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Abstract

The goal in thinning is to summarize a dataset
using a small set of representative points. Re-
markably, sub-Gaussian thinning algorithms like
Kernel Halving and Compress can match the
quality of uniform subsampling while substan-
tially reducing the number of summary points.
However, existing guarantees cover only a re-
stricted range of distributions and kernel-based
quality measures and suffer from pessimistic di-
mension dependence. To address these deficien-
cies, we introduce a new low-rank analysis of
sub-Gaussian thinning that applies to any distri-
bution and any kernel, guaranteeing high-quality
compression whenever the kernel or data ma-
trix is approximately low-rank. To demonstrate
the broad applicability of the techniques, we de-
sign practical sub-Gaussian thinning approaches
that improve upon the best known guarantees
for approximating attention in transformers, ac-
celerating stochastic gradient training through
reordering, and distinguishing distributions in
near-linear time.

1. Introduction

This work is about thinning, finding a small set of repre-
sentative points to accurately summarize a larger dataset.
Here, we use the term “dataset” liberally to refer to any
collection of points, be they experimental observations (as
in Sec. 6), stochastic gradients (as in Sec. 5), or key-value
pairs (as in Sec. 4). State-of-the-art thinning techniques
provably improve upon uniform subsampling but only for
restricted classes of kernel-based quality measures and with
pessimistic dependence on the data dimension (see, e.g.,

"University of Cambridge 2Cornell Tech *MIT *Microsoft
Research New England. Correspondence to: Annabelle Carrell
<ac2411@cam.ac.uk>, Albert Gong <agong@cs.cornell.edu>,
Abhishek Shetty <ashetty1995 @gmail.com>, Raaz
Dwivedi <dwivedi@cornell.edu>, Lester Mackey
<Imackey @microsoft.com>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

Harvey & Samadi, 2014; Phillips & Tai, 2020; Alweiss
et al., 2021; Dwivedi & Mackey, 2024; 2022; Shetty et al.,
2022; Li et al., 2024). We introduce a new analysis for
sub-Gaussian thinning algorithms that applies to any kernel
and shows that one can efficiently identify a better-than-
uniform set of representative points whenever the kernel or
data matrix is nearly low-rank. This opens the door to a va-
riety of impactful applications including approximate dot-
product attention in transformers, accelerating model train-
ing through gradient reordering, and distinguishing distri-
butions with deep kernels in near-linear time.

In Sec. 2, we introduce our formal definition of thinning,
two kernel-based measures of thinning quality, and a suite
of candidate thinning algorithms. Sec. 3 presents our main
theorem relating thinning quality to low-rank properties of
a dataset and its induced kernel matrix. In Sec. 4, we trans-
late the problem of approximating attention into a thinning
problem and develop a practical solution, Thinformer, with
state-of-the-art quality guarantees. In Sec. 5, we develop
a thinned stochastic gradient reordering rule that provably
accelerates training and bridges the theory-practice gaps
left open by prior work. Finally, in Sec. 6 we derive new
and improved power guarantees for practical thinned hy-
pothesis tests that distinguish distributions in near-linear
time. Each section also includes its own discussion of re-
lated work.

Notation. For each n € N and a,b € R, we define
[n] £ {1,...,n},aAb = min(a,b), and aVb = max(a, b).
We let ||Allops ||Allmax> and ||A||2,0c respectively repre-
sent the maximum singular value, absolute entry, and row
Euclidean norm of a matrix A and let \,.(K) denote the 7-
th largest eigenvalue of a suitable matrix K. We also define
the Euclidean norm balls B £ {u € R™ : |ul2 < 1}
and B™(R) & RB™ for each m € Nand R > 0. For
an event & and an integrable random variable X, we de-
fine E¢[X] £ E[X - 1[&]]. We write a,, < O(b,,) to mean
an < by, polylog(n).

2. Sub-Gaussian Thinning

We begin with a formal definition of our problem set-
ting. Consider a fixed collection of ny, input points Xj,
belonging to a potentially larger universe of datapoints
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Table 1: Examples of (K, v, §)-sub-Gaussian thinning algorithms. For input size n;,, output size ny > /T, and
||IK||max = 1 we report each sub-Gaussian parameter v and runtime up to constants independent of (ni,, noy, 6, K).

. SUBSAMPLING KH(0) KH-COMPRESS(0) GS-THIN GS-COMPRESS
Algorithm
Prop. B.1 Prop. B.2 Prop. B.5 Prop. B.6 Prop. B.10
Sub-Gaussian 1 V10g(nou/8)  \/log(nou) log(nou/d) 1 /10g(nou)
par ameter v V/ Tout Thout Tout Tout Tout
; 2 2 3 3
Runtime Nout ni, Nout ni, Nout

X = {x,...,z,}. The aim of a thinning algorithm is
to select nyy points from A}, that together accurately sum-
marize X;,. This is formalized by the following definition.

Definition 1 (Thinning algorithms). A thinning algorithm
ALG takes as input X, and returns a possibly random
subset Xoy of size Now. We denote the input and out-
put empirical distributions by Py, = ni Y ome x, Oz and
Pou = ﬁ Y ome X O and define the induced probability

Vectors Py, Pou € Arn—1 over the indices [n] by
1[x; €EXin 1[x; € Xow ;
Pin; = Uz L= I and Poui = Lzi€Xou] e J forall i € [n].

When X C RY we use X £ [z4,...
denote the input point matrix so that

,xn]T € R g0

ECCNPm [.CI}} = XTpin and Em"’Poul [w] = XTpoul'

We will make use of two common measures of summa-
rization quality.

Definition 2 (Kernel MMD and max seminorm). Given
two distributions y, ji and a reproducing kernel k (Stein-
wart & Christmann, 2008, Def. 4.18), the associated ker-
nel maximum mean discrepancy (MMD) is the worst-case
difference in means for functions in the unit ball By of the
associated reproducing kernel Hilbert space:

MMDiy(p1, f1) £ sup g, [Eanp f(2) = Eanif (2)]-

When = Pi, and i = Poy as in Def. 1 and K £
(k(zmi, ;)i j=1 € R"™ ™ denotes the induced kernel ma-
trix, then the MMD can be expressed as a Mahalanobis
distance between p;, and p:

MMDk(Pm, Pout) = \/(pin - pout)TK(pin - pout)
£ MMDxk (pimpout)'

For any indices T C [n], we further define the kernel max
seminorm (KMS)

||K(pin - pout)”I £ maX;er ‘ezTK(pin - poul)" (1)

Notably, when the input points lie in R? and k(x;, x;)
is the linear kernel (x;, z;) (so that K = XX ), MMD
measures the Euclidean discrepancy in datapoint means be-
tween the input and output distributions:

MMDK(pin’pout) = ||XTpin - XTpoutHQ'

A common strategy for bounding the error of a thinning
algorithm is to establish its sub-Gaussianity.

Definition 3 (Sub-Gaussian thinning algorithm). We
write ALG € G, 5(K) and say ALG is (K,v,J)-sub-
Gaussian, if ALG is a thinning algorithm, K is a symmetric
positive semidefinite (SPSD) matrix, v > 0, § € [0, 1), and
there exists an event € with probability at least 1 —0 /2 such
that, the input and output probability vectors satisfy

Eelexp({w, K(Piy — Pow)))] < €xp (”QiuTKu),Vu € R".

Here, the sub-Gaussian parameter v controls the summa-
rization quality of the thinning algorithm, and we see from
Tab. 1 that a variety of practical thinning algorithms are
(K, v, §)-sub-Gaussian for varying levels of v.

2.1. Examples of sub-Gaussian thinning algorithms

Perhaps the simplest sub-Gaussian thinning algorithm is
uniform subsampling: by Prop. B.1, selecting ngy points
from Aj, uniformly at random (without replacement) is
(K, v,0)-sub-Gaussian with v = /|| K||max/+/Tou. Un-
fortunately, uniform subsampling suffers from relatively
poor summarization quality. As we prove in App. B.1.1, its
root-mean-squared MMD and KMS are both €(1/,/Tou)
meaning that ny, = 10000 points are needed to achieve
1% relative error.

Proposition 1 (Quality of uniform subsampling). For
any T C [n], a uniformly subsampled thinning satisfies

]E[MMD%((pimpoul)]: ! Ln{mCK and

Tout  Min —

— TMout Min—

2 _—
E[HK(pin - pout)HI] > anjnim maxier CKe,iejK

for any SPSD K with Cx £ 37| pi, Kii — pn Kpy,.
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Fortunately, uniform subsampling is not the only sub-
Gaussian thinning algorithm available. For example, the
Kernel Halving (KH(0)) algorithm of Dwivedi & Mackey
(2024) provides a substantially smaller sub-Gaussian pa-
rameter, v = O(+/1og(nou/d)/nou), in nZ, time by select-
ing one out of every two points and biasing selection toward
the point that yields smaller approximation error. Similarly,
the KH-COMPRESS(d) algorithm of Shetty et al. (2022,
Ex. 3) delivers v = O(\/log(noul) log(nout/0)/Nout) 1n
only nZ, time by halving and concatenating coresets of
geometrically increasing size until the target output size
is met. We derive simplified versions of these algorithms
with identical sub-Gaussian constants in Apps. B.2 and B.5
and a linear-kernel variant (LKH(0)) with n;,d runtime in
App. B.3. To round out our set of examples, we show
in App. B.6.1 that two new thinning algorithms based on
the Gram-Schmidt walk of Bansal et al. (2018) yield even
smaller v at the cost of increased runtime. We call these
algorithms Gram-Schmidt Thinning (GS-THIN) and GS-
COMPRESS.

3. Low-rank Sub-Gaussian Thinning

One might hope that the improved sub-Gaussian constants
of Tab. 1 would also translate into improved quality met-
rics. Our main result, proved in App. C, shows that this
is indeed the case whenever the inputs are approximately
low-rank.

Theorem 1 (Low-rank sub-Gaussian thinning). Fix any
8 €(0,1),7r <n,and I C [n]. If ALG € G, 5(K), then
the following bounds hold individually with probability at
least1 —6/2 —¢':

MMD (P, Pou) < V2 [€2r + elog(F)]

+ )\T+1 ( niul in ) and (2)
z

1K (P — Pow) |z < vDzy/2l0g(AE). 3)

Here, \; denotes the j-th largest eigenvalue of K, A1 =
0, and D1 £ max;c7 v Kij.

Suppose that, in addition, X C R and Ki — Kji| <
Lk||lx; — ;|2 for some Lx > 0 and all i,j € T and
I € supp(py,)- Then, with probability at least 1 — /2 — ¢,

IK(Pin — Pou)llz < vDzy/2l0g(4/8")(1 + £%)

+vDz 32\/% rank(Xz) log(%) 4)

L
n;

for Rt = max;ez || |2 and Xz 2 [wz]zTeI

Let us unpack the three components of this result. First,
Thm. 1 provides a high-probability O(v+/log(|Z|)) bound
(3) on the KMS for any kernel and any sub-Gaussian thin-
ning algorithm on any space. In particular, the non-uniform

algorithms of Tab. 1 all enjoy O(log(nou)v/10g(|Z])/7out)
KMS, a significant improvement over the (1/\/Tion)

KMS of uniform subsampling. The bound (3) follows from
the sub-Gaussianity of the thinning algorithm (Def. 3) and
the union bound over +e; for each i € 7.

For datapoints in RY, Thm. 1 also provides a refined
O(v+/rank(Xz)log(RrLk)) bound (4) on KMS. For
bounded data, this trades an explicit dependence on the
number of query points |Z| for a rank factor that is never
larger (and sometimes significantly smaller) than d. This
refinement follows from a more elaborate chaining argu-
ment that frames (e, K (p;, — Pou) )iz as a sub-Gaussian
process (Lem. C.5) and uses the Lipschitzness of K to con-
trol its entropy integral. We will make use of these results
when approximating dot-product attention in Sec. 4.

Notably, Thm. 3.1 of Phillips & Tai (2020) implies that any
thinning algorithm must incur at least Q(v/d/nou) KMS
error for some dataset in R% and many common kernels.
Meanwhile, our Tab. 1 and Thm. 1 imply that GS-THIN
has v = O(1/noy) and hence KMS O(v/d/noy). Taken
together, these results imply that no algorithm can have
sub-Gaussian constant v = 0(1/ny,) and that GS-THIN
enjoys minimax rate-optimal KMS and a minimax rate-
optimal sub-Gaussian constant.

Finally, Thm. 1 provides an O(v\/7 + \/Ar41/Nou) high-
probability bound on kernel MMD, where the approximate
rank parameter  can be freely optimized. We establish this
result by projecting K'/2(p,, — p,,,) onto the first 7 eigen-
vectors of K, bounding the residual error in terms of A, 1,
and bounding the projection magnitude with high probabil-
ity using the sub-Gaussianity of ALG and a union bound
over a finite cover of a Euclidean ball in R".

When K = (k(z;, ;))};_; is generated by a finite-rank
kernel k, like a linear kernel (x;,;), a polynomial ker-
nel (1 + (x;,x;))?, or a random Fourier feature kernel
(Rahimi & Recht, 2007), this guarantee becomes O(v)
and improves upon uniform subsampling whenever v =
0(1//Nou). In this case, the non-uniform algorithms of
Tab. 1 all enjoy O(log(nout)/Now) MMD, a significant im-
provement over the £2(1/,/Mow) MMD of uniform subsam-
pling. We will revisit this finite-rank setting when studying
stochastic gradient acceleration strategies in Sec. 5.

More generally, Thm. 1 guarantees improved MMD even
for full-rank K, provided that the eigenvalues of K de-
cay sufficiently rapidly. For example, optimizing over the
approximate rank parameter r yields an O(v log?’? (now))
bound under exponential eigenvalue decay A,.;1 =
O(ne=<"""") and an O(u#(%)m) bound under
polynomial eigenvalue decay A.y1 = O(n/r?). Fortu-
nately, some of the most commonly-used kernels generate
kernel matrices with rapid eigenvalue decay.
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For example, the popular Gaussian kernel on R<,

Gauss(n) : k(z,y) = exp(—nllz — y[3) forn > 0, (5)

generates K = (k(z;, x;))};_, satisfying

_dp1/dy, rl/d

Ar41 < me ez ! g(4i2"1?2) for (2¢)? <r<n (6)
whenever X C B?(R) (Altschuler et al., 2019, Thm. 3).
Combined with Thm. 1, this fact immediately yields an
MMD guarantee for each algorithm in Tab. 1. We present
a representative guarantee for KH(J).

Corollary 1 (Gaussian MMD of KH). If X, C IB%d(R)
for R > 0, then KH(0) with k = GAUSS(n), and n = ny,
delivers

MMD%{ (pinﬂ pout) S
(e R IR )

Tout

with probability at least 1 — §/2 — §'.

The proof in App. D provides a fully explicit and easily
computed bound on the Gaussian MMD. Under the same
assumptions, the distinct analysis of Dwivedi & Mackey
(2022, Thm. 2, Prop. 3) provides a squared MMD bound of

] 02 (T 08+ (noy) Rn/2
size © (4 g(né’ui/é)(l g l(og(zf‘);]d + log(3))). Notably,

Cor. 1 improves upon this best known KH(J) guarantee
whenever the datapoint radius R = O(log noy ), a property
that holds almost surely for any bounded, sub-Gaussian,
or subexponential data sequence (see Dwivedi & Mackey,
2024, Prop. 2).

