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ABSTRACT

The Gromov-Wasserstein (GW) distance has gained increasing interest in the ma-
chine learning community in recent years, as it allows for the comparison of mea-
sures in different metric spaces. To overcome the limitations imposed by the equal
mass requirements of the classical GW problem, researchers have begun explor-
ing its application in unbalanced settings. However, Unbalanced GW (UGW) can
only be regarded as a discrepancy rather than a rigorous metric/distance between
two metric measure spaces (mm-spaces). In this paper, we propose a particu-
lar case of the UGW problem, termed Partial Gromov-Wasserstein (PGW). We
establish that PGW is a well-defined metric between mm-spaces and discuss its
theoretical properties, including the existence of a minimizer for the PGW prob-
lem and the relationship between PGW and GW, among others. We then pro-
pose two variants of the Frank-Wolfe algorithm for solving the PGW problem and
show that they are mathematically and computationally equivalent. Moreover,
based on our PGW metric, we introduce the analogous concept of barycenters
for mm-spaces. Finally, we validate the effectiveness of our PGW metric and re-
lated solvers in applications such as shape matching, shape retrieval, and shape
interpolation, comparing them against existing baselines. Our code is available at
https://github.com/yikun—-baio/sliced_optl

1 INTRODUCTION

The classical optimal transport (OT) problem (Villani, 2009) seeks to match two probability mea-
sures while minimizing the expected transportation cost. At the heart of classical OT theory lies
the principle of mass conservation, which aims to optimize the transfer between two probability
measures, assuming they have the same total mass and strictly preserving it. Statistical distances
that arise from OT, such as Wasserstein distances, have been widely applied across various machine
learning domains, ranging from generative modeling (Arjovsky et al.,|2017; |Gulrajani et al., [2017)
to domain adaptation (Courty et al., 2017) and representation learning (Kolouri et al., 2020). Re-
cent advancements have extended the OT problem to address certain limitations within machine
learning applications. These advancements include: 1) facilitating the comparison of non-negative
measures that possess different total masses via unbalanced (Chizat et al.,|2018c) and partial OT (Fi-
galli, [2010), and 2) enabling the comparison of probability measures across distinct metric spaces
through Gromov-Wasserstein distances (Mémoli, [2011), with applications spanning from quantum
chemistry (Gilmer et al.,|2017) to natural language processing (Alvarez-Melis & Jaakkola, [2018]).

Regarding the first aspect, many applications in machine learning involve comparing non-negative
measures (often empirical measures) with varying total amounts of mass, e.g., domain adaptation
(Fatras et al.,[2021). Moreover, OT distances (or dissimilarity measures) are often not robust against
outliers and noise, resulting in potentially high transportation costs for outliers. Many recent publi-
cations have focused on variants of the OT problem that allow for comparing non-negative measures
with unequal mass. For instance, the optimal partial transport problem (Figalli, 2010; (Caffarelli &
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McCannl, 2010; [Figalli & Gigli, [2010; Nguyen et al.| [2024; |Georgiou et al.| | 2008} |Piccoli & Rossi,
2014)), Kantorovich—Rubinstein norm (Guittet, 2002; |Heinemann et al., [2023; Lellmann et al., 2014),
and the Hellinger—Kantorovich distance (Chizat et al., [2018aj} |Liero et al.,|2018)). Recent works for-
mulating the metric properties of partial OT with total variation constraints include (Raghvendra
et al.| 2024} Nietert et al., 2023)). These methods fall under the broad category of “unbalanced opti-
mal transport.” In this regard, we also highlight (Balaji et al., 2020; Nguyen et al., [2023} |Le et al.,
2021)), which enhance OT’s robustness in the presence of outliers.

Regarding the second aspect, comparing probability measures across different metric spaces is es-
sential in many machine learning applications, ranging from computer graphics, where shapes and
surfaces are compared (Bronstein et al., 2006; Mémoli, 2009), to graph partitioning and matching
problems (Xu et al.,2019a). Source and target distributions often arise from varied conditions, such
as different times, contexts, or measurement techniques, creating substantial differences in intrinsic
distances among data points. The conventional OT framework necessitates a meaningful distance
across diverse domains, a requirement that is not always achievable. To circumvent this issue, the
Gromov-Wasserstein (GW) distances were proposed in (Mémolil 2011;/2009)) as an adaptation of the
Gromov-Hausdorff distance, which measures the discrepancy between two metric spaces (Edwards,
1975} |Gromov}, (198 1bza; Burago et al.,|2001). The GW distance (Mémoli, 2011} [Sturml [2023)) ex-
tends OT-based distances to metric measure spaces (mm-spaces) up to isometries. Its invariance
across isomorphic mm-spaces makes the GW distance particularly valuable for applications like
shape comparison and matching, where invariance to rigid motion transformations is crucial.

The main computational challenge of the GW metric is the non-convexity of its formulation
(Mémoli, 2011). The conventional computational approach relies on the Frank-Wolfe (FW) al-
gorithm (Frank et al., |1956; [Lacoste-Julien, 2016)). Optimal transport (OT) computational methods
(Guittet, 2002} |Cuturi, [2013;; [Papadakis et al., |2014; Benamou et al.,[2014; 2015} Peyré et al., | 2019;
Chizat et al., 2018bj Bonneel & Coeurjollyl 2019; Bai et al.,|2023)), such as the Sinkhorn algorithm,
can be incorporated into FW iterations, which yields the classical GW solvers (Peyré et al., 2016;
Xu et al., 2019b; [Titouan et al.| [2019a).

Given that the GW distance is limited to the comparison of probability mm-spaces, recent works
have introduced unbalanced and partial variations (Séjourné et al., |2021; |Chapel et al.| 2020;
De Ponti & Mondino, 2022)). These variations have been applied in diverse contexts, including
partial graph matching for social network analysis (Liu et al., |2020) and the alignment of brain
images (Thual et al., [2022). Although solving these unbalanced variants of the GW problem yields
notions of discrepancies between mm-spaces, their metric properties remain unclear in the literature.

Motivated by the emerging applications of the GW problem in unbalanced settings, this paper fo-
cuses on developing a metric between general (not necessarily probability) mm-spaces and providing
efficient solvers for its computation. Our proposed metric arises from formulating a variant of the
GW problem for unbalanced contexts, rooted in the framework provided by (Séjourné et al.,|2021)),
which we named the Partial Gromov-Wasserstein (PGW) problem. In contrast to (Séjourné et al.,
2021), which introduces a KL-divergence penalty and a Sinkhorn solver, we employ a total vari-
ation penalty, demonstrate the resulting metric properties, and provide novel, efficient solvers for
this problem. To the best of our knowledge, this paper presents the first metric for non-probability
mm-spaces based on the GW distance.

Contributions. Our specific contributions in this paper are:

* GW metric in unbalanced settings. We propose the Partial Gromov-Wasserstein (PGW)
problem and prove that it gives rise to a metric between arbitrary mm-spaces.

* PGW solver. |'| Analogous to the technique presented in (Caffarelli & McCann, 2010),
we show that the PGW problem can be turned into a variant of the GW problem. Based
on this relation, we propose two mathematically equivalent, but distinct in numerical im-
plementation, Frank-Wolfe solvers for the discrete PGW problem. Inspired by the results
of (Lacoste-Julien, 2016), we prove that similar to the Frank-Wolfe solver presented in

'Rigorously speaking, due to the non-convexity of the GW problem and its variants, current methods achieve
only local minima rather than global minima. We use the term “solver” following the convention of previous
related works (Séjourné et al.,[2021;Chapel et al.,|2020), but it should be emphasized that the proposed methods
aim to find local minima rather than global minima, similar to related and classical computational GW works.
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(Chapel et al., |2020), our proposed solvers for the PGW problem converge linearly to a
stationary point.

* Numerical experiments. We demonstrate the performance of our proposed algorithms in
terms of computation time and efficacy on a series of tasks: shape-matching with outliers
between 2D and 3D objects, shape retrieval between 2D shapes, and shape interpolation
using the concept of PGW barycenters. We compare the performance of our proposed
algorithms against existing baselines for each task.

2 BACKGROUND

In this section, we review the basics of OT theory, one of its variants in unbalanced contexts called
Partial OT (POT), and their connection as established in (Caffarelli & McCann, 2010). We then
introduce the GW distance.

2.1 OPTIMAL TRANSPORT AND PARTIAL OPTIMAL TRANSPORT

Let Q C R? be, for simplicity, a compact subset of R, and P(£2) be the space of probability
measures defined on the Borel o-algebra of (2.

The Optimal Transport (OT) problem for i, v € P(2), with transportation cost ¢(z, y) : QxQ —
R being a lower-semi continuous function, is defined as:

OT(uv)i= min 2(0).  whete (0= [ cln.y) (e M)
yeT'(p,v) 02

and where I'(11, ) denotes the set of all joint probability measures on Q2 :=  x  with marginals

Wy Vs 1.6, Y1 1= Ty = W, Y i= Tap”y = v, where my, T2 : Q% — Q are the canonical projections

m(xz,y) := x,m2(x,y) := y. A minimizer for (1) always exists (Villani, 2009; [2021) and when

c(z,y) = |lz—y||P, for p > 1, it defines a metric on P(£2), which is referred to as the “p-Wasserstein

distance”:

Wyn)i= min [ o= ylPdy(e.g). @
YET (1,v) J 2

The Partial Optimal Transport (POT) problem (Chizat et al.| | 2018c; [Figalli & Gigli, [2010; |Pic-

coli & Rossi,[2014) extends the OT problem to the set of Radon measures M (€2), i.e., non-negative

and finite measures. For A > 0 and u, v € M (), the POT problem is defined as:

POT (p,v;A) == inf c)+ A\(|p — + v — , 3
(10N i=_int 20+ Al = + v =) )
where, in general, |o| denotes the total variation norm of a measure o, i.e., |o] := o(£2). The

constraint v € M (9?) in (3) can be further restricted to v € I'<(p1, v):

Pe(pv) i={y € M (%) : 7 < pyye < v},

denoting v, < p if for any Borel set B C £, y1(B) < u(B) (respectively, for v5 < v) (Figalli,
2010). Roughly speaking, the linear penalization indicates that if the classical transportation cost
exceeds 2), it is better to create/destroy’ mass (see (Bai et al.,[2023) for further details).

The relationship between POT and OT. By using the techniques in (Caffarelli & McCann, 2010),
the POT problem can be transferred into an OT problem, and thus, OT solvers (e.g., network sim-
plex) can be employed to solve the POT problem.

Proposition 2.1. (Caffarelli & McCann| 2010} |Bai et al., |2023) Given p,v € M (Q), construct
the following measures on Q := Q U {co}, for an auxiliary point co:

b=p+v|ds and U=v+|p|ds. 4)
Consider the following OT problem
C(IE,y)*Z)\ l:f%,yGQ,
0 elsewhere.

OT(j1,0) = min 4(¢), where ¢(x,y) == { (3)
FET(f1,0)
Then, there exists a bijection F' : T'<(p,v) — T'(f1, ) given by
F(y) =94+ (p—7) ® s + 0% @ (¥ — 72) + V|00, 50- 6)

such that y is optimal for the POT problem (El) if and only if F(7) is optimal for the OT problem (E])
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It is worth noting that instead of considering the same underlying space €2 for both measures . and v,
the OT and POT problems can be formulated in the scenario where 1 and v are defined on different
metric spaces X and Y, respectively. In this setting, one needs a cost functionc: X x Y — R, to
formulate the OT and POT problems. However, in practice it is usually difficult to define reasonable
‘distance’ or ground cost c(-,-) between the two spaces X and Y. In particular, the p-Wasserstein
distance cannot be adopted if u, v are defined on different spaces. To relax this requirement, in the
next section, we will review the fundamentals of the Gromov-Wasserstein problem (Mémoli, [2011).

2.2 THE GROMOV-WASSERSTEIN (GW) PROBLEM

A metric measure space (mm-space) consists of a set X endowed with a metric structure, that is, a
notion of distance dx between its elements, and equipped with a Borel measure p. As in Mémoli
(2011}, Ch. 5), we will assume that X is compact and that supp(u) = X. Given two probability
mm-spaces X = (X, dx,p), Y = (Y,dy,v), with p € P(X) and v € P(Y), and a non-negative
lower semi-continuous cost function L : R? — R (e.g., the Euclidean distance or the KL-loss), the
Gromov-Wasserstein (GW) matching problem is defined as:

GWL(XaY) = inf ’7®2(L(dX(7)adY(a))>7 (N

YEL (k,v)

where, for brevity, we employ the notation v®2 for the product measure dfy®2((:r7 y), (2',y)) =
dy(z,y)dy(z',y'). If L(a,b) = |a — bP, for 1 < p < oo, we denote GWE(-,-) simply by
GW?(-,-). In this case, the expression || deﬁnes an equivalence relation ~ among probabilit
mm-spaces, i.e., X ~ Y if and only if GWP(X,Y) A minimizer of the GW problem (7)
always exists, and thus, we can replace inf by min. Moreover similar to OT, the above GW problem
defines a distance for probability mm-spaces after taking the quotient under ~. For details, we refer
toMémoli| (2011}, Ch. 5 and 10).

3 THE PARTIAL GROMOV-WASSERSTEIN (PGW) PROBLEM

The Unbalanced Gromov-Wasserstein (UGW) problem for general (compact) mm-spaces X =
(X,dx,pn),Y = (Y,dy,v), with p € M, (X),v € M,(Y), studied in (S&ourné et al., 2021}
Kong et al.,|2024) is defined as:

UGWY(X,Y):= _ inf  4®*(L(dx,dy)) + MDs(37? | 1%%) + Dy (45 | v52)),  (8)

YEML(XXY)

where A > 0 is a fixed linear penalization parameter, and Dy is a Csiszdr or ¢-divergence. The
above formulation extends the classical GW problem (/) into the unbalanced setting (1 and v are no
longer necessarily probability measures but general Radon measures).

We underline two points: First, as discussed in (S€journé et al., 2021), while the above quantity
allows us to ‘compare’ the mm-spaces X and Y, its metric property is unclear. Secondly, when D
is the KL divergence, a Sinkhorn solver has been proposed in (S€journé et al., 2021). However, a
solver for general ¢-divergences has not yet been proposed.

In this paper, we will analyze the case when Dy is the total variation norm. Specifically, for ¢ > 1,
we consider the following problem, which we refer to as the Partial Gromov-Wasserstein (PGW)
problem:

PGWE (X,Y) := inf ®2(1 (4% d¢ M| u®2 — ~®2 ®2_ .82 (g
ve(XY) ertsry” (L(d%,dy)) + A o+ v Yo )

Remark 3.1. Ifv € T' < (u,v), the above cost functional can be rewritten as
FHL(d, dY)) + M| =272 + P2 = 42%)) = v92 (L(d%, dy) — 22) + A ([uf® +[v]?) -
—_———
does not depend on ~y

Proposition 3.2. Given mm-spaces X = (X,dx, n),Y = (Y, dy,v), the minimization problem @)
can be restricted to the set U< (pu,v) = {y € My (X xY): v < p,vy2 <v}. Thatis,

PGWE(X,Y) = inf %2 (L(d%,d%) — 20) + A(|luf* + |v]?). (10)

vEl < (p,v)

*Moreover, given two probability mm-spaces X and Y, GW (X,Y) = 0 if and only if there exists a bi-
jective isometry ¢ : X — Y such that ¢pxp = v. In particular, the GW distance is invariant under rigid
transformations (translations and rotations) of a given probability mm-space.
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For the proof, inspired by (Piccoli & Rossil 2014])), we direct the reader to Appendix @

We notice that a similar Partial Gromov-Wasserstein problem (and its solver) has been studied
(Chapel et al., [2020). Indeed, in (Chapel et al., [2020), the A-penalization in the optimization prob-
lem is avoided, but the constraint set is replaced by the subset of all v € I'<(u, ) such that
|v| = p for a fixed p € [0, min{|u|, |v|}]. We will call this formulation the Mass-Constrained Par-
tial Gromov-Wasserstein (MPGW) problem. In Appendix[[] we explore the relations between PGW
and MPGW, and in Section [5] and Appendices we analyze the performance of the different
solvers through different experiments.

Proposition 3.3. If L(ry,r2) = |r1 — ro

P, for p € [1,00), we use PGWY, | to denote PGWﬁq. In
this case, (9) and (I0) admit a minimizer.

The proof is given in Appendix [C} Its idea extends results from (Mémoli, 2011) from probability
mm-spaces to arbitrary mm-spaces.

Next, we state one of our main results: The PGW problem gives rise to a metric between mm-spaces.
The rigorous statement as well as its proof is given in Appendix [D} The formal statement is based on
the definition of equivalence classes among mm-spaces (see Remark[D.T). The most difficult part of
the proof is the triangle inequality and the main technique used relies on the relation between PGW
and GW (see Appendix [D.3).

Proposition 3.4. Let A > 0, 1 < ¢,p < oo and L(r1,72) = |r1 — r2|P. Then (PGWY, (,, )P
defines a metric between mm-spaces.

Finally, for consistency, we provide the following result when the penalization tends to infinity. Its
proof is given in Appendix [E]

Proposition 3.5. Consider probability mm-spaces X = (X,dx,p), Y = (Y,dy,v), that is, || =
|v| = 1. Assume that L is a continuous funtion. Then lim)_, oo PGW)eq(X, Y) = GWE(X,Y).

