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Summary

Many real-world control and optimization problems require making decisions over a finite
horizon to maximize performance. This paper proposes a reinforcement learning framework
that approximately solves the finite-horizon Markov Decision Process (MDPs) by combining
Gaussian Processes (GP) with Q-learning. The method addresses two key challenges: the
tractability of exact dynamic programming in continuous state-control spaces, and the need
for sample-efficient state-action value function approximation in systems where data collec-
tion is expensive. Using GPs and backward induction, we construct state-action value function
approximations that enable efficient policy learning with limited data. To handle the compu-
tational burden of GPs as data accumulates across iterations, a subset selection mechanism
is introduced which uses M-determinantal point processes that draw diverse, high-performing
subsets. Theoretical analysis establishes probabilistic uniform error bounds on the convergence
of the GP posterior mean to the optimal state-action value function for convex MDPs with de-
terministic dynamics. Empirical case studies are explored through a linear quadratic regulator
problem and online optimization of a non-isothermal semi-batch reactor. Improved learning
efficiency is shown relative to the use of proximal policy optimization with a neural network
policy and state-action value function approximation.

Contribution(s)

1. The paper presents a framework for learning Gaussian process state-action value function
approximations using Q-learning for deterministic finite horizon Markov Decision Pro-
cesses.

Context: Prior work has explored the use of Gaussian process models within the infinite
horizon context (Engel et al., 2005; Grande et al., 2014; Chowdhary et al., 2014).

2. A subset selection strategy is proposed to ensure the online computational tractability of
control inference using M-determinantal point processes to build a GP approximation of
the state-action value function, that balances global coverage with local accurate modeling
in highly performing regions of the state-control space (Kulesza et al., 2012; Moss et al.,
2023)

Context: Previous works take the approach of building variational approximations globally
to the exact GP state-action value function approximation (Grande et al., 2014).

3. We provide probabilistic error bounds and asymptotic convergence rates for the error in
modeling the optimal state-action value function for convex MDPs with deterministic dy-
namics.

Context: We build on previous work on probabilistic error bounds derived in Lederer et al.
(2021b).
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Abstract

Many real-world control and optimization problems require making decisions over a
finite time horizon to maximize performance. This paper proposes a reinforcement
learning framework that approximately solves the finite-horizon Markov Decision Pro-
cess (MDP) by combining Gaussian Processes (GPs) with Q-learning. The method
addresses two key challenges: the tractability of exact dynamic programming in contin-
uous state-control spaces, and the need for sample-efficient state-action value function
approximation in systems where data collection is expensive. Using GPs and backward
induction, we construct state-action value function approximations that enable efficient
policy learning with limited data. To handle the computational burden of GPs as data
accumulate across iterations, we propose a subset selection mechanism that uses M-
determinantal point processes to draw diverse, high-performing subsets. Theoretical
analysis establishes probabilistic uniform error bounds on the convergence of the GP
posterior mean to the optimal state-action value function for convex MDPs with deter-
ministic dynamics. The proposed method is evaluated on a linear quadratic regulator
problem and online optimization of a non-isothermal semi-batch reactor. Improved
learning efficiency is shown relative to the use of proximal policy optimization with a
neural network policy and state-action value function approximation.

1 Introduction

Sequential decision-making problems with finite time horizons appear across numerous domains.
These problems are often naturally modeled as finite-horizon Markov Decision Processes (MDPs),
where decisions must optimize the total cost incurred over a predetermined time window. Fed-
batch process control and online optimization is a prominent example within the process systems
engineering (PSE) community (Mesbah, 2016; Bradford et al., 2020), where optimal policy identi-
fication is inherently challenging due to difficulties in system model identification and uncertainty
propagation over the decision horizon. While optimal solutions to these problems can theoretically
be obtained through dynamic programming (DP), three significant challenges emerge in practice: (i)
the intractability of exact DP in continuous state-action spaces, (ii) the lack of an exact descriptive
process model, and (iii) the need for sample efficiency when data collection is expensive.

This paper introduces a reinforcement learning framework that addresses these challenges by com-
bining the statistical modeling power of Gaussian Processes (GPs) with Q-learning. Previous works
have predominantly explored the use of GPs to approximate state-space models (Kuss & Rasmussen,
2003; Deisenroth et al., 2015; Bradford et al., 2020; Mowbray et al., 2022), with relatively few tak-
ing a purely model-free approach. For example, Savage et al. (2021) exploited GP models for
state-action value learning. However, the paper provides no mechanism for updating the underlying
dataset, for example through a Monte Carlo or Q-learning estimator and therefore is not guaranteed
to identify the optimal policy. The GP temporal difference learning (GPTD) algorithm detailed in
Engel et al. (2005) is tailored for prediction problems by explicitly modeling rewards and exploit-
ing the structure of the Bellman equation, to identify the value function of a stationary policy that
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has generated the modeled data. The algorithm can be extended for on-policy control through the
use of SARSA. Nevertheless, the authors do not exploit the uncertainty of the state-action value
function posterior process to balance exploration and exploitation; and, as we argue subsequently,
off-policy updates are preferable. Chowdhary et al. (2014) have explored the development of GP-
based Q-learning algorithms; however convergence is dependent upon non-trivial selection of a
regularization parameter. Grande et al. (2014) provide a GPQ learning algorithm with an update
rule that assumes the observed rollout estimate and the approximation belong to a joint Gaussian
distribution. This assumption likely only holds for a subset of MDPs.

