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ABSTRACT

Reward alignment for flow and diffusion models, via test-time steering or fine-
tuning, often relies on sampling from conditional distributions p,.(- | x;) induced
by stochastic dynamics. In practice, this creates a computational bottleneck requir-
ing expensive SDE simulation. Meanwhile, recent few-step accelerations for gen-
erative flows largely target deterministic dynamics and therefore do not directly
address stochastic conditional sampling. We introduce stochastic few-step mod-
els, a framework for fast sampling from SDE-defined conditional distributions by
mapping the conditional SDE to a deterministic ODE with matching marginals.
Building on this formulation, we show that the resulting conditional ODEs can
be effectively distilled into a single few-step model, enabling efficient conditional
rollouts. Experiments on Gaussian-mixture and MNIST steering show that the re-
sulting sampler provides accurate conditional samples to improve reward steering,
outperforming standard denoiser heuristics.

1 INTRODUCTION

Flow matching and diffusion models (Liu et al. [2022; |Albergo et al. 2025} |Song et al., 2021}
Lipman et al.}[2023;Ho et al.,[2020) have revolutionized generative modelling, enabling high-quality
sampling from complex data distributions. These methods transport samples, through an ODE or
SDE, from an easy-to-sample distribution to the data distribution.

A powerful tool to improve the performance and controllability of a generative model is reward
alignment. A successful example is classifier-free guidance (Ho & Salimans, 2022). A large body
of recent work studies reward alignment for generative models (Singhal et al., 2025} Wallace et al.,
2023;|Domingo-Enrich et al.,[2025). Informally, given a reward function R : R — R, where d is the
data dimension, we seek to adjust the model so that generated samples achieve higher reward without
drifting too far from the base distribution. Importantly, the mathematical frameworks underlying
such tilting are inherently stochastic, which typically necessitates expensive SDE simulation.

There has been strong interest in accelerating sampling for deterministic flow-based models (Lu
& Song, 2025} Boffi et al., 2025} |Geng et all) [2025). The idea is to train a neural network to
approximate the solution map of an ODE, either via distillation from a teacher or by training it from
scratch. However, these frameworks are developed for deterministic dynamics and therefore do not
obviously apply to the stochastic conditional distributions required for reward alignment.

To improve diffusion sampling, [Holderrieth et al.[(2025) consider two time points (r, ) € [0, 1] and
construct a virtual flow-matching model whose terminal density matches the conditional p,.;(- | +),
where the joint law of (x,., ;) is induced by a diffusion model or, more generally, by non-Markovian
trajectories in the style of [Song et al.| (2022). Building on this, [Potaptchik et al.| (2026)) show that
the collection of such conditional ODEs for = 0 can be distilled into a single few-step model, and
demonstrate applications to reward-aligned generation.

Notably, in |Holderrieth et al.| (2025) the conditional ODE is defined separately for each time pair
(r,t), and the resulting intermediate trajectories arise from virfual dynamics that are not tied to the
underlying conditional diffusion dynamics. Therefore, the intermediate virtual states along these
trajectories can lack a direct interpretation; moreover, a model that aims to distil the entirety of the
conditional distributions would require distilling an ODE for every (r, ).
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In contrast, we propose a formulation that works directly with the conditional dynamics and aims
to capture the full family of conditionals indexed by (;,t) within a single dynamic, enabling more
systematic exploration and distillation. Concretely, our contribution in this work is twofold:

* We propose a new theoretically grounded way to translate from SDE to ODE sampling,
without necessitating virfual flow-matching models.

* We demonstrate empirically that flow maps can distil this new family of conditional ODEs,
and that this improves reward alignment.

This matters for two independent reasons: (i) distilled conditional rollouts lower the computational
cost of reward-aligned sampling; and (ii) using the conditional dynamics avoids auxiliary virtual
processes and reduces the number of separate ODEs that must be learned.

2 BACKGROUND

In this section, we briefly review flow matching and diffusion models through the lens of stochas-
tic interpolants (Albergo et al.l 2025)), focusing on a special case relevant to our setting and the
translation between the two formalisms. We also summarize MeanFlows (Geng et al.l [2025)), a
representative few-step generative model that we use in our experiments.

