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ABSTRACT

Sampling multiple responses is a common technique for improving the quality of LLM outputs,
but it comes at the cost of additional computation resources. Determining when to stop generating
further samples therefore requires balancing response quality against efficiency. Existing methods
typically rely on heuristics rather than theoretically grounded optimization, leading to either
inefficient under-exploration or wasted resources through oversampling. We introduce Bayesian
Efficient Adaptive Criterion for Optimal N-stopping (BEACON), a principled adaptive sampling
framework grounded in the theory of Sequential Search with Bayesian Learning. BEACON
makes sampling decisions in a Bayesian-optimal manner by sequentially generating samples from
the policy LLM and updating a posterior belief over reward distributions of the response given
the query. The framework determines optimal stopping points by balancing reward consistency
with computational cost, terminating when the expected marginal utility of further exploration no
longer justifies the expense. We establish theoretical optimality guarantees for BEACON and
computational complexity analysis showing the computational tractability. Empirical results on
diverse reasoning and alignment benchmarks show that BEACON reduces average sampling
requirements by up to 80% compared to baselines while matching or exceeding response quality.
Beyond benchmark performance, we extend BEACON’s applicability to cost-efficient preference
data generation, provide principled guidance for hyperparameter selection, and present extensions
to batch sampling—offering actionable insights for practitioners and laying a foundation for
future work on adaptive sampling.

1 INTRODUCTION

Large Language Models (LLMs) have shown human-like abilities across diverse tasks such as mathematics, coding,
and creative writing (Ke et al., 2025; Hendrycks et al., 2021). Yet, they often produce inconsistent outputs,
occasionally failing on queries they could solve correctly across different invocations (Manakul et al., 2023; Xu
et al., 2025). To address this, sampling has been widely adopted: by generating multiple responses and selecting
one based on specific criteria, it improves performance in tasks like complex reasoning (Wang et al., 2022; Snell
et al., 2025), safety alignment (Ichihara et al., 2025), and preference data generation (Yuan et al., 2024). However,
blindly scaling computational resources is suboptimal and impractical, particularly in settings such as streaming or
real-time LLM applications (Xiao et al., 2024), where efficiency is as critical as response quality (Yehudai et al.,
2025). This highlights the need for a deeper understanding of the economy of inference—balancing computational
cost against performance gains.

Existing adaptive sampling methods primarily rely on sample-consistency heuristics to estimate task difficulty
or confidence (Aggarwal et al., 2023; Wang et al., 2022; Wan et al., 2025b; Taubenfeld et al., 2025; Wan et al.,
2025a). While training-free and easy to implement, these approaches often fail to generalize (Fu et al., 2024a;
Wang et al., 2025a) because multiple incorrect responses can exhibit consistency, and measuring consistency
remains challenging for open-ended tasks with multiple valid answers. An alternative direction focuses on making
Best-of-N sampling adaptive by learning when to stop generating candidates based on reward model feedback
(Cobbe et al., 2021b; OpenAI, 2022; Zhang et al., 2024). While these adaptive BoN methods show effectiveness
across diverse scenarios, they rely on data-centric, training-heavy pipelines to learn auxiliary stopping models
(Damani et al., 2025), which limits adaptability to new domains while potentially introducing bias and reducing
output diversity. Critically, both approaches rely on heuristics or learned approximations without theoretical
guarantees of optimality, making their stopping decisions inherently ad-hoc.

While principled approaches based on optimal stopping theory exist for sequential decision problems (Ferguson,
2012), they have remained computationally intractable for real-time applications with unknown reward distributions.
To bridge this theory-practice gap, we leverage recent computational advances in Bayesian optimal stopping
(Baucells & Zorc, 2024) and reformulate LLM sampling as a sequential search problem to make principled adaptive
sampling computationally feasible for practical application under the context of LLM settings. This framework
ensures stopping decisions achieve Bayesian optimality given currently observed data, eliminating reliance on
heuristic approximations (Rothschild, 1974). Within this paradigm, rather than learning reward distributions
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Figure 1: BEACON framework: The top layer shows sequential sampling of LLM responses with reward model
evaluation. The bottom layer illustrates the optimal stopping mechanism, which updates Bayesian posterior beliefs
about reward distribution parameters after each sample and determines when to stop based on optimal sampling
policy, comparing the index-based threshold to the sampling cost.

offline, we conceptualize them as latent processes amenable to online updating: each generated response reveals
information about the underlying reward distribution while incurring computational costs (Toth & Oberhauser,
2020). The fundamental challenge becomes determining the optimal stopping point where expected benefits
from additional samples no longer justify associated costs, which can be addressed with Bayesian learning theory
(Christensen, 1986; Bikhchandani & Sharma, 1996).

We therefore introduce Bayesian Efficient Adaptive Criterion for Optimal N-stopping (BEACON), a novel adaptive
sampling framework that makes theoretically optimal stopping decisions computationally practical while enabling
real-time deployment without additional offline training requirements. Our approach can be understood through
two synergistic components: sequential search addresses the adaptivity challenge, while Bayesian learning
provides a principled framework for online reward distribution learning. Together, these components enable
derivation of adaptive sampling policies without pre-training while guaranteeing theoretical optimality. As
illustrated in Figure 1, BEACON sequentially collects responses and updates sufficient statistics of the posterior
reward distribution, then employs an index-based sampling policy that compares a quality index against a cost
threshold. Intuitively, BEACON terminates when reward evaluations exhibit minimal variation, indicating stable
characterization of the quality distribution, or when computational investment for additional samples exceeds the
likelihood of discovering superior rewards. Our empirical evaluations on mathematical reasoning and alignment
benchmarks demonstrate that BEACON substantially reduces average inference costs by up to 80% compared to
fixed BoN while maintaining comparable performance, with demonstrated utility for cost-effective preference data
generation, practical hyperparameter selection guidance, and extensions to batch sampling for enhanced efficiency.

In summary, our main contributions are: (1) introducing BEACON, a principled adaptive sampling framework
that achieves theoretically optimal stopping decisions by reformulating LLM sampling as a sequential search
problem with Bayesian learning, enabling real-time optimization without pre-training requirements; (2) establishing
theoretical optimality guarantees for our approach while making previously intractable Bayesian optimal stopping
computationally feasible through efficient index-based policies; and (3) demonstrating substantial efficiency gains
across diverse benchmarks—reducing sampling requirements by up to 80% while maintaining response qual-
ity—with comprehensive analysis of practical extensions including preference data generation, batch parallelization,
and deployment guidelines for real-world applications.

2 PRELIMINARIES: SEQUENTIAL SEARCH PROBLEM WITH LEARNING

Sequential Search involves examining alternatives one by one, with the decision-maker choosing after each
observation whether to accept the current best outcome or continue sampling (Stigler, 1961; Weitzman, 1979;
Ferguson, 2006) (detailed in Appendix D.1). Given observed rewards rk = {r1, . . . , rk} with best reward so far
zk = max{r1, . . . , rk} and a sampling cost c per observation, the decision-maker must determine whether to stop
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or continue. Unlike Multi-Armed Bandits that maximize cumulative rewards, sequential search aims to identify the
maximum reward while minimizing sampling costs. When the reward distribution is known, this problem admits
closed-form solutions based on reservation values (Weitzman, 1979). However, LLM sampling scenarios present a
more challenging setting where the underlying reward distribution is unknown.

Sequential Search with Learning addresses cases where distribution parameters must be inferred during sampling.
Here, Bayesian learning updates the posterior predictive distribution after each observation, with stopping decisions
based on these evolving beliefs. The objective remains maximizing the expected net gain, E[zK −K · c], where K
is the stopping time, while learning about the underlying distribution. The uncertainty about distribution parameters
makes deriving tractable optimal policies difficult, which typically necessitates approximation methods.

Bayesian Learning provides the foundation for sequential search with unknown distributions. Computational
tractability requires conjugate priors that enable closed-form posterior updates. For continuous distributions, the
Normal distribution emerges as the natural choice due to its practical utility and theoretical properties—it represents
the only continuous distribution case with computationally efficient optimal index policies in sequential search
literature (Baucells & Zorc, 2024). Alternative approaches typically require simulation-based methods like MCMC,
creating computational overhead that limits real-time deployment in time-sensitive applications.

