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Abstract—Mobile crowdsensing services are divided into two categories: opportunistic and participatory. In opportunistic mobile

crowdsensing services, users do not need to specify the crowdsensing tasks to be completed. Compared with participatory

crowdsensing services, the application scope is wider and more user-friendly. In participatory crowdsensing, the service provider

assumes that the user can successfully complete the data collection task. However, such an approach cannot work in an opportunistic

crowdsensing service because in opportunistic crowdsensing, the user’s execution of the task is uncertain, which brings great

challenges to the quality of the crowdsensing service. This article is based on the assumption of the user coverage probability model

and transforms the opportunistic mobile crowdsensing value maximization problem into an ordered submodularity value function model

with budget constraints. This model is also good at representing participatory crowdsourcing problems. To the best of our knowledge,

this is the first study to apply the ordered submodularity feature to a mobile crowdsensing service. Furthermore, we combine the

properties of ordered submodular and auction models and propose an ordered submodularity-proportional share mechanism (O-PSM)

to solve the allocation and payment problems in opportunistic mobile crowdsensing services. Specifically, in the allocation stage, the

winning users are selected based on the proportional share threshold, and in the payment stage, the payment price for the winning

users is designed based on critical value theory. We prove that the mechanism satisfies the economic characteristics of individual

rationality, truthfulness, and budget feasibility. In the experimental section, the mechanism design based on ordered submodularity is

shown to enable the service provider to obtain a higher value and a lower payment.

Index Terms—Coverage probability distribution, mechanism design, opportunistic mobile crowdsensing, ordered submodularity

Ç

1 INTRODUCTION

MOBILE crowdsensing services (MCSs) are an emerging
business model that is mostly used by service pro-

viders to collect data of interest through mobile users. For
example, the environmental department collects environ-
mental noise data through users’ mobile device micro-
phones, the mobile operator collects the signal strength
through the mobile devices, the transportation department
collects traffic flow information through the mobile device
GPS [1], and blockchain-based MCSs use majority-voting
schemes to determine the outcomes for participants [2]. The
early crowdsensing services mostly adopted a volunteer
method, and users completed the tasks released by the

service providers for free. However, this method has low
user participation and cannot guarantee the quality of the
crowdsensing services. To encourage more users to partici-
pate in crowdsensing services, service providers adopt
incentive mechanisms [3], such as paying a certain fee to the
users who complete the tasks. We call this a crowdsensing
service with auction models.

1.1 Motivation

Literature [4] classifies MCSs into opportunistic and
participatory types. For participatory MCSs, users actively
participate in the data collection process and can com-
plete crowdsensing data collection services within a spec-
ified time and area. Most of the current studies [5], [6] are
based on this assumption. For opportunistic MCSs [7],
[8], users do not need to participate much. For example,
when they reach a specified area, the device will start to
perform the data collection tasks automatically. In such a
crowdsensing system, users only need to confirm whether
to participate and provide the expected benefits when the
crowdsensing service is released. The system selects users
based on historical information. Obviously, using the
model of participatory MCSs to describe the problem of
opportunistic crowdsensing is inappropriate. Because the
data collection of opportunistic crowdsensing is uncer-
tain, it is affected by various factors, such as user behav-
ior and the mobile device hardware. For example, when
using crowdsensing services to predict traffic flow, there
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is no guarantee that the users will follow a preset route.
As another example, when the period of the noise detec-
tion crowdsensing service is long (1-2 months), asking the
user to appear at the specified place and time is not very
convenient. This makes traditional participatory MCS
models face great challenges in describing opportunistic
crowdsensing.

Among the representations of the numerous crowdsens-
ing problems, the point of interest (POI)-based models are
favored by many researchers. Their location-based features
make them applicable to many types of crowdsensing serv-
ices, such as noise detection, signal detection, traffic condi-
tion prediction and air quality detection. The basic principle
is that the service provider declares multiple POIs in the
data collection area [5] while simultaneously announcing
the corresponding data collection task for each POI. When
the user is at the POI, the mobile device can be used to col-
lect data. Notably, as the user moves, data from multiple
POIs may be collected. Applying the POI model to partici-
patory MCSs is appropriate. For example, [5] and [6] both
build a monotonic submodular value model based on the
coverage times of the POIs by the users. However, applying
the POI model to opportunistic MCSs brings many prob-
lems. An important shortcoming in existing research is that
the service provider assumes that the user can successfully
perform the data collection task at the declared POI, which
is inconsistent with the reality of opportunistic crowdsens-
ing services. For example, if the user performs a long-term
noise collection task, then the quality of the service cannot
be guaranteed. However, in participatory MCSs, the service
provider calculates the final payment based on the declara-
tion submitted by the user. When the actual data collection
situation is inconsistent with the declaration submitted by
the user, the service provider may experience considerable
losses. In short, classic POI models cannot effectively repre-
sent opportunistic MCSs. Designing a suitable model for
opportunistic MCSs is a major challenge.

Another problem in the opportunistic MCS problem is
payment pricing. Under the premise of budget constraints,
the service provider must ensure that the price paid to the
winning user is greater than the user’s bid, which is equiva-
lent to a reverse auction mechanism design. Since users are
selfish and may obtain greater profits by manipulating bids,
the mechanism design must meet the characteristics of indi-
vidual rationality, truthfulness (also known as incentive-
compatible or strategy-proof) and budget feasibility. How-
ever, the features of opportunistic MCSs entail another chal-
lenge in mechanism design. Fig. 1 shows a diagram of POI-
based opportunistic mobile crowdsensing service with an
auction model. The basic principle is that 1) the service pro-
vider releases a crowdsensing service task in a certain area
(such as collecting noise data on POIs), 2) the users accept
the task and submit bids as the expected compensation for
completing the data collection task, 3) the service provider
selects the most valuable users according to the historical
data collected (such as user activity areas), 4) the service
provider pays the users a fee as compensation for complet-
ing the task, and 5) the users complete the data collection
and feed the data back to the service provider. The biggest
difference between opportunistic crowdsensing services
and participatory crowdsensing services is that users do not

have to actively inform service providers of the POIs they
can reach.

1.2 Contributions

In response to the uncertainty of opportunistic MCSs, we
adopt a prior probability model to represent the user’s POI
coverage with a more scientific approach than the tradi-
tional 0 or 1 coverage. For example, a user has a probability
of more than 90% to cover POIs in areas where she/he often
visits and only a 10% probability to cover POIs in areas
where she/he does not often visit. Such a model can cor-
rectly evaluate the value of users in opportunistic MCSs.
However, it leads to problems for which the traditional
monotonic submodular model cannot work. The crowd-
sensing problem has the characteristics of diminishing mar-
ginal utility, and the existing research generally adopts the
submodular function to represent the value model of the
crowdsensing problem. The monotonic submodular func-
tion is a set function used to find the subset with the greatest
value, and the order of the users in the set does not affect the
value. However, this approach is not applicable to the POI
coverage problem represented by probabilistic models. For
each POI constrained by the maximum number of coverage
times, and users have different coverage probabilities, in
the winner set, different user orders will produce different
coverage values, so the traditional submodular function
cannot correctly represent our model. A previous study [9]
defines this type of submodular function that is affected by
the order of the elements as an ordered submodularity
function.

Many important optimization problems involve selecting
a subset of items from a larger set. An implicit modeling
assumption is that the order of the selected elements does
not matter since submodularity is a property of functions
that operate on unordered sets. However, in many applica-
tions, we care about not only the selected set of users but
also the order of users. An intuitive example is that a com-
pany is composed of certain employees, but the order in
which employees join the company will have a considerable
impact on the company’s revenue. This is also the essential
difference between the classical submodularity property
and the ordered submodularity property.

Fig. 1. POI-based opportunistic mobile crowdsensing service with auc-
tion model.
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In this article, we study a more general opportunistic
MCS problem in which the service provider declares several
POIs in an area of interest and sets the maximum number of
coverage times for each POI. Additionally, each user has a
different coverage probability for different POIs, and the
service provider selects the most valuable users to win
according to the probability model and the bids submitted
by the users and calculates the final payment price given to
winners without exceeding the budget. Notably, our pro-
posed model is compatible with the traditional participatory
MCS problem (when the coverage probability greater than a
certain threshold is set to 1). Specifically:

� This article uses prior probability to model the POI
coverage problem in opportunistic MCSs and trans-
forms the MCS value maximization problem into an
ordered submodularity value function model with
budget constraints. To the best of our knowledge,
this is the first study to combine MCSs with ordered
submodularity, which is quite instructive for the
study of crowdsensing problems.

� We design a reverse auction mechanism to solve the
winner decision and payment calculation problem in
the MCS. Specifically, by improving the proportional
share mechanism (PSM) [10], we propose an ordered
submodularity-based proportional share mechanism
(O-PSM) for the problem, and we prove that O-PSM
satisfies individual rationality and truthfulness and
has a polynomial running time.

