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Abstract

Vision–language models map images and text into a joint embedding space. How-1

ever, these embeddings often entangle multiple semantic features, which limits their2

interpretability and controllability. While sparse autoencoders have emerged as a3

useful tool for decomposing these embeddings into monosemantic features, their4

application to joint embedding spaces has largely relied on an implicit, untested as-5

sumption that semantically corresponding features share the same directions across6

modalities. In this paper, we challenge this assumption by identifying discrepan-7

cies in feature directions for the same concept across image and text modalities,8

a phenomenon we term cross-modal feature heterogeneity. We demonstrate that9

this heterogeneity is a key driver of the modality split, where a shared concept10

activates different latents depending on the modality. This finding further reveals11

why aligning latent activations alone is insufficient to resolve the underlying feature12

mismatch. To address this misalignment, we propose an approach that trains sparse13

autoencoders to preserve the unique feature geometry of each modality and aligns14

corresponding features post hoc. Our method improves reconstruction fidelity and15

enhances performance in cross-modal retrieval and concept steering.16

1 Introduction17

Vision-language models (VLMs) map images and text into a joint representation space, which supports18

a wide range of downstream tasks [42, 54, 6] and serves as the foundation for generative VLMs [30,19

46]. Despite their empirical success, the joint representation remains difficult to interpret [36]. These20

embeddings are typically polysemantic, as they encode multiple semantic concepts in a single vector,21

and it remains unclear how each concept is encoded and shared across modalities.22

The linear representation hypothesis [16, 39] provides a useful framework for studying this question,23

positing that each embedding can be expressed as a linear combination of a small number of24

monosemantic features. Sparse autoencoders (SAEs) operationalize this hypothesis by mapping each25

embedding to a sparse latent code, whose active coordinates indicate which monosemantic features26

are present in the embedding. Building on their success in unimodal settings [23, 50, 18, 34], recent27

work has applied SAEs to joint embedding spaces to recover monosemantic features shared across28

image and text modalities [11, 55, 56, 38, 37, 25, 14].29

When applied to joint embeddings of VLMs, prior work [25] observes a phenomenon known as30

modality split, where the same concept activates different latent coordinates across modalities. This31

split makes latent codes difficult to use across modalities, motivating prior approaches to align latent32

activations across modalities [25, 14]. However, these approaches treat modality split as a mismatch33

in latent activations, while implicitly assuming that semantically corresponding features share the34

same directions across modalities.35

Submitted to 40th Conference on Neural Information Processing Systems (NeurIPS 2026). Do not distribute.



Image

Encoder

Text

Encoder

A fighter jet flying

through a blue sky.

SAE

Encoder

jet

sky

fighter

fighter

jet

sky

SAE

Decoder

(a) Modality split in sparse autoencoder (b) Cross-modal feature heterogeneity

Figure 1: Illustration of modality split and cross-modal feature heterogeneity on joint embedding
spaces. (a) An SAE encodes an image or text embedding (x or y) from a VLM into a sparse latent
code z̃ and then reconstructs the original input as x̃ or ỹ. Ideally, the same concept should activate the
same coordinate in z̃ across modalities. However, prior work observes the modality split, where the
same concept (e.g., sky, jet, or fighter) activates different coordinates for images (red) and text (blue).
(b) We show that this split is driven by cross-modal feature heterogeneity, where corresponding
features (shown as arrows) fail to align directionally across modalities within the embedding space.

In this paper, we revisit this assumption by asking whether semantically corresponding feature36

directions are indeed aligned across modalities in the learned embedding space. We characterize37

cross-modal feature heterogeneity, a phenomenon in which the same semantic concept can be38

represented by different feature directions across image and text modalities, as illustrated in Figure 1.39

Accounting for this heterogeneity is crucial as it redefines our interpretation of the modality split.40

When corresponding image and text features have different directions in the joint embedding space,41

an SAE naturally assigns them to different latent coordinates to ensure precise reconstruction.42

Consequently, while forcing these latent activations to align across different modalities might mitigate43

the modality split, it risks degrading feature recovery by collapsing geometrically distinct directions44

into a single coordinate. This motivates our approach, which trains SAEs to preserve the unique45

feature geometry of each modality and then aligns the corresponding features post hoc.46

Our contributions are summarized below.47

• In Section 3, we characterize cross-modal feature heterogeneity, where the same concept can have48

different feature directions across modalities in the joint embedding space.49

• In Section 4, we show that this heterogeneity can explain modality split in multimodal SAEs and50

analyze how existing alignment approaches trade reconstruction quality for latent alignment.51

• In Section 5, we propose an approach that preserves the unique feature geometry of each modality52

and aligns corresponding latent coordinates post hoc without sacrificing reconstruction quality.53

• In Section 6, we evaluate our approach, showing that preserving reconstruction quality is important54

for improving performance on cross-modal tasks, including retrieval and concept steering.55

Due to space constraints, a detailed comparison with related work is provided in Appendix A.56

2 Preliminaries57

We formalize joint embeddings from VLMs as linear combinations of monosemantic features. We58

then introduce SAEs as a framework for recovering feature directions from these embeddings.59

Embeddings as linear combinations of features. Following the linear representation hypothesis [3,60

16, 39, 12], we assume that VLM embeddings x,y ∈ Rd are polysemantic, meaning that each61

embedding can be expressed as a linear combination of monosemantic features. A monosemantic62

feature is a direction in the joint embedding space that represents a semantically coherent concept.63

Formally, we assume the existence of a latent code z := (z1 · · · zn)⊤ ∈ Rn
+ and feature matrices64

Φ := (ϕ1 · · · ϕn) ∈ Rd×n for images and Ψ := (ψ1 · · · ψn) ∈ Rd×n for text. The column65

vectors ϕi,ψi ∈ Rd denote the feature direction vectors of the i-th latent concept for images and66

text, respectively, and we assume that they have unit norm.67

Under the linear representation hypothesis, an image embedding is written as x =
∑

i∈[n] ziϕi,68

where each activation value zi ∈ R+ indicates the strength of the corresponding feature, whereas69

zi = 0 indicates that it is inactive. When an image–text pair is considered, we assume that the two70
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embeddings share the same latent code z, while their feature directions may differ across modalities:71

x = Φz =
∑

i∈[n]ziϕi, y = Ψz =
∑

i∈[n]ziψi. (1)

Unlike prior work [25], we impose no constraint such as ϕi = ψi. Thus, we allow ϕi ̸= ψi,72

capturing the possibility that the same concept is encoded along different directions across modalities.73

We further assume that the coordinates of the latent code z are independent and sparse. Specifically,74

the sparse factor s is defined as the probability that each coordinate is inactive,75

Pr(zi = 0) = s, i ∈ [n], (2)

where s is close to 1. This implies that only a small number of features are active in each embedding.76

Sparse autoencoder. SAEs encode each embedding into a sparse latent code and decode this77

code to reconstruct the original embedding [23, 50, 18, 44, 55, 12]. Ideally, each active coordinate78

of the latent code represents the strength of a monosemantic feature in the embedding, while the79

corresponding decoder column provides its feature direction.80

Specifically, let W := [w1 · · ·wm] ∈ Rd×m denote the weight matrix of an SAE. For simplicity, we81

omit bias terms and use the same weight matrix for the encoder and decoder. The encoder produces82

an estimated latent code z̃ := (z̃1 · · · z̃m)⊤ ∈ Rm
+ . For image and text embeddings, we write83

z̃(x) := σ(W⊤x), z̃(y) := σ(W⊤y),

where σ denotes an activation function1 that induces sparsity. The decoder then produces84

x̃(x) := Wz̃(x) =
∑

j∈[m]z̃j(x) wj , ỹ(y) := Wz̃(y) =
∑

j∈[m]z̃j(y) wj . (3)

The SAE is trained to reconstruct each embedding using a reconstruction loss. For image embeddings,85

Lrec(W;Φ) := Ex∥x− x̃(x)∥22 = Ez

∥∥Φz−Wσ
(
W⊤Φz

)∥∥2
2
, (4)

and we use Lrec(W;Ψ) for text embeddings. After optimizing the SAE, the encoder extracts sparse86

latent codes, and the decoder columns provide estimates of monosemantic feature directions [12].87

Concept alignment across modalities in sparse autoencoders. When an SAE is trained on88

embeddings from both modalities, it is expected to recover monosemantic features within each89

modality and to align shared concepts by assigning corresponding image and text features to shared90

latent coordinates. However, each latent index j is tied to a single column wj of the decoder weight91

matrix in (3). Assigning corresponding features to the same coordinate implicitly assumes that they92

share a common direction in the joint embedding space. We first examine whether this assumption93

holds in learned joint embedding spaces.94

3 Cross-Modal Feature Heterogeneity in Joint Embedding Spaces95

We examine whether semantically corresponding features share a common direction across image96

and text modalities in the joint embedding space. When they do not, we refer to this directional97

mismatch as cross-modal feature heterogeneity, which we formally define below.98

Definition 1 (Cross-Modal Feature Heterogeneity). The i-th latent concept exhibits cross-modal99

feature heterogeneity if its image and text feature directions are not perfectly aligned, i.e., ϕi ̸= ψi.100

This definition separates semantic correspondence from directional identity in the joint embedding101

space. In other words, an image feature and a text feature may represent the same concept while oc-102

cupying different directions in the joint embedding space. We next examine whether such directional103

differences appear in joint embedding spaces learned by VLMs.104

1For theory, we use the Top-1 operator, whose behavior can be approximated by Top-K activations with bias terms. In
experiments, we use SAEs with Top-K activations for K > 1, bias terms, and separate encoder and decoder weights.