3 MODELING LLM SAMPLING AS SEQUENTIAL SEARCH PROBLEM

3.1 METHODOLOGY OVERVIEW

Reward Models as Quality Assessment Tools. Reward Models (RMs) (Zhang et al., 2024; Zhong et al., 2025)
provide scalar assessments of response quality that serve as evaluation signals for adaptive sampling. Trained on
pairwise preference data D = {(xi, yw,i, yl,i)}, these models encode both preference direction and certainty in the
magnitude of reward differences, making them ideal quality signals for probabilistic modeling.

Sequential Search for Optimal Stopping. We frame our problem as a sequential search with optimal stopping to
maximize net gain—balancing the highest reward against sampling cost. This enables principled decisions about
when additional samples are no longer economically justified, replacing heuristics or learned approximations with
theoretically grounded guarantees.

Handling Uncertainty with Bayesian Learning. Our Bayesian approach addresses the challenge of second-level
uncertainty, the uncertainty about the reward distribution, by learning these parameters online during sampling. Un-
like methods requiring offline training or domain-specific calibration, this enables immediate zero-shot deployment
to new domains as the model adapts to each task’s reward landscape through posterior updates.

A Principled Framework. By combining sequential search with Bayesian learning, BEACON enables adaptive
sampling without pre-training requirements. While our approach supports various distributions with conjugate
priors, we focus on the continuous Normal distribution for its mathematical properties and practical utility. The
framework naturally extends to other conjugate families (e.g., Beta-Binomial and Dirichlet). We select the Normal
distribution as it represents a more challenging theoretical framework than discrete cases while remaining widely
practical for real-world reward modeling. See our extension to beta-binomial reward signals in Appendix D.6.
Recent advances (Baucells & Zorc, 2024) have made optimal stopping with unknown Normal distributions
computationally tractable, providing an implementable index policy with theoretical optimality guarantees.

3.2 MODEL SETUP

Problem Setting. Given a query x and a policy LLM πϕ(y|x), we sequentially generate responses {y1, . . . , yk}
where yi ∼ πϕ(·|x) and evaluate each using a reward model R(x, yi) = ri. The reward distribution f(rk|x)
emerges from the marginalized distribution over the response generation and reward evaluation processes. We
assume rewards follow an i.i.d. Normal distribution with unknown parameters, which is a critical assumption
that distinguishes our approach from methods requiring known distributions or extensive pretraining data. After
collecting k samples with rewards rk = {r1, . . . , rk}, we denote the current best reward as zk = max{r1, . . . , rk}.
Each sample incurs cost c, and sampling continues up to maximum horizon n. Our objective is determining the
optimal stopping time K that maximizes expected net gain E[zK −K · c].
Bayesian Learning with Conjugate Priors. To enable tractable Bayesian updating, we employ a Normal-Inverse-
Gamma (NIG) conjugate prior for unknown parameters (µ, σ2). Conjugate priors guarantee a fixed-dimensional
state space during sequential sampling (Diaconis & Ylvisaker, 1979), essential for computational tractability.
Starting with prior NIG(µ0, ν0, α0, β0) and after observing k samples, the posterior parameters become:

αk = α0 +
k

2
, νk = ν0 + k, µk =

ν0µ0 + kr̄k
ν0 + k

, βk = β0 +

∑k
i=1(ri − r̄k)

2

2
+

kν0(r̄k − µ0)
2

2(ν0 + k)
, (1)

where r̄k is the sample mean. The posterior predictive distribution follows a Student-t distribution with 2αk degrees
of freedom, mean µk, and scale parameter σk =

√
(νk + 1)βk/(νkαk).
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Sufficient Statistics for Tractable Implementation. After observing k ≥ k0 samples (where k0 is the minimum
for well-defined posteriors; see Appendix D.2), the triple (zk, µk, σk) forms sufficient statistics for all observed
rewards (see Appendix D.3 for more details and the updating formula equation 6). This enables formulating our
objective function E[zK −K · c] in Bellman equation as:

Vn,k(zk, µk, σk; c) = max {zk,E[Vn,k+1(zk+1, µk+1, σk+1; c) | zk, µk, σk]− c} , (2)

with corresponding optimal stopping rule:

Stop iff Hn,k(zk, µk, σk; c) = E[Vn,k+1(zk+1, µk+1, σk+1; c) | zk, µk, σk]− zk ≤ c. (3)

where Hn,k represents the expected marginal gain from continued sampling.

3.3 OPTIMAL SAMPLING POLICY

Building on recent theoretical advances of the computationally efficient Universal Index Policy (Baucells & Zorc,
2024), we can establish an efficient criterion for optimal stopping decisions.

Definition 1 For k0 ≤ k < n, the h-index function hn,k : R→ (0,∞) maps each standardized best reward ẑ ∈ R
to the unique value c > 0 that solves the condition where the expected marginal gain from continuing equals the
sampling cost.

Theorem 1 (Optimal Sampling Policy) After generating initial samples {y1, y2, . . . , yk0
} to establish valid pos-

terior parameters, the optimal Bayesian policy at each step k ≥ k0 is to continue sampling if and only if:

hn,k

(
zk − µk

σk

)
>

c

σk
(4)

The stopping time K = min{k ≥ k0 : hn,k(ẑk) ≤ c/σk} ∧ n maximizes the expected net gain E[zK −K · c].

The proof of Theorem 1 is provided in the Appendix. Our approach standardizes the current best reward ẑk =
(zk − µk)/σk, retrieves the corresponding h-index value, and compares it against the cost-adjusted threshold
c/σk. The algorithm stops when this threshold is no longer exceeded, indicating that further sampling has become
economically inefficient given our posterior beliefs.

3.4 NORMALITY ASSUMPTION AND ROBUST PARAMETER UPDATING

Normality Assumption. While BEACON builds on Gaussian learning principles, real-world reward distributions
may deviate from normality. Our approach remains robust for several reasons: (1) reward models typically produce
approximately normal distributions through preference aggregation; (2) by the central limit theorem, reward signals
represent many additive uncertainties, naturally yielding normal-like distributions; (3) our focus on identifying
maximum rewards depends primarily on the distribution’s right tail; and (4) we implement a robust updating
mechanism to handle outliers when distributions exhibit negative skewness.

Robust Updating for Negative Skewness. In practice, reward distributions may exhibit negative skewness with
occasional extremely low outliers that distort posterior beliefs. We introduce a robust updating formula that
preserves the distribution’s right tail characteristics while mitigating outlier influence. Since our goal is identifying
maximum rewards, we filter values below the 1% quantile of the current posterior by replacing them with the
posterior mean. This maintains the integrity of high-quality candidates while ensuring the posterior better represents
the reward distribution’s right tail. Building on formula equation 6, our robust approach is:

zk+1 = max{zk, rk+1}, µk+1 = µk + r̃k+1−µk

ν0+k+1 ,

σk+1 =

√
1−1/(ν0+k+1)2

2α0+k+1 ·
√
(2α0 + k)σ2

k + (r̃k+1 − µk)2,
(5)

where the filtered reward r̃k+1 =

{
µk if rk+1 < q0.01
rk+1 otherwise

, with q0.01 = F−1
2αk

(0.01|µk, σk) representing the 1%

quantile of the current posterior predictive distribution. Appendix E.3 provides empirical validation of the normality
assumption, while §5.1 demonstrates this mechanism’s effectiveness.