4 COMPUTATION OF THE PARTIAL GW DISTANCE

In the discrete setting, consider mm-spaces X = (X, dx, Y i, i 0x,), Y = (Y, dy, 7", 4} 6y,),
where X = {z1,...,2,}, Y = {y1,...,Ym}, the weights piX, q}/ are non-negative numbers, and
the distances dx, dy are determined by the matrices CX € R"*", CY € R™*™ defined by

CX i=dy (i, xy) Vi €[l:n] and C)j :=d¥(y;y;) Vij €l:m]. (1D

Letp := [¢5%,...,¢X]" and q := [q),...,q.]" denote the weight vectors corresponding to the
given discrete measures. We view the sets of transportation plans I'(p, q) and I'< (p, q) for the GW
and PGW problems, respectively, as the subsets of n x m matrices

T(p,q) :={y ERY™: Yl =p,y 1, =q}, ifp|=) p=1=> ¢ =la 12
i=1 j=1

P<(p,a) = {y €RY™: 71, <p.y' 1, <}, (13)
for any pair of non-negative vectors p € R”}, q € R, where 1,, is the vector with all ones in R"
(resp. 1,,), and v1,,, < p means that component-wise the < relation holds.

Given by a non-negative function L : R"*™ x R™*™ — R, the transportation cost M and the
‘partial’ transportation cost M are represented by the n X m X n X m tensors:

M; ji 50 = L(CX,,C) ) and M =M —2X\ := M — 2\ pmonm, (14)

where 1,, p,.n,m is the tensor with ones in all its entries. For each n x m X n x m tensor M and
each n X m matrix 7, we define tensor-matrix multiplication M oy € R™*™ by

(M ov)i; =Y (M jir i)V -

i/ 7j/
Then, the Partial GW problem in (T0) can be written as
PGW{(X,Y) = min Lg(y)+A(pl* +af*),  where (15)
vel'<(p,a)
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Ly(y) = My®? = Z M i % Vi 7 = Z(M o Y)ijvij = (M ov,V)F, (16)
,4,4",5" ij
and (-, -) r stands for the Frobenius dot product. The constant term A(|p|? + |q|?) will be ignored in
the rest of this paper since it does not depend on ~.

4.1 FRANK-WOLFE FOR THE PGW PROBLEM — SOLVER 1

In this section, we discuss the Frank-Wolfe (FW) algorithm for the PGW problem (I5). A second
variant of the FW solver is provided in the Appendix

As a summary, in our proposed method, we address the discrete PGW problem (I3, highlighting
that the direction-finding subproblem in the Frank-Wolfe (FW) algorithm is a POT problem for (T3).
Specifically, (T3) is treated as a discrete POT problem in our Solver 1, where we apply Proposition
to solve a discrete OT problem.

For each iteration k, the procedure is summarized in three steps detailed below.

The convergence analysis, detailed in Appendix [K] applies the results from (Lacoste-Julien| 2016)

to our context, showing that the FW algorithm achieves a stationary point at a rate of O(1/ \/E) for
non-convex objectives with a Lipschitz continuous gradient in a convex and compact domain.

STEP 1. COMPUTATION OF GRADIENT AND OPTIMAL DIRECTION.
It is straightforward to verify that the gradient of the objective function (I6)) in (I3)) is given by

VL (y) =2Mon. (17)

The classical method to compute M oy is the following: First, convert M into an (n X m) X (n X m)
matrix, denoted as v(M), and convert «y into an (n x m) x 1 vector v(y). Then, the computation
of M o+ is equivalent to the matrix multiplication v(M)v(y). The computational cost and the
required storage space are O(n?m?). In certain conditions, the above computation can be reduced
to O(n? + m?). We refer to Appendices E]andfor details.

Next, we aim to solve the following problem:

7(’“)' < arg min <V£M(’Y(k))7'Y>F7
~v€l'<(p,q)

which is a discrete POT problem since it is equivalent to

min  (2M oy® ) g + Av®|(Ip| + |a] — 2/7])-
v€l<(p,a)

The solver can be obtained by firstly converting the POT problem into an OT problem via Proposition
and then solving the proposed OT problem.

STEP 2: LINE SEARCH METHOD.

In this step, at the k-th iteration, we need to determine the optimal step size:

o) = arg.min {£5((1 — )7 ®) + ™)},

The optimal a(¥) takes the following values (see Appendixfor details):

0 ifa<0,a+b>0, Sy (B) = A (k) _ (k)
Leta® = {1 ifa <0,a+b<0, where { a=(Modsy®, 5y®)p . (18)
clip(32,[0,1]) ifa >0, b= 2(M o~y® 5y®)p.

and clip(52, [0,1]) = min{max{—2,0},1}.
STEP 3: UPDATE y*+1) «— (1 — a®))y (k) 4 (k) (k)",

4.2 NUMERICAL IMPLEMENTATION DETAILS

The initial guess, 7(1). In the GW problem, the initial guess is simply set to v(!) = pq" if there
is no prior knowledge. In PGW, however, as u, v may not necessarily be probability measures
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Algorithm 1: Frank-Wolfe Algorithm for PGW, ver 1

Input: = 37" p0e, v =30 ) 6,7
Output: ~(final)
Compute CX,CY
fork=1,2,...do
G*) « 2M o) // Compute gradient
AR arg Mil,er_ (p,q) (G™) 4\ 1/ Solve the POT problem.
Compute a*) € [0,1] via (18) // Line search
D) (1 — M)y ®) 4 oF)4®)' )1 Update ~
if convergence, break

end for
7(fmal) — ,y(k)

(e, >, pX. > y qJY # 1 in general), we set v(1) = m. It is straightforward to verify that
7 €T<(p,q)as

SO, = lalp 1T Ipla )Sq.

= <p, v lLy=—7F"——+
max(|p|, |ql) " max(|pl,|q]

Column/Row-Reduction. According to the interpretation of the penalty weight parameter in the
Partial OT problem (e.g. see Lemma 3.2 in (Bai et al.,[2023)), during the POT solving step, for each
i€[l:n](orje[l:m]),if the i*" row (" column) of M o (¥) contains a non-negative entry,
all the mass of p;X (q}/) will be destroyed (created). Thus, we can remove the corresponding row
(column) to improve the computational efficiency.

5 EXPERIMENTS
5.1 Toy EXAMPLE: SHAPE MATCHING WITH OUTLIERS

We use the moon dataset and synthetic 2D/3D spherical data in this experiment. Let
{wi}f_q,{y;j}j=1 denote the source and target point clouds. In addition, we add nn (where

1 = 20%) outliers to the target point cloud. See Figure 1| for visualization.

We visualize the transportation plans given by the GW (Mémoli, 2011), MPGW (Chapel et al.,
2020), UGW (Séjourné et al., 2021}, and our proposed PGW problems. For MPGW, UGW, and
PGW, we set the mass to be 1 for each point in the source and target point clouds. For GW, we
normalize the mass of these points so that the source and target have the same total mass. From
Figure [T} we observe that PGW and MPGW induce a one-by-one relation in both cases and no
outlier points are matched to the source point cloud. Meanwhile, GW matches all of the outliers.
For UGW, as it applies the Sinkhorn algorithm, we observe mass-splitting transportation plans in
both cases. Moreover, we observe that some mass from the outliers has been matched, which is not
desired.

5.2 SHAPE RETRIEVAL

Experiment setup. We now employ the PGW distance to distinguish between 2D shapes, as done
in (Beier et al.| 2022), and use GW, MPGW, and UGW as baselines for comparison. Given a series

of 2D shapes, we represent the shapes as mm-spaces X = (R?, ||- ||z, 12*), where p? = 22:1 aiézi.

For the GW method, we normalize the mass for the balanced mass constraint setting (i.e. of = ni s

and for the remaining methods we let o = « for all the shapes, where o > 0 is a fixed constant. In
this manner, we compute the pairwise distances between the shapes.

We then use the computed distances for nearest neighbor classification. We do this by choosing a
representative at random from each class in the dataset and then classifying each shape according
to its nearest representative. This is repeated over 10,000 iterations, and we generate a confusion
matrix for each distance used. Finally, using the approach given by (Beier et al.l 2022; [Titouan
et al., |2019b), we combine each distance with a support vector machine (SVM), applying stratified
10-fold cross validation. In each iteration of cross validation, we train an SVM using exp(—o D)
as the kernel, where D is the matrix of pairwise distances (w.r.t. one of the considered distances)


https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_moons.html
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’ ;;.'
[

Figure 1: The set of red points comprises the source point cloud. The union of the dark blue
(outliers) and light blue points comprises the target point cloud. For UGW, MPGW, and PGW, we
set the mass for each point to be the same. For GW, we normalize the mass for the balanced mass
constraint setting.

PGW (ours)

bone qoblet star horseshoe

Tectangie Trapezod

horseshoe {

annulus

rectangle arrow

PGW (ours)

house double arrow circle

Figure 2: In each row, the first figure visualizes an example shape from each class, and the second
figure visualizes the resulting pairwise distance matrices. The first row corresponds to Dataset I, and
the second corresponds to Dataset II.

restricted to 9 folds, and compute the accuracy of the model on the remaining fold. We report the
accuracy averaged over all 10 folds for each model.

Dataset setup. We test two datasets in this experiment, which we refer to as Dataset I and Dataset
II. We construct Dataset I by adapting the 2D shape dataset given in 2022), consisting
of 20 shapes in each of the classes bone, goblet, star, and horseshoe. For each class, we augment
the dataset with an additional class by selecting either a subset of points from each shape of that
class (rectangle/bone, trapezoid/goblet, disk/star) or adding additional points to each shape of that
class (annulus/horseshoe). Hence, the final dataset consists of 160 shapes across 8 total classes. This
dataset is visualized in Figure [Da]

For Dataset II, we generate 20 shapes for each of the classes rectangle, house, arrow, double arrow,
semicircle, and circle. These shapes were generated in pairs, such that each shape of class rectangle
is a subset of the corresponding shape of class house, and similarly for arrow/double arrow and
semicircle/circle. This dataset is visualized in Figure[9b]

Performance analysis. We refer to Appendix [O] for full numerical details, parameter settings, and
the visualization of the resulting confusion matrices. We visualize the two considered datasets and
the resulting pairwise distance matrices in Figure 2] For the SVM experiments, GW achieves the
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Distance Dataset I Dataset II Distance Dataset I Dataset 11

GW 0.9813 0.8083 GW 49.02s 137.12s

MPGW 0.2375 0.2500 MPGW 49.10s 93.90s

UGW 0.89375 0.9000 UGW 1484.49s 519.91s

PGW (ours)  0.9625 1.0000 PGW (ours) 35.92s 79.27s
(a) Mean accuracy of SVM using each dis- (b) Wall-clock time comparison.

tance in kernel.

Table 1: Accuracy and wall-clock time comparision for shape retrieval experiment.

highest accuracy on Dataset I, 98.13%, while the second best method is PGW, 96.25%. For Dataset
II, PGW achieves the highest accuracy, correctly classifying 100% of the samples. The complete set
of accuracies for all considered distances on each dataset is reported in Table[Ta]

In addition, we report the wall-clock time required to compute all pairwise distances for each dis-
tance in Table [Tb] We observe that GW, MPGW, and PGW have similar wall-clock times across
both experiments (30-50 seconds for Dataset I, 80-140 seconds for Dataset II), with PGW admit-
ting a slightly faster runtime in both cases. Meanwhile, UGW requires almost 1500 seconds on the
experiment with Dataset I and over 500 seconds on the experiment with Dataset II.

5.3 PARTIAL GROMOV-WASSERSTEIN BARYCENTER AND SHAPE INTERPOLATION

By (Peyré et al.,[2016), Gromov-Wasserstein can be applied to interpolate two shapes via the con-
cept of Gromov-Wasserstein Barycenters. In this paper, we introduce Partial Gromov-Wasserstein
Barycenters by extending the GW Barycenter to the setting of PGW as follows.

Consider the discrete mm-spaces X', ..., XX, where X* = (X*, || [[gar, Doi%, pFo,n ), with X* =

{aF}7 C R Wedenote C* = [||aF —ak||?]; » andp* = [p},...,pk ]. Given positive constants
1,.-+,Ax > 0, the PGW Barycenter is defined by:

mlnzgk (C,C*) ov* AFY — 22X |7F|? (19)

Civi

where each v* € I'<(p, p¥). We refer to Appendix [M]for the solver of and details.

Experiment setup We apply the PGW barycenter to the following problem: Given two shapes
X ={z;}1; CR"andY = {y;}1", C R%, modeled as mm-spaces X = (X, || [|gas, D1y 0a;)
and Y = (Y, - ||gas, 2 iy Oy ), We wish to find interpolations between them. In addition, we
assume Y is corrupted by noise, i.e., Y is redefined as Y = (Y, || - [|gaz, Sy Oyi + Dot 85.)
with Y =Y U {5 ™, where ) € [0, 1] is the noise level and each g; is randomly selected from a

particular region R C R%.

Dataset setup. We adapt the dataset given in (Peyré et al.|, 2016)). See Appendix for further
details on the dataset. In this experiment, we test 7 = 5%, 10%. We visualize the barycenter
interpolation from ¢ = 0/7to t = 7/7, where (1 — t), ¢ are the weight of the source X and the target
Y, respectively, in the barycenter (I9). The visualization given in Figure [3]is obtained by applying
SMACOF MDS (multidimensional scaling) of the minimizer C'

Performance analysis. From Figure [3] we observe that in this two scenarios, the interpolation
derived from GW is clearly disturbed by the noise data points. For example, in rows 1, 3, columns
t =1/7,2/7,3/7, we see that the point clouds reconstructed by MDS have significantly different
width-height ratios from those of the source and target point clouds. In contrast, PGW is significantly
less disturbed, and the interpolation is more natural. The width-height ratio of the point clouds
generated by the PGW barycenter is consistent with that of the source/target point clouds.

6 SUMMARY

In this paper, we propose the Partial Gromov-Wasserstein (PGW) problem and introduce two Frank-
Wolfe solvers for it. As a byproduct, we provide pertinent theoretical results, including the relation
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GW,5%

PGW,5%

GW,10%

PGW,10%

data t=6/7 t=777

Figure 3: In the first column, the first and second figures are the source and target point clouds in
the first experiment (n = 5%); the third and fourth figures are the source and target point clouds in
the second experiment ( = 10%).

between PGW and GW, the metric property of PGW, and the PGW barycenter formulation. Further-
more, we demonstrate the efficacy of the PGW solver in solving shape matching, shape retrieval,
and shape interpolation tasks. For the shape retrieval experiment, we observe that due to their metric
property, PGW and GW have similar accuracy and outperform the other methods evaluated. In the
shape matching and point cloud interpolation experiments, we demonstrate that PGW admits a more
robust result when the data are corrupted by outliers/noisy data.
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A  NOTATION AND ABBREVIATIONS

OT: Optimal Transport.

POT: Partial Optimal Transport.

GW: Gromov-Wasserstein.

PGW: Partial Gromov-Wasserstein.

FW: Frank-Wolfe.

MPGW: Mass-Constrained Partial Gromov-Wasserstein.

|l - ||: Euclidean norm.

X?2=XxX.

M (X): set of all positive (non-negative) Randon (finite) measures defined on X.
P2(X): set of all probability measures defined on X, whose second moment is finite.
R, : set of all non-negative real numbers.

R™*™: set of all n x m matrices with real coefficients.

R}*™ (resp. R’}): set of all n x m matrices (resp., n-vectors) with non-negative coeffi-
cients.

RrxmxnXm. get of all n X m X n X m tensors with real coefficients.
1o, Lnscms Lnxmxnxm: vector, matrix, and tensor of all ones.

1 g: characteristic function of a measurable set £/

1 ifzekE
1 = ’
5(2) { 0 otherwise.

X, Y: metric measure spaces (mm-spaces): X = (X,dx, u), Y = (Y, dy,v).

C™: given a discrete mm-space X = (X, dx, 1), where X = {1, ...,z,}, the symmetric
matrix C* € R™*" is defined as C;;, = d% (x;, z}).

1®2: product measure ;1 ® .

Tyo: T : X — Y is a measurable function and o is a measure on X. T%o0 is the push-
forward measure of o, i.e., its is the measure on Y such that for all Borel set A C Y,
Tyo(A) =o(T71(A)).

¥, Y1, Y2: 7Y is a joint measure defined in a product space having 71, s as its first and second
marginals, respectively. In the discrete setting, they are viewed as matrices and vectors, i.e.,
yEeRY™ andy; =1, €RT, v =771, € R

m : X XY — X, canonical projection mapping, with (z,y) — z. Similarly, 7o :
X XY — Y is canonical projection mapping, with (z,y) — y.

T2t S x X xY — X xY, canonical projection mapping, with (s,z,y) — (z,y).
Similarly, 7 1 maps (s, z,y) to (s, x); 7,2 maps (s, z,y) to (s,y).

T'(u, v), where 1 € Po(X),v € P2(Y) (where X, Y may not necessarily be the same set):

it is the set of all the couplings (transportation plans) between p and v, i.e., I'(u,v) =

{vEPAUX XY): 7 = py 72 = v}

I'(p,q): set of all the couplings between the discrete probability measures p =
i1 Py 0, and v = 37T | g7 4, with weight vectors

p=[pr,....pn]" and  q=[q,....q5] - (20)

That is, I'(p, q) coincides with I'(us, /), but it is viewed as a subset of n X m matrices
defined in (12).

P, q: real numbers 1 < p, g < oc.
D, q: vectors of weights as in (20).
P=[p1,.-,pn] <P =[P, 0] if p; < pfforalll <j <n.
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* Ipl =323 piforp = [p1,..., pal.
e ¢(z,y) : X xY — R, denotes the cost function used for classical and partial optimal
transport problems. lower-semi continuous function.

* OT(u,v): it is the classical optimal transport (OT) problem between the probability mea-
sures 4 and v defined in (T).

* Wp(p,v): it is the p-Wasserstein distance between the probability measures p and v de-
fined in (2), for 1 < p < oo.

o POT(u,v; \): the Partial Optimal Transport (OPT) problem defined in .

* |u: total variation norm of the positive Randon (finite) measure y defined on a measurable
space X, i.e., = p(X).

