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Abstract

This work has two contributions. First, we intro-
duce novel provably Byzantine-resilient sample-
and communication-efficient alternating gradient
descent (GD) and minimization based algorithms
for solving the federated low rank matrix com-
pletion (LRMC) problem. This involves learn-
ing a low rank (LR) matrix from a small sub-
set of its entries. Second, we extend our ideas
to show how a simple modification of our al-
gorithms also provably solves two other partly-
decoupled vertically federated LR matrix learn-
ing problem, — LR column-wise sensing (LRCS),
also referred to as multi-task linear representa-
tion learning, and its phaseless generalization,
LR phase retrieval (LRPR). In all problems, we
consider column-wise or vertical federation, i.e.
each node observes a small subset of entries of a
disjoint column sub-matrix of the entire LR ma-
trix.

1. Introduction

Modern machine learning (ML) systems are vulnerable to
various kinds of failures. One natural and powerful attack
class is that of Byzantine attacks (Guerraoui, Rouault, et
al., 2018) This means that the adversarial nodes have com-
plete knowledge of the data at every node and of the exact
algorithm (and all its parameters) implemented by every
node, including center; and all the adversarial nodes can
collude to use this information to design the worst pos-
sible attacks. In this work we develop, and analyze, se-
cure (Byzantine resilient) algorithms for solving three dif-
ferent federated low rank matrix learning problems that
share certain common features - Low rank matrix com-
pletion (LRMC), LR column-wise sensing (LRCS), and
LR phase retrieval (LRPR). These find important applica-
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tions in many different modern ML and medical imaging
domains — recommender system design (Koren, Bell, &
Volinsky, 2009), multi-task representation learning for few
shot learning (Collins, Hassani, Mokhtari, & Shakkottai,
2021; Shome & Kar, 2021), federated sketching (Srinivasa,
Lee, Junge, & Romberg, 2019; Anaraki & Hughes, 2014;
Azizyan, Krishnamurthy, & Singh, 2014), accelerated dy-
namic MRI (Babu, Lingala, & Vaswani, 2023; Haldar &
Liang, 2010; Lingala, Hu, DiBella, & Jacob, 2011; Yao,
Xu, Huang, & Huang, 2018) and Fourier ptychography
(Jagatap, Chen, Nayer, Hegde, & Vaswani, 2019). All these
problems can be expressed as: learn an n X ¢ rank r ma-
trix X* from measurements of the form y;, := Az} or
|Arzy|, k € [q] with the matrix Ay defined differently.
For LRMC it is a 0-1 very sparse matrix, while for LRCS
and LRPR it is a random Gaussian matrix. These problems
can be federated horizontally or vertically. For LRMC,
both settings are analogous (due to row-column symmetry)
and both involves learning from data that is not identically
distributed at the different nodes. This so-called hetero-
geneous data setting is known to be more difficult to de-
sign secure (Byzantine-resilient) algorithms for. For LRCS
and LRPR, the horizontal setting is the easier homogeneous
data setting, while the vertical one involves heterogeneous
data. We consider the vertical one in this work. This is also
the practically relevant one.

Related Work. Centralized LRMC problem has been
extensively studied. Solutions consist of convex relax-
ation (Candes & Recht, 2008), which was very slow, Al-
ternating Minimization (AltMin) with a spectral initializa-
tion (Netrapalli, Jain, & Sanghavi, 2013), and gradient
descent (GD) based algorithms - Projected GD (ProjGD)
(Cherapanamjeri, Gupta, & Jain, 2017; Jain & Netrapalli,
2015) and Factorized GD (FactGD) (Yi, Park, Chen, &
Caramanis, 2016; Zheng & Lafferty, 2016). AltMin al-
gorithms for LRPR and LRCS have been introduced and
studied theoretically in the last six years (Nayer, Narayana-
murthy, & Vaswani, 2019; Nayer & Vaswani, 2021). The
works of (Nayer & Vaswani, 2023, on arXiv since Feb.
2021; Collins et al., 2021; Thekumparampil, Jain, Ne-
trapalli, & Oh, 2021; Vaswani, 2024) introduced a much
faster and novel GD-based algorithm called alternating GD
and minimization (AltGDmin). This algorithm is also
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communication-efficient for federated LRCS or LRPR. In
recent work (Abbasi & Vaswani, 2024; Abbasi, Moothe-
dath, & Vaswani, 2023), an AltGDmin based solution was
introduced and analyzed for solving the federated LRMC
problem. This was as fast as AltMin or FactGD, while be-
ing the most communication-efficient.

Byzantine-resilient federated learning algorithms, primar-
ily (stochastic) GD and modifications, have been devel-
oped and studied extensively recently. Typical solutions
involve replacing the mean/sum of the gradients from the
different nodes by a different robust statistic, such as ge-
ometric median (GM) or GM of means (Chen, Su, &
Xu, 2017), coordinate-wise median or trimmed mean (Yin,
Chen, Kannan, & Bartlett, 2018), or Krum (Blanchard,
El Mhamdi, Guerraoui, & Stainer, 2017). One of the first
non-asymptotic results for Byzantine attacks is (Chen et al.,
2017). This studied GD and used the geometric median
(GM) of means to replace the regular mean/sum of the par-
tial gradients from each node. Under standard assumptions
— strong convexity, Lipschitz gradients, sub-exponential-ity
of sample gradients, and an upper bound on the fraction of
Byzantine nodes — it provided an exponentially decaying
bound on the distance between the estimate at the ¢-th it-
eration and the unique global minimizer. In (Yin et al.,
2018), the authors developed non-asymptotic guarantees
for coordinate-wise median and the trimmed-mean estima-
tors based GD for both convex and non-convex problems,
albeit under very strong assumptions - this work needed
bounds on variance and skewness along each dimension,
and also needed smoothness and convexity along each di-
mension. Other work is (Alistarh, Allen-Zhu, & Li, 2018;
Allen-Zhu, Ebrahimian, Li, & Alistarh, 2020). All the
above works assumed homogeneous data distributions

More recent work has explored the more difficult heteroge-
neous data distribution setting by either assuming a bound
on the amount of heterogeneity (Pillutla, Kakade, & Har-
chaoui, 2019; Data & Diggavi, 2021; Li, Xu, Chen, Gian-
nakis, & Ling, 2019; Ghosh, Hong, Yin, & Ramchandran,
2019; Allouah et al., 2023), or by assuming the existing
of a trusted dataset at the center (root dataset) and using
detection methods to remove bad nodes (Regatti, Chen, &
Gupta, 2022; Lu, Li, Chen, & Ma, 2022; Cao, Fang, Liu,
& Gong, 2020; Cao & Lai, 2019; Xie, Koyejo, & Gupta,
2019). Recently (Singh & Vaswani, 2024a, 2024b) studied
Byzantine-resiliency of LRCS using GM in the easier hor-
izontally federated setting. But the ideas presented in these
works cannot be extended for LRMC or vertically federated
LRCS/MTRL which we explain next. (He, Ling, & Chen,
2019) presents experimental results for Byzantine-resilient
LRMC, but with no theoretical guarantees. Other related
works include (Alistarh et al., 2018; Cao et al., 2020;
Allen-Zhu et al., 2020; Wu, Ling, Chen, & Giannakis,
2020; Defazio, Bach, & Lacoste-Julien, 2014; Acharya et

al., 2022; Dadras, Stich, & Yurtsever, 2024).