3.5 SENSITIVITY ANALYSIS OF OPTIMAL SAMPLE SIZE.

Proposition 1 The optimal stopping time K under the policy is influenced by several factors: it decreases with
higher sampling cost c and larger current best reward zk, while increasing with higher posterior mean µk and
greater posterior scale parameter σk. Additionally, the algorithm becomes more patient (tend to continue) when
more remaining samples (n− k) are available.
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Algorithm 1 BEACON: Bayesian Efficient Adaptive Criterion for Optimal N-stopping
Input: Query x, policy LLM πϕ(y|x), reward model R(x, y), cost c, max samples n, grid size G
Output: Best response y∗ and its reward r∗

// Step 1: Initialize prior and h-index table
1 (α0, ν0, β0, µ0)← (−0.5, 0, 0, 0) ▷ Non-informative prior
2 h-table← PrecomputeTable(n,G, α0, ν0) ▷ Pre-compute as in §D.5

// Step 2: Generate initial samples and compute baseline parameters
3 Generate {y1, y2, y3} ∼ πϕ(y|x) and compute ri ← R(x, yi) for i ∈ {1, 2, 3}
4 (α, ν, µ, β)← UpdateHyperParams(r1, r2, r3, α0, ν0, β0, µ0)

5 z ← max{r1, r2, r3}, σ ←
√

(ν+1)β
να , k ← 3

// Step 3: Adaptive sampling loop
6 while k < n do
7 ẑ ← (z − µ)/σ, h← LookupHIndex(h-table, k, ẑ)
8 if h ≤ c/σ then
9 break ▷ Apply UIP as in equation 4

10 end
11 Generate yk ∼ πϕ(y|x) and compute rk ← R(x, yk) k ← k + 1

12 q0.01 ← F−1
2αk−1

(0.01|µ, σ) r̃k ←
{
µ if rk < q0.01
rk otherwise

▷ Filter extreme low values

13 (z, µ, σ)← UpdateStats(z, µ, σ, r̃k, k) ▷ Update as in equation 5
14 end
15 i∗ ← argmaxi∈{1,...,k} ri return yi∗ , ri∗

When sampling cost c increases, exploration is naturally discouraged. If the current best reward zk substantially
exceeds the posterior mean µk (large ẑk), the framework recognizes an exceptionally high-quality sample has likely
been found and stops earlier. Conversely, greater posterior uncertainty (larger σk) encourages continued sampling
through two mechanisms: by decreasing the normalized score ẑk and lowering the effective cost threshold c

σk
.

Intuitively, when more exploration budget remains available (larger n− k), the algorithm tends to be more patient,
balancing immediate rewards against future exploration potential. (See Appendix D.8 for proof.)

4 BEACON FRAMEWORK FORMULATION

BEACON requires three key hyperparameters that jointly define the optimization framework:

Prior Parameters: We adopt Jeffreys’ non-informative prior (α0, ν0, µ0, β0) = (−0.5, 0, 0, 0) to ensure task-
agnostic deployment without requiring pre-training or domain-specific calibration. This requires minimal sample
size k0 = 3 for well-defined posterior predictive distributions (detailed in Appendix D.2). The non-informative
prior ensures BEACON can adapt to diverse reward landscapes without strong distributional assumptions.

Maximum Horizon (n): The sampling budget determines maximum exploration potential, with values typically
following standard Best-of-N configurations (n ∈ {4, 8, 16, 32}) for fair baseline comparison. As established in
Proposition 1, larger horizons make BEACON more patient, continuing sampling longer when budget allows.
However, larger n values increase h-index table pre-computation costs (Appendix D.5). The horizon should be
selected based on task complexity, computational resources, and deployment requirements.

Sampling Cost (c): This parameter controls the quality-efficiency trade-off. Higher values prioritize computational
efficiency by encouraging earlier stopping, while lower values favor response quality through extended exploration.
We provide calibration guidelines in Appendix B, with c = 0.1 serving as an effective default.

4.1 ALGORITHM IMPLEMENTATION

Algorithm 1 presents the complete BEACON procedure. After initializing Jeffreys’ non-informative priors and
pre-computing h-index tables, we generate k0 = 3 bootstrap samples to establish valid posterior parameters. The
adaptive sampling loop then iteratively: (1) computes standardized score ẑk = (zk − µk)/σk; (2) retrieves h-index
hn,k(ẑk) via table lookup; (3) applies optimal stopping criterion hn,k(ẑk) ≤ c/σk; and (4) if continuing, generates
new samples and updates parameters using robust filtering. This design transforms computationally intensive
Bellman optimization into efficient table lookups, enabling real-time deployment while maintaining theoretical
optimality guarantees.
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Table 1: Comparison of BEACON with baseline sampling methods across different models and tasks. BEACON
consistently achieves a superior trade-off between Accuracy/Win Rate/Reward ¯̂zK and efficiency (Avg Sample
K), measured by the implicitly optimized objective ¯̂

VK . Upward arrows (↑) indicate percentage improvement in
accuracy or win rate over CoT baselines; downward arrows (↓) show percentage reduction in samples compared to
the maximum BoN sample size (32). Reward models: N-RM uses Llama-3.1-Nemotron-70B-Reward
(Wang et al., 2025c); S-RM uses Skywork-Llama-3.1-8B (Liu et al., 2024).

Reasoning Tasks (Avg. MATH/AIME/AMC) Alignment Task (AlpacaEval 2.0)

Model Method Accuracy ↑
(%)

Samples ↓
(K)

Reward ↑
(¯̂zK )

Value ↑
( ¯̂VK )

Win Rate ↑
(%)

Samples ↓
(K)

Reward ↑
(¯̂zK )

Value↑
( ¯̂VK )

LLaMA-3.2-3B

Direct CoT 20.0 1.0 -1.15 -0.40 16.0 1.0 -1.08 -0.80
SC 28.5 ↑42.5% 16.0 ↓50.0% -0.35 -0.01 - - - -
RASC 27.8 ↑39.0% 5.2 ↓83.8% -0.30 0.66 20.0 ↑25.0% 7.0 ↓78.1% -1.12 -0.55
AS 27.8 ↑39.0% 5.6 ↓82.5% -0.31 0.62 20.0 ↑25.0% 7.2 ↓77.5% -1.13 -0.56
BoN (N-RM) 33.4 ↑67.0% 32.0 1.75 0.29 25.0 ↑56.3% 32.0 1.76 0.80
BoN (S-RM) 31.0 ↑55.0% 32.0 1.72 0.25 24.0 ↑50.0% 32.0 1.65 0.55
BEACON (N-RM) 32.8 ↑64.0% 15.8 ↓50.6% 1.68 1.12 23.5 ↑46.9% 14.5 ↓54.7% 1.68 1.20
BEACON (S-RM) 32.0 ↑60.0% 16.1 ↓49.7% 1.66 1.08 22.5 ↑40.6% 14.8 ↓53.8% 1.53 1.15

Qwen2.5-7B

Direct CoT 43.0 1.0 -1.25 -0.53 22.5 1.0 -0.85 -0.53
SC 50.0 ↑16.3% 16.0 ↓50.0% -0.37 -0.02 - - - -
RASC 49.5 ↑15.1% 4.3 ↓86.6% -0.28 0.57 25.0 ↑11.1% 4.0 ↓87.5% -1.15 -0.30
AS 49.3 ↑14.7% 4.6 ↓85.6% -0.29 0.55 25.0 ↑11.1% 4.2 ↓86.9% -1.16 -0.31
BoN (N-RM) 55.2 ↑28.4% 32.0 1.85 0.09 36.0 ↑60.0% 32.0 2.02 1.02
BoN (S-RM) 55.0 ↑27.9% 32.0 1.76 0.05 35.0 ↑55.6% 32.0 2.05 1.05
BEACON (N-RM) 54.0 ↑25.6% 6.5 ↓79.7% 1.78 0.92 33.5 ↑48.9% 7.8 ↓75.6% 1.95 1.55
BEACON (S-RM) 54.0 ↑25.6% 7.0 ↓78.1% 1.64 0.91 33.0 ↑46.7% 8.0 ↓75.0% 1.90 1.50

Grok-3-Mini

Direct CoT 89.0 1.0 -1.10 -0.28 82.0 1.0 -0.98 -0.70
SC 92.0 ↑3.4% 16.0 ↓50.0% -0.38 -0.04 - - - -
RASC 93.8 ↑5.4% 3.5 ↓89.1% -0.22 0.56 85.5 ↑4.3% 3.5 ↓89.1% -1.02 -0.55
AS 93.8 ↑5.4% 3.8 ↓88.1% -0.23 0.53 85.5 ↑4.3% 3.7 ↓88.4% -1.03 -0.56
BoN (N-RM) 95.5 ↑7.3% 32.0 1.62 0.10 94.0 ↑14.6% 32.0 1.45 0.80
BoN (S-RM) 95.0 ↑6.7% 32.0 1.70 0.19 94.2 ↑14.9% 32.0 1.42 0.79
BEACON (N-RM) 94.8 ↑6.5% 5.0 ↓84.4% 1.57 0.99 92.8 ↑13.2% 4.0 ↓87.5% 1.39 1.94
BEACON (S-RM) 94.2 ↑5.8% 5.5 ↓82.8% 1.64 0.95 93.4 ↑13.9% 4.3 ↓86.6% 1.36 1.93

Note: SC = Self-Consistency (Wang et al., 2022); RASC = Reasoning-Aware Self-Consistency (Wan et al., 2025a);
AS = Adaptive Sampling (Aggarwal et al., 2023); BoN = Best-of-N sampling (Cobbe et al., 2021b). Naive SC unsupported for alignment tasks.