* 1 < o: denotes that for all Borel set B C X we have that the measures u,0 € M (X)
satisfy 1(B) < o(B).

* I'<(p,v), where p € M (X),v € M4 (Y): set of all “partial transportation plans”
Pc(pv) ={yeM(X xY): m1 <p,v <v}

* I'<(p, q): set of all the “partial transportation plans” between the discrete probability mea-

sures 1 = iy p; 0, and v = 377" ¢ 4, with weight vectors p = [pi‘,...,p; ] and
q=[qf,...,q¥] Thatis, T'<(p,q) coincides with T'< (i, ), but it is viewed as a subset

of n x m matrices defined in (I3).
* A > 0: positive real number.
* co: auxiliary point.
« X = XU{x}.
* [, 0 given in (4).
* D, q: given in (53).
* 4: given in (6).
« () : X xY = R,: costas in .
* L:R xR — R: cost function for the GW problems.
* D:R xR — R: generic distance on R used for GW problems.
. GWL (,): GW optimization problem given in (7).

* GWP(-,-): GW optimization problem given in (7)) when L(a,b) = |a — b|P.
. qL( ,+): general GW optimization problem for g > 1 given in .
. Wg’( ,+): general GW optimization problem for ¢ > 1 and L(a,b) = |a — b|P given in

@

. GWf\” o *): generalized GW problem given in .

« GW: GW-variant problem given in for the general case, and in for the discrete
setting.

e L: cost given in for the GW-variant problem.
e d: X x X - Ry U{oo}: “generalized” metric given in for X.

* X ~ Y: equivalence relation in for mm-spaces, X ~ Y if and only if they have the same
total mass and GWP(X,Y) = 0.

. PGWA% 4(++*): partial GW optimization problem given in @) or, equivalently, in .
. PGW)’\)’qC7 -): partial GW optimization problem given in when L(a,b) = |a — bJP.
* PGW\(:,-): is is the PGW problem PGWY (-, ) for the case when p = 2 = ¢.

* u(¢): given a measure p and a function ¢,

~ [ s(@)intz)
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* C(v; A\, p, v): the transportation cost induced by transportation plan v € I'< (i, v) in the
Partial GW problem

Cvi A pyv) =22 (L(d%, dY)) + Al + v = 211?).
* L: functional for the optimization problem PGW) (-, -).
« M, M, and M: see 1) and . Notice that, (M — 2X); 7 j o == M i j v — 2.

 (-,-)p: Frobenius inner product for matrices, i.e., (A, B)r = trace(A'B) =
Z;njlm Ai,jBi,j for all A,B € RPxm,

* M o ~: product between the tensor M and the matrix ~.
* V: gradient.

e [1:n]={1,...,n}.

* «: step size based on the line search method.

+ ~(): initialization of the algorithm.

o y(k), ’y(k),: previous and new transportation plans before and after step 1 in the k—th

iteration of version 1 of our proposed FW algorithm.
O fAy(k),: previous and new transportation plans before and after step 1 in the k—th
iteration of version 2 of our proposed FW algorithm.

e G=2Mo v, G =2Mo 4: Gradient of the objective function in version 1 and version 2,
respectively, of our proposed FW algorithm for solving the discrete version of partial GW

problem.
* (07,a,b) and (6%, a,b): given in and for versions 1 and 2 of the algorithm,
respectively.

o C'-function: continuous and with continuous derivatives.
* MPGW,(-,-): Mass-Constrained Partial Gromov-Wasserstein defined in (77).

. I“;(u,u): set transportation plans defined in for the Mass-Constrained Partial
Gromov-Wasserstein problem.

B PROOF OF PROPOSITION [3.2]

The idea of the proof is inspired by the proof of Proposition 1 in (Piccoli & Rossi, [2014).
The goal is to verify that

PGWY (X, Y)

= inf L(d% (z,z"),dL (y,y")dy®? + X 282 4 |82 82
end e o PO, B D) (2 3 1 )

mass penalty
transport GW cost

—  inf / L(d% (z, ), dy (y,4)dy®? + A (|2 = 27| + v®2 = 432)). @D
el < () J(X xY)2

Consider v € M4 (X x Y) such that 3 < p does not hold. Then we can write the Lebesgue
decomposition of y; with respect to :

= fu+pt,

where f > 0 is the Radon-Nikodym derivative of ~; with respect to y, and p=, 1 are mutually
singular, that is, there exist measurable sets A, B suchthat AN B =0, X = AU B and pu-(A) =
0, u(B) = 0. Without loss of generality, we can assume that the support of f lies on A, since

mn(E) = f(x)du(z) + p*-(EN B) VE C X measurable.
ENA
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Define Ay = {zx € A: f(z) > 1},As = {x € A: f(x) < 1} (both are measurable, since f is
measurable), and define i = min{f, 1}u. Then,

p<p and G <fu<fu+pt=mn.

There exists a5y € M4 (X X Y) such that 7, = 1,7 < 7, and 72 < 7,. Indeed, we can construct
7 in the following way: First, let {” },cx be the set of conditional measures (disintegration) such
that for every measurable (test) function ¢ : X X Y — R we have

[ ares = [ [ )i ane.

Then, define 7 as

FU) = /X /Y 1y (z,y) dv* (y) dp(z) VYU C X x Y Borel.

Then, 7 verifies that y; = [, and since ji < -1, we also have that v < ~y, which implies v < 5.

Since 71| = [y2| and [71] = |72, then we have [y* — 77| = |7572 — 552,
We claim that
4B =22 > |u®? = 22| + 2 — AP, (22)
* Left-hand side of (22): Since {A, B} is a partition of X, we first split the left-hand side of
as
19 = P2 = (% = AP (A x A) + (1% =P (A x B) + (1% = 17?)(B x A)
(I) (II)
+ (1% = 7*)(B x B).
(I11)

Then we have
(I11) = (u®? = 4¥2)(B x B) = ji* @ u* (B x B) = [u*2,
(IT) = (u®* = 4£*)(A x B) + (1= = 49%)(B x A) = 2|u™| (1 — 11)(A).
Since y; = fuin A, then 43 = 1 in Ay and 3 = pin Ay, so we have
(1= 71)(A) = (= 71) (A1) + (p = 71)(A2) = (71 — 71)(A1) + (1 —71)(A2)
= —7)(A4) + (n—n)(4).
Thus,
(IT) = 2| (v = 71)(A) + (1 — T1)(A)),
and we also get that
(I) = (u®* =) (A x A)
= (1% =P (A1 x A + (1% = A7) (Ag X Ag) + (1% = 472) (A1 x A)
+ (1 = 7§%) (A2 x Ay)
= (7% = A7) (A1 x Ap) + (1®? — A7) (A x Ag)+
+ 1M @p—m @N|(A1L X Ag) + |[n @71 — 71 @ 11|(A2 X Ay)
= (172 = A7) (A1 x Ap) + (1®? = A7) (A2 x Ag) +2(31 — 71) (A1) (1 — 71)(A2)
= (W2 = A7) (A x A) + (2 = 37%) (A x A) + 2(31 — 1) (A1) (1 — 71)(A2) -

>0

* Right-hand side of ([22): First notice that

(m =M)(B) = (1 = 1)(B) < n(B) = |u*],
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and since ; < p and pu(B) = 0, we have
(n—m)(B)=0.
Then,
12 = A2 + P2 = A7 =

= (1 = A7) (A x A) + (17 = A0 (A x A) + (1®* = 37*)(B x B)

+ (7 =) (B x B) + (1®* = 377*)(A x B) + (37 = 3*)(A x B)

+ (1% = A7%)(B x A) + (772 = 37%)(B x A)
< (2?2 = AP (A X A) + (F = WA X A) + | P + 20t | (1 = 71)(A) -

<(1) =(111) =(11)

Thus, 22) holds.
We finish the proof of the proposition by noting that
e e e B It el o e B A E
= |12 = A2 = 1057 = 357 + % = 357
< [ = A+ P2 =g

where the first inequality follows from (22)), and the second inequality holds from the fact the total
variation norm | - | satisfies triangular inequality. Therefore ¥ induces a smaller transport GW cost
than ~ (since ¥ < 7), and also 74 decreases the mass penalty in comparison that corresponding to
~. Thus, 7 is a better GW transportation plan, which satisfies 7y; < p. Similarly, we can further
construct 7’ based on 7 such that 5| < p, 74 < v. Therefore, we can restrict the minimization in (9)
from M, (X x Y) to I'<(u, v). Thus, the equality is satisfied.

Proof of Remark[3.1] Given v € I'<(p,v), since v1 < p, y2 < v, and 11 (X) = || = |y| =
|72] = 72(Y"), we have
192 = P2+ 2% =752 = p®2(XP) =72 (X) + 02 (Y?) — 2 (V)
= |ul? + [v]* = 2717,
and so the transportation cost in partial GW problem (I0) becomes
Clys A, v)

- / L(d% (z,2), d5-(y, ) dy(z, y)dy (2, y') + A (|n®% =72 + [v®? = 257%))
(XXY)2
- /(X ) L(d% (z,2'), dy (y.y") dy(@, y)dy(z', ) + A (lu]? + [v]* = 271?)
X 2

[ @@ ) a2 de i) A (P ). e
(XxY)2 _

does not depend on ~y

C PROOF OF PROPOSITION 3.3

In this section, we discuss the minimizer of the Partial GW problem (9). Trivially, I'<(u,v) C
M (X xY) and by using Proposition it is enough to show that a minimizer for problem
exists.

We refer the reader toMémoli| (2011, Chapters 5 and 10) for similar ideas.
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C.1 FORMAL STATEMENT OF PROPOSITION

Suppose X, Y are compact sets, then exists compact set [0, ] C R, such that
d(z,z"), d(y,y') € [0, 0], Vo, o' € X,y,y €Y

Let A = [0, 3%). Let L 42 denote the restriction of L on A?, i.e. L2 : A? — R with L 2(r1,72) =
L(ry,7m3), Vri,m9 € A. Suppose L satisfies the following: there exists 0 < K < oo such that for
every ri,my, 10,74 € A,

|Laz(r1,7m2) — Laz(ry,m2)| < K|ry — 71|, |Laz(r1,7m2) — Laz(r1,75)| < Klra — 15| (24)
(i.e., L a2 is Lipschitz on each variable). Then PGW (-, ) admits a minimizer.

Note, the condition (24) contains the case L(r1,72) = |r1 — 72|P as a special case:
Lemma C.1. If L(r1,72) = |r1 — r2|P, for 1 < p < o0, then L satisfies the condition (24).

Proof. Assume that L is defined on an interval of the form [0, M], for some M > 0. Consider
r1,7, 12,75 € [0, M]. If p = 1, by triangle inequality we have

|L(r1,7m2) = L(ry,ro)| = [[r1 — ra| = |y — 72| < |y — 7l
and similarly,
|L(r1,72) — L(ry,m5)| < |ra — 3]

From Mémolil (2011, page 473), since for 1 < p < oo, the function t — t?, for t € [0, M], is
Lipschitz with constant bounded by pMP?~!, we have

|L(ry1,72) — L(r}, m2)| < pMP~Hry —rf].
and similarly,
|L(r1,72) — L(ry,m5)| < pMP ™ ry —rj).
O

Lemma C.2. Given g > 1, consider 3 > 0. Then [0, 8] > ¢~ ¢ € [0, 39] is a Lipschitz function.

Proof. Given ¢y, ¢y € [0, (], we have
e — cd] < BT e — o (25)

Thus, ¢ — ¢? is a Lipschitz function. O

C.2 CONVERGENCE AUXILIARY RESULT

If a sequence {~"} converges weakly to v, we write ™ 2 ~. In this setting, if v = +, it does not

imply that (y")®2 & 4®2, Thus, the technique used in classical OT for proving the existence of a

minimizer for the optimal transport optimization problem as a consequence of the Stone-Weierstrass
theorem does not apply directly in the Gromov-Wasserstein context.

Inspired by (Mémoli, [2011)), we introduce the following lemma.

Lemma C.3. Given metric space (Z,dz), suppose ¢ : Z*> — R is a Lipschitz continuous function
with respect to (Z2,d};), where

d—g((zla 22)7 (Zia ’Zé)) = dZ(Zla Zi) + dZ(227 Zé)v V(Zla 22)7 (Zia Zé) € VAN
Given v € M4(Z), and a sequence {y" },>1 € M_(Z) such that converges weakly to 7,

7By (n— o).

Finally, consider the mapping

Z22m9060) = [ o)D) R

Then we have the following results:
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(1)
(2)
(3)

Y (8(2,-)) = A (2 ) uniformly (when n = o).
()L, ) = ¥#2(S(-,-) (when n = o).

If M C M (Z) is compact for the weak convergence, then inf,c p Y2%(¢(-,-)) admits a
minimizer.

Proof. The main idea of the proof is similar to Mémoli| (2011, Lemma 10.3): we extend it from
7)+(Z) to M+(Z)

ey

@

Since v 2 4, and Z is compact, we have [v™| = || Then, given € > 0, for n sufficiently
large we have [y"| < || +e.

Let us denote by ||¢|| i, the Lipschitz constant of ¢. For any z1, 22 € Z, we have:

" ($(21,)) — 7622 )] < / 1621, 2) — (22, 2) 7™ (2)
Sglea;w(zl, 2) = Bz, 2)l(] + ©)

< (W + OllllLip dz(21, 22) = Kdz (21, 22),
where K = (|y| + €)||®||Lip is a finite positive value. Note that the above inequality also
holds if we replace v" by ~.

Since (Z,dz) is compact, Z = Ufil B(zi,e/K) for some z1,...,zy € Z, where
B(z,¢/3K) = {z € Z : dgz(z,2z;) < €¢/3K} is the closed ball centered at z;, with
radius €/ K. By definition of weak convergence, when n is sufficiently large,

V" (6(zi,-)) = (@(zi, )| <¢€/3,  foreachi € [1: NJ.
Given z € Z, then 2z € B(z;) for some z;. For sufficiently large n, we have:

7" (o(z,-)) = v(6(2,))]
< M(@(2,0)) =Y (0 (zi, )+ " (0(2i, 7)) = ¥((zi, )] + [7((zi, ) — v(o(=, )]
< Kd(z,2)+€¢/3+ Kd(z,2z) =¢/3+¢/3+¢/3=¢. (26)

Thus we prove the first statement.

We recall that we do not have (77)®2? 2 ~®2
Consider an arbitrary € > 0. We have,
0 < limsup |[(v")¥*(¢) — (7)%*(¢)] 27)
n—oo
< limsup |(v" ®7")(¢) — (v @ 7")(9)] +1imsup | (v" ® 1)(¢) — (Y ©1)(¢)].
A, B

For the first term, when n is sufficiently large, by statement (1), we have:

A, = / (V" (6(2.)) — 1(B(z ) dr"(2)
< max[y"(¢(2,-)) = v(6(z )17
<e(lvl+e (28)
Thus, limsup,, A = lim,, A = 0.

Similarly, for the second term, when n is sufficiently large, we have
Bui= [ (2762 = 200z Mi(z) < el 29)
Thus, lim sup,, By, = lim,, B,, = 0.
Therefore, from (27), (28) and (29), we obtain
limsup [(")52(6) — (1)2(6)] = lim_[(7")°%(6) — (1)FX(@)| = 0. GO)

n—0oo
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(3) Lety™ € M be a sequence such that (7")®?(¢) (weakly) converges to inf,e 79%(¢).

Since M is compact, there exists a sub-sequence v+ — ~ for some v € M. Then, by
statement (2), we have:

V(@) = im(y"™*)**(¢) = inf 79%(¢),

and we complete the proof.

C.3 PROOF OF THE FORMAL STATEMENT FOR PROPOSITION [3.3]

The proof follows the ideas of [Mémoli| (2011, Corollary 10.1).
Define (Z,dz) as Z := X x Y, withdz((z,y), (', v")) := dx(z,2") + dy (y,y').
We claim that the following mapping
(X xY)»?=2>=R
((z,9), (2", y) = ¢((x,y), (2", ¢)) == L{d (2,2"), dY (y,9)) — 2X

is a Lipschitz function with respect to d}, where L satisfies lb Indeed, given
(@1, 91), (#1,99)), (22, 52), (25, 43)) € Z°, we have:

[6((z1, 1), (21,91)) — ¢((z2,12), (25, 5))]

= |L(dx (21, 21), dy (y1,41)) — L(dx (w2, 25), dy (y2, ¥3))|

< [L(dx (21, 21), dy (y1,91)) — L(dx (w2, 25), dy (y1, 1))

+ [L(dx (w2, 75), dy (y1,91)) — Lldx (22, 25), dy (y2, ¥3))|

< Kld (w1, 2) — d (w2, 25)] + K|dy (1, y1) — d3 (2, 5)|

< K'ldx (1, 27) — dx (22, 25)| + K'|dy (y1, 1) — dy (32, 3)]| G1)

< K'(dx (21, 25) + dx (2, 25)) + K'(dy (y1, 92) + dy (1, 75)) (32)

= K'[((dx (w1, 22) + dy (y1,2)) + ((dx (2}, 23) + dy (1, 43))]

= K'[dz((z1,11), (22, 92)) + dz((21, 1), (25, 43))]

= K'dz(((x1,91), (22, 92)), ((z1,91), (22,92)))
where in , K' = g9 K; the inequality holds by lemma The inequality follows from
the triangle inequality:

dx(m1,7}) — dx (w2, xh) < dx(z1,22) + dx (v2,75) + dx (x5, x)) — dx (w2, h)
= dx (21, 72) + dx (2}, 23),
and similarly,
dx(wo,xh) — dx(x1,2)) < dx(x1,22) + dx (2], 75).

Let M = I'<(u,v). From|Liu et al|(2023| Proposition B.1), we have that I'< (11, ) is a compact
set with respect to the weak convergence topology.

