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ABSTRACT

In our quest for a reinforcement learning (RL) algorithm that is both practical and
provably optimal, we introduce EQO (Exploration via Quasi-Optimism). Unlike
existing minimax optimal approaches, EQO avoids reliance on empirical variances
and employs a simple bonus term proportional to the inverse of the state-action
visit count. Central to EQO is the concept of quasi-optimism, where estimated val-
ues need not be fully optimistic, allowing for a simpler yet effective exploration
strategy. The algorithm achieves the sharpest known regret bound for tabular RL
under the mildest assumptions, proving that fast convergence can be attained with
a practical and computationally efficient approach. Empirical evaluations demon-
strate that EQO consistently outperforms existing algorithms in both regret perfor-
mance and computational efficiency, providing the best of both theoretical sound-
ness and practical effectiveness.

1 INTRODUCTION

Reinforcement learning (RL) has seen substantial progress in its theoretical foundations, with nu-
merous algorithms achieving minimax optimality (Azar et al., |2017; Zanette & Brunskill, 2019;
Dann et al.,|2019; Zhang et al.| 2020 L1 et al.| 2021} |Zhang et al.l [2021a};|2024). These algorithms
are often lauded for providing strong regret bounds, theoretically ensuring their provable optimality
in worst-case scenarios. However, despite these guarantees, an important question remains: Can we
truly claim that we can solve tabular reinforcement learning problems practically well? By “solving
reinforcement learning practically well,” we expect these theoretically sound and optimal algorithms
to deliver both favorable theoretical and empirical performanceﬂ

Although provably efficient RL algorithms offer regret bounds that are nearly optimal (up to log-
arithmic or constant factors), they are often designed to handle worst-case scenarios. This focus
on worst-case outcomes leads to overly conservative behavior, as these algorithms must construct
bonus terms to guarantee optimism under uncertainty. Consequently, they may suffer from practical
inefficiencies in more typical scenarios where worst-case conditions may rarely arise.

Empirical evaluations of these minimax optimal algorithms frequently reveal their shortcomings in
practice (see Section [5). In fact, many minimax optimal algorithms often underperform compared
to algorithms with sub-optimal theoretical guarantees, such as UCRL2 (Jaksch et al., [2010). This
suggests that the pursuit of provable optimality may come at the expense of practical performance.
This prompts the question: Is this seeming tradeoff between provable optimality and practicality in-
herent? Or, can we design an algorithm that attains both provable optimality and superior practical
performance simultaneously?

To address this, we argue that a fundamental shift is needed in the design of provable RL algorithms.
The prevailing reliance on empirical variances to construct worst-case confidence bounds—a tech-

'If one questions the practical relevance of tabular RL methods given the advancements in function approx-
imation (Jin et al.;2020; He et al.|[2023; |/Agarwal et al.,[2023), it is important to recognize that many real-world
environments remain inherently tabular, lacking feature representations for generalization. In such cases, effi-
cient and practical tabular RL algorithms are not only relevant but essential. Furthermore, even when function
approximation is feasible, tabular methods can still play a crucial role. For instance, state-space dependence
may persist even under linear function approximation (Lee & Oh} 2024; [ Hwang & Ohl [2023).
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nique employed by all minimax optimal algorithms (Azar et al [2017; [Zanette & Brunskill, 2019
Dann et al.| 2019} [Zhang et al., 2021a)) (see Table [[)—may no longer be the only viable or practical
approach. Instead, we propose new methodologies that, while practical, can still be proven efficient
to overcome this significant limitation.

In this work, we introduce a tabular reinforcement learning algorithm, EQO, which stands for Ex-
ploration via Quasi-Optimism. Unlike existing minimax-optimal algorithms, EQO does not rely on
empirical variances. While it employs a bonus term for exploration, EQO stands out for its simplic-
ity and practicality. The bonus term is proportional to the inverse of the state-action visit count,
avoiding the dependence on empirical variances that previous approaches rely on.

On the theoretical side, we demonstrate that our proposed algorithm EQO, despite its algorithmic
simplicity, achieves the sharpest known regret bound for tabular reinforcement learning. More im-
portantly, this crucial milestone is attained under the mildest assumptions (see Section . 1)). Thus,
our results establish that the fastest convergence to optimality (the sharpest regret) can be achieved
by a simple and practical algorithm in the broadest (the weakest assumptions) problem settings.

To complement—not as a tradeoff—the theoretical merit, we show that EQO empirically outperforms
existing provably efficient algorithms, including previous minimax optimal algorithms. The prac-
tical superiority is demonstrated both in terms of regret performance in numerical experiments and
computational efficiency. Overall, EQO achieves both minimax optimal regret bounds and superior
empirical performance, offering a promising new approach that balances theoretical soundness with
practical efficiency.

Our main contributions are summarized as follows:

* We propose a reinforcement learning algorithm, EQO (Algorithm([T]), which introduces a dis-
tinct exploration strategy. While previous minimax optimal algorithms rely on empirical-
variance-based bonus terms, EQO employs a simpler bonus term of the form ¢/N (s, a),
where c is a constant and N (s, a) is the visit count of the state-action pair (s,a). This
straightforward yet effective approach reduces computational complexity while maintain-
ing robust exploration, making EQO both practical and theoretically sound. Additionally,
this simplicity allows for convenient control of the algorithm through a single parameter,
making it particularly advantageous in practice where parameter tuning is essential.

* Our algorithm achieves the tightest regret bound in the literature for tabular reinforcement
learning. Even compared to the state-of-the-art bounds by Zhang et al.[(2021a), EQO pro-
vides sharper logarithmic factors, establishing it as the algorithm with the most efficient
regret bound to date. Our novel analysis introduces the concept of quasi-optimism (see
Section , where estimated values need not be fully optimisticE] This relaxation simpli-
fies the bonus term and simultaneously controls the amount of underestimation, ultimately
leading to a sharper regret bound.

* A key strength of our approach is that it operates under weaker assumptions than the pre-
vious assumptions in the existing literature, making it applicable to a broader range of
problems (see Section[d.1)). While prior work assumes bounded returns for every episode,
we relax this condition to require only the value function (i.e., the expected return) to be
bounded. This relaxation broadens the applicability of our algorithm.

* We show that EQO enjoys tight sample complexity bounds in terms of mistake-style PAC
guarantees and best-policy identification tasks (see Section for detailed definitions).
This further highlights our proposed algorithm’s robust performance.

* We perform numerical experiments that demonstrate that EQO empirically outperforms ex-
isting provably efficient algorithms, including prior minimax-optimal approaches. The su-
periority of EQO is evident both in its regret performance and computational efficiency,
showcasing its ability to attain theoretical guarantees with practical performance.

By fully optimistic, we refer to the conventional UCB-type estimates that lie above the optimal value with
high probability. See the distinction with our new quasi-optimism in Section[#.4.2}
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Table 1: Comparison of minimax optimal algorithms for tabular reinforcement learning under the
time-homogeneous setting. Constant and logarithmic factors are omitted. The Empirical Variance
column indicates whether the algorithm requires empirical variance. The Boundedness column
shows the quantity on which the boundedness assumptions are imposed, where bound on “Reward”
is 1 and bounds on “Return” and “Value” are H.

Empirical

Paper Regret Bound Variance Boundedness®
Azar et al.|(2017) HvSAK + H?S?A + VH3K Required Reward
" Zanette & Brunskill|(2019) H+v/SAK + H2S3/2A(v/H++/S) Required Return
“|Dann et al.[(2019) HVSAK + H?S%A Required Reward
" [Zhang et al.|(2021a) HVSAK + HS?A Required Return
This work HVSAK + HS?A™ Not required ~ Value

* Our regret bound is the sharpest with more improved logarithmic factors than that of|[Zhang et al.[(2021a)).
1 Bounded reward is the strongest assumption; bounded return is weaker than bounded reward; our bounded
value assumption is the weakest among the three conditions (see the discussion in Section {.T).

1.1 RELATED WORK

There has been substantial progress in RL theory over the past decade, with numerous algorithms
advancing our understanding of regret minimization and sample complexity (Jaksch et al., |2010;
Osband & Royl 2014; |Azar et al., [2017; Dann et al., [2017; |Agrawal & Jia, [2017; Ouyang et al.,
2017; Jin et al.,|2018;|Osband et al.,2019; |Russo},|2019;|Zhang et al., 2020;[2021b) , and some recent
lines of work focusing on gap-dependent bounds (Simchowitz & Jamieson, [2019; Dann et al., 2021}
‘Wagenmaker et al.| 2022} Tirinzoni et al.,|2022; Wagenmaker & Jamieson, |2022). In the remainder
of this section, we focus on comparisons with more closely related methods and techniques.

Regret-Minimizing Algorithms for Tabular RL. In episodic finite-horizon reinforcement learn-
ing, the known regret lower bound is Q(H+v/SAK) (Jaksch et al., 2010; Domingues et al., 2021).
The first result to achieve a matching upper bound is by |Azar et al| (2017). Their algorithm,
UCBVI-BF, adopts the optimism in the face of uncertainty (OFU) principle by adding an optimistic
bonus during the estimation. For the sharper regret bound, they use a Bernstein-Freedman type
concentration inequality and design a bonus term that utilizes the empirical variance of the esti-
mated values at the next time step. [Zanette & Brunskill| (2019) show that by estimating both upper
and lower bounds of the value function, their algorithm automatically adapts to the hardness of the
problem without requiring prior knowledge. Zhang et al.|(2021a) improve the previous analysis and
reduce the non-leading term to O(H S?A), achieving the regret bound that is independent of the
lengths of the episodes when the maximum return per episode is rescaled to 1.

Time-Inhomogeneous Setting. There has also been an increasing number of works that focus on
time-inhomogeneous MDPs, which have different transition probabilities and rewards at each time
step One active area of study is to design an efficient model-free algorithm, which has a space
complexity of o(HSQA) (Strehl et al.,2006). Jin et al.| (2018) propose a variant of Q-learning with a
bonus similar to UCBVI-BF and show that this model-free algorithm achieves O(\/R ) regret. How-
ever, their regret bound is worse than the lower bound by a factor of v/H. This additional factor is
removed by [Zhang et al.|(2020), achieving the minimax regret bound for the time-inhomogeneous
setting with a model-free algorithm for the first time. [Li et al.|(2021)) further improve the non-leading
term and achieve a regret bound of O(H3/2v/SAK +H®S A). For model-based algorithms, the non-
leading terms are further optimized. [Ménard et al.| (2021b) combine the Q-learning approach with

momentum, achieving a non-leading term of o (H*SA). Recent work by Zhang et al.|(2024) further
reduce it to O(H2S A), resulting in the bound of O(min{H3/2v/SAK, HK}) on the whole range

3The regret lower bound for the time-inhomogeneous case is Q(H3/2\/ SAK) (Domingues et al., 2021),

being worse than the time-homogeneous case by a factor of v/ H. Due to this sub-optimality, the time-
inhomogeneous setting is often viewed as a special case of the time-homogeneous setting with /1.5 states.
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of K. Deviating from the algorithmic framework shared by these works, [Tiapkin et al.| (2022) pro-
pose a posterior-sampling algorithm and achieve the minimax bound without computing empirical
variances.

PAC Bounds. Dann & Brunskill (2015) present a PAC upper bound of (5(H 54

bound of Q(£ zf 4), where their focus is on what is later named as the mistake-style PAC bound.
Dann et al.| (2017) generalize the concept to uniform-PAC, which also implies a high-probability
cumulative regret bound as well. Dann et al.|(2019) propose a further generalized framework named
Mistake-IPOC, which encompasses uniform-PAC, best-policy identification, and an anytime cumu-
lative regret bound. Notably, their algorithm achieves the minimax PAC bounds for the first time.
Other PAC tasks include best-policy identification (BPI) (Fiechter, 1994 Domingues et al., 2021}
Kaufmann et al.|[2021)), where the goal is to return a policy whose sub-optimality is small with high
probability, and reward-free exploration (Kaufmann et al., 2021; Ménard et al. 2021a), where the
goal is similar to BPI, but the agent does not receive reward feedback while exploring.

) and a lower

O(1/N)-bonus Exploration. To the best of our knowledge, our algorithm is the first to use an
exploration bonus of the form ¢/N for the reinforcement learning setting and attain regret guaran-
tees. In the multi-armed bandit setting, |[Simchi-Levi et al.| (2023;2024) utilize a similar bonus term,
but the underlying motivations and derivations differ significantly. Their focus is on controlling the
tail probability of regret—that is, minimizing the probability of observing large regret. Their bonus
term arises from Hoeffding’s inequality with a specific failure probability. In contrast, our work is
aimed at developing a practical algorithm for tabular reinforcement learning. Our bonus term stems
from a distinct context—decoupling the variance factors and visit counts that naturally arise in re-
inforcement learning settings when applying Freedman’s inequality (see Section [4.4). Importantly,
Simchi-Levi et al.|(2023};2024) do not appear to leverage Freedman’s inequality, either directly or
indirectly, in their derivations. The distinction becomes evident when comparing the failure proba-
bilities of the inequalities.

2 PRELIMINARIES

2.1 PROBLEM SETTING

We consider a finite-horizon time-homogeneous Markov decision process (MDP) M =
(S, A, P,r,H), where S is the state space, A is the action space, P : § x A — AS is the state
transition distribution, 7 : S x A — R is the reward function, and H € N is the time horizon of an
episode. We focus on tabular MDPs, where the cardinalities of the state and action spaces are finite

and denoted by S := |S| and A := | A|. The agent and the environment interact for a sequence of
episodes. The interaction of the k-th episode begins with the environment providing an initial state,
sk € 8. For time steps h = 1,. .., H, the agent chooses an action aﬁ € A, then receives a random

reward R} € R and the next state sf_, € S from the environment. The mean of the random re-
ward is 7(sf, a¥) and the next state is independently sampled from P(- | s¥, a¥). These probability
distributions are unknown to the agent. The goal of the agent is to maximize the total rewards.

A policy is a sequence of H functions 7 = {m,}/L | with 7, : S — A for all h. An agent
following a policy 7 chooses action a = 7, (s) at time step h when the current state is s. We define

the value function of policy 7 at time step h as V;7(s) := Ex(|s,=s) [Zf:hr(sj,aj)], where
Er(|s,=s) denotes the expectation over (s, = s,an,...,8H,am:,5g+1) With a; = 7;(s;) and
sj+1 ~ P(:|s;,a;) for j = h,..., H. Similarly, we define the action-value function as Q1 (s, a) :=

Er(-fsp—s.an—a) | 2o jn 7(55,0;)]. We set V7 (s) = 0 forall wand s € S. 7* is the optimal
policy, which chooses the action that maximizes the expected return at every time step, and it holds
that V;™ (s) = sup, V;*(s) forall h = 1,..., H and s € S. We denote V;™* by V;*, and call it the
optimal value function. The regret of a policy  is defined as V;*(s1) — V{"(s1). The agent’s goal
is to find policies that minimize cumulative regret for a given MDP. The cumulative regret over K
episodes is defined as:

K
Regret( K Z Vi (sh) (s’f))
k=1
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Algorithm 1: EQO (Exploration via Quasi-Optimism)

Input: {cx}72,
1 fork=1,2,...,Kdo

2 foreach(sas)ESxAdeo
3 N*(s,a) Z Zh 1ﬂ{(5haah) (s,a)};
4 (s, a) < Nr(eay Z Zh L B 1{(s}, ) = (s,0)}:
5 Pk(sl‘saa) (s a) Z Zh 1 ﬂ{(shaahaSthl) (s,a,8")};
6 | VEi(s) < 0
7 forh=H H—-1,...,1do
foreach (s,a) € S x Ado
9 b¥(s,a) < cx/N¥(s,a);
k PN
0 Qk (s,a) « mln{ (s,a) 4+ b¥(s,a) + P¥ Vi (s, a), H} if N%(s,a) >0;
H if N*(s,a) =0
1 ViE(s) < maxaea QF (s, a) forall s € S;
12 | 7 (s) < argmax,c 4 QF(s,a) forall s € S;
13 | Execute 7% and obtain 7% = (s, af, R}, ..., s}, afy, Ry, o5 1)

In addition to regret, another important measure of performance is the PAC (probably approximately
correct) bound (Kakadel 2003)), also referred to as sample complexity. This measure focuses on
obtaining a policy (after sufficient exploration) whose regret is no more than € with probability at
least 1 — ¢, for given values of ¢ > 0 and 0 € (0, 1]. A policy 7 is said to be e-optimal if its regret
satisfies Vi*(s1) — Vi™(s1) < e. We evaluate two different tasks using PAC bounds: (i) the mistake-
style PAC, which aims to minimize the number of episodes in which the agent executes a policy that
is not e-optimal, and (ii) best-policy identification, whose objective is to return an e-optimal policy
within the fewest possible episodes.

