UNCERTAINTY QUANTIFICATION FOR PRIOR-FITTED
NETWORKS USING MARTINGALE POSTERIORS

Anonymous authors
Paper under double-blind review

ABSTRACT

Prior-fitted networks (PFNs) have emerged as promising foundation models for
prediction from tabular data sets, achieving state-of-the-art performance on small
to moderate data sizes without tuning. While PFNs are motivated by Bayesian
ideas, they do not provide any uncertainty quantification for predictive means,
quantiles, or similar quantities. We propose a principled and efficient method to
construct Bayesian posteriors for such estimates based on Martingale Posteriors.
Several simulated and real-world data examples are used to showcase the resulting
uncertainty quantification of our method in inference applications.

1 INTRODUCTION

Prior-fitted networks (PFNs) are foundation models (Miiller et al.| 2022 [Hollmann et al., 2022)
that allow for in-context learning, i.e., the ability to learn at inference time without any parameter
updates (Garg et al.l 2022)). TabPFN, a transformer pre-trained on synthetic data for in-context
learning on tabular data sets, has recently attracted a lot of interest. TabPFN (Hollmann et al., 2022}
2025])) and extensions such as TuneTables (Feuer et al., [2024)) and LocalPFN (Thomas et al.l [2024))
have been shown to achieve state-of-the-art performance on tabular benchmarks by pre-training on
purely synthetic data. Since PFNs and extensions learn in-context, there is no need for further model
(fine-)tuning on the inference task.

Recent extensions of PFNs allow their applicability to large data sets (Feuer et al.| 2024), the use of
PFN “priors” for latent variable models (Reuter et al.| [2025)), and simultaneously minimizing bias and
variance to improve their performance (Liu & Ye, 2025). PFNs are also related to simulation-based
inference and amortized inference but have slightly different goals and do not amortize across a single
but multiple data sets (Reuter et al.,[2025)). While introduced as a Bayesian method and approximation
to the posterior predictive, PFNs can also be interpreted as pre-tuned untrained predictors (Nagler,
2023)). This also relates to the question of what uncertainty PFN models can provide.

PFNs approximate the posterior predictive distribution for the label given some feature values.
Despite the name, this only yields point estimates of the most relevant predictive quantities, such as
the conditional mean or quantiles. Due to the complex nature of PFNss, it is difficult to assess the
uncertainty of these point estimates.

We propose a principled and efficient method to construct Bayesian posteriors for such estimates
using the idea of Martingale Posteriors (MPs). In particular:

1. We introduce a new extension of the MP framework of [Fong et al.|(2023) for inference of
predictive quantities conditional on a specific feature value x.

2. We propose an efficient, nonparametric resampling scheme yielding an approximate posterior
for the point estimates derived from a PFN.

3. We illustrate the new method in several simulated and real-world data applications.

Our proposal should be understood as a proof-of-concept, leaving some practical considerations to
future work; see our discussion in Section[5}



2 BACKGROUND

We consider a tabular prediction task with labels y € R and features € R? drawn from a joint
distribution P. A typical problem in such tasks is to estimate predictive quantities such as conditional
means E[y|x], conditional probabilities P(y|z), or conditional quantiles P~ (a|x). Because the true
distribution P is unknown and only a finite amount of data D,, = (y;, z;)}, is available, estimates
of such quantities bear some uncertainty. Our goal is to quantify this uncertainty.

2.1 PRIOR-FITTED NETWORKS

Prior-fitted networks are foundation models trained to approximate the posterior predictive density
PPD(y|x) = p(y|x, Dn)v

which quantifies the likelihood of observing label y given that the feature is  and D,, has been
observed. The PPD is a Bayesian concept and implicitly involves a prior over the distributions P that
could have generated the data. To approximate the PPD with a PFN, a deep neural network—typically
a transformer—is pre-trained on simulated data sets with diverse characteristics. After pre-training,
the network weights are fixed, and the approximate PPD for a new training set can be computed
through a single forward pass without additional training or tuning.

2.2 BAYESIAN INFERENCE

In classical Bayesian inference, the set of possible distributions P = Py is indexed by some parameter
6. A prior distribution 7(6) is elicited to quantify our beliefs about the likelihood of the possible
values of 6 before seeing any data. After observing D, this belief is updated to a posterior w(6|D,,)
of the parameter # given the data. For predictive inference, the PPD can be computed as

PPD (ylz) = / po(y|2)7(6]D,) do.