3



(a) CLIP [42] VIT-B/32 (b) MetaCLIP [8] B/32 (c) OpenCLIP [7] B/32 (d) SigLIP [51] Base

Figure 2: Distribution of cosine distances between image–text feature pairs estimated from embed-
dings of four VLMs. We group image–text feature pairs by their coactivation correlation ci,j in (5),
shown in different colors. The value ci,j measures how strongly the i-th image feature and the j-th
text feature coactivate on paired image–text embeddings, so pairs with larger correlations are more
likely to represent the same shared concept. Across all models, the distribution does not concentrate
near 0 but remains centered around a positive value, even for high-correlation pairs (c ∈ [0.8, 1.0),
shown in blue). This observation supports the presence of cross-modal feature heterogeneity.

Concept: baseball
Image latent:  =1789, Text latent:  =1654

Concept: policeman
Image latent:  =1933, Text latent:  =1673

Correlation (     )=0.67, Distance between features    and    =0.42 Correlation (     )=0.63, Distance between features    and    =0.50

Figure 3: Image examples with high coactivation correlation ci,j from the CLIP setting in Figure 2,
where i and j denote the image and text latent indices, respectively. The images reveal coherent
concepts such as baseball and policeman, but the features ϕ̂i and ψ̂j remain directionally separated.

Measuring differences in feature directions across modalities. Since the true feature directions105

are unobserved, we use decoder columns as their estimates, letting ϕ̂i and ψ̂j denote the i-th and106

j-th decoder columns of SAEs trained on image and text embeddings, respectively.107

The correspondences between image and text features are also unknown. We therefore use coactivation108

correlations on paired image and text embeddings as a proxy for semantic correspondence. Using the109

encoders of the SAEs trained on image and text embeddings, we compute latent codes z̃(x) and z̃(y)110

for paired embeddings (x,y) and form their correlation matrix over the training set:111

C := Corr
(
z̃(x), z̃(y)

)
∈ Rm×m, ci,j := [C]i,j . (5)

Each entry ci,j measures how strongly the i-th image latent and the j-th text latent coactivate on112

paired inputs. Larger values are treated as indicating more likely semantic correspondence. For each113

pair (i, j), we measure the cosine distance between the estimated feature directions ϕ̂i and ψ̂j .114

Figure 2 reports the distribution of cosine distances between estimated image and text feature direc-115

tions, grouped by coactivation correlation. The results are computed on MS-COCO [29] embeddings116

extracted from four VLMs, including CLIP [42], MetaCLIP [8], OpenCLIP [7], and SigLIP2 [51].117

Feature pairs with larger coactivation correlation tend to have smaller distances, but they do not118

concentrate near zero distance. This provides empirical support for cross-modal feature heterogeneity,119

where semantically corresponding image and text features need not share identical directions in the120

joint embedding space. See Appendix E.1 for experimental details.121

Figure 3 shows examples where matched image and text latents strongly coactivate and respond to the122

same concept, such as baseball or policeman. For example, the baseball concept activates the image123

latent (with index i = 1789) and the text latent (with index j = 1654), yielding a high coactivation124

correlation, ci,j = 0.67. But the cosine distance between the estimated features ϕ̂i and ψ̂j remains125

large at 0.42. These examples show that semantic correspondence need not imply directional identity.126

Appendix C discusses possible sources of this heterogeneity and relates it to the modality gap,127

showing that a nontrivial modality gap implies cross-modal feature heterogeneity.128

4 Analysis of Sparse Autoencoders under Cross-Modal Feature Heterogeneity129

We analyze whether an SAE can reconstruct image and text feature directions while assigning130

corresponding concepts across modalities to shared latent coordinates. These goals can conflict under131

cross-modal feature heterogeneity. Corollary 1 explains why reconstruction induces modality split,132
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Theorem 1 studies the limited capacity case, and Proposition 1 shows why existing alignment methods133

reduce modality split by sacrificing reconstruction quality. Proofs are provided in Appendix D.134

Why reconstruction induces modality split. We consider an SAE trained with the reconstruction135

loss (4) on both image and text embeddings. Since no alignment term is used, the objective only136

encourages accurate reconstruction.137

Corollary 1. Suppose an SAE has m ≥ 2n latent coordinates and is trained by minimizing138

Lrec(W;Φ) + Lrec(W;Ψ). As the sparse factor s in (2) approaches 1, for any permutation139

matrix P ∈ Rm×m, the weight matrix Ŵ := [Φ Ψ 0d×(m−2n)]P is a global minimizer, and140

Lrec(Ŵ; Φ) + Lrec(Ŵ; Ψ) = 0.141

Corollary 1 shows that reconstruction is minimized by assigning a separate column of the decoder142

weight matrix W to each feature direction. Thus, if the image feature ϕi and the text feature ψi143

represent the same concept but point in different directions, they are assigned to different columns,144

say ŵa and ŵb, and activate different latent coordinates, z̃a and z̃b. This explains why modality split145

can be reconstruction optimal rather than a failure of concept recovery. The SAE preserves both146

feature directions, but the corresponding image and text concepts appear at different latent indices.147

Why limited capacity collapses distinct features. Corollary 1 assumes enough latent coordinates148

to represent all feature directions separately, namely m ≥ 2n. In practice, the effective number of149

coordinates can be smaller due to dead neurons [50, 18, 32], i.e., z̃j(x) = 0 for all x. We therefore150

analyze the regime where the SAE has fewer latent coordinates than feature directions, m < 2n.151

Theorem 1. Suppose the SAE has m < 2n latent coordinates and is trained by minimizing152

Lrec(W;Φ) + Lrec(W;Ψ). Define Mi := E
[
z2i | zi ̸= 0

]
ϕiϕ

⊤
i ∈ Rd×d and Mn+i := E

[
z2i |153

zi ̸= 0
]
ψiψ

⊤
i ∈ Rd×d for i ∈ [n]. Let (A1, · · · ,Am) be a partition of [2n] that maximizes154 ∑

j∈[m] λmax

(∑
i∈Aj

Mi

)
, where λmax(·) denotes the largest eigenvalue of a matrix. As the sparse155

factor s in (2) approaches 1, a global minimizer Ŵ := [Ŵ1 · · · Ŵm] is obtained by taking Ŵj to be156

a top eigenvector with unit norm of
∑

i∈Aj
Mi for each j ∈ [m], and Lrec(Ŵ; Φ) +Lrec(Ŵ; Ψ) =157

sn−1(1− s)
(
2
∑

i∈[n] E
[
z2i | zi ̸= 0

]
−
∑

j∈[m] λmax

(∑
i∈Aj

Mi

))
+ o(1− s).158

Theorem 1 shows that when an SAE lacks enough effective coordinates, it must reuse columns of the159

decoder weight matrix W to represent multiple feature directions. In this case, feature directions are160

grouped by their geometry in the embedding space rather than by semantic correspondence. Hence,161

close but distinct directions may share a column, even when they correspond to different concepts.162

Under this limited capacity regime, when ϕi and ψi are close but not identical, the two feature163

directions may be grouped together and represented by a single column. This can reduce modality164

split by assigning them to a shared coordinate. However, it comes at the cost of worse reconstruction165

and poorer feature recovery, because a single column must approximate two distinct directions.166

Why alignment during training sacrifices reconstruction. The previous results show that re-167

construction favors separate columns, while alignment favors shared coordinates. We examine this168

tension in existing methods that add auxiliary alignment losses during training [14, 25].169

For clarity, we state a simplified result. In this result, λ⋆(ρ) and λ†(ρ) are critical alignment strengths170

at which the global minimizer changes. Their exact definitions, along with complete statements for171

the group-sparse loss [25] and the Iso-Energy alignment loss [14], are given in Propositions 3 and 4.172

Proposition 1. Consider n = 1 and define ρ := ϕ⊤ψ ∈ (0, 1). Suppose the SAE has m = 2173

latent coordinates, and each column of W has unit norm. For the group-sparse loss [25], where174

λ is the weight of the auxiliary alignment term, a global minimizer is [ϕ ψ] when λ ∈
[
0, λ⋆(ρ)

)
,175 [

ϕ+ψ
∥ϕ+ψ∥ 0d

]
when λ ∈

(
λ⋆(ρ), λ†(ρ)

)
, and satisfies σ(W⊤ϕ) = σ(W⊤ψ) = 0 when λ ∈176 (

λ†(ρ),∞
)
. The reconstruction losses for each λ regime are 0, (1−ρ)E[z2], and 2E[z2], respectively.177

Proposition 1 illustrates the trade-off between reconstruction and alignment. Small λ keeps two178

separate columns, [ϕ ψ], yielding zero reconstruction loss but preserving modality split. Larger179

λ collapses the two directions into a single shared column of the decoder weight matrix, ϕ+ψ
∥ϕ+ψ∥ ,180
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1. Train SAEs 2. Estimate
Latent Codes 3. Compute

Correlations 4. Match
Coordinates 5. Permute SAE

Figure 4: Overview of our approach. We first train modality-specific SAEs to reconstruct image and
text embeddings, obtaining latent codes z̃(x) and z̃(y). We then compute their correlation matrix
C in (5) over paired training data and apply the Hungarian algorithm to obtain the assignment P̂
in (6). Finally, we reindex the text latent coordinates using P̂, aligning corresponding image and text
features to shared latent indices without altering the learned feature directions.

improving alignment but incurring nonzero reconstruction loss. For the group-sparse loss, an even181

larger λ leads to a degenerate solution where both features become inactive.182

5 Modality-Specific Sparse Autoencoders and Post-Hoc Alignment183

Motivated by the analysis in Section 4, we propose a two-stage method. First, we train separate SAEs184

for image and text embeddings to preserve modality-specific feature directions. Then, we align their185

latent coordinates using activation correlations. Figure 4 provides an overview of this procedure.186

Modality-specific sparse autoencoders. We train separate SAEs for image and text embeddings,187

with weight matrices V and W, respectively, using the reconstruction loss in (4). We minimize188

Lrec(V;Φ) and Lrec(W;Ψ) separately, without any cross-modal alignment constraint. This prevents189

image and text feature directions from competing for the same columns of the weight matrix, allowing190

each modality to preserve its own directions before cross-modal correspondences are identified.191