By Lemma (C.3) part (3), we have the PGW problem, which can be written as

inf  ®2(¢) + A(|ul* +[v*)
vET < (1,v)

admits a solution, i.e., a minimizer v € I'<(u, V). Therefore, we end the proof of Proposition

D PROOF OF PROPOSITION 3.4} METRIC PROPERTY OF PARTIAL GW

Let L(ry,r2) = DP(rq,r2) for a metric D on R, and since all the metrics in R are equivalent, for
simplicity, consider D(r1,72) = |r1 — r2|. (Notice that this satisfies the hypothesis of Proposition
[H.T]used in the experiments).
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Consider the GW problem, for ¢ > 1,

W= [ L), d ) 33
sV X
or, in particular,
GWP(X,Y) = ve%r(l;fw) /(Xxy)2 \d% (z,2") — d¥ (y,y)|P dy®2. (34)

For probability mm-spaces we have the equivalence relation X ~ Y if and only if GW?(X,Y) = 0.

By Mémoli|(2011} Chapter 5), X ~ Y is equivalent to the following: there exists a bijective isometry
mapping ¢ : X — Y, such that

dx (:L’, .’E’) - dY(d)(w)v ¢(£L’l)) =0, /~L®2 —a.s.

Pyt = V.
Remark D.1. In the literature, the case where ¢ = 1 is the most frequently considered problem.
In particular, in (Mémoli, 2011)) it is stated the equivalence relation X ~ Y if and only if there
exists ¢ : X — Y such that g ppu = v and dx (z,2') = dy (¢(z), ¢(z')) u®?* — a.s. if and only
if GWP(X,Y) = 0. Thus, X ~ Y is also equivalent to have ¢ : X — Y such that ¢up = v and
dx(z,2') = dy (y,y') v*? — a.s. where 7y is a minimizer for GW? (X,Y). So, in this situation we

also have d% (z,2') = d¥(y,y') v®? — a.s. for any given q > 1. Therefore, X ~ Y if and only if
GWP(X,Y) = 0.

D.1 FORMAL STATEMENT OF PROPOSITION[3.4]

We first introduce the formal statement of Proposition 3.4 To do so, we extend the equiva-
lence relation ~ to all mm-spaces (not only probability mm-spaces): Given arbitrary mm-spaces
X = (X,dx,p), Y = (Y,dy,v), where X,Y are compact and u € M, (X), v € M (Y), we
write X ~ Y if and only if they have the same total mass (i.e., |u| = u(X) = v(Y) = |v]) and
GWP(X,Y) = 0.

Formal statement of Proposition ' Given A > 0,1 < p,q < o0, then (PGWf\’)q(., NP defines
a metric among mm-spaces under taking quotient with respect to the equivalence relation ~.

Next, we discuss its proof.

D.2 NON-NEGATIVITY AND SYMMETRY PROPERTIES

It is straightforward to verify PGWY (X,Y) > 0, and that PGWY (X,Y) = PGWY (Y,X). In
what follows, we will concentrate on proving PGWY q(X, Y) = 0if and only if X ~ Y:

If X ~ Y, then |u| = |v|, and we have
0 < PGWY (X,Y) <GWP(X,Y) =0,
where the inequality follows from the fact I'(y1, ) C T'<(pt,v). Thus, PGWY (X, Y) = 0.

For the other direction, suppose that PGWY (X,Y) = 0. We claim that [u| = |v| and that there
exist an optimal plan y for PGWY (X, Y) such that [u| = |y| = |v|. Let us prove this by contra-

diction. Assume |u| < |v|. For convenience, suppose |u|? < |v|? — ¢, for some € > 0. Then, for
each v € T< (i, v), we have |[y®?] < |ul? < |v|> — ¢, and so

PGWR ((X,Y) > Al + |v]* = 217*) = A(1w?| = ) = Ae > 0.

Thus, PGWY, (X,Y) > 0, which is a contradiction. So, |u| = |v|. In addition, if v € T'<(u,v)
is optimal for PGWY (X,Y), we have |[y| = |u| = |v|, thus v € T'(u,v). Therefore, since
PGWY (X,Y) = 0, and for such optimal y we have |y| = |u| = |v|, we obtain

/ 42 (2, 2%) — d% (y, /)Py 2 = 0.
(XxY)?

As aresult, % (z,2') = d (y,y') v*? — a.s., which implies that GW?(X,Y) = 0, and so X ~ Y.
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D.3 TRIANGLE INEQUALITY — STRATEGY: CONVERT THE PGW PROBLEM INTO A GW
PROBLEM

Consider three arbitrary mm-spaces S = (5, dg,0), X = (X,dx,p), Y = (Y, dy,v). We define
S =(5,dg,6), X = (X,dg, 1), Y = (Y,dy, D) in a similar way to that of Propositionbut
now aiming to have new spaces with equal total mass:

First, introduce auxiliary points cog, 301, co2 and set

S :SU{ObQ,OAOhOAOQ},
X =X U{cy, 1,500},
Y =Y U{cy, 1,500}

Define 4, fi,  as follows:

o :U+|N‘6Ob1 +‘V|502323
poo= ot |0—‘50?30 + ‘V|5Ob27 (35
vo=v+ |U‘60b0 + |u|6051'

Note that & is not supported on point cog, similarly, /& is not supported on o1, ¥ is not supported
on coq. In addition, we have || = |#| = |6] = |u| + |v| + |o|. (For a similar idea in classical
unbalanced optimal transport see, for example, (Heinemann et al., [2023).)

Finally, define dg : 52 — R U {oo} as follows:

/ : / 2
dS(S,S,):{dS(S7S) lf(S,S)ES 5

36
00 elsewhere. (36)

Note, dg(-, -) is not a rigorous metric in S since we allow d g = oco. Similarly, define d¢,dy. As a
result, we have constructed new spaces

S=(8,ds,6), X=(X,dg, 1), Y=(V,dy,0). 37)
We define the following mapping D) : (RU {oo}) x (RU {o0}) = R,:

|r1 —ralP  ifry,re < 00,
DX (ri,r2) = ¢ A if 1y = 00,79 < 00 Or vice versa, (38)
0 if 1T =T = OQ.

Note that D, is not a rigorous metric since it may sometimes violate triangle inequality. See the
following lemma for a detailed and precise explanation.

Lemma D.2. Let Dy(-,-) denote the function defined in (38). For any ro,r1,72 € RU {o0}, we
have the following:

* Dy(r1,72) > 0. Dx(r1,72) = 0 if and only if 1y = ro, where r1 = ro denotes that
r1 =19 € Rorry =ry = .

* Except the case r1,r3 € R, 1o = o0, for all other cases, we have

D (r1,r2) < Dx(r1,70) + Da(r2, r0).

Proof of Lemma|D.2] 1t is straightforward to verify D (-,-) > 0.

Now, consider 7, 71,72 € RU{oo}. If 11 = o € Rorr; = ry = 00, we have Dy (r1,r2) = 0.
Otherwise, Dy(r1,72) > 0. So, Dy (r1,72) = 0 if and only if ry = rs.

For the second item, we have the following cases:
Case 1: r1,79,79 € R,
D/\(T’177“2) = |7‘1 —7‘2|
<|ri—ro| + |re — 70|
= Dx(ro,71) + Dx(ro,72)
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Case 2: r1,72 € R, 79 = 0o. We do not need to verify the inequality in this case.

Case 3: 11 € R, ro, 79 = 00, 0r 1y = 00,79 € R, 19 = 00. In this case, we have
D(r1,72) = Dx(r1,710) = VA, Dx(r2,m9) = 0

and it is straightforward to verify the inequality.
Case 4: 11,172 = 00,73 € R. In this case, we have Dy (r1,r2) = 0 < Dx(rg,71) + Da(70,72).

Case 5: 11,719,790 = 00. In this case, we have
Dx(r1,72) = Dx(r1,70) = Da(r2,70) =0

and it is straightforward to verify the inequality. [

We construct the following generalized GW problem:

GW? (X,Y):= inf / DP(d% (z,2"),d% (y,y')) dy®2. 39)
(X, Y) NS/ Y0 . Md% (2, 2"), d3 (y,y')) dy (

C(HAi2)
Similarly, we define GWf\’yq(X, S), and GWf’q(S, ).
The mapping (€) is modified as:
P<(o,p) 29" = 4% € T(5, i),

A =% 4 (0 = W) ® s + 000 @ (L —V9) + [V]0501,500 + [V]003,5051

T<(o,v) 39" = 3% € T(6,0),

’?02 = 702 + (J - ’7?2) ® 502)0 + 5562 ® (V - ’782) + "Yléobz,Obo + |/’L‘5C§017601;

FS(:“’» V) > 712 = ’?12 € F(ﬂv l))a

2= 4 (= 1) © b, + 0sor @ (¥ = 73°) + [V0s0s,000 + [1l0s00,500-  (40)

Remark D.3. It is straightforward to verify the above mappings are well-defined. In addition, we
can observe that, for each y°1 € T< (0, 1),7%? € T<(o,v),v*? € T<(u,v),

A0 ({02} x X) = 4°1(S x {cez}) =0, (@1)
A2 ({01} x V) =4%%(5 x {s01}) =0, 42)
A2 ({00} x Y) = 4"(X x {co0}) = 0.

Proposition D.4. If y'2 € T'<(u,v) is optimal in PGW problem PGWf’q(X7 Y), then 4'? de-
fined in (@) is optimal in generalized GW problem GWf}q(X, Y). Furthermore, C(3'2; X, fi, D) =
C(v'*2;\, u, v), and thus,

PGW? (X,Y) = GWY (X, V).

Proof of Proposition[D.4, For each v € T'<(u,v), define 4 by (40).

Note that if we merge the points o1, 302, S03 as co, i.e.
00 = 01 = G0z = 303,

the value C (%; A, fi, ) will not change. Thus, we merge these three auxiliary points.
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‘We have:

G5 ) = / D2 (A% (2, 2'), % (2,2 ) )d4 2>
(Xx¥)? X Y

B / |d% (z,2") — d (y, ¥ )Pdy™? + / NP2 + / X482
(XxY)? ({0} xY)? (X x{x0})?

+2 / AdA®? 42 / NdA®? + / D? (00, 00)d4®?
({®IxY)x (X xY) (X x{®}x(XxY) ({}x{x})?

D¥ (00, 00)dy®?* + 2/ DY (00, 00)d4®?
({}x{})x (X xY)

+ 2/ DX, (00, 00)d4®? + 2/ DX (00, 00)dy®?
({}x (Y} x {5} (X x{o}) x {50}?
[ ) - P
(XxY)?
+ 2w = YD)+ A(vl = D% + 20l = DI+ Al = 7))

B /<x ¥) |d% (z,y") — di-(y, y)IP dv®?) + M|v?| + |uf® = 219[%) = C(v; A,y v).
X 2

vz f
({2} xY)x (X x{s0})

As we merged the points 501, co2, 303, by [Bai et al.| (2023} Proposition B.1.), the mapping v — ¥
defined in (40) is a bijection. Then, if v € T'<(u, v) is optimal for the PGW problem PGWY (X, Y)

(defined in (10)), 4 € T'(fi, ) is optimal for generalized GW problem GW} q(X, Y) (defined in

(39)). Therefore,
GWY (X,Y) = PGWY (X,Y).

O

Proposition D.5 (Triangle inequality for GW/’\’) ,(+°)). Consider the generalized GW problem (@)
Then, for any p € [1,00), we have

GWP (X, ¥) < GWE,(8.%) + GWP (8, ).

Proof of Proposition[D.3] We prove the case p = 2. For general p > 1, it can be proved similarly.

Choose an optimal v'2 € T'<(u,v) for PGWf,q(X, Y), an optimal %' € T'<(o,u) for
PGW3 (8S,X), and an optimal 4** € T'<(o,v) for PGW3 (S,Y). Construct 52,4%1,4°% by

By Proposition we have that 42, 401, 402 are optimal for GW/\Q’q(X,Y), GWf,q(S,X),
GW3, (S,Y), respectively.
Define canonical projection mapping
mo1 (8 x X x V) = (8 x X)
(s,2,y) = (s,2).
Similarly, we define 7 2, 71 2.

By gluing lemma (see Lemma 5.5 (Santambrogio, [2015)), there exists ¥ € M+(§ x X x )7), such
that (mo,1) 25 = 4%, (m0,2) 45 = A%. Thus, (m1,2)47 is a coupling between fi, 7. We have

GV, Y) = / D (d% (a,2"),d} (y,y"))d(5'%)%?

(XxV)?
< / o Di(dh(x,2), dL(y,y) AR (43)
(SxXxY)2

The inequality holds since (1 2) 2%, 9% € I'(1, ), and 42 is optimal.
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Next, we will show that

/(g g DR ) 0 55
X X

S/A o (Dx(dqg(s,s’),d%(x,x/))+D)\(d%(s,s'),d%(y,y’)))2d‘y®2.
(SXxXxY)?

Let ((s,2,y), (s, 2',y")) € (S, X, V)2, and assume that

Da(d%(z,2"),d3.(y,y)) > Da(d§(s, 8), d% (x,2")) + Da(d%(s,s"), d.(y,)).  (44)

By Lemma implies d¢ (x,2'),dy (y,9') € R,dg(s,s") = oo. Thus, by definition , it

also implies

(z,2') € X2, (y,y) € Y2, (s,5') € 52\ S (45)
Define the following sets:

Ay =S x X xY,

Ap = {00} x X x Y,

Ay ={co1} x X xY,

A2 = {Obg} x X xY.

Notice that, #4) = [@3) is equivalent to
2 2
i x 4a) U [ J(4a x A)). (46)
i=0

1i = ((s,z,y), (s,2",y)) € A=

Next, we will show 4%2(A) = 0. Indeed,

4(Ag) < 4({oop} x X xY) =6({o0g}) =0 by definition (33) of & ,
4(A1) <A({oor} x X x ¥) =42({cor x Y}) =0 by (42),
A(A2) < A({o0a} x X x V) = 4% ({&a x X}) =0 by ().

Thus, 422(A) = 0. By considering B = (S x X x Y)?\ A, we obtain

/ D3 (2, 2'), 2, ') )™
(SxXxY)?
— [ DR (o)t )™ sincer 2 (4) =0
B
2
< [ (Drtto. )ty oty + a5 ) ) 0y i
2

< Dy (d%(s,s"),d% (z,2") + Dx(d%(s,s"),dL (y, dy®2. (47)
Lo (PAGE 0,007+ DA ).t )
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Following (@3) and (7)), we have

1/2
GWR (X, Y) < (/ o Di(d%(m,x’),dq{/(y,y’))dﬁ@z)
(Sx X xV)?

IN

1/2
2
q / q / q / q / ®2
(/(vgxxxy)z (Dk(dg(svs )7d)§v(x"r )) + D)\(dS(S,S )adY(yay ))) dry )
1/2
<</ LW%@@@yawmwﬂ
(SxXxY)?
1/2
+</AAA Dﬂ%@ﬁ%dywdﬂwﬁﬁ (48)
(Sx X xY)2
1/2
- ( [ Di(dg<s,s'),d§<x,x’>>d<v°1>®2>
(SxXxY)?

1/2
+/ D3(d(s, ), (3,5/))d(1*2)%?
(SxXxV)? v
= GWS ,(8,%) + GWZ (S, V),
where in the third inequality (48) we used the Minkowski inequality in L2((S x X x ¥)2,4®2). O

Now, we can complete the proof of Proposition 3.4} By the Propositions[D.4] we have
PGWY (X,Y) = GWY (X, V)
and si'milarly for P'GW/Z\iq and (S,X), PGWY (S,Y). By the Proposition GWY (-, ) satisfies
the triangle inequality, thus we complete the proof:
PGWY (X,Y) = GW} (X, V)
X) +GWy (S,
S

<GWR (S, )
= PGWY ,(S,X) + PGWY (S,Y).

E PROOF OF PROPOSITION[3.3: PGW CONVERGES TO GW AS A — 0.

In the main text, we set A € R. In this section, we discuss the limit case that when A — oo.
Lemma E.1. Suppose |u| < |v|, foreach~y € T<(u,v), there exists v’ € T'<(u, v) such that v <~/
and (m1) v = p.

Proof. Lety € T'<(u,v).

If |y| = ||, then we have (1) = p.

If |y < |pl, let u" = p—(m1) 7y, v" = v—(m2)»7y. We have that 4", " are non-negative measures,
with |u"| = |u| — |7y] > 0. If we define
1
V=gt o e,
vl =1l
we obtain v < 4. In addition, we have:

i .
(m)wy = (M) gy + 1 m = (m)xy +u" = p,

) vl
vl =Pl ZEL

Thus, v € T'<(p,v) and (1) %y = p. O

(ma)py = (m2)py + " < (ma)py + 0" v.
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Lemma E.2. Given general mm-spaces X = (X,dx, ), Y = (Y,dy,v), where p, v are supported
on bounded sets (in general, it is assumed that X and Y are compact, and that supp(p) = X,
supp(v) =Y), consider the problem the problem PGWiq(X, Y) with L(r1,r2) a continuous func-
tions. If X\ is sufficiently large, in particular:
A> max L(dx(x,x’),dy(y,y')),

w1’ Esupp ()

Y,y Esupp(v)
then there exists optimal v for PGW (X, Y) such that |y| = min(|pl, |v|).

Furthermore, when

A>  max  L(dx(z,2'),dy(y,v)),
@z’ Esupp(p)
v,y Esupp(v)

the for all optimal v € T'< (1, V), we have |7y| = min(|u|, |v]).

Proof. We prove it for ¢ = 1, for a general ¢ > 1, it can be proved similarly.
Without loss of generality, suppose |u| < |v].

Since p, v are supported on bounded sets, there exists A = [0, M] such that dx (x,z'),dy (y,y') €
Aforall z, 2" € supp(p),y,y’ € supp(v).