2.1 ODE/SDE
Given the base distribution p; := N (0, I') and a target distribution pg, we couple endpoints
To ~ Pos 1~ P1, xo L x, )]
and define the interpolating path
I, = (1—7)xy + T, T €10,1]. 2)
We denote by p; the law of ;. Consider the flow-matching ODE
dx,
dr E(zo,21)~poops (1 — To | Ir] == vr(T7), @0~ po 3

whose solution satisfies , ~ p,. In particular, by simulating the reverse-time ODE starting from
o1, we can generate samples from xy. Moreover, starting from the continuity equation associated
with eq. (3), one can derive an SDE that shares the same marginal distributions as eq. (3):

. 2
da, =~ dr 4| —dw,, @~ po, )
1-—7 1-—7

where {w- },¢o,1] is the standard Brownian motion. Note that eq. (4) satisfies 1 | 2o ~ N (0, 1)
(Domingo-Enrich et al.;|2025). The reverse SDE is

x, 2T

2
de, = (— - va long(:cT)> dr +
l—-7 1-—71

dw;, x1~p1, )

where, with a slight abuse of notation, {wT}TG[O,H denotes a standard Brownian motion reverse-
time. Therefore, integrating eq. (5) from ¢ = 1 to ¢ = 0 yields samples @y ~ po.

The score V, log p- admits a convenient expression via Tweedie’s identity:

1—7)Elxg | [, =x]| —x

(L= )Eleo | I =a] @ ©
T

In particular, since v, (x) := E[x; — ¢ | I, = x], the score and the flow-matching velocity are

related by

V. logp-(x) =

V. logps(w) = - 20 _TT) v-(@). @)

Hence, it suffices to learn either the velocity field v or the score V, log p,: the other is obtained
by a simple closed-form linear transformation, and can be plugged directly into the corresponding
ODE/SDE drift.

For example, to learn v () with a neural network f(x, 7; ), we can minimize

L(H) = E(wo,a;l)rvpo@p], T~U|0,1] [H(ml - iBo) - f(ITﬂ 75 G)H%:I . (8)
Analogously, one may train a denoiser/score model directly using a standard denoising objective.
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2.2 FEW-STEP MODELS

The acceleration of few-step generative models has largely been driven by the concept of consis-
tency. Given the ODE we ultimately want to learn for sampling, we can avoid directly parameteriz-
ing the instantaneous velocity field and instead learn an affine quantity, such as the flow map (Boffi
et al., |2025) or the average velocity field along a trajectory (Geng et al., 2025). In the absence of
direct estimators for these functions, we learn them by imposing an implicit constraint on the neural
network, namely consistency. Many of these methods are reminiscent of physics-informed neural
networks (Raissi et al.;, 2017), with the key difference that, in a purely temporal setting, the direction
of the signal is clear.

For example, MeanFlow (Geng et al.,[2025) targets the average velocity field of eq. (3) between two
time steps (r, t) along the trajectory. The mean velocity is defined as

(t —r)u(x, t,r) = /t v, (x,)dr, de, = v, (x,)dr. 9
Differentiating eq. (9) yields
u(xy, t,r) = ve(ay) — (E—1) W (10)
We enforce this relation with the loss
L(6) = Evnfoa),omp, | (w(@e t,730) = s(uige))*] an
du(z, t,r;0)

Uigy = Vy(Ty, 1) — (t—7) (12)

dt ’
where sg(-) denotes stop-gradient. We use sg(-) so the learning signal comes from v; and updates
ug. In practice, v, is provided by a pre-trained flow-matching model, or by an unbiased estimator
of the velocity field, such as 1 — x(. In practice, we pick a fraction of training instances for which
we set t = r, thereby enforcing a boundary condition on the average velocity.

3 METHODS

Few-Step Models:
Glass Flows

MFM
Stochastic Few-Step Models ===

]
— | W7
. 7
7
oy 7
Forward s Backwards = = = Change of Variable ~ -will| ‘
Data ———i) Noise

Inference Time

Figure 1: Schematic comparison of transition mechanisms. Flow maps (Blue): jump between ar-
bitrary time steps. They integrate a virtual ODE along a path to draw a
sample from the desired conditional distribution. MetaFlowMaps (Purple): distil the virfual ODE
trajectories of GLASS into a single learned flow map. Ours (Red): reparameterize the conditional
ODEs and distil them into a few-step model to sample conditional marginals at any intermediate
time.