Contributions and Novelty. This work has two contribu-
tions. (1) Our main contribution is novel provably secure
and communication-efficient algorithms, Krum-AltGDmin
and GM-AltGDmin, for solving the federated LRMC prob-
lem. Krum is an easy to compute estimator but needs order
nrL? time to compute. GM can only be approximated, and
the only algorithm for it that comes with a useful guaran-
tee is way too complicated to implement (even the algo-
rithm authors have not implemented it). But the guarantee
is near-linear-time, order nrL times log factors. We also
explain why use of coordinate-wise median is not useful in
this setting: its required sample complexity is very high.
This comparison is summarized in Table 1. (2) Second,
we explain how both our novel algorithm and our proof
approach can be extended directly to also solve two other
federated LR problems — LRCS and LRPR. All three prob-
lems involve solving a partly decoupled optimization prob-
lem and all three also involve dealing with heterogeneity
across nodes. We use the term “partly decoupled” to re-
fer to optimization problems in which the unknown can be
split into two subsets, and the optimization with respect to
at least one subset of variables, keeping the other fixed, is
decoupled. Heterogeneity means that the data at the differ-
ent federated nodes is not identically distributed.

The work most closely related to ours is (Singh & Vaswani,
2024b), however this deals with a much easier setting of
horizontally federated LRCS. In this case, the data, and
hence node gradients, are homogeneous, making it easier
to study. Also, LRCS only requires incoherence of right
singular vectors of the true unknown matrix, and of each
algorithm estimate. Since the columns of B (the right fac-
tor of X = UB), are updated locally at the nodes, the
analysis of this step does not require any changes for the
secure algorithm. Thirdly, it only provides guarantees for
GM, which cannot be computed exactly and theory and
practical algorithms for it are different. On the other hand,
(1) Incoherence of U: LRMC also requires assuming in-
coherence of U*, and ensuring it for each U at each al-
gorithm iteration. This is tricky because update of U re-
quires interaction between nodes and the GM or Krum out-
put may not be incoherent. For this, we have to introduce
a novel filtering step to eliminate the non-incoherent gradi-
ents. (2) Heterogeneous gradients: It is well known in the
secure federated optimization literature that heterogeneity
makes it more difficult to design secure algorithms: if the
data at different nodes is very different, it is impossible to
distinguish a Byzantine node output from an honest node
output. Clearly, one can only handle a bounded amount
of heterogeneity. All past work for this setting assumes a
bound on the difference between gradients from different
good nodes, at each algorithm iteration (Data & Diggavi,
2023, Assumption 2), (Allouah et al., 2023, Assumption
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1). This is a confusing assumption on intermediate algo-
rithm outputs and it is not clear how to satisfy it. The rea-
son it is needed is the past works consider a large class
of optimization problems. Our work only solves three LR
problems and hence a bound on the difference between the
column sub-matrices of X * at different nodes suffices. (3)
Guarantees for Krum: Our work provides guarantees for
both Krum and GM. In fact, our result may be the first non-
asymptotic guarantee for using the Krum estimator, which
is a simple, intuitive, and easy to compute estimator, in-
troduced in (Blanchard et al., 2017). By proving a result
for Krum that is analogous to that for GM, we show how
we can use it to replace GM. We obtain this result by care-
fully borrowing and modifying an argument embedded in
the asymptotic proof given in (Blanchard et al., 2017). This
may be of independent interest.

2. Secure Federated LRMC

Problem Setting. LRMC involves recovering a rank-r
matrix X* € "9, where r < min(n, ¢), from a subset
of its entries. Entry j of column k, denoted w;k, is ob-
served, independently of all other observations, with prob-
ability p. Let &, ~ Bernoulli(p) for j € [n], k € [q]. For
each k € [g], define a diagonal 1-0 matrix A, € R"*" as

Ay, = diag(&n, j € [n])

Then, we can write y, = Agx}, k € [¢] and the data ma-
trix Y = [y1, Y2, ..., Yg| is of the same size as X * but with
unobserved entries zeroed out.

For federated LRMC, we assume that there are a total of
L nodes out of which at most Ly, , can be Byzantine. Let
Sy, ¢ € [L] be a partition of [g] := {1,2,...,q} such that
|Se| > g/L > r for all £. Node ¢ observes a subset of
entries of X := [z}, k € &), i.e., it has access to yj, :=
Ajpx;. We assume that each X} has rank 7 and can be
expressed as X; = U*B; where U* isann x r . The
goal is to recover U™ and Bj for each ¢ € [L], and thus
recover X* = [ X7, X5,..., X}

Notation. We use ||.|| 7 to denote the Frobenius norm and
||.|| without a subscript to denote the (induced) > norm; T
denotes matrix or vector transpose. We use ey, to denote the
k-th canonical basis vector (k-th column of identity matrix
I); and MY = (M TM)~'MT. For tall matrices with
orthonormal columns U, Us, we use SDp (U, Us) =
(I — U U, ")Us|| F as the Subspace Distance (SD) mea-
sure between the column spans of the two matrices. For
any matrix M = [mq, ..., m,], we denote its sub-matrix
with ¢ = |S;| = £ columns corresponding to indices in Sy
by M,. ThusM [My,...,My,...,Mj].

Let X* *X° U*(S*)V* := U*B*, where U* € R"*"
and has orthonormal columns and V* € R"*? with or-
thonormal rows. Also, we let B* 3*V* so that

T max * _
Zwex where o}, = Mingepz) omin(X7), and o}, =

min

maxye(z] Omax (X, ). Our guarantees actually only depend
the maximum and minimum singular values over the set of
good nodes (and not all nodes). We reuse the letters c, C to
denote different numerical constants in each use with the
convention that ¢ < 1 and C > 1.

Definition 2.1 (Krum). For a set of matrices
{Z,,2Z,,...,Z1}, their Krum and the corresponding
best index Kr are defined as follows

We state guarantees in terms of £ =

Kr = argmm( Z 1 Ze — Zg/F>, Krum = Zg,

le [L] Yy

where the sum )" runs over the (L — Ly, —
. —0 . .
Zy which are closest to Z; in Frobenius norm.

2) matrices

Assumptions. We need three standard assumptions. The
first is incoherence of the left and right singular vectors of
each X7 This is needed in all works that study LRMC so-
lutions. The second is a bound on the fraction of Byzantine
nodes, which is also always needed. For notational sim-
plicity, we assume this to be at most 40%. But any bound
that satisfies Ly, < L 2 (Blanchard et al., 2017) can be
assumed. Lastly, we need a bound on the amount of het-
erogeneity, this is also needed in all past work that deals
with heterogeneous data and does not assume existence of
a trustworthy root dataset.

byz < 0.4.

Assumption 2. Assume row norm bounds on U™:

max;ep, [|u*’|| < p1\/7/n, and assume that right singu-
lar vectors incoherence holds locally for each node, i.e.,

maxges, ||bL]| < p/7/q0max (X ;) for a constant p > 1.

Assumption 3 (Bounded heterogeneity).