Altschuler et al. (2019, Thm. 4) additionally showed that
Gaussian kernel matrix eigenvalues satisfy

_op2/ (5d%)

Art1 < e for 1<r<mn (7

for a constant ¢ independent of X when X belongs to a
smooth compact manifold of dimension d* < d. In this
case, our low-rank analysis yields adaptive MMD guar-
antees that scale with the potentially much smaller intrin-
sic dimension d*. We use Thm. 1 to prove the first such
intrinsic-dimension guarantee for KH(d) in App. E.

Corollary 2 (Intrinsic Gaussian MMD of KH). If A,
lies on a smooth manifold Q0 C B of dimension d* < d
(Assump. E.1), then KH(6) with k = GAUSS(n), and n =
nin delivers

n,
out 5d*

MMD (Py, Pou) < O(F2E5 (180 ) 25 1 1og( 1))

Mout

with probability at least 1 — g — &' for c independent of Xi,.

In Sec. 6, we will use Cors. 1 and 2 to establish new guar-
antees for distinguishing distributions in near-linear time.

With our core theory in hand, we now turn our attention to
a series of impactful applications.

4. Approximating Attention

We will first use our analysis to accelerate attention ap-
proximation in transformers. Dot-product attention lies at
the heart of the transformer neural network architecture
that has revolutionized natural language processing, com-
puter vision, and speech recognition over the last decade
(Vaswani et al., 2017; Dosovitskiy et al., 2021; Dong et al.,
2018). Given a collection of query, key, and value vectors
(q;, ki, v;)™, each in RY, dot-product attention computes
the softmax matrix

T £ ATTENTION((g;)7-y, (kj,v;))—,) S D TAV  (8)

for A;; £ eXp(@“TZJ)), D = diag(Al,), and V;; £ v,;.
While attention has enjoyed unprecedented success in cap-
turing long-range dependencies amongst datapoints, its
computation is expensive, requiring ©(d n?) time to con-
struct and multiply the matrix A. This quadratic-time bot-
tleneck has inspired a plethora of practical approximate at-
tention mechanisms (e.g., Kitaev et al., 2020; Choromanski
etal., 2021; Chen et al., 2021), but, to our knowledge, only
two guarantee accurate reconstruction of the softmax ma-
trix T (Zandieh et al., 2023; Han et al., 2024).! In this sec-
tion, we design a new fast attention approximation based on
sub-Gaussian thinning and derive guarantees that improve
upon the prior art.

4.1. Thinning attention in theory

Algorithm 1: Thinformer

Input: Queries, keys, and values (g,, ki, v;)j—; in R, nou
// Define key-value attention kernel

Kaee (R, 9), (K, 3")) 2 exp ((k, k') (9, 9")

// Thin augmented key-value pairs using Katt

= 1
Umax < nel?)](n'”zHoo, (ki 0i)izy < (ki/d*, (vi, Vmax))iz1
1 n

Xowt < KH-COMPRESS(0.5)(Xin = (Ki, ©:)11, Katt, ou)
// Return exact attention on selected key-value subset

return T £ ATTENTION ((g;)11, {(k, v) : (K, D) € Xou})

Alg. 1 summarizes our new Thinformer module. At its
heart is a new key-value attention kernel k,¢; that mim-
ics the special structure of the softmax matrix T. Alg. 1
uses the attention kernel and a high-quality thinning algo-
rithm, KH-COMPRESS(0.5), to subselect key-value pairs
and then computes exact attention (8) for the key-value
subset. In total, this requires only O(dn2,) time to

run KH-COMPRESS(0.5) and O(d n 1oy ) time to compute

'A third remarkable work (Alman & Song, 2024) establishes
upper and lower bounds for attention approximation but without
a practical implementation.



Low-Rank Thinning

Table 2: Practical approximations with guarantees. For
each approximation T € R"*? to the softmax matrix T
(8), we report, up to a constant factor, the best worst-case
error guarantee for ||T T||imax given O(dn'**) running
time and ~y-bounded (9) queries and keys. Here, the ratio
[Vlop/IIV]l2,00 lies in [1,/n] and 7 = 0.173 + o(1).

Approximation Guarantee
) 27 /d1og(n||V|max) log n
Thinformer 8 TJL LA Ly [Vl[2,00
27+ 5 (1+3)
n 2 2
KDEformer /2 “IVllop
5 (logn) &
. n ogmn
HyperAttention e Vllop

ATTENTION with n queries and ng, key-value pairs. In
contrast, computing the exact softmax matrix T with stan-
dard matrix multiplication requires ©(d n?) time. Our next
result, proved in App. F, shows that Alg. 1 also admits a
strong quality guarantee for approximating T.

Theorem 2 (Quality of Thinformer). With probability at
least %, Thinformer (Alg. 1) yields

1B e < 21V 2,50 108 (now) 1og(12n0u log, 7228)
for ¢ = 128 (d+ 1) log(3e? (R2 +2)[[V]max) +

log(8)(4 + 128) and R =

7 max;e ) max(|[killz, [1g;[]2)-

To put this result into context, let us compare with the exist-
ing guarantees for practical attention approximation, sum-
marized in Tab. 2. Under the ~-boundedness assumption,

max;ep, max(||k:|3, [g;]3) < yVdlogn, (9

the KDEformer approximation (Zandieh et al., 2023,
Cor. 3.6) with 7 = 0.173 + o(1), the HyperAttention ap-
proximation (Han et al., 2024, Thm. 1) with no masking,
and the Thinformer approximation (Thm. 2) guarantee the
| T — T max bounds of Tab. 2 with O(dn'**) runtime and
probability at least 1 . The Thinformer guarantee exhibits
four improvements over its predecessors. First, it estab-
lishes a significantly faster error decay rate (n~® versus
n=%2 or =) for a given subquadratic runtime n'*.
Second, it reduces the dependence on the error inflation
factor ~. Third, like the HyperAttention guarantee, it elim-
inates all dependence on the KDEformer penalty parameter
7. Finally, it reduces dependence on the value matrix by a

HVHop € [1,vn).

VI,
Put otherwise, with bounded ||V]||2, o0, ’/I\‘thm can provide

consistent (i.e., ||’i‘thin — T|lmax — 0 as n — oo) sub-
quadratic estimation whenever + is bounded away from 1,/2

factor of

and guarantee, for example, O(ﬁ) error in O(dn2+27)

time. In contrast, the dee and ’f‘hyp bounds require
quadratic runtime to guarantee O(ﬁ) error in the best

case (|| Vllop = O(1)) and cannot guarantee consistent sub-
quadratic estimation in the worst case (||V||op = Q(y/1)).

4.2. Thinning attention in practice

To gauge the practical effectiveness of Alg. 1, we recre-
ate the benchmark Tokens-To-Token Vision Transformer
(T2T-ViT) and BigGAN image generation experiments of
Zandieh et al. (2023). In the T2T-ViT experiment, attention
approximations are scored on their ImageNet classification
accuracy and computational expense when used as drop-in
replacements for the two most expensive attention layers in
a pretrained T2T-ViT neural network (Yuan et al., 2021).
In the BigGAN experiment, approximations are scored on
their computational expense and two popular measures of
image generation quality, the Frechet Inception Distance
(FID, Heusel et al., 2017) and Inception Score (IS, Sali-
mans et al., 2016). Using the exact implementations and
settings provided by Zandieh et al. (2023), we benchmark
our PyTorch implementation of Thinformer against exact
attention and four leading attention approximations: Per-
former (Choromanski et al., 2021), Reformer (Kitaev et al.,
2020), ScatterBrain (Chen et al., 2021), and KDEformer.

In Tab. 3, we find that Thinformer (g = 2) provides the
highest Top-1 accuracy on the ImageNet 2012 validation
set (Russakovsky et al., 2015), while running faster than all
of the alternatives. In Tab. 4, Thinformer (g = 2) yields
better FID and IS than all of the alternatives while run-
ning significantly faster than exact, KDEformer, Reformer,
and ScatterBrain. Performer runs faster still but at the ex-
pense of substantially worse FID and IS. The final attention
call of Thinformer can also be combined with optimized
attention implementations like FlashAttention (Dao et al.,
2022; Dao, 2024) to further reduce the time and mem-
ory footprint. We provide PyTorch code replicating this
experiment at https://github.com/microsoft/
thinformer and supplementary experiment details in
App. L.1.

5. Faster SGD Training

We now turn to a second application, accelerating training
through gradient reordering. To train a machine learning
model parameterized by w € R, a standard approach is to
minimize the empirical risk f(w) £ 23" | fi(w) using
stochastic gradient descent (SGD) updates,

wk+71 = wk+ . — av‘fﬂ,k(l)(w

=), (10)

for each epoch k € [K|] and datapoint i € [n]. Here, o > 0
is a step size, each f; is a datapoint-specific loss function,
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Table 3: Quality of T2T-ViT attention approximations on ImageNet. We report mean Top-1 accuracy 41 standard
deviation across five random seeds and mean forward pass runtime +1 standard deviation across 50 batches of 64 images.

Attention Algorithm Top-1 Accuracy (%)

Layer 1 Runtime (ms)

Layer 2 Runtime (ms)

Exact 82.55+0.00
Performer 80.56 £ 0.30
Reformer 81.47 £ 0.06

KDEformer 82.00 + 0.07
Scatterbrain 82.05 £ 0.08
Thinformer (Ours) 82.18 £ 0.05

18.48 +0.12
2.54+£0.01
7.84 £ 0.03
5.39+0.03
6.86 = 0.02
2.06 £ 0.01

1.40 £ 0.01
0.60 = 0.01
1.53+0.01
2.28+0.03
1.55 £0.03
0.54 £ 0.00

Table 4: Quality of BigGAN attention approximations for image generation. We report Frechet Inception Distance
(FID) with the ImageNet validation set, Inception Scores (IS), and mean forward pass runtime + 1 standard deviation
across 10 batches of 32 images. A lower FID or higher IS indicates better image generation quality.

Attention Algorithm FID (]) IS (1) Runtime (ms)
Exact 32.18  58.37+4.21 5.83 £0.09
Performer 33.58 38.07+3.43 2.28 £0.00
Reformer 72.23 19.14£2.09 12.10£0.01
KDEformer 30.71  57.09 £4.05 6.40 £0.34
ScatterBrain 38.78  36.93+297 3.13+£0.02
Thinformer (Ours) 30.54 57.12 £3.96 2.66 £0.01

and 7 is a permutation of [n] representing the order in
which datapoints are processed in the k-th epoch.

Algorithm 2: Thinned Reordering

Input: Stochastic gradients (zf £ V f,, ;) (w’“'% ))ie1,
prior ordering 7, thinning algorithm ALG
/I Select half of points using linear kernel

Xo’fn — ALG(‘X}H = (a:f)z"n:hnom = %’ k(iE, y) = <.’L',y>)

M« [; I+« // Tnitialize empty start and end lists
fori=1,...,ndo

‘ .append(m (7)) if ¥ € X%, else II'.prepend(mx())
end

return 7,11 = concatenate(IL, I1')

Typically, one selects the orderings 7 uniformly at ran-
dom, but recent work has demonstrated faster convergence
using non-uniform, adaptively selected orderings. Specifi-
cally, Lu et al. (2022); Cooper et al. (2023) show that any
sufficiently accurate thinning algorithm can be efficiently
transformed into a reordering rule that improves the con-
vergence rate of SGD by a substantial O(n~!) factor. Their
approach, distilled in Alg. 2, uses an elegant construc-
tion of Harvey & Samadi (2014, Thm. 10) to translate a
high-quality thinning of stochastic gradients into a higher-
quality reordering. However, these prior studies leave two

problems unaddressed.

First, while the established convergence rates of Lu et al.
(2022) nearly match the minimax lower bounds for per-
muted SGD algorithms (Cha et al., 2023, Thm. 4.5), a mul-
tiplicative gap of size ©(d) remains in the worst case. This
led Cha et al. (2023) to declare, “It is an open problem
whether there exists a permutation-based SGD algorithm
that gives a dimension-free upper bound while maintaining
the same dependency on other factors.”

Second, Lu et al. (2022) carry out their analysis using the
self-balancing walk (SBW) thinning algorithm of Alweiss
et al. (2021) but find its overhead to be too high in practice.
Hence, in all experiments they instead employ a greedy
thinning algorithm that often works well in practice but is
not covered by their analysis.

5.1. Bridging the dimension gap

To address the first problem, we derive a new guarantee for
SGD with LKH reordering that replaces the typical ©(d)
penalty with a soft notion of rank.

Definition 4 (e-rank). The e-rank, rank.(X), of a matrix
X is the number of singular values greater than e.

Theorem 3 (LKH-SGD convergence). Suppose that, for
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Figure 1: Train and test convergence trajectories for mortgage classification with reordered SGD variants. We
display mean values £1 standard deviation across 5 random seeds. See Sec. 5.2 for more details.

alli € [n] and w,v € RY, the losses f and f; satisfy

|V fi(w) — Vf(w)|3 < o? (bounded noise),

IV fi(w) = Vfi(v)]|]2 < L|lw — v||2 (smoothness), and
fw) = f* < 5 IVF(w)[3 (PL) for f* = inf,cpa f(v).

Then, with probability at least &, SGD (10) with LKH (55 )
reordering (Alg. 2) and step size o given in App. G satisfies
fwi) = " < Olsdgz) for

k —k A& 1N\ ok
,:En]), " = EZi:lwi’
V/9elog(4K nlog(en/2)) log(4Kn)|lxk —z"||2
vn )

A k
r = maxye (k) rank, ([z7, . ..

A
and ¢;, = max
i€[n]

The proof of Thm. 3 in App. G simply uses Thm. 1 to
bound the thinning quality of LKH(5}) and then adapts
the prior SGD analysis of Cooper et al. (2023). Notably, the
standard practice of random reshuffling, i.e., SGD with uni-
form reordering, can only guarantee a significantly slower
Q(-+=) rate under these assumptions (Rajput et al., 2020,
Thm. 2), while Lu et al. (2022, Thm. 4) implies a similar
but dimension-dependent O(nQ—i@) rate for SBW reorder-
ing. Thm. 3 matches the minimax lower bound of Cha et al.
(2023, Thm. 4.5) up to the e-rank parameter and shows that
dimension dependence can be avoided when the gradient

update matrices [x¥, ..., x¥] are low-rank, or, more gener-
ally, € = O(%)—approximable by low-rank matrices.

5.2. Bridging the theory-practice gap

Two criticisms levied by Lu et al. (2022) against the SBW
algorithm were the need to estimate the maximum Eu-
clidean norm of any possible gradient vector in advance
and the need to tune its free hyperparameter. LKH (5% )
has neither of these drawbacks as it automatically adapts

to the scale of each input and has no hyperparameters to
tune. Moreover, with a linear kernel, LKH(5}) can be
run online in O(nd) time. Hence, LKH(5}) is a promis-
ing substitute for the greedy thinning of Lu et al. (2022);
Cooper et al. (2023). Indeed, when we recreate the Home
Mortgage Disclosure Act logistic regression experiment of
Cooper et al. (2023) with a single worker (Fig. 1), we find
that LKH-SGD strongly outperforms the standard practice
of random reshuffling (RR) and the theoretically justified
but overly conservative CD-GraB: SBW variant. In ad-
dition, LKH-SGD matches the state-of-the-art test accu-
racy of CD-GraB: Greedy and lags only slightly in terms
of training convergence.