Unlike traditional state-action value function approximation methods that rely on neural networks
(Azizzadenesheli & Anandkumar, 2019) or linear models, GPs offer significant advantages: they
provide epistemic and aleatoric uncertainty quantification that can be exploited for decision mak-
ing through the use of bandit strategies, can incorporate prior domain knowledge through kernel
selection, and inherently balance model complexity as data are collected.

The contributions of this work are as follows. We pose a framework for learning optimal con-
trol using Q-learning and GPs in finite-horizon MDPs with deterministic dynamics and justify the
composition of the two. The computational challenges associated with the use of GPs are handled
through implementation of a principled subset selection mechanism using M-determinantal point
processes (M-DPPs) (Kulesza & Taskar, 2012; Moss et al., 2023). This mechanism enables efficient
scaling of control inference with increasing dataset size, despite the cubic complexity of exact GP
inference. We provide theoretical analysis showing probabilistic uniform error bounds on the con-
vergence of the GP posterior mean to the optimal state-action value functions, specifically examining
how approximation errors propagate through finite horizons in convex MDPs. Empirical validation
on both a linear quadratic regulator (LQR) system and a non-isothermal semi-batch chemical reactor
optimization problem demonstrate the algorithm’s sample efficiency. This is a significant advantage
in real-world processes where experiments involve substantial costs and time investment.

In summary, we develop a GP-based Q-learning framework for finite-horizon MDPs, implement a
practical approach using M-DPPs for strategic subset selection, and establish theoretical guarantees
on convergence within the domain of convex finite-horizon MDPs. The rest of this paper is struc-
tured as follows: Section 2 presents preliminaries, Section 3 the GPQL algorithm, Section 4 the case
studies, conclusions in Section 5 and analysis in Appendix A.2

2 Preliminaries

2.1 Finite-horizon Markov decision process

Consider a finite-horizon Markov Decision Process (MDP) which is defined by the 5-tuple <
X, U,P,®,T >. Specifically, the states are described by a compact state set, x € X C R"=,
with the controls restricted to a compact set, u € Y C R™. The underlying decision process
adheres to discrete-time state transitions described by a conditional probability density function,
P:X xUx X — [0,00) over a time horizon, T = {0, ..., T}. For convenience, in the following
we denote the state-control pair, z = [x,u]T, and corresponding set, Z = X x U. We restrict the
presentation to consider deterministic state-transitions, such that one may define

Ny
Pxig1 | xe,w) = [[6(isg1 — filxe, ),
i=1
where () indicates the dirac-delta function. z;; € R the i state component, and f(x,u) =

[fi(x,u),..., fn, (x,u)]T a discrete-time dynamic model of the system,
Xt+1 = f(Xt, llt) . (l)

The objective of decision making is to select controls, according to a non-stationary state-feedback
policy, ©(-) = (mo(*),...,mr-1(+)), with Uy ~ m(us | X¢), to minimize the expected sum of



82

83
84

85
86

87
88
89
90
91

92
93
94

95

96
97
98
99

100
101
102
103

104
105

106
107
108
109
110

Gaussian Process Q-Learning for Finite-Horizon Markov Decision Process

stage-costs allocated by a cost function, ®(x, u), incurred over a finite discrete-time horizon,

min B [QF (Xo, Uo) | Xo = Xo]

T-1

> B(Xy, Uk)

k=t+1

2
Q7 (x,u) == ®(x,u) +E, @

Uk ~ 71'19(11]C | Xk)] .

Note that although the initial state, X¢, is assumed to be known with certainty, in general the state
itself is uncertain due to the definition of the policy as a conditional probability density function.

According to the principle of optimality, however, the optimal policy is a deterministic function of
state and acts to greedily minimize the state-action value function at a given time within the horizon,

T (x;) € arg H;in QF (X¢, me(X¢)) - 3)

In principle, the optimal policy can be identified through dynamic programming (DP). However, DP
becomes intractable in large or continuous state-control spaces and is reliant on a known model of the
system, which is unavailable in general. This directs attention to the use of model-free approximate
methods, such as Q-learning, which, in the tabular sense, aim to approximate the state-action values
associated with state-control pairs in a given dataset,

D={D}, v, Di= {(xg),ug),xgjl,<I>(X§0,u§u>)) }Z_:w .