Thus, the restriction of L on A2, denoted as L 42, is continuous on A2, and thus it is bounded. So,
consider

m = max (L(r1,r2)) > L(dx (2, 2"),dy (y,y')), Vx,z’ €supp(u),y,y" € supp(v).

r1,m2€A

Suppose 2\ > m + 1, and assume that there exists a optimal v € I'< (i1, ) such that |y| < |u|. By
Lemma there exists 7" such that v < +/, (71)7" = p. Thus, we have

CHs M\ pmv) = Cy; A pyv) = /(X , L(dx (z,2"),dy (y,y)) — 22 d((v)®? = (1)®?)

<[ mend)® -0
(X XY)
= (VPP = *) = =(uP =) <o,
which is contradiction since +y is optimal, and so we have completed the proof. O

Lemma E.3. Consider probability mm-spaces X = (X,dx,un), Y = (Y,dy,v), that is, with
|u| = |v| = 1. Then, for each \ > 0, we have

PGW{ (X,Y) < GW[/(X,Y).
Proof. In this setting, we have I'(i, v) C I'<(p, v), and thus
PGWY,(X,Y)

_ i / L(d% (2, 2), d% (v, )™ + A(ul? + [v]2 — 2]7?)
rel<(u,v) (XxY)2

A

< [ L) d ) Ml + el - 2P
YEL (1,v) J (X x V)2

= inf / L(d% (z,2"),d} (y, ) dy®?
YEL (1,v) J (X xY)2

L
— GWE(X,Y).

Based on the above properties, we can now prove Proposition 3.3}
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Proposition E.4 (Generalization of Proposition[3.3). Consider general probability mm-spaces X =
(X,dx,n), Y = (Y,dy,v), that is, with || = |v| = 1, where X, Y are bounded. Assume that L is
continuous. Then

lim PGWY,(X,Y) = GW}(X,Y).

A—0o0

Proof. When ) is sufficiently large, by Lemma for each optimal v € T'<(u,v) of the min-
imization problem PGW)\L,q(X, Y), we have |yx| = min(|ul,|v|) = 1. Thatis, v € T'(g,v).
Plugging v, into C(yx; A, i1, V), we obtain:

PGW,(X,Y) = / L(d% (z,2"), d5 (y,y))dr 5 + A(1% + 1% = 2-1%)
(XxY)?

- / L(d% (2,2, d2 (3,4 ))drE? > GW (X, Y).
(XxY)?

By Lemma we also have PGW)iq(X, Y) < GW[(X,Y) and we complete the proof. O

F TENSOR PRODUCT COMPUTATION

Lemma F.1. Given a tensor M € R"*™X"X" gqnd ~ ' € R" ™, the tensor product operator
M o ~ satisfies the following:

(i) The mapping v — M o ~y is linear with respect to 7.
(ii) If M is symmetric, in particular, M; j i j» = My j1; 5,¥1,7" € [1:n], j,j" € [1 : m], then
(Mov,y)r=(Moy' 7)F.

Proof.

(i) For the first part, consider v,y" € R**™ and k € R. Foreach i,j € [1: n| x [1: m], we
have we have

(Mo (y+7))ij =Y Mijirgo(y+7)vy

Z’I’j/
/
= § M ji jovirjr + E M jir Vi
i/7j/ i/,j/

= (M o7)ij + (M o),
(M o (ky))ij = > Mijir g (kv)is
i, j/

= kZMiyj,’i/,j"Y’ij
i/’j/
= k(M o).
Thus, Mo (y+~')=Mo~y+ M o~"and M o (ky) = kM o ~y. Therefore, v — M o~y
is linear.

(i1) For the second part, we have
(Mo, ¥ Y= M %V
ijij’
> My (49)
,,1",5"
= (M~ 7)
where (49) follows from the fact that M is symmetric.
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G ANOTHER ALGORITHM FOR COMPUTING PGW DISTANCE — SOLVER 2

Our Algorithm 2 for solving the proposed PGW problem is based on a theoretical result that relates
GW and PGW. The details of our computational method, as well as the proof of Proposition [G.1]
stated below, are provided in Appendix [G.T] Based on such proposition, we extend the PGW prob-
lem to a discrete GW-variant problem (55)), leading to a solution for the original PGW problem by
truncating the GW-variant solution.

Proposition G.1. Let X = (X,dx,p) be a mm-space. Consider an auxiliary point co and let
X=(X,dg, 1), where X = X U{co}, fiis constructed by , and considering oo as an auxiliary

point to R such that x < oo for every x € R, we extend dx into dy : X2 5 RU {o0} and define
Ly :RU{o0} — Ras follows:

dx(x,2') ifx,a’ € X L(ri,ma) — 22X ifri,me €R
N N — ) ’ o ) )
dg(@,) {oo otherwise a(rra) s 0 elsewhere (50)
Consider the following GW—varianﬂ problem:
Ly o s
GW (X, ¥)= inf A4®(Ly(d%,d%)) (51)

Y€ (f,0)

Then, when considering the bijection v +— # defined in ([6) we have that ~ is optimal for PGW
problem if and only if 4 is optimal for the GW-variant problem (51)).

Remark G.2. Intuitively, the above proposition states that, by introducing auxiliary points co, we
can build an equivalent relation between PGW and GW problem. This idea is firstly discussed in
(Cagniart et al.| [2010) in classical optimal partial transport setting. In this paper, we extend the
technique to the partial GW setting. However, this technique cannot be extended to the MPGW
setting; we refer to|Chapel et al.|(2020, Appendix A.3) for details.

Proof. The mapping F defined by (6) well-defined bijection, as shown in(Bai et al., 2023}, |Caffarelli
& McCannl 2010).

Given y € T'<(u,v), we have 4 = F(v) € T'(ji, 7). Let C(%; 1, v) denote the transportation cost in
the GW-variant problem (51, that is,

COimp)i= [ Lo o)t (0.0 di(e)di(a’ )
(XxY)?

Then, we have

Cly; Ay v)

— / (L% (2, 2”), d (0, 4)) — 20) dy®2 4 (] + o))
(X xY)2 —_—

does not depend on ~y

- /(X v (L(d% (z,2"),d% (v, y')) — 2X) dA®2 + A(|u| + |v]) (since 4| x xy =)
X 2
— /(XXY>2(L(d§(x7x/)7d%(y,y/)) —20) A% + A(|lpl + V) (asdg|xxx = dx, dylyxy =
[ D) Ly ) B N+ [o]) (e Llea() = (E(,) — 20)
(XxY)?

= / L(d% (z,2"),d% (y,y")) d4®% + X(|p| +|v|) . (since L assigns 0 to <o)
(XxV)2 —
does not depend on ¥
Combining this with the fact that F' : v +— 4 is a bijection, we have that v is optimal for if
and only if 4 is optimal for (5I). Under the assumptions of Proposition [3.3] there exists an optimal
v € I'<(u, v) for the PGW problem exists, and so we have:

arg min C(§;p,v) =arg min  C(y A u,v). (52)
e (f1,0) v€l < (p,v)

— L ~ A
‘Gw (X,Y) is not a rigorous GW problem since dy = oo is possible, thus it is not a metric. Also, X, Y
are not necessarily probability mm-spaces
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O

Remark G.3. Both algorithms (Algorithm 1, and 2) are mathematically and computationally equiv-
alent, owing to the equivalence between the POT problem in Solver 1 and the OT problem in Solver
2.

G.1 FRANK-WOLFE FOR THE PGW PROBLEM — SOLVER 2
Similarly to the discrete PGW problem (I3])), consider the discrete version of (@):
b= [p;lall €R™, = [g;|p]) e R™*, (53)

and, in a similar fashion, we define M € R+ x(m+1)x(nt+1)x(m+1) 54

) M, o ifii' €[1:n),4,5 €[l:m]
M; i = 2,752",] ) r ’ 54
N {0 elsewhere. oY
Then, the GW-variant problem (5T) can be written as
GW(X,¥) = min Ly(%). (55)

YEL(p,4)

Based on Proposition (which relatess PGWE(-,-) with GW (-, +)), we propose two versions
of the Frank-Wolfe algorithm (Frank et all [I956) that can solve the PGW problem (I3)). Apart
from Algorithm 1 in (Chapel et al.| 2020), which solves a different formulation of partial GW, and
Algorithm 1 in (Séjourné et al., 2021), which applies the Sinkhorn algorithm to solve an entropic
regularized version of (), to the best of our knowledge, a precise computational method for the
discrete PGW problem (I3)) has not been studied.

Here, we discuss another version of the FW Algorithm for solving the PGW problem (T3). The main
idea relies on solving first the GW-variant problem (51)), and, at the end of the iterations, by using
Proposition[G.T} convert the solution of the GW-variant problem to a solution for the original partial

GW problem (15).

First, construct p, q, M as described in Proposition Then, for each iteration k, perform the
following three steps.

Step 1: Computation of gradient and optimal direction. Solve the OT problem:

AW arg min (L (3%),4)p
A€ (,q)

The gradient £ M(’y(k)) can be computed in a similar way as described in Lemma We refer to
Section [HI for details.

Step 2: Line search method. Find optimal step size o(*):

o) = arg min {£((1-a)i® + oy},

Similar to Solver 1, let
64k = 5k _ 5(k)
a=(Mooy®), 53W)p, (56)
b=2(M o 3® 4R p,

Then the optimal a(¥) is given by formula . See Appendixfor a detailed discussion.

Step 3. Update 55+ « (1 — a))3F) 4 o(F)5(*)

’

H GRADIENT COMPUTATION IN ALGORITHMS 1 AND 2

In this section, we discuss the computation of Gradient VL ;(v) in Algorithm 1 and VL, (%) in
Algorithm 2.

32



Published as a conference paper at ICLR 2025

Algorithm 2: Frank-Wolfe Algorithm for partial GW, ver 2

Input: 1 = Z?:1 pzxézwy = Z;nzl q}/(syj"y(l)
Output: ~(final)
Compute CX,CY . p,q,7V
fork=1,2,...do
G®) « 2M o 4*) j/ Compute gradient
4R arg minger(p.q) (G®) | 4) > I Solve the OT problem
Compute a'®) € [0,1] via , /I Line search
FEHD) (1 — a)3®) 4 o4F) i1 Update 4
if convergence, break

end for
,y(final) — ?y(k)[l tn,l: m]

Proposition H.1 (Proposition 1 (Peyré et al.,|2016)). If the cost function can be written as

L(ri,7m2) = fi(r1) + fa(r2) — ha(r1)ha(r2) (57
then
Moly:u(cxacyf-}/) _hl(CX)’th(CY)T’ (58)
where u(CX,CY | v) = fi(C)n L] + 1,75 f2(CY).

Additionally, the following lemma builds the connection between Mo v and M o .
Lemma H.2. For any v € R™*"™, we have:

Moy=Moy—2X\y[lpm. (59)

Proof. For any v € R™*"™, we have
M oy = (Mln,n,m,m - 2)\) Shel
= (M —2X1y nmm) 07
=Mo Y- QA]-n,m,,n,m oy

=Mo 0 2(<1n,m77>F)1n,m,
=Moy— 2/\|7|1n,m

where the second equality follows from Lemma [F 1] O

Next, in the setting of Algorithm 2, for any 4 € R(*+1)x(m+1) we have

VLy(§) =2M o5 (60)
and M o 4 can be computed by the following lemma.
Lemma H.3. For each 4 € RHDX(m+D) o have M o 4 € RUFDX(m+D) \ith the following:

(M oA[1:n,1:m]), fficll:nljel:ml

(ro3) = {§ (61

elsewhere
Proof. Recall the definition of M is given by , choose i € [1:n],j € [1:m], we have
n m m n
(MoA)iy =33 My Ay + Y MijnitFnirg + > MijomiFimi
ir=15'=1 j'=1 =1

+ M jnt1,m+1Yn+1,m+1
n m n m

=Y > MRy F0+0+0=> " N i jodir v

i=1j4'=1 ir=1j'=1
= (M o(A[1:n,1:m]))s;
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If i = n + 1, we have

n+1m+1

(M oA i1y =D Y Muyrjir iy =0
i'=1j'=1
Similarly, (M ©4)i,m+1 = 0. Thus, we complete the proof. O

I LINE SEARCH IN ALGORITHM 1

In this section, we discuss the derivation of the line search algorithm.

We observe that in the partial GW setting, for each v € I'<(u, v), the marginals of ~ are not fixed.
Thus, we can not directly apply the classical algorithm (e.g. (Titouan et al.,[2019a)).

In iteration k, let v(¥), v(¥)" be the previous and new transportation plans from step 1 of the algo-
rithm. For convenience, we denote them as -, 7/, respectively.

The goal is to solve the following problem:

min L(M, (1 —a)y + ay') (62)
ael0,1]

where L£(M,~) = (M o ~,~) . By denoting 6y = 7/ — ~, we have

L(M,(1—a)y+ay') = LM, + ad).

Then,
(M o (y+ ady), (v + ady))
=(Mov,V)r+a <<MO'776'7>F + <M05%7>F) +a*(M o dv,07)F
Let
a=(M obv,67)r,
b=(M o~,6v)r + (Mo dvy,7)r =2(M ov,57)F, (63)
¢ =(M o7,7)F,

where the second identity in li follows from Lemma and the fact that M = M Lonymm —
2A1,, m,n,m 1s symmetric.

Therefore, the above problem (62) becomes

min ac? + ba + c.

a€l0,1]
The solution is the following:
1 ifa <0,a+b<0,
a* =<0 ifa <0,a+b>0, (64)
clip(52,[0,1]) ifa >0,
where
_b _b ;7; lf %{f € [Oa 1]7
clip(=—,[0,1]) = min< 1,max{0, —} =<0 if ;—b <0,
2a a 2%
1 if Sa > 1.

We can further discuss the difference in computation of a and b in PGW setting and the classical
GW setting. If the assumption in Proposition [H.T|holds, by and (59), we have
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= (M o 8v,67)F

(M o6y — 2X|69|Ln,m), 67) F

= (M 06v,07)r — 2\|67) (65)
= (u(C¥,CY,67) = b (C)vha(CV) T, 67) . — 22677,
2

2

2

(M ov,67)p
(M oy = 2X|[Y|Tpnm; 67)
((M oy, 6v)p — 2A[07[[7]) (66)

Note that in the classical GW setting (Titouan et al.,2019a), the term u(CX ,CY, 07) = Opxm and
|0| = 0. Therefore, in such line search algorithm (Algorithm 2 in (Titouan et al., 2019a))), the terms
w(CX,CY | §7v),2)|87|1,xm are not required. In addition, in equation , M o+, 2)\|y| have been
computed in the gradient computation step, thus these two terms can be directly applied in this step.

J LINE SEARCH IN ALGORITHM 2

Similar to the previous section, in iteration k, let (%) ’y(k)/ denote the previous transportation plan
and the updated transportation plan. For convenience, we denote them as ¥, 4, respectively.

Let 64 =4 — 4.

The goal is to find the following optimal «:

o = arg m[%nl] L(M,(1-a)y,a?d) = arg m[%)n L(M,ad4 + 7), (67)
a€lo, ae

where M € ROHDX(mADx(n+D)x(mH1) with M1 : n,1 2 m,1 :n,1 :m] = M = M —

2)\1n><m><n><m'

Similar to the previous section, let
a = (M od%,63)r,
b= (M o&%4)p +(Mo5,89)r = 2(M 064, 4)p, (68)
c=(Mo4,3)F,

where holds since M is symmetric. Then, the optimal « is given by .

It remains to discuss the computation. By Lemma wesety=4[1:n,1:m],dy=05691:n,1:
m). Then,

= (Mo 64)[1:n,1:m],69)F = (M 0 8y,07)r
bz((Moch)[l:n 1:m],Y)p = ((Mody,y)p

Thus, we can apply (65)), to compute a, b in this setting by plugging in v = 4[1 : n,1 : m] and
dy =691 :n,1:ml.

K CONVERGENCE

As in (Chapel et al., [2020) we will use the results from (Lacoste-Julien, 2016) on the convergence
of the Frank-Wolfe algorithm for non-convex objective functions.

Consider the minimization problems

min L and min L, (4§ 69
veT < (p,a) 11(7) S€D(,4) () (69)

that corresponds to the discrete partial GW problem, and the discrete GW-variant problem (used in
version 2), respectively. The objective functions v — L, (v) = M 2 (where M = M — 2X1,, ,,
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for a fixed matrix M € R"*™ and A > 0), and ¥ — L (§) = M#4®2 (where M is given by

ll are non-convex in general (for A > 0, the matrices M and M symmetric but not positive
semi-definite), but the constraint sets I'< (p, q) and I'(p, §) are convex and compact on R™*™ (see

Proposition B.2 (Liu et al., 2023)) and on R(*+D*(m+1) respectively.

From now on we will concentrate on the first minimization problem in and the convergence
analysis for the second one will be analogous.

Consider the Frank-Wolfe gap of L y; at the approximation 7() of the optimal plan ~:

ge = min (VL ("), " — )5 (70)
yel'<(p,a)

It provided a good criterion to measure the distance to a stationary point at iteration k. Indeed, a
plan (¥ is a stationary transportation plan for the corresponding constrained optimization problem
in (69) if and only if g, = 0. Moreover, g, is always non-negative (g > 0).

From Theorem 1 in (Lacoste-Julien, 2016)), after K iterations we have the following upper bound
for the minimal Frank-Wolf gap:

ma‘X{2L1> Llp ) (dlam(l—‘g (pa q))>2}
1<k<K \/f ’

(71)

where
L= EM(W(U) — min Ly(v)
vel<(p,a)

is the initial global sub-optimal bound for the initialization v() of the algorithm; Lip is the Lipschitz
constant of function v — V£ ;; and
diam(T<(p,q)) =  sup [y =7|lr
vy €T < (p,v)

is the || - || p diameter of I'<(p, q) in R™*"™.