The accelerated convergence rate of LKH-SGD over the
standard slow SGD rate of RR provides a direct verification
of the Thm. 3 guarantee, and we further verify in Fig. L.1
that the singular values of the gradient update matrices
drop off steeply, resulting in relatively small ex-ranks (see
Fig. L.1). See https://github.com/microsoft/
khsgd for PyTorch code replicating this experiment and
App. L.2 for supplementary experiment details.

6. Cheap Two-Sample Testing

Our final application is two-sample testing, determining
whether two datasets are drawn from the same underly-
ing distribution. We observe independent samples X' £
()™, and Y & (y;)}—; from the unknown distributions
P and Q respectively, and we seek to accept or reject the
null hypothesis that P = Q. Standard kernel MMD tests
tackle this task by computing the empirical MMD

MMDk(Pim Qin) for IEDina @in £ % Zmex(s:c; % Zyeyéy

for an appropriate kernel k and rejecting the null hypoth-
esis whenever MMDy (i, Qi) is sufficiently large (Gret-
ton et al., 2012). Such tests are prized both for their broad
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applicability and for their high discriminating power, that
is, their probability of rejecting the null when P # Q. A
standard way to summarize the power properties of a test is
through its detectable separation rate.

Definition 5 (Detectable separation rate). We say a two-
sample test has detectable separation rate €y ,, », if, for any
detection probability 1 — 3 € (0, 1), there exists a constant
ck,3 > 0 such that the test has power at least 1 — [ of
rejecting the null whenever MMDy (P, Q) > ¢k 3 - €k,mn-

Standard MMD tests can detect distributional differences
_ 1
on the order of €k ., = 7\/m (Gretton et al., 2012,

Cor. 9), and this detectable separation rate is known to be
the best possible for MMD tests (Domingo-Enrich et al.,
2023, Prop. 2) and minimax optimal for translation invari-
ant kernels (Kim & Schrab, 2023, Thm. 8). However,
standard MMD tests also suffer from the O((m + n)?)
time burden of computing the empirical MMD. Recently,
Domingo-Enrich et al. (2023) showed that one can improve
scalability while preserving power by compressing [P;, and
Qin using a high-quality thinning algorithm. However, their
analysis applies only to a restricted class of distributions
and kernels and exhibits a pessimistic dimension depen-
dence on R%. Here, we offer a new analysis of their Com-
press Then Test approach that applies to any bounded ker-
nel on any domain and, as an application, develop the first
non-asymptotic power guarantees for testing with learned
deep neural network kernels.

6.1. Low-rank analysis of Compress Then Test

Algorithm 3: Compress Then Test (CTT)

Input: Samples (X, )), # coresets s, compression level g, kernel
k, failure probability J, # replicates B, level «

-t equal-sized bins (X'(i))ﬁlll
-sized bins (y(l))fil

Partition & into s,, =
Partition } into sn, = 7.

/I Tdentify coreset of size noy = 2° %M for each bin

,$m do P < KT-CoMPRESS(6)(X, g, k)
. sn do QL) « KT-ComPRESS(8)(VV, g, k)
/I Compute CORESETMMD test statistic
M1 + MMDi (-2 Yoo PG, 2 570, @) (an
/I Simulate null by randomly permuting the s coresets 3 times
forb=1,...,Bdo
(B )iz: (@ p)izs PERMUTE<<P5u2>fm1, @W)iz)
M, <_MMDk( Sm Zzsml ]Pout b7 s, Z Qout,b)
end

// Threshold test statistic

R < position of M1 in an increasing ordering of (M)
with ties broken uniformly at random

return Reject with prob. min(1, max(0, R —

fori=1,...
fore=1,...

(1-a)(B+1)))

Alg. 3 details the Compress Then Test (CTT) approach
of Domingo-Enrich et al. (2023, Alg. 1). Given a core-
set count s > 2, a compression level g > 0, and a nom-
inal level @ € (0,1), CTT divides X and ) into data-
point bins of size nj, = m*" thins each bin down to
Size Ngy 2 28, /ni, using KT- COMPRESS( ) (a refinement
of KH-COMPRESS(4) detailed in App. H), and uses the
thinned coresets to cheaply approximate MMDy (Pi,, Qi)
and permuted versions thereof. Domingo-Enrich et al.
(2023, (8)) showed that the total runtime of CTT is domi-
nated by

O(49(m + n)(s + logy (£ — g))),

kernel evaluations, yielding a near-linear O((m +
n) log®(m+n)) time algorithm whenever s = O(log, (m+
n)) and g < clog,log(m + n). Moreover, Prop. 1 of
Domingo-Enrich et al. (2023) ensures that CTT has proba-
bility at most « of falsely rejecting the null hypothesis.

Our next, complementary result shows that CTT also
matches the detectable separation rate of standard MMD
tests up to an inflation factor Ry /2¢ depending on the com-
pression level g.

Theorem 4 (Low-rank analysis of CTT power). Suppose
the parameters of CTT (Alg. 3) satisfy m < n,

sm > 2log(%), and §=min(Z,(5)1/1B]

30es

for B & 5 and y & & (5)Y/14B+D) Then CTT has
detectable separation rate (Def. 5)

€k,m,n = (1 + Rk/QG)/\/ﬁ7

where Ri denotes the (1 —

206” )-th quantile of

R2 = log(’”"’”) log(%) (12)

min {”k”OOT log(%) (/\r—‘rl(K) + )\r—i-l(K/))nout}-

< 2N0ut

for K £ (k(mhwj))” v K = (k(yiayj))zn,jzl’ and
Hk”OO £ bupuL,yESupp(]P"’rQ)‘k(x y)

The proof in App. I combines the low-rank sub-Gaussian
error bounds of Thm. 1 with the generic compressed power
analysis of Domingo-Enrich et al. (2023, App. B.1) to
yield power guarantees for bounded kernels on any do-
main. Notably, when rank(K) and rank(K’) are bounded
or, more generally, polylog(n) one can choose the com-
pression level g = ©O(log, log(m + n)) to exactly match
the optimal quadratic-time detectable separation rates with
a near-linear time CTT test. Moreover, the inflation factors
remain well-controlled whenever the induced kernel matri-
ces exhibit rapid eigenvalue decay.
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As a concrete example, consider the learned deep neural
network kernel of Liu et al. (2020),

Kaeep (@, y) £ [(1 — €)r(d(x), ¢(y)) + elg(z,y), (13)

where ¢ : R? — Rdembd ig a pretrained neural network,
q and k are GAUSS(n) kernels (5) on R? and Rdembd re-
spectively, and ¢ € (0,1). This deep kernel generates
full-rank kernel matrices (Liu et al., 2020, Prop. 5) but
induces exponential eigenvalue decay due to its decom-
position as a mixture of Gaussian kernels. Hence, as we
show in App. J, CTT with Kgeep, g = O (log, log(m + n)),
and sub-Gaussian inputs matches the detection quality of a
quadratic-time MMD test in near-linear time.

Corollary 3 (Power of deep kernel CTT). Instantiate the
assumptions of Thm. 4 with k = Kgeep (13). If the inputs
(¢(x1), 1, 9(y,), y,) are sub-Gaussian, that is,

E[ecll(¢(@1):@1.e)w)l3] < oo (14)

for some ¢ > 0, then CTT satisfies the conclusions of
Thm. 4 with d' £ deppa + d and

a3 .
Ry, = O(log 2 i (g))-

Moreover, when the input and neural features lie on smooth
compact manifolds (as, e.g., in Zhu et al., 2018), the error
inflation of CTT adapts to the smaller intrinsic manifold di-
mension, enabling an improved trade-off between runtime
and detection power. See App. K for our proof.

Corollary 4 (Power of deep manifold kernel CTT). Un-
der the assumptions of Cor. 3, if 1, yy, (x1,0(x1)),
and (y,, &(y,)) belong to smooth compact manifolds (As-
sump. E.1) with dimension d* < d’' then CTT satisfies the
conclusions of Thm. 4 with

5d*

O(log ¢

3

Ruc.,, = Hz)).

Cors. 3 and 4 follow from explicitly bounding the eigenval-
ues of the generated deep kernel matrices as in (6) and (7).
By Kim & Schrab (2023, Thm. 8), the separation rate of
Thm. 4 is minimax optimal up to the inflation factor Ry, /29
and, hence, those of Cors. 3 and 4 are minimax optimal up
to log factors.

One could alternatively bound the compression error of
KT-COMPRESS(6) using the covering number approach of
Dwivedi & Mackey (2022, Thm. 2, Prop. 3). In the set-
ting of Cor. 3, the argument of App. J combined with this
distinct analysis would yield an alternative error inflation
factor Ry e/ 28 With worse dimension dependence,

3d’

Ru., = O(log " 2(2)),

and without known adaptivity to an intrinsic manifold di-
mension.
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Figure 2: Time-power trade-off curves for detecting
Higgs bosons with deep kernel MMD tests. We plot
mean values +1 standard error across 1000 independent
trials with level @ = 0.05 and B = 100 permutations.

6.2. Powerful deep kernel testing in near-linear time

To evaluate the practical utility of deep kernel CTT, we
follow the Higgs mixture experiment of Domingo-Enrich
et al. (2023, Sec. 5) and use the deep kernel training proce-
dure of Liu et al. (2020, Tab. 1). Here, the aim is to distin-
guish a Higgs boson signal process P from a background
process Q given m = n = 16384 observations, d = 2
particle-detector features, and a five-layer fully-connected
neural network ¢ with softplus activations and embedding
dimension depypq = 20.

Fig. 2 compares the time-power trade-off curves induced
by three fast kernel testing approaches to this prob-
lem: SUBSAMPLING, a standard wild-bootstrap MMD test
(Chwialkowski et al., 2014) that simply evaluates empirical
MMDy,,,, using nou = Moy uniformly subsampled points;
W-BLOCK, a wild-bootstrap test that averages 7 subsam-
pled squared MMDy, , estimates based on 1oy = Moy =
B points (Zaremba et al., 2013); and CTT with s = 32
bins and varying g. We find that the CTT curve dominates
that of the alternative methods and matches the power of
an exact MMD test (SUBSAMPLING with ny,, = n) in a
fraction of the time. The improvements of CTT over the
standard power-runtime trade-off of SUBSAMPLING pro-
vides a direct verification of the Thm. 4 guarantee, and
we additionally verify in Fig. L.2 that the empirical infla-
tion factor ﬁkdeep = O(log®(n)) in this setting due to ap-
proximate low-rankness. See https://github.com/
microsoft/deepctt for PyTorch code replicating this
experiment and App. L.3 for supplementary experiment de-
tails.
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Impact Statement

This work introduced a new analysis of thinning algorithms
that adapts to low-rank structures. We exploited this adap-
tivity to design fast algorithms with strong quality guar-
antees for three key applications in machine learning: dot-
product attention in Transformers, stochastic gradient train-
ing in optimization, and deep kernel testing for distinguish-
ing distributions. More broadly, our techniques provide
a general framework for reducing computational resource
use in machine learning. Such tools have the potential to
reduce energy costs and environmental harms from model
training, inference, and evaluation and to improve acces-
sibility in resource-constrained settings, all while provably
maintaining high quality.
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A. Appendix Notation and Definitions

We often use the shorthand (a); = max(a,0) as well as the shorthand k(X X) to represent the matrix (k(z;, ;))7 =1
In addition, for each kernel k, we let Hy and ||-||x represent the associated reproducing kernel Hilbert space (RKHS) and
RKHS norm, so that By = {f € Hx : || f|lx < 1} and define

(Pin = Pow)k = 753 e v, k(@) = 7 Yo, K(@,0).
We also relate our definition of a sub-Gaussian thinning algorithm (Def. 3) to several useful notions of sub-Gaussianity.

Definition A.1 (Sub-Gaussian vector). We say that a random vector w € R™ is (K, v)-sub-Gaussian on an event £ if K
is SPSD and v > 0 satisfies

2

Ee[exp(u'Kw)] < exp(% -u'Ku) forall ueR" (15)
If, in addition, the event has probability 1, we say that w is (K, v)-sub-Gaussian.

Notably, a thinning algorithm is (K, v, §)-sub-Gaussian if and only if its associated vector p;, — P is (K, v/)-sub-Gaussian
on an event £ of probability at least 1 — §/2.

Definition A.2 (Sub-Gaussian function). For a kernel k, we say that a random function ¢ € Hy is (k, v)-sub-Gaussian
on an event & if v > 0 satisfies

Eelexp((f. 0)i)] < exp(’g - |fIR) forall f € Hu. (16)
If, in addition, the event has probability 1, we say that ¢ is (k, v)-sub-Gaussian.

Our next two lemmas show that for finitely-supported signed measures like Pj, — Py, this notion of functional sub-
Gaussianity is equivalent to the prior notion of vector sub-Gaussianity, allowing us to use the two notions interchangeably.
Hereafter, we say that k generates a SPSD matrix K if k(X, X') = K.

Lemma A.1 (Functional sub-Gaussianity implies vector sub-Gaussianity). In the notation of Def. 3, if (P, — Pow )k is
(k, v)-sub-Gaussian on an event £ and k generates K, then the vector p;, — Doy is (K, v)-sub-Gaussian on E.

Proof. Suppose (Py, — Py )k is (k, v)-sub-Gaussian on an event &, fix a vector u € R"™, and define the function
fu® S uk(e, ;) € Hi.
By the reproducing property,
uTK(piy — Do) = (fus (Pin — Pou)k)c and [ fu |} = v Ku. (17

Invoking the representations (17) and the functional sub-Gaussianity condition (16) we therefore obtain

o

2
Ee [exp(u"K(Pin — Pow)] = Eelexp((fu, (Pin — Pou)k)1o)] < exp(|[ fullie - %) = exp(u'Ku - %),
so that p;, — Py is (K, v)-sub-Gaussian on the event £ as claimed. O

Lemma A.2 (Vector sub-Gaussianity implies functional sub-Gaussianity). In the notation of Def. 3, if Py, — Do IS
(K, v)-sub-Gaussian on an event £ and k generates K, then (Py, — Pow )k is (k, v)-sub-Gaussian on E.

Proof. Suppose p;,, — Doy 18 (K, v)-sub-Gaussian on an event &, fix a function f € Hy, and consider the set
L= {fu 250 uk( ) tu € R"}.

13
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Since L is a closed linear subspace of Hy, we can decompose f as f = f,, + f1, where u € R™ and f, is orthogonal to
L (Rudin, 1991, Theorem 12.4), so that

£ = I fulle + I SLIE and [ fullf = v Ku. (18)

Invoking the orthogonality of f, and (Pi, — Pow)k € L, the reproducing property representations (17), and the vector
sub-Gaussianity condition (15), we find that

Eelexp((f, (Pin — Pou)K)i)] = Eg[exp((fu + f1, (Pin — Pou)k)k)] = Ee [exp(u"K(p;, — Pou)])

2

18
<exp(u'Ku- %) < exp(||f[|% - VT)

so that (Py, — Poy )k is (k, v)-sub-Gaussian on the event £ as claimed. O

We end our discussion about the versions of sub-Gaussianity considered above by presenting the standard fact about the
additivity of sub-Gaussianity parameters under summation of independent sub-Gaussian random vectors, adapted to our
setting.