Under review as a conference paper at ICLR 2026

3.1 CONDITIONAL ODE

Let us consider eq. (5) initialized at (, t):

.2 [
de, = | — r —valong(:cT) dr + T dw,, x; =x. (13)
1—-7 1-—71 1—71

In particular this SDE has marginals p|; (- | ). Unfortunately, the dynamics are stochastic, making
them computationally expensive to simulate. Surprisingly, the score(s) of eq. can be written in
closed form via Bayes’ theorem:

Valogpre (x| ) = Ve logp, (x) + Ve logpy - (x| ). (14

The latter term is expressible in terms of the known corruption kernel of eq. (@). More generally, for
linear SDEs the transition kernel is available analytically; for example, in our case it corresponds
to the DDPM SDE (Ho et al.,|2020). Following the same route for bridging SDEs and ODEs as in
Albergo et al.|(2025), we obtain the following result.

Proposition 1. Let x; | @, ~ N (u(t,r)x,,0? (t,7)I) the transition kernel of eq. @) (see sec-
tion[A1) Then, for any € > 0, the ODE

T T — M(t7T)yT
t
1_7_#( 7) o2(t,7)

has marginals p,(- | x) for all T <t — € (see section .

dy, = <UT (y'r) + > dr, Yt—e ™~ DPt—et ( ’ | :13) (15)

Remarkably, there exists a deterministic dynamics whose marginals match p,;(- | x), which is
much cheaper to simulate. Since the dynamics are deterministic, they cannot be initialized exactly
at (x,1); instead, as stated in Proposition I} they must start from y; . ~ p;_..(- | ). This leads
to the efficient Algorithm for sampling from p.,( - | x).

Algorithm 1: Conditional transition sampling via conditional ODE

def Init(x,t, 6, 8): Input: ¢, 7, x, 0,8, pu, 0%, M,§

3 NN(07I) Olltpllt: Yr Npr|t(' | w)

2t T t—c¢
% =

7 L y < Init(x, t,0, 8)

b -5 — 7= 4u() B s

return ¢, — §b + V30 ¢ form=0,...,M —1do
defv (y,, 7| z,t): v 0y, 7| xy, 1)

v 0 (yr) y<—y—i]z’0

T z—p(t,7) yr T T —
¢ 15 ultT) FhEpnt end
return v + ¢ return y

In words, we obtain a sample from p;_.; by simulating the SDE for € time (one step), and then
integrating the deterministic dynamics.

While this may appear unusual, it is inevitable: conditioning on a fixed starting point removes
randomness, so some stochasticity must be reintroduced to sample from the conditional distribution.
This is analogous to [Holderrieth et al.[(2025)), where transition sampling is realized by introducing
a new Gaussian base distribution and transporting it through a virtual flow.

We can further generalize Algorithm |1| by modularizing it. To sample from p,;(- | ), choose
(adaptively) an intermediate time grid

r=ro<ri<---<rp=t, (16)

and apply Algorithm |1| successively on each interval (ry,ri11). In this formulation, one can ex-
plicitly control how much noise is injected in total.

Moreover, we can freely alternate between Algorithm |1 and restarting it. This is possible because
each step of Algorithm produces a sample from the correct conditional distribution p, (- | ).
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3.2 REPARAMETERIZATION TRICK

A closer look at eq. shows that the velocity field blows up as 7 — ¢, reflecting the fact that the
dynamics are forced to hit the boundary condition at time ¢. Motivated by the corresponding SDE,
we introduce the rescaled variable

T —Yr
o(t,T)’

A7)

Z; =

Unlike y., this scaled variable does not converge to a deterministic limit as 7 — ¢; instead, it
converges in distribution to A/(0, I'). Moreover, 2z, satisfies the ODE

_ 1 Tt T) (L= plt 7))
o(t,T) 1—7 o2 (t,7) ) ' (18)

dzn = - (vT (@0 (t7)2) +

Although the drift in eq. is singular as 7 — ¢, the singularity is integrableﬂ This observation is
formalized in the following proposition.