The important thing to notice is that the constant max{2L,, Dy} does not depend on the iteration

step k. Thus, according to Theorem 1 in (Lacoste-Julien, |2016), the rate in gx is O(1/ VK ). That
is, the algorithm takes at most O(1/¢2) iterations to find an approximate stationary point with a gap
smaller than e.

Lemma K.1. In discrete PGW problem, we have
diam(T'<(p, q)) < 2s := 2min(|p|, |q) (72)

Proof. Choose vy, € T'<(p, g), we apply the property

(a —b)* < 24 4 2b* Va,b € R (73)
and obtain
Iy =% = lvig — v,
irj
<D 2,7+ 2,1
irj
<210 )+ Q)
i i
=2(7*+ ') (74)
< 2min(|p|, |g])* + 2min(|p], |¢])®
= 4min(|p|, q])®
and thus we complete the proof. [
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Lemma K.2. For the Lip term in can be bounded as following:
Lip < nm max (2(C;%)* +2(C};1)%,2X) (75)
1,1,7,]

Proof. Pick v,v" € T'<(p,q) we have,
VL (7) = VL (" )E
= Moy~ Moy
= |[M —2XN o (v = 7)I%
2
=3 (I =20 0 (v =),

i
2
=D | D Mgy =20 (g =i 50)
7 \ird
2
<D D Mg = 2M vy =i
7 \irJ

2 nm [nm

< (am 00 = 20) 3| Sy b

X Y
,J )

A

For the first term, we have:

A < max{2(C*)? +2(CY)% 2)}?
where

max{2(C%)? +2(CY)?,2)\} := max{ max Q(C’X )2 +2(C’;-,/j,)2,2)\}

Zl]j

For the second term, we have:

2

nm [n,m

Z Z |’71 NE 72’]’

5,5 \t.J’

< Z nm2|’72 72’]’

<n m2||v—v [

Thus we obtain

max(2(C¥)? +2(CY)%, 2\)nm|ly — ' F
v —="llr

and we complete the proof. [

Lip <

= nmmax(2(C%)% +2(CY)2,2))

Combined the above two lemmas, we derive the convergence rate of Frank-Wolf gap (70):

Proposition K.3. When L(ry,73) = |r1 — r2|? in the PGW problem, the Frank-Wolfe gap of algo-
rithm[l] defined in at iteration k satisfies the following:

max {2L1, 4min(|pl, |q])? - nm(max{2(C*)2 + 2(CY)?, 2)\})}
<

76
gk < NG (76)
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Proof. The proof directly follows from the upper bounds (72),(75) and the inequality (7). O

Remark K.4. Note, if the cost function in PGW is defined by |r1 — r2|P for some p # 2, it is
straightforward to verify that, the upper bound of gy, is obtained by replacing the term max((C~ )2+
(CY)2,2)) should be replaced by

max [2P71((C)P 4 (CY)P),2)] .
1/,‘7,74/7J/

Remark K.5. [t is straight-forward to verify that, the Frank-Wolf gap for algorithm 2 is also upper
bounded by (76)).

Remark K.6. From the proposition (K.3), to achieve an e—accurate solution, the required number
of iterations is

2
max {2L1, 2min(|p|,|q|) - n?m? max({2(CX)?% + 2(CY)2, 2>\})}

€2

In practice, by lemmalE.2| when X is large, it is equivalent to set X = max((CX)? — (CY)?) and
thus, the value A will not affect the number of iterations.

Remark K.7. In this remark, we compare the upper (#0) and the upper bounds in previous works,
including (Chapel et al.} |2020) and cang2024supervised. We observe that:

If we ignore the term X (or equivalently, set X = max; ;s j i (2(CX)? + 2(CY)?)), the upper bound
(76) aligns with the upper bound for the Frank-Wolfe Gap in Mass-constraint PGW (see |Chapel
et al.|(2020, Eq. (10))) and balanced GW (see|Cang et al.|(2024} p. 18).

However, there exists several differences in details between our result and the result in (Chapel et al.|
2020).

* First, in (Chapel et al.| |2020), the term nm is omitted. We suspect this omission is a typo,
as nm term is contained in (Cang et al.|,|2024)).

o In (Chapel et al.l 2020), “s” plays the role of min(|p|, |q|) in our result. The assumption
in|Chapel et al.|(2020, Lemma 1) is

I =hl=1
If we normalize p, q such that max(|p|, |q|) < 1, we will obtain

2min(|p|, |af)* < 2min(|p], |al),
and our result will induce the upper bound in|Chapel et al.| (2020, Lemma 1).

L RELATED WORK: MASS-CONSTRAINED PARTIAL
GROMOV-WASSERSTEIN

Partial Gromov-Wasserstein is first introduced in (Chapel et al., 2020). To distinguish the PGW
problem in (Chapel et al.l [2020) and the PGW problem in this paper, we call the former one the
Mass-Constrained Gromov-Wasserstein problem (MPGW):

MPGW,(X,Y):= inf ~®*(L(d%,d%)), (77)
YETL (1,v)

where p € [0, min{|u|, |v|}], and
Pe(pv) ={y e My (X xY) iy <p,v2 <v, |y =p} (78)

Unlike the relation between Partial OT and OT, it is not rigorous to say that the PGW and the MPGW
problems are equivalent, since the objective function

v L(dx (z,2'),d5 (y, ') dvy®? (79)
(XxY)?
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is not a convex function even if (r1,72) — L(r1,72) is convex (Peyré et al., 2019): If the problems
were convex, MPGW, as the ‘Lagrangian formulation’ of PGW—adding the constraint of PGW
in the functional a la Lagrange Multipliers—would be equivalent to PGW. However, since these
problems are not convex, we cannot claim that they are equivalent in principle.

We can still investigate their relationship by the following lemma, based on which we design the
wall-clock time experiment in Section

Proposition L.1. For each A > 0, there exists p € [0, min(|p|,|v|)] such that, for each ~ €
T<(p,v) with |y| = p, v is optimal in PGW(X,Y) iff v is optimal in MPGW ,(X,Y). Further-
more,

PGW\(pt,v) = MPGW,(p,v) + M|pl* + [v[* = 2p%).
Proof. Picky" € T (1, v) C T<(,v), since 7y is optimal in PGW ) (u, v), we have
0<C( A mv) = CH5A 1,v)

- /(X Y)2 L(dg((x’ '), d%’(yv y'))d(7®2 — ’7/®2)
X

Thus, v is optimal in T'Z (u, ) for M PGW, (X, Y) and we complete the proof. O

Remark L.2. The above proposition clarifies a connection between PGW and M PGW . Specif-
ically, it implies that an optimal transportation plan for PGW can be derived from M PGW by
appropriately setting p. However, it is important to note that MPGW and PGW admit distinct
transportation costs. MPGW does not define a metric, whereas PGW does. Therefore, in experi-
ments that require transportation cost, such as the shape retrieval experiment described in the main
text, the results produced by the two methods will differ significantly.

Example L.3. Consider the following three mm-spaces

1000 800 400
Xl = <R37 || : Ha Z aé:m) ) XQ = <R37 || : ,Za&h) ) XS = <R37 H : ||7Za61’1> )
i=1 =1 i=1

where a > 0 is the mass of each point. For numerical stability reasons, we set o = 1/1000. On the
one hand, if we compute MPGW, the mass is fixed to be a value p € [0,0.4], since the total mass in
X3 is 0.4. For our experiment, we set p = 0.4, and we observe:

MPGW,(Xy,Xg; p = 0.4) = MPGW,(Xy,X3; p = 0.4) = MPGW,(X;,X3; p = 0.4) = 0

On the other hand, if we compute our PGW, considering any A > 0, (in particular, we set A = 10),
we obtain

PGW)\(XhXQ; A= 10) =3.6
PGW)\(XQ,X?,; A= 10) =4.8
PGW)\(Xl,Xg;)\ = 10) =84

In particular, one can verify the triangular inequality.

As a conclusion, in this example, MPGW can not describe the dissimilarity of any two datasets taken
Sfrom {Xy,Xy,X3}. They are three distinct datasets, but MPGW returns zero for each pair. On the
contrary, our PGW can measure dissimilarity.

In addition, the discrepancy provided by our PGW formulation is consistent with the follow-
ing intuitive observation: One expects the dissimilarity between X1 and X3 to be larger than
the difference X1 and Xy, and than the difference between Xy and Xo. This is because we
are considering discrete measures, with the same mass at each point concentrated on the sets
{:L‘l, ey 1‘400} C {!L‘l, o, L4005 - - - 71'800} C {1'1, e s 400y - - - 5 L8OOS - - - ,xmoo}for the datasets
X3, X, X4, respectively.

Remark L.4. Moreover, there may, in fact, exist instances of the two problems for which the solution
sets are not equal for any value of the hyperparameters \ and p; we illustrate this in the following
example:
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Consider the mm-spaces given by

X‘1:<R‘“vll~||yzéau> and Xo = | R™, -1, >_3,
i=1 j=1

If we let A\ = 0, then PGW(X1,X2) has 6z, ;) as a solution for all (i, j), as well as the zero
measure.

Now, we observe that for p = 0, (5, ) is not a solution of M PGW,, (X1,Xy),; meanwhile, for any
p > 0, the zero measure is not a solution of MPGW (X1, Xa).

Hence, we see that the set of solutions between PGW (X1, Xs) and M PGW,(Xy,Xy) are distinct
forall p.

Remark L.5. The other direction of the “equivalence relation” between PGW and MPGW given by
Propositionmay not hold. In particular, there exists a problem M PGW (X1, Xs) for some p >
0, such that for all X > 0, each solution to M PGW (X1, Xs) is not a solution to PGW (X1, X5),
and each solution to PGW (X1, Xy) is not a solution to M PGW, (X1, Xs).

As an example, consider X1 = (Rd -1l 2100 m) and Xy = (Rd -1l 2200 z; ), where

x1,...To00 are distinct. Then for each p € (0,100], any solution to MPGW,(X1,Xs) is not a
solution for PGWy (X1, Xs) and vice versa.

M PARTIAL GROMOV-WASSERSTEIN BARYCENTER

We first introduce the classical Gromov-Wasserstein problem (Peyre et al.l 2016) Consider finite
discrete probability measures ', ..., €, where pf = Zl 1 D; 5zk and each z¥ € R for some

di € N. Let C% = [||lzF — 25 |1]; vef1in,) and pF = [pf, ..., pk 7. Given p € R} with [p| =1
for somen € Nand &;,...,£x > 0 with Z,[f:l &, =1, the GW barycenter problem is defined by:

K
Z L(C,C*) ok, 4%), (80)

where the minimization is over all matrices C € R"*" ~* € T'(p, p*),Vk € [1 : K].

Similarly, we can extend the above definition into PGW setting. In particular, we relax the assump-
tions |p| = 1 and |p*| = 1 foreach k € [1 : K]. Given Ay, ..., Ax > 0, the PGW barycenter is the
follow problem:

mmZ&c M(C,C*) ok 7%y — 2Xe |y |? (81)

where each v* € I'<(p, p").
The problem (8T) can be solved iterative by two steps:

Minimization with respect to C: For each k, we solve the PGW problem

min  (M(C,C*) o 7%, 4%) — 2X4|7* 2

y*el < (p,p*)
via solver [T or 21

Minimization with respect to {7 }:

mmek (C,C*) o F 4F) (82)

Note, we can ignore the —2\.|v*|? terms as 4" is fixed in this case.

It has closed form solution due to the following lemma and proposition:

40



Published as a conference paper at ICLR 2025

Lemma M.1. Given matrices A € R*»™ B € R™! C € R™!, let
L= (AB,C),
then = CBT.

Proof. Foranyi € [1:n],j € [1:m], we have
ac d

dA;; . ; dA;; Cogr(AB)r
i'.j
A3y Air kBrjr)
= CZ’ /—
1,27:/ 7 dA;;

= Z Ci,j/Bk',j’ = (CBT)”

j/

O
Proposition M.2. If L satisfies (57), and f{/h} is invertible, then can be solved by
(AT (Zebr he (o) T
C=\{:7 NG : (83)
hy 2k &1 (O7)
where A A
— = { i]} , with convention 9 =0.
B il 0

Special case: if |p| < |p*|, Yk, when X is sufficiently large, and|Peyré et al.|(2016, Proposition
3) coincide.

Proof. From Proposition[H.I} the objective in (82) becomes

L= Zék O, +10(35) " f2(CF) = b (C)*ha(CF) T, 4)

—ng (O, " +Z§k )" f2(CF), ka (h1(C)y*ha(CHF) T 4)

constant

We set % = 0. From Lemrna we have:
d
oy
= kaf{( ) © 7 1 (1) Zfskh’ ) © ¥ ha(CF)(v") T
= f1(C QZEW Lo, ()T = B(C) © > &r ha(CF)(¥H)T
k

)© Z G T =h(C) 0> & ha(CH)(YM) T (84)
k k

B A
We claim % is well-defined, i.e., if B;; = 0, then A;; = 0.
For each i, j € [1 : n], if B;; = 0, we have two cases:

Case 1: Vk € [1 : K], we have v¥[i] = 0.
Thus, v*[i,:] = 0, So Ali, ] = (y"h2 ( M)(F) i) =0y,
Case 2: Vk € [1 : K], we have v¥[j] =
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Algorithm 3: Partial Gromov-Wasserstein Barycenter

Input: {C*, pF, M1, p

Output: C

Initialize C.

fori=1,2,...do
compute v* <— argmin, cp_ (p, o) (£(C, CF) = 2X,7),Vk € [1: K].
Update C by (83). -
if convergence, break

end for

It implies (v%)1[:, j] = Oy, thus A[:, j] = (v*h2(CF))(v*) T [:, 5] = 0y, Therefore, A;; = 0.
Thus 4 is well-defined.

In addition, in these two cases, if we change the value C¥

i» £ will not change.
From (84)), we have:

<f{(c)) _ (Ze&ntha (MM
hi ) (et (D7),

if B;; > 0. In addition, if B;; = 0, there is no constraint for C};.

Combining it with the fact that if B; ; = 0, then C; ; has no effect on £. Thus,
we have the following is a solution:

c- (1) (B

In particular case: [p| < |p*|, V&, suppose A > max{c? : ¢ € |J,, C* U C}, by lemmalE.1] we have
for each k, |v*| = min(|p|, |p|¥) = |p|, that is v¥ = p.

Thus,
St )T =D &tH T =Y &pp" =pp
k k k
Thus, C — (}g)‘l (zkwhzgc%kf) . R
Ly pPp
Remark M.3. In [? loss case, i.e. L(ry,r2) = |r1 — ra|?, becomes
kCk (k)T
C— Ekfﬂ - (ZT) . (85)
2k &1 ()

Since in this case, we can set

filz) =22, f2(y) = v, a(x )—290 ha(y)

’ ’ _1
Thus }fl—}(x) =2 = gand (::—}) (z) = x. Therefore, ( becomes
1 1

Similarly, we can also extend the above PGW Barycenter into the MPGW setting:
. k k ok
min Y & (L(C,C%) 07", F),
where, for each k € [1 : K], pr, € [0, min(|p|, |p*|)], and the optimization is over C € R™ and

Vi € Fpgk(p,pk) fork € [1: K].
It can be solved by the following algorithm 4}

42



Published as a conference paper at ICLR 2025

Algorithm 4: Mass-Constrained Partial Gromov-Wasserstein Barycenter

Input: {C*, pF, M1, p

Output: C

Initialize C.

fori=1,2,...do
compute ¥ < arg min, e (o.pi) (L(C, C*),y),Vk € [1: K].
Update C by (83). h
if convergence, break

end for

it
23

Figure 4: We visualize the dataset in point cloud interpolation. The first row is the original images
in Link. The second row is the point clouds obtained by the k-mean method, where k£ = 1024.

M.1 DETAILS OF POINT CLOUD INTERPOLATION EXPERIMENT

Dataset and data processing. We apply the dataset in (Peyré et al., 2016) with download link. The
original data are images, which we convert into a point cloud using the k-mean algorithm, where

k = 1024 (see the second row of Figure[d).

Suppose D C R? is a region that contains these point clouds. Let R C R? denote another region.
In R, we randomly select and add nn noise points to these point clouds. In particular, we consider
noise corruption in the following three cases:

Case 1: R is a rectangle region which is disjoint to D. See the third row in Figure 4]

Case 2: R = R1 URo, where R, R are rectangles which are disjoint to D. See the fourth row in
Figure[4]
Case 3: R contains D. See the fifth row in Figure ]

GW Barycenter and PGW Barycenter methods. We select t1,...,tx with0 =1 <ty < ... <
tx = 1. Foreacht € {t1,...,tx}, we compute the GW Barycenter

arg min (1 —¢)(L(C,C") oy',7") + H{L(C,C?) 04%,4%), (86)

Cyly?

where y; € T'(p,pt), 72 € I'(p, p?). Apply Smacof-MDS to the minimizer C, the resulting embed-
ding, denoted as X; € R™*2 (where n = 1024) is the GW-based interpolation.
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GW, 5%

PGW, 5%

GW, 10%

PGW, 10%

GW, 5%

PGW, 5%

o

GW, 10%

PGW, 10%

GW, 5%

PGW, 5%

GW, 10%

PGW, 10%

data

Figure 5: We test interpolation tasks in 3 scenarios: source data is clean, target data is selected from
three cases as described in section dataset and data processing. In each scenario, we test n =
5%, 10% respectively. In the first column, we present the source and target point cloud visualization
in each task. In columns 2-9, we present GW, PGW barycenter for t = 0/7,1/7,...,7/7.
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Replacing the GW Barycenter with the PGW Barycenter
arg leinz(l — ) ((L(C,CYY oy 4"y + MY +t(L(C,C?) 042, 4% + Xay2]),  (87)
Aty

where A1, A2 > 0,7* € < (p,p'),7? € I'<(p, p?). Then we obtain PGW-based interpolation.