The rest of this article is organized as follows: In Section 2,
we discuss the existing studies on mobile crowdsensing serv-
ices and mechanism design. In Section 3, we describe the
problem of mobile crowdsensing with ordered submodular-
ity features and mechanism design preliminaries. In Section
4,we propose an ordered submodularity PSMdesign for solv-
ing the MCS value maximization problem; then, we prove
that the mechanism satisfies individual rationality and truth-
fulness. In Section 5, we evaluate the mechanisms through
extensive experiments. Finally, in Section 6, we summarize
our results and present possible directions for future research.

2 RELATED WORKS

Early crowdsensing services mostly adopted a volunteer
method. However, this method has low user participation
and cannot guarantee the quality of the crowdsensing serv-
ices. To encourage more users to participate in crowdsensing
services, service providers adopt incentive mechanisms [3].
Auctions are an effective strategy to encourage users to partic-
ipate in market activities. Auction mechanisms have been
widely used in spectrum auctions [11], [12], offline and online
cloud computing virtual resource auctions [13], [14], [15],
edge computing [16], [17], and mobile blockchain [18], [19].
Different from the above auction mechanisms, the mobile
crowdsensing service mostly uses reverse auctions. This
means that the service provider pays the user to purchase the
user’s collected data.

Crowdsensing services based on the auction model are
divided into two types: participatory and opportunistic. Par-
ticipatory crowdsensing services refer to users actively partic-
ipating in the data collection process, and the crowdsensing

data collection services can be completed within a specified
time and area. Participatory crowdsensing services have
received more attention. Singer [10] first studied the mecha-
nism with budget constraints and designed an advanced
PSM algorithm. The main result indicated that a bounded
approximation ratio is achievable for an important class of
submodular functions, and the use of submodular functions
for mechanism designs was pioneered. Anari et al., [20] con-
sidered a mechanism design problem in the context of large-
scale crowdsensing markets and designed a budget-feasible
mechanism for large markets that achieves a competitive ratio
of 1 - 1/e = 0.63. Based on the online auction model, Zhao
et al., [5] investigated a problem in which users submit their
private types to the crowdsourcer in a random order, and
they designed two online mechanisms, OMZ and OMG, satis-
fying the computational efficiency, individual rationality,
budget feasibility, truthfulness, consumer sovereignty and
constant competitiveness constraints under the zero arrival-
departure interval case and a more general case. Zheng et al.,
[6] studied the coverage problem for incentive-compatible
mobile crowdsensing and proposed BEACON, which is a
budget-feasible and strategy-proof incentive mechanism for
weighted-coverage maximization in mobile crowdsensing,
and adopted a newly designed proportional-share-rule-based
compensation-determination scheme to guarantee strategy-
proofness and budget feasibility. Zheng et al., [21] investi-
gated the problem of online crowdsensing by considering the
critical property that the values of the user contributions
decrease as time passes. They proposed a new method to
select users based on a time-related threshold and presented
a strategy-proof framework. Hu et al., [22] proposed a novel
blockchain-based MCS framework that preserves privacy and
secures both the sensing process and the incentive mecha-
nism by leveraging emergent blockchain technology, and
they designed an incentive mechanism by means of a three-
stage Stackelberg game. Han et al., [23] considered a scenario
in which a mobile crowdsensing platform aims to maximize
crowdsensing revenue under a budget constraint and the
users are interested in maximizing their utility while keeping
their cost private. Wang et al., [24] proposed an incentive
mechanism to maximize the social welfare for mobile crowd-
sensing and designed a discrete particle swarm optimization
(DPSO) algorithm for worker-centric task selection to maxi-
mize worker utility. The greatest problem for participatory
crowdsensing services is that the uncertainty of the data col-
lection reduces service quality.

Ganti et al., [4] define opportunistic MCS as ”opportunistic
sensing is where the sensing is more autonomous and user
involvement is minimal (e.g., continuous location sampling)”.
Based on opportunistic MCSs, Ma et al., [25] investigated the
opportunistic characteristics of human mobility from the per-
spective of sensing and transmission, discussed how to exploit
these opportunities to collect data efficiently and effectively and
proposed the concept of mobile crowdsensing data collection
location. Zhan et al., [26] proposed a time-sensitive incentive-
aware mechanism for mobile opportunistic crowdsensing data
collection, in which each sensing data point has an attached
time-sensitive value that decays over time. Zhan et al., [7] also
focused on data collection in mobile opportunistic crowdsens-
ing, where the data can be transferred between mobile users
via opportunistic device-to-device communications. Yucel et al.,
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[8] proposed online stable task assignment algorithms for
worker trajectories that are uncertain in opportunistic mobile
crowdsensing. They also studied the problem of finding task
assignments that fulfill both the coverage-aware preferences of
the service requesters and the profit-based preferences of the
workers in a budget-constrained, opportunistic mobile crowd-
sensing system [27]. Although the above studies analyzed
opportunistic MCSs, they were not based on the spatial cover-
age model and did not pay attention to the economic character-
istics of the mechanism design.

Most crowdsensing services have the characteristic of
diminishing marginal utility, so many participatory crowd-
sensing service problems will be transformed into submod-
ular functions to be solved. The first such mechanism was
developed by Dobzinski, Nisan and Schapira [28], who
reported an approximation mechanism under the submod-
ular value function model. This problem has been extended
by Dobzinski [29] and Assadi et al., [30]. Because of the
uncertainty brought by opportunistic crowdsensing, tradi-
tional submodular functions cannot work effectively, and
the basic theory of this problem had not been solved until
recently. Kleinberg et al., [9] proposed a new type of sub-
modular function, an ordered submodularity function,
where the order of the elements in the set affects the value
of the function, and gave the definition, proof and basic
algorithm of the ordered submodularity function. The emer-
gence of ordered submodularity functions provides a new
theoretical basis for modeling opportunistic MCSs.

Inspired by the above literature, this article applies
ordered submodularity theory to model the opportunistic
MCS value maximization problem for the first time and
designs a budget-feasible mechanism that can achieve
truthfulness, individual rationality, budget feasibility and
computational efficiency.

3 MECHANISM DESIGN OF MOBILE CROWDSENSING

WITH ORDERED SUBMODULARITY FEATURES

In this section, we first present a probability-based POI cov-
erage problem system model of an MCS, prove the ordered
submodularity property, and then explain the preliminaries
of the mechanism design with budget feasibility of the MCS.

3.1 Probability-Based POI Coverage Problem

We assume that the service provider declares M POIs in the
certain area D for which data need to be collected, repre-
sented by the set M¼ f1; 2; . . .Mg. For any POI m 2 M,
define rm 2 Zþ as the maximum coverage times of the POI
(at most rm users are required to collect data at this POI for
effective analysis). If the service provider wants to collect
more valuable data, it needs to increase the rm, which
means that more users can be selected, but the expenditure
of the service provider is limited by the budget. On the other
hand, if the rm is too small, it may be unable to complete the
crowdsensing task. We believe that service providers will
carefully evaluate the number of times each POI needs to be
covered and finally be able to complete the crowdsensing
task without exceeding the budget. If the data can be
completely and successfully collected, then the service
provider can obtain the value of vm 2 Rþ at this POI. In gen-
eral, the service provider can define the value of the

crowdsensing service data itself, depending on how the ser-
vice provider understands the data collected at the POI. vm
can be understood as the value expectation obtained by the
service provider after completing the data collection task at
POI m. For example, for noise data collection, if the service
provider is more concerned about the occurrence of noise in
certain areas, then multiple sampling tests are required, so
the POI coverage times can be used as the basis for judging
the value obtained by the service provider. The service
provider’s maximum budget is B.

Moreover, there are N users participating in the crowd-
sensing service, which is represented by set N ¼
fu1; u2; . . .uNg. For user ui 2 N , we use i instead of ui under
the premise of no ambiguity. Due to the user’s position,
device hardware reasons or the user’s autonomous behavior
(for example, the noise data collection task cannot be com-
pleted because the microphone is blocked or the mobile
phone is placed in a bag and the signal collection task can-
not be completed), the user may not be able to fully com-
plete the data collection task at POIs, which yields uncertain
results in terms of the quality of the crowdsensing service.
We use prior probabilities to describe the likelihood of user
coverage for each POI. The prior probability comes from 2
types of information. One depends on the relationship
between the POI location and the user’s daily activity area.
According to the analysis of the user’s daily activity area,
we can obtain the probability of the user appearing at
each location in area D in advance; we use priðx; yÞ 2
½0; 1�; ðx; yÞ 2 D to represent this value. This probability can
be simply understood as the time the user remains at loca-
tion ðx; yÞ during a period of time. For example, during a
day, if the user remains in their bedroom for 8 hours, then
the probability of the user appearing in the bedroom is 1/3.
Clearly,