As the cardinality of dataset, [V, increases, the approach provided by maintaining fixed point es-
timates of the state-action value function faces an explosion in memory cost. This challenge is
typically handled through the construction of function approximators, e.g., deep Q-learning.

2.2 Gaussian process

GPs are probabilistic models that describe the relationship between a finite number of evalua-
tions of a multivariate, scalar-valued function via a joint multivariate Gaussian distribution. Con-
sider the input locations, Z = {z1,...,zx}, corresponding noiseless function evaluations, ¥ =
{f(z1),..., f(zn)}, test location, z,, and function value, y.. The zero-mean GP prior asserts,

Y 0| |K(Z,2) k(Z,z.)
H - (M ’ L«Z 2)7 k(z.,z.) @
with k(z,2') € R denoting the kernel function, k(Z,z.) € R¥ the covariance of the function values
between the input locations and test point, k(z., z.) € R the variance of the function value at the test

point, and K (Z, Z) denoting the gram matrix representative of the covariance of the function values
evaluated at the input locations, Z. Bayesian inference gives the predictive posterior distribution:

wz.) =k(Z,z.)TK(Z, Z)ily

5)

K(Zs,Z+) = k(24,2.) — K(Z,2.)TK(Z,2)'k(Z, 2.) , (
with y, ~ N (u(z«), k(24,2.)) providing a description of the posterior at z*. One may also be
interested in a general description of the posterior process,

which may be used to approximate the state-action value function using the available data. A policy
may then be defined to exploit the posterior process for decision-making, generalizing to continuous
state-control spaces. Such a policy may be defined by greedily exploiting functions drawn from
the posterior, which involves solving minimization problems. This motivates discussion regarding
properties of the optimal solution map and value function.
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2.3 Optimal value functions and solution maps of nonlinear programs

Consider the optimal (possibly point-to-set) solution map, u* € G*(x) and optimal value func-
tion, g*(x), of the following parametric nonlinear program with constant constraint map (Fiacco &
Ishizuka, 1990),

G*(x) == arg Iurélzrj g(x,u)

(7

*(x) = min g(x,u
g"(x) = min g(x,u),
with ¢g(x, u) indicating a multivariate, scalar valued objective function.

Assumption 1 The nonlinear objective function is continuous in both x and u, with (x,u) € Z.

Property 1 Let Assumption 1 hold. The optimal value function, g*(X), is continuous (Fiacco &
Ishizuka, 1990; Aubin & Frankowska, 1999), and the optimal solution map, G*(X), is upper semi-
continuous on x € X (Sundaram, 1996).

Strict convexity assumptions are typically required for the solution map to be single-valued and
continuous (Fiacco & Ishizuka, 1990; Aubin & Frankowska, 1999).

3 Methodology

In the following section, we present a methodology that leverages GPs to approximate the state-
action value function. This directs the presentation of the following problem statement.

3.1 Problem statement

Consider the finite-horizon MDP introduced in Section 2.1. Additionally, for simplicity in subse-
quent analysis, the following assumptions are imposed on the dynamics and cost function to ensure
that the state-action value function could be well approximated by a continuous function.

Assumption 2 (Continuous Dynamics) The underlying state transition probability density func-
tion, P(-), can be parameterized by X1 = f:(X¢,u), where f; : Z — X is a continuous function,
vt e{0,....,T —1}.

Assumption 3 (Policy Continuity) The policy, w(u | X) is a conditional probability density func-
tion continuous with respect to X and with support provided by the compact set, X.

Property 2 (State-Action Value Function Continuity) Assume that the cost function, ® : Z — R
is continuous over the compact set (x,u) € Z. Together with Assumptions 2-3, this implies the state-
action value function induced under a policy, QF : Z — R is continuous ¥t € {0,...,T — 1}.

The reasoning behind Property 2 follows (i) the expectation taken over an input continuous prob-
ability density function yields the expectation itself input continuous, and (ii) the composition of
continuous functions yields a continuous function.

Proposition 1 Let Property 2 hold. The value function associated with the nonlinear program,

: ™
min QF (x,u),

satisfies Property 1.
Theorem 1 Let Proposition 1 hold, then the optimal state-action value function, Q?*(x,u) isa

continuous function defined on (x,u) € Z,Vt € {0,...,T — 1}. This can be proven by backward
induction starting from the terminal cost function.
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3.2 Gaussian process Q-Learning (GPQL)

Having formalized the problem setting, we now direct our attention to the contribution of this work.
Namely, we introduce Gaussian process Q-Learning (GPQL), which is well suited to solving the
problems described, and adheres to the general framework for policy iteration.