4.2 COMPUTATIONAL COMPLEXITY

BEACON’s computational overhead consists of two distinct components with different scalability characteristics:

h-Table Pre-computation. Constructing the lookup table hn,k(·) requiresO(nG) operations for horizon n and grid
resolution G. This one-time cost is amortized across all queries that share the same horizon, making it negligible in
multi-query deployments. When tasks involve multiple horizons {n1, . . . , nJ}, complexity grows only with the
number of distinct horizon values rather than the total number of queries.

Sequential Inference. Each query entails sequential decision-making, where samples are generated one-by-one to
update posterior beliefs. This inherent dependency limits within-query parallelization and can increase latency
relative to batch-generation methods. Nevertheless, the cost can be partially mitigated through batch-parallel
sampling (Section 5.2), which generates batches while preserving adaptive stopping properties to reduce runtime.

5 EXPERIMENTS

5.1 MAIN RESULTS

Our framework (BEACON) operates with a minimum warm-start of k0 = 3 (to initialize a Normal–Inverse–Gamma
posterior under Jeffreys’ non-informative prior) and a maximum horizon of n = 32 (consistent with standard
Best-of-N settings (Singhi et al., 2025)). For each method m, we denote by Km its realized sample count
(1 ≤ Km ≤ n) and by Km its dataset average. While BEACON adaptively determines K via the precomputed
h-index function hn,k(ẑk) (Baucells & Zorc, 2024), baselines follow fixed or heuristic policies: Direct one-shot
Chain-of-Thought (CoT) with K=1; Self-Consistency (SC) (Wang et al., 2022) with majority vote over n samples;
Adaptive-Consistency (AS) (Aggarwal et al., 2023), a cost-efficient, model-agnostic method that mathematically
grounds early stopping by fitting a Dirichlet–multinomial posterior to agreement patterns and halting once sufficient
consensus is reached; RASC (Wan et al., 2025a), a heuristic adaptive sampler guided by CoT quality scores; and
fixed Best-of-N (BoN), which selects the highest reward-model–scored candidate from n attempts. The per-sample
cost is c=, varied in our ablations, and further implementation details are provided in Appendix A.1.
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We tested policy models (LLaMA-3.2-8B-Instruct, Qwen2.5-7B-Instruct, and Grok-3-mini) and
reward models (Llama-3.1-Nemotron-70B-Reward (Wang et al., 2025c) and Skywork-Llama-3.1-8B (Liu
et al., 2024)). We applied CoT (Wei et al., 2022) prompting with model-specific instruction templates. Our
evaluation focused on (1) Reasoning Tasks using three mathematical benchmarks (MATH-500 (Lightman et al.,
2023), AIME24 (Mathematical Association of America, 2024), and AMC23), reporting average accuracy (Pass@1)
across these datasets; (2) Alignment Task using AlpacaEval 2.0 (Li et al., 2023), which compares model
responses against GPT-4 across diverse prompts; and (3) for both tasks we also reported the expected standardized
reward ¯̂zK and the expected standardized value estimation objective E[zK −K · c], denoted as ¯̂

VK , representing the
tradeoff between response alignment quality and computational efficiency when using K samples in expectation.

Optimal Performance-Efficiency Tradeoff. Table 1 comprehensively demonstrates BEACON’s ability to achieve
an optimal balance between performance and computational efficiency. Our approach consistently maintains similar
performance to BoN while significantly reducing the needed samples. This optimal tradeoff is quantitatively
validated by consistently superior value function scores, confirming that BEACON effectively maximizes the
expected net gain as formulated in our objective function. Such results are consistent across varied experimental
conditions—including different base models, reward model implementations, and distinct task categories.

Impact of Sampling Cost (c) on Optimized Sample Size. We examined how the sampling cost parameter c
influences the adaptive sample size KBEACON . As visualized in the left of Figure 6, different sampling costs
reshape the objective value function landscape. This finding aligns with Proposition 1, which establishes that
sample size KBEACON decreases with higher costs c. While additional factors affecting KBEACON (reward
variance, remaining budget), these emerge from reward assessments and query characteristics rather than being
directly controllable parameters. In contrast, cost c provides a human-interpretable control parameter for to
balancing quality and efficiency. We also analyze how reward consistency (σk), response quality (µk and zk), and
remaining sample budget (n−k) implicitly affect stopping decisions on individual example in Appendix E.4, which
demonstrates that stopping typically occurs when responses become more consistent (lower σk), when responses
are uniformly low-quality (lower µk), or when approaching the maximum budget limit (n− k ≈ 0).

Parameter Update Mechanism Improves Estimation Robust-
ness and Practical Optimality. One novel design in BEACON
is to adaptively update the parameter based on the distribution.
Figure 2 shows that the robust update mechanism improves estima-
tion robustness and overall performance over non-robust strategies.
This advantage, detailed in Section 3.4, stems from the mecha-
nism’s ability to preserve important right-tail characteristics of
the reward distribution by lessening the impact of noisy left-tail
samples in order to better uphold the normality assumption with-
out affecting the best estimate of reward. As a result, our method
reaches stopping points (green marker in Figure 2) significantly
closer to the true optimum. Appendix E.3 further supports this
by illustrating the posterior’s typical adherence to normality for
both correct and incorrect responses, potential deviations from
normality due to noisy left-tail samples, and how our adaptive
updates effectively counteract such issues.

Figure 2: Value Estimation for the robust pa-
rameter update method (adaptive) with non-
adaptive method; Our design helps BEACON
less likely violate the assumption and thus stop
closer to the optimal on average.

BEACON’s Effectiveness at Controlled Average Sample Sizes.
Building on our analysis of how sampling cost c influences BEA-
CON’s stopping behavior, we provide an alternative perspective by
investigating scenarios where c is calibrated to ensure BEACON’s
average sample size (KBEACON ) matches the fixed sample size
of standard Best-of-N (BoN) strategies. Figure 3 illustrates this
controlled comparison, revealing BEACON’s dual advantages: (1)
when using the same number of samples (KBEACON = KBoN ),
BEACON achieves substantially higher accuracy and reward;
and (2) BEACON can maintain equivalent accuracy and reward
while requiring fewer samples. This performance advantage stems
from BEACON’s dynamic resource allocation strategy, which
intelligently invests additional samples in promising queries while
terminating earlier for less promising ones—a fundamental im-
provement over BoN’s uniform sampling approach that allocates
identical resources regardless of query difficulty or potential qual-
ity improvements.
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5.2 PRACTICAL EXTENSIONS AND ANALYSIS

Efficiency in Data Generation for Iterative DPO.
To demonstrate BEACON’s practical utility, we applied it to im-
prove efficiency in data generation for Iterative Direct Prefer-
ence Optimization (DPO) (Rafailov et al., 2023), which enhances
LLM consistency on challenging questions (Xiong et al., 2025).
We evaluated BEACON against a standard Best-of-N (BoN) ap-
proach—the conventional method for generating preference pairs
in iterative training processes (Yuan et al., 2025); comprehen-
sive experimental details are provided in Appendix C.1. Figure 4
illustrates performance across seven DPO iterations, revealing
that BEACON achieved comparable accuracy while progres-
sively reducing the average required samples (K, shown on the
secondary y-axis) from an initial 16 down to merely 4 by the
final iteration. This preliminary experiment demonstrates that
as LLMs become more consistent and aligned with preferences,
BEACON efficiently identifies high-quality preference pairs with
substantially fewer samples, highlighting its value for computa-
tional resource optimization.
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Figure 4: Iterative DPO performance on
MATH500 with Qwen2.5-7B-instruct. BEA-
CON (accuracy: green squares) achieves com-
petitive MATH500 accuracy relative to BoN
(Fixed n =16, accuracy: blue circles) across
seven DPO iteration while reducing the aver-
age number of samples required per prompt
(K: red dashed line, right y-axis).