Lemma A.3 (Vector sub-Gaussian additivity). Suppose that, for each j € [m], A; € R" is (K, v;) on an event &; given

Aroy) = (A1, Aj) and E<j1 & ﬂz;ll E;. Then Z;”:l Ajis (K, (ZT 1V 2)1/2)-sub-Gaussian on E<,.

Proof. LetE<s =] ;=1 &j for each s € [m]. We prove the result for Z; = =>7_, A, by induction on s € [m]. The result
holds for the base case of s = 1 by assumption. For the inductive case, suppose the result holds for s € [m — 1]. Fixing
u € R", we may apply the tower property, our conditional sub-Gaussianity assumption, and our inductive hypothesis in
turn to conclude

E exp((u, K 3571 A1 [E< ]| = E[exp((u K 35y A)LE<Elexp({as, Avir))Hxn] | A E<]]

< E[exp((u, K> Aj))l[é’gs]} exp(% ~uTKu) < exp (#V] ‘u'Ku).

Hence, Z,1 is (K, (Z;fl v 2)1/2)_sub-Gaussian on £« 1, and the proof is complete. O

B. Proof of Tab. 1: Sub-Gaussian Thinning Examples

This section provides supplementary details for each of the sub-Gaussian thinning algorithms of Tab. 1.

B.1. SUBSAMPLING
B.1.1. PROOF OF PROP. 1: QUALITY OF UNIFORM SUBSAMPLING

We begin by computing the first and second moments of p,,: E[p,,] = p;, and

Nin (Nour—1)

: in(our—1 : in — Tout 1
E[poutp(—)l;t] = ﬁ dlag<pin) + %(pinpiz - nlin (pin)) = ﬁ(%) dlag(pin) + mpmpm

Hence,

E[MMDg (Piy; Pou)] = Py KPin — 2P0 KE[poy] + E[pyKPou] = tr(KE[po,poul) — P Kpi,
= oL (Pe=te) (tr(K diag(py,)) — P Kpy) = 7 (2= ) Ok (19)

Thout

To derive the second advertised result, we note that
2
E[”K(pin - pout)”I] 2 maXiEIE[(e?—K(pin - pout))2] = maXiEIE[MMD%(eieiTK(pimpout)]
and invoke the initial result (19) to conclude.
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B.1.2. SUB-GAUSSIANITY OF SUBSAMPLING

Proposition B.1 (Sub-Gaussianity of uniform subsampling). For any SPSD K € R"™*™, uniform subsampling (without
replacement) is a (K, v, 0)-sub-Gaussian thinning algorithm with

L & VK]
- V Thout .

Proof. Fix any vector w € R™, and let .Jy, ..., J,,, be the random indices in [n] selected by uniform subsampling. Since

u K (p;, — Do) = 7:)“[ m u'K(p,, — ey,) is an average of mean-centered scalars drawn without replacement and

satisfying

lu"Kes,| < VuTKu,/e] Kej, < \/|K][maxVuTKu  with probability 1
by Cauchy-Schwarz, Thm. 4 and equations (1.8) and (4.16) of Hoeffding (1994) imply that

Elexp(uTK (P, — Pow))] < exp(Elmax g TK ).

2nou

B.2. KH(5)

Algorithm B.1: KH(0): Kernel Halving with simplified swapping thresholds and failure probability § /2

Min
i=

Input: point sequence X, = (x;);."; with even ni,, kernel k

SM 8@ {}; 1;0 < 0 € Hy /Initialize empty coresets: S*, S@ have size i after round i
bmax,i < 0 // Max function norm so far

fori=1,2,...,nn/2do

/I Construct kernel difference function using next two points

(@, ') « (@ai-1,@2:);  [i + k(®ai—1,-) — k(®ai,-); i —1

// Compute swapping threshold a;

b?=| filli =k(z, )+ k(z',2') —2k(z,2'); bmax,i = max(b;, bmax,i—1)

a; “— bibmax,i(% + log(Qnm/(s))

/I Compute RKHS inner product <LZ¢_1, f1> , which has a simple form
v Kk
@i Y05 k(g @) — k(@;,2)) =23 _cs0) (k(z,2) — k(z,2))
/I Assign one point to each coreset after probabilistic swapping
(z,2") + (2,2) and m; 1 with probability min(1, (1 — ah)+)
SW .append(z); S® .append(a’); ¥i <« Yic1+nifi M= sk, )=, cswk(z, )

end
2 g1 i = N
return Xo = S'/, coreset of size now = nin/2

In this section, we analyze KH(J) (Alg. B.1), a variant of the Kernel Halving algorithm (Dwivedi & Mackey, 2024, Alg. 2)
with simplified swapping thresholds. Prop. B.2, proved in App. B.2.1, establishes the sub-Gaussianity of KH(J) and its
intermediate iterates.

Proposition B.2 (Sub-Gaussianity of KH(d)). Suppose ny, > 2. In the notation of Alg. B.1, on a common event £ of
probability at least 1 — 6 /2, for all i € [nin/2], %=1); is (k, v;)-sub-Gaussian with

)

»\/log@ni"/é) = \/log(22in;“/6) max;c;) MMDy (&

Vi = bmax,i %

\/log(2ni, /6
) < # max;efi) MMDy (02, ;5 0,;)

XT2j—17 Y &2j

< 7”%(22;“/6)2 min(maxgex, Vk(z, ), maxgex, MMDy (05, Pin)).

Prop. B.2 and the triangle inequality imply that (P, — Poy )k = n%nqﬁnm /2 is (k, v)-sub-Gaussian on £ with

V = Dmax,nin/2 \/Iog,(fnm/é) < \/Iogffni"/g) 2min(maxgex., v k(x, ), maxgex, MMDy (05, Pin))-
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By Lem. A.1, we thus have that the KH(0) output p;, — poy is (K, v/)-sub-Gaussian on £ for K generated by k and that
KH(d) € G, s(K).

B.2.1. PROOF OF PROP. B.2: SUB-GAUSSIANITY OF KH(0)

We begin by studying the sub-Gaussian properties of a related algorithm, the self-balancing Hilbert walk (SBHW) of
Dwivedi & Mackey (2024, Alg. 3). By Dwivedi & Mackey (2024, Thm. 3(i)), when the SBHW is run on the RKHS Hx
with the same f; and a; sequences employed in KH(¢), the output l/fz‘ of each round is (k, o;)-sub-Gaussian for

L0 and o? 207+ [HIRO+ZE (AR~ 20), Vi>1 (20)

The following lemma bounds the growth of the sub-Gaussian constants o; in terms of the swapping thresholds a;.
Lemma B.1 (Growth of SBHW sub-Gaussian constants). For each t, the SBHW sub-Gaussian constants (20) satisfy

o? o?

i
< .
2a;—b7 — 2a;—b;bmax,i

0?2 <¢ for ¢ £ max; ;] max(b?,rj) and 1; 2
Proof. We will prove the result by induction on .

Base case. 07 = b3 < ¢; as desired.

Inductive case. Suppose 02 ; < ¢;_1. Then 0? = g(0?_;) for g(x) = z + b%(1 — x/r;)+. Note that the slope of g is
1—b2/r;forz <r;and1forz > r;. If1— bf/n > 0, then ¢ is increasing and its maximum value over [0, ¢;] is at ¢;. If,
on the other hand, 1 — b?/r; < 0, then g first decreases and then increases so its maximum value over [0, ¢;] is either at 0
or at c. Since ¢; > max(r, ¢;—1), 07 < max(g(0), g(c;)) = max(b?, ¢;) = ¢;. The proof is complete. O

Invoking Lem. B.1, the assumption n, > 2, and the fact that 6 — %2(/25/)5) is increasing on (0, 1], we find that

0% < b2 Zlog(Qnm/é)M < p2

log(4
2(log(2nin /9))2 max,i 10g(2nm/5) J1rogg() ) < brznax ; log(2nin/9). (21)

The first inequality in (21) and the definition (20) further imply that
a;, = bibmax,i(% + 10g(2nin/(5)) > o0;b;4/2 log(2nin/5) > 0,-1b;4/2 log(2nm/6).

Hence, by Dwivedi & Mackey (2024, Thm. 3(iii)), for each i € [ni,/2], the vector ; of KH(6) coincides with the vector
1; of SBHW on a common event £ of probability at least 1 — /2. Therefore, each %z/}i is (k, 5-0;)-sub-Gaussian on &,
implying the result.

722

B.3. LKH(5)

In this section, we analyze LKH(9) (Alg. B.2), the Kernel Halving algorithm of (Dwivedi & Mackey, 2024, Alg. 2) with
a linear kernel, k(x,y) = (zx,y), on R? and failure probability §/2. Notably, Alg. B.2 can be carried out in only O(nd)
time thanks to the linear kernel structure. Prop. B.3, proved in App. B.3.1, establishes the sub-Gaussianity of LKH(d) and
its intermediate iterates.

Proposition B.3 (Sub-Gaussianity of LKH(9)). Suppose ni, > 2. In the notation of Alg. B.2, on a common event £ of
probability at least 1 — 6/2, for all i € [n;, /2], 2%1;1 is (k, v;)-sub-Gaussian with k(x,y) = (x,y) and

log(2mn (1 in/2)+1)/6
v = V/log( nln(oignn/ )+1)/6) max;ep @251 — a2

\/log(an(log(nm/2)+1)/5) 9 mln(maxme/\g" ||CB||2,

21

2) fOr = n%n Zweé\.’m (sm

Prop. B.3 and the triangle inequality imply that (Py, — Poy )k = n%wnm /2 is (k, v)-sub-Gaussian on £ with

- \/1og(2nin (log(nin/2)+1)/6) m

e axXjeln, /2] |T2j-1 — @2]|2
log(2nin (log(nin/2)+1)/6) T
< V/log (2 Ofmnm / 2 mm(maxmgxm ||CC||2, 2) for x = nim Zweé\,’in Oz
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Algorithm B.2: LKH(J): Kernel Halving with linear kernel and failure probability 6/2

Input: point sequence Xin = (x;)7", with even nj, and ; € R?

SW S « {}; o+ 0€cR? // Initialize empty coresets: SV, S® have size 7 after round i
o0+ 0 /I Keep track of sub-Gaussian constant
fori=1,2,...,nn/2do
/I Consider two points
(m,m') < (:1:21-_1,:1:21-); i < —1
/I Compute swapping threshold a;
2 / /. _ )
bi = (-’ @ —a'); 0= gugm, 0
(ai,04) + get_swap_params (0;—1, b;, §;)
// Compute inner product
ai + (Yi1,® — ')
/I Assign one point to each coreset after probabilistic swapping
(w, ') < («',x) and n; <~ 1 with probability min(1, (1 — 21))
SW . append(z); S@ .append(z’); i e i1 + nifi

end
return X, 2 S, coreset of size now = Nin/2

function get _swap_params (o, b,9) :

a <+ max(bav/2log(2/5), b%)
0% + o2 +b%(1+ (6% —2a)0?/a?) 1
return (a,0);

By Lem. A.1, we thus have that the LKH(4) output p;, — P, is (K, v/)-sub-Gaussian on £ for K generated by k and that
LKH(J) € G, 5(K).

B.3.1. PROOF OF PROP. B.3: SUB-GAUSSIANITY OF LKH(0)

We begin by studying the sub-Gaussian properties of a related algorithm, the self-balancing Hilbert walk (SBHW) of
Dwivedi & Mackey (2024, Alg. 3). By Dwivedi & Mackey (2024, Thm. 3(i)), when the SBHW is run on the RKHS Hj
with the same f; and a; sequences employed in LKH(§), the output v; of each round is (k, o;)-sub-Gaussian. Moreover,
since

a; > o;_1b;4/2log(2/0;) foreach i € [ny/2],

Dwivedi & Mackey (2024, Thm. 3(iii)) implies that, for each i € [niy/2], the vector ; of LKH(8) coincides with the
vector 1»; of SBHW on a common event & of probability at least 1 — 6/2. Therefore, each %1/% is (k, %ai)—sub—Gaussian
on £. Finally, Dwivedi & Mackey (2024, (46)) shows that o; < v; for each @ € [n;,/2], yielding the result.

B.4. RKH(5)

Algorithm B.3: RKH(¢): Repeated KH(4)

in , kernel k, output size now € Nin/ oN

Input: point sequence Xin = (x;)

/I Repeatedly divide coreset size in half
m < log, (Nin/Mout)
for 0 =1,2,...,mdo X, + KH(5/m)(Xin, k) ;

A .
return Xoy = Xin, coreset of size nou = nin /2™

In this section, we analyze repeated KH(J) (RKH(0), Alg. B.3), a variant of the KT-SPLIT algorithm (Dwivedi & Mackey,
2024, Alg. 1a) with simplified swapping thresholds. Our next result, proved in App. B.4.1, establishes the sub-Gaussianity
of RKH(4).
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Algorithm B.4: KH-COMPRESS(d): Compress with KH halving and failure probability §

Input: point sequence Xin = (x;)}",, kernel K, nou € y/Tin - 27
g  logs (Mout/+/Min) // identify compression level

function compress (S) :

if |S| = 4° then return S

Partition S into four arbitrary subsequences {S; }i—; each of size |S|/4
fori=1,2,3,4do

‘ §Z <+ compress (S;) /I return coresets of size 29 - %
end
S CONCATENATE(S), Sa,83,84); £+ 2-29./[S] /I coreset of size £
return KH (W;nm_g)é) (S,k) // coreset of size 2°/|S]|

return compress (Xji,) /I coreset of size now = 2%\/Min

Proposition B.4 (Sub-Gaussianity of RKH(6)). If noy € nin /2" then RKH(S) (Alg. B.3) is (k, v)-sub-Gaussian with

v = iy log( Pl min (maxpe v, v/K(@, @), maxpe.x, MMDi (8, P))
on an event & of probability at least 1 — /2.

By Lem. A.1, we thus have that the RKH(J) output p;, — p,, is (K, v/)-sub-Gaussian on £ for K generated by k and that
RKH(d) € G, s(K). Finally, v = O(ivlog(n""'/a)) when oyt > +/Tin.

B.4.1. PROOF OF PROP. B.4: SUB-GAUSSIANITY OF RKH(J)
Let ¢ = 2min(maxgey, /K(, ), maxgex, MMDy (84, Piy)), and, for each £ € [m], let ¢)() represent the vector

Y, /2¢ produced at the end of the (-th call to KH(6). By the proof of Prop. B.2 and the union bound, on an event £ of

probability at least 1 — §/2, () s = () gcm]> Where each 2;—:11;(@ is (k, v(9))-sub-Gaussian given (1)) c(—1)
for

log(2niwm/(2¢-1§
0 — (TS

Hence, on &, the weighted sum

21/,—1

~ £—1
(Pin = Pou)k = Yy 2o ¥ = Ty Zi 9

is (k, /2 vepm) (v(©))2)-sub-Gaussian by Dwivedi & Mackey (2024, Lem. 14). Finally, by Dwivedi & Mackey (2024,
Eq. (63), /> s (VD)2 < v

B.5. KH-COMPRESS(0)

In this section, we analyze KH-COMPRESS(J) (Alg. B.4), a variant of the KT-SPLIT-COMPRESS algorithm (Shetty et al.,
2022, Ex. 3) with simplified swapping thresholds.