Assumption 1. Assume that

max ||B€

Bj|% < G3
v éHF BOn

IﬂdX

We bound G in our guarantee. This assumption in turn
implies that, for all £, ¢’ € [L],
||“)(12< - Xl;k’”%‘ = HU*BE U- BZ’HF < GB Omax

2.1. Krum-AltGDmin
The complete stepwise algorithm is provided in Algorithm

1. We explain its steps below, starting with first reviewing
the basic altGDmin idea. Guarantee is provided after that.

Basic AltGDmin. We first explain the basic AltGDmin
idea. This imposes the LR constraint by expressing the
unknown matrix X as X = UB where U isann X r
matrix and B is an r X ¢ matrix. The goal is to min-
imize f(U,B) = >i_, lyx — AxUbg|*> with U be-
ing a matrix with orthonormal columns. After a careful
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Methods— Krum

(Blanchard et al., 2017)

GM CWMed
(Chen et al., 2017) (Yin et al., 2018)

Sample Comp for Byz-AltGDmin r2Glog Zjlog(%) r2Glog c?log(%) rgy/nlogqlognr log(%)
(lower bound on ngp)

Communic Cost nrlog(L) nrlog(1) nrlog(L)

Approximate Algorithm No Yes No

Compute Cost at Center - GD nr?L?log(1) nr2Llog™( sapim )log(2) | nr?Llog(L)log()

Compute Cost at Node - GD
(2 is set of observed entries, E[|2]] = npq

max(n, %)rz log(%)

max(n, |—§LZ‘)7"2 10g(%) max(n, ‘%‘)r2 log(%)

Table 1:

We compare Krum, Geometric Median (GM), and Coordinate wise median (CWMed) based modification of

AItGDmin. Observe that Compute cost for CWMed is smallest but its sample complexity is unreasonably high making it
useless. Krum and GM have same sample complexity. GM compute cost is slightly less than Krum but it is an approximate

algorithm i.e., we can compute GM with €qppror €ITOL.

Algorithm 1 Byz-AltGDmin-LRMC

1: AltGDmin Initialization:

2: Nodes /=1, ..., L

3: Uyg < top r left-singular vectors of Yy

4: Compute I, (Uqg): if a row of Uy has 2-norm more
than p4/7/n, then re-normalize the row entries so that
its norm equal the this value, else do nothing.

: Uy QR(HM(U(]O))

: Push Upy + QR(I(Upp)) to center

: Central Server

: Define set Zp = {}

9: for /= 1to L do

10 if ||u,|| < 1.5u,/Z forall j € [n] then

11: Add /7 to set Z

12: end for

13: Compute Py, < UoeU,yy, £ € Ty

14: [Kr,Puy,.] = Krum{Py,, }eez,

15: Push Uy = Uk, to nodes.

16: AltGDmin Iterations:

17: fort =1to T do

18: Nodes/=1,...,L

19: b (AkUt_l)Tkak eSSy

20: Vi + QZkeSZ(AkUtflbk - yk)b;—

21:  Central Server

22:  Defineset Z, = {}

23: for{=1to Ldo

o0 3 N W

24: Compute Uyepp < U1 — Vg

25: if [, < (1= %) |uwl_ | + 1.4,/ for all
Jj € [n] then

26: Add ¢ to set Z;

27:  end for

28: Vkr = KI‘qu{Vg}gEzt

29:  Compute U; <+ QR(Ui—1 — nVi,)
30:  Push U, to nodes.

31: end for

32: Output Ur.

spectral initialization for U, at each iteration, it alterna-
tively updates B and U as follows: (1) Minimization for
B: keeping U fixed, update B by solving ming f(U, B).
Clearly, this minimization decouples across columns, mak-
ing it a cheap least squares problem of recovering ¢ dif-
ferent r length vectors. It is solved as by < (AxU) Ty
for each k € [q]. (2) GD for U: keeping B fixed, up-
date U by a GD step, followed by orthonormalizing its
columns: Ut « QR(U — nVy f(U, B))). Due to the
decoupling in the minimization step, its time complexity is
only as much as that of computing one gradient w.r.t. U.
In a federated setting, AltGDmin is also communication-
efficient because each node needs to only send nr scalars
(gradient w.r.t U) at each iteration. The updating of bys is
done locally at the node where its data is available. The ini-
tialization is computed as given in line 1 and the two lines
below it in Algorithm 1. The algorithm implementation
uses special features of the LRMC problem to speed up all
computations, e.g., A U is computed by just sub-selecting
the rows corresponding to the nonzero diagonal entries of
Aj. Sample-splitting is assumed to prove the guarantees.

AItGDmin-Krum. The resilient Krum based modifica-
tion proceeds as follows. At each iteration, node ¢ first
updates bys for k € Sy locally using the ygs. This step is
the same as in the basic case. It can also be analyzed sim-
ilarly using (Abbasi & Vaswani, 2024, Lemma 4.2, 4.3).
Next, it computes the partial gradient, denoted V, as given
in Algorithm 1, line 20. This is sent to the center.

The center does not know which received Vg, if any, is
Byzantine. To deal with this, it processes them in two
steps. First, it finds the index set of ¢s for which V, is
such that the updated U would be sufficiently incoherent
(as needed by our proof). This filtered set is computed as
T := {0 : maxjep [[[U —nVel’|| < (1-0.4/s2)[U7]| +
1.4p+/r/n} See line 25. Next, we compute Krum of the
set of gradients Vy, £ € Z. The filtering is needed because
LRMC algorithms need to ensure incoherence of the up-
dated U at each iteration. While the gradients computed
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by the good (honest) nodes will satisfy this w.h.p. (can be
proved), this cannot be guaranteed for Byzantine outputs.

Subspace-Krum for initialization. The initialization at
the nodes is done exactly as in the basic AltGDmin al-
gorithm (Abbasi & Vaswani, 2024). This involves com-
puting the top r singular vectors of Y'; projecting the re-
sulting matrix Uyg onto space of row incoherent matrices,
i.e., computing ITy(Upo) = ming ¢, |U — U ||, where

= {U : |[@?| < py/r/n}; and finally computing a
QR decomposition of IT;(Upyg). See line 6. This is com-
puted as given in line 4. The projection needs time nr
while the QR step needs time nr2. The nodes send their
Uy, to the center. The center processes these in two steps.
The first step is again a filtering step that selects only those
Uyes which are incoherent. See line 10. The second step
involves computing the Subspace-Krum. This is done as
follows. Observe that the received Uy,s are subspace es-
timates. Their actual entries can be quite different. Thus
we cannot use Krum on them to get a meaningful aggre-
gate. We need a different approach that applies Krum to
subspace distances. To do this, we rely on the fact that, for
subspace basis matrices Uy, Us, U U, — UUy || is
another measure of subspace distance.

Guarantee for Krum-AltGDmin. We can prove the fol-
lowing for Algorithm 1. Under the three simple assump-
tions stated earlier, and if G is small enough, then, as long
as we observe roughly order nr? log ¢log(1/¢) matrix en-
tries at each node, w.h.p., the subspace distance between
U~ and Uy, and hence error between X; = U*Bj and
X; = U;By decreases exponentially with iteration ¢ un-
til either the desired error level e is reached or the hetero-
geneity bound G is reached. Convergence up to the het-
erogeneity bound is also what the other SGD works show
(Pillutla et al., 2019; Data & Diggavi, 2021; Li et al., 2019;
Ghosh et al., 2019; Allouah et al., 2023).