3.2.1 Gaussian process state-action value function approximation

We propose to approximate the state-action value function, Q7 (-) using GP models and consider
the construction of independent GP models for each time-step. Specifically, we assume a dataset,
D, Vt, which provides some discretization of the state-control space, z € Z, from which state-
action values may be estimated via fixed-point estimates, Qi = {Q7 (z) Vz € D}, as in the tabular
setting. A joint prior distribution defines the predictive model of the state-action value, Q7 ,, at a
new state-control pair, z, € Z,

Qf 0| |Ki(Z,Z2) ki(Z,z.)
[Qz* Mol ez 2)r kean)]) ®
Through conditioning the posterior process may be obtained, Q7 (-) | QFf ~ GP (puF (), k7 (-,*)),
as defined in Section 2.2. In principle, given knowledge of the underlying problem structure, one

can select a kernel appropriately, such that the state-action value function lies within the class of
functions well represented by the GP. Considerations for selection are outlined later in Section 3.2.3.

It is worth highlighting that the complexity of GP model inference scales cubically with the number
of datapoints, N. In practice, we use the M -determinantal point process () -DPP) to select a subset
of the state-action value point estimates to build an approximation. A subset of M < N points, Zyy,
are sampled from D;, according to their probability under the M -DPP,

IF)(ZM c Z) X |LZM|
Lzy| = |K(Zu, Za)| - [ a@)?, ©)

2€EZ4Mm

which is proportional to the trace of the Gram matrix weighted by the quality of the points as eval-
vated by ¢(z), Vz € Zj;. This is a strategy that was reported in Kulesza et al. (2012), and has
since been utilized within the context of Bayesian optimization with sparse GPs (Moss et al., 2023).
Intuitively, it selects points to balance performance under the quality function and coverage of the
state-control space as evaluated by the kernel. Here, we utilize the strategy to simply build an exact
GP estimator providing a local model in promising regions of the state-control space. The greedy
method utilized in Chen et al. (2018); Moss et al. (2023) is implemented for convenience.

3.2.2 Thompson sampling for policy improvement

Within the course of approximate policy improvement, the GP model is exploited to generate a
policy which balances exploration and exploitation. Specifically, a Thompson sampling (TS) policy,
m(u | x), is deployed (Wilson et al., 2020). The policy is defined through minimization of state-
action value functions, Q7 (-), sampled probabilistically from the GP posterior,

(%) = Pr (u e g Q7 (x.8) | QF | @F()| Q7 ~GPUF(0KT()).  (10)

This enables one to exploit the GP-based state-action value function approximation to both explore
and exploit the decision-space—effectively leveraging the quantification of epistemic uncertainty to
generate data under a behavior policy, which may then be used to learn the target optimal policy.

Remark 1 In principle, the TS behavior policy is upper semi-continuous in the state, and does not
satisfy Assumption 3. However, this does not impact the state-action value function approximation
problem posed as discussed in the subsequent section.
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3.2.3 Q-Learning with backward induction

Having defined means to both approximate the state-action value function using point-estimates and
exploit it for decision-making, we now discuss updates of the point estimates, Qf. In any given
rollout of the TS policy, one generates data that may be used to update the existing dataset,

Doy = {(x§“>, a™, (", u§n>)7xgﬂgl)} , D, D,UD,, V.

This new dataset may be used to update the GP posterior state-action value function approximations
working from the final decision-step, given Q7._; = {®(xr_1,ur_1), V(Xr_1,ur—_1) € Dr_1},
and propagating information backwards over the horizon via the following update,

QF (x4, my) +— QF (x¢,my) + (‘I)(qut) + min pf g (Xegpr, Wegr) — Qf(xt,ut)> (an

Uyt cu

V(Xt,ut,@(xt,ut),le) EDt, Vt<T‘—17

with a € (0, 1] denoting a Robbins Munro step-size. This is a deterministic update rule based on the
mean posterior GP approximation of the future cost-to-go. In principle, in the deterministic finite
horizon setting one may keep @ = 1; however, we found Robbins-Munro step sizes empirically
preferable. The updated state-action value point-estimates are then used to construct updated GPs.

The following analysis is provided as a comment on the considerations for approximation.

Assumption 4 The cost function, ® : Z — R is a strictly convex function draw from ® ~
GP(0,k(-,-)) with convex kernel, k € Kpp, on the compact set, Z x Z.

Theorem 2 Let Assumption 2 and 4 hold and ensure that the state-action value point estimates,
O7T_,, are updated through (11). For the general case of nonlinear dynamics, the point estimates
do not lie in the same class of functions as the cost function in Assumption 4.

Theorem 3 Assume an initial dataset generated through a policy satisfying Assumption 3 from a
finite horizon MDP satisfying Assumptions 2 and 4. Provided the optimal future cost-to-go estimate
from the posterior mean in (11) is the value function of a nonlinear program satisfying Property I,
the state-action value estimates are described by a continuous function for all timesteps.