The posterior 7(6|D,,) also quantifies uncertainty for other interest quantities. For example, the
posterior distribution for the conditional mean p(x) = [ po(y|z)dy is given by

(o) € 4) = [1{ [mtsiaiay < af no1,) as

PFNs neither provide an explicit model for py nor an explicit prior 7(6), although both may be
implicit in the PPD. The following shows how Bayesian posterior inference can be approached when
only the PPD is available.

2.3 MARTINGALE POSTERIORS

Martingale posteriors were recently introduced by Fong et al.|(2023) as a new method for Bayesian
uncertainty quantification. Its core idea is to reverse the direction of the Bayesian inference. In
classical Bayesian inference, the posterior is derived from a prior and likelihood, which then implicitly
leads to the PPD. MP inference starts from the PPD and leaves the prior 7(6) implicit. An appropriate
sampling scheme and Doob’s theorem then allow us to derive posteriors for virtually all quantities of
interest (e.g., the conditional mean p(z)).

To simplify our outline of the approach, consider the case where there are no features, and we are
interested in unconditional inference. An extension to our predictive inference setting will be made
explicit in Section[3.1] Suppose we have observed data y1., = (y1, - - -, Yn).

The MP approach involves iteratively sampling
Yn+1 ~ p(y|y1n)7 Ynt2 ~ p(y|y1:(n+1))7 Yn+3 ™~ p(y‘yl:(n+2))7 SERE)
N times, which yields a sample y(,,11):(n+n) drawn from the predictive joint distribution

N

p(y(n+1):(n+N) |y1:n) == Hp(yn,+i|y1:(n+i—1))~
=1



Observe, however, that the samples are neither independent nor identically distributed. As a conse-
quence, the long-run empirical distribution of the obtained sample,

N

. 1

Fooly) = Jim_ N > (ynri <),
=1

is a random function and comes out differently whenever the sampling procedure is repeated. Denote
by II(Foo|Dy,) the distribution of this function (which depends on the data D,, we start with). For
any parameter § = 0(P) of interest, the martingale posterior is now given as

(6 € AID,) = [ 16(F)}dI(F D).

Furthermore, Doob’s theorem (Doob, 1949) implies that I1(6|D,,) coincides with the classical Bayes
posterior for the prior 7(6) implicit in the PPD (Fong et al.,|2023).

3 EFFICIENT MARTINGALE POSTERIORS FOR PRIOR-FITTED NETWORKS

Martingale posteriors allow for Bayesian inference directly from the PPD. PFNs approximate the
PPD, so using PFNs to construct a martingale posterior seems natural. However, there are two
problems. First, modern PFNs are based on transformer architectures that require £(n?) operations
for a forward pass on a training set size of n. Iteratively computing p(y|y1:(n+#)) fork =1,..., N

thus has complexity Q(N 3), which is prohibitive. Second, |[Falck et al.|(2024) found that modern
transformer-based LLMs substantially deviate from the martingale property
E[P(y\ylz(n+k))|y1;n] = p(Yly1:n)-

Without this property, the MP sampling procedure leads to meaningless results. Instead, we propose
to use the PPD implied by the PFN only as a starting point for the sampling scheme. This PPD is
then iteratively updated using the Gaussian copula approach of [Fong et al.|(2023)), which ensures the
martingale property.

3.1 MARTINGALE POSTERIORS FOR CONDITIONAL INFERENCE

We extend the unconditional sampling scheme outlined in the previous section to the conditional
inference setting. [Fong et al.| (2023) already proposed one such extension. Their scheme involves
forward sampling of the features (,41):(n4+n)- The distribution of the features isn’t of primary
interest but significantly complicates the sampling procedure, which the authors resolved through
heuristic simplifications. In contrast to |[Fong et al.| (2023)), we propose to sample only the labels
Y(n+1):(n+N) conditional on the event that x,,, = x, for a fixed value of x and all k = 1,..., N.

Specifically, our goal is to simulate data from the distribution
PY(n+1):(n+N) T (nt1):(nN) = T, D).
Set z,,+ = x for all £ > 1 and define

Pr(Y) = PYnt k41 |Y1:(n4k)s T1:(ntk))
and Py as the corresponding CDF. Applying Bayes’ rule recursively gives

N—-1
P(Y(n41):(n+N) | T (nt1):(nN) = T, Dp) = H Pre(Yr+1),
k=0

which suggests that we can iteratively sample

Ynt1 ~ Po,  Ynso ~ P1,  Ynyz ~ P,

Denote the long-run empirical distribution of the obtained sample by

N

. 1
Fow = ]\}gﬂoo N Z;]l(ynﬂ‘ <y),



which is again a random function, even in the limit. Repeating the iterative sampling procedure gives
us its distribution II(Fs ;| D;,). For any conditional parameter 6(x) = 6(P(- |x)) of interest, the
martingale posterior is now given as

(6(x) € A|D,) = / 1{0(Fao ) }dTI(Foo 4| Dy).