2.2 NOTATIONS

N = {1,2,...} is the set of natural numbers. For N € N, we define [N] := {1,...,N}. 1{E}
is the indicator function that takes the value 1 when E is true and 0 otherwise. For any function
V : 8§ — R and a state-action pair (s,a) € S x A, we denote the mean of V' under the probability

distribution P(:|s,a) by PV (s,a) := ... P(s'|s,a)V(s’). For any other function P : S x
A — RS, we define PV (s,a) := D oses P(s'|s,a)V(s') in the same manner. We denote the
variance of V under P(:|s,a) by Var(V)(s,a) := > P(s'|s,a)(V(s") — PV(s,a))?. A tuple

s'eS
T = (1,01, R1,...,8m,am, Ry, sp+1) generated by a single episode of interaction is called a
trajectory. Let 7% be the trajectory of the k-th episode. For h € [H], we also define the partial

trajectory as i = (s¥,a¥,RY,... sk, af). Forall h € [H] and k € N, let F} = 0({7’ —lu
{Th 1) be the o-algebra generated by the agent-environment interactions up to the actlon al e taken at
the h-th time step of the k-th episode. For convenience, we define 7}, as o({7"}}_,).

3 ALGORITHM: EQO

We introduce our algorithm, Exploration via Quasi-Optimism (EQO), which presents a distinct ap-
proach to bonus construction compared to prior optimism-based methods. While the framework of
our algorithm shares some structural similarities with UCBVI (Azar et al. 2017), which has been
widely adopted by several subsequent works (Zanette & Brunskill, 2019; Dann et al.,|2019; [Zhang
et al.| [2021a), EQO diverges significantly in its exploration strategy. The key novelty lies in its bonus
term, which does not rely on empirical variances, unlike the previous methods. Instead, EQO takes
a sequence of real numbers {c; }732 ; as input, and the bonus for a state-action pair (s,a) € S x A
in episode k is simply c/N¥(s,a), where N*(s,a) is the visit count of (s, a) up to the previous
episode. This simplicity stands in contrast to the empirical-variance-based bonuses used in prior al-
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gorithms, demonstrating that empirical variance (and UCB approaches based on estimated variance)
is not necessary for achieving efficient exploration in our approach.

A notable advantage of our algorithm is its simplicity in practice. While many existing RL algo-
rithms often involve multiple parameters with complex dependencies, our approach consolidates
these into a single parameter, c, making tuning much more straightforwardE]

4 THEORETICAL GUARANTEES

4.1 ASSUMPTIONS

Before presenting our theoretical guarantees, we provide the regularity assumptions necessary for
the analysis. We emphasize that our assumptions are weaker than those in the previous RL literature.

Assumption 1 (Boundedness). 0 < V,*(s) < H holds forall s € S and h € [H], and 0 < Rﬁ <H
holds for all h € [H] and k € N.

Assumption 2 (Adaptive random reward). E[RF|FK] = r(s¥, a¥) holds for all h € [H] and k € N.

Assumption [I] regularizes the scaling of the problem instances. The most widely used regularity
assumption is that the random rewards lie within the interval [0, 1] for all time steps (Jaksch et al.l
2010; |Azar et al [2017; Dann et al.| 2019). A slightly generalized version assumes that the return,
defined as the total reward of an episode, is bounded as 0 < Z h—1 £n < H, and that each random
reward is non-negative (Jiang & Agarwall |2018; |Zanette & Brunsk11] 2019; [Zhang et al., 2021a)).
Such an assumption allows non-uniform reward schemes. For instance, the agent may receive a
reward of H at exactly one time step and no rewards at the other time steps. We further relax this
boundedness assumption by constraining only the optimal values V;*(s) to be within the interval
[0, H], along with the conventional boundedness on the random rewards within [0, H]. Since the
value function is the expected return, our bounded value condition is weaker than the bounded
return assumption (and hence, also weaker than the widely used uniform boundedness of rewards)
used in the previous literature.

Assumption [2] allows martingale-style random rewards. Standard MDPs assume a fixed reward
distribution for each state-action pair, where rewards are sampled independently of history and the
next state. Some recent studies introduce a joint probability distribution on the next state and the

reward, defined as p : $ x A — A(S x R), so that (spt1, Rp) S p(Sh,ar) (Krishnamurthy
et al., [2016; [Sutton, |2018). We further weaken this assumption by requiring only that the mean of
the random reward equals 7 (s, a), allowing specific distributions to adapt to the history. Note that in
Assumption sﬁ 1 18 not part of ]—'}’f. This fact allows dependence between Sﬁ 41 and R,";‘, making
our assumption more general.

4.2 REGRET BOUND

We now present the regret upper bounds enjoyed by our algorithm EQO (Algorithm [T)).
Theorem 1 (Regret bound of EQO). Fix d € (0, 1]. Suppose the number of episodes, denoted by K,
is known to the agent. Let ¢ := max{7TH/(;,1.4H\/K{1/(SAls i)}, where {; = log =524 24HSA and

lo, i =log(1+ K H/(SA)). If Algorithml[l)is run with ¢, = c for all k € [K], then wzthprobabllity
at least 1 — 0, the cumulative regret of K episodes is bounded as follows:

Regret(K) < 38H/SAK(105  + 256 HS* Al 1 (1 + o),
where ] 1 = log(50H S A(log(e K H))?/9).

When the number of episodes K is specified, Theorem [I] states that the input of Algorithm [T}
{ex L1, can be set as a constant independent of k£, making the algorithm even simpler. In case
where K is unknown, it is possible to attain a regret bound that holds for all K € N by updating
¢, in a doubling-trick styled fashion. Theorem [2] states the anytime regret bound result enjoyed by
Algorithm 1| Note that resetting the algorithm is not necessary, unlike the actual doubling trick.

“The theoretical results in Theorems and 4] justify setting ¢y as a k-independent constant, offering both
theoretical and practical convenience.
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Theorem 2 (Anytime regret bound of EQO0). Fix § € (0,1]. For any episode k € N, take ¢, =
2
max{7H( j,, 1.AH \/koly 1./ (SAls 1,)}, where ko = ollog; k] ly,, = log 24HSA(1JgU°g2 k1) , and

lo g, =1og(1+ ko H/(SA)). If Algorithm|[I|is run with ¢ as defined above, then with probability
at least 1 — 0, the cumulative regret of K episodes for any K € N is bounded as follows:

Regret(K) < T5H/SAKU jly  + 256 HS? ALY (o (14 lo k),
where (i = log(50H S A(log(eK H))?/d).

Discussions of Theorems[fland[2} We discuss the regret bounds of both Theorems [Tjand[2} The
first terms of the regret bounds are in O(H+/SAK), which matches the lower bound up to logarith-

mic factors. In fact, the logarithmic factors of TheoremsHand are O (\/ log HTSA log(KH )) and

@) (\/ log w log(KH )) respectively, which are even tighter than the state-of-the-art guar-

antee in Zhang et al.[(2021a). The second terms of the regret bounds are O(H S?A), which implies
that our algorithm matches the lower bound for K > S3 A. This bound matches the previously best
non-leading term in the time-homogeneous setting by [Zhang et al.[|(2021a)) even in the logarithmic
factors. Therefore, our regret bounds are the tightest compared to all the previous results in the
time-homogeneous setting up to constant factors. Furthermore, to the best of our knowledge, our re-
sult is the first to prove that the minimax regret bound is achievable under the weakest boundedness
assumption on the value function.

4.3 PAC BOUNDS

We demonstrate that by setting the parameters ¢ appropriately, Algorithm [I|achieves PAC bounds.
Theorem 3 (Mistake-style PAC bound). Let e € (0, H] and § € (0, 1]. Suppose Algorithmis run
with ¢, = %ﬁ)r all k € N, where {1 = log %. Then, with probability at least 1 — 0, the
number of episodes in which the algorithm executes policies that are not c-optimal is at most K,
where Ko = O((% + %M)log 3).

In Appendix[D] we present (&, §)-EQO (Algorithm[2), which runs Algorithm|[I|with parameters spec-
ified as in Theorem [3] then performs an additional procedure to certify e-optimal policies. With this
extension, our algorithm is capable of solving the BPI task with the same bound as in the mistake-
style PAC bounds.

Theorem 4 (Best-policy identification). Let ¢ € (0,H] and § € (0,1]. Algorithm 2| provides an
e-optimal policy within Ky + 1 episodes, where K takes the same value as in Theorem 3]

For ¢ < H/S, the bound K, is O(H2SA(log 5)/€?), which matches the lower bounds for both
tasks (Domingues et al) [2021). For both tasks, our results exhibit the tightest non-leading term
compared to the previous results. For detailed discussions and proofs of Theorems [3|and [] refer to

Appendix D}
4.4 SKETCH OF REGRET ANALYSIS

In this subsection, we provide a sketch of proofs of Theorem [[]and Theorem 2} For simplicity, we
denote all logarithmic factors by £ in this subsection. The full statements of the proposition and
lemmas with specific logarithmic terms and their detailed proofs are presented in Appendix [C]

We propose Proposition [I| that demonstrates the effect of the bonus terms on the cumulative regret.
In this proposition, we introduce an auxiliary sequence of positive real numbers {A;}72 ; and set
Cr — 7H€//\k

Proposition 1. Let {\;}72 | be a sequence of non-increasing positive real numbers with Ay < 1.
Suppose Algorithmis run with ¢, = THL/ Ay, for all k € N. Then, with probability at least 1 — 0,
the cumulative regret of K episodes for any K € N is bounded as follows:

K K
D Regret(K) < 4H Y " A\ + 38 AR + 168HS2AL
k=1 k=1 AK
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Proposition [I|demonstrates that the exploration-exploitation trade-off can be balanced by the param-
eter \;. The term Zszl A represents the regret incurred due to the estimation error, while the term
proportional to 1/\ g represents the regret incurred from exploration. For example, if the values of
{\k HE | are large, the algorithm runs with smaller bonuses. This reduces the regret caused by ex-
cessive exploration, but the algorithm may exploit sub-optimal policies due to a lack of information,
contributing to a larger Zle Ak term. Both Theorem (1|and Theorem [2| follow from Proposition
by setting appropriate values for A;. For Theorem |1} we set A\, = min{1,5,/SA¢?/K?} for all

k € [K]. For Theorem we set A\, = min{1,5./SA¢2/k,}, where ky = 2U1°82%] The proof of
Proposition|[T]is sketched throughout the following subsections.

4.4.1 HIGH-PROBABILITY EVENT

We denote the high-probability event under which Proposition[I|holds by £. £ is defined as an inter-
section of six high-probability events, including concentration events of transition model estimation
and reward model estimation. Refer to Appendix [B|for the specific events that constitute £ and the
proofs that the events happen with high probability.

Although our algorithm does not use empirical variances, all the concentration results in the analy-
sis are based on Freedman’s inequality (Freedman,|1975). The following lemma is a variant of the
inequality that we use frequently throughout the analysis. While the current presentation focuses on
i.i.d. sequences, it is also applicable to martingales, as shown in Lemma [36]of Appendix [F}
Lemma 1. Let C' > 0 be a constant and {X;}32, be i.i.d. copies of a random variable X with
X < C. Then, for any X € (0,1] and ¢ € (0, 1], the following inequality holds for all n € N with
probability at least 1 — §:

1 & 3\ C 1
— < — N —.
- tE:1 X; < 1 Var(X) + yv log5

One advantage of this form is that the variance term and the 1/n term are isolated, whereas the
previous Bernstein-type bound includes a term of the form /Var /n. While the sum of the variances
achieves a tight bound within the expectation, the 1/n terms must be summed according to actual
visit counts. This discrepancy necessitates the use of multiple concentration inequalities, alternating
between the expected and sampled trajectories when bounding the sum of 1/ Var /n terms. However,
Lemma|I] allows us to address the two factors independently. Refer to Appendix [F| for more details
about Freedman’s inequality and its derivatives we utilize.

4.4.2 QUASI-OPTIMISM

Optimism-based analysis begins by showing V¥ (s) > V;*(s) for all s, h, where the use of empirical
variances plays a crucial role (Azar et al., [2017; Jin et al., 2018} Zanette & Brunskill, [2019; Dann
et al., 2019; Zhang et al., |2021a; 2024). However, our bonus term does not contain any empirical
variances. In fact, our bonus term does not guarantee optimism or even probabilistic optimism.
Instead, it guarantees what we name quasi-optimism, meaning that the estimated values are almost
optimistic. Specifically, the estimated values need to be increased by a constant amount to ensure
they exceed the optimal values. In other words, the estimation may be less than the optimal value,
but only by a bounded amount. We formally present our result in Lemma 2]

Lemma 2 (Quasi-optimism). Under &, it holds that forall s € S, h € [H + 1], k € N,
3
ViF(s) + SMH = Vi(s).

We outline the main ideas behind quasi-optimism. Fix h € [H], s € S, and k € N. For ease of
presentation, we assume that the reward function is known and that V}*(s) < H. For a* := 7} (s),
we have Vy*(s) = r(s,a*) + PV}",,(s,a*) by the Bellman equation and V;F(s) > QJ(s,a*) =
r(s,a*) + b*(s,a*) + P*V}(s,a*) by the definitions of V;* and Q¥. Therefore, we obtain that
Vir(s) = Vil(s) < PViiia(s,0*) = b¥(s,0%) = PFViE(s,0)
= —bF(s,a*) + (P — P*)Viip (s, a) + PRV, — ViE D (s,a%) . (1)
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In the previous method of guaranteeing full optimism, one assumes /o < 0 using mathematical
induction and then faces the challenging task of fully bounding I; by b*(s,a*). In the proof of
Lemma 2] we set a slightly relaxed induction hypothesis. As a result, I, may be greater than zero,
while b* (s, a*) no longer needs to fully bound I;. The key to quasi-optimism is to allow underesti-
mation of 11, while controlling the resulting increase in I5. We explain each concept in detail.

Applying Lemmato Vi 1(s") with 8" ~ P(-|s,a*), we obtain the following inequality (Lemma:

3H!

. N % )\k * *
[(P* = Vit (5,00 < g Var(Viten) s00) + s

We set b* (s, a*) = —=HE— to compensate for the 1/N term, but leave the variance term. Then,
A NFE(s,a*)

we obtain a recurrence relation of
* )\k * * > * *
Vir(s) — th(s) < i Var(V;' 1) (s,a") + Pk(VhJr1 — thﬂ)(s, a*). )

We use backward induction on h to obtain a closed-form bound for V;*(s) — V¥ (s), specifically,
Vii(s) — ViF(s) < W), (s) for some functions {W},}/__ . To infer what W should look like, we

consider the case where the recurrence term is based on P instead of P )
If we had V;*(s) — Vi (s) < i—l’fl Var(Vy,,)(s,a*) + P(Vy'y — V¥ 1) (s,a*), where P* in Eq. @)
is replaced with P, by iteratively expanding the V;7,, — V}¥, | part, we observe that the expected

sum of the variance terms along a trajectory serves as an upper bound for V;*(s) — V;¥(s), that is,

Vii(s) = ViF(s) < 2EEre(jsnms) [Zf:h Var(V},1)(s;j,a;)]. This sum has a non-trivial bound of
H?, and this fact has been frequently exploited to achieve better H-dependency in the regret bound
since|Azar et al.|(2017)). However, it has not been used for showing optimism, and furthermore, this
observation relies on the boundedness of returns (see, for example, Eq. (26) of |Azar et al.| (2017)).
We derive a novel way of bounding the sum of variances without requiring such a condition, which
is applicable to showing quasi-optimism. We first present the following difference-type bound for
the variance (Lemma [27)):

Var(Vyiy1)(s,a*) < 2HV) (s) = (Vi)?(s) = PHV; .y — (Vi1)?)(s,a%).