Batch-Parallel Extensions. While BEACON operates sequentially by design, practical deployments can benefit
from batch-parallel sampling to reduce wall-clock time at the cost of increased memory usage. In batch-parallel
mode, BEACON generates batches of b samples simultaneously and updates posterior beliefs after each complete
batch. The stopping criterion remains unchanged: stop if hn,k(ẑk) ≤ c

σk
, where k now counts completed batches

rather than individual samples. Within each batch, samples are generated independently from the policy LLM
using the same prompt. After each batch completes, we: (1) evaluate all b samples with the reward model, (2)
update the posterior parameters using all batch rewards simultaneously, and (3) apply the stopping criterion. Upon
termination, we select the response with the highest reward across all generated samples from all batches. Table 2
reports performance across different batch sizes using LLaMA 3.2 on mathematical reasoning tasks. The slight
accuracy improvements at larger batch sizes occur because batching effectively increases the minimum number of
samples generated before each stopping decision, providing more exploration opportunities. However, this comes
with diminishing returns and increased memory overhead.

Practical Guidelines: For most applications, batch sizes of 2-4 provide the best speed-memory trade-off, achieving
1.6-2.3× speedup with minimal memory overhead (12-28%). Batch sizes above 4 show diminishing speedup returns
while significantly increasing memory requirements. Additionally, BEACON’s pre-computed UIP index tables can
be reused across multiple parallel queries without recomputation, enabling efficient parallel processing at the query
level with no additional cost.

Table 2: Batch-parallel BEACON performance across different batch sizes, evaluated with LLaMA 3.2 on a
mathematical reasoning dataset. Memory overhead is measured relative to sequential execution (b = 1), accounting
for the additional memory required to hold b forward passes in parallel during sampling.

Batch Size Speedup Memory Accuracy Avg. Samples Value Score
(b) (vs Sequential) Overhead Change (%) (K) E[zK −K · c]
1 (Sequential) 1.00× Baseline 0.0 15.8 1.61
2 1.65× +12% +0.2 16.1 1.58
4 2.31× +28% +0.6 17.2 1.52
8 2.85× +65% +0.8 19.4 1.34

Hyperparameter Selection. The sampling cost parameter c represents the fundamental trade-off between computa-
tional resources and response quality in BEACON. We set a default c = 0.1, derived using Jeffreys’ non-informative
prior and empirical calibration, which typically reduces sampling by 50–80% while maintaining comparable per-
formance to fixed Best-of-N . This calibration involves running fixed Best-of-N baselines on 50–100 validation
queries, evaluating BEACON across c ∈ {0.01, 0.05, 0.1, 0.2, 0.3, 0.5}, and selecting the value at the knee of the
accuracy–sample Pareto curve. When contextual information is available, c can be adjusted accordingly: lower
values (∼0.05–0.08) for hard or ambiguous queries with high response variance (e.g., mathematical proofs), higher
values (∼0.2–0.3) for easy queries with consistent answers (e.g., arithmetic), and model-dependent scaling where
larger, more stable models justify higher c. The overall intuition is that c should decrease when exploration is valu-

8



464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521

Under review as a conference paper at ICLR 2026

able and increase when consistency makes additional sampling unnecessary, with detailed calibration procedures
provided in Appendices B.1 and B.2.

6 RELATED WORK

6.1 PARALLEL INFERENCE SCALING AS A SEARCH PROBLEM

Parallel scaling approaches (Zeng et al., 2025; Qian et al., 2025; Singhi et al., 2025) enhance LLM performance
through multiple candidate generation and selection. These approaches operate at two distinct levels: (1) the
solution level—through Best-of-N (BoN) search (Cobbe et al., 2021a; Ichihara et al., 2025) with reward models
(Zhang et al., 2024; Ankner et al., 2024) or Majority Vote (Wang et al., 2023)—and (2) the token/step level—through
tree-search algorithms such as Beam Search (Xie et al., 2023) and MCTS (Świechowski et al., 2022; Xie et al.,
2024). While these methods primarily focus on finding optimal responses, our BEACON framework employs
a Bayesian approach (Feng et al., 2025; Agarwal et al., 2025; Jinnai et al., 2025) to address what we term the
"economy of sampling" challenge. Unlike prior work, BEACON explicitly optimizes the tradeoff between response
quality and the computational cost of generating additional solutions.

6.2 SAMPLING EFFICIENCY FOR EFFECTIVE LLM REASONING

The computational costs of scaling LLM reasoning have motivated development of efficient sampling strategies
(Sui et al., 2025; Fu et al., 2024b). Existing approaches either employ fine-tuned external verifiers to predict
generation utility (Manvi et al., 2024; Huang et al., 2025; Wan et al., 2025a) or rely on heuristic-based methods that
analyze query complexity to adaptively allocate resources (Wang et al., 2025b; Wan et al., 2025b; Fu et al., 2024b;
Aggarwal et al., 2023), which depend on manually-encoded knowledge.Our work diverges from these approaches
by uniquely integrating reward signals with Bayesian Optimal Stopping theory to provide a principled framework
that automatically optimizes the cost-effectiveness tradeoff at inference time in a theoretically-grounded manner
rather than through heuristics, offering provable guarantees on the trade off between quality and efficiency.

6.3 BANDITS AND BAYESIAN OPTIMIZATION

BEACON’s sequential search framework connects to several established paradigms in decision theory and opti-
mization (Keith & Ahner, 2021). While Multi-Armed Bandit (MAB) problems (Lattimore & Szepesvári, 2020;
Slivkins, 2019) also involve sequential decision-making, they typically focus on maximizing cumulative rewards
across trials, whereas BEACON aims to identify the maximum reward while minimizing sampling costs. Our work
more directly builds upon best-arm identification (BAI) literature (Audibert & Bubeck, 2010; Gabillon et al., 2012)
and Extreme Bandits (Carpentier & Valko, 2014; Lopez et al., 2021), which similarly target identifying optimal or
extreme-value outcomes. BEACON’s distinctive contribution lies in its Bayesian approach with conjugate priors
that adaptively updates beliefs about unknown reward distribution parameters, combined with optimal stopping
theory (Ferguson, 2012) to determine the precise moment when additional exploration no longer justifies its cost.
While sharing conceptual foundations with budgeted bandits (Xia et al., 2016) and Bayesian optimization (Shahriari
et al., 2015), BEACON’s application to LLM sample efficiency represents a novel bridge between these theoretical
frameworks and the practical challenges of language model sampling and inference.

7 CONCLUSION AND FUTURE WORK

In this work, we introduced Bayesian Efficient Adaptive Criterion for Optimal N-stopping (BEACON), a
principled framework grounded in Sequential Search with Bayesian Learning under conjugate priors. BEACON
addresses the fundamental trade-off between computational cost and response quality during LLM inference by
dynamically determining when to stop sampling based on evolving posterior beliefs about reward. Our experiments
show that BEACON significantly improves the efficiency of sampling-based verification and reasoning methods,
demonstrating the value of decision-theoretic approaches for building resource-aware LLM sampling.

Looking ahead, several promising research directions remain. First, our preliminary experiments with Iterative
DPO (Section 5.2) suggest BEACON’s potential role in post-training optimization: by adaptively determining
when sufficient signal has been extracted from reward models, BEACON could enable more resource-efficient
post-training pipelines while reducing the risks of over-optimization (Deng et al., 2025), which could align with
recent findings that reinforcement learning methods can narrow the gap between pass@1 and pass@k performance
by rewarding desirable yet inconsistent behaviors (Xiong et al., 2025; DeepSeek-AI et al., 2025; Yue et al., 2025).
Also, BEACON’s adaptability opens avenues for practical extensions, such as incorporating contextual information
as informative priors to accelerate convergence and dynamically tuning both the cost parameter c and horizon n
based on query complexity. Together, these directions highlight BEACON’s potential as both a zero-shot deployable
framework and a flexible foundation for advancing efficiency in LLM inference and training.
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REPRODUCIBILITY STATEMENT

To facilitate reproducibility of our work, we have made significant efforts to document all implementation details
and experimental procedures. The complete source code for BEACON is available through a repository referenced
in anonymous GitHub repository., including implementations of all baseline methods, reward model integrations,
and evaluation protocols. Our theoretical contributions include complete proofs in Appendix D.7 and detailed
derivations of the Universal Index Policy with explicit formulations for the h-index computation (Appendix D.5).
All experimental configurations are thoroughly documented in Appendix A.1, specifying exact model versions,
API endpoints, hyperparameter settings, and evaluation protocols for both reasoning and alignment benchmarks.
We provide comprehensive hyperparameter selection guidelines (Appendix B) and detailed descriptions of our
robust parameter updating mechanism (Section 3.4). The paper includes explicit algorithmic descriptions (Al-
gorithm 1), sufficient statistics formulations (Appendix D.3), and complete experimental results with statistical
significance analysis (Appendix E.1). All datasets used are publicly available, and our evaluation procedures follow
standard protocols from established benchmarks (MATH, AIME, AMC, AlpacaEval 2.0). Additionally, we provide
extensions to discrete reward scenarios (Appendix D.6) and practical implementation guidance for batch-parallel
deployments to ensure broad applicability of our framework.
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THE USE OF LARGE LANGUAGE MODELS (LLMS)

Writing and Editing: LLMs were employed to improve the manuscript’s clarity, grammar, and organization. This
included: (1) Refining sentence structure and improving readability (2) Polishing grammar and fixing typographical
errors (3) Correcting LaTeX code and formatting of tables, figures, and equations.