Proposition B.5 (Sub-Gaussianity of KH-COMPRESS(8)). If oy € +/Tin 2" then KH-COMPRESS(6) (Alg. B.4) is
(k, v)-sub-Gaussian with

v= 1 \/logz(nom)log(%("‘“/nm“))maxme% k(z, )

on an event & of probability at least 1 — /2.

Proof. Since the original Kernel Halving algorithm of Dwivedi & Mackey (2024, Alg. 2) is equal to the KT-SPLIT al-
gorithm of Dwivedi & Mackey (2024, Alg. 1a) with m = 1 halving round, KH-COMPRESS(0) is simply the KT-SPLIT-
COMPRESS algorithm of (Shetty et al., 2022, Ex. 3) with KH(d) of Alg. B.1 substituted for KT-SPLIT(§, m = 1). The
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result now follows immediately from the KH(§) sub-Gaussian constant of Prop. B.2 and the argument of Shetty et al.
(2022, Rem. 2, Ex. 3). O

Now fix any SPSD K and any kernel k that generates K. By Lem. A.l, we have that p,, — p,, is (K, v)-sub-Gaussian
on & and hence that KH-COMPRESS(0) € G, s(K). In addition, v = O( log(now) log( /6)) when ngy > +/Nig. Fur-

thermore, Shetty et al. (2022, Rem. 1) implies that KH-COMPRESS(¢) has a runtime less than 49 n; (logy (nin) — g) =
4nc2)ut 10g2 (nin/nout) = O(ngm) when Nout = +/Min-

B.6. GS-THIN

The section introduces and analyzes the Gram-Schmidt Thinning algorithm (GS-THIN, Alg. B.5). GS-THIN repeatedly
divides an input sequence in half using, GS-HALVE (Alg. B.6), a symmetrized and kernelized version of the Gram-
Schmidt (GS) Walk of Bansal et al. (2018). We will present two different implementations of GS-HALVE: a quartic-time
implementation (Alg. B.6) based on the GS Walk description of Bansal et al. (2018) and a cubic-time implementation
based on local updates to the matrix inverse (Alg. B.7). While both the algorithms lead to the same output given the same
source of randomness, we present the original implementation® for conceptual clarity and the optimized implementation
for improved runtime. Throughout, for a matrix Q and vector u, we use the notation Qz 7 and uz to represent the
submatrix (Q;;)iez,jes and subvector (u;);cz.

Algorithm B.5: GS-THIN: Gram-Schmidt Thinning

Input: point sequence Xy = (), , kernel k, output size nou € 1in/2", HALVE € {GS-HALVE, GS-HALVE-CUBIC}

/I Repeatedly divide coreset size in half
m < logy (Nin/Mout)
for ¢ =1,2,...,mdo X, + HALVE(Xi, k) ;

JAN .
return Xoy = Xin, coreset of size noy = nin /2™

Our first result, proved in App. B.6.1, shows that GS-THIN is a sub-Gaussian thinning algorithm.

Proposition B.6 (GS-THIN sub-Gaussianity). For K generated by k, GS-THIN (Alg. B.5) is a (K, v,0)-sub-Gaussian
thinning algorithm with parameter

K||max
p & 2V 22)

Our second result, proved in App. B.6.2, shows that GS-THIN with the GS-HALVE implementation has O(n{.) runtime.

Proposition B.7 (Runtime of GS-THIN with GS-HALVE). The runtime of GS-THIN with implementation GS-HALVE
(Alg. B.6) is O(n?).

Our third result, proved in App. B.6.3, establishes the equivalence between GS-HALVE and GS-HALVE-CUBIC. More
precisely, we show that the sequence of partial assignment vectors generated by kernel_gs_walk (-) of Alg. B.6 and
kernel_gs_walk_cubic (-) of Alg. B.7 are identical given identical inputs, an invertible induced kernel matrix, and an
identical source of randomness.

Proposition B.8 (Agreement of GS-HALVE and GS-HALVE-CUBIC). Let 21, 23,... be the fractional assignment
sequence generated by kernel_gs_walk ((z;)™",) in Alg. B.6 and 2, 2}, ... be the fractional assignment sequence

Min

generated by kernel_gs_walk_cubic ((x;);") in Alg. B.7 with an identical source of randomness. If the pairwise
difference matrix

Q = (k(I2i—17$2j—1) + k($2i,iE2j) - k(Izi—l,szj) - k(172i7ij—l))i,je[n;.,/2]
is positive definite, then z; = z for all t.

Our fourth result, proved in App. B.6.4, shows that GS-THIN with the GS-HALVE-CUBIC implementation has O(n3)
runtime.
2 Towards making this equivalence clear, Alg. B.6 has been expressed with the same variables that Alg. B.7 uses. Alg. B.6 can be

slightly simplified if it were to be considered independently.
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Algorithm B.6: GS-HALVE: Gram-Schmidt Halving

Min

Input: point sequence X, = (x;); ", with even ni,, kernel k

Xow < {} //Initialize empty coreset

/I Select one point to keep from each consecutive pair using kernelized GS Walk
z < kernel _gs_walk (Xp)
fori=1,...,nin/2do
if z; = 1 then
| AXow.append(za2i—1)
else
| AXow.append(za;)
end
end
return X, coreset of size nin/2

function kernel_gs_walk ((@;);™) -

t+1; z¢ < (0,0,...,0) € R"n/2 // Initialize fractional assignment vector
A <+ [nin/2] // Initialize set of active coordinates
p~A /I Select a pivot uniformly at random

while z; ¢ {+1}""/% do
A" A\ {min ({i € [nin/2] : |2es| = 13\ ([rin/2] \ A)) }
/I Update set of active coordinates by removing smallest index set to £1
if p ¢ A’ then

| p’ ~ Unif(A’) // Select a new pivot from A’ uniformly at random
else

| P
end
/Il Compute step direction in which to update fractional assignment vector
Uy < argming,  pan,, /2 u ' Qu subject to u,s = 1 and u; = 0 foralli ¢ A',

where Q S R(ni"/Q)X(ni“/Q) has entries Qij £ k(.’EQi_l, Izj_l) + k(.’EQi, :EQJ') — k(l}gi_l, .’IJQJ') — k(mzi, xzj_l)

§t + |max Al and §~ « |min A|, where A = {(5 €ER:z¢ + du € [—1, +1]"i“/2} /1 Select candidate step sizes

§; < & with probability 6~ /(6 + 87 ); otherwise §; < —&~ // Choose step size and sign at random
Zig1 — Z¢ + Sruy /I Update fractional assignments
t+t+1;, A+ A5 pyp

end
return z,, sign vector in {£1}"n/2
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Algorithm B.7: GS-HALVE-CUBIC: Gram-Schmidt Halving with cubic runtime

Min

Input: point sequence X, = (z;) ", with even ni,, kernel k with positive definite k(X, Xin)

Xow < {} //Initialize empty coreset

/I Select one point to keep from each consecutive pair using kernelized GS Walk
z < kernel _gs_walk_cubic (Xj)
fori=1,...,nin/2do
if z; = 1 then
| Xow.append(zai—1)
else
| AXow.append(za;)
end
end
return X, coreset of size nin/2

function kernel_gs_walk_cubic ((x;)"™):

i=1
t+1; z¢ < (0,0,...,0) € R"n/2 // Initialize fractional assignment vector
A+ [nin/2] // Initialize set of active coordinates

p~A /I Select pivot uniformly at random

Q < (k(xzifh x’zjfl) + k(x2i7 1‘2]‘) — k(l‘zifh CUzj) — k(x‘zi, 1'2j71))2?421 // Form paired difference kernel matrix
C «— (Qavpyxavipy)
while z; ¢ {+1}""/? do
A A\ {min ({i € [min/2] < [z0] = 13\ ([min/2)\ A)) }
/I Update set of active coordinates by removing smallest index set to £1
if p ¢ A’ then
| p' ~ Unif(A") // Select a new pivot from A’ uniformly at random
else
| e
end
Ar A\ {p}
Az = A\ {p'}.
© < A1\ Az // Choose i as the (unique) index that was removed from the active coordinates
/I Compute (Q4,x.4,) " using block matrix inversion and the Sherman-Morrison formula
D+ Ca,xa4,

DQuay x (i} iy x4, P
C«<D Qii+Qi}x A, PQA, x {4}

// Compute step direction in which to update fractional assignment vector
Compute w; as (w) a4, = —CQua,x{p/} » Uty = 1, and uy; = 0 fors ¢ A’

dt + |max Al and §~ « |min A|, where A = {(5 ER: 2z + duy € [—1, +1]"i“/2} /I Select candidate step sizes

§; < & with probability 6~ /(6 4 §7); otherwise d; <~ —6~  // Choose step size and sign at random
Zi+1 < z¢ + 0wy // Update fractional assignments
tet+1; A+ A; peyp

end
return z;, sign vector in {£1}"n/2
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Proposition B.9 (Runtime of GS-THIN with GS-HALVE-CUBIC). The runtime of GS-THIN with implementation GS-
HALVE-CUBIC (Alg. B.7) is O(n).

B.6.1. PROOF OF PROP. B.6: GS-THIN SUB-GAUSSIANITY

Our first lemma bounds the sub-Gaussian constant of GS-HALVE (Alg. B.6).
Lemma B.2 (GS-HALVE sub-Gaussianity). /n the notation of Def. 1, consider the input and output vectors Py, Poue € R"
of GS-HALVE (Alg. B.6) for X 2 X, with |X| = n > ni. If K = k(X , X), then py,, — Doy i (K, v)-sub-Gaussian with

2 2K K|z

max — max
Min Tout

v

Proof. Since K is SPSD, there exists a matrix ® € R”* such that K = ®® . Let B € R**("n/2) be the matrix with
entries

Bj,i £ (I)Qifl’j — q)giyj for 1€ [nm/2] and _] S [d}
Note that, for each i € [n;,/2],
Zje[d] Bii =Koi—12i-1 + Koo — Koi—1,2 — Koi2i-1 < 4[| K||max-

Hence, by Harshaw et al. (2024, Thm. 6.6), T%Bz is (I, v)-sub-Gaussian where I is the identity matrix in Rdxd,

in

Now fix any u € R. Since --Bz = —® " (p;, — Poy) by construction,
2

Efexp(u" K (i — Pow))] < E[eXp(—@Tu LBZM < exp(”; : II‘PTUI@) = eXp(% -uTKu)~

7 Nin

O

Now, for £ € [m], let p, € R™ denote the output probability vector produced by the ¢-th call to GS-HALVE. Defining
Py 2 p;, and p,, = P,,, We have

Din — Pout = ZZI A, for Ay £ Di—1—D; for i€ [m]

/
By Lem. B.2, each p,_; — p, is (K, 271”5!1,% )-sub-Gaussian conditional on (Aq,...,A;_1). Applying Lem. A.3 to the

m
j=1

sequence (A;) we find that p,, — p,,, is (K, v)-sub-Gaussian with parameter

1/2 1/2 N 1/2 1/2
m 4| K| max 2|1 K| ax m Kl ax m
v = (Si g ) = Al (T, w) < Il [,
Simplifying the above using the fact that 1oy = nin/2™ yields our desired result (22).

B.6.2. PROOF OF PROP. B.7: RUNTIME OF GS-THIN WITH GS-HALVE

We essentially reproduce the argument from Bansal et al. (2018) for the runtime of the GS-HALVE algorithm in our
kernelized context.

The main computational cost of GS-HALVE is the execution of the kernel_gs_walk (-) subroutine in Alg. B.6. The
number of iterations in while loop for z; is at most n;,/2. This is due to the fact that in each iteration, at least one new
variable is set to {£1}. Further, in each iteration, the main computational cost is the computation of

Uy < argming, cpn;,/2 u' Qu

under the constraints that u, = 1 and w; = 0 for all i ¢ A. Since this can be implemented in O(n3) time using standard
convex optimization techniques, GS-HALVE has total runtime

ru(f) < C4

for an input sequence of size ¢ and a constant C' independent of /. Now, note that GS-THIN calls GS-HALVE iteratively
on inputs of size n;,2 7 fori = 0,1,...,m — 1 where m = logy(Nin/Nou ). Thus, GS-THIN has runtime

Yo r(nin/2) < 7' Clnin/20)* = O(nf).
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B.6.3. PROOF OF PROP. B.8: AGREEMENT OF GS-HALVE AND GS-HALVE-CUBIC

We want to reason that any round of partial coloring leads to the same output across the two algorithms. Fix any fractional
assignment update round. Recall that A; = A\{p} and A, = A"\ {p’}. These represent the active set coordinates without
the pivot before and after the update respectively.

The main difference between Algs. B.6 and B.7 is in the computation of the step direction w;, which is the solution of the
program

Uy < argmingcp. v Qu subjectto wuy =1 and w; =0 forall i¢ A
u; has a closed form with entries
(ur)ay = —(Quazxas) ™ Quayx pr}-
Note that the invertibility of Q 4, x 4, follows from the positive-definiteness of Q, as, for any w € RI42l,
W' Quyxa,w =W Qi >0

for a second vector w with w 4, = w and all other entries equal to zero. Therefore, to compute u,, it suffices to keep track
of the inverse of Q 4,x 4, as A’ across iterations.

Let i be the unique element in .4, \A2. Writing Q 4, x 4, in block form, we have

| Quaxa, QA2><{i}:|
Qs |:Q{i}><A2 Qi |

By block matrix inversion (see, e.g., Saadetoglu & Dinsev, 2023, Thm. 2), the leading size |.As| x |.Az| principal submatrix
of (Q4,x4,) ! equals

—1
N Quayx{i} Qeiyxa
D 2 (Quya, — xRt

Thus, by the Sherman-Morrison formula (Sherman & Morrison, 1950),

-1
-1 _ 1, Quox{i}Qi}xAa, 1 DQuayx{i} Qiyxa, D
(QAQXAQ) - (D + i ) =D QiitQiyx A, DQuayx (i} (23)

Hence, if we already have access to a matrix C = (Q,x.4,) ', we can compute D by dropping the row and column
of C corresponding to i and then compute (Q4,x 4,) ! using (23). Since in Alg. B.7 we begin by explicitly computing
the inverse of Q_4'x 4/, the update step in Alg. B.7 maintains the required inverse and thus its partial assignment updates
match those of Alg. B.6.

B.6.4. PROOF OF PROP. B.9: RUNTIME OF GS-THIN WITH GS-HALVE-CUBIC

We begin by establishing the runtime of kernel_gs_walk_cubic (-).

Lemma B.3 (Running time of kernel_gs_walk_cubic () ). The routine kernel_gs_walk_cubic (-) runs in
O(¢3) time given a point sequence of size L.

Proof. First, the initialization of C costs O(E3 ) time using standard matrix inversion algorithms. Second, the number of
iterations in the while loop is at most ¢/2 since, in each iteration, at least one new variable is assigned a permanent sign
in {£1}. In each while loop iteration, the main computational costs are the update of C and the computation of the step
direction u;, both of which cost O(¢2) time using standard matrix-vector multiplication. Hence, together, all while loop
iterations cost O(£3) time. O
Given the above lemma, we have that GS-HALVE-CUBIC, on input of size ¢, has a running time
ru(f) < CP3
for some C' independent of /. When used in GS-THIN this yields the runtime
m—1 A m—1 i3 __ 3
dimo rH(nin/2%) =320 Cnin/2')? = O(ng,).