Theorem 2.2. (Krum-altGDmin-LRMC) Consider Algo-
rithm 1 with Krum, and sample-splitting. Let T =
Ck?log(1/¢), and step-size n < 0. ';')/pamaX Assume that
Assumption 1, 2, 3 holds and Gp < = = If

ngp > C&Yu%qr® log glog(1/e),

then w.p. at least 1 — 3Ln='° — C&k?log(1/e)Ln—1°

SDF(U*, UT) S max(e, 1401/%203)

and || X1 — X*||r < €072
cost are stated in Table 1.

2.2. GM-AlItGDmin

It is possible to obtain a different algorithm and guarantee
with using GM to replace Krum. GM is theoretically, faster
to compute than Krum, although its theoretical and practi-
cal algorithms are not the same (as noted earlier). Also, its

. Compute and communication

Algorithm 2 Byz-AltGDmin-LRMC-GM
Consider Algorithm 1 with the following changes:
Replace Line 14 by [lvest, Pu,, |iloest =

argminge 7, |[GM{Pu, }rez, — Pu,llF
Replace Line 28 by Vi, lpest =
argminge 7, [|GM{V¢}eez, — Vel|r

guarantee holds only with constant probability (the approx-
imate GM algorithm works only with this much probability.
The entire algorithm would be the same as Algorithm 1 ex-
cept for one change. After the GM step, in both initializa-
tion and GD iterations, we need to find the gradient that is
closest to the GM and use that as the output. This is needed
because the GM is not one of the entries being aggregated.
So then there is no way to prove that (U — nV ) will
satisfy the required incoherence. The proof technique of
Theorem 2.2 also extends to GM.

Corollary 2.3. (GM-altGDmin-LRMC) Consider Algo-
rithm 2. Assume everything in Theorem 2.2. Its conclu-
sion holds with probability at least 1 — (L + 1)n=10 —
CapproxGM — C’%Z 10g(1/€) (Ln_lo - Cappro;cGM)

3. Proof Outline for Theorem 2.2

The theorem statement is a subset of the following main
claim. Let §; = SDp(U;, U*) and 1, = 8k%pu. Let Jyo0d
denote the set of good (honest) nodes and let /1 be any one
good node, i.e., any one entry of Jyo04-

Claim 3.1. w.p. atleast 1 — 3Lps — t(Lps + 2Lp1)

0.65npo?

i) o <(1- = max )4,
t—1
ot C8.6Gp Z %)

, ) .
i) [luf]| < (1= 93) [l +2u/r/n 32 (1= 42,
(iii) 61‘/ < 50» and (iv) jgood C Z;. Here P =

exp(log g — Cmax(gsufgsﬂmﬂ)rz ) +exp(log g — C%)v

pe = exp(logq — ckj;igrz) and p; = n~ 10,

3.1. Proving Claim 3.1

This claim is proved using an induction argument and the
following five lemmas. Lemma 3.2 proves the base case,
while the others are used to prove the induction step. Claim
(iv) follows using Lemma 3.4. Once we have Jgo0a € Z;
Lemma 3.6, 3.7 holds. Claim (ii) follows by construction
(see Fact 3.5) and Lemma 3.7. Claim (i) follows by sub-
stituting the bounds on Err Lemma 3.6, and denomina-
tor term Lemma 3.7 in algebra Lemma 3.3. Since doing
a QR step results in a denominator term m
Lemma 3.7. To obtain a bound on this term Claim (iii) is re-
quired which is a consequence of Claim (i) and G < .
Full proof is in Appendix A.
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Lemma 3.2 (Initialization). Let Assumption 1, and 2 holds.
Assume p > CR2r?plog q/(nd3). Let ps = n=10. Then,

1. wp. at least 1 — Lps, Tg00a < Lo

2. wp. atleast 1 — 3Lp3, SDp(Uy, U*) < .

3. w.p. atleast 1 —3Lps3, Uy is 1.5 row-incoherent, i.e.,
llwd|| < 1.5p\/7/n forall j € [n].
Lemma 3.3 (Algebra Lemma). Let Err := Vg, —

E[V,(Ui_1,By,). For [Uiey — 1Vi] & UR* we
have

SDrp(U*,Uy) <

2. Omax(Be) < (1 + 01-1)0) 0 and omin(Be) >
1- 6152710-:‘;‘&11 - (St*la:nax' Thus, if(stfl < C/'Eﬂz;

then omin(Bye) > 0.90% . and omax(Be) < 1.107 .
3. |lbel| < 1dofpn/7/q.

This is used in the proof of the lemmas needed for the Err
bound. It is also used to prove the || X7 — X *||  bound of
the theorem.

3.2. Proof of Initialization lemma
We need to first show that each good node returns an accu-

|1, — ypBe, B, |SD#(U*, U, 1) + n||Ext || ¢ rate enough estimate and one that is also incoherent. Item

Umin(Utfl - anr)

Lemma 3.4 (Good nodes contained in filtered set). Sup-
pose that Jgooq C Iy—1. Then, w.p. at least 1— Lpo, at iter-
ation t, Jyooa C It Here py = exp(log ¢ — cpn/&* p?r?).
Fact 3.5 (Incoherence of Uty for any € € I;). Upenp =
U;,_1 — nVy, for any ¢ € Z,, by construction (Line 25 of
Algorithm 1) [|[u gempl| < (1 — %3) [|[wd i1 || + L.4p/Z.

Fact says any gradient with index in Z; gives incoherent
Uiemp- The set Z; contains all of Jy,04 but also can con-
tain some of the Byz gradients. Our construction of the
filtered set Z; guarantees that all gradients in it give inco-
herent Uyepp. Thus the Krum gradient (which is one of the
gradients from Z;) also gives incoherent Uyeyyp.

Lemma 3.6 (Bounding Err). Assume Jy00a C I; and

Assumption 1, 2, 3 holds. Let p1 = exp(logq —
2 . 2
Cmax(k‘l;;f%gu“,u)ﬂ) + exp(logq — cﬁzﬁ% ). We have w.p.

at least 1 — 2Lp;,
IVir —E[Ve,]llr < Cpona (8€6i-1 +4.3Gp) (1)

Lemma 3.7 (Bounding denominator).  Con-

sider the setting of Lemma 3.6. If n satisfies

npoiz (2.5 + C8e)d—1 + C4.3Gg) < 1, then
1

w.p. at least 1 — 2Lp1, m S

14 npo2, ((5+ C16€)8,_1 + C8.6Gp)

The algebra lemma and the denominator lemma follow us-
ing ideas similar to those in (Abbasi & Vaswani, 2024). We
show next how to prove the others.

Bounding error in B and showing its incoherence. We
borrow this from (Abbasi & Vaswani, 2024). It does not
change because bys are updated locally at the nodes, and
thus, we do not need to worry about Byzantine resilience.

Lemma 3.8 (Lemma 4.2, 4.3 (Abbasi & Vaswani, 2024)).
For any node { € Jyo0a. Assume ||u? || < iy +/7/n. Then,
2
€ pn)
r2uz

w.p. at least 1 — exp(log ¢ — ¢

1. HB@ — Gé”F < €0p_10% . and ||Xg — X;”F <
2615710'*

max

one of Lemma 3.2 follows using second part of (Abbasi
& Vaswani, 2024, Lemma 4.1) that Uy, is 1.5 row-
incoherent for all £ € Jy,0q and then using union bound
over Jyood-

Next we need to analyze the proposed Subspace Krum ap-
proach. This requires using the following Krum Lemma
3.9 which we modified from (Blanchard et al., 2017) to in-
clude probabilistic argument.