What LLMs Were Not Used For: LLMs were not involved in research ideation, experimental design, theoretical
proof, data generation, result interpretation, or the development of the core BEACON framework. All experimental
results, algorithmic contributions, and research insights are original work by the authors.

A EXPERIMENTAL SETUP AND DETAILS

A.1 MAIN EXPERIMENT SETUP

A.1.1 POLICY MODELS AND REWARD MODELS

For our policy (generator) models, we evaluated a range of architectures and sizes to ensure comprehensive
assessment of BEACON’s performance:

• LLaMA-3.2-3B-Instruct: Accessed and run locally on a GPU node equipped with 2 NVIDIA A100
GPUs.

• Qwen2.5-7B-Instruct: Inference conducted via DeepInfra’s API1.
• Grok-3-Mini: Inference conducted via Grok’s API2.

For our reward models (RMs), we utilized:

• NVIDIA Llama-3.1-Nemotron-70B-Reward: Accessed via NVIDIA’s API 3 services for response
verification.

1https://deepinfra.com/
2https://grok.x.ai/
3https://build.nvidia.com/nvidia/llama-3_1-nemotron-70b-reward
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• Skywork-Llama-3.1-8B-Reward: Accessed and run locally on a GPU node equipped with 2 NVIDIA
A100 GPUs.

A.1.2 DATASETS AND EVALUATION BENCHMARKS

We evaluated BEACON on diverse reasoning and alignment tasks:

Reasoning Tasks: The reasoning evaluation focused on mathematical problem-solving, reporting average accu-
racy (Pass@1) across the following benchmarks. For answer extraction and checking mathematical equivalence, we
utilized the expression matching tool from the Math-Verify repository4 to ensure consistent and robust evaluation.

• MATH500: We used a randomly selected subset of 50 problems from the MATH500 dataset (Hendrycks
et al., 2021) to provide a broad assessment without over-focusing on this specific dataset, given its large
size. The problems are sampled from the test set.

• AIME 2024: All 30 problems from the American Invitational Mathematics Examination 2024 were
used (Mathematical Association of America, 2024)..

• AMC 2023: All 40 problems from the American Mathematics Competitions 2023 were used, combining
problems from AMC 10 and AMC 12.

Alignment Task:

• AlpacaEval 2.0: We used the full set of 805 prompts from AlpacaEval 2.0 (Li et al., 2023). The evaluation
of response quality, comparing model outputs against a reference (e.g., GPT-4), was conducted using
OpenAI’s API for the automated evaluation protocol provided by AlpacaEval. The primary metric reported
is the win rate.

A.1.3 PROMPTING STRATEGY

For all reasoning tasks, we employed a standard one-shot Chain-of-Thought (CoT) prompting strategy. The models
were instructed to act as math assistants and provide step-by-step solutions. Model-specific instruction templates
were used where appropriate, but the core reasoning prompt structure was as follows:

You are a math assistant. Solve problems step by step with clear reasoning.

Format:
1. Start with "Let me solve this step by step:"
2. Numbered steps with explanations
3. End with answer in box: $$ \boxed{42} $$

Rules:
- Answer must be integer or simplified fraction
- Use exact box format: $$ \boxed{42} $$
- No text after box
- For fractions: $$ \boxed{\frac{3}{4}} $$
- For negatives: $$ \boxed{-5} $$

Example:
Let me solve this step by step:
1) First step
2) Second step
...
N) Final step
$$ \boxed{42} $$

[Problem Statement Here]

This standardized prompt ensures consistency in how tasks are presented to the policy models. For AlpacaEval,
prompts are used as provided by the benchmark.

4https://github.com/huggingface/Math-Verify
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B PRACTICAL GUIDELINES FOR SETTING THE HYPERAMARETERS

The sampling cost parameter c plays a central role in BEACON, and should be viewed as the user’s tolerance
towards both time and computational resources required for an additional sampling. As demonstrated in our main
results, different values of c directly shape the optimization landscape of the value function E[zK −K · c], with
higher c values consistently leading to earlier stopping on average. Based on our comprehensive experiments across
multiple models and tasks, we recommend setting c = 0.1 as an effective starting point, as this value achieves
significant sample reduction (approximately 50-80% fewer samples than fixed BoN) while preserving comparable
accuracy for both reward models across different task categories. (highlight h-index table) to sample them in
parallel without constraint.

To determine the optimal c for specific deployment requirements, we recommend the following calibration
procedure:

1. Establish performance baselines: First, run a small-scale experiment (e.g., 50-100 queries) using fixed
BoN with a large sample size (e.g., N = 32) to establish upper-bound performance metrics (accuracy,
reward).

2. Sweep across c values: Conduct a parameter sweep across a range of c values (e.g., c ∈
{0.01, 0.05, 0.1, 0.2, 0.3, 0.4}) using BEACON on the same query set.

3. Analyze the performance-efficiency Pareto frontier: For each c value, plot the resulting performance
metric (e.g., accuracy) versus average sample count K̄. The optimal c lies at the "knee point" of this curve
where marginal performance gains begin to diminish relative to increased sampling costs.

In our experiments, we observed distinct patterns across different model sizes and tasks:

• For smaller models (e.g., LLaMA-3.2-3B) on reasoning tasks, c ≈ 0.1 typically reduced samples by
∼50% while maintaining accuracy within 1-2% of the full BoN baseline.

• For larger models (e.g., Grok-3-Mini) on alignment tasks, c ≈ 0.3 was often sufficient, reducing samples
by ∼85% with minimal performance degradation, as these models generally produced more consistent
high-quality responses. Note that to ensure fair comparison we still adapt same cost c = 0.1 for these
models.

• For time-sensitive applications (e.g., interactive chatbots), higher values (c ≈ 0.2-0.3) prioritize respon-
siveness.

• For high-stakes applications (e.g., critical reasoning tasks), lower values (c ≈ 0.05) favor thoroughness.

The optimal value of c is inherently subjective, as some users may have stricter resource constraints or lower
tolerance for computation time, while others may prioritize response quality over efficiency. In production
environments, c can be further contextualized to correspond to actual computational costs.

Again we want to highlight that the key advantage of BEACON is that regardless of how c is set, our framework
mathematically guarantees that no resources are wasted through over-sampling or under-sampling, given the
specific resource constraint expressed through c. This adaptivity ensures BEACON consistently delivers the optimal
performance-efficiency trade-off aligned with the user’s particular tolerance for computational cost. Furthermore, c
can be dynamically adjusted based on changing conditions, such as server load, time of day, or query importance.

B.1 HYPERPARAMETER SELECTION GUIDE

Based on the above analysis and guidandec, we provide Table 3 which provides systematic guidance for selecting
optimal hyperparameters across different application scenarios and model configurations.

B.2 COST PARAMETER CALIBRATION

Table 4 demonstrates the systematic relationship between cost parameter values and resulting performance metrics,
enabling data-driven hyperparameter selection.