RR
ðx;yÞ2Dpriðx; yÞdxdy 2 ½0; 1�. Moreover, we define

the distance factor e�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�xmÞ2þðy�ymÞ2
p

between position ðx; yÞ
and POI m center ðxm; ymÞ. If the user’s active area is very
close to the POI center, then the value is close to 1. The other
information is from the historical data obtained during the
user’s previous participation in crowdsensing services. In
opportunistic crowdsensing services, the service providers
need historical data to judge the value of the users. We use
aim 2 Z to represent the difference between the number of
successful and unsuccessful data collection attempts by
user i at POI m in the historical data and use the sigmoid
function 1

1þe�aim to represent it. Because the events repre-
sented by these two types of information are independent,
we multiply the two probabilities to represent the probabil-
ity that user i can successfully collect data at POIm as pim.

pim ¼
RR
ðx;yÞ2D e�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�xmÞ2þðy�ymÞ2
p

priðx; yÞdxdy
1þ e�aim

2 ð0; 1Þ: (1)

Therefore, the prior probability model that user i success-
fully collects data at M POIs is defined by the vector pppppppiiiiiii ¼
ðpi1; pi2; . . .; piMÞ; meanwhile, the reward that user i
expects to receive after performing the data collection
task is represented by bi. In fact, the determination of bi is
not simple, it is related to 1) the energy consumption cost
of collecting data, 2) the communication cost of transmit-
ting the data, and 3) the value of the data. In the current
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mobile network environment, the costs of 1) and 2) are
lower, and are determined, but 3 is not certain; it depends
on how the service provider uses the data. If the user only
uses 1) and 2) as the basis for bidding, then the bid
should be very low. If the user also considers the value of
her/his data to the service provider, she/he may make a
reasonable bid based on her/his own perception. More-
over, the user may improve bids based on the experience
of winning or losing in multiple rounds of participation
in the crowdsourcing service. Literature [31] gives a rea-
sonable relationship between cost of the user and the bid.
Finally, the request submitted by user i is ui ¼ ðpppppppi; biÞ. Dif-
ferent from existing research, in our design, users do not
need to submit the POIs that they can cover; this coverage
information is represented by an a priori probability
model.

The purpose of the crowdsensing problem is to maximize
the value generated by the selected users, so we must define
the value function of the crowdsensing problem first.
Although articles [5], [6] use linear-valued functions, there
are still some shortcomings for the problem we want to
solve. For the service provider, the value generated by each
user is a nonlinear monotonically increasing concave func-
tion with diminishing marginal utility; that is, the data
obtained earlier are more valuable. The same feature is also
reflected in federated learning [31]. We also compare the
value function proposed in this article with a linear value
function in the experimental part. Therefore, for POI m, we
define its value function as

V ðmÞðnÞ ¼ vm �
Pn

k¼1
1
kPrm

k¼1
1
k

; n 2 f1; 2; . . .; rmg; (2)

where n indicates that n users participated in the cover-
age of POI m, and all of them successfully collected data.
When n ¼ rm, V

ðmÞðnÞ ¼ vm in formula (2); that is, the ser-
vice provider receives all of the value. However, accord-
ing to our analysis, the user’s POI coverage is determined
by a probabilistic model, so there is no guarantee that
the data can be successfully collected. Therefore, we mod-
ified formula (2), and the improved value function is as
follows.

V ðmÞðUÞ ¼ vm �
Pminfrm;jUjg

k¼1
pim
kPrm

k¼1
1
k

; i 2 U: (3)

U is an ordered set of users represented using vector U ¼
ðu1; u2; . . .uN 0 Þ; N 0 � N , but the set operations still apply
to U. Obviously, when rm is determined, the denomina-
tor of formula (3) is a constant value, and the numerator
depends on the smaller of rm and jUj. When jUj is
greater than rm, the value of V ðmÞðUÞ will not change. We
define the value function for the mobile crowdsensing
problem as

V ðUÞ ¼
X
m2M

V ðmÞðUÞ: (4)

The literature [9] reports that V ðUÞ and V mðUÞ are ordered
submodularity functions, and the order in set U affects the
result of the function V ðUÞ.

Here is a simple example. Suppose that there are 2 POIs,
r1 ¼ 1, r2 ¼ 2, and v1 ¼ v2 ¼ 1, which means that POI 1
must be covered once, POI 2 must be covered twice, and the
value obtained by the service provider is 1 in both cases.
There are two users u1 and u2, and the coverage probabili-
ties for the POIs are p11 ¼ 0:9; p12 ¼ 0:3; p21 ¼ 0:3; and
p22 ¼ 0:9. From formula (3), if we calculate the total value in
the order of ðu1; u2Þ, we obtain

V ð1Þðu1; u2Þ ¼ v1 �
Pminfr1;jUjg

k¼1
pi1
kPr1

k¼1
1
k

¼ 0:9;

V ð2Þðu1; u2Þ ¼ v2 �
Pminfr2;jUjg

k¼1
pi2
kPr2

k¼1
1
k

¼ 0:3þ 0:9=2

3=2
¼ 0:5:

Thus, V ðu1; u2Þ ¼ V ð1Þðu1; u2Þ þ V ð2Þðu1; u2Þ ¼ 1:4. If we cal-
culate the total value in the order of ðu2; u1Þ, we obtain

V ð1Þðu2; u1Þ ¼ v1 �
Pminfr1;jUjg

k¼1
pi1
kPr1

k¼1
1
k

¼ 0:3;

V ð2Þðu2; u1Þ ¼ v2 �
Pminfr2;jUjg

k¼1
pi2
kPr2

k¼1
1
k

¼ 0:9þ 0:3=2

3=2
¼ 0:7:

Thus, V ðu2; u1Þ ¼ V ð1Þðu2; u1Þ þ V ð2Þðu2; u1Þ ¼ 1:0.

3.2 Ordered Submodularity Properties

The ordered submodularity property is a generalization of
the submodularity property, and we must prove that the
system model has the properties of both.

Definition 1. Monotone submodular function. Define U
as a finite set. For any U1 � U2 � U and x 2 UnU2, the func-
tion f : 2U 7! R is called a monotone submodular function
if and only if fðU1 [ fxgÞ � fðU1Þ � fðU2 [ fxgÞ � fðU2Þ
and fðU1Þ � fðU2Þ.

Definition 2. Ordered submodular function. A sequence
function fð:Þ is ordered submodular if for all sequences A
and B, the following property holds for all elements s and �s
[9]:

fðAjjsÞ � fðAÞ � fðAjjsjjBÞ � fðAjj�sjjBÞ;

where Ajjs represents adding element s after sequence A.
Ordered submodular functions can be viewed as a generaliza-
tion of the monotone submodular function. If we set s ¼ �s,
then this means that

fðAjjsÞ � fðAÞ � 0;

and if we set �s ¼ null, then this means that

fðAjjsÞ � fðAÞ � fðAjjsjjBÞ � fðAjjBÞ;

which satisfies the monotone submodular property.

Lemma 1. V mðUÞ is a monotone submodular function.
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Proof. Suppose that U1 � U2 � U; i 2 UnU2; we have

V ðmÞ U1 [ if gð Þ � V ðmÞ U1ð Þ

¼ vm �
Pmin rm; U1[figj jf g

k¼1
pim
kPrm

k¼1
1
k

�
Pmin rm; U1j jf g

k¼1
pim
kPrm

k¼1
1
k

 !

¼ vm �
pim
U1[ if gj jPrm

k¼1
1
k

; rm � U1j j > 0

0; otherwise

8<
: ;

and

V ðmÞ U2 [ if gð Þ � V ðmÞ U2ð Þ

¼ vm �
Pmin rm; U2[ if gj jf g

k¼1
pim
kPrm

k¼1
1
k

�
Pmin rm; U2j jf g

k¼1
pim
kPrm

k¼1
1
k

 !

¼ vm �
pim
U2[ if gj jPrm

k¼1
1
k

; rm � U2j j > 0

0; otherwise

8<
: ;

that is, V ðmÞðU1 [ figÞ � V ðmÞðU1Þ � V ðmÞðU2 [ figÞ �
V ðmÞðU2Þ. Furthermore, we have

V ðmÞðU1Þ ¼
Pminfrm;jU1jg

k¼1
pim
kPrm

k¼1
1
k

�
Pminfrm;jU2jg

k¼1
pim
kPrm

k¼1
1
k

¼ V ðmÞðU2Þ:

Thus, V ðmÞðUÞ is a monotone submodular function. tu
Lemma 2. V mðUÞis an ordered submodularity function.

Proof. According to Definition 2, V mðUÞ is an ordered sub-
modular function; then, for any sequence A and B in the
set U and any element i and j, we must prove

V ðmÞðAjjiÞ � V ðmÞðAÞ � V ðmÞðAjjijjBÞ � V ðmÞðAjjjjjBÞ:

According to the definition of the V mðUÞ function,

V ðmÞ A ikð Þ � V ðmÞðAÞ

¼ vm �
Pmin rm; A[ if gj jf g

k¼1
pim
kPrm

k¼1
1
k

�
Pmin rm; Aj jf g

k¼1
pim
kPrm

k¼1
1
k

 !