Lemma 3.9 (Krum (Blanchard et al., 2017)). Let z C R",
for £ € [L] and let z, denote the vector selected by Krum
operator Kr = Krum{z,}l' . Forat < 0.4, suppose
that, for at least (1 — 7)L z;’s,

Pr{lze — 2| < €l|z[|} = 1 —p
Then, w.p. at least 1 — 2L(1 — T)p,

lzxr — 2] < 10€]|2]]
Proof. Proof is in Appendix G O

Subspace Krum is modified version of Krum for subspaces
using the idea from (Singh & Vaswani, 2024c) that the
Frobenius norm of the difference between two subspace
projection matrices is within a constant factor of the sub-
space distance between their respective subspaces. There-
fore Krum is calculated for Py = UU "’s where U is any
subspace with the distance metric as ||Py, — Py, ||%. We
next give Subspace Krum Lemma 3.10

Lemma 3.10 (Subspace-Krum). Consider Algorithm 1
Lines 13-15. For a T < 0.4, suppose that, for at least
(1—=7)LUy’s,

Pr(SDrp(U*,U;) <§)>1—p
then, w.p. at least 1 — 2L(1 — 7)p,
SDp(U*,U,yt) < 100.

Fact 3.11. For any ¢ € Zy. By construction (Line 10 of
Algorithm 1) ||u),|| < 1.5p+/r/n forall j € [n].
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Item two of Lemma 3.2 follows using first part of Lemma
3.2, (Abbasi & Vaswani, 2024, Lemma 4.1), and Lemma
3.10. From (Abbasi & Vaswani, 2024, Lemma 4.1) we have
SDp(Uy,U*) < ¢ = 0p/10 wh.p. forall £ € Tyo0a.
From first part of Lemma 3.2 Jy504 € Zo w.h.p. implies
using Lemma 3.10 SDp(Ug,, U*) < o w.h.p.

Lemma 3.2 item three follows from Fact 3.11 as Kr € Z,.
3.3. Proof of Lemmas 3.4 and 3.6

First we prove Lemma 3.4. This lemma follows using mod-
ified version of second part of (Abbasi & Vaswani, 2024,
Lemma 4.6), where for Uyermp = Ui—1 — 0V, we have
el < (1= 0.4/R2) ], || + Ldpy/7/m forall j €
[n] w.h.p. and then using union bound over Jy00q4 We have
the required proof.

Once we have Jyo04 € I, then Lemma 3.6 is a direct
consequence of Lemma 3.9, and 3.12 which we give next.

Lemma 3.12. Assume Jyo0a € Ii, and Assumption 2, 3
holds. Then for all £ € Jyo04,

2pn )
max(REu2,72 1) 2

1. wp. atleast 1 — exp(logq — ¢
Ve — E[Vi|lF < epoi2 b

max

2. wp. atleast 1 — exp(logq — ¢

e“pn ) o
max(RAp2,72 fy, ,pu)72

- 2
exp(logq — ¢tz )

Ve —E[Vy]lFr < poi2 . (8¢5;—1 + 4.3Gp)

max

Proof. Item one follows directly from (Abbasi & Vaswani,
2024, Lemma 4.5) which uses matrix Bernstein inequal-
ity and Lemma 3.8 in its proof. We prove item two in
Appendix B. This follows using the first item and care-
ful algebra that allows us to express |V, — E[Vy,]||r in
terms of ||V, — E[V/]||r, [|Be — GellF, Omax(Be), and
| B; — B; || And since Jyo0qa C Z; i.e., Uy is row inco-
herent we can bound each term using (Abbasi & Vaswani,
2024, Lemma 4.5), Lemma 3.8, and Assumption 3 respec-
tively. Proof is in Appendix B. O

4. Secure Federated LRCS and LRPR

In the writing below |z| and sign(z) return the element-
wise magnitude and sign of z respectively. LRCS and
LRPR involve recovering X * from y;, := Agx;,k € [q]
(LRCS) and from z, := |yi|,k € [q] (LRPR), with each
Yy being an m-length observed vector with m < n, and
the measurement/sketching matrices A € R™*" being
known dense matrices (random Gaussian for guarantees)
that are mutually independent over k. We consider the ver-
tically federated setting, i.e., distinct subsets of columns of
Y are available at different nodes. These are completely
different problems than federated LRMC because here the
matrices Ay are dense. This means there is asymmetry, we

get dense measurements of each column but not of the dif-
ferent rows. Consequently, we only need right singular vec-
tors’ incoherence (instead of that of both). Also, because
of the use of random Gaussian matrices, the measurements
are now unbounded and we need different concentration
inequalities to analyze these problems. However, in spite
of these differences, we show how simple modifications
of our algorithm provide very similar guarantees for both
these problems as well. The following assumption replaces
Assumption 2.

Assumption 4 (right singular vectors’ incoherence).
maxyes, ||bf]| < p/7/Gomax (X)) for a constant p > 1.

Consider Algorithm 1 with the following changes: (1) the
node initialization step replaced by the LRCS initialization
from (Vaswani, 2024); and (2) remove the filtering step
from both initialization and GD.

Theorem 4.1. (Krum-AltGDmin for LRCS) Consider the
algorithm as described above. Assume that Assumptions
1, 3 and 4 hold, and G < R% The conclusions of
Theorem 2.2 hold if mq > K°u’nr? log(%), and m >
7% max(log q, 1) log(%),

For LRPR, the algorithm for LRCS needs three simple
modifications. (1) The node initialization needs to be the
one for LRPR introduced in (Nayer & Vaswani, 2023, on
arXiv since Feb. 2021). (2) The update of b;, involves
solving an r-dimensional standard phase retrieval problem,
e.g., using the RWF algorithm of (Zhang, Zhou, Liang,
& Chi, 2017). (2) We estimate the phase (sign in case
of real measurements which is what we consider here) af-
ter updating by as sign(AxUby) and use this to obtain
Y = sign(ArUb) ® zi. This is used to replace yy, in
the gradient expression. Denote this gradient as Ve

(Krum-AltGDmin for LRPR) Con-

described above. The
conclusions of Theorem 4.1 hold if mq >
maX(RIOMQnr3 log(%),f-@s,uQm“Q log(%)), and

m > &% max(log ¢, 7)log(2),

Corollary 4.2.
sider the algorithm as

LRCS needs order n72 log(1/€) samples which is also what
LRMC needs. LRPR needs r times more samples for its
initialization since it is a more difficult problem.

Remark 4.3. Both above results also hold apply for GM.

