparameter Uni-LoRA(Mistral) Uni-LoRA(Gemma) VB-LoRA(Mistral) VB-LoRA(Gemma)

# GPUs 1
Optimizer AdamW
Learning Rate Schedule Cosine
Batch Size 1
Accumulation Steps 64
Epochs 2
Warmup Ratio 0.02
Rank 4

Vector bank b - - 256 256
Vector bank h - - 2048 2048
|θd| 524,288 524,288 - -
Learning Rate (Vector bank) - - 1E-3 1E-3
Learning Rate (Logits) - - 1E-2 1E-2
Learning Rate (θd) 2E-3 2E-3 - -
Training Time 15.5h 15.1h 19.3h 17.5h
GPU Memory 48,984 MiB 59,488 MiB 50,426 MiB 60,166 MiB

Table 10: Hyperparameters and computing resources used in instruction tuning on the Cleaned Alpaca
Dataset. h: hour. 7B: Llama2-7B, 13B: Llama2-13B.

Hyperparameter Uni-LoRA-7B Uni-LoRA-13B LoRA-7B LoRA-13B VB-LoRA-7B VB-LoRA-13B

# GPUs 1
Optimizer AdamW
Warmup Ratio 0.1
Batch Size 4
Accumulation Steps 4
Epochs 1
LR Schedule Linear
Rank 4 4 64 64 4 4
Vector bank b - - - - 256 256
Vector bank h - - - - 2048 4096
|θd| 524,288 1,048,576 - - - -
Learning Rate (Vector bank) - - - - 1E-3 1E-3
Learning Rate (Logits) - - - - 1E-2 1E-2
Learning Rate (LoRA) - - 4e-4 4e-4 - -
Learning Rate (θd) 8e-4 8e-4 - - - -
Training Time 3h 4.5h 3h 4.5h 3.8h 5.7h
GPU Memory 7,212 MiB 11,752 MiB 7,736 MiB 12,320 MiB 7,418 MiB 12,244 MiB

A.3 Impact of Hyperparameters on Model Performance

To investigate how the number of trainable parameters d affects model performance, we conducted
ablation studies by fine-tuning RoBERTa-Large on the SST-2 task (from GLUE) and Gemma-7B on
the mathematical reasoning benchmarks, where d is varied while keeping all other settings at their
default values. The results are summarized in Figure 3. Our experiments show that performance
improves rapidly with increasing d when d is small, and then plateaus as d grows larger.
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Figure 3: Evolution of Uni-LoRA accuracies on different benchmarks as the number of trainable
parameters d increases.
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Table 11: Hyperparameters and computing resources used in the vision tasks. h: hour, m: minute.
Model Hyperparameter OxfordPets StanfordCars CIFAR10 DTD EuroSAT FGVC RESISC45 CIFAR100

Optimizer AdamW
Weight Decay 0.01
LR Schedule Linear
Init. of θd U(−0.02, 0.02)
Epoch 20

B
A

S
E

# GPUs 1
Learning Rate (Head) 5E-3 5E-2 5E-2 5E-2 5E-2 5E-2 5E-2 1E-2
Learning Rate (θd) 5E-3 1E-2 1E-2 1E-2 1E-2 1E-2 1E-2 1E-2
|θd| 72,000
Rank 4
Batch Size Per GPU 128
Training Time 6m 23m 49m 13m 40m 53m 30m 1.6h
GPU Memory 12,132 MiB

L
A

R
G

E

# GPUs 1
Learning Rate (Head) 2E-2 1E-2 5E-3 1E-2 2E-2 1E-2 1E-2 5E-3
Learning Rate (θd) 1E-2 1E-2 1E-2 1E-2 1E-2 1E-2 1E-2 1E-2
|θd| 144,000
Rank 4
Batch Size Per GPU 32
Training Time 11m 33m 1.6h 13m 40m 53m 50m 1.6h
GPU Memory 30,058 MiB

Table 12: All results reported are generated using a consistent version of the GPT-4 API. Score refers
to the evaluation on MT-Bench with single-turn dialogues.