¼ vm �
pim

A[ if gj jPrm
k¼1

1
k

; rm � Aj j > 0

0; otherwise

8<
:

V ðmÞ A i Bkkð Þ � V ðmÞ A j Bkkð Þ

¼ vm �
Pmin rm; A[ if g[Bj jf g

k¼1
pim
kPrm

k¼1
1
k

�
Pmin rm; A[ jf g[Bj jf g

k¼1
pim
kPrm

k¼1
1
k

 !

¼ vm �
pim�pjm
A[ if gj jPrm
k¼1

1
k

; rm � Aj j > 0

0; otherwise

8<
: ;

that is, V ðmÞðAjjiÞ � V ðmÞðAÞ � V ðmÞðAjjijjBÞ �
V ðmÞðAjjjjjBÞ; therefore, V mðUÞ is an ordered submodular
function. tu

Theorem 1. V ðUÞ is an ordered submodular function.

Proof. According to Definition 2, V ðUÞ is an ordered sub-
modular function; then, for any sequence A and B in the
set U and any element i and j, we must prove

V ðAjjiÞ � V ðAÞ � V ðAjjijjBÞ � V ðAjjjjjBÞ:
According to Lemma 2 and formula (4), accumulating
V mðUÞ yieldsX

m2M
V ðmÞðAjjiÞ �

X
m2M

V ðmÞðAÞ

�
X
m2M

V ðmÞðAjjijjBÞ �
X
m2M

V ðmÞðAjjjjjBÞ;

that is,

V ðAjjiÞ � V ðAÞ � V ðAjjijjBÞ � V ðAjjjjjBÞ:
Therefore, V ðUÞ is an ordered submodular function. tu

3.3 Preliminaries of the Mechanism Design

Our goal is to find the ordered subset U � N that maximizes
the sum of the expected value of each POI under the con-
straints, which is equivalent to the following model:

Maximize V ðUÞ ¼
X
m2M

V ðmÞðUÞ; U � N (5)

s.t.
X
i2U

pi � B (5a)

pi � bi; 8i 2 U; (5b)

(5a) means that the total payment paid to the winners is
less than the budget, and (5b) means that the payment for
each winning user is greater than her/his bid.

Formula (5) is an ideal problem model. However, in
practice, users are selfish and may submit untruthful bids
for greater benefits. The value of the mechanism design is
based on this characteristic. Specifically, to encourage users
to participate in the auction process, the mechanism must
satisfy individual rationality. To prevent users from submit-
ting untruthful bids, the mechanism must satisfy truthful-
ness. To ensure that payments do not exceed the budget,
the mechanism must be budget feasible. Additionally, to
quickly obtain the allocation and payment solution, the
mechanism must satisfy computational efficiency.

We use ui ¼ ðpppppppi; biÞ to denote the true request of user i
and u0i ¼ ðpppppppi; b0iÞ to denote the declared request of user i.
Additionally, we assume that the user may lie about her/
his bid so that b0i 6¼ bi. We do not discuss the situation
where users untruthfully report a prior probability model
for POIs pppppppi ¼ ðpi1; pi2; . . .; piMÞ because the probability infor-
mation is not provided by users but collected by the system.
Compared with existing studies [5] and [6], this approach
reduces the risk of users lying. We use uuuuuuu0= fu01,. . .,u0Ngand
uuuuuuu0�i ¼fu01. . .u0i�1; u0iþ1. . .; u0Ng to denote the declared
requests of users submitted to the system and uuuuuuu= fuuuuuuu0�i; uig.

User utility is an important measure to determine the
value obtained in an auction, and the user always wants to
maximize her/his utility in an auction. User utility is typi-
cally expressed as a function. In this article, we assume that
user i has the following utility function:
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uiðuuuuuuu0Þ ¼ p0i � bi; User i is winner in the auction
0; otherwise

;

�
(6)

p0iis the final payment paid by the service provider to user i
when she/he submits request u0i ¼ ðpppppppi; b0iÞ. If the user loses
the auction, then the utility is 0. Based on the above descrip-
tion, an individually rational and truthful auction mecha-
nism that is budget feasible can be defined.

Definition 3. Individual rationality. If a mechanism ensures
individual rationality, it should satisfy the condition that when
the user submits a truthful request ui ¼ ðpppppppi; biÞ, her/his utility
will be greater than or equal to zero, i.e., uiðuuuuuuuÞ � 0. In other
words, as long as the user participates in the auction and
reports her/his truthful request, she/he will never incur a
loss [32].

Definition 4. Monotonicity. If an allocation algorithm ensures
monotonicity, it should satisfy that given user request ui ¼
ðpppppppi; biÞ, if user i wins by bidding bi, then she/he will also win
by bidding u0i ¼ ðpppppppi; b0iÞ when bi � b0i. In a reverse auction,
the lower the user’s bid is, the easier it is for him/her to win.

Definition 5. Critical value. If user i is the winner in crowd-
sensing, then there must exist a critical value cvi. If user i’s bid
bi < cvi, then user i also wins; otherwise, user i loses.

Definition 6. Truthfulness (Myerson’s theorem). If a mecha-
nism is truthful, it implies that for every user i, given a truthful
declaration request ui and declaration requests u0u0u0u0u0u0u0�i of the other
users, we can obtain uiðu0u0u0u0u0u0u0�i; uiÞ � uiðu0u0u0u0u0u0u0�i; u0iÞ, which is equiva-
lent to uiðuuuuuuuÞ � uiðu0u0u0u0u0u0u0iÞ. Therefore, submitting a truthful request
is the dominant strategy for each user [33]. The previous litera-
ture [34] notes that if the allocation function of a mechanism
satisfies monotonicity and the payment function satisfies criti-
cal value theory, then the mechanism is truthful.

Definition 7.
Budget feasibility. If an auction mechanism is budget fea-

sible, then the sum of the payments of all the winners must not
exceed the budget limit B proposed by the service provider;
that is,

P
i2U pi � B[10].

Definition 8. Computational efficiency. If an algorithm is
computationally efficient, it can be executed in polynomial
time. Because obtaining optimal solutions to general submodu-
lar problems may take exponential time.

4 ORDERED SUBMODULARITY-PROPORTIONAL

SHARE MECHANISM (O-PSM)

In this section, we first introduce the design of the algo-
rithm, then analyze and give examples of the algorithm,
and finally prove that the algorithm conforms to the eco-
nomic characteristics of the mechanism design. At the same
time, we give the frequently used notations in Table 1.

4.1 Design of O-PSM

Inspired by the PSM [10] algorithm, we designed the O-PSM
algorithm. O-PSM can solve the winner decision (also
known as allocation) problem and payment price calcula-
tion with ordered-submodularity features while satisfying
individual rationality, truthfulness, budget feasibility and
computational efficiency, which we will prove later. The
basic idea of the O-PSM algorithm is to select the user with
the highest marginal value density and add it to the current
user sequence at each step in the allocation stage (to ensure
the monotonicity of the allocation) until the user’s bid
exceeds the budget threshold (to ensure budget feasibility).
In the payment phase, the maximum bid that allows the
user to still win is the payment the service provider pays
the user (guaranteed critical value theory). The main

TABLE 1
Frequently Used Notations

Notation Implication

U User set.
M POI set.
D Areas where service providers need to collect data.
pim Probability that user i successfully collects data at POIm.
bi Bid of user i.
aim Difference between the number of successful and unsuccessful data collection attempts by user i at POIm in the

historical data.
priðx; yÞ Probability of user i appearing at point ðx; yÞ 2 D.
A User sequence generated in the allocation stage of the algorithm.
A0 User sequence generated in the payment stage of the algorithm.
Ai In the allocation stage, the user sequence composed of the first i users.
A0i In the payment stage, the user sequence composed of the first i users.
Ai-1jji In the allocation stage, the sequence of the first i� 1 users followed by user i.
A0i-1jji In the payment stage, the sequence of the first i� 1 users followed by user i.
V ðAÞ Total value generated by user sequence A.
V iðAÞ; V i ¼ V ðAi�1jjiÞ � V ðAi�1Þ, In user sequence A, the marginal value generated by user i.
V ijA In the allocation stage, adding user i following the user sequence A, the marginal value generated by user i.
V ijA0 In the payment stage, adding user i follows user sequence A, the marginal value generated by user i.
V iðjÞ = VijA0j�1 . When calculating the payment for i in the payment stage, if user i replaces user j, the marginal value

generated by user i.
V ijjA0j�1 = VijjA0j�1 . When calculating the payment for i in payment stage, the marginal value generated by user j.
pi Payment the service provider finally pays to user i.
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difference between the O-PSM and PSM algorithms is that
in PSM, the value function satisfies only submodularity,
while in O-PSM, the value function also satisfies ordered-
submodularity and can solve the problems proposed in the
article. Algorithm 1 is the O-PSM algorithm.