Using this inequality and mathematical induction, one can show that the expected sum of variances
is bounded by 2HV;*(s) — (V;*)2(s), which is at most H?. Then, the recurrence relation with P
instead of P* implies V;*(s) — VA (s) < 25 (2HV; (s) — (Vi*)2(s)).
Now, we deal with the original recurrence relation Eq. (2)), where a technical approach is required to
handle the dependence on PP*. Recall that we aim to find functions {W}, }/__| that satisfy V;*(s) —
Vi¥(s) < Wi(s) under Eq. (2). Assuming an induction hypothesis V;*, , (s) — V;F, | (s) < W}, (s)
forall s € S, we bound P*(Vy, | — V¥, )(s, a*) as follows:

pk(VI;kJrl - Véll)(sa a*) < pkWthl (s,a*) = (Pk - P>Wh+1(87 CL*) + PWthl(S’ a*) :
We see that Wy (s) must bound not only the sum of the variance terms but also an addi-
tional error term (P* — P)W),,1(s,a*). The demonstration above suggests setting W, 1(s) =
’\T}f(cl HV 1 (s) — c2(Vy1)?(s)) for some constants ¢1 and cy. Then, since Wi, 41 is a function of
Vi1 applying Freedman’s inequality to the error term results in a Var(V}", ;)(s, a)-related term
and a 1/N*(s,a*) term. The 1/N term is compensated by increasing b* (s, a*) and the variance
term is merged into the variance term that is already present in the recurrence relation. Then, only
PW}41(s,a*) remains, and we apply the method of bounding the sum of variances explained ear-
lier. Through some technical calculations, we show that the induction argument becomes valid with
¢1 = 2 and ¢c; = 1/2. Then, we have V;?(s) — V¥(s) < Wi,(s) < 2\, H for all s, h, leading to
Lemma[2] The full demonstration of the induction step is presented in Appendix [C.1]

4.4.3 BOUNDING THE CUMULATIVE REGRET

We bound V/¥(s¥) — Vfrk (s%), the amount of overestimation with respect to the true value function.
Similarly to the previous section, we use Freedman’s inequality and bound the amount of overesti-
mation at a single time step by the sum of a variance term and a term proportional to 1/N*(s, a).
We denote the latter by 5*(s,a) := NF (15’(1) ( 11}\1]:” + 21HSY). As in the previous section, the ex-
pected sum of the variance terms is bounded by A\ H. Therefore, the amount of overestimation is
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bounded by the sum of A\, H and the expected sum of 3*. We define UF (s) as the sum of 3* along a

trajectory that follows 7" starting from state s at time step h with appropriate clipping. Specifically,
let Uf, (s) :=0forall s € S, then define Uf (s) for h = H, H — 1,..., 1 iteratively as follows:

Uy (s) = min{B" (s, 75 (s)) + PUx (5,75 (5)), H} .
The next lemma states that the amount of overestimation is bounded by the sum of A H and U,’f.

Lemma 3. Under £, V}F(s) — V}fk (s) < 3AH + 2Uf(s) holds forall s € S, h € [H + 1], and
keN.

By 22[21 1/n < 1+ 1log N, the sum of 1/N*¥(s, a) is well-controlled when the sum is taken over
the sampled trajectories. Using concentration results between the expected and sampled trajectories,
we derive the following bound for the sum of U

Lemma 4. Under &, it holds that Zle UF(sh) < %HSA[Q + 84HS?AL? forall K € N.

The detailed proofs of Lemma 3] and Lemma [4] can be found in Appendix [C.2 and Appendix [C.3]
respectively. Proposition|[T]is proved by combining Lemmas [2]to ]

5 EXPERIMENTS

—F UCRL2 UCBVI-BF —— EULER —— ORLC —— MVP —F— EQO (Ours)
x105  Riverswim S=30, H=120 x105  Riverswim S=40, H=160
12.0 A 15.0 4
B 10.0 $ 12.5
g g
& 801 & 10.0
2 6.0 2 75/
= =}
© o
S 4.0 > 5.04
E £
O 2.0 O 2.5
0.0 A 0.0 A
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Episodes le5 Episodes le5

Figure 1: Cumulative regret under RiverSwim MDP with varying S and H.

We perform numerical experiments to compare the empirical performance of algorithms for tabu-
lar reinforcement learning. We consider the standard MDP named RiverSwim (Strehl & Littman)
2008 (Osband et al.| 2013)), which is known to be a challenging environment that requires strategic
exploration. We compare our algorithm EQO with previous algorithms, UCRL2 (Jaksch et al.,|2010),
UCBVI-BF (Azar et al., [2017), EULER (Zanette & Brunskill, 2019), ORLC (Dann et al., |2019), and
MVP (Zhang et al.| [2021a). We run the algorithms on the RiverSwim MDP with various configura-
tions of S and H. The results for S = 30 and S = 40 are presented in Figure [T| where we observe
the superior performance of EQO. Additionally, Table]in Appendix [G]shows that our algorithm also
takes less execution time. We provide experiment details in Appendix

6 CONCLUSION

Our algorithm EQO simultaneously achieves the minimax regret bound and demonstrates practical
applicability. Our work introduces the concept of quasi-optimism, which relaxes the conventional
optimism principle and plays a pivotal role in achieving both theoretical advancements and practical
improvements. This fresh perspective offers new insights into obtaining minimax regret bounds, and
we anticipate that the underlying idea will be transferable to a wide range of problem settings beyond
tabular reinforcement learning, such as model-free estimation or general function approximation.

10
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REPRODUCIBILITY STATEMENT

We provide the complete proofs of the theoretical results presented in Section [4| throughout the
appendix, and the whole set of employed assumptions is clearly stated in Section .1l We also
guarantee the reproducibility of the numerical experiments in Section [5]and Appendices [G|and
by providing the source code with specific seeds as supplementary material.
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Table 2: Table of notations

Notations for analysis

Ok

o0,

Lo g

L3
l31(s,a)
B (s, a)
Br (s, a)
Uy (s)

Number of episodes

Trajectory of k-th episode, (sf,a}, RY, ..., sk, af, Ry, %))
Partial trajectory of k-th episode up to h-th action selection, (s¥,a¥, R, ... sF aF)

o-algebra o ({7} U TF)

Visit count of (s,a) € S x A up to k — 1-th episode

Visit count of (s,a) € S x A up to h-th time step of k-th episode

min{h € [H] : nk(sF,ak) > 2N*(sk af), H + 1}

Vi(s) = PViyi(s,a)

1 when {A\}72, is constant, 1 + |log, k| when {\;}7°, changes at powers of two
log 241;3,4 '

log 24HS AL

5
HSA(1+log kH)?
10g503(;—og )

log(1 + £H)
lOg 12SA(q1+log kH)

12SA(lilog N*(s,a))
5
4
m 11§k11k +21HS£37]€(8,G))

m 31_&{:’]‘7 + 21HS€3’]€(S,G))

min{B* (s, 7 (s)) + PUF (s, m}(s)), H} if h € [H],0if h = H + 1

log

Notations exclusive for analysis of PAC bounds

IOg(l + 27O(H§2€1 + H25(2i1+€5,5)))
1 +loglog(He/¢)

Nk(ls,a) ng% + 30H 503 i (s, a)
2
O G L 4 7T3H SV (s, a)
min{3* (s, 75 (s)) + PFUF, | (s, 75 (s)), HY if h € [H], 0if h = H + 1

77rk
min{ 3% (s, 7} (s)) + PUJ, (s, 7} (s)), H} if h € [H],0if h = H + 1
Set of k € [K] that satisfies U} (s¥) > /8
Size of 7}
Set of k € [K] that satisfies U¥(s¥) > ¢/16
Size of T i
Visit count of (s,a) € S x A for episodes in T ;1
Visit count of (s,a) € S x A for episodes in T, up to h-th time step of k-th episode
min{h € [H] : 2k (s§,af) > 2Nk (sk k), H + 1}

Appendix

A DEFINITIONS AND NOTATIONS

In this section, we define additional concepts and notations for the analysis. We also provide Ta-
ble |z| for notations defined in this paper. Conventional notations such as S, A, H, V7, or N are
omitted. Notations that are used exclusively for the analysis of the PAC bounds are introduced in

Appendix[D.2}

For the well-definedness of some statements in the analysis, we define 1/N* (s, a), P*(s'|s, a), and

Ak

7*(s, a) to be +-00 when N*(s,a) = 0 throughout this paper.
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For any sequence of H + 1 functions V = {V;, }7 ! with V, : S — R, we define Ay, (V)(s,a) :=
Vi(s)— PVi11(8, a). Itis similar to the Bellman error, but lacks the reward term. Therefore, for any
policy 7, we have Ay (V,7) (s, mh(s)) = V{7 (s) — PViT 1 (s, mn(s)) = 7(s, mn(s)) forall h € [H]
and s € S.

We define n% (s, a) to be the number of times the state-action pair (s, a) € S x A is visited up to the
h-th time step of the k-th episode, inclusively. To handle some exceptional cases more conveniently,
we define 7" to be the first time step & such that nf(sf,af)) > 2N¥(sk,af) occurs in the k-th
episode for k& € N. In other words, n* is the first time step where the number of times a state-
action pair (s,a) € S x A is visited during the k-th episode exceeds N* (s, a). We define n* to be
H + 1 if there is no such time step. n* is a stopping time with respect to {]—'}f thll, that is, we have

{n* =h} e FFforallh € [H + 1].

The input {cx}72, of Algorithm I depends on a sequence of non-increasing positive numbers,
{2, We mamly consider two cases where Ay, is fixed for all k& € N and \; changes only
at powers of 2, i.e., Ay # Ax_1 only when & = 2™ for some positive integer m. We let ¢; denote
the (maximum possible) number of distinct values in A1, ..., A\;. Specifically, in the first case where
Ak is fixed, we set ¢, := 1 for all & € N. In the second case where )y rarely changes, we set
t =1+ |logy k.

Several different logarithmic terms appear in the analysis.  For simplicity, we define
01 :=log % Ao = log(1+ g—g), and U3, := log w. We overload the defini-

"

tion of /5 ;. to be a function on S x A with 3 ;. (s,a) := log 125’4(1“(}%]\[ (s,0)) Additionally, we

50HSA(1+log KH)?
s

define E’l Kk = log , which serves as an upper bound for max{/¢1 x, ¢3 i }.

We rigorously define 3 and U} introduced in Section [4.4.3]

1 11H
Nk(s,a) Ak

B*(s,a) = +21Hseg,k(s,a)> .

Uk (s) is the clipped expectation of the sum of 3* under 7%, defined as follows:

UIIEIJrl( ):=0
Up(s) == min { B¥(s, 7} (s)) + PUR 1 (s, 7} (s)), H} for h € [H].

B HIGH-PROBABILITY EVENTS

In this section, we define the events required for the analysis and show that they hold with high
probability. Throughout this section, we assume § € (0,1] and set ¢’ := §/6, and let {\;}7°, be a
fixed sequence of positive real numbers with \; < 1 for all k.

Lemma 5. With probability at least 1 — &',

SHY, 4,

. A
Pk pyvr < k. * it T
( )Vh+1(s7 a’) — 4H Var(Vh-‘rl)(S? a’) )\k-Nk(S a)

holds for all (s,a) € S x A, h € [H], and k € N.
Proof. Fix (s,a) € Sx A, h € [H],and X' € (0, 1]. Suppose {s;}72, is a sequence of i.i.d. samples
drawn from P(-[s,a). Let X; = V¥ (st) — PV}’ 1(s,a). Then, |X;| < H holds almost surely,

E[X;] = 0, and E[X?] = Var(V;*_)(s,a). Applying Lemmaon {X:}22, with A = \'/3, the
following inequality holds for all n € N with probability at least 1 — §”:

3H 1
ZXt < Var(Vh+1)(s a)+ — Y log 5
Dividing both sides by n yields

1 N 3 1
- ZXt (P, - P)V;1(s,a) < —HVar(Vh_H)(s a) + log 5
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where P, (s'|s,a) := Y7, 1{s; = s'}/n is the empirical mean of P(s'|s,a) based on n samples.
Repeating the same process for — X, then taking the union bound over the two results, as well as
overall (s,a) € S x Aand h € [H] yields that

. . N . 3H . 2HSA
(Pn = P)Vi(s,a)| < 1H Var(V,(1)(s,a) + )\Tl 5
holds forall n € N, (s,a) € S x A, and h € [H] with probability at least 1 —¢’. Now, let A}, A\, . ..
be the subsequence of { A1, } 72, obtained by removing repetitions. In other words, we have A = Ay
for all & € N. We take the union bound over {\;}; by assigning probability ¢’/(2i%) for \.. B
o2, 8'/(2i%) < &', we have that with probability at least 1 — &/,

R § N . 3H . 4HSA®
|(Ba = PYVirya(s,0)| < 7 Var(Viry) (s, @) + 5 log ——5— 3

holds for all n € N, (s,a) € S x A, h € [H],and i € N. For any k € N, by taking n = N*(s,a)
and i = v, inequality (@) implies

A A 3H 4HS A2
k * k * N
‘(P —P)Vhﬂ(s,a)‘ < g VeV (s,0) + 3 los = ko
Replacing &’ with §/6, the logarithmic term becomes log(24H S A} /§) = {1 ), completing the
proof. O
Lemma 6. With probability at least 1 — &',
. . 1 . 6H?(y
(P = PH)(Viiia (o) < 5 Var(Vin)o0) + e

holds for all (s,a) € S x A, h € [H], and k € N.

Proof. Fix (s,a) € S x Aand h € [HJ. Let {s:}$2, be a sequence of i.i.d. samples from P(:|s,
and define X; = P(V}*,,)?(s,a) — (V;",1)*(s¢), similarly to the proof of Lemmal 5} Then,

H? holds almost surely, E[X;] = 0, and
E[X7] = Var((Vy;1)*)(s,a) < 4H? Var(Vyy,)(s, a)

holds for all ¢ € N, where we use Lemma 35| for the inequality. Applying Lemma[36]with A = 1/6,
the following inequality holds for all n € N with probability at least 1 — §”:

a)
<

Z t < — Var(VhH)(s a) + 6H210g

&
Plugging in X; = P(V;,,)*(s,a) — (V;",1)?(s:) and dividing both sides by n yields
L 1 6H? 1
(P = Po)(Vi1)?(s,a) < ivar(vhﬂ)(s a) + o log = 5

where P, (s'|s,a) := >i_i 1{s; = s'}/n. Taking the union bound over (s,a) € S x A and
h € [H], we obtain that

s 1 6H2 HSA
(P=P)(Via)*(s,0) < 5 Var(Vh+1)(5 a) + n log 5

holds for allm € N, (s,a) € S x A, and h € [H] with probability at least 1 — ¢’. Replacing ¢’ with
§/6, the logarithmic term becomes log(6H SA/d), which is less than ¢1 j, = log(24HSA.3 /) for

any k € N. The proof is completed by taking n = N*(s, a) for each k € N. O

Lemma 7. The following inequality holds with probability at least 1 — &' for any (s,a) € S X A,
s'e S, andk € N:

- 2P(s"| s,a)l3k(s,a) 203 %(s,a)
k(o o l < ) )
Pi(s"['s,a) = P(s |s’“)’ 2\/ N*(s,a) 3Nk (s a)

17
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Proof. Fix (s,a) € S x Aand s’ € S. We writep := P(s'|s, a) for simplicity. Suppose {s;}72; is
a sequence of i.i.d. samples drawn from P(:|s,a). Let X; = 1{s; = s’} — p. Note that E[X;] = 0
and E[X?] = p(1 — p). Applying Lemma W1th ¢ = p(1 — p), the following inequality holds for
alln € N with probability at least 1 — 6"

= 2(1+1logn)?2 1. 2(1+logn)?
ZXt SQ\/p(l—p)nlog(yg)—&—?)log(é/g).