Common examples of the parameter 6(z) are the conditional mean

o) = [ yaPlyla)dy
or a conditional c-quantile

0(x) = P~ (alz).

3.2 EFFICIENT PPD UPDATES BASED ON THE GAUSSIAN COPULA

Observe that po(y) = p(y|z, D,,) is the PPD approximated by the PFN gy. However, the following
update distributions p1, po, . . . are generally intractable. To alleviate this, [Fong et al.|(2023) proposed
a computationally efficient, nonparametric method based on Dirichlet Process Mixture Models
(DPMMs) and a copula decomposition of the conditional pg. Specifically, we set

Pi(y) = (1 = antk) Pe—1(y) + any ke Hp(Pe—1(Y), Pe—1(Yntk)), )

where P}, is the CDF corresponding to py,

1\ 1 O (u) — p®~ (v)
Oéi:<2_i>i+1’ H”(“’”):@< Vi-p? >

and @ is the standard normal cumulative distribution function. The method has a hyperparameter p,
corresponding to a bandwidth that smoothes the updates. [Fong et al.|(2023)) proposed to tune this by
maximizing the likelihood of the updated densities over the observed data. To increase the alignment
of the updates with the PFN baseline, we simulate a new sample from the PFN and optimize the
bandwidth on the simulated data.

3.3 THEORETICAL PROPERTIES

Despite the simplicity of the updates given in Equation (T)), they provide several important theoretical
guarantees. The following is a direct consequence of Theorem 3 by Fong et al.| (2023]).

Proposition 3.1. I holds (yn+1,YN—+2,---) —>d (21, 22,...) as N — oo where (21, 22, ...) has
an exchangeable distribution.

By de Finetti’s theorem (e.g.,|Schervishl 2012| Theorem 1.49) it then follows that there is a random
variable O such that (21, 22, . . . ) is conditionally iid given ©. The distribution of © can be interpreted
as an implicit prior. In our setting, this prior depends both on the initial PPD implied by the PFN and
the Gaussian copula updates specified by Equation (I). In particular, the following result follows
immediately from Proposition [3.1]above and Theorem 2.2 of Berti et al.[(2004)).

Proposition 3.2. Suppose that Py is absolutely continuous with respect to the Lebesgue measure.
Then there exists a random probability distribution Py, ,, such that limy_ o Pn(y) = Pso 5 (y) =
Fo . (y) almost surely.

The proposition implies that the (random) limit P ., is well defined and that the iterative sampling
scheme is a valid way to draw from its distribution. We can be more precise about how fast this limit
is approached.

Proposition 3.3. For any N > 0 and € > 0, there is a constant C € (0, 00) such that

sup limsup Pr (| Py (y) — Pn(y)| > €) < 2exp (—Ce*(n+ N)) .
Yy M—oo



The proof is given in Appendix[A]l The result quantifies how well the distribution Py approximates
Py after only IV updates. In particular, the approximation error decays exponentially fast in IV, so
we can expect the sampling scheme to approximate P, , well already after a moderate number of
steps. Further, setting N = 0 corresponds to the case where Py (y) equals the initial PPD given only
the observed data. In our setting, this is the output from the PFN. If this PPD converges to a fixed
distribution as n — oo, the proposition implies that P () must have the same deterministic limit.
Hence, the martingale posterior contracts at roughly the same speed at which the PPD converges.

3.4 PRACTICAL IMPLEMENTATION

In practice, we can only sample finite sequences and replace the MP by its finite approximation. The
procedure is summarized in Algorithm [I]

Algorithm 1 Computation of Martingale Posterior

1: Input: Estimated P/PT)(yLr) obtained from the PFN.
2: forb=1,...,Bdo

3. Initialize P"” « PPD(ylx).

4. fork=1,...,Ndo

5 Sample yT(LbJ)r ™ P,gb).

6 Update (P,gb), yfﬁk) — Pé?l as in Equation H
7 Compute

N
PP (y) = %Zl{yfﬂi < y}
=1

8: Set 1) () « 9(]3](\?)).
9: end for
10: end for

11: Compute the estimated Martingale Posterior:

ﬁ(t‘)(m) e A\Dn) - %Z 1{9<b>(x) € A}.

b=1

4 NUMERICAL EXPERIMENTS

To demonstrate the efficacy of our approach, we conduct various experiments. Here, we focus
on conditional posterior and coverage properties, but we also provide an unconditional posterior
estimation example and comparison with classical predictive resampling in the Appendix. In all
cases, we use the aforementioned combination of DPMMs and copula decomposition. To estimate p,
we randomly draw 1000 data points simulated by the PFN.