Problem setup. We select one point cloud from the clean dataset denoted as X = {x;}?_; (source
point cloud), n = 1024.

Next, we select one noise-corrupted point cloud, as described in Case 1, Case 2, and Case 3, re-
spectively. In these three scenarios, we test n = 0.5% and = 10% where 7 is the noise level.
Therefore, we test 3 * 2 = 6 different interpolation tasks for these two methods. The size of the
target point cloud is then m = n + nn). See Figure 5|for details.

Numerical details. In the GW-barycenter method, because of the balanced mass setting, we set

L1, 1 1
p=—-1,,p°=—1,,p= —1,.
n m n
In PGW-barycenter, we set
11 o 1
p=—-1,,p°=—-1n,p=-1,
n n
In addition, we set A\j, Ao such that 2)\1,2)\s > max(max(C;)?, max(Cy)?). We compute

GW/PGW barycenter fort =0/7,1/7,...,7/7.

In both GW and PGW barycenter algorithms, we set the largest number of iterations to be 100. The
threshold for convergence is set to be 1e-5.

Performance analysis. Each interpolation task is essentially unbalanced: the source point cloud
contains clean data, while the target point cloud contains clean and noise points. We observe that
in the first two scenarios, the interpolation derived from GW is clearly disturbed by the noise data
points. For example, in rows 1,3,5,7, columns ¢t = 1/7,2/7,3/7, we see that the point clouds
reconstructed by MDS have significantly different width-height ratios from those of the source and
target point clouds.

In contrast, PGW is significantly less disturbed, and the interpolation is more natural. The width-
height ratio of the point clouds generated by the PGW barycenter is consistent with that of the
source/target point clouds.

In the third scenario, the noise data is uniformly selected from a large region that contains the
domain of all clean point clouds. In this case, we observe that the GW and PGW barycenters
perform similarly. However, at t = 1/7,2/7,4/7, GW-barycenters present more noise points than
PGW-barycenters in the same truncated region.

Limitations and future work. The main issue of the above GW/PGW techniques arises from the
MDS method:

Given minimizer C' € R™*" of GW/PGW barycenter problem (or (87)), MDS studies the
following problem:

2
(88)

n
min D7 |OH — X - X
i,i'=1

Let O(n) denote the set of all n x n orthonormal matrices. Suppose X * is a minimizer, then RX*
is also a minimizer for the above problem for all R € O(n).

In practice, this means manually setting suitable rotation and flipping matrices for each method at
each step, especially for the GW method.

However, we understand that this issue stems from the inherent properties of the GW/PGW method.
GW can be seen as a tool that describes the similarity between two graphs, which are rotation-
invariant and flipping-invariant. Therefore, the GW/PGW barycenter essentially describes the inter-
polation between two graphs rather than two point clouds.
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M.2 MULTI-SHAPES INTERPOLATION.

In this section we present the interpolation between 4 different shapes. In addition, let 7 be the
percentage of outliers, we test 7 = 0 and 5%.

Experiment setup We select 4 shapes (bird, cat, human and rooster) from the 2D clouds dataset.
Two of them, i.e. cat, rooster is embedded into 4D space and are randomly rotated. The goal is to
find the interporlation between them.

Baselines We select 4 baselines, optimal transport barycenter (Cuturi & Doucet, [2014), partial
optimal transport barycenter (Bonneel & Coeurjolly,[2019), GW barycenter (Peyré et al., 2016) and
our PGW barycenter.

Note, OT and partial OT barycenter can not be directly applied into this setting. We firstly embed
the 2D shapes into 4D space via mapping

R? 5 2+ [2;0;0] € R,

and then compute the OT/POT barycenter. Finally, we apply PCA to project the result back to 2D
space for visualization.

Result anlysis We present the result in the following

(a) OT barycenter (b) Partial OT barycenter

(c) GW barycenter (d) Partial GW barycenter

Figure 6: We visulize of multi-shapes interpolation, where the proposition of noise 7 is 0.

LL T3

“bird”,“human” shapes are distributed in 2D space, “cat”, “rooster” are distributed in 4D space.
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(a) OT barycenter (b) Partial OT barycenter

(c) GW barycenter (d) Partial GW barycenter

Figure 7: We visulize of multi-shapes interporlation. “bird”,“human” shapes are distributed in 2D

CLINY3

space, “cat”, “rooster” are distributed in 4D space. The noise level, 7 is 5%.

When 7 = 0, from figure[6] we observe that OT/POT admits good interporlation result between 2D
shapes (bird and human). However, the OT/POT interporlation between 2D and 4D is not as good
as GW/PGW. The main reason is that the OT/POT barycenter incorporates the absolute coordinates
of these shapes for interpolation, which is affected by random rotation. However, GW/PGW is not
affected by the absolute coordinate of the shapes.

In second figure, we demonstrate the result for n = 5%. Two shapes are corrupted by the noise
points (cat and rooster). We observe the GW’s interporlation is affected by the outliers (see e.g.
from bird to human, or from cat to rooster), while PGW is less affected by these outlier points and
admits much better/smoother interpolation.

N DETAILS OF POINT CLOUD MATCHING

Dataset setup. In the Moon dataset (see link), we apply n = 200 and set Gaussian variance to be
0.2. The outliers are sampled from region [[—2, —1.5] x [-3.5, —3]].
In the second experiment, the circle data is uniformly sampled from 2D circle

S!={seR%: ||s|? =1}

and spherical data is uniformly sampled from 3D sphere

$? ={s+[0,0,4] € R*: ||s]* = 1},
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PGW (ours)

(a) Dataset I
MPGW

(b) Dataset 11

Figure 8: Pairwise distance matrices computed for each dataset.

where the shift [0, 0, 4] is applied for visualization.
We set sample size n = 200 for both 2D and 3D samples.
In both experiment, the number of outliers is nn = 0.2n = 40.

Numerical details. In GW, we normalize the two point clouds as
n-+nn 1

K= (X, 30 20,0, Y = (Vedy, Y ).
i=1 j

— n+nn Yi

In PGW, MPGW, UGW, we define the point clouds as

n+nn

"1 1
X = (X,dX,Zﬁém),Y: (YVydy, Y ~0y,)-
=1

j=1

In PGW, we choose A such that A > max(max((C*)?), max((CY)?)), in particular, A = 10.0. In
addition, we tested A = 0.01,0.1, 1.0, 10.0.

In MPGW, we tested p = 0.3,0.5,0.8,1.0 and selected p = 1.0
In UGW, we tested [le — 10, 1e — 1,1.0, 10] and selected p; = p2 = 1.0, € = 0.05.

We also refer the following figure for the visulization of all tested parameters.

O DETAILS OF SHAPE RETRIEVAL EXPERIMENT

Dataset details. We test two datasets in this experiment, which we refer to as Dataset I and Dataset
II. We visualize Dataset I in Figure [9al and Dataset II in Figure The complete datasets can be
accessed from the supplementary materials.

Numerical details. We represent the shapes in each dataset as mm-spaces X' =
(]RQ, 2ot =02y aiéwi). We use o = -% to compute the GW distances for the bal-

anced mass constraint setting. For the remaining distances, we set o = ﬁ, where NNV is the
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rectangle trapezoid disk annulus

double arrow

(a) Dataset I (b) Dataset 11

Figure 9: Visualization of a representative shape from each class of the two datasets.

median number of points across all shapes in the dataset. For the SVM experiments, we use
exp(—oD) as the kernel for the SVM model. Here, we normalize the matrix D and choose the
best o € {0.001,0.01,0.1, 1, 10, 100, 1000, 10000} for each method used in order to facilitate a fair
comparison of the resulting performances. We note that the resulting kernel matrix is not necessarily
positive semidefinite.

In computing the pairwise distances, for the PGW method, we set A such that A\ < A =
max; (|C?|?). In particular, we compute A, for each dataset and use A = %)\mar for each exper-
iment. For UGW, we use ¢ = 107! and p; = po = 1 for both experiments. Finally, for MPGW,
we set the mass-constrained term to be p = min(|u?|, |;7|) when computing the similarity between
shape X? and X7,

Performance analysis. The pairwise distance matrices are visualized for each dataset in Figure
[l and the confusion matrices computed with each dataset are given in Figure [I3] Finally, the
classification accuracy with the SVM experiments is reported in Table The results indicate that
the PGW distance is able to consistently obtain high performance across both datasets.

In addition, from Figure 8] we observe that PGW qualitatively admits a more reasonable similarity
measure compared to other methods. For example, in Dataset I, class “bone” and “rectangle” should
have relatively smaller distance than “bone” and “annulus”. Ideally, a reasonable distance should
satisfy the following:

0 < d(bone, rectangle) < d(bone, anulus).

However, we do not observe this relation in GW and UGWEL and for the MPGW method,
M PGW (bone, rectangle) ~ 0, which is also undesirable. For PGW, however, we do observe this
relation. Additionally, we report the wall-clock time comparison in Table [Tb]

0.1 ADDITIONAL EXPERIMENT WITH OT/UT BASELINES.

In this subsection, we incorporate optimal transport distance (Villani, 2003)) and unbalanced optimal
transport distance (Chizat et al.| 2018c) into the shape retrieval experiment.

Dataset Setup We perform shape retrieval experiments in two scenarios: the original 2D dataset
and a 4D dataset. For the 4D scenario, we embed the shapes into 4D space and then apply a random
rotation to each shape.

Baselines We evaluate the performance of the following methods: Optimal Transport distance
(OT) (Villani, 2003), Unbalanced Optimal Transport (UOT) distance (Chizat et al.;,|2018c)), Gromov-
Wasserstein distance (GW) (Gromov}, [2001), Mass-constrained Gromov-Wasserstein discrepancy
(MPGW) (Chapel et al., 2020), Unbalanced Gromov-Wasserstein discrepancy (UGW) (Séjourné
et al.,[2021), and our Partial Gromov-Wasserstein (PGW) distance.

“For UGW, this is due to the Sinkhorn regularization term.
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Method Dataset I Dataset 11
OT (d =2) 95.6% 55.8%
OT (d = 4) 79.3% 50.8%
UOT (d = 2) 73.5% 73.3%
UOT (d = 4) 56.9% 63.3%
GW (d=2,4) 98.1% 80.8%
MPGW (d = 2,4) 23.7% 25.0%
UGW (d = 2,4) 89.4% 90.0%

PGW (ours,d =2,4)  96.2% 100%

Table 2: Performance comparison across different methods and datasets.

The parameter settings for GW, MPGW, UGW, and PGW are described in the previous section. For
the UOT method, we set the weight of Sinkhorn regularization to 0.1 and the weight of the marginal
penalty to 0.2.

Result. In Dataset 1, when data is in the 2D space, OT achieves an accuracy of 95.6%, while UOT
achieves 73.5%. OT’s accuracy is slightly lower than GW/PGW, but it remains a strong classifier in
this setting. In Dataset 2, UOT outperforms OT with an accuracy of 73.3% compared to 55.8%.

When the shapes are embedded into 4D space, the accuracy of OT and UOT drops significantly,
ranging from 56.9% to 79.3%, far below the performance of GW and PGW. This decline highlights
the reliance of OT/UQOT on absolute coordinates, which becomes more problematic in higher dimen-
sions. In contrast, GW-based methods (GW, MPGW, UGW, PGW) remain unaffected, as they are
invariant to absolute locations. Overall, regardless of whether the data is in 2D or 4D space, OT and
UOT consistently perform worse than GW and its variants. The gap in performance becomes even
more pronounced in 4D space.

P OTHER NUMERICAL IMPLEMENTATIONS

P.1 INITIAL METHODS.

In this experiment, we discuss several different methods to define the initial guess in the Frank-
Wolfe algorithm proposed in this paper. Note some of these methods have been applied in FW
algorithms/Sinkhorn solvers in classical GW (Mémoli, |2011)), Mass-constraint GW (Chapel et al.,
2020) and Unbalanced GW (Séjourné et al., 2021)

Given two mm-spaces X = (X, dx, u), X = (Y,dy, v), we consider the two cases:

Case 1: Dimensions of X and Y are same. Note, in this case, we can define classical OT/partial
OT/unbalanced OT between p and v. Thus, (Chapel et al., | 2020) proposed the following “POT
initilization” method:

A —arg  min  (L(X,Y),)p, (89)
Y€l <, (psq)
where L(X,Y) € R™*™, (L(X,Y));; = ||z — y;|? for some fixed p > 1 and
e x(pq) = {y eRT™: (v"1,); € {q} ,0},Vj;vLm < p,|y| = 7} (90)

The above problem can be solved by a Lasso (L' norm) regularized OT solver.

Case 2: Dimension of X and Y are different. The above technique can not be applied since the
problem (in particular L(X,Y)) is not well-defined.

In this case, (Séjourné et al.,[2021) introduced the “FLB-UOT” method:

v® ¢ arg min / I5xp(@) — sy (W) Pdr(x,y) + A(Dicr(31,0) + Dict.(v2, 1),
vel<(p,a) J X xY
on
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where sx ,(z) = [y |z — 2/[Pdu(z) and sy, is defined similarly. The problem is called
Hellinger Kantorovich, which is a classical unbalanced optimal transport problem. It can be solved
by the Sinkhorn solver (Chizat et al., 2018b)).

Analog to the above method, we propose the third method, called “FLB-POT” (first lower bound-
partial optimal transport)

v®  arg min / I5x0(@) = sy, (W) Pdy(@,y) + Allp =l +la—l).  ©2)
ve€l<(pa) Jx xY

The above problem is a partial OT problem and can be solved by classical linear programming
(Caftarelli & McCann, 2010).

P.2 PARAMETER SETTING FOR PGW

Setting parameter A in PGW is important in the numerical implementation. There are two scenarios
to consider:

* Both source and target measures contain outliers:
the parameter A acts as an upper bound for the transported distance. Specifically, if

ldx (z,2") — dy (y,y')||* > 22,

then either (z,y) or (2, y’) will not be transported. - When the distance between outliers
and clean data is large, and the pairwise distances within the clean data are relatively small,
A should be set to lie between these two scales.

* Only one measure contains outliers:
As stated in Lemma[E.2] A can be set sufficiently large to satisfy:

2\ > d N _d (2.
- x,ﬂ:’EIE?’;fy'EY ldx (, 27) v (.9l

In the interpolation and shape retrieval experiments, we fall under the second scenario,
which does not require signficant parameter tuning.
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Figure 10: We visulize the shape matching result for all tested parameters.
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Figure 11: Visualization of a representative shape from each class of the two datasets.
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Figure 12: Pairwise distance matrices computed for each dataset.
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Figure 13: Confusion matrices computed from nearest neighbor classification experiments.
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Q WALL-CLOCK TIME COMPARISON FOR PARTIAL GW SOLVERS

In this section, we present the wall-clock time comparison between our method Algorithms
the Frank-Wolf algorithm proposed in (Chapel et al. [2020), and its Sinkhorn version (Peyré et al.,
2016; (Chapel et al., 2020). Note that these two baselines solve a mass constraint version of the
PGW problem, which we refer to as the “MPGW” problem. The proposed PGW formulation in this
paper can be regarded as a “Lagrangian formulation” of MPGW}’| formulation to the PGW problem
defined in (I0). In this paper, we call these two baselines as “MPGW algorithm” and “Sinkhorn
PGW algorithm”.

Numerical details. The data is generated as follows: let u = Unif([0,2]?) and v =
Unif([0, 2]?), we select i.i.d. samples {x; ~ p}i;,{y; ~ v}7-,, where n is selected from
[10, 50,100, 150, ...,10000] and m = n + 100, p = 1,/m,q = 1,,/m. For each n, we set
A = 0.2,1.0,10.0. The mass constraint parameter for the algorithm in (Chapel et al., 2020), and
Sinkhorn is computed by the mass of the transportation plan obtained by Algorithm [Ijor 2] The

runtime results are shown in Figure

Regarding the acceleration technique, for the POT problem in step 1, our algorithms and the MPGW
algorithm apply the linear programming solver provided by Python OT package (Flamary et al.,
2021), which is written in C++. The Sinkhorn algorithm from Python OT does not have an acceler-
ation technique. Thus, we only test its wall-clock time for n < 2000. The data type is 64-bit float
number.

From Figure [I4] we can observe the Algorithms [I] 2] and MPGW algorithm have a similar order
of time complexity. However, using the column/row-reduction technique for the POT computation
discussed in previous sections, and the fact the convergence behaviors of Algorithms |1| and [2| are
similar to the MPGW algorithm, we observe that the proposed algorithms [T [2] admits a slightly
faster speed than MPGW solver.

102 4

101 4

vl A=0.2

10° 4

vl,A=10.0
v2,A=0.2
1074 v2,A=10.0
—— mA=0.2
1072 4 m,A=10.0
s, A=0.2
s,A=10.0

wall-clock time

10734

E) 20‘00 40b0 60‘00 BObU 10600
n: size of p

Figure 14: We test the wall-clock time of our Algorithm [1| and Algorithm |2 the MPGW solver
(Algorithm 1 in (Chapel et al., |2020)) , and the Sinkhorn algorithm (Peyré et al., [2016). We denote
these methods as v1, v2, m, s respectively. The linear programming solver applied in the first three
methods is from POT (Flamary et al.l 2021), which is written in C++. The maximum number of
iterations for all the methods is set to be 1000. The maximum iteration for OT/OPT solvers is set
to be 300n. The maximum Sinkhorn iteration is set to be 1000. The convergence tolerance for
the Frank-Wolfe algorithm and the Sinkhorn algorithm are set to be 1le — 5. To achieve their best
performance, the number of dummy points is set to be 1 for MPGW and PGW.

SDue to the non-convexity of GW, we do not have a strong duality in some of the GW representations. Thus,
the Lagrangian form is not a rigorous description.
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R POSITIVE UNLABELED PROBLEM

R.1 PROBLEM SETUP.