We apply the same bound on ", — X, then take the union bound. Further, we bound p(1—p) < p

and obtain that
4(1+1 21 4(1+1 2
< 2y fpmlog LTI | 1, 40+ logn)? @

> X
t=1
holds for all n € N with probability at least 18" Let P,,(s'[s, a) := Y1, 1{s’ = s,}/n. Dividing
both sides of inequality (4) by n, we obtain that

- P(s 4(1+1 2 1 4(1+1 2
n(s's,a)P(s’s,a)’SQ\/ (STLS’G) log ( +6/Ogn) +%10g%

By taking the union bound over (s,a,s’) € S x A x &, the logarithmic terms
become log(4S2A(1+ logn)?/§’), which is bounded by log(452A2(1+logn)?/6"?) =
21og(25A(1 + logn)/d’). Therefore, we obtain that

A 2P(s' | s,a) 2SA(1 +logn) 2 25A(1 + logn)
P,(s' | s,a) — P(s" | s,a)‘ < 2\/ " log 5 +3- logT
&)

holds for all n € N, (s,a,5’) € § x A x S with probability at least 1 — ¢’. Finally, by taking
n = N¥(s,a) for any k € N, inequality (5) implies

P*(s' | s,a) — P(s | s,a)‘

2P(s' | s,a) . 2SA(1+logN*(s,a)) 2 25A(1 +log N*(s,a))
<2 1 1
- \/ Nk(s,a) 8 iy 3N*k(s,a) ©8 g
_s 2P(s' | s,a)l3 (s, a) n 203 (s, a)
B N*(s,a) 3Nk(s,a)’
where we use that log(2S A(1 +1log N*(s,a))/d") = log(12SA(1 +log N*(s,a))/8) = l3 1 (s, a).
O

Lemma 8. With probability at least 1 — &', the following inequality holds for all (s,a) € S X A
and k € N:

’fk(s, a) — r(s,a)’ < Nr(s,a) + ———+——

Proof. Fix (s,a) € S x Aand X' € (0,1]. Let {R;}{2, be a sequence of rewards obtained by
choosing (s, a). Let X; = R;—r(s,a). By Assumptionsiand' 2l {X:}$°, is a martingale difference
sequence with | X;| < H almost surely for all ¢. For simplicity, let E; be the conditional expectation
conditioned on {X; } _1- Then, by Lemmaﬂwuh A = X, it holds with probability 1 — ¢’ that

H
;X_ ZEH 2] —logél/

for all n € N, where we bound 3/4 with 1 for simplicity. We proceed by using that for a ran-
dom variable with 0 < X < H, it holds that Var(X) < E[X?] < HE[X], which implies that
E,_1[X}] = Var(R;) < HE,_ 1[Rt] Hr(s,a). Therefore, we obtain that

H 1
ZXt < Nnr(s,a) + N log 5

t=1
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Dividing both sides by n, we derive that with probability at least 1 — §”,
I H 1
ﬁZXt = Fp(s,a) —r(s,a) < N'r(s, )—|—f10g 5

holds for all n € N, where 7, := Z?:l R;/n is the empirical mean of n random rewards. Repeat
the process for — X, instead of X, then take the union bound over the two events and over all
(s,a) € S x Aand Ay, as in the final steps of the proof of Lemma Then, we obtain that

H 4S8 A
0og
ANk (s, a) &

(s, a) — r(s, a)| < Agr(s,a) +

holds for all (s,a) € § x A and k € N. The proof is completed by upper bounding the logarithmic
term log(4SA: /&) by {1 = log(24H S Ai3/6). O

Lemma 9. Let n* and U} (-) be defined as in Appendix El With probability at least 1 — §', the
following inequality holds for all K € N:
n*—1 n*—1

K K
6
Z PUh+1 (s ak) — Uh+1(sh+1 < E Z Z ar Uh+1 (i a) + 3H log < 5
k=1 h=1 k=1 h=1

Proof. Let X} = 1{h < nk}(PUhH(sh,ah) Up (s q)). We have 1{h < n*} € FF
and (PUhH(st,ah) Uh+1(sh+1)) € FF,,, and hence X € Fy . Furthermore, we have
E[X}'|FF] = 0 since sy, ~ P(:|s},af) is independent of J-'}f. Therefore, { X}k 5 is a mar-
tingale difference sequence with respect to {Fr}g 5. We have | XF| < H almost surely and
E[(Xf)?FF] = 1{h < n*} Var(Uf_,) (s}, af). Using Lemmawith A = 1/3, we obtain that

K H K H

X 1 X 1
Y Y XE< i DO 1{h <"} Var(UR, ) (sh, af) + 3H log 5

k=1h=1 k=1h=1
holds for all K € N with probability at least 1 — §’, which is equivalent to the desired result. O

Lemma 10. With probability at least 1 — &', the following inequality holds for all K € N:

K n*-1 1K nk—1 6
Z Z Uh+1 Shvai) - (U}If+1)2(52+1)) < B} Z Z Var(Uilf+1)(SZaaZ) +6H”log 5
k=1 h=1 k=1 h=1

Proof. Let X = 1{h < n*}(P(Uf,)(s},ak) — (UF,,)(sf,)). For the same reason as in the
proof of LemmaEI, {XFk}k p is a martingale difference sequence with respect to {FF }x . We have
|XF| < H? almost surely and

E(XF)2|Fr] = 1{h < n*} Var((UF 1)) (s, af) < 1{h < n*}AH? Var(UF ) (s}, af),
where we use Lemmafor the inequality. Using Lemma with A = 1/6, we obtain that

—_

H
1
ZZX,’: < 5 Z Z 1{h < nk}Var(UffH)(slfL,aﬁ) + 6H?log 5

k=1h=1 k=1h=1

holds for all K € N with probability at least 1 — ¢’, which is equivalent to the desired result. O

Now, we define the event £, under which Theorems [[]and 2 hold.

Lemma 11. Let € be the intersection of the events of Lemmas 3] [6] [/} [8} [9} and Then, £ occurs
with probability at least 1 — 0.

Proof. By each of the lemmas and the union bound, £ happens with probability at least 1 — 66" =
1—-9. O
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C PROOFS OF THEOREMS [I]AND 2]

In this section, we provide the full proofs of Theorems|[TJand[2] We begin by restating Proposition
with specific logarithmic terms. The proof of the proposition is identical to the one presented in
Section[4.4] Lemmas used to prove this proposition are also proved in this section.

Proposition 2 (Restatement of Proposition . Let {\,}32, be a sequence of non-increasing posi-
tive real numbers with \y < 1. Suppose Algorithmis run with ¢y, = TH{q i,/ A\, Then, under the
event of £, the cumulative regret of K episodes is bounded as follows for any K € N:

K
H
Regret(K) <4H E A+ 8)\875A€17K£2,K + 168H52A£27K53,K + GHSAKLK .
K
k=1

Proof. The inequality holds by Lemmas and where the last lemma is a restatement of
Lemma [ with specific logarithmic factors. O

Theorems T|and 2] are proved by assigning appropriate values for Aj, in Proposition

Proof of Theorem([l] Take A\, = min{1,5./SAl {5 i /K } forall k € [K]. We apply Proposition
First, we bound the sum of A\, for k& € [K] as follows:

K
4H2Ak§4HK~5\/%

k=1
=20H\/SAK{ 0 .
‘We also have that

88HSA£1€2 K V0 max !
e =88HSA 12 K { 5 Agl 2,K}
88HS 142, K ( 5 SAgl €27K>

= 88HSA€1£27K + 18H / SAKElgg,K . (6)

By Proposition 2] the cumulative regret of K episodes is bounded as follows:

Regret(K) < 38H\/SAK (105 i + 168HS? Al 1cls i + S8HS AL Ly o + 6HS AL, .

2
We further bound the last three terms into a simpler form. Recall that £} ;- = log 5OHSA(1§1°g KH)

and that both ¢; < 6’1, xand f3 g < E’L x hold. Therefore, we bound the terms as follows:

L68H S? Aly 1cls rc + 88H S Aly by i + 6HS Al

< 168HS? Al jolo i + SSHSAL) ycls i + 6HSAL] 4

< 168HS? Al 1ls i + 88HS Al 1 (1 + Lo, )

< 256HS?Al (1 + lo ) - (7)
O

Proof of Theorem 2] Fix k € N momentarily. Let m be the greatest integer such that 2™ < k.
We first show that {\;}7° ;| is non-increasing, so that Proposition [2|is applicable. We take A\, =

min{1,5,/SAl omlyom /27 }. Taking C' = log(24HSA/$) and defining f(m) as in Lemma
we have A\, = 1/ f(m) and the conclusion of the lemma implies that {\;}72 , is non-increasing.
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We bound the sum of A, for k € [K]. Note that {1 om < €y, €2 am < foy, and 2™ > k/2 hold,
hence we have A\, < 5,/25A¢; ;.02 1, /k. Therefore, we derive that

K K

2S5 Aly 1l i

AH > X\ < 4HZ5”T
k=1

k=1
K
< 20H\/25A0 rcloxc Y \/;
k=1

< 40H\/25AK, g ly i
< 5TH\/SAKl xls g

where we use that Zszl k~1/2 < 2V/K for the penultimate inequality. By the same steps as in
inequality (6)) of the proof of Theorem[I] we have that

8SHSAl xly i

h < 88HSA€1’K£2)K + 18H\/SAKE17K52)K.
K

By Proposition [2} the cumulative regret of K episodes is bounded as follows for all K € N:

Regret(K) < T5H\/SAK gclo i + 168H Sl 1 ls 1c + 88HSAly rclo ic + 6HS Al f .

Using inequality (/) in the proof of Theorem|l| the sum of the last three terms is upper bounded by
256 H S? Aty j (1 + €5 ), completing the proof. O

C.1 PROOF OF LEMMA[2

In this subsection, we prove Lemma 2] which states that our algorithm exhibits quasi-optimism.

Proof of Lemma[2] Elementary calculus implies that for « € [0, H], the bound 0 < 2z — ﬁxQ <
%H holds. Therefore, it is sufficient to prove the following stronger inequality, which we prove by
backward induction on h:

Vi) = V) < (256) - g (W00

The inequality trivially holds for h = H + 1 as both sides are O in this case. We suppose the
inequality holds for A + 1 and show that it holds for h. Since the right-hand side is greater than

or equal to 0, the inequality trivially holds when V;*(s) = H. Suppose V;*(s) < H. Denoting

a = 7¥(s) and a* := 7} (s), we have that

Vii(s) = Qhi(s,a) > Qf(s,a") = #¥(s,a") + b*(s,0") + P*Vii 1 (s,a%)
where the first inequality holds by the choice of @ = argmax, c 4 Q5 (s, a’) of the algorithm, and
the last equality holds since Q¥ (s,a*) < V}¥(s) < H. We bound V;*(s) — V}¥(s) as follows:
* k * * * ~k * k * pky/k *
Vii(s) = ViF(s) < (r(s,a*) + PV (s,a")) — (r (s,a™) +b"(s,a") + P*V}' 1 (s,a ))
= —b¥(s,a*) +r(s,a*) — #*(s,a*) + PV 1 (s,a%) — PthkH(s,a*) .8

I I

I is bounded by Lemma (8] as follows:

Hy

I <A Nt —.
LS R N G, a)

©))
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‘We bound I5 as follows:
Iy = (P = PF)Vyi (s,a%) + PRV — Vi) (s,a)

. . 1
< (P - PRV (s,a%) + A\ PF (21/,;;1 - 2H(Vf;;1)2) (s,a")
> * * > * 1 * *
=(P - Pk)VhH(s,a )+ )\k(Pk - P) <2Vh+1 - 2H(Vh+1)2> (s,a")
* 1 * *
+ AP (2Vh+1 - 2H(Vh+1)2) (s,a")

= (1= 20)(P = PV (s,0°) + S5 (P = P25, 0)

1
+ A\ P (2\/,;;1 — QH(VJ+1)2> (s,a*), (10)

where the first equality adds and subtracts P Vi1 (s, a*), the next inequality is due to the induction
hypothesis, and the following equality adds and subtracts P(2V;* ; — (V;*,{)?/(2H)). We bound
the first two terms using the concentration events. Since 0 < A\, < 1, we have |1 — 2);| < 1. Using

* 3H(
Lemma | we have |(P — Pk)VhH(s a*)| < # Var(Vys, ) (s, a*) + W&"a) By Lemma@

we have (P — Pk)(VhH) (s,a*) < Var(Vy5 )(s,a*)/2+ ]?[f f;f) Plugging in these bounds into
inequality (T0), we obtain that

/\ 3H£1 k /\k 3H/\k€1 k
o< M  3Hb * DI ARMLE
2SI Var(V, 1) (s,a") + NeNE (s, @) + = Ve Var(Vy',)(s,a”) + NE(s, a*)
* 1 * *
+ A\ P (2Vh+1 - M(Vh.u)z) (s,a")
< — o Var(V, 1) (s,a") + W() + A\ P <2Vh+1 — 2H(Vh+1)2) (s,a")
. . . 6HYLy p,
— 2H (Va‘r(vh-‘,-l)(s a ) (Vh+1)2(57a )) + 2AkPVh+1(S’ a ) m ’

where the second inequality applies A\ < 1/\; from Ay < 1. By Lemma we have

Var(Vir,1)(s,a*) — P(Vy )% (s,a*) < —(ViF)?(s) + 2H max{A,(V*)(s,a*),0}, where in this
case we have Ay, (V*)(s,a*) = r(s, a*). Therefore, we obtain that

Ak * * 6H€1 k
I < - H(Vh) (s) + Aer(s, a®) + 22X PV (s,a") + m- (11
Combining inequalities (8), (9), and (1)) together, we complete the induction step as follows:
H/{
* _ k < _ k * 1,k
Vh (S) Vh (8) <-b (s,a ) + )\kT(S,CL ) )\ka(S a )
Ak . * 6Hy
2H(Vh) ( )-i-/\kT(S,G )+2>\kPVh+1(S,a ) m
* THY Jk * * * Ak
= —bF(s,a*) + W(l) + 2\ (r(s,a*) + PVy/ 4 (s,a")) — 2H(Vh) (s)
e (200) - 50
where the last inequality uses that b(s,a*) = THly;/(AN¥(s,a*)) and
r(s,a*) + PV, (s,a”) = Vi (s). O

C.2 PROOF OF LEMMA[3

To prove this lemma, we need the following two technical lemmas.

22



Published as a conference paper at ICLR 2025

Lemma 12. Forany s € S, h € [H + 1], and k € N, define V¥ (s) := Vi (s) — V;*(s). Under the
event &, the following inequality holds for all (s,a) € S x A, h € [H), and k € N:

Ak . 1
E Var(Vh_H)(s, CL) + ﬁ

where BY (s, a) = Nk(s 2 (3Hy o/ M\ + 21HSU3 1, (s,a)).

(P* = P)Viia(s,a)| < Var(Vif, 1) (s, a) + 85 (s, a),

Proof. We add and subtract (P* — P)V; ",1(8, a) and then use the triangle inequality to obtain

|(PF = PVl (s,0)| < [(PF = P) (Vitys = Viesa) (s,0) |+ | (PF = P)Viia(s,a)] -

11 12

By Lemma I, is bounded by 2 Var(V;:,;)(s,a) + 3H(1/(AxN*¥(s,a)). To bound I, we
apply Lemma@wﬁh p = 10 and obtain
21HS€3’]€(S,G)

VaI'(Vh+1)(S a) + Nk(S a)

1
I
'S 0H
Putting these bounds together, we conclude that

(pk - P)th+1(8’a)

M 1 . 1 (3H(,
< * I : 21H
< 1" Var(V;, 1) (s,a) + 0 Var(Vh+1)(s,a) + NE(s,a) ( " + Sls (s, a))

1 ~
= 2 Nar(Vi)(5,0) + 1o Var(Vi)(s,0) + 5 (s, ).

O
Lemma 13. Under the event £, the following inequality holds for all s € S, h € [H], and k € N:

AR(VF = V™) (s,a)
* * 1 k 3 2 k
§Ah <)\k (3V QH(V)) 5H <V + )\H) >(S,CL)+25 (s,a), (12)
where a := 7% (s) and B*(s,a) := Nk(s oy (LLH Gy o/ A + 2LH S3 i (s, a)).

Proof. We begin as follows:

Ah(Vk — V”k)(s7 a) = (th'(s) — PthH(s, a)) — <V;fk(s) — PV;ZZrkl(S, a))
< (P (s.0) + ¥ (5,0) + (P* = P)VliLy(5,0)) = 7(s,0)
= b¥(s,a) + (#*(s,a) — r(s,a)) + (P* — P)V;F. | (s,a).