23



Low-Rank Thinning

Algorithm B.8: GS-COMPRESS: Compress with GS-HALVE-CUBIC halving
Input: point sequence Xin = (x;);",, kernel K, nou € \/Tin - oN

g + logs (Tout/\/Min) // identify compression level

function compress (S) :

if |S| = 4° then return S
Partition S into four arbitrary subsequences {S; }i—; each of size |S|/4
fori=1,2,3,4do
Si + compress (S;) // return coresets of size 29 - \/%
end
S < CONCATENATE(S1, S82,83,84); £+ 2-2%.,/|S| // coreset of size £
return GS-HALVE-CUBIC(S, k) /I coreset of size 2¢4/|S]|
return compress (Xi) // coreset of size nou = 2%\/Tin

B.7. GS-COMPRESS

This section introduces and analyzes the new GS-COMPRESS algorithm (Alg. B.8) which combines the COMPRESS meta-
algorithm of Shetty et al. (2022) with the GS-HALVE-CUBIC halving algorithm (Alg. B.7). The following result bounds
the sub-Gaussian constant and runtime of GS-COMPRESS.

Proposition B.10 (GS-COMPRESS sub-Gaussianity and runtime). If K is generated by k, then GS-COMPRESS is
(K, v, 0)-sub-Gaussian with

Vé ! \/logQ(nOUt)”K”max-

TMout

Moreover, GS-COMPRESS has an O(n3,,) runtime.

()llt

Proof. By Lem. B.2 and Prop. B.8, GS-HALVE-CUBIC is (K, v (¢))-sub-Gaussian for an input point sequence of size ¢
and vy (£) = 24/|| K| max/¥¢- Hence, by Lem. A.2, GS-HALVE-CUBIC is also vy (¢) f-sub-Gaussian in the sense of Shetty
et al. (2022, Def. 2) for each f € Hy. By Shetty et al. (2022, Rmk. 2), GS-COMPRESS is therefore f-sub-Gaussian with
parameter

fog TimfTiow) %HKH”ZX
v < 10g2 nm/noul vy 2nout 10g2 noul nO:la

for each f € Hy. Hence, Lem. A.1 implies that GS-COMPRESS is a (K, v, 0)-sub-Gaussian thinning algorithm.

Furthermore, Shetty et al. (2022, Thm. 1) implies that GS-COMPRESS has a runtime of
Ziigg(nm/@num)) 40y (2n0n2 7).

where the GS-HALVE-CUBIC runtime rg(¢) < C¢3 for C independent of the input size £ by Lem. B.3. Therefore, the
GS-COMPRESS runtime is bounded by

SO o) gi - (2mgy)327% = O(nd,).

out

O

Remark 1 (COMPRESS with GS-HALVE). If the GS-HALVE implementation were used in place of GS-HALVE-CUBIC,
parallel reasoning would yield an O(n2,,) runtime for GS-COMPRESS.

C. Proof of Thm. 1: Low-rank sub-Gaussian thinning

We establish the MMD bound (2) in App. C.1, the first kernel max seminorm bound (3) in App. C.2, and the Lipschitz
kernel max seminorm bound (4) in App. C.3. Throughout, we use the notation Pg (') £ P(&, &) for events (&, &’).
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C.1. Proof of MMD bound (2)

Without loss of generality, we suppose that » < rank(K). Let VAV T be an eigendecomposition of K with orthonormal
V € R™ " and diagonal A = diag(A1,---,A,) € R™*™. Let V, represent the first 7 columns of V, and let V_,.
represent the last n — r columns of V. Introduce the shorthand

w2 p, —poy €R" and &2 VAVAVT ¢ Rm*n, (24)
We can directly verify that
vvi=v'v=I VvV =V, VI'+V_ V' and K=&, (25)
Using the above equalities, we decompose the squared MMD into two components,

MMD% (i, Do) = W Kw =w' @ 'w=w'®VV'® w=w ®V,V & w+w ®V_ V' & w

= [Vi@ w|3+|V],® w3 (26)

In Apps. C.1.1 and C.1.2 respectively, we will establish the bounds
P(|V]® w2 < ev?(er +1log(1/8)) >1—6/2— 6 and 27)
PV, @ w|3 <\ - 1) =1, (28)

Tout n

which when combined with (26) yield the advertised claim (2) on the squared MMD.

C.1.1. PROOF OF (27): BOUNDING ||V ® "w||3

Our first lemma bounds the Euclidean norm of a vector in terms of a finite number of inner products.

Lemma C.1 (Euclidean norm cover). Forany v € R" and ¢ € (0, 1),

lvll2 < 72 maxuec, , (u,v) (29)

1

for a set C - contained in the ball B" with |C, | < (14 2/¢)".

Proof. Fix any € € (0, 1), and let C, , be a set of minimum cardinality satisfying

Cer CB™ and  sup,ep- mingrec, , ||lu—u'llz <e.

By Wainwright (2019, Lem. 5.2), |C. | < (1 + 2/¢)". Now we invoke the variational representation of ||-||2 and the
Cauchy-Schwarz inequality to conclude that

[vll2 = supyep- (u, v) = supyepr minwec, , [(u — o', v) + (', v)]
< SUpyepr Minwrec, , [u — w'll2]|v]2 + maxyec, (v, v)

<ellvll2 + maxyrec, . (v, v).

Rearranging terms yields the claimed bound (29). O

Our next lemma uses this covering estimate to bound the exponential moments of |V, & "w||.
Lemma C.2 (Norm sub-Gaussianity). For any e > 0 and anyt > 0,

2,2

Ee[exp(t|V,' @ wl|2)] < (1+2)" exp(50)-

Proof. Fix any t > 0. Since « — exp(tx) is increasing, Lem. C.1 implies that

Eelexp(t] V] T wl]s)] < Eelexp(t - 2 maxuec. , (u, V] @ w))]
— Eemaxace. , exp(rz (Vou, @ w))]

< Ve, Eelexp(r (Vou, @ w))]
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for a subset C. » with |C. | < (1+ 2)" and ||ul|z < 1 foreachu € C.,.
Now fix any u € C., and let A, = diag(Ay, ..., A;). Using (24) and (25), we have

V, = <I>TVTA; /2 and therefore
(Vou, ® w) = (VAT ?u, & Tw) = (VAT ?u, Kw).
In addition, we have
(VoA 20 TK (VAT 20) = wTASY2VIVAVT VAT 20 = u T,
Next, we can invoke our sub-Gaussianity assumption (Def. 3) to conclude that

Eelexp(ti (Vyu, T w))] = Eelexp(tt: (VAT ?u, Kw))] < exp(5-55z (VoA u, KV, AT 2u))
< eXP(g(lI,tEV HUH%)

Since [lullz < 1and |C.;| < (1 + 2)", the advertised result now follows. O

By Markov’s inequality (Markov, 1884) and Lem. C.2, for any o > 0,
PV, @ wlz > a) = Pe(|V, @ wll2 > a) + (V@ wllz > a, &)

<Pe([Vi® wl> > a) + P(E°)

< infyso Ee[exp(t]|V, @ T w|2)]/ exp(ta) + 6/2

. 242
<1+ %)7’ infy;~q exp(2(1ft8)2 —ta)+46/2
_(1—e)2a2
=(1+2)r eXp(%) +4/2.

Next, we have

(14 2) exp(_“Ti)z&) <§ if a> ’If‘/g\/log(%) + rlog(l+ 2)
Since this bound holds for any ¢, choosinge =1 — \/%, we find that
IVI® w2 < er? [r log(1 +2/(1 — /2]e)) + log(l/é’)] < ev?[er + log(1/d")]
with probability at least 1 — §/2 — §’ as claimed.

C.1.2. PROOF OF (28): BOUNDING ||[VT & " w3

Since
2 _ T T T _ny TNou 2o . 1 1
||w||2 = PinPin + PoutPout — 2pinp0ul = nii%: + H{]i - m T Tow T’ (30)
A . . . .
we have, for A_,. £ diag(Ar41, -+, An) and A\ ax the maximum eigenvalue of a SPSD matrix,

30
IV, @ w|f=w VAV, w < Apax (Vo AL V) w]3 E A0 (G2 — ).

Thout

C.2. Proof of kernel max seminorm bound (3)

We begin by establishing a general bound on the maximum discrepancy between input and output expectations over a
collection of test functions admitting a finite cover.

Lemma C.3 (Discrepancy cover bound). Fix any kernel k, subset F C Hy, and scalars € > 0 and ¢’ € (0,1). Define

a=superfllc and Br = {f € Hi: | flk <a},
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and let C. r be a set of minimum cardinality satisfying

Cer CBr and supjcrmingec, , Maxgeyx, |f(x) — f(x)] <e. (31

If (Piy — Pow )k is (k, v)-sub-Gaussian on an event £ (Def. A.2), then, on &,
[|Pin — Pout|| £ sup te 7 (Pin — Pouw) f < 2¢ + vay/2log(|Cc #[/d")  with probability at least 1 — &'

Proof. The triangle inequality and the covering property (31) together imply that, with probability 1,

(Pin — Pouw) f <mingrec, »(Pin — Pou) f + [(Pin — Pou) (f — f')]
< Pin = Poulle, . +mingec, » [Pin(f = f) + [Pou(f — f')]
< ||Pin — Pout”céf +2mingec, » maxgex, |f(z) — f'(z)]
< P — Poul, , +2¢ (32)

for each f € F. Since s + e'® is increasing, the bound (32), the assumed sub-Gaussianity (Def. A.2), and the fact that
C.,r belongs to B imply that

Ef [eXP(t”Pin - ]P)out”]:)] S e2t€ES [exp(tH]Pin - ]Pout Ce,}')]
< Z,}NeCs,}' eztEES [exp(t([?’m - ]Pout)f/)]

2 2 712
<> pec. - exp(% + 2te) < |Cc 7] e><p(t2"22‘12 + 2te).

Now, by Markov’s inequality (Markov, 1884), for any a > 0,

Pe (supfe}-(IP’in — Pow) f > a4 2€) < infyso Egexp(t]|Pin — Poul| #)]/ exp(t(o + 2€))

2.2 2 2
L G —ta) = [Ce 7l exp(5,553 )

Finally, choosing o = vay/2log(|Ce,7|/0") yields the desired claim. O

< |Ce, 7| infi~ g exp(

Now fix any € > 0, ¢’ € (0,1), and kernel k that generates K, and consider the subset F = {£k(x;, ) : ¢ € Z}. Since
IK(Pin — Pou)llz = IPin — Poutl| 7 and sup s¢ 7 || f|[x = Dz, Lem. C.3 implies that, on the event &,

|K (i — Pow) |l < 26 +vD1y/210g(|Cc,7|/0") with probability at least 1 — 4.

Since P(£€) < §/2 and |F| < 2|Z|, we use the estimate |Co | < 2|Z| with € = 0 to obtain the advertised bound (3).

C.3. Proof of Lipschitz kernel max seminorm bound (4)

Introduce the query point set Z = {z; : i € Z}, fix any ¢’ € (0,1) and z¢ € Z, and define the symmetrized seminorm
| (Pin — Pout)k”Z,Z = SUPz zez |(Pin — Pou)k(2) = (Pin — Pou)k(2")[.

By the triangle inequality and the derivation of App. C.2, we have, on the event &,

K (Pin — Poullz < |(Pin — Pout)kHz,z + |(Pin — Pou)k(20)|
< [(Pin — Pou K|l z 2 + v\/K(20, 20)1/210g(4/0")  with probability at least 1 — ¢’ /2. (33)

Since P(£¢) < §/2, it only remains to upper bound || (P, — Pout)kHZ,Z on £ with probability at least 1 — §’ /2.

To this end, we first establish that (P, — Pow)k(2))2ez is a sub-Gaussian process on & with respect to a particular
bounded-Holder metric p.

Definition C.1 (Sub-Gaussian process on an event). We say an indexed collection of random variables (Xg)oco is a
sub-Gaussian process with respect to p on an event & if p is a metric on © and

Eg[exp (%)] <2 forall 6,0 €0O.

27



Low-Rank Thinning

Lemma C.4 (Bounded-Hélder sub-Gaussian process). Consider a kernel k on X = R? satisfying |k(z,x) — k(2/,z)| <
Ly|lz — 2|2 forall z,2' € Z C X and x € Xy If (Pin — Pow)k is (k, v)-sub-Gaussian on an event £ (Def. A.2), then
((Pin, — Pow)k(2)) 2z is a sub-Gaussian process on € with respect to the metric

p(z,2") £ vy/8/3min(2sup, ¢z \Vk(z, 2), /2Lk|[z — 2/||2). (34)

The proof of Lem. C.4 can be found in App. C.4. Our next lemma, a slight modification of Wainwright (2019, Thm. 5.36),
bounds the suprema of symmetrized sub-Gaussian processes on an event in terms of covering numbers.

Lemma C.5 (Sub-Gaussian process tails). Suppose (Xy)oco is a sub-Gaussian process with respect to p on an event &,
and define the diameter diam(0, p) = supy grco p(0,0"), the covering number

N(u;0,p) £ min{|C,| : C.. € O, maxgee mingrec, p(6,0') < u} forallu >0,

and the entropy integral J (0, p) = fodiam(g’p) V1og(1+ N (u; ©, p)) du. Then,

Pe(supg gree | Xo — Xo/| > 8(T (0, p) + 1)) < 2exp(—t?/ diam(©, p)?) forall > 0.

Proof. Since \/log(1+zy) < /log((1 +z)(1 +y)) < /log(l+z) + /log(1 +y) for all z,y > 0, the proof is
identical to that of Wainwright (2019, Thm. 5.36) with ¢; = 8 and (E¢, P¢) substituted for (E, P). O

Our final lemma bounds the diameter, covering numbers, and entropy integral of Z using the metric p.

Lemma C.6 (Covering properties of bounded-Holder metric). Consider the bounded-Hélder metric p (34) for a kernel k
on X = R and a finite set Z C X. If Z is a matrix with one row corresponding to each element of Z, v = rank(Z), and
R = max,¢cz ||z||2, then, in the notation of Lem. C.5,

N(u; Z,p) < 1+ /u®)" for c2vy/22RLyx andall u >0, (35)
diam(Z, p) < D £ min(c,vy/ 32 max.cz Vk(z,2)), and (36)

J(Z,p) < Dy/2rlog(v3ec/D).

Proof. The diameter bound (36) follows directly from the definition of p (34) and the fact max, ,/cz ||z — 2|2 < 2R.

To establish the covering number bound (35), we let USV " be a compact singular value decomposition of Z so that
VeERM™ Z=ZVV' and max,cz ||V'z|s=max,cz ||z]2 = R.
Fix any € > 0, and let C and Cex be a sets of minimum cardinality satisfying

C C B"(R), maXyepr(r) Milyee [/ — vz < €2/2,

Coxt C BY(R), and max.czmingec, |2’ — 2|2 < €2/2. (37)

Since V' z € B"(R) for each z € Z and Vv’ € B¢ for each v’ € B, we have

max, ¢z mMiny e [|[Vo' — z|js = max,cz ming cc |[V(v' — VT 2)|2
= max,cz Minyec ||V — VT z|ls < €2/2,
so that VC satisfies the criteria of (37). Since [VC| < |C] < (1 + 4R/€e?)” by Wainwright (2019, Lem. 5.2), we must also
have |Cey| < (1 +4R/€?)".
Now, since Cex; has minimum cardinality amongst sets satisfying (37), for each 2’ € Cey, there is some z € Z satisfying

||z — z||2 < €2/2 (or else 2’ would be superfluous). Hence, there exists a set Cip C Z satisfying

ICint| < |Cext| < (1 +4R/€%)" and max,cz ming e, ||2" — 2|2 < €2

int
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Moreover, by our metric definition (34),
maxyez ming e, p(z,2') < Qf maxXzez Mingec, V|12 — 2|2 < 2\F

Hence, for u = SN (u; Z,p) < |Cine| < (14 ¢2/u?)". Since € > 0 was arbitrary, we have established (35).