Algorithm 1. Ordered Submodularity-Proportional Share
Mechanism (O-PSM)

Input:N , uuuuuuu ¼ ðu1; u2; . . .; uNÞ; B
Output:A; ppppppp
1: A f; i argmaxj2UðV jjA

bj
Þ, ppppppp ðp1; p2; . . .; pNÞ

2: while bi � B
2 �

V ijA
V ðAjjiÞ do

3: A Aki, i argmaxj2NnA
V jjA
bj

� �
4: end while
5: for each i 2 N do
6: pi  0
7: end for
8: for each i 2 A do
9: N 0  Nnfig, A0  f

10: repeat
11: ij  argmaxj2N 0nA0

V jjA0
bj

� �
12: pi  maxfpi;minfbiðjÞ; riðjÞgg
13: A0  A0kij
14: until bij � B

2 �
ðV ðA0Þ�V ðA0nijÞÞ

V ðA0Þ
15: if i is the last winner in A then
16: pi  bi
17: end if
18: end for
19: returnA; ppppppp

In Algorithm 1, lines 1-4 are the allocation stage, and
lines 5-18 are the payment stage. In the allocation stage, we
define V ijA ¼ V ðAjjiÞ � V ðAÞ as the marginal value of user i
after being added to sequence A. For simplicity, we use V i

instead of V ijA when there is no ambiguity. Define V i
bi
as the

marginal value density of user i. To satisfy monotonicity,
we must sort the marginal value densities according to the
following rules. Initially, A f, and the first user is i 2
argmaxj2UðV jjf=bjÞ, assuming that the first i users are all
determined, that is, A ¼ ð1; 2; . . .; iÞ. The determination
method of the i+1-th user is argmaxj2UnAðV jjA=bjÞ, so we
can obtain a sequence in nonincreasing order of the user’s
marginal value density

V 1

b1
� V 2

b2
� . . . � V N

bN
: (7)

The algorithm selects the winning user under the premise of

satisfying bi � B
2

V ijA
V ðAjjiÞ and generates the final winning user

sequence A.
In the payment stage, we calculate the payment for each

winning user. First, the winning user i 2 A is removed from
the user set U; then, the winner decision is run for the
remaining users to generate a winning user sequence, A0,
that does not include user i. The payment for user i is calcu-
lated based on A0. minfbiðjÞ; riðjÞg represents the maximum
bid (according to the allocation rules, if the bid of user i is
higher than minfbiðjÞ; riðjÞg, then she/he cannot win at the
j-th position) that user i needs to appear and win at the j-th
position during the payment stage, where

V iðjÞ ¼ V ðA0j�1jjiÞ � V ðA0j�1Þ
V ijjA0j�1 ¼ V ðA0j�1jjijÞ � V ðA0j�1Þ

biðjÞ ¼
V iðjÞ � bij
V ijjA0j�1

riðjÞ ¼
V iðjÞ

V ðA0j�1jjiÞ
�B

2
: (8)

In formula (8), V iðjÞ means, when calculating the pay-
ment for i in the payment stage, the marginal value gener-
ated by user i if user i replaces user j. V ijjA0j�1 means, when
calculating the payment for i in the payment stage, the mar-
ginal value generated by user j. We also call riðjÞ the thresh-
old value. As j increases, riðjÞ decreases, but as j increases,

V iðjÞ decreases and
bij

V ij jA0j�1
increases; thus, the change trend

of biðjÞ cannot be determined. Therefore, to ensure the truth-
fulness of the mechanism, we take the maximum value of
user i’s bids at all the winning positions as the final pay-
ment paid to user i. Suppose that k0 is the last position

that satisfies bj � ðV ðA
0Þ�V ðA0njÞÞ
V ðA0Þ � B

2 ; j 2 Unfig in the pay-

ment stage, and define r 2 f1; 2; . . .; k0 þ 1g as the position
where pi reaches the maximum value. At this time, pi ¼
minfbiðrÞ; riðrÞg, so user i can be paid the maximum payment
price when she/he is selected, and user i has no incentive to
lie about her/his bid. We will prove these points later. In
practice, service providers can pay as soon as the algorithm
is executed or provide a payment according to the actual
number of tasks completed by the user when the crowd-
sensing service ends. The payment calculated in Algorithm
1 can be used as the basis for the final payment.

4.2 Analysis and Example of O-PSM

Most mechanism designs include an allocation (winner deci-
sion) stage and a payment stage and need to meet the economic
characteristics of individual rationality and truthfulness. For the
PSM algorithm in [10], the most valuable users are selected by a
greedy strategy in the allocation stage, and in the payment
stage, to ensure the truthfulness of the user’s bid, the highest
profit that the user may obtain is used as the payment price.
The core design idea can be traced back to themonotonic alloca-
tion and critical value theory in the literature [35]. Similar
designs are widely used in mechanism design articles in differ-
ent fields, such as [16], [31], [32]. Notably, the largest difference
between such algorithms is the decision basis for the monotonic
allocation. For example, in [16], the dominant resource ratio is
used as the decision basis, while in [32], the resource density is
used as the decision basis. This reflects the algorithm designer’s
understanding of the optimization problem. In the PSM algo-
rithm, the decision basis is the marginal utility of the submodu-
larity function divided by the user bid, that is, V ðU[figÞ�V ðUÞ

bi
.

However, in the O-PSM algorithm, the decision basis is the
marginal utility of the ordered submodularity function divided
by the user bid, that is, V ðAjjiÞ�V ðAÞbi

. Although the two equations
look very similar, there are essential differences in the decision-
making principle because the order of users in the set U in the
PSM algorithm does not affect the value of V ðUÞ, while in O-
PSM, even though sequences A and A0 have the same users,
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the values of V ðAÞ and V ðA0Þ are not equal, which is described
in formula (7) and affects the calculation process of the payment
stage of the O-PSM algorithm (lines 8-18 of Algorithm 1).

Consider a simple example. Suppose that there are 2 POIs,
m1 and m2. m1 needs to be covered once, and the expected
value is 3, denoted as m1 ¼ ð1; 3Þ. Similarly, m2 ¼ ð2; 6Þ.
There are 3 users u1; u2 and u3, and the request submitted by
user 1 is u1 ¼ ðppppppp1; b1Þ ¼ ðð0:3; 0; 5Þ; 3Þ, which means that the
probability of user 1 covering m1;m2 is (0.3,0,5), and the
expected reward is 3. Similarly, u2 ¼ ðð0:8; 0; 5Þ; 2Þ, and u3 ¼
ðð0:6; 0; 6Þ; 3Þ. The service provider’s budget is 40. The alloca-
tion and payment process is shown in Table 2.

In the allocation phase, the marginal value densities of the
three users are first calculated, and thewinning user sequence
is f. The marginal value of user 1 is 0:3

1 � 3þ 0:5
1:5� 6 ¼ 2:9, and

the marginal value density is 2:9
3 ¼ 0:97. Similarly, the mar-

ginal value of user 2 is 0:8
1 � 3þ 0:5

1:5� 6 ¼ 4:4, the marginal
value density is 4:4

2 ¼ 2:2, the marginal value of user 3 is 0:6
1 �

3þ 0:6
1:5� 6 ¼ 4:2, and the marginal value density is 4:2

3 ¼ 1:4.
Therefore, the winning user in round 1 is u2. The algorithm
then enters round 2. Because u2 has alreadywon, its marginal
value andmarginal value density do not need to be calculated
in round 2. In round 2, the marginal values of u1 and u3 are
ð1:0; 1:2Þ, and the marginal value densities are ð0:33; 0:4Þ. u3
has a higher marginal value density and thus wins round 2.
Because the maximum number of POI coverages is 2, regard-
less of whether a user is added to the current sequence, the
total value cannot be increased; thus, the allocation process is
finished, and thewinning user sequence isA ¼ ðu2; u3Þ.

In the payment stage, the algorithm first calculates the
price paid to u2. After removing u2, the marginal value
density of u3 is the largest, so A0 ¼ ðu3Þ. At this time, if u2

occupies the position of u3, then her/his bid is at most
3.14. Meanwhile, the threshold value is 20. The minimum
of the two is 3.14, so u2 bids at most 3.14 in this round.
Then, based on the current user sequence A0 ¼ ðu3Þ, the
user with the highest marginal value density is still u1;
therefore, A0 ¼ ðu3; u1Þ. According to the algorithm, if u2

occupies the position of u1, then the bid is at most 3, and
the threshold value is 3.85. The minimum of the two is
3.0, so u2 bids at most 3 in this round. Finally, the price
paid to u2 is p2 ¼ maxf3:14; 3:0g ¼ 3:14 > b2 ¼ 2. Simi-
larly, the price that can be paid to u3 is p3 ¼
maxf1:9; 3:6g ¼ 3:6 > b3 ¼ 3. Notably, if we set u2’s bid to
greater than 3.14 or set u3’s bid to greater than 3.6, they
cannot win, which reflects the truthfulness of the mecha-
nism, as proven below.

4.3 Properties of O-PSM

Lemma 3. O-PSM satisfies monotonicity.