By Lemma we have that 7#¥(s,a) — 7(s,a) < A\pr(s,a) + /\k%l(fa) By Lemma it
holds that (P* — P)V¥, (s, a) < M Var(Vie, ) (s,a) + 15 Var(ViE ) (s, a) + B¥(s,a). De-

fine I; := max{A,(VF — V™ )&57(1),0}. Combining the bounds and using that 8*(s,a) =
V*(s,a) + B¥(s,a) + Hl 1/ (AeN*(s,a)) holds by definition, we obtain

I < Xgr(s,a) + :TZ-CI Var(Vy, 1) (s,a) + Var(‘~/hk+1)(s, a) + B(s,a). (13)

1
10H

Applying Lemmato Var(Vy, ) (s, a), we have that Var(V;*,;)(s,a) < —A,((V*)?)(s,a) +
2H max{A,(V*)(s,a),0}. Since Lemma[28]states that Ay, (V*)(s,a) > 0, we infer that
Var(Vir,1)(s,a) < —AR((V*)?)(s,a) + 2HAR(V*)(s,a). (14)
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By Lemma [2| we have V¥ + 3\, H > 0 for all h € [H + 1]. Applying Lemma 27 to
Var(VE, | )(s,a) = Var(VE_, + 3\, H)(s, ), we obtain that

2
Var (Vfﬂ + ;/\kH> (s,a) < —Ay ((\7’“ + zAkH) ) (s,a)
+ (2H + 3\ H) max {Ah (f/k - ;)\kH> (s,a), o} :
We bound A, (VF + 2\, H)(s, a) as follows:

Ay, (V’C + 2@1{) (s,a) = Ap(VF)(s,a)
= Ah(Vk)(s,a) AR(V*)(s,a)
< AR(VF)(s,a) — (s, a)
= AR(VF)(s,a) — Ap(V™)(s, )
= Ap(VE = V™)(s,0),

where the inequality is due to Lemma [28] Therefore, by the definition of I;, we obtain that
max{A, (V¥ + 2\ H)(s,a),0} < I; and conclude that

IN

2
=~ 3 ~ 3
Var (V,fﬂ + 2)\kH> (s,a) < =4y ((Vk + QAkH> ) (s,a) + (2H + 3\ H) I

IN

2
A, ((f/k n ‘;’)\kH> ) (s,a) + 5HI, , (15)

where we use A, < 1 for the last inequality. Plugging inequalities (T4)) and (T3) into inequality (13),
then applying 7(s, a) < Ap(V*)(s,a*) by Lemma[28] we obtain that

2
1 1 1
L <A e (V) - —— (VF+ DA k =1
< h< (3ve - 7 v9?) - 1o (7 + 3 )<s,a>+ﬁ (s.0)+ o1,
Solving the inequality with respect to I; implies inequality (T2). O
Now, we are ready to prove Lemma@

Proof of Lemma[3] For notational simplicity, we define the following quantity:

Di(s) = s <3v;( ) — 2}q(vh) (s )) + 5% <<3>\kH>2 - (f/,f(s) + zAkH>2> .

For z € [0, H], the bound 0 < 3z — 2?/(2H) < 3H holds. Similarly, for ¢ € [0,2H] and
€ [-H, H], we have ¢ — (y + ¢)? = —y? — 2cy and —4H? < —y? — 2cy < 0. Therefore, by
setting z = V;*(s), y = Vi¥(s), and ¢ = 2\, H, we obtain that —2 H < Dj(s) < 32X\ H for all
he[H]ands € S.
To prove the lemma, we prove the following stronger inequality by backward induction on £ :
ViE(s) = Vi (5) < Da(s) + 2UF(s) .
Since Dpr41(s) = 0 for all s € S, the inequality trivially holds for h = H + 1 as 0 < 0. Suppose

that the inequality holds for & + 1. By Lemma which can be rewritten as A, (VF — V’rk) <
AnR(D)(s,a) + 23 (s, a), we have that

ViE(s) = Vi (5) = An(VE = V™) (s,0) + P(ViE = Vity)(s,a)
< Aw(D)(s,a) + 26" (s,a) + P(Vi, — Vi1 ) (s,a). (16)
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By the induction hypothesis, we have that

P(ViEy — Vi) (s,a) < P(Dpst +2UF ) (s,a). (17
Combining inequalities (T6)) and yields
ViF(s) = Vi (s) < Du(s) + 2(8"(s,a) + PUE, (s, a)) . (18)

Finally, by that —4H /5 < Dj(s) and V;*(s) — V7 * (s) < H always hold, the following inequality
always holds:

VEF(s) = Vi (s) < H < Dy(s) +2H.. (19)
By inequalities (T8 and (T9), we conclude that
ViF(s) = ViT () < Da(s) +2min{B*(s,a) + PUL,,(s,a), H}
= Di(s) +2U5(s),

completing the induction argument. O

C.3 PROOF OF LEMMA[]

We restate Lemma [ with specific logarithmic factors.
Lemma 14 (Restatement of Lemmad). Under &, it holds that

K

A4H S AL

> Uk(sh) < Ai”( + 84HS? Aly Uy i + 3HS Al ¢
K

k=1

forall K € N.

We prove this lemma in two steps: using the concentration results to bound >, U by
dkn B (s, af) and using the logarithmic bound for the harmonic series, 25:1 1/n<14logN.

Lemma 15. Let n* be defined as in Appendix@ Under the event &, it holds that

K K nf-1
SURs) <2 > B¥(skap) + 3HSAl k.
k=1 k=1 h=1

forall K € N.

Proof. Decompose UF (s¥) as follows:
U (st) < B*(st,ay) + PUZ (s7, af)
= B¥(s,af) + PU3 (57, at) — U (s5) + U3 (5)

3
|
—

(B (sh>ah) + PUyya (shy ag) = Upya(shia)) + Upe (i)

IN
™

3
£
|
-

< N7 (BR(sk ak) + PUEL (sE ak) — UF (s ,0) + HI{n® # H + 1},
h

where the last inequality uses that U, (s) = 0and U}(s) < H forall s € Sand h € [H]. We take

the sum of UF(sk) for k = 1,2,..., K. Let I := YK S0 Y (PUE, (s, ak) — UF,, (sE, 1),
so that

Il
—

n*-1

K
B (sprap) + HY 1" #H+1}+1;. (20)
k=1 k=1 h=1 k=1
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By Lemma[9] we obtain that

K nkfl
1

6
Ilgﬁ;;\/ﬂr Uh+1 sh7ah)+3HlOg6

1 6
= —1 H log — 21
4H2+3 g, 21

where we define I := S35 S" 1 Var(UF,,)(s,ay). By Lemma we have that
Var(Uy 1) (shs ap) < =An((U)?)(sh, afy) + 2H max{Ap(U*)(s}, ay), 0}
~AR((U*)?)(sh, ap) + 2HB" (s}, i)
—(U)*(sh) + P(Up11)*(sh, a) + 2HB" (s}, ay)
where the second inequality uses that

AR(U*)(s,a) = Uy (s) = PUj11(s,0) < (8%(s,a) + PUy (s, a)) — PUj (s, a) = 8%(s.a).

Therefore, the sum of the variances of U}, , (sf, ) for the k-th episode is bounded as follows:

n k_1 n*—1 77’“71 nk,71
Z Var( Uh+1)(5haah) < - Z (U}’f)Q(SZ) + Z P(U,’f+1)2(sﬁ7aﬁ) + Z 2Hﬁk(slﬁ7a’i§)
h=1 h=1 h=1 h=1
n*—1
= 37 2HBM(sh,af) — (UF)(sh) + (UK )2 (s5)
h=1
n*-1
+ Z (P(U5 1) (sk,ap) — (UR1)* (s7i41))
h=1
n k_q
< Y 2HBY(s),ap) + H*1{n* # H + 1}
h=1
n k_1

+ Z U}z+1 Shaaﬁ) - (Uilf+1)2(51fi+1))’

where we again use that U:;k (snk) < H1{n* # H + 1} for the last inequality. Therefore, by taking
the sum over k € [K], I is bounded as follows:

Kn—l
> 2HB*(sk, af +H221{77 #H +1}
k=1 h=1 k=1

k

Z (Un41)*(skyan) = (Uk11)*(sh 1)) -

by Lemma [10]as follows:
1

(P(UR11)*(shs 1) = (Up11)*(sh41))

EM»

Q..

The last double sum is bounde

3
£
|

11

h

n*-1 6
Var(UF,,)(sf,af) + 6H*log 5

IN

N = DN =

M=

E
I

1 h=

6
I, 4+ 6H?log 5

—

Therefore, we deduce that
K nf-1 K

1 6
L<> N 2HBMsE af) + H2Y 1{n* # H+1} + 5l2 +6Hlog <.
k=1 h=1 k=1
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Solving the inequality with respect to I», we obtain that

K n*-1 K
6
< A4HB* (s by +2H2S 1{n* £ H+ 1} +12H?log = . 22
_;; B* (s} ap) ;{n# } g5 (22)

Plugging the bound of inequality (22) into inequality (21]), we obtain that

K n*-1 I K 6
Ilg;};ﬁ (sh,ah)+5’;i{n # H +1} + 6Hlog . (23)

By combining inequalities (20) and (23)), we conclude that

Kn—l

K
3H 6
k(sk ok k
ZUI sty <2y Y (s h)+7211{n # H +1} + 6Hlog .
k=1 h=1 k=1
Finally, we bound the last two terms using Lemma [30] as follows:
3H 6 6
Z]l{n #H+ 1} +6H log — 5 < —SAlog22H+6Hlog 3
k=1
<3HSAlog2H + 3HSAlog§

0
12H

=3HSAlog

< 3HSAl

where the first inequality is due to Lemma[30]and the second inequality applies log, 2H < 2log 2H
on the first term and A > 2 on the second term. The proof is complete. O

Proof of Lemmall4] By Lemma@ we have
K n k_1

ZUl sh) <23 Y B(sh,af) + BHSAL k.

k=1 k=1 h=1

Letyy, = 11H/{ /A, +21HS/5 1. Then, it holds that 5(s, a) < i /N*(s,a). We apply Lemma
and obtain that
K n*-1

K
Z Z B (st ap) < Z ﬁ

k=1 h=1 k=1 h=1

_ 22HSAl ity ik
S
Combining the two inequalities completes the proof. [

+ 42HS2A€2,K€37K .

D PAC BOUNDS

In this section, we provide the analysis of PAC bounds. We summarize previous achievements and
our results on PAC bounds for episodic finite-horizon MDPs in Table |3} We note that although Jin
et al.| (2018)) propose a conversion that enables a regret-minimizing algorithm to solve BPI tasks, the
conversion is sub-optimal in terms of 1/5-dependence; it results in 1/§2-dependence when log% is
possible. Refer to Appendix E in Ménard et al.|(2021a) for a detailed discussion.

D.1 ALGORITHM

We introduce (g, §)-EQO, an algorithm for the PAC tasks, and describe it in Algorithm The interac-
tion between the agent and the environment is the same as EQO, where the parameters are set based
on ¢ and §. Then, it executes additional procedures to verify whether the policy 7* is e-optimal,
which is necessary for BPI tasks.
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Table 3: Comparison of PAC bounds of different algorithms for tabular reinforcement learning. ‘-’
denotes that the bound is not available.

Best-Policy

Paper Identification Mistake-style PAC
_|Dann & Brunskill (2015) - 574 g 1
_|Dann et al|(2017) - (LfA + M) log 3
[Dann et al (2019) (IC§A | HC57A) 169 1 (g4 | HE57A ) 160 1
_[Ménard et al.| (2021a) HSA log 1 + H’SA (S+1log i) B

2 2

_[Zhang et al.| (2021a) (P(I;zng + H? 4) log % -

This work (54 4 H5A)ogd (54  H5A) gL

Algorithm 2: (¢, §)-EQ0
Input :¢ € (0,H],d € (0,1]
Output: II, Set of e-optimal policies
Bln) 1= 1 (B3I log 254 4 30H S log 254 Ies(er) ),
I« 0;
fork=1,2,...do
Compute 7% using Algorithmwith cp = @ log %;
0§+1(s) < Oforall s € S;
forh=H H—-1,...,1do
foreach s € S do
a < my(s);
B¥(s.0) = BIN*(s,a));
A in 4 Bk PkTTk e A
Uh(s) min {5 (s,a) + P Uh+1(s,a)7H} if N*(s,a) > 0;
H if N*(s,a) = 0

e o N N R W N =

o
=)

1 | ifUf(s1) < & then

12 Add 7F to II;
13 | //1f current task is BPL, return 7*;
14 | Execute policy 7% and observe trajectory (s¥,a¥, s5, ..., 5’}_1, a’f{, s]}_Hl);

D.2 ADDITIONAL DEFINITIONS FOR PAC BOUNDS

In this section, we define additional concepts that are required to analyze the PAC bounds.

We define two more logarithmic terms, ¢, . = log(1 + 270(11;3221 + HZS(M;H‘%’E))) and 05 . =

1+ loglog(He/c). We also define analogous concepts for 3%, UF, N* n¥, and n*. We define 3
and (3, which are functions that map N to R as follows:

H%(
<88 . =+ 30Hseg,n>

\
Sl S

2
(882 by 73H563,n> .
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For k € N, 3% and B* are functions from S x A to R defined using /3 and 3:

Bk(s,a) = B(Nk(s,a))
1 88H?(;
- NE(s,a) <
B(N*(s,a))
1 (88H%
- NFk(s,a) <

+ 30H S0s (s, a))

B*(s,a) :

+ T3H S35 1 (s, a)) .

U,’f(s) and UZ are defined in a similar manner to U, }’f, but using Bk and ¥ instead of 3, respec-

tively. Additionally, the definition of U,’j(s) uses P* instead of P. They are formally defined by the
following iterative relationships:

UI]?I-&-I(S) = [7]16—14-1( )=
Uk (s) := min{3* (s ﬂ’ﬁ(s)) + PkU,]fH(s 7 (s)), H} for h € [H|
Uﬁ(s) = min{Bk( TI'Z(S)) + PUh_H(s Wh(s)), H} for h € [H].

Algorithm [2| adds 7% to T if UF(s¥) < /8. We denote the set of episodes that do not meet this
condition among the first K by Tk and its size by Txk. In the analysis, we are also interested in the
episodes with U% (s¥) > ¢/16. For K € N, we define Tk := {k € [K] : U¥(s}) > £/16} to be
the set of episodes that satisfy U% (s¥) > £/16 among the first K episodes. Analogously, Tk is the
size of T k.

We define 7y and N*(s,a), which are the counterparts of nf and N*(s,a), but only count the
episodes in 7 . Specifically, we define them as follows:

ZZ]I{ 55, a;) ,a),(i<korj<h)}

i€Ty I=1

N¥(s,a) := ik (s, a)

Y > U(shah) = (s,a)}.

P€T k-1 h=1

Finally, we define 7}*, which is the counterpart of n* defined by using 715 and N* instead. Specif-
ically, 7% := min{h € [H] : 7§ (sF,af) > 2N*(s¥,al)}, where ¥ = H + 1 if there is no such
h e [H].

D.3 HIGH-PROBABILITY EVENTS FOR PAC BOUNDS

To prove Theorems [3] and 4] l the events of Lemmas [9) and [10] have to be replaced by the following
events. To summarize, U} 1 is replaced with Uk i n* is replaced with ¥, and only the episodes in Tx
contribute to the sum instead of all k € [K|]. Recall that &' = 6/6.