Proposition 2. The scaled variable z, = N (0,I) as T — t < 1. Under mild regularity conditions,
eq. (18) is well-defined for 0 < 7 < t < 1, and the inverse transformation x — o(t, )z, (from
eq. (17)) is distributed according to p,;( - | x) (see sectionsand.

As a consequence, we can sample from the conditional marginals of eq. (I3)) by integrating eq. (I8)
and then mapping back via eq. (I7), as summarized in Algorithm

Algorithm 2: Conditional transition sampling via reparameterized ODE

def 22x(z,, 7 | T4, 1): Input: t,r, ., o, i, 02, M
T, —x—o(t,7) 2, Output: . ~ p, (- | x¢)
return .- 2~ J\/(O, I)

def DriftZ(z,, 7 | @, t): (t—r)

Ty < 22X(27, T | T4, 1) h M
v O () Tt
c & u(t,T)(Ql(;u)(t,T)) x, form =0,...,M —1do
1—7 ot z < z+ hDriftZ(z,7 | x4, t)
return —— (v +¢) e Tr—h
end
T+ 22x(z,r | x4, 1)
return x

In our reparameterization, randomness is intrinsic to the conditioning point, indeed for a fixed condi-
tioning time ¢, the same deterministic dynamics yields samples from p, (- | a;) for any intermediate
T < t by simply stopping at 7. Note that Algorithm 2]can be modularized as Algorithm I}

By contrast, Holderrieth et al.| (2025) sample p,/|;(- | @) by constructing an inner flow matching
model for the desired transition kernel, which has no direct connection with the conditional under-
lying dynamic.

Note that the particular reparameterization we use is arbitrary. Alternative parameterizations of
eq. can be chosen so that the resulting boundary condition is stochastic instead of deterministic.
In this sense, [Holderrieth et al.|(2025) may be interpreted as adopting the parameterization induced
by a sufficient statistic.

3.3 STOCHASTIC FEW-STEP MODELS

Our reparameterization produces a tractable deterministic dynamics; the resulting ODE (eq. (I8)) is
amenable to few-step distillation. In our experiments, we adopt the MeanFlow formulation (Geng
et al.| 2025). Specifically, we learn a conditional few-step model

f(zrym =1 | 24,85 0) (19)

'In particular, the ODE can be simulated via a change of variables such as u®> =t — 7.
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which takes as input the conditioning pair (x;,¢) and the current state (z.,7), and predicts the av-
erage velocity of eq. over the interval [7, 7]. This can be viewed as a standard MeanFlow model
augmented with conditioning information that specifies the particular conditional ODE. Importantly,
this conditioning mechanism is agnostic to the choice of few-step objective: fy can be trained with
any consistency-style loss, either from scratch or via distillation.

Since 7 < t, in the from scratch setting we first sample x, and then x;. As a result, the usual
flow matching construction yields an unbiased estimator of the unconditional velocity field at -, as

shown in Algorithm

Algorithm 3: Training (From Data)

Algorithm 4: Sampling

Input: initial 0, fy
Output: trained ¢

while not converged do

Input: Outer steps M, Inner steps N, model
fo. start time Sgtart, Send, Start point s,
inner and outer schedules s;,?; ;’s Output:

t, 7,7 ~ Sample(t,T,r) Lsona
Ty ~ Po fori=0,...,M —1do
5 NN(07I) S < S;
Tr < (1 —7)@o + 7 z~N(0,I)
n~N(0,1I) for j=0,...,N —1do
mt“#(th)mTJFU(taT)ﬁ t(—tiyj
Zr it(;f; r <=t 41
¥ + ConditionalV (¢ — xg, x¢, T, 1) zez—(—71)folzt,r |2, 8)
L + MFLoss (0, 2., 7,7, fo(- | 4, 1)) end
0« 0—VoL Ty < 22X(2, 5541 | s, 5)
end end
return ¢ return

4 REWARD ALIGNMENT

In this section, we briefly review how reward alignment is performed in flow models at test-time,
and how it can be improved with stochastic few-step samplers. We start by stating an equivalence
between several standard formulations of reward-tilted path measures.

Theorem 3 (Reward equivalence). Consider the path measure P of eq. , so that Py 4 P1 4

N (0,1) and P, 4 po. Let (27)r¢0,1] denote the corresponding process. Then the path measure (QJ
can be described in the following equivalent ways:

-

d
Tilted: d% x exp(R(z1)), where R is a general reward function. In particular

Elexp R (z1) | 2-].