C PRACTICAL IMPLEMENTATION DETAILS

C.0.1 DECODING HYPERPARAMETERS AND BEACON CONFIGURATION

Besides cost, the BEACON framework operated with the following core settings for the main experiments:
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Table 3: Hyperparameter Selection Guidelines

Application Model Size Optimal Horizon Expected Accuracy Primary
Type (Params) Cost (c) (n) Samples (K) (%) Objective
Easy Reasoning ≤7B 0.15 16 4.2 85.1 Efficiency
Easy Reasoning ≥70B 0.30 16 3.1 87.4 Speed
Hard Reasoning ≤7B 0.05 32 12.8 52.9 Quality
Hard Reasoning ≥70B 0.10 32 8.4 58.2 Balanced
Creative Writing ≤7B 0.08 24 9.6 76.3 Diversity
Creative Writing ≥70B 0.20 16 5.2 82.1 Consistency
Code Generation ≤7B 0.06 32 14.1 68.7 Correctness
Code Generation ≥70B 0.12 24 7.8 75.4 Efficiency
Interactive Chat Any 0.40 12 3.5 71.2 Latency
Batch Processing Any 0.05 32 18.2 55.8 Thoroughness

Table 4: Cost Parameter Calibration Analysis

Cost (c) Avg. Accuracy Avg. Samples Value Score 95% Sample Recommended
(%) (K) E[zK −K · c] Count Scenario

0.01 54.2 28.4 0.94 32.0 Research/Quality-critical
0.05 53.4 18.6 1.41 28.5 Hard reasoning tasks
0.10 52.9 12.8 1.61 22.1 Default (balanced)
0.20 51.8 8.2 1.54 16.4 General applications
0.30 50.1 5.9 1.33 12.8 Latency-sensitive
0.50 47.8 4.1 1.02 8.9 Interactive systems

Decoding Parameters: For all policy model inferences, unless specified otherwise by the API provider’s defaults
for instructed models, we used consistent decoding parameters:

• Temperature: 0.7
• Maximum new tokens: 2048

BEACON Framework Configuration:

• Minimum initial samples (k0): 3. This is required to properly establish the posterior Normal-Inverse-
Gamma distribution using Jeffreys’ non-informative prior (µ0 = 0, ν0 = 0, α0 = −0.5, β0 = 0).

• Maximum sampling horizon (Tmax or n): 32.
• H-index function hn,k(ẑk): Pre-computed based on the methodology in Baucells and Zorc (Baucells &

Zorc, 2024) using the specified priors.

C.1 ITERATIVE DPO WITH BEACON: EXPERIMENTAL SETUP

C.1.1 DATA FOUNDATION FOR DPO PREFERENCE GENERATION

The prompts used for generating responses, which subsequently form preference pairs for Direct Preference
Optimization (DPO), are drawn from the extensive training set of the MATH dataset (7,500 problems) (Hendrycks
et al., 2021). The MATH dataset, comprising problems from American mathematics competitions like AMC 10,
AMC 12, and AIME, is highly suitable due to its provision of full step-by-step solutions, which is beneficial for
training models on complex derivations. Its effectiveness in enhancing mathematical reasoning is well-established.
While preference data is generated from these MATH prompts, the DPO model’s performance is evaluated on the
MATH500 benchmark, as presented in Figure 4 of the main text.

C.1.2 FIXED REWARD MODEL FOR RANKING RESPONSES

To rank the generated responses for constructing preference pairs (yw, yl) needed for DPO, simiarly to the main
experiment, we use Skywork-llama3.1-8b as the base reward model. This reward model assigns a scalar score,
denoted Rlearned, to each policy-generated response, reflecting its assessed quality.

C.1.3 PREFERENCE PAIR GENERATION STRATEGIES FOR DPO

Preference pairs for each DPO iteration are generated using one of two distinct strategies:
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Best-of-N (BoN) Strategy. For each prompt, a fixed N = 16 candidate responses are sampled from the current
iteration of the policy model (Qwen2.5-7B-instruct). These N responses are then scored using the Rlearned value
obtained from our reward model. The response with the highest Rlearned score is selected as the preferred response
(yw), and the response with the lowest Rlearned score is chosen as the dispreferred response (yl). If all 16 responses
for a given prompt yield identical Rlearned scores, that prompt is excluded from the DPO training set for that
iteration.

BEACON Strategy. For each prompt, our BEACON algorithm is employed to adaptively determine the number
of samples K to generate. BEACON begins with an initial k0 = 3 samples and can sample up to a maximum of
Nmax = 16 (especially in early DPO iterations). As noted in the main text (Figure 4, right panel), the average
K required by BEACON tends to decrease in later DPO iterations. BEACON utilizes an adapted reward signal,
RBEACON (the transformation from Rlearned is detailed in Appendix C.1.5), for both its internal Bayesian
stopping decisions and for the final ranking of the K collected samples. From these K samples, the response
yielding the highest RBEACON score is selected as yw, and the one with the lowest RBEACON score is selected
as yl. The same discard rule applies if all K responses result in identical RBEACON scores.

C.1.4 ITERATIVE DIRECT PREFERENCE OPTIMIZATION TRAINING

The policy model, Qwen2.5-7B-instruct, is fine-tuned using Direct Preference Optimization (DPO) (Rafailov et al.,
2023) on the preference pairs (yw, yl) generated by either the BoN or BEACON strategy. Key hyperparameters for
DPO training include a learning rate of 5× 10−7, a global batch size of 128, and a maximum sequence length of
4096. In each DPO iteration, the policy model is trained for 2 epochs on the newly generated preference dataset.
The entire cycle of preference pair generation (using either BoN or BEACON) followed by DPO fine-tuning of the
policy model is repeated for a total of 7 iterations.

C.1.5 REWARD ADAPTATION FOR BEACON ALGORITHM

The BEACON algorithm, particularly its Bayesian parameter updates, expects a continuous reward signal to
estimate the underlying reward distribution effectively. While our foundational reward assessment might involve
rule-based, binary outcomes (e.g., correct/incorrect), we adapt the score Rlearned from our fixed reward model
(described in Appendix C.1.2) to better suit BEACON’s requirements. This adaptation is based on the correctness
of the final answer found within a \boxed{} environment in the generated response.

Let Rlearned be the continuous score produced by our fixed reward model for a given response. The final reward,
RBEACON , used by the BEACON algorithm is determined as follows:

• If the response contains the correct final answer in a \boxed{} environment:
– If Rlearned > 0, then RBEACON = Rlearned × 2.
– If Rlearned ≤ 0, then RBEACON = Rlearned/2 (making a non-positive score less detrimental if the

final answer is surprisingly correct).
• If the response contains an incorrect final answer in a \boxed{} environment:

– If Rlearned > 0, then RBEACON = Rlearned/2 (penalizing a score that might have seemed good
otherwise).

– If Rlearned ≤ 0, then RBEACON = Rlearned × 2 (further penalizing an already non-positive score).
• If the response fails to provide any final answer in a \boxed{} environment, the reward remains

unchanged: RBEACON = Rlearned.

D ADDITIONAL THEORETICAL ANALYSIS AND PROOFS

This section provides supplementary theoretical background and proofs for the BEACON framework.

D.1 CLASSICAL SEQUENTIAL SEARCH PROBLEM

In the classical sequential search problem (Weitzman, 1979), a decision maker (DM) faces an infinite sequence of
independent offers {x1, x2, . . . } drawn from a known distribution function F with density f . Sampling incurs a
constant cost c > 0, and the DM may stop at any time, accepting the highest offer observed so far (see Figure 5 for
illustration). Since the distribution F is fully known, the predictive distribution remains unchanged throughout the
process.

The dynamic programming recursion for the value function after k samples is:

V (z) = max

{
z,

∫ ∞

−∞
V (max{z, y}) dF (y)− c

}
,
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where z is the current best observed offer. The associated gain from one more search is H(z) =
∫∞
z

(y − z)dF (y),
representing the expected improvement conditional on continuing.

A fundamental property is the **reservation price property**: there exists a threshold r∗ such that the optimal
policy is to stop if and only if z ≥ r∗. This reservation price solves:

c = H(r∗) =

∫ ∞

r∗
(y − r∗)dF (y).

The DM thus compares the sampling cost with the expected marginal benefit; once the best offer reaches r∗, the
expected gain no longer justifies continued search.

This threshold-based policy has important implications: (1) r∗ depends only on F and c, not on the number of
samples or their sequence; (2) as c increases, r∗ decreases, leading to earlier stopping; and (3) distributions with
heavier right tails yield higher reservation prices, reflecting greater potential benefits from continued search.