Post-hoc alignment. Because the latent coordinates of the two SAEs are not naturally aligned, we192

use the correlation matrix C in (5) to identify corresponding image and text latents. Specifically, we193

find a permutation matrix P̂ that maximizes the total correlation between aligned coordinates,194

P̂ ∈ argmax
P∈Pm

tr(CP), (6)

where Pm denotes the set of all m × m permutation matrices. The trace sums the correlations195

of image and text coordinates matched by P. We compute this assignment using the Hungarian196

algorithm [26]2. We then apply the permutation only to the SAE for the text modality as197

z̃(y;W) := σ
(
P̂⊤W⊤y

)
, ỹ(y;W) := WP̂z̃(y;W). (7)

This alignment simply permutes the learned features of the text modality without changing their direc-198

tions. Consequently, it preserves the feature geometry of each modality while assigning corresponding199

features from the image and text modalities to the same coordinates in the latent codes.200

Inference. Embeddings are encoded into latent codes using modality-specific SAEs, and the201

permutation is applied to align their indices as in (7). This alignment enables cross-modal tasks such202

as retrieval in the aligned latent space, while encoding and decoding remain modality-specific.203

6 Experiments204

This section validates the theoretical findings in Section 4 and evaluates the approach proposed in205

Section 5. Section 6.1 uses synthetic embeddings where ground-truth feature directions and cross-206

modal correspondences are known, allowing us to directly test the theoretical predictions. Section 6.2207

evaluates our method on real-world datasets to assess its effectiveness on cross-modal tasks.208

The codes used in our experiments are available in the anonymous repository.209

2Dead latent coordinates are excluded in practice. Thus, (6) is applied to the corresponding submatrix of C.
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(a) Feature collapse rate (↓) (b) Reconstruction error (↓) (c) Feature recovery error (↓)

Figure 5: Comparison between a shared SAE trained on both modalities (green) and modality-specific
SAEs trained separately for each modality (orange) as the cross-modal feature distance varies. Each
point corresponds to SAEs trained on synthetic embeddings sampled from ground-truth feature
matrices Φ and Ψ, where the x-axis shows the cosine distance between corresponding image and text
feature directions. When corresponding directions are distinct but geometrically close, the shared
SAE tends to collapse them into a single learned direction, leading to higher reconstruction and
feature recovery errors. In contrast, modality-specific SAEs avoid this collapse and better preserve
feature directions under cross-modal feature heterogeneity, which corresponds to nonzero distance.

(a) Feature recovery error (↓) (b) Alignment error (↓) (c) Feature alignment error (↓)

Figure 6: Comparison between Post-hoc Alignment method (orange) and two auxiliary-loss baselines:
Iso-Energy alignment [14] (teal) and group-sparse loss [25] (blue). The coefficient of auxiliary-loss
λ is shown as a multiplier of the default value in the original papers. For reference, we also include
the shared SAE (green) and modality-specific SAEs (yellow), neither of which depend on λ. Our
method achieves both lower feature recovery error and lower alignment error than the baselines.

6.1 Validation on Synthetic Embeddings210

We validate two key design choices of the method proposed in Section 5. First, we test whether211

training modality-specific SAEs better preserves image and text feature directions than training a212

shared SAE. Second, we test whether post-hoc alignment can align corresponding latent coordinates213

without sacrificing feature recovery. These design choices are motivated by the analysis in Section 4.214

Setup. To test the first choice, we compare a shared SAE, which uses one weight matrix for both215

modalities, with modality-specific SAEs, which use separate weight matrices for image and text216

embeddings. For a fair comparison, we match the total number of trainable parameters by using217

m/2 latent coordinates for each modality-specific SAE when the shared SAE uses m. Thus, any218

performance difference reflects how capacity is distributed across modalities, rather than model size.219

To test the second choice, we compare our post-hoc alignment method with two auxiliary-loss220

baselines [14, 25]. We report the average over three independent runs. Details on synthetic embedding221

generation and training setup are provided in Appendix E.2.222

Metrics. We evaluate each method along three axes: Reconstruction Error and Feature Recovery223

Error for reconstruction quality; Alignment Error and Feature Alignment Error for cross-modal224

alignment; and Feature Collapse Rate for whether same-concept features across modalities are225

collapsed into a single learned direction. See Appendix E.3 for formal definitions.226

Modality-specific sparse autoencoders better preserve feature directions under heterogeneity.227

Figure 5 reports the results obtained by varying the cosine distance between corresponding cross-228

modal features ϕi and ψi. As shown in Figure 5a, the shared SAE exhibits feature collapse when229

image and text feature directions are geometrically close but not identical. Modality-specific SAEs230

avoid this collapse because each modality has its own SAE. Figures 5b and 5c show that this collapse231

leads to larger reconstruction and feature recovery errors. This is consistent with the analysis in232

Section 4, where representing different feature directions with a single decoder column increases233
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Table 1: Reconstruction and alignment quality of various methods. Reconstruction quality is measured
by mean squared error between the input embedding and its reconstruction. Cross-modal alignment
is evaluated by Recall@k for k ∈ {1, 5, 10} on image-to-text and text-to-image retrieval tasks on
MS-COCO [29], and by top-1 zero-shot classification accuracy on ImageNet1K [13]. The best and
second-best results for each metric are shown in bold and underlined, respectively.

MS-COCO [29] ImageNet1K [13]

Recon. (↓) Image-to-Text (↑) Text-to-Image (↑) Recon. (↓) Zero-shot (↑)

Methods MSE Recall@1 Recall@5 Recall@10 Recall@1 Recall@5 Recall@10 MSE Accuracy

Shared SAE 0.090 6.1 (±0.3) 13.3 (±0.8) 17.8 (±0.8) 3.4 (±0.2) 9.5 (±0.5) 14.0 (±0.8) 0.118 15.7 (±1.3)

+ Iso-Energy alignment loss 0.091 4.7 (±1.9) 10.6 (±3.4) 14.6 (±4.4) 2.7 (±0.7) 7.4 (±2.1) 10.8 (±3.0) 0.118 13.0 (±2.3)

+ Group-sparse loss 0.105 7.1 (±0.1) 16.7 (±0.4) 23.8 (±0.3) 4.3 (±0.1) 12.2 (±0.1) 18.3 (±0.2) 0.134 26.6 (±0.3)

Modality-Specific SAEs 0.089 0.0 (±0.0) 0.1 (±0.1) 0.2 (±0.1) 0.0 (±0.0) 0.1 (±0.0) 0.1 (±0.1) 0.116 0.1 (±0.0)

+ Post-hoc Alignment (Ours) 0.089 16.0 (±0.5) 34.1 (±1.4) 44.5 (±1.6) 11.4 (±0.4) 27.2 (±1.2) 37.0 (±1.3) 0.116 25.1 (±0.3)

reconstruction loss. At zero cosine distance, the image and text feature directions coincide, so there is234

no cross-modal feature heterogeneity. The shared SAE can therefore represent the same concept with235

a single direction, which explains its lower reconstruction and feature recovery errors in this idealized236

case. Overall, these results show that modality-specific SAEs better preserve feature directions237

when semantically corresponding features differ across modalities, leading to better feature recovery.238

Appendix F.2 further shows that this phenomenon also appears in SAEs trained on VLM embeddings.239

Post-hoc alignment improves alignment without sacrificing feature recovery. Figure 6 reports240

the results obtained by varying the auxiliary-loss strength λ. We fix the cosine distance between241

corresponding cross-modal features at 0.5 to reflect the level of cross-modal feature heterogeneity242

observed in Figure 2. For the Iso-Energy alignment loss [14], increasing λ improves cross-modal243

alignment but degrades feature recovery, consistent with the reconstruction-alignment trade-off244

shown in Proposition 4. For the group-sparse loss [25], increasing λ eventually pushes the SAE245

into a degenerate regime where both feature recovery and alignment deteriorate, consistent with246

Proposition 3. In contrast, our post-hoc approach preserves the feature recovery achieved by modality-247

specific SAEs before alignment, while achieving better alignment than the auxiliary-loss baselines.248

These results support decoupling cross-modal alignment from the reconstruction objective.249

6.2 Evaluation on Real-World Data250

We evaluate our method on real-world image-text embeddings extracted from a pre-trained VLM. We251

assess whether latent codes support cross-modal tasks and preserve semantically coherent activations.252

In particular, following prior work [25], we evaluate whether estimated latent codes z̃ in (5) provide253

useful representations for cross-modal retrieval, concept steering, and monosemanticity evaluation.254

Experimental protocol. We use CC-3M [48] as a paired image-text dataset. From this dataset, we255

extract image and text embeddings using the CLIP model [42] with the ViT-B/32 architecture, and256

train SAEs on the resulting paired embeddings. We compare the method proposed in Section 5 with257

two auxiliary-loss baselines [14, 25]. To ensure a fair comparison between modality-specific and258

shared SAE approaches, all methods use the same total number of SAE parameters. We follow prior259

training protocols [38] and report averages over three runs. Details are provided in Appendix E.4.260

Our method improves cross-modal performance while preserving reconstruction. We evaluate261

reconstruction quality and performance across two cross-modal tasks. Reconstruction quality is262

measured by the mean squared error between input embeddings and their reconstructions. For263

cross-modal retrieval on MS-COCO, we rank image and text latent codes by cosine similarity and264

report Recall@k. For zero-shot image classification on ImageNet1K [13], we report top-1 accuracy.265

Table 1 reports the results for all methods. Our method achieves the lowest reconstruction error266

and the strongest cross-modal retrieval performance, while remaining competitive on zero-shot267

classification. In cross-modal retrieval, our method outperforms the strongest baseline by 8.9 points268

in image-to-text Recall@1 (16.0 vs. 7.1) and by 7.1 points in text-to-image Recall@1 (11.4 vs. 4.3).269

These results show that post-hoc alignment improves cross-modal performance without sacrificing270

the reconstruction quality of modality-specific SAEs. Additional results across a broader range of271

VLM sizes and families are provided in Appendix F.272
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Source Steering

(“elephant”) Top-5 Retrieved Images

Figure 7: Image retrieval under concept latent steering on MS-COCO. We steer source image em-
beddings using target feature directions identified through aligned latent coordinates. Retrieval
performance is measured by mean average precision (mAP) and mean reciprocal rank (MRR) over
retrieved images containing the target concept. Qualitative examples show source images and their
top retrieved images after steering. Our method steers images toward target concepts more effectively.