Proof. The winner decision is made according to the nonin-
creasing order of the marginal value density. When user i
bids b0i < bi,

V i
b0i

> V i
bi
is satisfied, and V i

V ðAjjiÞ � B
2 monotoni-

cally decreases, satisfying b0i < bi � V i
V ðAjjiÞ � B

2 . Thus, user

imust also win, and O-PSM satisfies monotonicity. tu
Lemma 4. O-PSM satisfies critical value theory.

Proof. To show that O-PSM satisfies critical value theory, it
needs to be proven that if user i wins and changes her/
his bid such that b0i < pi, then user i still wins, whereas if
b0i > pi, then user i loses. According to Algorithm 1, the
price paid to user i can be equivalently defined as

pi ¼ max
j2f1;2;...;k0þ1g

fminfbiðjÞ; riðjÞgg; (9)

where k0 is the last position that satisfies bj �
ðV ðA0Þ�V ðA0njÞÞ

V ðA0Þ � B
2 ; j 2 Unfig in the payment stage. Define

r 2 f1; 2; . . .; k0 þ 1g as the position where pi obtains the

maximum value, that is, pi ¼ minfbiðrÞ; riðrÞg.
1) If user i bids b0i < pi ¼ minfbiðrÞ; riðrÞg, because

b0i < biðrÞ, user i will be selected earlier than or at
the r-th position. Meanwhile, because b0i < riðrÞ,
user iwill still win.

2) If user i bids b0i > pi ¼ minfbiðrÞ; riðrÞg, then there
are two cases:
� Suppose that biðrÞ � riðrÞ, which means

minfbiðrÞ; riðrÞg ¼ biðrÞ. In the payment stage, a
higher bid will cause user i to be processed
after r; if biðrÞ ¼ max

j2f1;2;...;k0þ1g
fbiðjÞg at this time,

then b0i > biðrÞ will cause i to lose (user i has
no value to the service provider). Otherwise, if
biðrÞ < biðjÞ; j 2 f1; 2; . . .; k0 þ 1g, then there
must be riðjÞ < biðrÞ < biðjÞ (otherwise, pi is not
equal to minfbiðrÞ; riðrÞg). At this time, user i’s
bid b0i exceeds all the threshold values riðjÞ; 8j 2
f1; 2; . . .; k0 þ 1g, and user i cannotwin.

� Suppose that riðrÞ < biðrÞ, which means
minfbiðrÞ; riðrÞg ¼ riðrÞ. If riðrÞ ¼

max
j2f1;2;...;k0þ1g

friðjÞg, then b0i > riðrÞ will cause i to

lose (user i’s bid has exceeded the maximum
threshold). Otherwise, if riðrÞ < riðjÞ; j 2

TABLE 2
Example of O-PSM

Allocation stage v1jA; v2jA; v3jA
v1jA
b1

;
v2jA
b2

;
v3jA
b3

A V

Round1 ð2:9; 4:4; 4:2Þ ð0:97; 2:2; 1:4Þ u2 4.4
Round2 ð1:0;��; 1:2Þ ð0:33;��; 0:4Þ u2; u3 5.6
Payment stage A0 biðjÞ riðjÞ minfbiðjÞ; riðjÞg
Calculate the price paid to u2 u3 3.14 20 3.14

u3; u1 3.0 3.85 3.0
p2 ¼ maxf3:14; 3:0g ¼ 3:14

Calculate the price paid to u3 u2 1.91 20 1.91
u2; u1 3.6 4.29 3.6

p3 ¼ maxf1:91; 3:6g ¼ 3:6
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f1; 2; . . .; k0 þ 1g, then there must be biðjÞ <
riðrÞ < riðjÞ. At this time, b0i > riðrÞ > biðjÞ )
b0i > biðjÞ will cause user i to be placed after the
j-th position 8j 2 f1; 2; . . .; k0 þ 1g, whichmeans
that the mechanismwill not consider user i in all
positions, so user i cannot win.

In summary, if user i’s bid b0i < pi ¼ minfbiðrÞ; riðrÞg,
then she/he can win, and if b0i > pi ¼ minfbiðrÞ; riðrÞg, then
she/he cannot win; thus, O-PSM satisfies critical value
theory. tu

Theorem 2. O-PSM is truthful.

Proof. According to Definition 6, Lemmas 3 and 4, O-PSM is
truthful. tu

Theorem 3. O-PSM satisfies individual rationality.

Proof. If the mechanism satisfies individual rationality,
then we must prove bi � pi. Considering the winning
user i in the allocation stage, when calculating the pay-
ment of i in the set U0  Unfig, the position of i is
replaced by user j. According to the algorithm, the user
sequence before i in the allocation stage is consistent with
the user sequence before j in the payment stage, that is,
Ai�1 ¼ A0j�1; therefore,

riðjÞ ¼
V ijA0j�1

V ðA0j�1jjiÞ �
B

2
¼ V ijAi�1

V ðAi�1jjiÞ �
B

2
� bi:

Furthermore, in the allocation stage, bi � V ijAi�1 bj
V jjAi�1

, and
we can obtain

biðjÞ ¼
V ijA0j�1bj
V jjA0j�1

¼ V ijAi�1bj
V jjAi�1

� bi:

Thus,

bi � minfbiðjÞ; riðjÞg � max
j2f1;2;...;k0þ1g

fminfbiðjÞ; riðjÞgg=pi:

Inspired by [6], we prove that O-PSM is budget
feasible. tu

Lemma 5. For the sequence set A 	 B 	 U composed of users
and user i*  argmaxj2BnAðV jjA

bj
Þ, we obtain

V ðBÞ � V ðAÞP
i2B bi �

P
j2A bj

� V i
jA
bi


:

Proof.Weuse contradiction; assume that any i 2 BnA satisfies

V ðBÞ � V ðAÞP
i2B bi �

P
j2A bj

>
V ijA
bi

:

Considering the subforms for i 2 BnA, we obtain

V ðBÞ � V ðAÞP
i2B bi �

P
j2A bj

>

P
i2BnA V ijAP
i2BnA bi

=

P
i2BnA V ijAP

i2B bi �
P

j2A bj
:

Thus, V ðBÞ � V ðAÞ > P
i2BnA V ijA, which does not sat-

isfy the properties of submodular functions because

V ðBÞ � V ðAÞ ¼
X

i2BnA;k¼0;1;...jBj�jAj�1
VijAþk;

and V ijA � VijAþk. tu
Theorem 4. O-PSM is budget feasible.

Proof. If O-PSM is budget feasible, then
P

i2Ak
pi �B, where

Ak represents the sequence sets that win in the allocation
stage. Defining r 2 f1; 2; . . .; k0 þ 1g as the position where
pi reaches the maximum value in the payment stage,
which must satisfy pi ¼ piðrÞ ¼ minfbiðrÞ; riðrÞg, we can
obtain

pi ¼ piðrÞ � biðrÞ ¼
V ijA0r�1 � br

V rjA0r�1
(10)

pi ¼ piðrÞ � riðrÞ ¼
V ijA0r�1

V ðA0r�1jjiÞ �
B

2
: (11)

According to Theorem 3 (individual rationality), bi � pi.
In the allocation stage, user i wins in the i-th position,
bi � piðjÞ ¼ minfbiðjÞ; riðjÞg; 8j ¼ 1; 2; . . .; i� 1. Therefore,
piðrÞ � piðjÞ; 8j ¼ 1; 2; . . .; i� 1. In this case, r is at least i
and Ai�1 � A0r�1, so V ijAi�1 � V ijA0r�1 can be obtained.
Suppose that fA0r�1jjig � Ak.

a) If fA0r�1jjig ¼ Ak, then according to formula (11),

V ijAi�1
pi

� V ijA0r�1
pi

� V ðA0r�1jjiÞ � 2

B
¼ V ðAkÞ � 2

B
� V ðAkÞ

B
:

We can obtain pi �
V ijAi�1
V ðAkÞ �B ¼ V i

V ðAkÞ �B, that is,
pi � V i

V ðAkÞB; i 2 Ak

b) For fA0r�1jjig 	 Ak, we use proof by contradic-
tion, assuming pi > V i

V ðAkÞB; i 2 Ak. Suppose that

r
 ¼ argmaxj2AknfA0r�1jjig
V jjðA0r�1jjiÞ

bj

 !
:

We can obtain

V r
jðA0r�1jjiÞ
br


�
V

r*jðA0r�1Þ
b
r*

�
V rjðA0r�1Þ

br
: (12)

The first two terms of the inequality are due to the
diminishing marginal value, and the last two
terms are due to user r being the user with the
highest marginal value density in the r-th posi-
tion. Thus, according to formulas (10) and (12)
and Lemma 5,

V ðAkÞ � V ðA0r�1jjiÞP
i2Ak

bi �
P

j2A0r�1jji bj
� V r
jðA0r�1jjiÞ

br


�
V

r*jðA0r�1Þ
b
r*

� V rjðA0r�1Þ
br

� V ijðA0r�1Þ
pi

: (13)

Because we are using contradiction, we assume
pi > V i

V ðAkÞ �B; i 2 Ak. Thus,
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V ijðA0r�1Þ
pi