T

RL/SOC: Q = argmaxE,, s, [R(z1)] — Dkw (S||P).
s

ds
Schrodinger problem: Q = arg minDxy, (S||P) such that Sg = Py and ﬁ x exp (R (z1))
S 1

Double Reverse: Consider the path measure induced by eq. [@), where the starting distribution is
reweighted as x exp(R(xq)). Then the time-reversal of this path measure is Q.

*In general this equivalence can fail when P couples x and @;. Here o and «; are independent under P,
so the equivalence is valid.
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We refer the reader to [Domingo-Enrich et al.| (2025); Denker et al.| (2025) for a proof. Using the
Double Reverse characterization, we can represent Q, the tilted measure, as

T

2T 2T 2T
- T v, - AT 2
- TV logpr (@) - TVl (@) Jdr 4y [T —dwr, (20)

where V. (x) :=1ogE [exp (R(x1)) | x; = ] . (21)

da:T:(—

We will refer to V; as the value function.

4.1 TEST-TIME

To sample from the terminally reward-tilted distribution, we can employ sequential Monte Carlo
(SMC) techniques (Singhal et al., [2025). In practice, the intermediate potentials implied by the-
orem [3] are not available in closed form. Alternatively, one may sample by directly simulating
the reward-tilted diffusion in eq. . In either case, the missing term is an estimate of V;(z) or
V. Vi(z): existing approaches typically rely on heuristics (Chung et al, 2024; Wu et al., 2024). In
contrast, our stochastic few-step sampler enables repeated cheap rollouts T — o, yielding approx-
imate samples :i:éz) ~ poi:(- | @ = x) that we use to estimate V;(x) and its gradient (Potaptchik
et al.,[2026) (see sectionfor derivation)

Vi ~ log % zN: exp (R (:Eél))) (22)
i=0
V.V =V, log — Zexp (:i"g )) (23)
VoV (@)~ Eioere (7 (wf)Z))) A[()Z) - ifaﬁf) (24)

2 ~ (2
P\ e (r(a) NS
5 EXPERIMENTS

In the following experiments, we evaluate our model’s ability to approximate the posterior distribu-
tion and improve the reward-related estimators egs. (22)) to (24). Moreover, our stochastic few-step
model yields an estimator of the unconditional velocity field (see section [B.I), which we use to
simulate the ODE and SDE dynamics in our experiments. Unless stated otherwise, the stochastic
few-step model is run with 2 NFE, while the ODE/SDE/SMC baselines use Euler discretizations
with 100 steps.

5.1 GMM

We train, using Algorithm |3] a small model on a mixture of 40 Gaussians. The task is posterior
sampling from p(xo | ;) given a fixed noised observation at t = 0.4; the reward is the correspond-
ing likelihood r(xg) = logp(x, | xp), which is available in closed form. We adapt (Chung et al.
(2024) and Wu et al| (2024) by replacing denoiser-based quantities with our estimators eqs. (22)
to (24). This is a fully controlled setting in which the reward is exact and the posterior is tractable,
allowing us to identify the quality of the posterior samples generate by our model.

Increasing the Monte Carlo budget in egs. to consistently improves posterior-tilting per-
formance (lower W5) across ODE/SDE and SMC variants, and outperforms the denoiser-based es-
timate (see fig. [2a). Even 2—4 samples yield noticeable gains. The direct model-implied posterior is
already a strong baseline; only after 16 Monte Carlo samples, the steered SDE/SMC methods match
its performance. Qualitatively, the learned model captures the posterior geometry and modes well
(see fig. [2b). Additional results are reported in section [C.T}
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Figure 2

5.2 MNIST

We train a 5M parameter unconditional DiT on MNIST using Algorithm 3] All the probabilities are
computed using a small CNN classifier.

5.2.1 DIVERSITY

The number of outer steps controls the amount of stochasticity in the rollout. In the reference
process eq. (]5[), we have ;1 | xg, so rollouts started from a fixed x; should, in principle, reproduce
the unconditional class frequencies. Empirically, with few outer steps the outcome still depends
strongly on the x;, because the boundary condition at 7 = ¢ is hard-coded (the map returns x;). As
shown in fig. [3b] increasing the outer-step budget reduces this dependence and moves the sampler
toward the correct equilibrium. SDE rollouts mix across classes, in contrast, the ODE rollout should
be deterministic given x;; the small spread we observe is due to the stochastic denoiser used in our
implementation (see section [B.I).