Our method enables more effective cross-modal concept steering. We next evaluate whether the273

aligned latent coordinates support controllable steering of object concepts. We treat each of the 80274

object categories in COCO as a target concept. For each target concept, we compute the mean activation275

of each text latent coordinate on captions that mention the concept and on randomly sampled captions276

that do not. We then select the text latent coordinate with the largest difference between the two mean277

activations, which identifies the coordinate most associated with the target concept. Using the aligned278

image coordinate, we use the corresponding decoder column in the image SAE as the steering vector.279

For each target concept, we select 100 source images from the test set that do not contain the target280

category. We add the steering vector to each source image embedding, producing a steered embedding281

intended to move it toward the target concept. We then rank all test image embeddings by cosine282

similarity to each steered embedding and retrieve the nearest images. Successful steering should283

retrieve images that contain the target concept, even though the source images do not.284

Figure 7 reports the retrieval performance and qualitative examples of concept steering. Our method285

achieves the highest mean average precision and mean reciprocal rank over retrieved test images that286

contain the target concept. The qualitative examples further show that our method retrieves target-287

concept images more consistently. These results indicate that post-hoc latent coordinate alignment288

enables more reliable control than enforcing alignment through an auxiliary loss during training.289

Image Text

Figure 8: Monosemanticity scores for coordi-
nates sorted in descending order, shown sepa-
rately for image and text modalities.

Our method preserves more semantically coher-290

ent latents. We examine whether the learned latent291

codes are activated by semantically coherent inputs.292

We use the monosemanticity score [37] on the val-293

idation set of CC-3M. This score measures whether294

inputs that activate the same latent are close to one295

another in an external embedding space. We use the296

MetaCLIP model [8] as the external encoder. Larger297

values indicate that the latent responds to a more semantically coherent concept.298

Figure 8 reports monosemanticity scores for each latent coordinate, sorted in descending order. Our299

method maintains higher scores across more latent coordinates in both modalities. This indicates that300

preserving modality-specific feature directions gives more semantically coherent latents.301

7 Conclusion302

We studied how features are organized across modalities in joint embedding spaces of vision–language303

models. We characterized cross-modal feature heterogeneity, where the same semantic concept can304

have different feature directions across image and text modalities. We showed that this heterogeneity305

can give rise to modality split in SAEs, and that existing auxiliary-loss approaches trade reconstruction306

quality for latent alignment. Motivated by this limitation, we proposed a simple approach that trains307

modality-specific SAEs and aligns their latent codes through coactivation. In experiments, our method308

preserves reconstruction quality and improves cross-modal alignment. Overall, effective alignment in309

joint embedding spaces should preserve each modality’s feature geometry.310

Due to space constraints, a discussion of limitations and future directions is provided in Appendix B.311
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A Related Work482

Mechanistic interpretability and linear representation hypothesis. Mechanistic interpretability483

aims to reverse-engineer neural networks, often by interpreting their learned representations as484

human-understandable mechanisms [10, 15, 52, 9]. A key assumption underlying this line of work is485

the linear representation hypothesis [16, 39], which posits that each semantically coherent concept486

is encoded as a unique direction in representation space, and that embeddings can be expressed as487

linear combinations of such directions. This hypothesis is supported by diverse empirical evidence488

from linear probing [1, 22] and steering interventions [27, 2, 45]. Recent work has begun extending489

this hypothesis to multimodal representations [40, 4, 31], opening avenues for understanding feature490

structure across different modalities.491

Sparse autoencoders for interpreting representations. SAEs have shown great promise for492

extracting monosemantic features from embeddings of language models [23, 50, 18, 34, 21]. Building493

on these advances, SAEs have been further applied to VLMs [44, 55, 37], especially joint embedding494

models trained with contrastive objectives [42]. Recent work has further examined how these features495

align or separate across modalities [11, 55, 56, 38, 37], motivating an analysis of their underlying496

structural properties in joint embedding spaces.497

Joint representations of vision-language models. A prominent phenomenon in joint VLM rep-498

resentations is the modality gap, where image and text embeddings occupy disjoint regions of the499

shared space [28]. Prior work has analyzed this gap from multiple geometric, distributional, and500

optimization-level perspectives [28, 57, 47]. One line of work argues that the modality gap partly501

reflects modality-specific features in multimodal representations, rather than merely a failure of502

alignment [24, 43, 41]. Another line focuses on cross-modal misalignment of shared features and503

studies how reducing such mismatch improves downstream task performance [17, 53, 20, 35].504

Recent SAE-based analyses further reveal modality split [38], where the same concept activates505

different latent codes across modalities. Existing remedies force shared latent activations [25, 14],506

implicitly assuming feature directions are aligned (i.e., ϕi = ψi) and overlooking directional507

misalignment. When shared concepts are encoded along distinct directions, forcing a single shared508

SAE inevitably degrades reconstruction. We instead preserve modality-specific directions by using509

modality-specific SAEs and align the corresponding features post hoc.510

B Limitations and Future Work511

Our analysis relies on the linear representation hypothesis and simplified generative assumptions,512

which may not fully capture the complexity of real-world VLM embeddings. While our post-hoc513

alignment improves empirical performance, it assumes that feature correspondence can be inferred514

from coactivation statistics, which may become less accurate in noisy or weakly aligned settings.515

Future work includes extending the analysis beyond the linear representation hypothesis and studying516

alignment under more complex forms of heterogeneity. While our current experiments focus on517

CLIP-like contrastive VLMs, another important direction is to evaluate whether the proposed method518

remains effective for representations extracted from broader VLM architectures, including LLM-based519

autoregressive VLMs such as LLaVA. Applying these ideas to larger-scale VLMs and downstream520

tasks may further clarify the role of feature-level alignment in multimodal systems. Moreover,521

post-hoc alignment could be used as an initialization for subsequent fine-tuning.522
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C Additional Discussion on Cross-Modal Feature Heterogeneity523

A possible source of cross-modal feature heterogeneity. We next discuss why cross-modal feature524

directions may be unevenly aligned in VLMs trained with objectives such as contrastive learning.525

Such objectives encourage cross-modal similarity for paired samples, typically by increasing E[x⊤y].526

As the sparsity level s → 1, we have527

E
[
x⊤y

]
= tr

(
Φ⊤Ψ E[zz⊤]

)
= sn−1(1− s)

∑
i∈[n]ϕ

⊤
i ψi · E

[
z2i
∣∣zi ̸= 0

]
+ o(1− s).

This expression suggests that each feature pair contributes to positive similarity in proportion to the528

second moment of its latent coordinate. Consequently, under finite data or finite model capacity,529

frequently activated features may receive stronger alignment pressure, whereas rarer features may530

remain less aligned. This provides one possible source of cross-modal feature heterogeneity.531

Relation to modality gap. The following proposition shows that cross-modal feature heterogeneity532

is unavoidable whenever the embedding pair exhibits a nontrivial modality gap.533

Proposition 2. If there exists a modality gap between an embedding pair, i.e., E[cos(x,y)] < 1, then534

there exists at least one latent concept that exhibits cross-modal feature heterogeneity.535

Proof. For contradiction, assume that there is no cross-modal feature heterogeneity. Then ϕi = ψi536

for all i ∈ [n], which implies Φ = Ψ. Hence, the embeddings satisfy x = Φz = Ψz = y almost537

surely. This gives cos(x,y) = 1 almost surely, contradicting the condition that E[cos(x,y)] < 1.538

Therefore, there must exist at least one i ∈ [n] such that ϕi ̸= ψi.539

This result formalizes that a modality gap at the embedding must be reflected by at least one directional540

mismatch between corresponding image and text features under the linear representation hypothesis.541

The main question studied in this paper is how such heterogeneity affects multimodal SAEs.542

D Proofs of Theoretical Results543

We begin by clarifying notation. We use [n] := {1, 2, · · · , n}. Let 0d and 0m×n denote the zero544

vector in Rd and the m× n zero matrix, respectively. For a matrix Z, [Z][:,i] denotes its i-th column.545

Theorem 1. Suppose the SAE has m < 2n latent coordinates and is trained by minimizing546

Lrec(W;Φ) + Lrec(W;Ψ). Define Mi := E
[
z2i | zi ̸= 0

]
ϕiϕ

⊤
i ∈ Rd×d and Mn+i := E

[
z2i |547

zi ̸= 0
]
ψiψ

⊤
i ∈ Rd×d for i ∈ [n]. Let (A1, · · · ,Am) be a partition of [2n] that maximizes548 ∑

j∈[m] λmax

(∑
i∈Aj

Mi

)
, where λmax(·) denotes the largest eigenvalue of a matrix. As the sparse549

factor s in (2) approaches 1, a global minimizer Ŵ := [Ŵ1 · · · Ŵm] is obtained by taking Ŵj to be550

a top eigenvector with unit norm of
∑

i∈Aj
Mi for each j ∈ [m], and Lrec(Ŵ; Φ) +Lrec(Ŵ; Ψ) =551

sn−1(1− s)
(
2
∑

i∈[n] E
[
z2i | zi ̸= 0

]
−
∑

j∈[m] λmax

(∑
i∈Aj

Mi

))
+ o(1− s).552

Proof. Let θi := ϕi and θn+i := ψi for i ∈ [n], and µ′
i := E[z2i | zi ̸= 0] > 0, with µ′

n+i := µ′
i. By553

the same expansion as in (9), in the sparsity regime s → 1,554

Lrec(W; Φ) + Lrec(W; Ψ) = sn−1(1− s)
∑

i∈[2n]

µ′
i ∥θi −Wσ(W⊤θi)∥22 + o(1− s). (8)

For each i ∈ [2n], let Ŵi ∈ argmaxW∈{Wj}j∈[m]
W⊤θi. Then555 ∑

i∈[2n]

µ′
i ∥θi −Wσ(W⊤θi)∥22 =

∑
i∈[2n]

µ′
i ∥θi − ŴiŴ

⊤
i θi∥22 =

∑
i∈[2n]

µ′
i

(
1− (θ⊤i Ŵi)

2
)
.