Model Method # Parameters Score Training Time GPU memory

LLAMA2-7B
LoRA (Rank 64) 159.9M 5.62 3.0 h 7,736 MiB
LoRA (Rank 4) 10.0M 5.34 2.9 h 7,044 MiB
Uni-LoRA (Rank 4) 0.52M 5.58 3.0 h 7,212 MiB

LLAMA2-13B
LoRA (Rank 64) 250.3M 6.20 4.5 h 12,320 MiB
LoRA (Rank 4) 15.60M 6.06 4.1 h 11,634 MiB
Uni-LoRA (Rank 4) 1.0M 6.34 4.5 h 11,752 MiB

For a fair comparison, we follow VB-LoRA and set the LoRA rank r = 4 in the paper. To evaluate
the influence of rank r, here we conduct additional analysis by varying r for RoBERTa-Large on the
SST-2 task (from GLUE) and Gemma-7B on the mathematical reasoning benchmarks. The results
reported in Figure 4 show that Uni-LoRA maintains stable performance across a wide range of ranks,
with r = 4 achieving the best balance between accuracy and efficiency.
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(a) Accuracy on SST-2 with different r.
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Figure 4: Performance comparison of Uni-LoRA across different rank r.

A.4 Comparison with LoRA of the Same Rank

In the instruction tuning experiments, we follow the same setup in VeRA [4] and VB-LoRA [6],
comparing our method against LoRA with a rank of 64, which is a commonly used setting in prior
works. To ensure a fair comparison with our Uni-LoRA, which uses a low rank of 4, we additionally
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include a set of instruction tuning experiments where LoRA is also configured with rank 4. These
experiments follow the same setup as in Section 4.3, with the only difference being the LoRA rank.
The results are provided in Table 12. It can be observed that reducing the LoRA rank from 64 to 4
leads to a noticeable performance / score drop. Moreover, the performance of the LoRA rank-4 model
is consistently worse than that of Uni-LoRA. In contrast, Uni-LoRA employs a fixed, sparse projection
matrix, where only the indices and values of the nonzero entries are involved in computation. This
leads to an extremely efficient implementation. As a result, Uni-LoRA incurs only marginal increases
in training time and memory consumption compared to the rank-4 LoRA baseline, while achieving
notable score improvements.

A.5 Licenses and Asset Usage

We document all external assets used in this work, including models and datasets, along with their
licenses and source URLs.
Natural Language Understanding. We use RoBERTa-base and RoBERTa-large models developed
by Facebook AI, released under the MIT License and available at: https://huggingface.co/
roberta-base, https://huggingface.co/roberta-large. We evaluate on the GLUE bench-
mark, which is publicly available at https://gluebenchmark.com/ and composed of multiple
sub-datasets under various open licenses, as documented on the GLUE website.
Mathematical Reasoning. We fine-tune the Mistral-7B-v0.1 model, released under the Apache
2.0 License and available at https://huggingface.co/mistralai/Mistral-7B-v0.1, and
the Gemma-7B model, which requires agreement to Google’s usage license and is available at
https://huggingface.co/google/gemma-7b. We use the MetaMathQA dataset, available un-
der the MIT License at https://huggingface.co/datasets/meta-math/MetaMathQA, and
evaluate on GSM8K and MATH datasets, both under the MIT License and available at: https:
//huggingface.co/datasets/openai/gsm8k, https://github.com/hendrycks/math.
Instruction Tuning. We use the Cleaned Alpaca dataset, which improves upon the original
Alpaca dataset. Both versions are licensed under CC BY-NC 4.0 and available at: https:
//huggingface.co/datasets/tatsu-lab/alpaca, https://huggingface.co/datasets/
yahma/alpaca-cleaned. We evaluate on MT-Bench, released under CC BY 4.0 and available
at https://huggingface.co/datasets/lmsys/mt_bench_human_judgments. Fine-tuning is
performed on the LLaMA 2 model, licensed under the LLAMA 2 Community License and available
at https://huggingface.co/meta-llama, using the QLoRA framework, released under the MIT
License and available at https://github.com/artidoro/qlora.
All assets were used in compliance with their respective licenses. No proprietary or restricted-access
data was used in this study.
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