Theorems 2 and 3 motivate the use of the off-policy Q-learning update'. The implication is that,
regardless of the behavior policy, the state-action value estimates yielded by (11) are well approx-
imated by a continuous function, although one not necessarily within the same class as the cost
function. The proof of Theorem 2 follows trivially from the assumption of nonlinear dynamics. The
proof of Theorem 3 is general beyond GP approximation and follows the reasoning from Section 2.3.
We note that, if the initial step size is set a = 1, then the assumption for the initial state-action value
estimates to have been generated by a policy satisfying Assumption 3 may be relaxed. The practical
implications of Theorem 2 are relatively minimal given the establishment of representer theorems
(Williams & Rasmussen, 2006) and approximation capacity of universal kernels (Micchelli et al.,
2006). In the case of affine dynamics and convex cost the following Corollary can be stated.

Corollary 1 Assume time-varying or time-constant affine dynamics, and a cost function, ® : Z —
R, strictly convex on the compact space, Z. Under the assumption of a strictly input convex kernel,
positive definite Gram matrix, and restriction for all Qf | be strictly non-negative, then the optimal
future cost-to-go is a convex function of the current state-control pair. Hence the iterates yielded by
(11) are well approximated by a convex function.

Corollary 1 is exemplified by the case of the LQR, where the state-action value function is a
quadratic function of the state and control, as is the cost function, for all time indices in the horizon.

!Note that these results do not necessarily hold for on-policy updates such as SARSA if the rollout policy does not have
continuity properties, which is often the case.
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The restriction imposed on all Qf,; to be non-negative can be enforced by simply bounding the
iterates produced by (11). Algorithm 1 describes GPQL as proposed. In the Appendix A asymp-
totic analysis and probabilistic error bounds are provided for for the case of a convex MDP with
deterministic dynamics, building upon Corollary 1.

Algorithm 1 Gaussian Process Q-Learning

1: Input: Dynamics, P(-) with compact state set X', compact control set I/, a cost function, ®(-), and discrete
time horizon, t € {0,...,T —1}. A posterior Gaussian process state-action value function approximation
Q7 ()1 QF ~ GP(uf,kf(+,-)), Vt, estimated from initial data, Qf , and an initial policy 7.

2: while evaluation budget available do

3 Approximate Policy Evaluation: Update Q7 (-) | QF ~ GP(uf, %t (+,-)), V¢

4 Rollout the policy, 7(+) by sampling P(-)

5: Collect (X, us, P(X¢, 0t ), X¢41) and store in Dy, Vi.

6 fort ¢ {T'—1,...,0} do

7 Update the data QF according to (11).

8 Update the posterior process Q7 (-) | QF ~ GP(ui, ki (+,-))

9 end for

10: Approximate Policy Improvement: Update the policy, =

11: Define the Thompson Sampling policy, 7, through the updated posterior processes via (10).

12: end while
13: Return: Optimized policy 77" and function approximation Q™.

4 Experiments

We evaluate GPQL computationally on two control tasks: an LQR problem, and a non-isothermal
semi-batch reactor, which highlights the practical applicability of our method to real-world systems.

4.1 Linear Quadratic Regulator

The LQR problem provides an ideal benchmark for our approach as it satisfies Assumptions 2 and
7 with its affine dynamics, exhibits the convexity properties required by Properties 2 and 5, and
exemplifies the conditions in Corollary 1 where the state-action value function belongs to the same
function class as the cost function. We formulate an LQR problem using a double integrator sys-
tem (position and velocity control) with dynamics and cost matrices defined in Appendix B.1 with
time horizon T' = 6. For this system, we employed a positive definite convex kernel to align with
Corollary 1 and initialized with 5 episodes generated from a Sobol sequence on control trajectories.
Figure 1 shows the final policy? that our GPQL algorithm identifies consistently approaches the ora-
cle’s performance after collection of 25 further batches®. We compare to a standard PPO (Schulman
etal., 2017) implementation and found that it requires approximately 5000 batches to reach the same
level of performance that GPQL achieves in a total of 30. Figure 2 illustrates the convergence by
showing the state and control trajectories. The algorithm’s learned policy (blue) closely aligns with
the oracle’s optimal trajectories (red) after training. This demonstrates that our method not only
minimizes cost but also recovers the underlying optimal control structure of the LQR problem with
relatively small datasets.