Since
∑

i∈[2n] µ
′
i is a constant, minimizing Lrec(W; Φ,Ψ) is equivalent to maximizing556

J (W) :=
∑

i∈[2n]

µ′
i(θ

⊤
i Ŵi)

2 =
∑

i∈[2n]

Ŵ⊤
i Mi Ŵi.
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For each j ∈ [m], define Aj := {i ∈ [2n] : Ŵi = Wj}. Then (A1, · · · ,Am) is a partition of [2n],557

and558

J (W) =
∑
j∈[m]

W⊤
j

∑
i∈Aj

Mi

Wj .

For a fixed partition, the objective decouples over j, and for each j ∈ [m],559

max
∥Wj∥2=1

W⊤
j

∑
i∈Aj

Mi

Wj = λmax

∑
i∈Aj

Mi

 ,

attained by the top eigenvector. Since every choice of (W1, . . . ,Wm) induces a partition of [2n],560

the global minimization of the loss is equivalent to maximizing
∑

j∈[m] λmax

(∑
i∈Aj

Mi

)
over all561

partitions of [2n] into m subsets. For the maximizing partition (A1, · · · ,Am), taking Ŵj to be a562

unit-norm top eigenvector of
∑

i∈Aj
Mi yields a global minimizer Ŵ. Substituting back into (8),563

together with
∑

i∈[2n] µ
′
i = 2

∑
i∈[n] µ

′
i, gives the stated reconstruction error:564

Lrec(Ŵ; Φ) + Lrec(Ŵ; Ψ) = sn−1(1− s)

(
2
∑
i∈[n]

µ′
i −

∑
j∈[m]

λmax

(∑
i∈Aj

Mi

))
+ o(1− s).

565

Corollary 1. Suppose an SAE has m ≥ 2n latent coordinates and is trained by minimizing566

Lrec(W;Φ) + Lrec(W;Ψ). As the sparse factor s in (2) approaches 1, for any permutation567

matrix P ∈ Rm×m, the weight matrix Ŵ := [Φ Ψ 0d×(m−2n)]P is a global minimizer, and568

Lrec(Ŵ; Φ) + Lrec(Ŵ; Ψ) = 0.569

Proof. Although Theorem 1 is stated for the regime m < 2n, the same argument extends beyond570

this restriction. When m ≥ 2n, it gives the present corollary. We give a direct proof to make the571

construction explicit.572

For z ∈ Rn
+, define the event Sk(z) := {#{i ∈ [n] : zi = 0} = k} for k ∈ {0} ∪ [n], which denotes573

that exactly k entries of z are zero. From (2), Pr(Sk(z)) =
(
n
k

)
sk(1− s)n−k. In the sparsity regime574

s → 1, the loss admits the expansion575

Lrec(W; Φ) = sn−1(1− s)
∑
i∈[n]

µ′
i ∥ϕi −Wσ(W⊤ϕi)∥22 + o(1− s),

where µ′
i := E[z2i | zi ̸= 0] > 0 for i ∈ [n]. An analogous expansion holds for Lrec(W; Ψ). Adding576

the two and defining θi := ϕi, θn+i := ψi for i ∈ [n], with µ′
n+i := µ′

i, we obtain577

Lrec(W; Φ,Ψ) = sn−1(1− s)
∑

i∈[2n]

µ′
i ∥θi −Wσ(W⊤θi)∥22 + o(1− s). (9)

Since sn−1(1−s) > 0 and µ′
i > 0, minimizing Lrec(W; Φ,Ψ) in the regime s → 1 is asymptotically578

equivalent to enforcing579

θi = Wσ(W⊤θi) for all i ∈ [2n]. (10)

For any permutation matrix P ∈ Rm×m, substituting W = [Φ Ψ 0d×(m−2n)]P into (10) gives,580

for all i ∈ [2n],581

[Φ Ψ 0d×(m−2n)]Pσ
(
P⊤[Φ Ψ 0d×(m−2n)]

⊤θi
)
= [Φ Ψ]σ

(
[Φ Ψ]⊤θi

)
= θi,

which shows that Ŵ is a global minimizer with Lrec(Ŵ; Φ,Ψ) = 0.582
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Proposition 3 (Complete statement of Proposition 1). Consider the case n = 1, where the feature583

directions ϕ,ψ ∈ Rd satisfy ρ := ϕ⊤ψ ∈ (0, 1). Suppose the SAE has m ≥ 2 latent coordinates,584

and each column of W has unit norm. Consider the loss [25]585

Lrec(W;ϕ) + Lrec(W;ψ) + λEz

[∑
j∈[m]

√[
σ
(
W⊤ϕ z

)]2
j
+
[
σ
(
W⊤ψ z

)]2
j

]
.

Define λ† :=
E[z2]
E[z] , λ⋆(ρ) := (1−ρ)λ†

2−
√
1+ρ

, and λ‡(ρ) :=
√
1 + ρ λ†.586

Up to any permutation matrix P, a global minimizer Ŵ of the loss is:587

• If λ < λ⋆(ρ), then Ŵ = [ϕ ψ 0d×(m−2)]P, where Lrec(Ŵ;ϕ) = Lrec(Ŵ;ψ) = 0.588

• If λ ∈
(
λ⋆(ρ), λ‡(ρ)

)
, then Ŵ =

[
ϕ+ψ

∥ϕ+ψ∥ 0d×(m−1)

]
P, where Lrec(Ŵ;ϕ) = Lrec(Ŵ;ψ) =589

1−ρ
2 E[z2].590

• If λ > λ‡(ρ), then Ŵ satisfies σ(W⊤ϕ) = σ(W⊤ψ) = 0, where Lrec(Ŵ;ϕ) = Lrec(Ŵ;ψ) =591

E[z2].592

Proof. Since z ≥ 0, we have σ(W⊤ϕz) = z σ(W⊤ϕ) and σ(W⊤ψz) = z σ(W⊤ψ). Hence593

Lrec(W;ϕ) + Lrec(W;ψ) = E[z2]
(
∥ϕ−Wσ(W⊤ϕ)∥2 + ∥ψ −Wσ(W⊤ψ)∥2

)
,

Ez

[ ∑
j∈[m]

√
[σ(W⊤ϕz)]2j + [σ(W⊤ψz)]2j

]
= E[z]

∑
j∈[m]

√
[σ(W⊤ϕ)]2j + [σ(W⊤ψ)]2j .

Setting u := σ(W⊤ϕ), v := σ(W⊤ψ), and λ̃ := λE[z]/E[z2], dividing through by E[z2] reduces594

the problem to minimizing595

J (W) := ∥ϕ−Wu∥2 + ∥ψ −Wv∥2 + λ̃
∑
j∈[m]

√
[u]2j + [v]2j .

If ϕ and ψ activate different columns ja ̸= jb, setting [W][:,ja] = ϕ and [W][:,jb] = ψ gives zero596

reconstruction error and group penalty 2; hence597

Lsep := J (W) = 2λ̃.

If instead both activate the same unit column w, writing a := w⊤ϕ ≥ 0 and b := w⊤ψ ≥ 0,598

J ([w]) = 2− (a2 + b2) + λ̃
√
a2 + b2.

With M := ϕϕ⊤ +ψψ⊤, we have a2 + b2 = w⊤Mw. Under ρ ∈ (0, 1) the top eigenvector of M599

is600

ŵ :=
ϕ+ψ

∥ϕ+ψ∥
, a = b =

√
1+ρ
2 ,

with eigenvalue 1 + ρ. By the Rayleigh quotient, the feasible range of a2 + b2 over unit w satisfies601

a2 + b2 ≤ 1 + ρ, with equality at ŵ. Since J ([w]) depends on w through r :=
√
a2 + b2, define602

f(r) := 2− r2 + λ̃r, r ∈ [0,
√
1 + ρ].

Since f is concave in r, its minimum over [0,
√
1 + ρ] is attained at an endpoint. Evaluating at r = 0603

and r =
√
1 + ρ gives604

f(0) = 2, f(
√

1 + ρ) = (1− ρ) + λ̃
√
1 + ρ.

Thus605

Lsh := min
w

J ([w]) = min
{
2, (1− ρ) + λ̃

√
1 + ρ

}
.
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Finally, consider the inactive solution where σ(W⊤ϕ) = 0 and σ(W⊤ψ) = 0. In this case,606

Ldead := J (W) = ∥ϕ∥2 + ∥ψ∥2 = 2.

We now compare the three values:607

Lsep = 2λ̃, Lsh = min
{
2, (1− ρ) + λ̃

√
1 + ρ

}
, Ldead = 2.