4.1 CONDITIONAL REGRESSION POSTERIOR

As discussed in the previous section, our approach enables posterior estimation given new features x.
We demonstrate this using two different regression data sets, a diffusion process and the data from
Izmailov et al.[(2020a). The diffusion process data is challenging as it evolves from an unimodal to a
trimodal heteroscedastic Gaussian distribution with linear trends and sinusoidal changes depending
on z. The second data set is used to evaluate how out-of-distribution (OOD) values for x affect the
estimated posterior. In both cases, we use B = 200 replications, N = 10, 000, and data sizes of
n = 200 and n = 400, respectively.

Results The resulting posteriors are depicted by their respective density values in Figure[I] Both
results suggest that the processes themselves and their uncertainty are well captured. For the diffusion
process, it becomes apparent from the testing data that our approach can provide very accurate values
for the posterior density despite the relatively few training data points. The results for the data from



* Training Data 0.8
e Testing Data
—— PFN Prediction . 0.7

-10.0 -75 -50 -25 00 25 50 75 100
X

Figure 1: Visualization of PFN prediction and estimated Martingale Posterior (shaded area). Left:
Diffusion process data. Right: OOD data as provided in |[zmailov et al.| (2020b).

Izmailov et al.| (2020b), on the other hand, confirm that our approach is also able to detect the regions
of OOD values and attribute higher probability to regions further away from the PFN prediction.

4.2 CONDITIONAL QUANTILE COVERAGES

While the previous example evaluates the obtained posterior as a whole, we now investigate its
coverage properties for conditional statistics. For this, we simulate data using a heteroscedastic
Gaussian funnel N (sin(3z), z2) for x € [0,1] for n = 100 data points. We then compute the
posterior 90%-credible intervals (Cls) for the quantiles P~ («|z, D,,), various a-levels, and three
values of interest « € {0.2,0.5,0.8}. For our routine, we use B = 400 and N = 5000. We repeat
this process 20 times with a new random data set and check how often the true quantile is included in
the computed CI in each repetition.

Table 1: Coverages (% two std. errors) of different quantiles (columns) at different « values (rows),
highlighted where ranges include the nominal coverage.

z\o 0.05 0.10 0.25 0.5 0.75 0.90 0.95

=02 065+021 060+022 065021 0.75+0.19 080+0.18 085+0.16 0.85+0.16
r=05 070021 0.70£021 0.75+0.19 085+0.16 090+0.13 0.75+£0.19 0.70+0.21
=08 095010 085+0.16 090+0.13 1.00+0.00 085%0.16 0.70£0.21 0.65+0.21

Results The data is visualized in Figure[3]in Appendix [B] The resulting coverages are shown in
Table [T} Our method provides (close to) nominal coverage for many of the combinations of = and
o but is less accurate for z = 0.2 and extremer quantiles in general. This can be explained by the
fact that the data at x = 0.2 has almost no variation, while little data is available for extreme values,
making these cases more challenging.

5 DISCUSSION

This work proposes an efficient and principled Bayesian uncertainty quantification method for esti-
mates derived from prior fitted networks. While our preliminary experimental results are promising,
we aim to address several open problems in future work.

PPD updates using a Gaussian copula function enjoy nice computational and theoretical properties.
Notably, the updates satisfy the martingale property, which is typically violated for transformer-based
models. However, this introduces a slight inconsistency between the PPD computed from only
observed data and subsequent PPDs involving both observed and simulated data. The computational
and theoretical convenience is not exclusive to the Gaussian copula but is shared by many other
copula models. To reduce the discrepancy between in- and out-of-sample PPD updates, one could
search through a catalog of different copula models to see which fits the in-sample updates best.
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A PROOF OF PROPOSITION [3.3]

We use arguments similar to|[Fong et al.|(2023). It holds
E[Py (W)Y (n+1):(nnmr—1)] = (1 = @npnr) Prr(Y) + @t By, asmPas o [Hp (Prr=1(y), Prr—1(Ynt-m)]-
By the probability integral transform, it holds Pas(yn4ar+1) ~ Uniform[0, 1]. Thus,