4.2 Semi-Batch Reactor

The second experiment involves a benchmark non-isothermal semi-batch reactor control problem
(Bradford & Imsland, 2018; Bloor et al., 2024). The system expresses a series reaction mechanism:

2The final policy greedily exploits the posterior mean function.
3Here a batch refers to a rollout of the policy within the system over the discrete time horizon.
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Figure 1: From left to right: Learning curve for the LQR case study for GPQL training. Learning
curve for the LQR case study for the entire PPO training. Learning curve for the Semi-batch
Reactor case study. GPQL shown in blue for the LQR case with initial dataset size of 5, and in blue,
green and cyan for the Semi-batch Reactor case with initial dataset sizes of 10 and 30, respectively.
PPO is orange and the oracle in dashed red. The shaded area shows a single standard deviation.
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Figure 2: State and control trajectories for the LQR case study. Median states and controls from five
repeats (blue) closely align with the oracle’s optimal trajectories (red). Shaded areas represent one
standard deviation.

A k—1> B k—2> 3C, where the first reaction is exothermic and the second is endothermic. The state vec-
tor x = [Ca, Cg, Cc, T, V]T tracks species concentrations, temperature, and reactor volume, while
control inputs u = [T, F]T represent cooling jacket temperature and feed flow rate. The objective
is to maximize the final amount of product C—the cost function is detailed in the supplementary.

Due to the nonlinearity of this system, we employed a Matérn-5/2 kernel for our GP models. We
evaluated GPQL with different initial dataset sizes (10 and 30 batches). We allow the TS pol-
icy to collect a further 25 batches and compare the final policy (greedily exploiting the posterior
mean function) against an oracle nonlinear model predictive controller (NMPC) with perfect system
model. Figure 1 shows the produced learning curves. With 30 initial batches, the starting perfor-
mance is notably higher than with 10 batches, demonstrating the value of a larger initial dataset. An
initial performance dip occurs in early training episodes due to the exploration behavior of TS.

Figure 3 compares the state and control trajectories to those of the oracle. The learned policy closely
tracks the oracle except for early states and controls. As the initial dataset size increases to 30
batches, GPQL approaches the performance of the oracle, confirming that our method provides
significant advantages in scenarios where experimental data is limited and costly.

5 Conclusions and Future Work

This paper introduces GPQL, an approach for solving finite-horizon MDPs by using GPs to approx-
imate state-action value functions. Our method addresses the challenges of continuous state-control
spaces while maintaining computational tractability through strategic subset selection. We establish
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Figure 3: State and control trajectories for semi-batch reactor. The learned policy (blue) closely
tracks the oracle (red) for key state variables and control inputs. Shaded areas represent one standard
deviation.

theoretical guarantees on the continuity of state-action value functions and convergence properties,
with particular analysis for convex MDPs. Our empirical evaluation on both LQR problems and
a non-isothermal semi-batch reactor demonstrates that GPQL achieves near-optimal performance
with limited data.

Future work includes extending our analysis to the case of uncertain dynamics. Additionally, in-
vestigating the application of the algorithm to MDPs with state chance constraints additionally im-
posed would enhance its practical utility for real-world control problems where state and control
constraints are common.

A Analysis for Convex Markov Decision Process

A.1 Convex nonlinear programs

We start by extending the properties stated for the optimal solution maps and value functions for
nonlinear programs.

Assumption 5 (Convex objective function) The objective function g(x,u) is strictly convex in both
arguments.

Assumption 6 (Convex and compact constraint set) Assume thatU C R"+ denotes a non-empty
compact and convex constraint set.

Property 3 (Optimal solution mapping) Let Assumptions 5 and 6 hold, then the optimal solution
map, G*(X) is a single-valued mapping and continuous in X (Fiacco & Ishizuka, 1990).

Property 4 (Value function convexity) Let Assumptions 5 and 6 hold, then the value function,
g*(x), is convex in x (Fiacco & Ishizuka, 1990).

Remark 2 With additional assumptions such as regularity conditions and higher order continuity
of the constraint and objective functions, one can make stronger assertions regarding the differen-
tiability of solution maps (Barratt, 2018).

A.2  Convex Markov Decision Process
We begin by making the following assumptions on the problem statement.

Assumption 7 (Affine Dynamics and Convex Control Set) Assume that the underlying state
transition probability density function, P(-), is parameterized by X;11 = f:(X¢, us), where f, : Z —
X is an affine function, ¥t € {0, ..., T — 1}. The the control set, U C R, is compact and convex.
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Property 5 (Cost and State-Action Value Function Convexity) Assume that the cost function,
® : Z — Ry is positive definite convex function on the compact set (x,u) € Z, with Lipschitz
constant, Lg. Together with Assumptions 3 and 7, this implies the state-action value function in-
duced under a policy, QF : Z — Ry is Lipschitz continuous with Lipschitz constant Lgr,Vt € T
and a positive definite convex function in both arguments.

The intuition behind Property 5 leverages (i) the additive structure of the state-action value function;
(ii) the deterministic affine dynamics preserve the convexity of the future cost-to-go as a function of
the current state-control pair; and (iii) that the expectation preserves convexity (Boyd, 2004).