2f

Finally, we bound the entropy integral using the inequality 1 < ¢2/u? for u € [0, D], the concavity of the square-root
function, and Jensen’s inequality:

J(Z,p) <f0 Viog(1+ (1+ c2/u2)" du<f0 1og((3¢2/u2)r du—fo \/2rlog(v/3c/u) du
< D\/% fo 2rlog(v/3c/u) du = Dy/2rlog(v/3ec/ D).

Together, Lems. C.4, C.5, and C.6 imply that, in the notation of Lem. C.6,

[(Pin — Pouw)k| 7 z < 8Dy/2r log(v/3ec/D) + 8D+/log(4/5)

on £ with probability at least 1 — ¢’ /2. Combining this bound with the inequality (33) yields the result.

C.4. Proof of Lem. C.4: Bounded-Holder sub-Gaussian process
Define X, = (P, — Pow)k(2) for each z € Z, and fix any z, 2’ € Z. Our sub-Gaussianity assumption implies
Eelexp(A(X, — Xo0)] < exp(225 |k(z,-) — k(2/,-)|2) forall A€R,

Moreover, by our Lipschitz assumption,
Ik(z, ) — k(2. )l[g = k(z,2) —k(z,2') + k(z',2') — k(2', 2) < min(dmaxzez k(z, 2), 2Li[|z — 2'||2).

Finally, Lem. C.7 shows that E¢ [exp(%] < 2so that (X, ).ez is a sub-Gaussian process on £ with respect to p.

Lemma C.7 (Squared exponential moment bound). If E¢[exp(AX)] < exp( %) for all X € R, then Eg[exp(3X5)] < 2.

8v2

Proof. The proof is identical to that in Wainwright (2019, Sec. 2.4) with E¢ substituted for E. O

D. Proof of Cor. 1: Gaussian MMD of KH

Cor. 1 follows immediately from the following explicit, non-asymptotic bound.

Corollary D.1 (Detailed Gaussian MMD of KH). If X, C BY(R) for R > 0, then KH(5) with k = GAUSS(n),
n=nip > (2¢)%, and b = 1 delivers

Tow e d  R?*pe®
MMDE (Piys Pour) < 7 108(4%) [ e max{ [ 2 log(ninnau)] ", (F4) 1} + elog ()] + 75 (G — )

with probability at least 1 — 6 /2 — §'.

Proof. Consider the approximate rank parameter
T max{ [2¢ Jog(ninnoub)] ‘ (R27]€34/d)d}.

The assumption n;, > (2¢)? and the fact that b > 1/(2%n,y) ensure that log(ninnoub) > d + log(neub/2%) > d and
therefore that 7* > (2¢)?. Hence, by Altschuler et al. (2019, Thm. 3), the (r* + 1)-th eigenvalue of K satisfies

e d max{ 2¢ lo NinMoutd), R?ned4/d
Arrg1 < Nig exp{—;e max{% 1Og(ninn/outb)v (R277634/d)} log( { < g(4e2nR2) S ] )}> }

< iy exp{ — log(ninnoud) log(e) } < nin (W) = nolmb'
Since || K||max = 1 and KH(J) € G, (K) with v defined in Prop. B.2, the result now follows from Thm. 1.
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E. Proof of Cor. 2: Intrinsic Gaussian MMD of KH

Assumption E.1 (d*-manifold with Q-smooth atlas (Altschuler et al., 2019, Assum. 1)). Let Q C R be a smooth compact
manifold without boundary of dimension d* < d. Let (¥, U;) cir) for T' € N be an atlas for Q, where (U;) ; are open sets

covering Ql and W; : Uj — B (rj) are smooth maps with smooth inverses, mapping U; bijectively to B4 (rj). Assume

that there exists () > 0 such that sup,, ca+ )||D°‘\Il]71(u)|{ < Q®l for all a € N*" and j € [T, where |a| & 2?21 o
o _ ol a*

and D* = T BT foroo € N* .

(rj

Cor. 2 follows immediately from the following more detailed result.

Corollary E.1 (Detailed Intrinsic Gaussian MMD of KH). Suppose X, lies on a manifold Q C B? satisfying As-
sump. E. 1. Then KH(J) with k = GAUSS(7n) and n = ni, delivers

*

2 5d*
MMD%{<pin7pout) S % log(%)(cssﬁlog 2 (ninnout) + elOg(?l/)) + n1m<n1m - n%n>

with probability at least 1 — % — &’ for c independent of Xi,.

Proof. Altschuler et al. (2019, Thm. 4) showed that the (r 4 1)-th eigenvalue of K satisfies (7) for a constant ¢ independent

of X = Xj,. Since |K||max = 1 and KH(0) € G, (K) with v defined in Prop. B.2, the result now follows from Thm. 1

with r = (log(ninnout)/c)sd*m. O

F. Proof of Thm. 2: Quality of Thinformer

Throughout we will make use of the convenient representation

T =D 1AV for To 2 {i € [n] : (ki, ;) € Xou}, A2 (exp({2%)1[j € Tou])},_,, and D 2 Al,. (38)

Tout

Our proof makes use of three lemmas. The first, proved in App. F.1, bounds the approximation error for the attention
matrix T in terms of the approximation error for AV and A1,,.

Lemma F.1 (Decomposing attention approximation error). In the notation of Alg. I and (38),

HD_IAV - D_lAVHmax < min (”(%D)_lnmax’ H(%D)_IHmaX)(%”AV - AVHmaX + %”Aln - AlnHOOHVHmaX)-

The second, proved in App. F.2, bounds the approximation error for AV and A1, in terms of the KMS (1) for a specific
choice of attention kernel matrix.

Lemma F.2 (KMS bound on attention approximation error). Instantiate the notation of Alg. 1 and (38) and define the
query set

X E @iy 2 (q,elt ) ien],jeld+1]} where g2 q,/df
and e;“'l is the j-th standard basis vector in R4T", If Kaip 2 Koy (X, X) for X £ X' U Ay, then

max ( ! H(A - A)VHmaXa %”(A - A)lnHOOHV”maX) = HKatt(pin - pout)”I for T £ [n(d + 1)]

n

Our third lemma, proved in App. F.3, bounds the size of key parameters of the thinned attention problem.

Lemma F.3 (Thinned attention problem parameters). Instantiate the notation of Lem. F2, and define R =
max;c(y) max(||q; 2, [|kill2). Then, forall i, j € I and | € supp(p;,),

I(GD) Hlmax < exp(L5), maxeex, vKare (@, @) < eXP(Q%)\/HVlI%,(><> + VI

2
Rz £ maxier [|@i2 < 4/ sz +1, Dz % maxier /Katt,ii < eXp(QRﬁ)a

rank(Xz) <d+1 for Xz = [w]cq,

2
Kot — Kasetl < Licu i —25lla for  Licy 2 exp(Z5) /B4 2V .

and
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Now instantiate the notation of Lem. F.2, and define the coefficient

¢ 2 2v3(32,/3 (A + 1) 1083 (2 + D[V lma) + V2108E) (1 + ).

Together, Lem. F.3, the KMS quality bound of Thm. 1, and the KH-COMPRESS(0.5) sub-Gaussian constant v of Prop. B.5
imply that, with probability at least %,

2 log, (Tout) log (8o log, :‘" )
||Katt(pm poul)HI = Q\f exp( R \/HVHQ oo T ||VHmax\/ Tout =

Hence, by Lems. F.1 and F.2, with probability at least %,

\/10g2 (noul) log(snoul 1Og2 "ou! )

Tlout

IDIAV — DAV [l < 25 exp(2) /IVIE o + [V Zra

\/1082 (10ur) log (8m0u 10g2 n(m( in_ )

Tout

< cexp(25) [ V2,00

F.1. Proof of Lem. F.1: Decomposing attention approximation error
By the triangle inequality, we have
ID"'AV — D 'AV /oy < [D'AV = DAV || jpax + DAV — DAV s
We bound the first term on the right-hand side using the submultiplicativity of the max norm under diagonal rescaling:

||D 1AV D 1A\f||rﬂax < HD 1HmaX||AV AVHmaX - ||( ) 1||maxfr17,||AV AV”maX

To bound the second term we use the same submultiplicativity property and the fact that each entry of D~1AV is the
average of values in V:

DAV — DAV |y = [DH(D = D)D AV s < D™ [lmaxlD = Dllmax DAV [

= (D) llmax; ALy — Alp[loc|[V [[max-
An identical argument reversing the roles of (D, A) and (]3, A\) yields the second bound.

F.2. Proof of Lem. F.2: KMS bound on attention approximation error

Define the augmented value matrix V= [V, [|V]lmax1n] € RTL By the definition of K, and A,
[ Katt (Pin — Pou) 2 = maXiepn] jeiar) | X oen Aie Ve (Pin = Powlel = 3 [(A = A)Ved|oo = LII(A = A)V||max.

F.3. Proof of Lem. F.3: Thinned attention problem parameters

First, by the Cauchy-Schwarz inequality and the nonnegativity of D = A1,, we have

ip)-1 = 1 < 1 < 1 < exp(E
max — . 1 = ik — . — i k. — p .
”(” )™ hmax minien] 7 2 e(n) Ais minien],jein] exp( <ql¢gj>) min;e(n],je(n] exp(gnql% ilz) (\/E)

Second, the maxge x, \/Katt (€, ) inequality follows as

katt((iﬂm Vi), (’;17 v;)) = exp(

)(”UZHQ + ||VHmaX) < exp( )(HVHQ 00 + ||VHmaX)

Third, the Rz inequality follows as
(@ ef™ e = V@[3 +1< /25 +1 forall i€ [n],jeld+1].
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Fourth, the D7 inequality follows as

N

max;ez Kate,ss = max;ep,) exp( H\fH?) < eXP(f)

Fifth, the rank inequality follows as «; € R%*! for i € Z. Finally, the Lipschitz inequality follows as, for any i, k, [ € [n]
and j,m € [d+ 1],

|exp({852) (e, %) — exp({2571) (e, @)

< ql»kz (g;,k1) (gr.k) \ ||

S exp )01 — Vim| + | exp (=t Vv ) — exp( v MN[V1m]

< exp H%Hz“kzlb)ned-ﬁ—l gj”bw+eXp(max(”qil‘z\’ﬂgklb)”klH2)|< \t/lk,kz ||'Ulm|

et — gl+1|\2%+exp( ?)l:=gula R qknm| ol
)||ed+1 fn+1|\2\/§||VHmax+eXp( )w”wmax

2 d ~
W 07+ 2V lmaxll(@i,€57) = (@ el

< exp

(7
(
< exp(
(
(

< exp

SR SR é\%

by the triangle inequality, multiple applications of Cauchy-Schwarz, and the mean-value theorem applied to x — e*.

G. Proof of Thm. 3: LKH-SGD convergence

Our proof makes use of three intermediate results. The first, inspired by Harvey & Samadi (2014, Thm. 10) and Cooper
et al. (2023, Lem. 1), relates the quality of the ordering produced by Alg. 2 to the quality of the thinning.

Lemma G.1 (Quality of thinned reordering). The output of thinned reordering (Alg. 2) satisfies

maxc, |>7_; z* o < L maxepy [IN72, @Fllo + & maxjep [0, nfxk s + |30, ¥l
(4))

Trk+1(ﬂ'
where L is the inverse permutation of my, and nF£2(1 [:c € ngn] 1).
ko
Proof. Fix any j* € argmax HZ 7Tk+1(71'_1(1 l2. If 5* < n/2, then
ALl < 2maie IS, 1k = bl < maxje IS0 @l + maxse [0, 7k 2

by the triangle inequality. Similarly, if j* > n/2, then,

2(I 2 — 12520 2Fll2) < 20355 l2 < 2maxep 1327, 1[nf = 1]}z

< maXjey] ”Zi=1 ‘13?”2 + maX,en) |- le Ufwf\lz

7Tk+1 (i))” ‘ffk+1(‘ff71( ))

O

The second, a mild adaptation of Cooper et al. (2023, Thms. 2 and 3), bounds the convergence rate of SGD with thinned
reordering in terms of the thinning quality.

Theorem G.1 (Convergence of SGD with thinned reordering). Suppose that, for all i € [n] and w,v € R,
IVfi(w) = V()3 <o and ||V fi(w) = Vfi(v)ll2 < Lllw — v]}2
and that SGD (10) with thinned reordering (Alg. 2) satisfies the prefix discrepancy bound
max;ep) |- nfaflls < 2Amaxicpy |@f — 2| for nf £2(1[af € A% ] —1), @F L LY @F, (39)

and each epoch k € [K|. Then the step size setting

. 1/3 . . N
@ = mm{ 16L(21n+A)’ (42L202A2:1€1+18L2n302) } with Fy £ f(wi) = f* and f* £ infyega f(0)
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yields the convergence bound

K 2 _ 9(F\LoA)?/® | (T2F Lo)?/3+64F L(2+A/(n
LTIV ) |? < ARLeD R | (2R L0) AL A (),

If, in addition, f satisfies the u-Polyak-t.ojasiewicz (PL) condition,

p(f(w) = f*) < 3IVf(w)|3 forall weR?,

and the number of epochs satisfies

224L252A2

K >10+ 232L(2+ A/m)W  for W £ Wo(K?n?Cs) and Cz = Ertor /L)t

where Wy denotes the Lambert W function, then the step size setting o =

Kn“ ylelds the convergence bound

Fi4+L%c*)W 252 12772
f('LUK) _ f* < (n[l{)2 (( 1+C3 ) + 1121 H3A w )

Proof. The proof is identical to that of Cooper et al. (2023, Thms. 2 and 3) with m = 1 worker once each instance of ||| oo
is replaced with ||-||2, each instance of L o is replaced with L, each instance of T is replaced with K, and Lem. G.1 is
substituted for Cooper et al. (2023, Lem. 1). O

The final result uses Thm. 1 to bound the prefix discrepancy of LKH(J).

Lemma G.2 (LKH(J) prefix discrepancy). Fix any epoch k € [K|. With probability at least 1 — g — &', thinned reordering
(Alg. 2) with LKH(9) satisfies the prefix discrepancy bound (39) with

A = \/log(izn(log(gm)ﬂ) ) [e? rank,, (X*) + 10elog(%)]

forXF &k .z

k1T A 9610g(2n10g(en/2)/5)log(n/5’)|\z’f7@k|\g kA1 n k
n] ,ek—maXie[n] \/ \/ﬁ . 7andw —721 1£B-

Proof. Define X* = {xf,... &k}, c = 2max;e [y [|&F — Z¥|2, and r = rank,, (X*). For any j € [n], we can write

||ZZ 1 771 k||2 - ||Ez 1 ZB i=1 1[33 € Xout]]m H2 - 2]||(Xk) (pljn _pg)ul)H2 =2j MMDX’V(X’“)T(pi]mpg)ut)

where pfn and pl,,, are the empirical distributions over X;* = (= k)] ) _,and XF g = {xF e Xk :ie[j]}.