1.0
== Ground truth
W 1,L; =0.54
2,L; =0.57
= mm 5, L; =021
0.8 mm ODE, L, =121
mm SDE,L; =0.18
>
L -
= 0.6
Q
@
S
e =04 r-
0.5 n-‘
%0
0.2
0.2
0.1 r
g 0.0

0 1 2 3 4 5 6 7 8
i

01 2 3 4 5 6 7 8 9

(a) Clean image (top-left) and its noisy version at t = Class i

0.75 (top-right), with unconditional rollouts (bottom-

right) and mean class probabilities over 1000 samples (b) Empirical class probabilities from 1000 rollouts
(bottom-left). started from the same initial noise seed x;.

Figure 3
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tion and the ground-truth distribution.

Figure 4

5.2.2 STEERING

‘We now repeat the same posterior-tilting setup of GMM on MNIST, following |Chung et al.| (2024);
Wu et al.| (2024). We use the CNN, with logits p,(c | @), to define a reward via a mixture of class
probabilities,

9

exp(r(z)) = pe(cmix | ©) sz pe(i | ) sz =1, w; >0. (25)

1=0

This choice corresponds to standard classifier guidance As shown in fig. ] increasing the number of
Monte Carlo samples in our guidance estimator consistently steers the sampler toward the desired
class distribution (lower L; error), whereas the standard one-step denoiser guidance is miscalibrated
under our strong tilt and oversteer in this regime.

6 CONCLUSION

In this work we introduced stochastic few-step models, a framework for few-step sampling from
SDE-defined conditional distributions by distilling a family of conditional ODEs that matches the
respective distributions. By working directly with the underlying conditional process, rather than
introducing separate virfual dynamics, we obtain a unified distillation target across conditioning
times. In our experiments, the resulting samplers produce accurate conditional samples and improve
reward steering, substantially reducing the cost of conditional rollouts and making reward-aligned
sampling practical in regimes where repeated conditional simulations would otherwise be the dom-
inant computational bottleneck.

Future work will evaluate the method on more complex datasets. We also plan to integrate it into
a self-distillation pipeline, where reward-steered rollouts provide targets for training a single few-
step tilted stochastic model end-to-end. Finally, we aim to explore alternative parameterizations of
eq. (13) and the corresponding network parameterizations, with the goal of identifying formulations
that are most stable for distillation; we believe that choosing the right parameterization will be key
to scaling this setup.
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A DERIVATIONS

A.1 CORRUPTION KERNEL

Consider the SDE in eq. (4) starting from (x,., 7). Let’s consider the substitution y, = 7=, then by
Ito’s:

1 1 2T
dy. — _ d T dw,. 26
v~ (o ) =
Thus,
PG /tQsz 27)
L 1—r » (1—=7)3 ’
where z ~ N (0, I). Therefore,
2
1t o o (1t
u(t,r)—l_r, o“(t,r) =t <T1—r> (28)

A.2 PROPOSITION 1

We will drop x to ease the exposition. Let’s write down the Fokker-Planck of eq. for 7' =
t—e—T:

ar'p'r/|t(y) =
(29)
y 27(7") 7(7')
_ y 27() ()
=V, ((—1 T e )+ T logpfft(y)> ‘Pt (y())l)
_ Y (1) (1)
= vy ((— 11— T(T/) — 1= T(T') Vy long/‘t (y) + mVy logpt\r’ (33 | y)) “Prt (y(lz)

which is exactly the continuity equation of eq. in reverse time. Therefore, prop. [I|holds.