By, i~ Prsy [Hp(Prr—1(y)s Prt (Yot nr)] = /HP(PM—l(y)a u)du = Ppr—1(y),
by the properties of the Gaussian copula. Hence,
E[Prr (W) Ynt1):(n+m—1)] = Pru—1(y),
which implies that Py (y) is a martingale. Furthermore,

1
n+ M

PM(y)_PM—l(y)San+M=O< ), forally € R,

and

1
E 2 _
i:Nan+i -9 (n—i—N)'

Now the Azuma-Hoeffding inequality (e.g.,|Bercu et al.| 2015) yields the desired result. [J

B FURTHER NUMERICAL EXPERIMENTS AND DETAILS
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Figure 2: Comparison of the posterior from our method (blue) and the one obtained by predictive
resampling (red) for different shape parameters «y (columns) of the Gamma distribution.

B.1 UNCONDITIONAL QUANTILE POSTERIOR

We here provide another experiment where we analyze the ability of our approach to estimate the
posterior of an extreme quantile of a skewed distribution. For this, we simulate a Gamma distribution
with different shape parameters v € {1, 2,4}, inducing varying left-skewness. We then task PFN to
estimate the 99%-quantile (the function 7T") and use our approach to compute the posterior uncertainty
for PFN’s estimate. In this experiment, we use B = 1, 000 replications and N = 10, 000. To make
the task of quantile estimation more challenging, we use a relatively small data set size of n = 25. To
evaluate the performance, we compare the distribution against the true value and a posterior estimate
by the predictive resampling approach from Fong et al.|(2023)) that does not have access to the PFN.

Results An exemplary result for the posteriors for different shape values is visualized in Figure 2]
showing the general trend of the results. The predictive resampling methods, which do not have
access to the simulated data from TabPFN, usually result in a much more concentrated and bimodal
posterior. This, however, comes at the cost of not always covering the true value. In contrast, the
posterior for our method is much wider, thereby always covering the true value independent of the
shape parameter.



Figure 3: Depiction of the data used in Section

B.2 DATA GENERATION FOR DIFFUSION PROCESS
For the diffusion process data in Section[4.1} we use the following data-generating process:

1. Input generation: The input variable x is sampled uniformly from [2.5, 12.5].

2. Piecewise functional behavior: The output y is determined by three different functions
applied to x, separated by a data-dependent midpoint m, approximately at median(z) — 2.
The three functional forms are:

* fi(x): A linear and sinusoidal function switching at m.
* fo(x): A mirrored version of fi (z).

* f3(x): A piecewise function with a constant component and a high-frequency sine
term.

Each sample is randomly assigned one of these three functions.

3. Heteroscedastic noise: Additive noise is introduced with a scale that increases quadratically
with z, making uncertainty larger for larger x.

4. Output transformation: The input is centered to be within [—2.5, 2.5], and the output values
are normalized based on their min-max range for potential use in quantile-based learning.

B.3 DATA GENERATION FOR QUANTILE REGRESSION

For the data in Section we sample values x ~ U(0, 1) and generate the corresponding outcome
viay ~ N (sin(3z), z?). A visualization of the data set is given in Figure

B.4 COMPUTATIONAL ENVIRONMENT

All computations were performed on a user PC with Intel(R) Core(TM) i7-8665U CPU @ 1.90GHz, 8
cores, 16 GB RAM using Python 3.8, R 4.2.1, and TensorFlow 2.10.0. Run times of each experiment
do not exceed 24 hours.

C FURTHER DISCUSSION

Another open problem is joint posterior inference for a collection of parameters § = {0(x): x € X'}.
Although our proposed inference procedure can be repeated for many values of z, the resulting
posteriors are disconnected. For obtaining a full joint posterior I1(6]|D,,), the distribution of the
features z1., can no longer be ignored. [Fong et al.| (2023) proposed a general joint update of the
PPDs for all values of x simultaneously. However, this general update is intractable, and the heuristic
simplifications proposed by [Fong et al.| (2023)) are neither particularly simple nor theoretically
justified. There are several potential ways forward. A simple practical solution would be to specify a
joint distribution that combines the individual posteriors Py, 4, , . .., Px 4, in a plausible way; for
example, using a multivariate Gaussian copula with covariance kernel depending on the distance



between values x; # x;. We expect such a heuristic correction to work reasonably well in many
applications. A more sophisticated alternative was recently proposed by |[Huk et al.| (2024) and
involves nonparametric estimation of the implicit dependence between PPDs by a nonparametric vine
copula.
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