Lemma 16. Fix ¢ € (0, H|. With probability at least 1 — &', the following inequality holds for all

KeN:
71 1 71 6
> D (PUR(shiah) = Ulya(shin) < g7 D D Var(Upn)(si,ap) + 3H log <.
k€T h=1 keTx h=1

Proof. Let I} := 1{U%(s}) > €/16,h < 7i*} and X} = I} (PU} . (s}, af) — Uk 1 (sy 1))
Since I} € FF, {XF}in is a martingale difference sequence with respect to {FF}y 1 as in the
proof of Lemma@ We have | XF| < H almost surely and E[(X})?|FF] = If Var(U§_,)(sk, af).
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Using Lemma 36| with A = 1/3, we obtain that

1 e 1
Z —Hz I Var(U,1)(sf, af) + 3H log — 5
h=1 k=1h=1

holds for all K € N with probability at least 1 — ¢’, which is equivalent to the desired result. O

Lemma 17. Fixe € (0, H|. Then, with probability at least 1 — 0, the following inequality holds for
all K € N:

7*—1 7P -1

1 — 6

Z Z h+1 Shaah) (Uh+1) (Slﬁﬂ)) < ) Z Z Var(U’,fLH)(sﬁ,aﬁ) +6H? logg
keTx h=1 kET x P=1

Proof. Let It = 1{U% (s}) > ¢/16,h < 7"} and X} = IS(P(U;CL_H)Q(Si,ah) (Uﬁ+1)2(3£+1))-
As in the proof of Lemma {XF}i.n is a martingale difference sequence with respect to {F 7 by, p.
We have | X }’f| < H? almost surely and

E[(X5)?|Fp] = Iy Var((U}11)*) (shy, afy) < 4AH?I}; Var(Uy 1) (sh, aj)
where we use Lemmafor the last inequality. Applying Lemma with A = 1/6, we obtain that
o1
;;X}; < 5 2 zzjlh\/ar Uy 1) sk, af) +6H210g 5

holds for all K € N with probability at least 1 — ¢’, which is equivalent to the desired result. O

Now, we define the event under which the bound of Theorems [3]and [4] holds.

Lemma 18. Let & be the intersection of the events of Lemmas E] E] E?] and|17) Then, £ happens
with probability at least 1 — 0.

Proof. This lemma is proved by taking the union bound over the listed lemmas. O

D.4 PROOFS OF THEOREMS 3] AND [4]

In this section, we prove Theorems [3| and ] The following proposition presents the theoretical
guarantees enjoyed by Algorithm[2] and it directly implies both theorems.

Proposition 3. Fixe € (0,H] and § € (0,1]. Let II be the output of Algorithm E] Under &, the
following two propositions hold:

1. All policies in 11 are e-optimal.

2. The number of episodes whose policies are not included in 11 is at most Ky,

where K is defined as follows:

12000H2S Al €y 5000H S?A(261 + U5,2)ly .
KO = 52 + - - .

Assuming that Proposition [3]is true, Theorems [3|and ] are proved as follows:

Proof of Theorem[3] Proposition [3states that under &, all policies of II are e-optimal, hence all the
policies that are not e-optimal are not in II. Proposition [3] also states that the number of episodes
whose policies are not included in II is at most K, therefore the number of episodes whose policies
are not e-optimal is at most K. By Lemma. the probability of £ is at least 1 — &, completing the
proof. O
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Proof of TheoremH] Since the number of episodes whose policies are not included in II is at most
Ky under £ by Proposition there exists at least one episode among the first Ky + 1 whose policy
is added to II. As all policies in II are e-optimal, the algorithm may return the first such policy. The
probability of this event is guaranteed by Lemma|[I8]

Now, we prove Proposition 3}

The following two lemmas show the relationships between UF, U, and U¥.
Lemma 19. Under &, it holds that for all s € S, h € [H], and k € N,

Ur(s) < 205 (s) -
Lemma 20. Under &, it holds that for all s € S, h € [H], and k € N,
Uk (s) < 20%(s)

The proofs of these lemmas are deferred to Appendices [D.5]and [D.6|respectively.

We first show that under £, the policies in I are e-optimal. Note that by setting Ay = g%, Algo-
rithm [2| runs Algorithm [1| with ¢, = 7¢1/Ag. Also, the proofs of Lemmas [2| and [3| do not rely on
Lemmas |§Iand Therefore, the conclusions of Lemmas andhold with A\, = SLH under £. This
fact leads to the following lemma:

Lemma 21. Suppose that Algorithm is run and the event & holds. If U F(sh) < /8, then policy

7% is e-optimal. Consequently, all the policies in 11 are e-optimal.

Proof. By Lemmas [2| and [3] the instantaneous regret in episode k is at most 4\, + 2UF(sk) =

£/2 + 2UF(s¥). By Lemma this quantity is less than or equal to £/2 + 4UF (s%). Therefore, if
UF(s¥) < £/8, then the instantaneous regret in episode & is at most £/2 + £/2 = ¢. O

Now, we prove the second part of the proposition that states that the number of episodes whose
policies are not added to I is finite. Restating our goal using the notations defined in Appendix [D.2]
we want to show that TK < Ky for all K € N. To do so, we shovvaK <Trgand Tk < K. To
show 7'k < Ko, we provide upper and lower bounds of } _, .7 U ¥(sk). While the lower bound
is straightforward to obtain, the upper bound is more technical. We state the upper-bound result in
Lemma[22]and defer its proof to Appendix We note that Lemma[22]and its proof are analogous
to those of Lemmal[I4]

Lemma 22. Under E, it holds that

o e B52H2SAlL Ly 7, ,
> O(sh) < = +292HS?Aly 7 Uy 7+ 3HSAl

k€T i

forall K € N.

We require one more technical lemma, which is necessary to derive an upper bound of T'g from an
inequality it satisfies.

Lemma 23. One has
5632H25A€1€2,K0 n 4672H52A€2,K0€3,K0 + 48H S Al -
g2 €

Ky .

The proof of this lemma is deferred to Appendix
Now, we are ready to prove Proposition [3]
Proof of Proposition[3] By Lemma[21] we have that for all policies in II are e-optimal, which proves

the first part of the proposition.
Now, we prove the second part of thoposition, that there are at most K episodes whose policies

are not included in II. By Lemma 20, UF(s¥) > /8 implies that U%(s¥) > /16. Hence, the
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number of episodes where U (s%) > ¢/8 holds during the first K episodes is at most T'. Therefore,
it is sufficient to show that T < K holds for all K € N.
Using Lemma we obtain the following condition on 7'k :

eT —
<N UGS

16 —
keT Kk
_ 352H2SAlL, 7,

+292HS?Aly 7 Uy 7, +3HSAL,

where the first inequality holds since U¥(s%) is greater than /16 when k € T i by definition, and
the second inequality is from Lemma Rearranging the terms, we deduce that T i satisfies the
following inequality for any K € N:

B632H2S Al Ly 7, . A6T2HS? Aly 7, Uy 7. +ASHSAL,

g2 €

Tk <

This inequality, combined with Lemma shows that one can not have T'xr = K for any K € N.
Since T’k starts at Ty = 0 and increases by at most 1 as K increases, we conclude that T'x < K
must hold for all K € N. O

D.5 PROOF OF LEMMA [19]

Proof of Lemma[l9, We prove that the following stronger inequality holds by backward induction

on h:

— S (UR)(s)
2H " '

The inequality is trivial when h = H 4 1. Suppose the inequality holds for & + 1. The inequality
is trivial when U} (s) = H. Assume that U} (s) < H, so that U (s) = B*(s,a) + P*UF (s, a),
where a := 75 (s). We have that

Uk (s) < 2UF(s)

Uilzc(s) < Bk(& a’) + PU}1§+1(S7 a)
= B¥(s,a) + (P — P*YUF, | (s,a) + P*US L (s,0). (24)
We bound the second term in inequality (24) by applying Lemma 29| with p = 4.

9H S¥s 1 (s, a)

N 1
(P— Pk)Uf’fH(Saa) < 7Var(U,’f+1)(s,a) + N¥(s,a)

10 (25)

We bound the last term of inequality (24) using the induction hypothesis as follows:

. . ~ 1
PEUY (s, a) < P (2U5+1 - M(Ui’f+1)2> (s,a)

1
2H
For (P — Pk)(U,’fﬂ)z(s, a), we apply Lemmawith p = 8 and obtain the following bound:

A A 1 N
= 2PkU;f+1(3,a) + ﬁ(P_ P’“)(U,’f+1)2(s,a) - P(U,’f+1)2(s,a). (26)

(P— PYY (UL, ) (5,0) < — Var(UF 1)) (s,0) + T San(sa)

8H? NE(s,a)
1 & 17TH?Sl5 1 (s, a)
< 3 Var(Uy,1)(s,a) + T Ni(s,a) (27)

where we use Lemma [35] for the last inequality. Plugging inequality (27) into inequality 26), we
obtain that
9HSls (s, a) 1

A PN 1
PkUllf-H(Sva) < 2PkU;lf+1(57a) + Evar(Uffﬂ)(Sva) + T Nis,a) ﬁP(U;fH)Q(S’a)-
(28)
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Plugging inequalities (23) and (28)) into inequality (24), we obtain that

HSY A
UE(s) < 84 (sv0) + S ) o (Var( U 1) (5,0) - PR (5,0) + 2P0 (sv0).

By Lemma[27] we have that
Var(Uy1)(s, ) — P(Up11)* (s, a) < —(Uy)?(s) + 2H max{A,(U")(s, a), 0}
< —(UR)*(s) + 2HB" (s, 0),
where the last inequality uses that
AR(U)(s,a) = Uy (s) = PUj(s,a) < (8%(s,0) + PUjL (s,a) — PUpyy(s,a) = B4(s,a).
Therefore, we conclude that

18H
Uk (s) < 28%(s, a) + oo lar(s:0)

Nk(s,a) 2H
= 23" (s,a) + 2P*UF, | (s,a) — 2H(Uh) (s)

= 20k () — 5 (UR(9),

where the first equality comes from that Bk(s, a) = BF(s,a) +

—(U})(s )+ 2P0} (s, 0)

9H S¥3 1, (s,a)
NF(s,a)

the second by U} (s) = B*(s,a) + P*UF, (s, a). O

by their definitions and

D.6 PROOF OF LEMMA [20]

Proof of Lemma We prove the following stronger inequality by backward induction on h:
N — 1 —
Uy (s) < 207 (s) = 5 (TR)*(s)-

The inequality trivially holds when h = H + 1 or Uﬁ(s) = H. Suppose the inequality holds for
h+1and U%(s) < H. Using the induction hypothesis, we derive that

U}If(s) < BAk(Saa) + PkUIiLl(S’a)

< B*(s,a) + P* (QUf;H S (Th) ) (5,)

= B(s.0) + (P - )(2Uh+1 317 Oh?) )+ P (20hs = 55 ) (v

= BH(s,0) + 2P* ~ P)TE,(s,0) + 5 (P~ PO 1) (s,0)
+ P (Whi - g Oha)?) (50, 29)

where a := 77 (s). Using Lemma. 29| with p = 8, we obtain that
— 1 — 17THSY3 (s, a)
(P¥ — P)U}, (s,a) < S—HVar(U’,YLH)(s,a) + T NR(s,a)

and

(P — YT, )2(s,0) < — Var(Tk, 1)) (5. 0) + L Sta(5,0)

8H2 Nk(s,a)
— 1TH?2S05 1 (s, a)
<1 k kS
=9 Var(Uh+1)(Sv (l) + Nk(s, a) )

where we use Lemma [33] for the last inequality. Plugging these bounds into inequality (29), we
obtain that

Tk 3 1 = 43HSC
UK (s) < B (s, ) + 557 Var(T} 1) (s.0) + BHSL(s,0)

s ’ 1 77k 2
N¥(s,a) (2Uh+1 2H(Uh+1> )(S,G)

= Bk(saa’) + i (Va‘r(Uerl)(& a) - P<Uz+l)2(57 a)) + 2PUZ+1(85 a) )
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a) + 43HSZ;3¥)€(S,G,)

where the last equality comes from that 3%(s,a) = 3¥(s, )

Using Lemma[27] we have
Var(Uy41)(s,a) = P(Uj11)% (s, a)

by their definitions.

)V2(s) 4+ 2H max{Ah(Uk)(s, a),0}

—(U,
U2 (s) + 2HB*(s,a),

<

<
where the last inequality uses that

Ah(Uk)(s7a) = UZ(S) - PU§+1(S70’) < (Bk(37a) + PUZ+1(S7 a)) - PU}Z+1(57 a) = Bk(s7a) .
Therefore, we conclude that

. _ _ 1
Up(s) < 2B%(s,a) + 2PU} 1 (s,a) —

S Ths)
= 2Tk (s) — 5 (T5)(s).

completing the induction. O

D.7 PROOF OF LEMMA 22]

Analogously to Lemma [T4] Lemma 22]is proved in two steps: first, using the concentration results
to bound Y°, U* with Dk BE(sk, a¥), and second, using that 25:1 1/n <1+ log N to bound
Y kn B (sF,af). However, more meticulous care is required for the second step, as the bound must
depend only on T g and be independent of K.

Lemma 24. Under &, it holds that

7 —1
PRHEHETDY Z BE(sk,ak) + 3HS Al i

keT K keTx h=1

forall K € N.

Proof. The proof is identical to the proof of Lemma[I4} except that the use of Lemmas [9] and [I0]is
replaced with Lemmas[T6]and[T7] O
Lemma 25. Under &, it holds that

7~ —1 2
S8H*Y
Bk ( 1
>3 Br(shyap) <254 <€ + 73HS€3’TK) by,
k€T K h=1
forall K € N.

Proof. Recall that N*(s, a) represents the number of times the state-action pair (s,a) € S x A is
visited in episodes that satisfy U (s{) > /16 up to the (k — 1)-th episode. Clearly, N*(s,a) >
N*(s,a). By Lemmawith Cy = 88H?(1 /e + T3HS1og(125A/5) and Cy = T3H S, we have
that 3(n) := (C; + Calog(1 + logn))/n is non-increasing. Therefore, we know that 3*(s,a) =
B(N*(s,a)) < B(N*(s,a)). Thus, we have that

nk—l ﬁk—l
Yo D Bsha) < Y Y B(NM(sh.ap).
keT K h=1 keTx h=1

Since N¥*1(s,a) < TxH, we have B(N*(s,a)) < 7/N*(s,a), where § = 88H?(; /s +
T3HS!; 7, . By Lemma([31] we conclude that

7t —1 aF -1 _
IIDIEORCIVED M v
keTx h=1 k€T h=1 “h
TxH
< 9~ -
< 25SAlog <1+ SA >
88H?(y
=25A ( . + 73HS€37TK> by -
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To be more specific, we apply Lemma 31| to the episodes in 477';{, meaning that 7% in Lemma
should be the trajectory of the k-th episode that satisfies U (s}) > £/16, and the sum is taken over
T i episodes. O

Proof of Lemma[22] Combine the results of Lemmas[24]and 23] O

D.8 PROOF OF LEMMA [23]

Before proving Lemma[23] a technical lemma regarding the logarithmic terms is required.