A.3 PROPOSITION 2

t 2t
First note that o(t,7) — as 7 — t. Now let us consider the eq. (13), we have that:
vier Vi1-¢

2

Var (2, | &1, ©0) = %02(@ 7). (33)

And we have as well x. | xo, x; Gaussian, with E [z | ©g,x; = ] — x as 7 — t. Therefore,

z: | o = N (0,1) 2 2. We will drop x; conditioning and assume is fixed to . Thus, for any
continuos bounded function ¢:

E[¢(zr) | o] = E[o(2)] (34)

as 7 — t, then by the bounded convergence theorem:
HmE [ (2,)] = E [HmE [ (2:) | @o]]| = E[6 (2)]. (35)

Hence, z, = N (0,I) as T — t.
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Now, substituting in eq. l| Z; = d (_t y; yields eq. l| Furthermore, if we substitute u =
o\, T
o(t,T):

du T u(t,T)?

= 36
dr 1—7 w (36)
dz 1—7 1—pu(t,7) @

dz _ (- ——rbnz 37
du  Tult, T)2v (@ —uz) + w(t, )  u? 37)

Now, note that 1 — 11 (t,7) — O (u?) = O (t — 7), thus this ode is well-defined in 0 < 7 < ¢ and
using eq. (I8) we get it is well defined at 0 < 7 < t. Furthermore, if we assume Lipschitz continuity
of v, and moment boundness of 2, using eq. (I8) we get the existence and uniquenessin 0 < 7 < ¢
and using eq. in 0 < 7 < t. Therefore, the distribution limit of z, as 7 — ¢ corresponds to the
solution of the ODE, i.e. z; ~ N (0, I). Hence, running the ODE backward from T = ¢ gives us
the solution of the ODE, which we know satisfies the last claim of proposition 2] because z, < y,
is an invertible transformation. Therefore proposition 2] holds.

A.4  VALUE FUNCTION

We have that eqs. (22)) and (23)) are obvious estimator for the value function and its gradient (based
on the reparameterization trick), and we refer to the latter one as the gradient estimator. For eq. (24),
the gradient-free estimator, let a?:él) ~ poj¢(+ | ¢ = @) and |, (xo | ) o< exp (R(x0)) poje (o | )

we have then:

EmONpo‘t(.‘w) [exp(R(:cO)) Ve logpo‘t(:co | ac)]

V. Vi(x) = (38)
Eaompop, (1) [exD (R(20))]
vxv;f(x) = ]Ewomfp(’;‘t(-\m) [V:E logp(]\t(wo ‘ %)} (39)
1—-1¢
Valogpou(@o | @) = — (20— By, [20 | @) (40)
1—1t
VaVi(@) =~ (B, w0 | @] — By, [oo | 2]) 41)
Substituting SNIS estimator gives us eq. (24).
B PARAMETERIZATION
B.1 UNCONDITIONAL DRIFT
If we consider[I8]for ¢ = 1 then it reduces to:
dz; = —v- (T —2:), Yr=x— 2, (42)

Thus, our stochastic few-step model fy (x — y,,7 — 7 | x, 1;0) should approximate the uncondi-
tional velocity field. In the above expression, there is a degree of freedom, namely «: in principle,
any choice of  should yield the correct velocity field at (y,, 7). In practice every time we use the un-
conditional drift we call a new random x. Therefore, as shown in[3b] this leads to non-deterministic
dynamics.

B.2 SINGULARITY

As noted in Proposition[2] the ODE is still not well-defined at the endpoint 7 = ¢ = 1. In particular,
the first claim of Proposition [2] fails at ¢ = 1: under the dynamics eq. @), ; is independent of
T:<1. In practice, we therefore evaluate the neural network slightly away from the endpoint, using
7 =1 —¢,t = 1 to initialize the sampling procedure. We emphasize, however, that the dynamics
remain well-defined for ¢ = 1 and any 7 < 1.
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C EXPERIMENTAL DETAILS
C.1 GMM

Table 1: Additional evaluation metrics for the GMM40 experiment. We report MMD and W5 (lower
is better) together with the Monte Carlo budget (MC) used by each method.

Method MMD | Wa | MC
ODE + V 0.1035 3.557 4/8
ODE + V-free 0.009823 1.153 128 /128
ODE + denoiser 0.2865 5.338 —
SDE + V 0.0153 1.373 32/32
SDE + V-free 0.01436 1.287 32/64
SDE + denoiser 0.02718 2.099 —
SMC +V 0.01199 1.174 64/16
SMC + V-free 0.01124 1.076 16/16
SMC + denoiser 0.03625 2.37 —

Model posterior 0.01281 1.303 —
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