If λ̃ < 1−ρ
2−

√
1+ρ

, then 2λ̃ < (1− ρ) + λ̃
√
1 + ρ and 2λ̃ < 2; hence Lsep < Lsh and Lsep < Ldead.608

If 1−ρ
2−

√
1+ρ

< λ̃ <
√
1 + ρ, then (1 − ρ) + λ̃

√
1 + ρ < 2λ̃ and (1 − ρ) + λ̃

√
1 + ρ < 2; hence609

Lsh < Lsep and Lsh < Ldead. If λ̃ >
√
1 + ρ, then 2 < 2λ̃ and 2 < (1 − ρ) + λ̃

√
1 + ρ; hence610

Ldead < Lsep and Ldead < Lsh.611

Substituting λ̃ = λE[z]/E[z2] yields the result. When the shared solution is optimal, the reconstruc-612

tion errors are613

Lrec(Ŵ;ϕ) = E[z2](1− a2) = 1−ρ
2 E[z2], Lrec(Ŵ;ψ) = E[z2](1− b2) = 1−ρ

2 E[z2],

and when the inactive solution is optimal,614

Lrec(Ŵ;ϕ) = Lrec(Ŵ;ψ) = E[z2].

615

Proposition 4. Consider the case n = 1, where the feature directions ϕ,ψ ∈ Rd satisfy ρ :=616

ϕ⊤ψ ∈ (0, 1). Suppose the SAE has m ≥ 2 latent coordinates, and each column of W has unit617

norm. Consider the loss [14]618

Lrec(W;ϕ) + Lrec(W;ψ)− λEz

[
σ
(
W⊤ϕ z

)⊤
σ
(
W⊤ψ z

)]
.

Define λ⋆(ρ) := 2(1−ρ)
1+ρ .619

Up to any permutation matrix P, a global minimizer Ŵ of the loss is:620

• If λ < λ⋆(ρ), then Ŵ = [ϕ ψ 0d×(m−2)]P, where Lrec(Ŵ;ϕ) = Lrec(Ŵ;ψ) = 0.621

• If λ > λ⋆(ρ), then Ŵ =
[
ϕ+ψ

∥ϕ+ψ∥ 0d×(m−1)

]
P, where Lrec(Ŵ;ϕ) = Lrec(Ŵ;ψ) = 1−ρ

2 E[z2].622

Proof. Since z ≥ 0, we have σ(W⊤ϕz) = z σ(W⊤ϕ) and σ(W⊤ψz) = z σ(W⊤ψ). Hence623

Lrec(W;ϕ) + Lrec(W;ψ) = E[z2]
(
∥ϕ−Wσ(W⊤ϕ)∥2 + ∥ψ −Wσ(W⊤ψ)∥2

)
,

Ez

[
σ(W⊤ϕz)⊤σ(W⊤ψz)

]
= E[z2]σ(W⊤ϕ)⊤σ(W⊤ψ).

Setting u := σ(W⊤ϕ) and v := σ(W⊤ψ), the loss factors as E[z2]J (W), where624

J (W) := ∥ϕ−Wu∥2 + ∥ψ −Wv∥2 − λu⊤v.

If ϕ and ψ activate different columns ja ̸= jb, setting [W][:,ja] = ϕ and [W][:,jb] = ψ gives zero625

reconstruction error and u⊤v = 0; hence626

Lsep := J (W) = 0.

If instead both activate the same unit column w, writing a := w⊤ϕ ≥ 0 and b := w⊤ψ ≥ 0,627

J ([w]) = 2− a2 − b2 − λ ab = 2−w⊤Mλw,

where Mλ := ϕϕ⊤ +ψψ⊤ + λ
2 (ϕψ

⊤ +ψϕ⊤). Under ρ ∈ (0, 1) and λ ≥ 0, the top eigenvector is628

ŵ :=
ϕ+ψ

∥ϕ+ψ∥
, a = b =

√
1+ρ
2 .
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By the Rayleigh quotient, w⊤Mλw ≤ (1 + ρ)(1 + λ
2 ) for unit w, with equality at ŵ. Therefore629

Lsh := min
w

J ([w]) = 2− (1 + ρ)(1 + λ
2 ) = (1− ρ)− λ 1+ρ

2 .

Finally, consider the inactive solution where σ(W⊤ϕ) = 0 and σ(W⊤ψ) = 0. In this case,630

Ldead := J (W) = ∥ϕ∥2 + ∥ψ∥2 = 2.

We now compare the three values:631

Lsep = 0, Lsh = (1− ρ)− λ 1+ρ
2 , Ldead = 2.

Since λ ≥ 0, we have Ldead = 2 > 0 = Lsep, so the dead solution is never optimal. Comparing the632

remaining two, Lsh < Lsep if and only if λ > 2(1−ρ)
1+ρ = λ⋆(ρ).633

When λ > λ⋆(ρ), the reconstruction errors at the shared minimizer are634

Lrec(Ŵ;ϕ) = E[z2](1− a2) = 1−ρ
2 E[z2], Lrec(Ŵ;ψ) = E[z2](1− b2) = 1−ρ

2 E[z2].

635

E Experimental Details636

This section provides experimental details for the empirical analyses in Sections 3 and 6.637

All experiments are conducted on a single NVIDIA A100 GPU.638

E.1 Experimental Details for Measuring Cross-Modal Feature Heterogeneity639

This section provides experimental details for Figure 2 in Section 3, which reports the distribution640

of cosine distances between estimated image and text feature directions grouped by coactivation641

correlation. Recall that we use decoder columns ϕ̂i and ψ̂j of modality-specific SAEs as estimates642

of image and text feature directions, and that the coactivation correlation ci,j := [C]i,j between the643

i-th image latent and the j-th text latent on paired embeddings (5) serves as a proxy for semantic644

correspondence. For each pair (i, j), we measure the cosine distance between ϕ̂i and ψ̂j .645

We group all m2 index pairs (i, j)3 by their correlation value ci,j and examine the distribution646

of cosine distances between the corresponding feature vectors. A larger ci,j indicates that the647

corresponding image and text features are more likely to represent the same shared concept. Under648

perfect cross-modal feature alignment, their cosine distances would concentrate near zero. We train649

modality-specific SAEs with latent dimension m = 8192, using the Top-K [33] activation function650

with K = 8. We follow the training protocol of Papadimitriou et al. [38]. Specifically, we use the651

AdamW optimizer with learning rate 5×10−4 and weight decay 10−5, batch size 1024, and a cosine652

schedule with 5% linear warmup over 30 training epochs.653

E.2 Implementation Details for Synthetic Data Experiments654

This section provides the data-generation specification, SAE architectures, and optimization hyperpa-655

rameters used in Section 6.1.656

Dataset. Following prior work [19, 49], we generate each pair of synthetic embeddings in two steps.657

We first sample a sparse latent code z from a Bernoulli–Exponential process, and then form (x,y)658

from the ground-truth feature matrices (Φ,Ψ) via (1). The embedding dimension is d = 256, and659

the feature matrices Φ,Ψ ∈ Rd×n contain n = nS + nI + nT = 2048 columns in total: nS = 1024660

shared concepts present in both modalities, nI = 512 image-only concepts (with ψi = 0), and661

nT = 512 text-only concepts (with ϕi = 0). For each shared concept i ∈ [nS ], we sample ϕi and662

ψi as unit-norm vectors satisfying cos(ϕi,ψi) = α for a prescribed cross-modal feature alignment663

α, giving us direct control over the latent structure of the generative process.664

3We exclude dead latent coordinates, which are zero across all inputs, so fewer than m2 pairs remain in practice.

19



Modality-specific feature directions are sampled as unit-norm vectors with maximum pairwise665

interference bounded by ϵmax = 0.30. Each coordinate of the latent code z ∈ Rn
+ is independently666

set to zero with probability s = 0.99, and otherwise drawn i.i.d. from Exp(β) with rate β = 1. The667

paired embeddings are then formed as x = Φz + ϵI and y = Ψz + ϵT via (1), with independent668

observation noise ϵI , ϵT ∼ N (0, σ2
obsI) of standard deviation σobs = 0.05. We generate 50,000669

paired embeddings for training and 10,000 for evaluation, and repeat each experiment over three670

independent runs, reporting the average.671

Training. The shared SAE has latent dimension m = 8192 and uses the Top-K activation func-672

tion [33] with K = 16. Each modality-specific SAE uses latent dimension m = 4096, so that the673

total number of learnable parameters matches that of the shared SAE. The two baselines [14, 25]674

augment the shared SAE by training with an auxiliary loss.675

Optimization. All SAEs are trained with AdamW (β1 = 0.9, β2 = 0.999, ϵ = 10−8, weight decay676

0) at a constant learning rate of 5× 10−4 with no warmup. We use a batch size of 256 and train for677

10 epochs, corresponding to approximately 1,950 optimization steps.678

E.3 Evaluation Metrics for Synthetic Data Experiments679

We provide formal definitions of the five metrics introduced in Section 6.1.680

We assess each method using these metrics: (i) and (ii) measure how well the SAE reconstructs681

embeddings and recovers features, (iii) and (iv) measure how well it aligns latent codes across682

modalities, and (v) measures whether cross-modal features collapse into a single feature.683

(i) Reconstruction Error. We measure the mean squared error (MSE) between input embeddings684

x (or y) and their reconstructions x̃ (or ỹ) on an evaluation set, averaged over both modalities.685

(ii) Feature Recovery Error. Similar to Reconstruction Error, but using the feature direction vectors686

ϕi (or ψi) as inputs, we measure their reconstruction MSE averaged over both modalities.687

(iii) Alignment Error. We measure the cosine distance between the image and text latent codes688

z̃I(x) and z̃T(y) obtained from paired embeddings (x,y) on an evaluation set.689

(iv) Feature Alignment Error. Similar to Alignment Error, but using features of the same concept690

(ϕi,ψi) as inputs, we measure the cosine distance between the latent codes z̃I(ϕi) and z̃T(ψi).691

(v) (Cross-Modal) Feature Collapse Rate. We measure the fraction of feature pairs (ϕi,ψi) that692

represent the same concept across modalities and are assigned to the same latent coordinate,693

indicating whether the SAE merges two modality-specific features into a single learned feature.694

Note that metrics (ii), (iv), and (v) require access to the ground-truth features (Φ,Ψ) and thus apply695

only in the synthetic setting. The mathematical definitions are given below.696

(i) Reconstruction Error:697

1

2
E
[
∥x− x̃∥22 + ∥y − ỹ∥22

]
=

1

2
E
[ ∥∥x−Wσ

(
W⊤x

)∥∥2
2
+
∥∥y −Wσ

(
W⊤y

)∥∥2
2

]
.