Proof. Our proof techniques introduced for LRMC apply
here with minimal changes. For LRCS, only three things
change: (i) we do not need to prove incoherence of U or
worry about the filtering step (which is removed from the
algorithm); (ii) the concentration bound lemmas change -
the bound on ||B — U X*||r is obtained using Lemma
3 of (Vaswani, 2024) and the gradient deviation bound in
the first part of Lemma 3.12 given above gets replaced by
Lemma 5 of (Vaswani, 2024).
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For LRPR, the following additional modifications are
needed. (1) The B lemma gets replaced by Lemma 3.3
of (Nayer & Vaswani, 2023, on arXiv since Feb. 2021). (2)
The computed V; uses gy, defined above. Thus, in order
to obtain a bound similar to the first item of Lemma 3.11,
we need two steps: (i) We first need to bound ||V, — V||
with V, being the gradient expression if the linear mea-
surement y; were available, i.e. the gradient used in case
of LRCS. ||V, — V||  is the same as the Err Ph term that
is bounded in Lemma 5.3 of (Nayer & Vaswani, 2023, on
arXiv since Feb. 2021) (LRPR section). (ii) Next we use
Lemma 5 of (Vaswani, 2024) and triangle inequality to fi-
nally get a bound on ||V, — E[V,,]|| to replace the first
item of our 3.12. O

5. Experiments

LRMC: Figure 1a. We plot the average subspace dis-
tance SDp (U, U*)/+/r against Time in seconds over 100
Monte Carlo (MC) runs. The averaging is over the ob-
served entries of X *, with each entry being observed in-
dependently with probability p at every MC run. The ma-
trix X* = U*B* is generated once by letting U* €
R™*" be the left-singular vectors of an n x r random
iid. Gaussian matrix and B* € R"*9 be a random
Gaussian matrix. Thus, X* has ¢ = O(1) incoher-
ence. At each iteration, Ly, = 8 of the L = 20 gradi-
ents communicated from the nodes to the center are cor-
rupted. We consider Reverse Gradient Attack for each ex-
periment where we corrupt the Ly, gradients by setting
Viy = — Z(ZL=1 V. This forces the GD step to move in
the reverse direction of the true gradient. We set the step-
size ) = 1/p(072,), where o, = maxye(r] Omax(X}),
is estimated as 07, ~ maxye[z] Omax(Ye)/p. We com-
pared Krum-AltGDmin, GM-AltGDmin, and CWMedian-
AltGDmin. We use Weiszfeld’s algorithm with 1000 itera-
tions to approximate the Geometric Median (GM).

Observation from Figure la. Theoretically, GM-
AltGDmin has similar sample complexity to Krum-
AltGDmin, so it also converges in the experiments. CW-
Median does not converge due to its large sample complex-
ity requirement. GM-AltGDmin is slower than Krum, pos-
sibly for two reasons mentioned below:

a) We use an approximate algorithm Weiszfeld’s algorithm
(Weiszfeld, 1937; Beck & Sabach, 2015) to approximate
GM. Weiszfeld’s algorithm (Beck & Sabach, 2015, The-
orem 5.1) is known to converge, but the number of itera-
tions is not specified. In theory, GM can be faster when
using (Cohen, Lee, Miller, Pachocki, & Sidford, 2016, Al-
gorithm 1). However, that algorithm is complex and to our
best knowledge has no known experimental results.

b) As shown in Table 1, Krum has a compute cost

of nr?L*log(1/¢), and GM has a compute cost of
nrleogP’(Ea L)ﬂﬁ)log(l/e) when using (Cohen et al.,
2016, Algoritrlylzmli). To see any speedup from GM in sim-
ulations, one would need to use (Cohen et al., 2016, Al-
gorithm 1) with a large L. This also requires a large ¢ to
maintain accuracy. As a result, the total simulation time

becomes much higher.

LRCS: Figure 1b. We plot the average subspace distance
SDgr(U;,U*)/\/r vs Time in seconds over 100 Monte
Carlo (MC) runs. The data generation part for X * remains
same as LRMC. For each Monte Carlo run we generated
matrices Ay, k € [g] with each entry being i.i.d. stan-
dard Gaussian and we set y, = Apx;,k € [g]. We used
n = 1/m(o}2,), where o}, = maxse(r] Omax(X[). We

used Weiszfeld’s Algorithm with 1000 iterations to approx-
imate Geometric Median (GM).

Observation from Figure 1b. Same as LRMC observa-
tion Section 5.

Real world MovieLens 1M dataset (Real World): Fig-
ure 1c. We test our proposed algorithm on the real-world
MovieLens 1M dataset (Harper & Konstan, 2015), which
contains 1,000, 209 ratings for about 3,900 movies from
6,040 users. The algorithms are compared using the rel-
ative error [|(X* — X)ql|/||X&ll, shown on the y-axis,
where (2 is the set of observed entries. This is used be-
cause, in real data, unlike synthetic data, the true rank-r
U™ is not known.

Observation from Figure 1c. We observe that our algo-
rithm, Byz-AltGDmin-LRMC, converges on the federated
MovieLens 1M dataset even with 40% Byzantine nodes
(Lpy. = 8, L = 20). We also observe that CWMedian
converges in this setting due to the large number of sam-
ples (ngp).

Heterogeneity Effect (LRMC): Figure 1d. We first gen-
erate B* as a random Gaussian matrix. Each By is formed
by selecting a subset of columns k& € S; from B*. Then,
with L = 10 total nodes, we multiply 5 randomly cho-
sen B by a factor C' to introduce heterogeneity across the
datasets see Assumption 3 (Bounded heterogeneity). This
was done once (outside Monte Carlo loop). For 25 Monte
Carlo runs we did Reverse Gradient Attack and compared
‘Krum-AltGDmin’ for different values of C' = 1,4, 6.

Observations from Figure 1d. It can be seen that increas-
ing heterogeneity C' means that the S D saturates higher,
as shown in our main result Theorem 2.2.
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Subspace Error vs Time

Subspace Error vs Time
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(c) Real-world MovieLens 1M dataset: ||(X* — X )q||/|| X (d) Heterogeneity Effect (LRMC): SDr (U, U™)//T vs Iter-
vs Iteration ¢ with n = 6040, ¢ = 3940, r = 3, p = 0.041902, ation ¢ with n = 200, ¢ = 1000, r = 4,L = 10, Ly,. = 2,
L =20, and Lyy. = 8. p = 0.4, and using Krum.

6. Addressing reviewer comments

We have strengthened the experiments by adding results for
GM and for the LRCS problem. We have now also eval-
uated our algorithm on the MovieLens dataset. We have
included and compared the related works as mentioned by
the reviewer. We have also highlighted the technical differ-
ences between this work and the related ones.



Byzantine-Resilient Federated Alternating Gradient Descent and Minimization for LR matrix learning

Impact Statement

This paper presents work whose goal is to advance the field

of Machine Learning. There are many potential societal

consequences of our work, none which we feel must be
specifically highlighted here.
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A. Proof of Claim 3.1

This claim is proved using an induction argument similar to that of (Abbasi & Vaswani, 2024).

Proof. Base case: From Lemma 3.2 (i), (ii), (iii) and (iv) holds for t = 0 w.p. at least 1 — 3Lps.
Induction assumption: Assume that the Claim 3.1 holds fort = ¢ — 1.

Induction proof: From Lemma 3.4 w.p. at least 1 — Lps, Jgo0a & Z;. Hence Claim 3.1 (iv) holds for ¢ = ¢. Also
|Tgood| = L — Ly, > 1 implies set Z; # (). Now since Kr € Z; implies using Fact 3.5 Uiemp = Ui—1 — nV g, satisfies

: 04 . r
6 eyl < (1 - 52) s + 1-4u\/;

We bound || || < ||t || (RT) ]|, where Usernp = Up—1 — nV e, & UpR* (Line 29 of Algorithm 1).