Lemma 26. The following inequalities are true:
Uy iy < 20y, (30)
U3 iy <200 + 05, . 3D

Proof. We first provide a crude bound for log KoH. Let B := 1L 2261 + HS(QZQHS'E) . By definition,
we have Ky < 12000BSAls. and 4y, = log(1 + 270BH)3. First, applying Lemma [32| on
log(1 + 270BH) with Cy = 270, we obtain that

< log(1 +270)

14 270BH) < 6BH .
1o s EEER oronm) < 6
Therefore, we have
KoH < 12000BHS Aty . < 72000B2H?SA . (32)
To prove inequality (30), we use inequality (32)) and proceed as follows:
KoH
fa = los <1 " sa )

= log (1 + 72000B>H?)
< 2log (1 n \/7200031{)

< 2log(1+270BH)

= 2£4,E )
where the first inequality holds since 1 + 22 < (1 + z)? for all x > 0.
To prove inequality (3T)), we need to further bound B. Since % > 48, applying Lemma 32| with
C1 = 48 yields

log48 24HSA _2HSA
4 < ' < :
48 5 )

Applying logz < x/e, we obtain that {5 . < 1+ log(H/ec) <14 H/(ec) < 2H /e. Then, it holds
that

(33)

4HSA 2H
+ JEE—

€
4HSA H HSA H

<
- 4 € + 1) €
_ 5H 25A
T e
where the second inequality uses that H/¢ > 1 and HSA/6 > 2. Then, we bound B as follows:

_HM | HSQ20 4 65)

200+ 05, <

(34)

B

g2 €
4H3SA 5H3S%A
0e? 0e2
9H3S%A
< T2 35)
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where the first inequality applies inequalities (33) and (34) simultaneously. Utilizing these bounds,
we derive an upper bound of log Ky H as follows:

log KoH < log 72000B2H?*S A
. 5832000H855 A3

<lo 524
106817H* 55 A3 et H*
< log + log ;
02 e

where the first inequality applies inequality @’ the second inequality comes from inequality (33),
and the last inequality uses that 5832000/e* < 106871. The first term can be further bounded as
follows:

106817H*S> A3 26705H° S5 A®
log 52 <log 55
HSA
< 5log %
THSA
< <
-9

where the first inequality uses that H > 1,6 < 1, and A > 2, the second inequality holds since
26705 < 8% = 32768, and the last inequality is due to Lemma with C; = 16 and 5 x 8 X
(log16)/16 < 7. Using these results, we further bound log Ko H as follows:

log KoH < @ +410g A
THSA eH 2HSA eH
< log — + log —
) € ) €
_ 954 log e ; (36)
6 €

where the second inequality uses log(eH/e) > 1 and HSA/§ > 2. We conclude that inequal-
ity (31), the bound of /3 ,, is true by the following steps:

25Alog KoH
1
18HS%A%log <&
52
16H252 A? 9 eH
e + log — + loglog -

8
4HSA H
< 2log +1+loglog%

l3 i, =log
<log

<log

SQél +€57

where the first inequality holds by inequality (36), and the last inequality uses log(9/8) < 1. O

Proof of Lemma[23] Note that K, > 12000SA, hence /5 x, > 1 holds. Then, we have
48HS Al /e < A8HSAl1ls K, /e < 48H?S Al1ls K, /2, therefore it is sufficient to prove that

5680H7S Al a1, | A6T2HS™ Al 1,

/-
5 5. Ko < Kp.
€ €
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Applying Lemma [26] we conclude that
5680H2S Al1ls K, N 4672H S? Als ¢, 03 K,
e? 3

11360H2S Al 4, . n 4672HS?A(201 + U5 )y o
g2 €

11362H2S Al 4, . . 4672HS?A(201 + U5 )y o
g2 €

12000H2S A0y . 5000HS?A (201 + l5.2)ly ¢
g2 + €

< \‘12000H25A€1€4’5 n 5000H52A(2€1 + 6575)54}5J 1

-2

-2

g2 €
:K()—1<K0,

where the first inequality applies the results of Lemma[26|simultaneously, and the second inequality
uses that H2S A0y . /e? > 1. O

E TECHNICAL LEMMAS

Lemma 27. Let C' > 0 be a constant. Let {Vh}thll be a sequence of H + 1 functions such that
Vi : 8 = [0,Cl forall h € [H + 1]. Forany (s,a) € S x A, the variance of V1 under P(:|s,a)
is bounded as follows:

Var(Vi11)(s,a) < —A(V?)(s,a) + 2C max{A,(V)(s,a),0} .
Equivalently, the following inequality holds:
Var(Vi1)(s,a) — P(Vig1)?(s,a) < —(Vi(s))? + 2C max{A,(V)(s,a), 0} .

Proof. We add and subtract (V3(s))? to Var(Vj,41)(s, a) and obtain the following:
Var(Vis1)(s, @) = P(Vay1)*(s,0) — (PVisa(s, a))?
= P(Vii1)?(s,a) = (Viu(s))? + (Vi(s))® = (PVisa(s,a))?
I Iz
We have I; = —A,(V?)(s,a) by definition. We bound I as follows:
Iy = (Vi(s) + PVita(s, ) (Va(s) = PVrta(s, a))
< 2C max{Ap(V)(s,a),0},

where the inequality uses that 0 < Vi, (s) + PVi11(s,a) < 2C and the definition of Ay, (V)(s, a).
Plugging in these bounds for I; and I proves the first inequality of the lemma.

The second inequality is obtained by subtracting P(V},1)?(s, a) from both sides of the first inequal-
ity and using that —Ap,(V?)(s,a) — P(Vi41)?(s,a) = —(Vi,)*(s, a) by definition. O

Lemma 28. For any (s,a) € S x Aand h € [H), it holds that A, (V*)(s,a) > r(s,a) > 0.

Proof. This inequality is due to the Bellman optimality equation:
An(V7)(s,a) = Vi (s) = PViiya (s, a)
= max(r(s, ') + PV (s, a')) = PViiis (s, a)

> (r(s,a) + PVyi(s,a)) — PVyiy, (s, a)
=r(s,a) >0.
O
Lemma 29. Let C' > 0 be a constant. Under the event of Lemmal7] the following inequality holds
forall (s,a) e Sx A keN p>0,andV :S — [-C,C]:
- 1 C(2p+1)Sls 1(s,a)

(P* — P)V(s,a)| < o, Ve (V)(s,a) + N*(s,a)
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Proof. Without loss of generality, we assume that PV (s,a) = 0 and C' = 1 since the inequality is
invariant under constant translations and scalings of V. By Lemma[7] for any (s,a,s’) € Sx Ax S,
it holds that

- 2P(s" | s,a)lsk(s,a) 203 %(s,a)
PR - P(s <2 ’ ’ :
i (5] 5,0) (s |8’a)i_ \/ NE(s,a) +3Nk(5 a)

Multiplying both sides by |V (s”)| and using that |V (s")] < C' = 1, we obtain that
|\/2P s'|'s,a)ls, k(s a) N 203 1(s,a)

PE(s'|s,a) — P(s’ ) .

i( (5']s, ) (s'ls,0) ) VI(s") Nk(s,a) 3NF(s,a)

We apply the AM-GM inequality, 2ab < a?/p + pb? for any a, b, p > 0, on the first term of the
right-hand side with a = \/P(s'[s,a)|V (s')| and b = /205 x (s, a) /N*(s, a):

2P(s' | s,a)ls i(s,a) = 203 (s,a)
2|V (s :
| |\/ NF(s,a) +3Nk(s,a)

2pls 1(s,a)  2l3(s,a)
NF(s,a) 3NF(s,a)
(2p + 1)l3k(s,a)
NE(s,a)

1 \\2
Sp s' | s,a)(V(s)" +

1 / \\2
< ;P(s | 5,a)(V(s))" +

which implies that
(2p+1)l3k(s,a)

. 1
Pk/ — P(s )V’<*P/,V’2 37
[(PH(130) = P(s13,0) ) V)| < PG |3, a) (V)2 + =gt G7)
Taking the sum over s’ € S, we obtain that
‘(Pk — P)V(s, a)‘ - (Pk(s/ | s,a) — P(s' | s, a)) V(s')
s'€S
<Z‘( (s' | s,a) — (s’|s,a))V(s’)
/ES
1 (2p+ 1)l31(s,a)
< -p / \V4 \\2 > ’
_S/ZES <p (S |87a)( (S )) - Nk(s,a)
1 (2p 4+ 1)5¢5,(s,a)
= — Var(V :
5 Var(V)(s, @) + ——r ==
where the first inequality is the triangle inequality, the second is inequality (37)), and the last equality
is by PV (s,a) = 0, which implies Var(V)(s,a) = P(V?)(s, a). O

Lemma 30. For any sequence of K trajectories, we have

K
> {n* # H+1} < SAlog, 2H
k=1
and
K

> U{i* # H+1} < SAlog, 2H .
k=1

Proof. We only prove the first inequality, as the proof for the second inequality is identical. We
focus on the state-action pair that triggers the stopping of n*:

Zn{n #H+1} = Z Yo L0t A H AL (shap) = (s,0)}

k= 1(m)€5xA

- 3 Z]i{n #H+ 1, (s, alx) = (s,a)} .

(s,a)eSx A k=1
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If n* # H + 1, then by definition, it implies that nf}k(sgmafﬁ) = 2Nk(sf]k,a7’;k) + 1, which in
turn implies that Nk“(sf]k,af;k) > 2Nk(sf]k,al;k) + 1. Forany (s,a) € S x Aand K € N, let
M (s, a) be the number of k € [K] such that N¥+1(s,a) > 2N*(s,a) + 1. Then, we infer that

K

Z]l{nk 7é H+ 17 (Sf]kaagk) = (Sva)} < MK(S7G‘) .
Now, it is sufficient to prove that Mg (s, a) < log, 2H for all (s,a) € S x A. Since N*+1(s,a) <
Nk(s,a) + H, we infer that N**1(s,a) > 2N¥(s,a) + 1 occurs only if N¥(s,a) < H. On
the other hand, using induction on k, one can prove that N¥*+1(s, a) > 2Mk(s,a) _ 1 holds for all
k € N. Hence, once M (s, a) attains the value [log, H | + 1 for some k, we have N**+1(s,a) > H.
Therefore, My (s,a) does not increase after it reaches |logy, H| + 1, implying that Mg (s,a) <
|logy H| + 1 <log, 2H forall K € N. O

Lemma 31. Let {T"}32, be any sequence of trajectories with 7% = (s§,a}, RE, ... sk ). Let
{Vk}72 be a sequence of increasing positive real numbers. Then, it holds that for any K € N,

Yk KH
— <2 Al 14+ ——1.
S>3 wap < s (14557 )

Proof. By the stopplng rule of n*, we have N¥ (s, aff) > inf(sf, al) when h < n*. Italso implies

that when h < n*, n*(s§, af) > 2 must hold. Hence, we have that

K n*—1 K nF-1

Zal
< -
; ;Zl N(s}, af) Sh’ B ; }; "5 (57 k)
NE+1(s,a)

< 2vk Z T{NE*1(s a) > 2} log NEF1(s,a)
(s,a)eSxA

< 27k Z log(1 4+ N5*1(s,a)).
(s,a)ESX.A
Since log(1 + x) is concave, applying Jensen’s inequality implies that

; 14+ NE+1 s,a
Z log(1 + NX+1(s,a)) < SAlog <Z(5,G)ESX_A( ( )))

(s,a)eSxA 54
KH

log C1
Cy

O

Lemma 32. For any constant C; > e, if v > C1, then logx < x. Also, for any constant
Cy > 0, we have log(1+z) < foorx > Cy, and log(1+x) > Wwforo <z < Ch.

Proof. By elementary calculus, one can check that (log ) /x decreases on [e, 00). Then, x > C; >
e implies (logz)/z < (log Cy)/C1, which proves the first inequality. For the second inequality,

note that log(1 + x) is concave, hence g(x) := W — log(1 + x) is convex. Note that
g(0) = g(C3) = 0, therefore by its convexity, we have that g(x) > 0 whenever > Cs and
g(x) <0when0 < z < (Ch. O

Lemma 33. For m € NU {0} and a constant C' > 3, we define the following function:
25SA(C + 2log(1 log (1+ 20K
f(m) = min{l, (C + 2log(1 + m)) Og( * ) } .

2m
Then, f is non-increasing.
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Proof. We directly show f(m) > f(m + 1) for any m. We write z := 2™/(SA), so f(m) =
min{1, 25(C + 2log(1 + m))(log(1 + Hz))/z}. Let mp := max{m € NU {0} : 2™ < 255A}.
We deal with two cases, m < mg and m > my, separately.

Case 1 m < mg : We show that f(m) = 1 for m < myg, which implies f(m) > f(m + 1).
First, we have that 25(C' + 2log(1 +m)) > 75 by C' > 3 and log(1 + m) > 0. Thus, we must

show that (75log(1 + Hz))/z > 1. Note that H > 1 and z < 25 when m < my, therefore it is
sufficient to prove that 72—5 log(1 + z) > 1 for z < 25. By Lemmawith C5 = 25, we have that

log(1+z) > w:p for x < 25, hence we have ? log(1+2) > %526 > 1.

Case 2 m > mg: We prove that f(m) > f(m + 1) by showing that the second argument of the
minimum in the definition of f is decreasing when m > my. Specifically, we show that

(C + 2log(1 +m)) log(1 + 24) _ (C +2log(2 + m)) log(1 + *'gz™)
om = 2m+1 :

Rearranging the terms and plugging in z = 2™ /(S A), one can see that it is sufficient to prove
(C'+2log(2+m))log (1 +2Hz) < 2(C +2log(1 +m))log (1+ Hz) . (38)
First, we bound C' + 21og(2 + m) as follows:

C+2log(2+m) = C + 2(log(1 + m/2) + log 2)
<C+2log(l+m)+15

< §C+3log(1 +m)
3
= §(C+210g(1 +m)),

where the second inequality uses that C' > 3 and log(1 + m) > 0. We bound log(1 4+ 2Hz) as
follows:

1
log(1+2Hz) <log2+ 1og(§ + Hz)
<1+4log(l+ Hz)

4
< glog(l—&—Hz),

where the last inequality uses that log(1 + Hz) > 3 when z > 25, which holds since m > my.
As we have derived C +2log(2+m) < 3(C'+2log(14m)) and log(1+2Hz) < 3 log(1+ Hz),
by multiplying the two inequalities we conclude that inequality holds. O

Lemma 34. Let C; > Cy > 0 be constants. Let f(z) = 1(Cy 4+ Cylog(1 + log z))) for z > 0.
Then, f is non-increasing on r > 1.
Proof. Taking the derivative of f, we obtain that

— C1 — Cylog(1 4 logx)
5 .

C
f/((E) _ 1+102g x
X

Note that the numerator is decreasing in x, and when plugging in x = 1, the numerator becomes
Cy — C < 0. Therefore, we have that f/(z) < 0 forall z > 1. O

Lemma 35 (Lemma 30 in/Chen et al.|(2021)). Let C' > 0 be a constant and X be a random variable
such that | X'| < C almost surely. Then, Var(X?) < 4C? Var(X).

F CONCENTRATION INEQUALITIES

All the concentration inequalities used in the analysis are based on the following proposition, which
is derived by following the proof of Theorem (1.6) in|Freedman|(1975).
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Proposition 4. Ler {X;}?°, be a martingale difference sequence with respect to a filtration
{F:}32. Suppose Xy < 1 holds almost surely for all t > 1. Let V; := E[X?|F;_1] fort > 1
and take A\ > 0 and 6 € (0, 1] arbitrarily. Then, the following inequality holds for all n € N with
probability at least 1 — §:

Z X, < Z Vi + log 5 (39)

Proof. Let M,, = exp(3> 1 (X; — ((e* = 1= X)/A\)V;)) for all n € N, where My = 1. Corollary
1.4 (a) in [Freedman| (1975) states that {M,,}5°, is a supermartingale with respect to {F,}>2 .
By Ville’s maximal inequality, we infer that P(sup,,~o M, > 1/§) < J, which implies that
P(Vn, M, < 1/6) > 1 — 4. Taking the logarithm on both sides and rearranging the terms, we
check that M,, < 1/4 is equivalent to inequality (39), completing the proof. [

We mainly use the following two corollaries of Proposition 4 The first one has appeared in the
literature several times (Beygelzimer et al.| [ 2011;|Agarwal et al., 2014; Xu & Zeevil 2020; |Foster &
Rakhlin, 2023)).

Lemma 36. Let C > 0 be a constant and {X:}{2, be a martingale difference sequence with
respect to a filtration {F;}72, with X; < C almost surely for all t € N. Then, for any \ € (0,1]
and § € (0, 1], the following inequality holds for all n € N with probability at least 1 — §:

- 3\ — c. 1
X, <2 E[X?F_ —log=.

Proof. For A € (0,1], it holds that e* < 1 + X + (e — 2)A2, hence, S (e — 2)\. Let

A
X, = X, /C. Applying Proposition#{on {X/}{2,, we obtain that
- 1
X/ —2) E[( 1 -
S < e 2 S B  + 1o
t=1
holds for all n € N with probability at least 1 — 4. Boundlng e — 2 < 3/4 and multiplying both
sides by C' completes the proof since CX| = X; and CE[(X])?|F;_1] = E[X?|F,_1]/C. O

The second corollary is a time-uniform version of Bernstein’s inequality for martingales that incor-
porates a log log n factor instead of log n.

Lemma 37. Let {X,}7°, be a martingale difference sequence with respect to a filtration {F;}52,,.
Assume that X; < 1 holds almost surely for all t > 1. Let T,, = Y7 | E[X}? | F;_1] be the sum
of conditional variances. Then, for any ¢ > 0 and § € (0, 1], the following inequality holds for all
n € N with probability at least 1 — §:

n I ) N )
dYox, < 2\/max{Tmc} log 2L +10g5 (Tn/0)? %log 2(1 + 10g6 (Ta/e)?
t=1

where log"t x := log(max{1, z}).