(ii) Feature Recovery Error:698

1

2nS

∑
i∈[nS]

(∥∥ψi −Wσ
(
W⊤ψi

)∥∥2
2
+
∥∥ϕi −Wσ

(
W⊤ϕi

)∥∥2
2

)
.

(iii) Alignment Error:699

1− E
[
cos
(
z̃(x), z̃(y)

)]
= 1− E

[
cos
(
σ(W⊤x), σ(W⊤y)

)]
.

(iv) Feature Alignment Error:700

1− 1

nS

∑
i∈[nS]

cos
(
σ(W⊤ϕi), σ(W

⊤ψi)
)
.

(v) (Cross-Modal) Feature Collapse Rate:701

1

nS

∑
i∈[nS]

1

[
argmax
j∈[m]

cos
(
[W]:,j , ϕi

)
= argmax

j∈[m]

cos
(
[W]:,j , ψi

) ]
∈ [0, 1].
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E.4 Implementation Details for Real-World Experiments702

Implementation Details. We use the CC-3M [48] dataset with approximately 2.82M image-caption703

pairs after dropping invalid URLs. We optimize all SAEs with AdamW (β1 = 0.9, β2 = 0.999)704

at learning rate 5 × 10−4, weight decay 10−5, batch size 1024, gradient clipping at norm 1.0,705

and a cosine schedule with 5% linear warmup followed by cosine decay to zero. We use latent706

dimension m = 8192 and Top-K activation [33] with K = 32, and we adopt the training protocol707

of Papadimitriou et al. [38].708

Licenses of datasets. We use CC-3M [48] and MS-COCO [29] for our experiments. CC-3M is released709

by Google for free use under the terms of its repository license. MS-COCO annotations are released710

under CC BY 4.0.711

F Additional Experimental Results712

F.1 Evidence for Cross-Modal Feature Heterogeneity on Larger Backbones713

(a) CLIP [42] VIT-L/14 (b) MetaCLIP [8] L/14 (c) OpenCLIP [7] L/14 (d) SigLIP [51] Large

Figure 9: Distribution of cosine distances between image–text feature pairs estimated from embed-
dings of four VLMs. We group image–text feature pairs by their co-activation correlation ci,j in (5),
shown in different colors. The value ci,j measures how strongly the i-th image feature and the j-th
text feature co-activate on paired image–text embeddings, so pairs with larger correlations are more
likely to represent the same shared concept. Across all models, the distribution does not concentrate
near 0 but remains centered around a positive value, even for high-correlation pairs (c ≥ 0.8, shown
in blue). This observation supports the presence of cross-modal feature heterogeneity.

Figure 2 in the main text uses the base variants (ViT-B/32) of the four VLMs. To check whether714

the observed cross-modal feature heterogeneity persists at larger scales, we repeat the same analysis715

on the corresponding large variants (ViT-L/14) of CLIP, MetaCLIP, OpenCLIP, and SigLIP2, and716

report the results in Figure 9. The overall trend is consistent with Figure 2: feature pairs with larger717

coactivation correlation tend to have smaller cosine distances, but they do not concentrate near zero.718

This indicates that cross-modal feature heterogeneity is not an artifact of model capacity and persists719

across backbone sizes.720

F.2 Evidence of Feature Collapse on Real-World Data721

We complement the synthetic results in Figure 5a with a real-world experiment that checks whether722

the feature collapse predicted by Theorem 1 actually occurs in SAEs trained on VLM embeddings.723

In principle, SAEs use a large latent dimension m, so one might expect to be in the safe regime724

of Corollary 1 (m ≥ 2n). Practically, however, a substantial fraction of latent coordinates are725

dead [50, 18], so the effective number of usable coordinates can be much smaller than m. This726

pushes the SAE toward the regime of Theorem 1, where directionally close cross-modal features are727

collapsed into a single feature. We conduct a simple diagnostic to detect such collapses on real data.728

Setup. We follow the same protocol as Appendix E.1 on CLIP ViT-B/32 embeddings of729

MS-COCO [29], except that we now train a single shared SAE on the union of image and text730

embeddings, with m = 8192 and Top-K activation [33] (K = 8).731

Diagnostic. We compute the coactivation correlation matrix C in (5) from the shared encoder, and732

obtain the Hungarian matching P̂ in (6). The two regimes in Section 4 make opposite predictions733

about P̂:734
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Concept: construction Concept: plane Concept: older

Figure 10: Examples of images that activates collapsed image–text feature pairs identified by a
single shared SAE on CLIP embeddings of MS-COCO [29]. We define a coordinate is collapsed when
P̂(i) = i in the Hungarian matching of (6) applied to the correlation matrix C in (5), indicating that
the same latent coordinate represents a concept in both modalities. Each row shows the top-activating
images for one collapsed coordinate, along with its coactivation correlation ci,j . We show the three
collapsed pairs with the lowest ci,j rather than the highest. Even in this worst case, the coordinates
correspond to coherent concepts (plane, older, construction), but ci,j remains low (0.23–0.37).

• Under modality split (Corollary 1), the same concept activates two different coordinates across735

modalities, so a Hungarian match aligns the coordinate with index i to a different coordinate736

P̂(i) ̸= i.737

• Under collapse (Theorem 1), the same concept activates the same coordinate across modalities, so738

the match is to itself, P̂(i) = i.739

This leads to a natural diagnostic for collapse:740

collapse rate :=

∣∣{ i ∈ [m̃] : P̂(i) = i }
∣∣

m̃
,

where m̃ is the number of live coordinates after excluding dead neurons.741

Result. On the embeddings above, we observe a collapse rate of 4.64%. While small in absolute742

terms, this confirms that the collapse regime characterized by Theorem 1 does occur in real-world data.743

To verify that the diagonal matches reflect genuine semantic correspondences rather than coincidences,744

Figure 10 visualizes top-activating images for three collapsed coordinates. We deliberately select the745

three collapsed pairs with the lowest ci,j , presenting a worst case rather than a favorable one. Even746

in this worst case, each coordinate corresponds to a coherent concept (plane, older, construction).747

A further observation is that even at these collapsed coordinates, the coactivation correlation ci,j stays748

modest (0.23–0.37). This may seem counterintuitive, since collapsed pairs share a single column and749

one might expect strong coactivation. But it is consistent with the analysis in Proposition 1. When750

image and text features for the same concept are directionally distinct yet forced to share one column,751

the optimal shared direction is the compromise ϕi+ψi

∥ϕi+ψi∥ (see Propositions 4 and 3 for details), which752

fits neither modality well and produces only weak coactivation. In other words, collapse hurts not753

just reconstruction but cross-modal alignment as well.754

F.3 Real-World Results Across Experimental Configurations755

In the main experiment in Section 6.2, Table 1 reports results for a single configuration (CLIP756

ViT-B/32 embeddings with Top-K activation at K = 32). To verify that the conclusions drawn there757

are not artifacts of this particular setup, we conduct extended experiments along three orthogonal758

axes: (i) the sparsity level K in Top-K activation, (ii) the pre-trained VLM backbone (varying both759

architecture scale and pre-training corpus), and (iii) the choice of sparsifying activation function. All760

other settings follow Section 6.2, and we report averages over three independent runs. Tables 2, 3,761

and 4 report the per-configuration results. Across every configuration, our method matches the lowest762

reconstruction error of modality-specific SAEs while delivering the strongest cross-modal retrieval763

performance, mirroring the conclusions of Table 1.764

Robustness to sparsity level K. We first vary the Top-K sparsity level on CLIP ViT-B/32 em-765

beddings (Table 2). Together with the K = 32 result in Table 1, this covers K ∈ {16, 32, 64}.766

Across all three sparsity levels, our method preserves the lowest reconstruction error inherited from767

modality-specific SAEs. On cross-modal retrieval, K = 32 stands out as the best-performing sparsity768

level: our method peaks there with I→T Recall@1 of 16.0, a level not matched by any method at769

either K = 16 or K = 64. The retrieval gain over the strongest baseline is most pronounced in the770

sparser regime: at K = 16, our method more than doubles the performance of the strongest baseline771
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Table 2: Effect of Top-K sparsity level K on CLIP ViT-B/32 embeddings (L = 8192). Each section
corresponds to a different value of K, and the K = 32 setting is reported in Table 1. Best and
second-best results within each section are shown in bold and underlined, respectively.