Positive unlabeled (PU) learning (Bekker & Davis| [2020; |[Elkan & Noto} 2008} [Kato et al., [2018)
is a semi-supervised binary classification problem for which the training set only contains positive
samples. In particular, suppose there exists a fixed unknown overall distribution over triples (z, o, [),
where x is data, [ € {0, 1} is the label of z, 0 € {0, 1} where o = 1, o = 0 denote that [ is observed
or not, respectively. In the PU task, the assumption is that only positive samples’ labels can be
observed, i.e., Prob(o = 1|z, = 0) = 0. Consider training labeled data X** = {(2", 1)}, C
{z : 0 = 1} and testing data X" = {z}"}"; C {z : 0o = 0}, where T;pX € Rdl,m;‘ € Rz,
In the classical PU learning setting, do = d;. However, in (Séjourné et al., [2021)) this assumption
is relaxed. The goal is to leverage X? to design a classifier [ : z* — {0, 1} to predict [(z*) for all
" e X[

Following (Elkan & Notol 2008} (Chapel et al., [2020; |S€journé et al., 2021)), in this experiment,
we assume that the “select completely at random” (SCAR) assumption holds: Prob(o = 1|z,l =
1) = Prob(o = 1|l = 1). In addition, we use 7 = Prob(l = 1) € [0, 1] to denote the ratio of
positive samples in testing se Following the PU learning setting in (Kato et al.,|2018; Hsieh et al.,
2019; (Chapel et al., [2020; |Séjourné et al., [2021), we assume 7 is known. In all the PU learning
experiments, we fix 7 = 0.2.

R.2 OUR METHOD.

Similar to (Chapel et al., |2020) our method is designed as follows: We set p € R"”,q € R™ as
pX=rqie€lin]y qf =5 €(l:mlLetXP = (X2 - la,, X0, 97 0x,). X" =
(XN Mo 225 q) 8y,). We solve the partial GW problem PGW(X?,X") and suppose ~ is a
solution. Let v5 = "1, The classifier [ is defined by the indicator function

Ly (2") = L {zu: vy (2v)>quantile}» (93)
where quantile is the quantile value of v according to 1 — .

Regarding the initial guess (1), (Chapel et al., 2020) proposed a POT-based approach when X and
Y are sampled from the same domain, i.e., d; = d2, which we refer to as “POT initialization.”

When XY are sampled from different spaces, that is, d; # ds, the above technique is not
well-defined. Inspired by (Mémoli, [2011; [Séjourné et al., [2021), we propose the following “first
lower bound-partial OT” (FLB-POT) initialization:

7 =arg  min / |sx,2(z) — SY,Q(y)\zd’Y(fE,y) +A(|p =7l + [a—2l),
vel<(pa) Jxxy

where sx2(z) = [y |# — 2'|*dp(x) and sy, is defined similarly. The above formula is analog to
Eq. (7) in (Séjourné et al., [2021)), which is designed for the unbalanced GW setting. To distinguish
them, in this paper we call the Eq. (7) in (S€journé et al.,|2021) as “FLB-UOT initilization”.

R.3 DATASET.

The datasets include MNIST, EMNIST, and the following three domains of Caltech Office: Amazon
(A), Webcam (W), and DSLR (D) (Saenko et al., 2010). For each domain, we select the SURF fea-
tures (Saenko et al., 2010) and DECAF features (Donahue et al., 2014). For MNIST and EMNIST,
we train an auto-encoder, respectively, and the embedding space dimension is 4 and 6, respectively.
See Figure [I3]for the TSNE visualization of these datasets.

R.4 NUMERICAL DETAILS AND PERFORMANCE.

Accuracy Comparison. In Table 4] and [f] we present the accuracy results for the MPGW, UGW,

®In the classical setting, the goal is to learn a classifier for all z. In this experiment, we follow the setting in
(Séjourné et al.| [2021).

"In the classical setting, the prior distribution 7 is the ratio of positive samples of the original dataset. For
convenience, we ignore the difference between this ratio in the original dataset and the test dataset.
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Figure 15: TSNE visulization for datasets MNIST.EMNIST!,Caltech Office.
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DATASET INIT MPGW UGW PGW
M—-M POT, 99% 99% 96% 99%
M-M FLB-U, 75% 96% 96% 96%
M—-M FLB-P, 75% 99% 96% 98%

EM — EM POT, 99% 99% 96% 99%
EM — EM FLB-U, 78% 93% 95% 93%
EM — EM FLB-P, 78% 95% 95% 95%

M — EM FLB-U, 78% 94 % 65% 94%
M — EM FLB-P, 78% 94% 95% 94%
EM - M FLB-U, 74% 97 % 97 % 97%
EM —- M FLB-P, 75% 97 % 97 % 97%

Table 3: In this table we present the accuracy of primal-PPW, UGW, PGW. In the “Init” column, the
first entry is the initialization method, the second entry is the accuracy percentage. We test 5 times
and present the average accuracy for each method and initial method.

and the proposed PGW methods when using three different initialization methods: POT, FLB-UOT,
and FLB-POT.

Following (Chapel et al., [2020)), in the MPGW and PGW methods, we incorporate the prior knowl-
edge 7 into the definition of p and ¢g. Thus it is sufficient to set mass = m for MPGW and choose a
sufficiently large value for A in the PGW method. This configuration ensures that the mass matched
in the target domain ) is exactly equal to 7. However, in the UGW method (S€journé et al.,|[2021)),
the setting is p = %LL and ¢ = %1m.

Overall, all methods show improved performance in MNIST and EMNIST datasets. One possible
reason for this could be the better separability of the embeddings in MNIST and EMNIST, as illus-
trated in Figure[T5] Additionally, since MPGW and PGW incorporate information from r into their
formulations, they exhibit slightly better accuracy in many experiments.

Numerical details. In this experiment, to prevent unexpected convergence to local minima in the
Frank-Wolf algorithms, we manually set « = 1 during the line search step for both MPGW and
PGW methods.

For the convergence criteria, we set the tolerance term for Frank-Wolfe convergence and the main
loop in the UGW algorithm to be 1le — 5. Additionally, the tolerance for Sinkhorn convergence
in UGW was set to 1le — 6. The maximum number of iterations for the POT solver in PGW and
MPGW was set to 500n. In addition, for MPGW, we set mass = 0.2 and for PGW method, based
on lemma [E.2} we set \ to be constant such that 2\ > (max(|C*|)? + max(|CY[)2). For UGW,
as we directly apply the numerical method in (Séjourné et al.l [2023)), where the prior knowledge

DATASET INIT METHOD INIT ACCURACY MPGW UGW PGW (OURS)

M-M POT 100% 100% 95% 100%
M-M FLB-U 75% 96% 95% 96%
M-M FLB-P 75% 99% 95% 99%
M — EM FLB-U 78% 94% 95% 94%
M — EM FLB-P 78% 94% 95% 94%
EM - M FLB-U 75% 97% 96% 97 %
EM —- M FLB-P 75% 97 % 96% 97%
EM — EM POT 100% 100% 95% 100%
EM — EM FLB-U 78% 94 % 95% 94 %
EM — EM FLB-P 78% 95% 95% 95%

Table 4: Accuracy comparison of the MPGW, UGW, and the proposed PGW method on PU learning.
Here, ‘M’ denotes MNIST, and ‘EM’ denotes EMNIST.
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7w = 0.2 is not Incorporated in the setting of p qnd ¢q. Thus, in each experiment, we test different
parameters (p, p2, €) and select the ones that result in transported mass close to 7.

Regarding data types, we used 64-bit floating-point numbers for MPGW and PGW, and 32-bit
floating-point numbers for UGW.

For the MNIST and EMNIST datasets, we set n = 1000 and m = 5000. In the Surf(A) and
Decaf(A) datasets, each class contained an average of 100 samples. To ensure the SCAR assumption,
we setn = 1/2 % 100 = 50 and m = 250. Similarly, for the Surf(D) and Decaf(D) datasets, we set
n = 15 and m = 75. Finally, for Surf(W) and Decaf(W), we used n = 20 and m = 100.

Wall-clock time In Table |5 we provide a comparison of wall-clock times for the MNIST and EM-
NIST datasets.

SOURCE TARGET INIT METHOD INIT TIME MPGW UGW  PGW (OURS)

M(1000)  M(5000) POT 0.5 7.2 152.0 7.4
M(1000)  M(5000) FLB-U 0.02 30.5  152.6 27.8
M(1000)  M(5000) FLB-P 0.5 27.8  144.9 26.9
EM(1000) EM(5000) POT 0.5 7.3 157.3 7.5

EM(1000) EM(5000) FLB-U 0.02 30.0  181.8 29.9
EM(1000) EM(5000) FLB-P 0.5 222 155.1 22.3
M(1000)  EM(5000) FLB-U 0.02 34.0  157.9 34.4
M(1000)  EM(5000) FLB-P 0.5 349 1555 35.0
EM(1000)  M(5000) FLB-U 0.02 243 139.3 22.2
EM(1000)  M(5000) FLB-P 0.5 320 162.7 29.9
M(2000)  M(10000) POT 1.7 31.1  1384.8 32.1
M(2000)  M(10000) FLB-U 0.1 209.0 1525.8 192.5
M(2000)  M(10000) FLB-P 1.7 208.0 1418.4 192.1
M(2000)  EM(10000) FLB-U 0.1 165.1  1606.1 164.2
M(2000)  EM(10000) FLB-P 1.7 224.1  1420.7 223.7
EM(2000)  M(10000) FLB-U 0.1 149.1  1426.5 138.1
EM(2000)  M(10000) FLB-P 1.7 113.9  1407.6 103.9
EM(2000) EM(10000) POT 1.6 32.4  1445.9 33.4
EM(2000) EM(10000) FLB-U 0.1 233.0  1586.3 233.9
EM(2000) EM(10000) FLB-P 1.8 142.1  1620.6 142.1

Table 5: In this table, we present the wall-clock time for the MPGW, UGW, and the proposed
PGW method, as well as three different initialization methods (POT, FLB-UOT, FLB-POT). In the
“Source” (or “Target”) columm, M (or EM) denotes the MNIST (or EMNIST) dataset, the value
1000 (or 5000) denotes the sample size of X (or Y'). The units of all reported wall-clock times is
seconds.
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DATASET INIT METHOD INIT ACCURACY MPGW UGW PGW (OURS)
SURF(A) — SURF(A) POT 81.2% 74.7%  66.5% 74.7%
SURF(A) — SURF(A) FLB-U 64.9% 65.7% 66.5% 65.7%
SURF(A) — SURF(A) FLB-P 63.3% 66.5% 66.5% 66.5%
DECAF(A) — DECAF(A) POT 95.1% 95.1% 60.8% 95.1%
DECAF(A) — DECAF(A) FLB-U 78.0% 67.4% 83.7% 67.4%
DECAF(A) — DECAF(A) FLB-P 78.0% 74.7%  88.6% 74.7%
SURF(D) — SURF(D) POT 100% 100%  89.3% 100%
SURF(D) — SURF(D) FLB-U 62.7% 73.3% 84.0% 73.3%
SURF(D) — SURF(D) FLB-P 60.0% 60.0% 78.7% 60.0%
DECAF(D) — DECAF(D) POT 100% 100% 100% 100%
DECAF(D) — DECAF(D) FLB-U 76.0% 68.0% 70.7% 68.0%
DECAF(D) — DECAF(D) FLB-P 73.3% 73.3% 86.7% 73.3%
SURF(W) — SURF(W) POT 100.0% 100.0% 81.3% 100.0%
SURF(W) — SURF(W) FLB-U 76.0% 70.7%  81.3% 70.7%
SURF(W) — SURF(W) FLB-P 73.3% 68.0% 78.7% 68.0%
DECAF(W) — DECAF(W) POT 100% 100% 100% 100%
DECAF(W) — DECAF(W) FLB-U 73.3% 68.0% 62.7% 68.0%
DECAF(W) — DECAF(W) FLB-P 70.7% 70.7%  73.3% 70.7%
SURF(A) — DECAF(A) FLB-U 73.9% 83.7% 91.8% 83.7%
SURF(A) — DECAF(A) FLB-P 73.9% 83.7% 87.8% 83.7%
DECAF(A) — SURF(A) FLB-U 67.3% 67.3% 69.0% 67.3%
DECAF(A) — SURF(A) FLB-P 67.3% 68.2% 71.4% 68.2%
SURF(D) — DECAF(D) FLB-U 76.0% 76.0% 65.3% 76.0%
SURF(D) — DECAF(D) FLB-P 76.0% 76.0% 65.3% 76.0%
DECAF(D) — SURF(D) FLB-U 73.3% 62.7% 73.3% 62.7%
DECAF(D) — SURF(D) FLB-P 73.3% 73.3% 73.3% 73.3%
SURF(W) — DECAF(W) FLB-U 70.7% 70.7%  76.0% 70.7%
SURF(W) — DECAF(W) FLB-P 70.7% 70.7%  76.0% 70.7%
DECAF(W) — SURF(W) FLB-U 68.0% 68.0% 65.3% 68.0%
DECAF(W) — SURF(W) FLB-P 68.0% 68.0% 70.7% 68.0%

Table 6: In this table, we present the accuracy comparison of the MPGW, UGW, and the proposed
PGW method. We report the initialization method and its accuracy, followed by the accuracy of
each of the methods MPGW, UGW, and PGW. The prior distribution 7 = p(l = 1) is set to be 0.2
in all experiments. To guarantee the SCAR assumption, for Surf(A) and Decaf(A), we set n = 50,
which is the half of the total number of data in one single class. m is set to be 250. Similarly, we set
suitable n, m for Surf(D), Decaf(D), Surf(W), Decaf(W).
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DATASET INIT METHOD INIT TIME MPGW UGW PGW (OURS)
SURF(A) — SURF(A) POT 1.4g-3 1.9-2 3.8 2.0E-2
SURF(A) — SURF(A) FLB-U 2.2E-3 1.8E-2 3.6 1.9-2
SURF(A) — SURF(A) FLB-P 1.7E-3 1.8E-2 3.8 1.5E-2
DECAF(A) — DECAF(A) POT 1.7E-3 1.98-2 7.3 1.98-2
DECAF(A) — DECAF(A) FLB-U 9.6E-3 1.8E-2 6.8 1.5E-2
DECAF(A) — DECAF(A) FLB-P 2.0E-3 1.8E-2 6.7 1.6E-2
SURF(D) — SURF(D) POT 2.9e-4 5.8E-4 3.1 3.8e-4
SURF(D) — SURF(D) FLB-U 1.4E-3 3.0E-3 5.4 2.2E-3
SURF(D) — SURF(D) FLB-P 3.1E-4 2.9E-3 5.4 2.1E-3
DECAF(D) — DECAF(D) POT 3.1E-4 6.0E-4 3.3 3.6E-4
DECAF(D) — DECAF(D) FLB-U 1.4E-3 2.9e-3 5.8 2.1E-3
DECAF(D) — DECAF(D) FLB-P 3.4E-4 2.8E-3 5.3 2.0E-3
SURF(W) — SURF(W) POT 3.0e-4 6.0E-4 5.2 3.6E-4
SURF(W) — SURF(W) FLB-U 1.3E-3 2.9g-3 5.1 2.1E-3
SURF(W) — SURF(W) FLB-P 3.38-4 2.9E-3 5.1 2.1E-3
DECAF(W) — DECAF(W) POT 3.3e-4 6.2E-4 3.3 3.4E-4
DECAF(W) — DECAF(W) FLB-U 1.2E-3 2.9E-3 5.8 2.1E-3
DECAF(W) — DECAF(W) FLB-P 3.38-4 2.8E-3 5.4 2.0E-3
SURF(A) — DECAF(A) FLB-U 1.1E-1 2.8E-2 6.7 2.6E-2
SURF(A) — DECAF(A) FLB-P 1.9e-3 2.2E-2 0.2 2.1E-2
DECAF(A) — SURF(A) FLB-U 0.1 5E-2 6.7 4E-2
DECAF(A) — SURF(A) FLB-P 2E-3 1.8 6.8 1.5
SURF(D) — DECAF(D) FLB-U 1.8E-3 5.3E-3 6.0 2.3E-3
SURF(D) — DECAF(D) FLB-P 3.5E-4 3.9e-4 5.9 3.8E-4
DECAF(D) — SURF(D) FLB-U 1.8E-3 0.296 5.6 0.165
DECAF(D) — SURF(D) FLB-P 3.3-4 0.218 5.6 0.170
SURF(W) — DECAF(W) FLB-U 1.8E-3 5.3-3 5.0 2.3E-3
SURF(W) — DECAF(W) FLB-P 3.4E-4 4.1E-4 5.0 3.9e-4
DECAF(W) — SURF(W) FLB-U 1.8E-3 5.1E-3 5.8 2.1E-3
DECAF(W) — SURF(W) FLB-P 3.4E-4 2.9E-3 5.6 2.2E-3

Table 7: In this table, we present the wall-clock time comparison of the MPGW, UGW, and the
proposed PGW method. We report the initialization method and its wall-clock time, followed by
the wall-clock time of each of the methods MPGW, UGW, and PGW. The units of all reported wall-
clock times is seconds. The prior distribution 7 = p(I = 1) is set to be 0.2 in all experiments. To
guarantee the SCAR assumption, for Surf(A) and Decaf(A), we set n = 50, which is the half of
the total number of data in one single class. m is set to be 250. Similarly, we set suitable n, m for
Surf(D), Decaf(D), Surf(W), Decaf(W).

S COMPUTE RESOURCES

All experiments presented in this paper are conducted on a computational machine with an AMD
EPYC 7713 64-Core Processor, 8 x 32GB DIMM DDR4, 3200 MHz, and a NVIDIA RTX A6000
GPU.
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