Theorem 4 Let Property 2 hold. The solution mapping and value function associated with the
nonlinear program,

: ™
flfélél Q3 (Xtﬂlt) s

satisfies Property 3 and 4, respectively.

An example of the setting posed here is the well-known LQR, where the dynamics are restricted to
be affine, and the cost function a positive definite quadratic function of the state and control. It is
well known that under these conditions the value function,

V;&F(X) =Er [Q?(Xa Ut) | U ~ Wt] ’

is convex quadratic in X, and the state-action value function is quadratic is the state and control.

A.3 Gaussian process Q-learning through backward induction
We now formalize results on the approximation of state-action values for the convex MDP.

Assumption 8 Assume the cost function, ® : Z — R, is a strictly convex function drawn from a
GP, GP(0,k(-,-)), with strictly convex kernel function k(-,-) € Kpp on the compact set, Z x Z.

Proposition 2 Let the Gaussian posterior process, GP (uf (+), ki (+,)), be defined using a strictly
input convex kernel function, k(-, -), with a zero-mean prior. Let the initial observed function values,
Q.. be non-negative and the Gram matrix be full rank and positive definite. The initial posterior
process mean, 1T (X, ), is strictly convex on (x,u) € Z.

Proposition 3 Let Proposition 2 and Assumption 8 hold. The solution mapping,
arg minyey 17 (X, w), adheres to Property 3 and the optimal value function, minyey 17 (X, 0),
adheres to Property 4.

Theorem 5 Assume the problem statement provided in Appendix A.2 and Propositions 2 and 3. The
iterative updates for point estimates of state-action values, QF , generated by (11) satisfy Property 5
and belong to the same function class as the cost function.

A.4 Analysis

In the following section, we analyze the asymptotic convergence of the mean of the posterior Gaus-
sian process presented to the true optimal state-action value function and derive probabilistic uniform
error bounds following the previous work of Lederer et al. (2021b). In this analysis we set M = N
within the M-DPP subset selection strategy (essentially switching it off) for construction of the GP
models. Consider the problem statement provided in Appendix A.2, and let Assumption 8 hold.
We proceed by firstly stating a probabilistic uniform error bound for the Lipschitz continuous and
convex state-action value function at the final time step.

Theorem 6 Assume N samples of the state-action value function at the final time step for control.
A posterior process is obtained as,

Q’?—l(')‘Q;—l ~ glp(#?—l('%k;—l('a')% (12)

10
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where the posterior mean uf._(z) and variance 0% _,(z) = kJ._,(z,z) are continuous with Lips-

chitz constants L,,,._, and L,,._, on Z. As proposed in Lederer et al. (2021a, Theorem 9), for a
given 01— € (0,1) and grid-space constant, 7(N), used to discretize Z through the generation of
Q7._,, one has,

P (|Q?71(X>u) — pr_ (X )| < V/Broa(t)or—i(x,u) +yr-1(7), V(x,u) € Z) >1—67-1
(13)

where,
Br-1(1) = 2log <

Yra(r) = (L, + Loz )7+ /T(N)Br1(7) Loy,

O0r—1

with M (7(N), Z) denoting the T-covering number of Z and Ly denoting the Lipschitz constant
of the state-action value function, QF._ (-).

By making additional assumptions on the data-generating policy, letting & = 1 in (11), and follow-
ing arguments made in Lederer et al. (2021b) we can establish an asymptotic convergence rate for
the approximation of the state-action value function at the final time-step a decision is made.

Assumption 9 The virtual grid constant 7(N) is chosen to decrease quadratically with the number
of samples:
7(N) € O(N"2). (14)

This assumption imposes the following requirement on the sampling policy s(N): For any state
x € X, the policy must ensure that subsequent samples are taken with decreasing distance to the
virtual grid points at a rate of at least O(N~2).

Theorem 7 (Asymptotic Convergence) : Consider the posterior mean p7._ (-) and the true func-
tion Qr—_1(-) defined on the compact set Z. For any sequence of training data Dyr_1 as N — oo,
if there exists a class Koo function o : R — R, where « is strictly increasing with o(0) = 0 and
lim, o (1) = 00, with its convergence rate dependent on the choice of kernel such that

1 1
on(x,u) € O (04(]\7)) co (log(N)) V(x,u) € Z, (15)

To analyze the convergence, the set Z is overapproximated by a hypercube with edge length 6. For
this d-dimensional hypercube, the T-covering number can be bounded by

d
M(r,2) < (Z@) , (16)

With the choice of virtual grid constant given in Assumption 9, the covering number grows polyno-
mially with N:
M(r(N), 2) € O(N*?), a7

which leads to
7(N) € O(NH), (18)

Under these conditions, we can establish the following convergence rate:

log(N
(Xfl};gzlu?_l(xm)Q?_l(xm)IIGO(OZ%\(,))) (19)

11
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With Lipchitz continuity of the posterior mean state-action value function approximation, the fol-
lowing derives a probabilistic error bound in approximation of the the optimal value function in the
final decision step.