Proof. Let {)\;}52, be a sequence that satisfies 0 < \; < 3 for all j € N. We apply PropositionE]
with A +— \; and 6 < &§/(2;%) for j € N. For fixed j, we have

- eN—1—\; 1 22 )
P(3 :E X, > — 3T, + —log= | < —
( neN 2 ¢ > ¥ Jr)\j og 5 < 92

Using the Taylor series expansion, we verify that the following holds for 0 < A; < 3:

6)\j — 1 — Aj > >\§71 > )\;?71 )‘j
s :Z k! S2:2.3k—2:21_/\-
J k=2 k=2 (

3
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Therefore, we have that with probability at least 1 — 6/(2;52), the following inequality holds for all
n € N:

- Aj 1. 257
DX € T 4~ log - (40)
2(1-3) J
We take
log 2%
)\J = T . ¥
Vee T 4 54 /log 7
One can check that 0 < A; < 3. We have
i2 i
oo _WleeT 1 L, Vee's
2 (1 - A—Qf) N A3 log¥ .

Plugging in these values to inequality (@0), we obtain the following inequality:

ZX_( +ﬁe2>\/lg26+l 255 (41)
t=1

Taking the union bound over j € N and noting that 3772, 2% < 4, we obtain that inequality {T)
holds for all j and for all n simultaneously with probability at least 1 — §, which can be written in
the following equivalent form:

P|l3IneN Xn:X > mi In — e’ \/logQ2 1log2j2 <6
n : > min ce’ = - — <.
t=1 ! JjeN 2\/78 2 6 3 6

Now, we choose j = j,, for each n € N and provide a bound for the minimum. We define 7}, :
N

max{T,,c} and take j, = 1 + |log(T’,/c)|. Then, we have ¢z~ < \/T7/c and e~ "z

vec/T!, implying that

. T, 252 27
Bl ]7 ]7
m{(zf VT )V R 5}

T, 252 1 252
< Py —i—\[e 2 ogﬁ—i—flogﬁ
2./ce 1) 3 )

T, e 252 '2
< /= )/ :
<2 T’ T) log =+ 5 + 1 5
2% 1 2j2
<24/T) 1 l
=2\ oe s 5

where in the last inequality we apply T,, < 7 and \/g + 1 < 2. Finally, noting that j, <

1+ log(T% /c) = 1 +1log™ (T;,/c), we obtain that the following inequality holds for all n € N, with
probability at least 1 — §:

- 2(1 4 log™ (T, 2 1 2(1 + logt (T 2
ZXt < 2\/max{Tmc} log 1+ Ogé( n/c)) + 5 log (1+ ogé( n/c))
t=1

IN

G EXPERIMENT DETAILS

In this section, we provide additional details for the experiments described in Section [5] Specific
transitions and reward functions of the RiverSwim environment are depicted in Figure[2] All param-
eters are set according to the algorithms’ theoretical values as described in their respective papers.
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For EQO, the parameters are set as described in Theorem @ where the algorithm is unaware of the
number of episodes. The algorithm of UCRL2 is modified to adapt to the episodic finite-horizon
setting. We report the average cumulative regret and standard deviation over 10 runs of 100,000
episodes in Figure[3] with the average execution time per run summarized in Table 4]

We observe the superior performance of EQO0. When S and H are small, only ORLC shows competi-
tive performance against EQO, but our algorithm outperforms ORLC by increasing margins as S and
H grow. Especially in the case where S = 40 and H = 160, only our algorithm learns the MDP
within the given number of episodes and achieves sub-linear cumulative regret. We also note that
our algorithm takes less execution time.

0.6

é/_\) 035 0.35

—
r = 0.005) - : s, 0.6,r =1
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Figure 2: The RiverSwim MDP with n states. The solid arrows and dashed arrows describe the

state transitions of the “right” and “left”actions respectively with their probabilities labeled. » = X
shows the reward of the state-action pair, where r» = 0 if not shown.

Table 4: Average execution time of each algorithm in seconds.

S=10 S=20 S=30 S =40

Algorithm H=40 H=80 H=120 H =160

UCRL2 (Jaksch et al}, 2010) 1899.5 72980 175419 225943
UCBVI-BF (Azar et al, 2017) 6990 21714 44393 67856
FULER (Zanette & Brunskill 2010) 9910 28473 56437 83537
ORLC (Dann ef al, 2019) 12194 38701 74087 11655.0

TVP (Zhang ot al,, 2021a) 5034 21554 41065 66873

EQO (Ours) 5352 10040 38471 67131

We report additional experiment results conducted under a MDP described in Figure 2 of [Dann
et al| (2021). It is a deterministic MDP where the reward is given only for the last action. If the
agent has followed the optimal policy until the penultimate time step, it faces a state such that
one action has an expected reward of 0.5 and the other has 0. If the agent’s actions deviate from
the optimal policy, then it receives an expected reward of either 0 or ¢ = 0.02, depending on
the final action. Refer to Appendix C in |Dann et al.| (2021) for more details about the MDP. We
report the average cumulative regret and standard deviation over 10 runs of 500,000 episodes in
Figure 4] UCRL is excluded due to its high computational cost under large state space. We also add
a tuned version of EQO, highlighting its strength when the parameter is set appropriately. EQO with
theoretical parameters outperforms all other algorithms except ORLC. When appropriately tuned,
EQO incurs the smallest regret by significant margins. While it may be unfair to compare the results
of the algorithms with and without the tuning of the parameters, we draw the reader’s attention to
the complicated structure of the bonus terms of ORLC. As presented in Algorithm 3 in Dann et al.
(2019), the bonus terms of the algorithm utilize at least twenty terms to estimate both upper and
lower bounds of the optimal values, making it almost intractable to effectively tune the algorithm.
For the other algorithms, their bonus terms also consist of multiple terms, being subject to the same
problem. Only EQO offers comprehensive control over the algorithm through a single parameter.
What we highlight here is not only the empirical performance of EQO but also the simplicity of the
algorithm that makes it extremely convenient to tune.

We conduct additional experiments in two more complex environments: Atari ‘free-
way_10_fs30’ (Bellemare et al., 2013)) and Minigrid ‘MiniGrid-KeyCorridorS3R1-v0’ (Chevalier-
Boisvert et al.,[2023)). We have obtained their tabularized versions from the BRIDGE dataset (Laid-
law et al.| 2023)). Most Atari and MiniGrid environments are either too large in terms of the number
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Figure 3: Cumulative regret under RiverSwim MDP with varying S and H.
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Figure 4: Cumulative regret under MDP described in Figure 2 of (2021) with varying n.

of states to perform tabular learning or too simple, where a greedy policy performs best, diminishing
the purpose of comparing the efficiency of exploration strategies. These two specific environments
are selected from each group for their moderate sizes and complexities. Both MDPs have over 150
states and more than two actions, making them much more complex than the RiverSwim MDP. We
note that instead of the conventional 25% chance of sticky actions (Machado et all, 2018)), we em-
ploy a 25% chance of random actions to preserve the Markov property.

We include PSRL (Osband et al,[2013), a randomized algorithm for tabular reinforcement learning,
for a more diverse comparison, while UCRL2 is excluded due to its high computational cost in large
state spaces. We report the average cumulative regret and standard deviation over 10 runs of 5,000
episodes in Figure[5] Considering these environments as more real-world-like settings, we tune each
algorithm to achieve their best performance for each instance. For both settings, EQO consistently
demonstrates competitive performance.
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Figure 5: Cumulative regret under environments with larger state spaces.

Comparing with Bayesian algorithms. PSRL achieves a Bayesian regret guarantee for a given
prior distribution over the MDPs (Osband et al.,[2013)); however, the prior is not available under the
current experimental setting. While it is possible to construct an artificial prior, the performance of
these algorithms depends on the prior; that is, they gain an advantage if the prior is informative. This
makes it potentially unfair to compare them with algorithms that have frequentist regret guarantees,
as the latter cannot use any prior information and must be more conservative. For example, RLSVI,
another randomized algorithm, requires constant-scale perturbations for a Bayesian guarantee (Os-
band et all 2016). However, the perturbations must be inflated by a factor of HSA to ensure a
frequentist regret bound (Zanette et al.l 2020)). Typically, the constant-scaled version empirically
performs much better for most reasonable MDPs.

One way to make the comparison viable would be to tune the frequentist algorithms. As the pur-
pose of the experiment with the RiverSwim MDP is to compare the performance of algorithms with
theoretical guarantees, we set the parameters according to their theoretical values, and hence we
do not tune the parameters and cannot include PSRL for comparison (since it does not have theo-
retical values for its parameters in this setting). In these two additional experiments, we consider
their settings to be closer to real-world environments, where tuning the parameters becomes highly
necessary. Therefore, we tune the algorithms and include PSRL. For EQO, tuning the algorithm is
straightforward: treat ¢, in Algorithm([T]as a k-independent parameter as in Theorems|T] [3|and[d]and
tune its value. However, as mentioned earlier, the other algorithms have multiple terms with com-
plicated structures as bonuses, and how they should be tuned is not clear. For the results of Figure[3]
a multiplicative factor for the whole bonus term is set as a tuning parameter, therefore maintaining
the same complexity as EQO.

H EXPLOITING UNIFORM-REWARD SETTING

Although our Assumption [T generalizes the uniform-reward setting, algorithms may perform better
when prior information that the reward at each time step is at most 1 is available. Algorithm [3]
describes how EQO may adapt to the uniform-reward setting. We show that the theoretical guarantees
enjoyed by Algorithm|[T|remain valid for Algorithm BJunder the uniform-reward setting, and provide
additional experimental results that compare the performance of the algorithms when all of them
exploit the uniform reward structure. Our algorithm continues to exhibit its superiority over the
other algorithms.

H.1 THEORETICAL GUARANTEES FOR UNIFORM-REWARD SETTING
In this subsection, we rigorously demonstrate that under the uniform-reward setting, Algorithm 3]

enjoys the same theoretical guarantees as Theorems|I|to[d] Set A as defined in each of the theorems
and let ¢}, = 701 /A, so that ¢, H = c;. We note that under this choice of parameters, the bonus
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Algorithm 3: EQO for Uniform-Reward Setting

Input: {c} }72,
1 fork=1,2,..., K do

2 | Set N¥(s,a), #*(s,a), and P*(s|s,a) as in Algorithm
3 forh=H, H—-1,...,1do
4 foreach (s,a) € S x Ado
5 V¥ (s,a) < cf(H —h+1)/N¥(s,a);
o Lk k Pl k o ATk
] Qb (s,a) mm{r (s,a) +0%(s,a) + PV}’ (s,a), H — h + 1} if N%(s,a) >0
H-h+1 if N¥(s,a) =0
7 ViE(s) « max,es QF(s,a) forall s € S;
8 | 7 (s) < argmax,c 4 QF(s,a) forall s € S;
9 | Execute 7* and obtain 7% = (s}, af, R}, ..., sf;, afy, Ry, sty )

term of Algorithm [3]is less than or equal to the bonus term of Algorithm [I] Therefore, the parts
where we derive upper bounds for b* (s, a) in the analysis remain valid, and the only part where we
need lower bounds for b*(s, a) is in the proof of Lemma where we show the quasi-optimism. We
show that quasi-optimism holds under the different choice of bonus terms when the reward structure
is uniform, which implies that Algorithm 3|enjoys the same theoretical guarantees.

First, the high-probability events of Lemmas [3] [6] and [§] should be adjusted to the new bounds of
Vi, and RF. V*(s)isatmost H — h + 1 forall s € S and R is at most 1. One can easily derive
from the proofs that the inequalities of each lemma can be replaced with the following inequalities
respectively:

A AL {h £ 1} T
E pyise < PR T s NNFsa)
‘(P P)vh+1(s,a)‘ < qony Vi) e+ ST
 Pky T )2 1 - M
(P =P (Via) (s,a) < 5 Var(Viia)(s,0) + N¥(s,a)
l
. B _ _ Lk
#*(s,a) = r(s,a)| < Apr(s,a) + AN (s a)’

where we define 1{h # H}/(H — h) to be 0 when h = H. Let £’ be the counterpart of £ such that
the events of Lemmas 3} [6] and [8] are replaced by the events above.

Now, we show that Algorithm [3]enjoys quasi-optimism.

Lemma 38 (Quasi-optimism for Algorithm [B). Under &', it holds that for all S € S, h € [H], and
keN,

3
Vi (s) + iAk(H —h+1)>Vi(s).

Proof. We prove the following inequality by backward induction on h € [H + 1]:

Vi) = V) < 0 (209 - g ) )

It is easy to show that the inequality holds when h = H 41 or th (s) = H—h+1. Suppose h < H

and V;¥(s) < H — h + 1, and that the inequality holds for h + 1. Following the proof of Lemma
with the refined concentration inequalities, we arrive at the following inequality:

(6(H —h)+ 1)l
ANk (s, a*)
L Al{h £ H}
2(H —h)

Vi (s) = Vi (s) < =b"(s,a") +

+ Aer(s,a®) + 20 PV, (5,a%)

(Var(V,fH)(s,a*) - P(V};—l)Q(Sva*)) . (42)
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We first note that b*(s,a*) = TH-h+Db > (GH=h)FDb

, therefore the sum of the first

A NF(s,a*) = AeNF(s,a*)
two terms is not greater than 0. Now, we bound the last term. Note that Var(Vy', ,)(s,a*) —
P(Vr 1)(s,a*) = —(PV},(s,a*))? is non-positive, therefore we have that
Ael{h # H} . . i} .
Sy Vi) et = PO s )
Ak . . i} .
< m (Va‘r(vh+1)(saa ) — P(Vh+1)2(s,a )) , (43)

where the inequality also holds for b = H as both sides are 0 in that case. Applying Lemma 27 we
obtain that

Var(Vii)(s,a”) = P(Viiy1)*(s,0”) < —(Vy)*(s) + 2(H — h+ D)r(s,a”) . (44)
Combining inequalities (42)),([@3), and (@4), we conclude that

* * * * Ak * *
Vii(s) = Vir(s) < Aer(s,a”) + 20 PV, 1 (s, a%) — m(vh )?(s) + Akr(s, a*)
— * 1 *\2
o (256 - g 6
completing the induction argument. O

H.2 ADDITIONAL EXPERIMENTS

UCBVI-BF —J— EULER —— ORLC —J— MVP —F— EQO (Ours)

%105 Riverswim S=10, H=40 %105 Riverswim S=20, H=80
1.5 5.0 4
@ °©
o S 4.0
& 1.0 &
H 2307
© 5,5
g 0.5 g
3 3 1.0
0.0 A 0.0 |
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Episodes le5 Episodes le5
x105  Riverswim S=30, H=120 x105  Riverswim S=40, H=160
15.0 4
10.0
= = 12.5 4
o 8.0 >
2 g 10.0 4
2 601 2 75
© ®
S 4.04 = i
g g 50
= 35
O 2.0 4 O 254
0.0 A 0.0 |
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Episodes le5 Episodes le5

Figure 6: Cumulative regret of algorithms under the RiverSwim MDP with varying S and H. All
algorithms are aware of the uniform reward structure of the MDP.

We provide additional experimental results showing the performance of the algorithms when the
uniform reward structure is exploited. Note that the RiverSwim MDP satisfies the uniform-reward
assumption. To fairly compare algorithms that are analyzed under more general assumptions, we
adjust them according to the following criteria:

(a) If the algorithms clip the estimated values by H, we adjust it to H — h + 1, which is the
maximum possible value for any state at time step h.
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(b) If the algorithms have any terms proportional to H in their bonus, we change them to H —h,
as it is intuitive that the optimistic bonus term should not account for how many time steps
have passed before the current step.

We note that in the experiment presented in Section 5] the algorithms are not allowed to exploit the
uniform reward structure. Therefore, algorithms that originally exploit it underwent the opposite
conversion for fair comparisons. We do not claim that these simple conversions ensure the validity
of the analyses under the opposite assumptions. However, we believe that they are sufficient for
numerical comparisons.

We display the results in Figure[6] We exclude UCRL2 as it is originally designed for MDPs without
horizons, and we could not find any straightforward conversions for it. With the additional informa-
tion, all the algorithms exhibit significant improvements in their performance when compared with
Figure 3] We emphasize that our algorithm continues to demonstrate its superior performance over
the other algorithms.
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