� V ijðA0r�1Þ � V ðAkÞ
V ijAi�1 �B

� V ðAkÞ
B

: (14)

In the allocation stage, according to bk �
B
2 � V k

V ðAkÞ and formula (7), we can obtain

V 1

b1
� V 2

b2
� . . . � V k

bk
� 2V ðAkÞ

B
:

Thus,

X
j21;2;...k

bj � B

2
�
P

j21;2;...k V j

V ðAkÞ ¼ B

2
:

We also know thatX
i2Ak

bi �
X

j2A0r�1jji
bj ¼

X
j2AknfA0r�1jjig

bj

�
X
j2Ak

bj � B

2
: (15)

According to formulas (13), (14) and (15), we can
obtain

2ðV ðAkÞ � V ðA0r�1jjiÞÞ
B

� V ðAkÞ � V ðA0r�1jjiÞP
i2Ak

bi �
P

j2A0r�1jji bj

� V ijðA0r�1Þ
pi

� V ðAkÞ
B

) V ðAkÞ � 2V ðA0r�1jjiÞ:

According to formula (11) and Ai�1 � A0r�1,
V ijAi�1 � V ijA0r�1

V ijAi�1
pi

� V ijA0r�1
pi

� V ðA0r�1jjiÞ � 2

B
� V ðAkÞ

B
;

which contradicts the assumption. Thus,

pi �
V i

V ðAkÞB; i 2 Ak:

In summary, the upper bound of pi is V i
V ðAkÞ �B. In

conclusion,
P

i2Ak
pi �

P
i2Ak

V i
V ðAkÞ �B ¼ B; thus, O-PSM

is budget feasible. tu
Theorem 5. O-PSM satisfies computational efficiency.

Proof. In the allocation stage, the marginal value density of
each user must be sorted. Therefore, the computational
complexity is OðN2Þ. In the payment stage, the payment
paid to each winning user is equivalent to calling the
allocation stage multiple times; additionally, the time
complexity is OðN3Þ, so O-PSM satisfies computational
efficiency. tu

5 NUMERICAL RESULTS

This article compares the O-PSM algorithm with the BEA-
CON algorithm [6] and the random algorithm. The BEA-
CON algorithm is a good PSM implementation that has the
advantages of a high operating efficiency and easy imple-
mentation. We use the BEACON algorithm as our baseline.
Although BEACON was originally used to solve the prob-
lem of participatory mobile crowdsensing service, the main
difference between opportunistic and participatory mobile
crowdsensing service is how to determine the user’s
request. For the opportunistic crowdsensing service, the
user’s coverage probability of POIs is based on the user
information collected by the service provider (see formula
(1)), so the credibility is very high. For the participatory
crowdsensing service, this information is actively reported
by users (the credibility is affected by the user’s subjective
consciousness). But entering the algorithm part, there is not
much difference between the winners’ decision and pay-
ment calculation. The Beacon algorithm compared in this
article has been improved and can be used in the opportu-
nistic crowdsensing service. We conduct six experiments on
the user scale, POI scale, budget scale, value function, " on
BEACON and mechanism truthfulness. The analysis and
comparison are carried out in multiple dimensions, such as
total value, payment, and number of winning users. The
results show that the O-PSM algorithm outperforms the
existing similar algorithms.

Fig. 2. Real map and virtual map of the POI coverage area.
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5.1 Experimental Settings

1) Selection of POIs. Based on the campus map
(approximately 3km2) shown in Fig. 2a (the campus
is located within the red border), the virtual map
(Fig. 2b) is created. In the reachable area on the map,
a circle with a diameter of 50 meters is used as a POI,
and a total of 641 POIs are obtained. For the main
roads and main buildings on the campus (canteens,
classrooms, dormitories; the red part in Fig. 2b),
more instances of coverage are assumed to be
required to obtain valid data; that is, the POIs in
these locations have larger rm and vm values. There-
fore, we set wm 2 f1; 2; . . .; 10g for each POI to indi-
cate the importance of its coverage area. The number
of coverage times of a POI is rm ¼ 10� ðwm � sÞd e,
and the generating value is vm ¼ rm � sd e, where s

is a random value between 1 and 2.
2) Weobtained themain activity area and activity level of

500 students through questionnaires. In the results, the
user’smain activity area is composed ofmultiple inde-
pendent areas, and these areas usually radiate around
a building or other location as the center. Based on the
above rules, we generate a prior probability model of
user coverage of POIs. First, according to this real
information, 5,000 user samples are generated by

adding random noise. Then, in each sample, a larger
coverage probability is assigned according to the
user’s active center, and this probability linearly
decreases with distance. The rate of decrease is deter-
mined by the user’s activity level. Fig. 3a shows a heat-
map of a user’s coverage probability of POIs.
Combined with Fig. 2b, the main activity area of the
user can be seen. Finally, according to the center posi-
tion of the 641 POIs and formula (1), we calculate the
coverage prior probability model of each user for the
641 POIs.

3) We improve the BEACON algorithm since the value
function of the BEACON algorithm cannot identify
the probability, so we set a threshold ". Additionally,
in the user POI coverage probability model, probabili-
ties greater than the threshold are set to 1, and proba-
bilities less than the threshold are set to 0; that is,

pbeaconim ¼ 1; pim � "
0; otherwise

�
:

Notably, when pbeaconim ¼ f0; 1g, the value function
loses the ordered feature and retains only monotonic
submodularity. In the value function of the BEA-
CON algorithm, we still use 0 or 1 to calculate the
user’s marginal value. In the experiment, we take " ¼
0:45 because an excessively high " will lead to an
insufficient number of POIs that the users can cover,
which will eventually lead to a low total value of the
BEACON algorithm. On the other hand, when " is
too low, it does not conform to the real situation.
Fig. 3b shows the heatmap used by the BEACON
algorithm, which is completely applied to the cover-
age model in [6].

4) We use the random algorithm as another comparison
algorithm because it is also a strategy for solving the
crowdsensing problem and has good stability. In the
random algorithm design, in the allocation stage, we
do not rank the marginal value or marginal value
density of the users but randomly select users from
the set of all users to form a sequence and end the
algorithm when no user can satisfy the bi �
ðB=2 Þ=ðV ijA=V ðAkIÞ Þ condition or the payment
exceeds the budget. Notably, the random algorithm
cannot guarantee truthfulness and individual ratio-
nality; therefore, the payment of the random algo-
rithm to the user is the user’s bid.

5) All algorithms use the same data, and to eliminate
the influence of the randomness of the data, we test
each indicator in the experiment 50 times; the aver-
age value is shown in the figure.

6) We implement the O-PSM, BEACON, and random
algorithms using Python. The hardware configura-
tion of the experimental platform is as follows: the
processor is an Intel(R) Core(TM) i5-10210 CPU with
16 GB memory and a 512 GB SSD.

5.2 Experimental Results

5.2.1 Impact of the User Scale

In this experiment, the number of users starts at 200 and
gradually increases to 2,000 in steps of 200, the service

Fig. 3. Coverage probability heatmap.
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provider budget is set to 20,000, and the number of POIs is
641. The experimental results are shown in Fig. 4.

The calculation of the total value in Fig. 4a can be
obtained based on formulas (3) and (4) and points 1) and 2)
of Section 5.1. The value curves of O-PSM and BEACON
have diminishing marginal values, but the total value of the
O-PSM algorithm is higher because O-PSM is ordered-sub-
modular and can consider the contributions of a large num-
ber of the small probability values of the users (long tail
effect) in the total value calculation. Although the BEACON
algorithm regards user coverage probabilities for POIs
greater than 0.45 as 1, compared with the entire campus
area, a user’s active area is small, which leads to a small
number of high-coverage points and ultimately a low total
value. This also illustrates the shortcoming of the existing
monotonic submodular algorithm in the coverage model
based on prior probability. Because the random algorithm
selects users randomly, whether new users can be added is
mainly determined by

P
i2U pi � B, so the selection of cost-

effective users cannot be guaranteed. In multiple indepen-
dent repeated experiments, the output value is relatively
stable, but the total value is the lowest among the three
algorithms.

Fig. 4b shows the payment costs of the three algorithms,
and the O-PSM algorithm has the lowest payment because
it benefits from ordered-submodularity, which is reasonable

when calculating the value of pi ¼ maxfpi;minfbiðjÞ; riðjÞgg.
The BEACON algorithm obtains a higher payment price
because the coverage probabilities greater than the thresh-
old are set to 1. The random algorithm, by randomly select-
ing users, leads to a relatively stable payment price after
400. From the perspective of service providers, being able to
obtain a higher value under a lower payment is a very good
result, which is also one of the advantages of the O-PSM
algorithm. At the same time, all the algorithms have not
exhausted the budget because deciding whether to add
users to the set depends on two factors, the budget and the
marginal value of the remaining users. This can be seen
from formula bi � B

2

VijA
V ðAjjiÞ in line 2 of Algorithm 1. Similar

phenomena also appeared in the following experiments.
Notably, all algorithms have payments that decrease with
increasing number of users, because when the user scale is
small, the service provider has little choice of users. There
are few users with a high marginal value density, which
leads to the need for substantial fees when calculating the
payment. As the number of users increases, the service pro-
viders have more cost-effective users to choose from, which
reduces the cost of payment. Therefore, the greater the num-
ber of participating users is, the better the situation for the
service provider.