MS-COCO [29] ImageNet1K [13]

Recon. (↓) Image-to-Text (↑) Text-to-Image (↑) Recon. (↓) Zero-shot (↑)

Methods MSE R@1 R@5 R@10 R@1 R@5 R@10 MSE Accuracy

K = 16

Shared SAE 0.131 3.0 (±1.9) 7.7 (±3.3) 10.9 (±4.1) 3.0 (±0.3) 7.8 (±0.7) 11.3 (±1.1) 0.169 12.6 (±4.1)

+ Iso-Energy alignment loss 0.131 4.2 (±1.2) 9.6 (±2.8) 13.6 (±3.8) 3.1 (±0.2) 8.2 (±0.8) 12.1 (±1.3) 0.168 15.3 (±3.8)

+ Group-sparse loss 0.134 5.1 (±0.1) 12.2 (±0.2) 17.2 (±0.2) 2.9 (±0.1) 8.8 (±0.5) 12.9 (±0.5) 0.170 20.3 (±0.6)

Modality-Specific SAEs 0.127 0.0 (±0.0) 0.1 (±0.1) 0.2 (±0.1) 0.0 (±0.0) 0.1 (±0.1) 0.2 (±0.1) 0.165 0.1 (±0.1)

+ Post-hoc Alignment (Ours) 0.127 13.3 (±0.7) 29.4 (±0.3) 38.9 (±0.7) 9.6 (±0.3) 23.0 (±0.5) 31.8 (±0.5) 0.165 22.9 (±0.5)

K = 64

Shared SAE 0.063 9.8 (±1.3) 21.2 (±2.0) 28.0 (±2.9) 6.0 (±0.6) 15.2 (±1.2) 21.3 (±1.5) 0.083 15.0 (±1.5)

+ Iso-Energy alignment loss 0.063 9.0 (±0.8) 19.9 (±0.4) 26.7 (±0.5) 5.3 (±0.6) 13.4 (±1.5) 18.8 (±2.0) 0.084 16.3 (±1.2)

+ Group-sparse loss 0.091 11.8 (±0.5) 26.0 (±0.8) 34.6 (±1.1) 7.0 (±0.3) 18.4 (±0.5) 26.4 (±0.5) 0.116 33.0 (±0.4)

Modality-Specific SAEs 0.062 0.0 (±0.0) 0.1 (±0.0) 0.2 (±0.1) 0.0 (±0.0) 0.1 (±0.0) 0.3 (±0.1) 0.083 0.1 (±0.0)

+ Post-hoc Alignment (Ours) 0.062 11.2 (±0.8) 26.0 (±1.6) 34.9 (±2.2) 8.5 (±0.8) 21.5 (±2.1) 29.7 (±2.8) 0.083 19.3 (±1.2)

Table 3: Effect of pre-trained VLM backbone with K = 32 and Top-K activation. Each section
corresponds to a different backbone, and the CLIP ViT-B/32 setting is reported in Table 1. Best and
second-best results within each section are shown in bold and underlined, respectively.

MS-COCO [29] ImageNet1K [13]

Recon. (↓) Image-to-Text (↑) Text-to-Image (↑) Recon. (↓) Zero-shot (↑)

Methods MSE R@1 R@5 R@10 R@1 R@5 R@10 MSE Accuracy

CLIP ViT-L/14 (L = 12288)

Shared SAE 0.119 18.2 (±0.2) 33.6 (±0.4) 41.8 (±0.7) 9.9 (±0.8) 22.9 (±0.9) 30.7 (±1.2) 0.155 38.9 (±0.6)

+ Iso-Energy alignment loss 0.119 16.8 (±1.1) 31.2 (±1.2) 39.3 (±1.7) 9.4 (±0.5) 21.3 (±0.9) 28.9 (±1.2) 0.154 39.4 (±0.8)

+ Group-sparse loss 0.137 14.2 (±0.2) 29.6 (±0.7) 38.5 (±1.0) 8.2 (±0.4) 20.3 (±0.4) 28.4 (±0.3) 0.176 45.0 (±0.3)

Modality-Specific SAEs 0.117 0.0 (±0.0) 0.1 (±0.0) 0.2 (±0.0) 0.0 (±0.0) 0.1 (±0.0) 0.2 (±0.1) 0.154 0.1 (±0.0)

+ Post-hoc Alignment (Ours) 0.117 22.6 (±0.7) 43.6 (±1.2) 54.9 (±1.2) 15.3 (±0.4) 33.0 (±0.4) 42.9 (±0.3) 0.154 35.9 (±1.1)

OpenCLIP ViT-B/32 (L = 8192)

Shared SAE 0.116 8.9 (±0.3) 18.5 (±0.3) 24.4 (±0.5) 4.8 (±0.2) 12.2 (±0.2) 17.4 (±0.2) 0.149 18.7 (±0.7)

+ Iso-Energy alignment loss 0.117 9.2 (±0.8) 18.6 (±1.3) 24.5 (±1.2) 4.8 (±0.5) 12.3 (±0.8) 17.4 (±1.1) 0.149 18.9 (±1.3)

+ Group-sparse loss 0.141 10.1 (±0.4) 23.1 (±0.4) 31.8 (±0.5) 6.1 (±0.0) 17.1 (±0.2) 25.4 (±0.3) 0.176 34.3 (±0.4)

Modality-Specific SAEs 0.115 0.0 (±0.0) 0.1 (±0.0) 0.2 (±0.1) 0.0 (±0.0) 0.1 (±0.0) 0.2 (±0.1) 0.149 0.1 (±0.0)

+ Post-hoc Alignment (Ours) 0.115 21.0 (±0.9) 41.2 (±1.1) 52.0 (±1.0) 11.2 (±0.1) 26.5 (±0.6) 36.1 (±0.9) 0.149 29.2 (±0.7)

OpenCLIP ViT-L/14 (L = 12288)

Shared SAE 0.133 26.5 (±0.4) 45.5 (±1.8) 54.5 (±2.1) 15.8 (±0.8) 32.0 (±1.5) 40.6 (±1.7) 0.164 50.9 (±0.7)

+ Iso-Energy alignment loss 0.134 27.1 (±0.4) 46.2 (±1.1) 55.5 (±0.7) 16.2 (±0.5) 32.9 (±0.9) 41.6 (±0.8) 0.166 50.3 (±0.5)

+ Group-sparse loss 0.162 23.7 (±0.2) 43.3 (±0.5) 53.9 (±0.1) 13.1 (±0.3) 29.1 (±0.4) 38.6 (±0.5) 0.196 53.9 (±0.3)

Modality-Specific SAEs 0.129 0.1 (±0.0) 0.1 (±0.1) 0.2 (±0.1) 0.0 (±0.0) 0.1 (±0.1) 0.2 (±0.1) 0.164 0.1 (±0.0)

+ Post-hoc Alignment (Ours) 0.129 27.4 (±2.2) 50.6 (±1.8) 62.0 (±1.4) 18.1 (±2.0) 37.6 (±3.0) 47.9 (±3.1) 0.164 42.4 (±0.4)

on both retrieval directions. At K = 64, the auxiliary-loss baselines benefit from the larger active772

latent budget and the group-sparse loss becomes competitive on I→T Recall@1; however, retrieval773

scores of our method also drop relative to K = 32, so the narrowed gap reflects a regime where774

no method attains the peak achievable at K = 32, rather than one where the baselines genuinely775

surpass us. Even at K = 64, our method still leads on T→I Recall and for top-10 retrieval in both776

directions, while maintaining a substantially lower reconstruction error. Overall, K = 32 is the777

optimal operating point for cross-modal retrieval, and at this K our method generally outperforms all778

baselines.779

Robustness across vision-language model backbones. We next evaluate three additional back-780

bones at K = 32 with Top-K activation, as shown in Table 3. We span two architecture scales781

(ViT-B/32 vs. ViT-L/14) and two pre-training corpora (OpenAI CLIP [42] vs. OpenCLIP [7]). For782

each backbone, we scale the SAE width m with the embedding dimension d so that the expansion ratio783

m/d matches the setting of Table 1, ensuring a fair comparison across architectures of different sizes.784

On all three backbones, our method matches the lowest reconstruction error and obtains the strongest785

cross-modal retrieval performance, with the same qualitative behavior as the CLIP ViT-B/32 result786

in Table 1. The retrieval gain over the strongest baseline is largest on the ViT-B/32 backbones and787

smaller on ViT-L/14, reflecting that the L/14 embedding spaces already exhibit stronger cross-modal788

alignment and thus leave less room for improvement at Recall@1. The advantage on T→I Recall@1789
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Table 4: Effect of sparsifying activation function on CLIP ViT-B/32 (L = 8192, K = 32). The Top-
K setting is reported in Table 1; this table reports the BatchTop-K [5] variant. Best and second-best
results are shown in bold and underlined, respectively.

MS-COCO [29] ImageNet1K [13]

Recon. (↓) Image-to-Text (↑) Text-to-Image (↑) Recon. (↓) Zero-shot (↑)

Methods MSE R@1 R@5 R@10 R@1 R@5 R@10 MSE Accuracy

BatchTop-K

Shared SAE 0.089 6.3 (±0.6) 15.9 (±1.5) 22.0 (±1.7) 3.9 (±0.6) 11.3 (±0.9) 16.8 (±1.0) 0.115 16.4 (±3.1)

+ Iso-Energy alignment loss 0.089 5.8 (±0.8) 14.8 (±0.8) 20.4 (±0.9) 3.3 (±1.4) 9.3 (±3.3) 13.9 (±3.9) 0.115 13.0 (±1.8)

+ Group-sparse loss 0.105 7.8 (±0.3) 19.0 (±0.4) 26.2 (±0.4) 4.9 (±0.0) 13.7 (±0.1) 20.6 (±0.1) 0.132 28.0 (±0.7)

Modality-Specific SAEs 0.088 0.0 (±0.0) 0.0 (±0.0) 0.1 (±0.0) 0.0 (±0.0) 0.1 (±0.0) 0.2 (±0.0) 0.114 0.1 (±0.0)

+ Post-hoc Alignment (Ours) 0.088 16.2 (±0.8) 34.6 (±1.0) 44.7 (±1.4) 10.5 (±0.6) 25.5 (±0.8) 35.0 (±0.9) 0.114 22.8 (±1.0)

is nevertheless consistently positive across all three backbones. As in the main experiment, the only790

metric where the group-sparse baseline occasionally surpasses our method is ImageNet zero-shot791

accuracy, but this comes at the cost of substantially degraded reconstruction.792

Robustness to activation function. Finally, we replace Top-K with BatchTop-K [5], which selects793

the top-K activations across the entire batch rather than per token, on CLIP ViT-B/32 with K = 32,794

as shown in Table 4. Our method again attains the lowest reconstruction error (0.0878) and the795

strongest cross-modal retrieval, improving I→T Recall@1 from 7.81 to 16.19 and T→I Recall@1796

from 4.88 to 10.46 over the strongest baseline. The magnitude of these gains closely matches the797

corresponding Top-K setting in Table 1, confirming that the benefits of post-hoc alignment are not798

specific to vanilla Top-K and transfer cleanly to alternative sparsifying activations.799
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