1 1
RH 1 = =
||< ) H Umin(Utemp) Ulnin(Ut—l - anr)
Since Jyo0a € Zt, we can use Lemma 3.7. With € = 016K2 ;01 < b0 = 5 1;@2 ,and Gg < % we have w.p. at
least 1 — 2Lpq,
1 0.2npo > 0. 1
<14 /L] + — 2
Umill(Ut—l - anr) 52

Above we have used n < . Hence we get

(1= %5 Y )+ L )

0.4 0.1 0.1

(1 )<1+>|UJ,5 1||+14,u\/>(1+~2)

H K
03

(1= % Yt 2y

0.3 0.3, 03, 1. [F
=Bl + 0+ 0= B (- 2y

; K2 r r
< Judll + — — < (1. 720). ) -
< Jlupll + 0.32#\/; < (1.5p + TR=p) -

< py

Pm

ludll <

IN

IN

IN

r
n

The last inequality above used the infinite geometric series bound. This shows that U is ,,-row-incoherent i.e., (ii) holds
for t = t. Now using Lemma 3.3 we get

T, —npBy, B} |SDp(U*,Us—1) + || Err|| p

SDp(U*,U;) < 3)
F( t) Umin(Ut—l - anT) (
Here Err = Vi, — E[Vy, (Ui—1, By,)].
Again since Jgooq € It, we can use Lemma 3.6 which implies w.p. at least 1 — 2Lp;,
|Err|| < Cpoi2 (8€d;_107 + 4.3Gp) 4)

12
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and from (2)
1 2
<14 220
Umin(Ut—l - an’r‘) K

max (5)

By Lemma 3.8, oin(By,) > 0.907 . and oax(By,) < 1.107. Thus, if n < 0.5/po:2
semi-definite (psd) and so

then, I — annge is positive

max

IT = npBe, B] || = Amax(I — 1pBe, B].) = 1 — npory;,,(By,)
0.9
<1-0. 9npam111 =1- % (6)
Using (6), (4), and (5) in (3) we get
0 9 Umax O 2 O-HI'IX
SDp(U*Uy) < (1 — =7 (1 4 ==Eme)s,
* 0 2np0max
+p - Coan(8edi1 +4.3Gp) (1 + ———5 )
.1 2
Since € = C?Gﬂ ,(1 0 ﬂpgma)() < 2 we have
R
0.65
<(1- M)(st_l +npo2 C8.6G 5 %
0.2-0.1 0.1
Since G < r1.860:2 0= 5.1’%2,wehave
<(1- %)5 + 0.1,
< 0.7750¢ 3

Above we have used n < . From (8) we have d; < g implies Claim 3.1 (iii) holds for ¢t = ¢, and from (7) we have

PUn
6 < (1-— 065’"ﬂ) do + npcrmaXC8 6Gp Yl (1 - 06577&) implies Claim 3.1 (i) holds for ¢t = ¢. Using union
bound Claim 3.1 holds for ¢t = ¢ w.p. atleast 1 — 3Lps — t(LpQ + 2Lp1). By principle of mathematical induction Claim
3.1 1is true.

For t = T and using infinite geometric series bound

0.65npo2

or < ( =2 max)T5 + 1401{2GB

w.p. atleast 1 — 3Lps — T'(Lps + 2Lp1).

Setting T = Cr?log(1/e€), dp = =, and if ngp > C&'p?qr? log glog(1/e) then w.p. at least 1 — 3Lps — T'(Lps +
2Lp1) > 1—3Ln=1% — C&k?log(1/€)Ln~1°

SDr(U*,Ur) < max(e, 14CR*Gp).

O
B. Proof of Grad Concentration Lemma 3.12
Proof. Ttem one follows directly from (Abbasi & Vaswani, 2024, Lemma 4.5).
Bounding |V, — E[V4, ]| r
Ve —E[Vy]llr <[Ve—E[Vil[r + [[E[Ve] = B[Vl e
< epd;_1072 from Lemma 3.12 item 1
+lp(Xe, — X7,)BY, —p(Xe — X{)B/ ||r 9

13
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w.p. at least 1 — exp(logq — ¢

e (P )
Bounding ||p(X,, — X;,)B/, —p(X; — X7)B/ | r
Ip(Xe, — X7) B, —p(Xe — X7)B/ ||r
=p|U(B., B/, - B(B/) — X, By, + X{ B/ ||r
=P||U(BélBZ —-B/B/) - U*(Belel +B;B/)|r
=P||U(BelBZ - BeBz )-U” (Belel By Bz ileB;)HF
= p|U(By, B/, — BiB/) —U*(B},(B;, — By)" — (B} — B},)B/ )|Ir
= p|U(Be, B}, — B;B/ + B;,B/) —U"(B;, (B, - By)" — (B; — B;,)B/ )||r
= pl|lUBy, (Be, — B))" +U(By, — By)B/ —U*B;,(B;, — By)' +U*(B; — B;,)B/ ||r
<p((IUNBe, | + 1UNB/ |+ 1U*1I1B;, ) |1Be — B, lr + Guot U B/ ]) from Assumption 3

<p((1.1o] + 1.1o7 4+ 07)||B; — By, ||p + 1.1Gpo from Lemma 3.8

max)

Now Bounding || By — By, || r

By — Bu,||p = [|Br — Be, = Gy, ||
= ||Ge, — By, + Be — Gy, ||F
=Gy — By, + B, —~U"X;, £ U X}||p
= |Ge, = Bi, + (Be — Go) U (X7, — X[)||r
< |Go — Bellp + |Be — Gellp + Gopax

< 2¢b_10] + Gpo from Lemma 3.8

max

~ 2
w.p. at least 1 — exp( 7z)

Using this we get

Ip(Xe, — X7)B/, — p(Xe — X[)B/ ||r

<p((1.1lo} + L1074+ 07)|| B, — By, || + 1.1Gpo2y)
< p((3.201‘)(26(5t 107 +GpgolL) + 1. lGBU;faX)

= p(Teby_1072  +4.3072 Gp)

. 2
w.p. at least 1 — exp( :zz;’ )
~ 2 . 2
This then implies w.p. at least 1 — exp(log g — Cmax(/%“;;zg;u, M)TQ) — exp( ;Z’;)

Ve —E[Ve]llr < epdir0pm + [p(Xe, — X7 B/, — p(Xe — X[)B/ || r
< Ep(st lgnlax +p(7€5t 10'*2 + 4. BUzgaxGB)

max

= pUmaX(8€(5t,1 + 43GB)

L]

C. Proof of Lemma 3.6
Proof. From Lemma 3.12 item two for all ¢ € Jy004, W.p. atleast 1—exp(log §fcmax(k4:j’g§“ e )+exp( — TEZ’; )
Ve —E[Ve]llF < poi2. (8¢i—1 +4.3G ) (10)

14



Byzantine-Resilient Federated Alternating Gradient Descent and Minimization for LR matrix learning

Using Lemma 3.9 and the fact || M || = ||vec(M)||2 for any matrix M we get w.p. at least 1 — 2Lp;

IVir —E[Ve]llr < 10poi2. (8¢5 1 + 4.3Gp)

O
D. Proof of Lemma 3.7
Proof.
1
O'min(Utfl - nVKr)
_ 1
UMin(Utfl - W([E[Vfl (Utflv Bfl )] + (VKT - [E[vfl (Utflv Bel )])))
1
< Err = Vg, —E|Vy, (U;_1, B
= TV, (U Bl — nlEn] o~ BV (Ui, B
Using Lemma 3.6 w.p. at least 1 — 2Lp;
|Err||p < Cpoi2 (8¢d;_1 + 4.3G ) an
Using the bound on ||E[V,, (U, By, )]||r from (Abbasi & Vaswani, 2024, Lemma 4.5) and || Err|| ¢ from (11). We get
N(|EVe, (U, Be, ]|l + || Exr]]) < npogi (2.5 + C8¢)dp—1 + C4.3Gp).
Above we have used the fact that | M|| < | M || .
Implies
1 < 1
Omin(Ut—1 =NV kr) — 1 —npoi2 (2.5 + C8e)d;—1 + C4.3Gp)
<1+ npoi ((5+ C16€)8;—1 + C8.6Gp)
Above we have used for 0 < z < 1,1/(1 — z) < 1 + 2z assuming npo;2 ((2.5 + C8¢)d;—1 + C4.3Gp) < 1
O