Since LKH(9) is an online algorithm that assigns signs (1}, 7}",; = 1 — 1) to the points (2}, z}, ;) sequentially, we can
view X%, ; as the output of LKH(6) applied to X;y ; with noy = 5 and the linear kernel k(x, y) = (z,y) for each j € [n].
Therefore, we may invoke the established LKH(d) sub-Gaussian constants v; of Prop. B.3, Thm. 1, the union bound, and

the definition of e-rank (Def. 4) to deduce that
max;ep) |37, nfak (|3 < max;jep 45703 [e*r + elog()] + 0’r+1(X’“)24] < A
with probability at least 1 — g -4 O

Thm. 3 now follows directly from Thm. G.1 and Lem. G.2 applied to LKH(%) with ¢’ = ﬁ and a union bound over
epochs.

H. KT-COMPRESS ()

We describe the thinning algorithm KT-COMPRESS(d) used in Alg. 3. We use KH(J) for every halving round except for
the last round, which thins a point sequence of size 2nqy to 1oy. For this final halving round we use KH-REFINE(J)
(Alg. H.1) derived from the KT-SWAP algorithm of Dwivedi & Mackey (2024, Alg. 1a). The refinement stage of Alg. H.1
greedily improves the MMD of the initial KH(0) output. Hence, MMDy (&Xin, Xou) < MMDy (X, S (1)) with probability
1.
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Algorithm H.1: KH-REFINE(4): KH(J) with greedy refinement (Dwivedi & Mackey, 2024, Alg. 1a)

Min

Input: point sequence X, = (x;);.";, kernel k, input size ni, € 2N
S — KH(0)(Xin, K);  Nou = nin/2
/I Swap out each point in Aoy for the best alternative in i,

Xou <= S.copy ()
for x € S do

Kou = Xou \ {2} U {argmin,, c y, MMDy (Pin, Pou + 7 (82 — 02))}
end
return X, refined coreset of size nin/2

I. Proof of Thm. 4: Low-rank analysis of CTT power

Thm. 4 follows from the following more detailed statement, proved in App. I.1 as

R (1in; 595—+8) + R/ (in, 50— 9) = O(RY).

Theorem 1.1 (Low-rank analysis of CTT power, detailed). Under the assumptions of Thm. 4 with ni, = mj”, CTT
(Alg. 3) rejects with probability at least 1 — 3 whenever ¢ MMDy (PP, Q)/+/log(1/v) exceeds

1
IkI2 | Ri(Pnin, 55— ,8)+Ric(Q;nin, 532 —,0)
2¢5/(208) v T 2evm :

Here, ¢ > 0 is a universal constant, cs = 2+ /2 log(%), and Ry (P, nin, 6, g) and R (Q, nin, 6, g) respectively denote the
(1- g)—rh quantiles of Rk (nin, 9, g) and Rk (nin, 6, g), where

RZ (nin, 6, 8) = 256(logy in — g — 1)(y/log(nia + 1) + /log(2/9))? (40)
K| max . Nin (logy nin— Nin (logy Nin—g—
. (2¢|ﬁ| [\/e log (L2 /mlosima—0)) \/log(3 (o8 s 1>)]

2
(o e ) [ )

L.1. Proof of Thm. I.1: Low-rank analysis of CTT power, detailed

+ mian2g+1 N

in

Recall the following definition from Shetty et al. (2022, Def. 3).

Definition I.1 (k-sub-Gaussian thinning algorithm). We say a thinning algorithm ALG (satisfying Def. 1) is k-sub-
Gaussian on an event £ with shift a and parameter v if

Pe(MMDy (Pin, Pow) > a + vVt | ) < et forall t>0.

Fix K € {K,K'}. To conclude our power result, it suffices, by Domingo-Enrich et al. (2023, Rmk. 2, App. B.1) and the
failure probability setting of Domingo-Enrich et al. (2023, Lem. 11), to establish that

RZ (110, 6, 8) = 256(10g, nin — g — 1) (Cg (8, 2971 /7,,) + Mg (8,261 /i, ) log (2alogatia—a=1)) )2
- (\/1og(nin + 1) + /log(2/9))2, 41)

for any scalars Cg (6,29 /n, ) and Mz (0, 29+1f .,) satisfying the property that, on an event of probability at least
1-— 5/2, every call to HALVE = KT- SPLIT(W@M
(Def. 1) with shift a, & and parameter v, , & satisfying

0) with input size ¢ and output size £/2 is k-sub-Gaussian

a _ _ Ox(.0
£,nim, K 72

Mg (5,0 121,49 (log, Nin—g)
and Vg R = 173 log(—g(s ).
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1
1 1 . A9 L -2
Substituting Mg (8,297, = (20V/M)guns o i [J0B(2505 =) | % and O (6,207 Vm,,) =
(28/n;)agq11 i i 100 (41), we obtain the sufficient condition

R%(nin,é, g) = 256(logy in — g — 1) - (28y/n,)2 - (\/log(nin + 1) + /log(2/0))?

1 2
12nin48 (1 in— T2 3nin(logy nin—g—1
(IK+ i [log(L2 o =) )| f o nnllons pao=l) >>). 42)

We now identify suitable a, , & and v, g with the aid of the following lemma, proved in App. 1.2.

Lemma L1 ((K,v,)-sub-Gaussian thinning algorithms are k-sub-Gaussian). Suppose ALG is a (K, v,0)-sub-
Gaussian thinning algorithm, satisfying Def. 3 with an event £ of probability at least 1 — 6 /2. Then ALG is k-sub-Gaussian
(Def. I.1) on € with shift an,, n, K and parameter vp,, n, K defined as

anoulanimK é V\/é+ min'rgnin{y' e2r + \/)\T“Fl (K)( L — L)} and /UnoulaninaK é U\/é

Tout Min

By Prop. B.4 and Lem. A.1, KH(WM&) with input size ¢ and output size £/2 is a (K, v, WZW(S)-

sub-Gaussian thinning algorithm with

6(£/2)log,(£/(£/2 nind9t1(log, nin— 121,49 (log, Nin—
V< Ry flog (SR U et s 9>)K|maxz(e/;mwog( S0 ) K

By Lem. 1.1, on an event of probability at least 1 — 0) with input size ¢ and

¢
2nin49+1 (logy nin—g) 0, KH( nin48+1 (logy nin—g)
output size £/2 is a k-sub-Gaussian thinning algorithm with shift a, g and parameter v, g defined as

12nip49 (log, nin— ~
K W;ﬁ\/log( (ppaat) ) K oy /c Tog 2

. Nin log, nin— e e
+mmr<z{wimw(vg(“%§4”)K||max¢e2r+er(K)(z}g—b} and  (43)

121,49 (log, nin— -
Ve ie = 18 (2 ) R e @

Moreover, by the union bound, as detailed in Shetty et al. (2022, App. F.1), every HALVE call made by KT-COMPRESS
is simultaneously k-sub-Gaussian with these input-size-dependent parameters on a common event of probability at least
1-— g Substituting (43) and (44) with ¢ = 29+1\/ﬁin into (42), we obtain our error inflation factor expression (40),
completing the proof.

L.2. Proof of Lem. L.1: (K, v, §)-sub-Gaussian thinning algorithms are k-sub-Gaussian

Fix any t > 0, and let 6’ = e~*. By our sub-Gaussian assumption, Thm. 1 implies that, as advertised,

Tout Min

e_t > Pc‘f (MMD%((pimpouJ > minTﬁnin V2 [eQT + et] + )‘TJrl (K)( L L))

— Pe (MMDk (i, Pout) = iy (/121677 + f] + Ari1 (K) (7 — 15

Tlout

> PE (MMDK(pinapout) > V\/é\/E + Inin’7“§7lin vy e’r + \/)\7"+1(K)( i Ln)) '

Tlout i

J. Proof of Cor. 3: Power of deep kernel CTT

Define the radius

R/ é maxyeyuX H(¢(:’/)vi’~/)”27

35



Low-Rank Thinning

the augmented vectors )’ 2 {(¢(y),y)} and the augmented kernel

yey’
¢ ((9(x),2), (8(y),y)) = 6(d(x), o(y))g(x, y) = exp(—n|(d(x), ) — (¢(y),y)|3)-
Since the deep kernel (13) takes the form
Kieep (@, 9) = (1 — €)¢'((¢(2), @), (¢(y),y)) + eq(,y)
we also have
Kueep £ kaeep(V, V) = (1 = €)Q +eQ for Q' £¢(),)) and Q=£4q(V, D).
Hence, by Weyl’s inequality (Horn & Johnson, 1985, Thm. 4.3.1) and the Gaussian kernel matrix eigenvalue bound (6),

d . 1/d! (d/rl/d/
-5 log =y ,
* detnht! for (2e)4 <r<n.

A2r+1(Kdeep) < (1= )Ar1(Q) + €A 1(Q) < me

Parallel reasoning and the assumption m < n yield the same bound for Ao, 41 (Kdeep(X, X)) and (26)d/ < r < m. Now
consider the approximate rank parameter

r 2 maxc{ [% log(nnaud)]”, (RPne4/d)" } for b2 1. (45)

Then, for n > (26)’1/, we have, exactly as in App. D,
)\2r*+1(Kdeep) + )\2r*+1(kdeep(X7 X)) < 2

— Noub

and therefore
ﬁ _ O( 1 n 1 n 2e d//2 /2 3 / d//2
k= V1og(%) og(E) max [d, log(nnou[b)] , (R#ne’4/d") .

Our final step is to bound the quantile of the sole remaining data-dependent term, R'. Since the inputs are ¢-sub-Gaussian
(14), Lem. 1 of Dwivedi & Mackey (2024) with ¢y~ (r) = Vk’fr implies that the 1 — 57— quantile of R’ is O( log(%)),

C

yielding the result.

K. Proof of Cor. 4: Power of deep manifold kernel CTT

Our reasoning is identical to that in App. J with the manifold Gaussian kernel matrix eigenvalue bound (7) now substituted
for the Euclidean ball bound (6) and the approximate rank setting 7* = (log(nneu)/c)>® /? substituted for (45).

L. Supplementary Experiment Details

L.1. Approximating attention experiments

The experiment of Tab. 3 was carried out using Python 3.12.9, PyTorch 2.8.0.dev20250407+cul28 (Paszke et al., 2019), and
an Ubuntu 22.04.5 LTS server with an AMD EPYC 7V 13 64-Core Processor, 220 GB RAM, and a single NVIDIA A100
GPU (80 GB memory, CUDA 12.8, driver version 570.124.04). For reference, attention layer 1 has (n,d) = (3136, 64)
and attention layer 2 has (n,d) = (784,64). For each of the first 50 ImageNet 2012 validation set batches of size 64,
we measured the time required to complete a forward pass through each the approximate softmax matrix (8) layer using
CUDA events following 10 warm-up batches to initialize the GPU. Tab. L.1 provides the hyperparameter settings for each
attention approximation in Tab. 3.

The experiment of Tab. 4 was carried out using Python 3.12.9, PyTorch 2.6.0, and an Ubuntu 22.04.5 LTS server with an
Intel(R) Xeon(R) Gold 5218 CPU Processor, 1000 GB RAM, and a single NVIDIA A6000 GPU (48 GB memory, CUDA
12.1, driver version 530.30.02). For reference, the BigGAN model contains a single attention layer with 4096 queries in
R54, 1024 keys in R%4, and 1024 values in R?°6, We measured the time required to complete a forward pass through the
approximate softmax matrix (8) layer using CUDA events following 10 warm-up batches to initialize the GPU. Tab. L..2
provides the hyperparameter settings for each attention approximation in Tab. 4.

The settings and implementations for all methods other than Thinformer were provided by Zandieh et al. (2023), and our
experiment code builds on their open-source repository https://github.com/majid-daliri/kdeformer.
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Table L.1: Configurations for the attention approximation methods of Tab. 3.

Attention Algorithm Layer 1 Configuration Layer 2 Configuration

Performer num_features=49 num_features=12
Reformer bucket_size=49 bucket_size=12
n_hashes=2 n_hashes=2
. local_context=49 local_context=12
ScatterBrain
num_features=48 num_features=6
sample_size=64 sample_size=56
KDEformer
bucket_size=32 bucket_size=32
Thinformer (Ours) g=2 g=4

Table L.2: Configurations for the attention approximation methods of Tab. 4.

Attention Algorithm  Layer Configuration

Performer num_features=128

Reformer bucket_size=64
n_hashes=8

local_context=32

ScatterBrain num_features=128
sample_size=128
KDEformer bucket_size=64
Thinformer (Ours) g=2

L.2. Faster SGD training experiments

The experiment of Sec. 5.2 was carried out using Python 3.10, PyTorch 2.0.1, a Rocky Linux 8.9 server with 64 CPU cores
(Intel(R) Xeon(R) Platinum 8358 CPU @ 2.60GHz), and a NVIDIA A100 GPU (40 GB memory, CUDA 12.4, driver
version 550.54.15).

Technically, the CD-GraB: SBW algorithm requires an a priori upper bound on the maximum Euclidean norm b, of any
stochastic gradient that it will encounter. To conduct our experiment, we first estimate by, by calculating the maximum
gradient Euclidean encountered across 10 epochs of running SGD with LKH(%) reordering. One would typically not
choose to carry out such a two-step procedure in practice, but the experiment serves to demonstrate that the CD-GraB:
SBW leads to overly conservative performance even if reasonable upper bound is known in advance.

The settings and implementation for both random reshuffling (RR) and CD-GraB: Greedy were those used in the original
logistic regression on mortgage application experiment of Cooper et al. (2023). Our experiment code builds on the open-
source CD-GraB repository https://github.com/GarlGuo/CD-GraB. As in Cooper et al. (2023), optimization
was carried out with a learning rate of o = 0.01, datapoints were loaded in batches of size 16, and stochastic gradients
were reordered for each datapoint individually.

L.3. Cheap two-sample testing experiment

The experiment of Sec. 6.2 was carried out using Python 3.12.9, PyTorch 2.6.0+cul24, and an Ubuntu 20.04.6 LTS server
with an AMD EPYC 9554 64-Core Processor, 100 GB RAM, and a single NVIDIA H100 GPU (96 GB memory, CUDA
12.2, driver version 535.154.05). Each test is run with replication count 5 = 100, nominal level @ = 0.05, and failure
probability 6 = 0.5. The neural network ¢ was trained exactly as in Liu et al. (2020) (with learning rate 5 x 10~° and
batch size equal to the full training sample size), and runtime measurements exclude the time required to train ¢. Our ex-
periment code builds on the open-source deep kernel testing (https://github.com/fengliu90/DK-for-TST)
and Compress Then Test (https://github.com/microsoft/goodpoints) repositories.
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Figure L.1: Approximate low-rank structure of stochastic gradient matrices. Left. For each epoch k of the LKH(%)

experiment of Sec. 5.2, we record the ey -rank of the stochastic gradient matrix X* £ [zF,... 2F]T € R"*? (see Def. 4

and Thm. 3). Notably, the €;-ranks are significantly smaller than the ambient dimension d = 19. Right. We display the
singular values of the first stochastic gradient matrix, X!. The singular values drop off steeply, resulting in relatively small
€r-ranks.
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