Proposition 4 (Final value function bound) Let w; € argmin,g(x,u) and g*(x) =
mingey g(X, ) then by the convexity of ®(-) and compacmess of Z, we have that

*

T (%ug, ) = pp (X)) < Lyg g, —wg, | (20)

Proposition 5 (Final Optimal Value Function Bound) Given the above, we can set a bound on
the difference in the value function Q%._,(x) and p._(x) for a given x € X as

P(lir—1 (%) = Q3 ()| <

Br)or 1 (X, ul, ) + (1) + Ly [0, — Wi, |, vx€X) =15 @1)

In principle the analysis provided so far can apply to any system with a Lipschitz continuous cost
function. However, when we propagate backwards, our analysis becomes limited to convex MDPs
as in this case we preserve the Lipschitz continuity of the ground truth state-action value functions.
We now proceed to introduce a probabilistic error bound and asymptotic convergence rates for the
remaining time steps in the horizon.

Assumption 10 For any time step k € [t,T — 1], let 6, € (0,1) be chosen such that
Zk T—(t41) Ok <

Theorem 8 (Finite Horizon Optimal Value Function Error Bound) Under the Assumptions
above and by applying the union bound together with the error bound from Proposition 5 at each
time step, we obtain the probabilistic error bound for discrete time index, t:

P(1Q;(x) — i (x) |<
T-1 T-1

( 7)ok Xk, wy,) + Y (7h) + Ly [ug, — uzko Vx; € X) >1- Z 0 (22)
k=t k=t

where the state term, Xi,Vk > t within the standard deviation of the posterior process comprising
the first term on the right hand side of the inequality within the probability operator, is yielded
through forward evaluation of the decision process under the optimal policy generated from the
posterior mean, Xi+1 = f(Xp, uzk).

Theorem 8 provides a probabilistic uniform error bound between the optimal state-action value
function and the Gaussian posterior process mean approximation for an available dataset.

Theorem 9 (Asymptotic Error Convergence) Following from Theorem 8, as the number of data
points N — oo, the posterior variance term o(-) decreases as O(1/a(N)) uniformly over all
timesteps k € [t,T], leading to an overall convergence rate of O(\/log(N)/a(N)) for the GP
approximation error to the optimal Q-functions Q);.(-) across the entire time horizon.
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B Experimental Setup

B.1 Linear Quadratic Regulator

T—1
. min XTQrXy + Z(Xngk + “gR“k) (23)
05---,UT —1 k=0
st Xgp1 = Axg + Bug 24)
xo = x(0) (25)
uy, <u, <uy (26)
Yk e T\{T} 27

where x;, € R™= represents the state vector, ux, € R™* is the control input vector, A € R™=*"= and
B € R"™=*"u define the discrete-time system dynamics, ) € R™=*"= and R € R™*"« are positive
semi-definite and positive definite cost matrices for state and control respectively, Qn € R™=*"=
is the terminal state cost matrix, uz, and uy are the lower and upper control bounds respectively,
and N denotes the finite time horizon. In the LQR experiment, the following dynamics matrices are

0 1 0 . 1.0 0.0
used A = [O O} and B = L] Cost matrices are set as () = {0.0 0.1} and R = 0.1.
B.2 Semi-Batch Reactor
The dynamics of the semi-batch reactor are shown below:
dC F
7; = v(CA,in —Ca) —kiCa (28)
dCg F
— =—=C k1Ca — kaC 29
7t VAR + ki1Ca — koCp (29)
dCc F
—=—=C koC 30
7 v e + k2Cp (30
ar UA(T, = T) — FaoCp, (T — Tp) 31)
dt [CACPA + CgCp,, + CcCpC]V + NHzSO4CPsto4
[(AHR1)(—ki1Ca) + (AHR2g)(—k2Cg)]V (32)
[CaCp, + CeCry + CcCp |V + Ni,s0, Cpyyso,
i\
Y _F 33
7 (33)

The variables in the system are denoted as follows: Ca, Cg, and C¢ represent the concentrations
(mol/dm3) of species A, B, and C; T is the reactor temperature (K); V is the liquid volume (m3); F
is the flow rate of pure A entering the reactor (m®/h); T, is the temperature of the heat exchanger
(K); Cp,, Cpg, Cp. are the specific heat capacities of components A, B, and C; AHg;a and AHgog
are the reaction enthalpies for the first and second reactions; k; and k, are temperature-dependent
rate constants.

The cost function is defined,

(34)

—Cc(t+1)V(t+1) ift=T-1
(I)(X7u):{0 ) ) else '

15