E. Proof of Lemma 3.3
PVOOf: Utemp =U; 11— anr
Adding and subtracting nE[V, (Us—1, By, )], Note E[Vy, (Ui—1, By, )] = p(Xe, — X;) B/,

Utemp = U1 — nE[V¢, (Us—1, By,)] = n(Vgr — E[Vy, (Ui—1, By,)))
=U;_1 —np(Xy, — XZl)BZ — nErr

Denote Err = Vi, — E[V,, (U;_1, By,)]. Multiplying both sides by P := I — U*U* T, we get
PUtemp = ’PUtfl - UPP(le - XZ)BZ - UPEH

= PU,_1 — npPUBy, B], — nPErr
= PU,_1(I, — npBy, B} ) — 7/PErr

15
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Taking Frobenius norm and using | M Ms||r < || M| r|| M2 we get

IPUsemplle < |PUe1ll7 |1 — nipBe, B/ || + 0l PErr | p (12)

Now Uiemp L U,R* and since |MiMs||p < ||Mi||p||Mz|, this means that SD(U*,U;) < |[[(I —

U U Usemp pl|(RY) 1. Since [(R*) 7 = 1/0min(RY) = 1/0min(Utemp).

1
Tmin(Ui—1 — NV kr)

IR =

Combining the last two bounds gives.

|, — npBe, By, | SDr(U*, Up—1) + n||Err||r
Umin(Utfl - nVKr)

SDp(U*,U;) <

F. Why we cannot use projection step to guarantee incoherence

A natural question would be to use projection II;, at center after each GD step to make rows of U; incoherent. We cannot
get a very useful bound on SD (U™, I1;,(U;)) which we explain next. By Lemmas 2.5 and 2.6 of (Chen, Chi, Fan, Ma, et
al., 2021), for two n x r matrices with orthonormal columns, Uy, Us, SDp(U;,Us) < argming ,pizary U1 —U2Q||r <

V28D (U1, Us).

Let us say you have a bound §; before projection step i.e., SDrp(U*,U;) < §;. After the projection from you have
SDp(IIy(Uy,),U*) < ||y (Uy) — U*Q||r for any Q unitary. Now the row norm clipping step can be interpreted as
projecting its input onto a convex set, U = {U : |@’| < (1 — %)|Juf_,|| + 1.4p,/Z}, with the projection being in
Frobenius norm. And projection onto convex sets is non-expansive, i.e., ||IIy,(U1) — Iy (Us) || r < ||U1 — Uz||r (Nashed,
1968, eq (9),(10)),(Yi et al., 2016). Also, II;,(U*Q) = U*Q for any r X r unitary matrix @ (since U* as well as U™* times
any unitary matrix belong to U). Let Q. ; := argming ,,itqry [|[Ur — U* Q| F this then implies SDr (Il (U;), U*) <
Iy (Uy) —U* Q. il F = [y (Up) Ty (U* Qi) | r < Ui =U*Quut||F < V28D (U, U*) < +/26;. So it introduces
a factor of /2 after each projection, and hence for large T this will grow exponentially making sample complexity worse.
Thats why we use filtering step.

G. Proof of Lemma 3.9

. Ly L—Lyy- .
Proof. Denote the Ly, . Byzantine vectors as {zp },* and L — Ly, good vectors as {z;},_, "*. By { — j we mean

vector j is the neighbor of vector ¢. For each index (good or Byzantine) i, we denote by d4(¢) (resp. 05(¢)) the number of
good (resp. Byzantine) indices j such that : — 7. We have

5g(i) +0(i)=L— Lyy, —2
L —2Lyy, —2<04(1) <L — Ly, —2
5{,(2) < Ly

Let Kr is the index selected by Krum. Let £; be the index of any good vector. Now we can write

1
lzir = 2l = zrr =22 —— > =l
59 (KT) Kr— good j
1 1
< U . 5 _ )
Slee =5y X FltlE-5gey X Al
9 Kr— good j 9 Kr— good j

16
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1 1
< E > - E AR
— 5 (KT) HZKT z]” + (59(K’)") ||Z z]”

9 Kr— good j Kr— good j
1
< Y ke =zl + max |2 -z (13)
59(K’I“) Kr—— good j " J Kr— good j J
C

Analyzing the first term. There are two possibilities 1) K1 € Jgo0d, or 2) K7 € J, Jood ie.,

1 1 1
E —z = E — 2L _— E B _ .1
§g<KT) ||ZK7" ZJH (59(6) ||Zg Z]” Kr—éejgood + (Sg(k) ||zk zj” Kr:kEJgGOOd

Kr— good j £— good j k— good j

We will first analyze the case when Kr =k € 7, qco

¢ such that

oq- Since Kr minimizes the score therefore there exist a good gradient

I S e [ S e D D EEr

k— good j k—> byz i ¢’ — good j 0/ — byz i

Each ¢ has L — Lyy. — 2 neighbors, and Ly, . + 1 non-neighbors. Thus there exists a good gradient ¢ (¢') which is farther
from ¢’ than any of the neighbors of ¢'. In particular, for each Byzantine index i such that #/ — byz i, ||z — 2P||* <
|z — z¢(ery||?. Implies

D 1 - D £ 1 R D

k— good j k— good j k— byz ¢
< > llze—zl+ Yo lze 2P
¢’ — good j 0 — byz i
< Z lzer — 2| + 0u(€) | zer — z¢ (o)l
£’ — good j
< 9g(¢) max |zer — 2|l 4+ 0u (€)1 zer — z¢er

£’ — good j

Now bounding ||z; — z;|| for any i, j € Tyo0d-

lzi — 2| = llzi — z; £ 2|
<llzi — 2[ + |z — 2]
< 2¢|2]|
w.p. at least 1 — 2p.

Using union bound w.p. at least 1 — 2(L — Ly, — 2)p

Yo =R =zl < (G6(€) + 6(E))2¢] 2]

k— good j

< (L~ Ly — 2)2€)|2].

For Kr =1 € Jgood

1
> Nz =zl lkr=te gy, <, max ||z — 2|
0 (€) £— good j ’ ' 9970 = 4— good j J

< 2¢)|2|
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Combining Kr € Jgo0q and Kr € jgcood we get

1 . L—Ly,,—2 N
lzrr — 25| §max(2e|z||7y 2e||z>
SR 2 f 5y ()

Kr— good j
L — Ly, —2
< 1. — Y% = )9¢||2
_max( ,LQLbyz2) I

This then implies

< max(l, %)%&H +ell2]
= max<2,1—|— %)26”2”

< (24 F o= )l

< 10¢|| 2|

w.p. atleast 1 — 2(L — Lyy)p = 1 — 2L(1 — 7)p. For 7 = 222 < 0.4,2 4 £57==2 <5,
yz
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