Fig. 4c shows the number of winning users for the three
algorithms. It can be seen that the number of winners of the

Fig. 4. Impact of the user scale.

Fig. 5. Impact of the budget.
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BEACON algorithm is large. This is because in the BEA-
CON algorithm, the number of POIs covered by users is
small, so more users need to be selected to obtain higher
value, which is another reason for the high payment paid
by the BEACON algorithm. Another point is the number of
winners first increases and then stabilizes because the num-
ber of winners is limited by two main important factors, the
budget of the service provider, that is, the total payment
cannot exceed B, and the maximum coverage times of the
POIs, that is, maxfrmg;m 2 M. According to the algorithm,
the winning user sequence must satisfy jAj � maxfrmg
because if jAj ¼ maxfrmg, then continuing to add new users
to the user sequence does not increase the total value.
According to the O-PSM algorithm and Fig. 4b, the total
payment of the three algorithms is less than B=2, so the
number of winners is affected more by maxfrmg;m 2M.
Therefore, when the number of users is small, most users
will be selected, but when the number of winning users
reaches a certain scale, the diminishing marginal value
begins to play a role, limiting the continued increase in win-
ning users.

5.2.2 Impact of the Budget

In this experiment, the service provider’s budget starts at
5,000 and gradually increases to 20,000 in steps of 1,000. The
number of users is 1,000, and the number of POIs is 641.
The experimental results are shown in Fig. 5.

Fig. 5a shows that as the budget gradually increases, the
value curves of the three algorithms all show an increasing
trend because when the budget is higher, there are more
winning users, resulting in a larger total value. However,
due to the characteristics of the diminishing marginal value,
the marginal value of the last user who wins is lower, so the
value curve does not substantially increase. As shown in
Fig. 5b, as the budget gradually increases, the number of
winning users increases; finally, the payment of the three
algorithms gradually increases, but the payment of the O-
PSM algorithm is still the smallest. The reasons O-PSM
obtains a higher total value and a low payment are the same
as those explained in 5.2.1, that is, the ordered-submodular-
ity characteristics and long-tail effects. Fig. 5c shows the lin-
ear growth in the number of winning users. According to
the algorithm allocation stage, as the budget gradually

increases, the threshold bi � ðB=2 Þ=ðV ijA=V ðAkiÞ Þ also
shows linear growth, resulting in linear growth of the num-
ber of winning users, and the reason why the BEACON
algorithm has the most winners is the same as in 5.2.1. Nota-
bly, as the number of users linearly grows, the total value
function continues to conform to the characteristics of
diminishing marginal value.

5.2.3 Impact of the POI Scale

In this experiment, the number of POIs starts at 200 and
gradually increases to 600 in steps of 50. The POI selection
method is random selection. The number of users is 1,000,
and the budget of the service provider is 20,000. The experi-
mental results are shown in Fig. 6.

As shown in Fig. 6a, the total value rapidly increases
with the linear increase in the number of POIs. This is
because when the number of POIs increases, the same user
can cover more POIs, increasing the value generated by
each, so the total value rapidly grows. However, the growth
rate of O-PSM is larger than that of the other algorithms
because O-PSM calculates the total value based on the cov-
erage probability, so a single user can generate more value
at the POIs, even those POIs covered by a small probability.
BEACON uses 0 and 1 to represent the coverage of POIs, so
each user can cover a limited number of POIs (because for a
single user, her/his active area is not large, which causes
the BEACON algorithm to have many 0 values and few 1
values in the heatmap). Therefore, even as the number of
POIs increases, the value users generate at new POIs is still
limited.

Fig. 6b shows the payment of the three algorithms. The
change in the number of POIs does not have a significant
impact on the payment of the three algorithms because in the
payment stage, the payment of the winning users is indepen-
dent of the number of POIs. In the allocation stage of the O-
PSM algorithm and the BEACON algorithm, the value of a
user is determined by the marginal value density. Therefore,
when the POI changes, the winning user sequence and total
payment do not change significantly. Under the coverage
probabilitymodel, regardless of the number of POIs, the judg-
ment of cost-effective users is not greatly affected. In the allo-
cation stage of the random algorithm, users are randomly
selected regardless of the number of POIs. Fig. 6c shows the

Fig. 6. Impact of the POI scale.
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number ofwinning users; the number of winners for the three
algorithms is relatively stable. The reason is the same as that
in the analysis of Fig. 6b. Furthermore, O-PSM obtains greater
value with lower payment due to the ordered submodularity
characteristics and long-tail effect.

5.2.4 Impact of " on BEACON

To refute the possibility that the performance of the BEACON
algorithm is weakened, we conduct experiments on the
impact of the value of " on the performance of BEACON. In
this experiment, the value of " is increased from 0.3 to 0.8 in
steps of 0.1. The number of users in the experiment is 1000,
the number of POIs is 641, and the budget of the service pro-
vider is 20,000. The experimental results are shown in Fig. 7.

As shown in Fig. 7a, as " increases, the total value
obtained by the BEACON algorithm shows a decreasing
trend because when " increases, the number of POIs that a
single user can cover rapidly decreases. Thus, the value that
a single user can generate also decreases. Figs. 7b and 7c
show that the BEACON algorithm payment and the number
of winners increases as " increases. This is because when the
number of POIs covered by a single user decreases, affected
by maxfrmg, more users must be selected to achieve a better
coverage rate for the POIs. Notably, when " is less than or
equal to 0.4, the total value of BEACON is greater than that
of O-PSM, but in actual situations, for POIs with a user

coverage probability less than 0.4, judging whether the user
can cover them is difficult, and this article chooses 0.45 as a
threshold, which is acceptable for the BEACON algorithm.

5.2.5 Impact of the Linear Value Function on O-PSM

In this experiment, we compare the O-PSM algorithm with
the algorithm O-PSM with linear value using

V ðmÞðUÞ¼vm
Pminfrm;jUjg

i¼1 pim
rm

; (16)

as the value function. Formula (16) is a linear value function
that accumulates the coverage probabilities of users for POI
m, which is similar to the value function used in litera-
ture [5], [6]. It can be seen from Fig. 8a that O-PSM has a
higher value thanks to the characteristic of diminishing
marginal utility; meanwhile, Figs. 8b and 8c show that if a
linear value function is adopted, the service provider will
choose more users and pay more at the same time. There-
fore, the crowdsensing service providers must consider that
the information collected first has greater value when
designing the value function.

5.2.6 Truthfulness Verification of O-PSM

This experiment verifies the truthfulness of O-PSM from
two perspectives: 1) the bid of a winning user is changed to

Fig. 7. Impact of " on BEACON.

Fig. 8. Impact of Linear Value Function on O-PSM.
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observe the utility changes and 2) the bid of a losing user is
changed to observe the utility changes. In this experiment,
the number of users is 1,000, the budget of the service pro-
vider is 20,000, and the number of POIs is 641. The experi-
mental results are shown in Fig. 9.

Fig. 9a shows the situation for winning user 6. Her/his
truthful bid is 7.12, and when she/he wins, the service pro-
vider pays him/her 21.26, and her/his utility is 14.14. By
constantly changing her/his bid, as long as the bid is lower
than 21.26, the user can still win, but her/his utility remains
unchanged at 14.14; this is because if the user can win,
changing her/his bid will not affect the critical value; thus,
the payment never changes, and the utility remains the
same. When the bid exceeds 21.26, allocation fails, so the
utility is 0.

Fig. 9b shows the situation for losing user 2. Her/his
truthful bid is 21.76, the final payment is 0, and the utility is
0. When the bid is lower than 17.56, the user wins in the
allocation stage, but the utility is 17.56-21.76= -4.2. When
the bid exceeds 17.56, the user loses the allocation, and the
payment and utility are still 0. These two examples illustrate
that users cannot obtain greater utility by changing their
bids, thus verifying the truthfulness of O-PSM.

6 CONCLUSION

The reverse auction mechanism is a good method to solve
the mobile crowdsensing problem, but the main issue is

that the service provider assumes that the user will be suc-
cessful in collecting information in a specific area, which is
not true in reality and violates the truthfulness of the mech-
anism. This article converts the coverage requirements sub-
mitted by users into a user coverage probability model,
which effectively avoids this problem. By introducing
ordered submodularity theory, a corresponding mechanism
is designed to successfully solve this problem. Ordered sub-
modularity theory is a new branch of submodular theory
that can be used to construct value models described by
probabilities to solve practical problems when combined
with a mechanism design. We hope that this article provides
a new development direction for research and application.
However, many challenges remain, such as the integration
of online environments and how service providers price
POI. These problems are closer to the actual situation and
are the goals of our future research.
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