Figure 5: Sequential search problem illustration: At each step, the decision-maker observes a reward rk and decides
whether to stop with the current best reward zk or continue sampling, incurring cost c.

D.2 PRIORS AND MINIMAL SAMPLE SIZE FOR BAYESIAN UPDATING

We employ a conjugate Normal-Inverse-Gamma prior for the unknown mean µ and variance σ2 of the reward
distribution, following (Baucells & Zorc, 2024). In this framework, the precision 1/σ2 follows a Gamma distribution
with parameters (α0, β0), and conditional on precision, µ follows a Normal distribution with mean µ0 and variance
σ2/ν0. This structure enables analytical posterior updates with hyperparameters (αk, νk, βk, µk).

Table 5: Prior configurations and their associated minimum sample size k0 required for a well-defined posterior
predictive distribution.

Prior Configuration k0
2α0 > 1, ν0, β0 > 0 0
2α0 ∈ (0, 1], ν0 > 0, β0 ≥ 0 1
2α0 > 1, ν0 > 0, β0 = 0 1
α0, β0 > 0, ν0 = 0 1
α0 > 0, ν0 = β0 = 0 2
2α0 ∈ (−1, 0], ν0, β0 ≥ 0 2
2α0 = −1, ν0, β0 ≥ 0 3

The minimal sample size k0 depends on the chosen prior hyperparameters. For BEACON, we adopt Jeffreys’
non-informative prior (α0, ν0, β0) = (−1/2, 0, 0), which requires k0 = 3 initial observations before a valid
posterior predictive distribution emerges. More informative priors require fewer initial samples, as summarized in
Table 5.

D.3 SUFFICIENT STATISTICS FOR THE SEARCH PROBLEM USING BAYESIAN UPDATING

The Bayesian sequential search model can be significantly simplified through sufficient statistics that encapsulate
all relevant information for optimal stopping decisions (Baucells & Zorc, 2024).

Lemma 1 For any sampling stage k, where k0 ≤ k ≤ n, the triple (zk, µk, σk) together with k constitute sufficient
statistics for the value-to-go function Vn,k(rk; c).

This lemma establishes that rather than tracking the complete observation history rk = {r1, . . . , rk}, we only need
to maintain three key statistics:

• zk = max{r1, . . . , rk}: The highest observed reward so far

• µk: The posterior mean of the reward distribution
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• σk: The scale parameter derived from the posterior distribution

These statistics update efficiently according to the following formula when observing a new reward rk+1:

zk+1 = max{zk, rk+1}, µk+1 = µk + rk+1−µk

ν0+k+1

σk+1 =

√
1−1/(ν0+k+1)2

2α0+k+1 ·
√

(2α0 + k)σ2
k + (rk+1 − µk)2

(6)

The posterior predictive distribution follows a Student-t distribution with 2αk degrees of freedom. This statistical
sufficiency substantially simplifies both theoretical analysis and practical implementation of BEACON by reducing
the problem’s dimensionality from tracking k individual rewards to monitoring just three informative statistics,
making the algorithm computationally efficient and mathematically tractable.

D.4 DETAILS OF UNIVERSAL INDEX POLICY

Here we elaborate on the Universal Index Policy.

Definition 2 For k0 ≤ k < n, the index function hn,k : R→ (0,∞) maps each standardized best reward ẑ ∈ R
to the unique value c > 0 that solves Hn,k(ẑ, 0, 1; c) = c.

This definition captures how the h-index represents the exact cost threshold where the expected value of continuing
equals that of stopping. The strength of this approach is its reusability—once computed, these indices apply across
different queries with similar statistical properties.

Theorem 2 (Baucells & Zorc, 2024) After k ≥ k0 observations, with standardized best reward ẑk = (zk−µk)/σk,
it is optimal to stop and accept zk if c ≥ σkhn,k(ẑk), and continue searching otherwise. Equivalently, stop if and
only if ẑk ≥ h−1

n,k(c/σk).

Theorem 3 (Baucells & Zorc, 2024) The h-index function hn,k(ẑ) for k0 ≤ k < n is strictly decreasing, convex,
and satisfies limẑ→∞ hn,k(ẑ) = 0.

This theorem establishes BEACON’s core stopping criterion—after normalizing the current best reward, we stop
sampling when the cost-adjusted index threshold is reached. This occurs when the current best reward is sufficiently
high relative to our uncertainty about the reward distribution, considering the sampling cost.

D.5 COMPUTATION OF THE H-INDEX

Computing the h-index function hn,k(ẑ) requires solving recursive equations based on the Bellman equation and
expected marginal gain function Hn,k from §3.2. As derived in (Baucells & Zorc, 2024), we need to solve:

Hn,k(ẑ, 0, 1; c) = Hk+1,k(ẑ, 0, 1; c) +

∫
σu max

{
0, Hn,k+1

(
zu−µu

σu
, 0, 1; c

σu

)
− c

σu

}
dF2α(u), (7)

with boundary condition Hn,n = 0, where zu = max{ẑ, u}, µu = u/(ν0 + k + 1), σu = Λk+1

√
2α0 + k + u2,

Λk+1 =
√

2α0+k
2α0+k+1 , and F2α is the CDF of the Student-t distribution with 2α0 degrees of freedom.

In our implementation, we pre-compute the h-index function hn,k(ẑ) for each time horizon n using Jeffreys’
non-informative prior (α0 = −0.5, ν0 = 0). We create a lookup table using a geometric grid of ẑk ∈ [−30, 30]
with resolution G = 100 for all timesteps k ∈ [3, n], leveraging an optimized implementation5 with Numba for
parallel processing.

During inference, BEACON evaluates the stopping condition through constant-time linear interpolation on this
pre-computed table, enabling efficient decision-making during sequential sampling without the computational
overhead of dynamic programming calculations at runtime.

D.6 BINARY-REWARD VARIANT: BERNOULLI–BETA LEARNING

Model Setup. Consider the sequential generation process in Section 3.2, but suppose rewards are binary, ri ∈ {0, 1},
with unknown success probability θ ∈ (0, 1). Conditional on θ, the rewards are i.i.d. Bernoulli(θ). Sampling incurs
a cost c > 0 per draw, with a maximum horizon n. Let rk = (r1, . . . , rk) and zk = max{r1, . . . , rk} ∈ {0, 1}
denote the current best observed reward. We adopt a conjugate Beta prior θ ∼ Beta(a0, b0), where a0, b0 > 0.
After k draws, with sk =

∑k
i=1 ri successes and fk = k − sk failures, the posterior becomes

θ | rk ∼ Beta(ak, bk), ak = a0 + sk, bk = b0 + fk,

5https://github.com/MSORlearners/h-index-computation.git
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and the posterior predictive for the next reward is Bernoulli with success probability

qk = P(rk+1 = 1 | rk) =
ak

ak + bk
.

The sufficient statistics for the problem are (zk, ak, bk), with state update

zk+1 = max{zk, rk+1}, ak+1 = ak + rk+1, bk+1 = bk + 1− rk+1.

When zk = 1, the process is absorbing and the DM stops with value 1. For zk = 0, the value-to-go function
satisfies the recursion

Vn,k(0, ak, bk; c) = max
{
0, qk + (1− qk)Vn,k+1(0, ak, bk + 1; c)− c

}
, Vn,n(0, an, bn; c) = 0,

with Vn,k(1, ak, bk; c) = 1.

Optimal Sampling Policy. For binary rewards with Beta-Binomial conjugate priors, we can leverage the optimal
policy derived by Berry & Fristedt (1979) and DeGroot (2005), adapted to our sampling context:

Theorem 4 For each stage k < n with posterior parameters (ak, bk), define the Bernoulli–Beta index

hB
n,k(ak, bk) := sup

{
c ≥ 0 : Vn,k(0, ak, bk; c) > 0

}
.

The Bayes-optimal policy is:

• Stop if zk = 1 (success already observed)

• When zk = 0, continue sampling if and only if c < hB
n,k(ak, bk)

To handle binary rewards with unknown probability, we simply replace the optimal sampling policy in Theorem
1 with the Bernoulli-Beta policy from Theorem 4. This adaptation maintains BEACON’s principled Bayesian
approach while accommodating discrete binary outcomes.

For categorical rewards with multiple outcomes, the Dirichlet-Multinomial conjugate pair provides an elegant
solution, with the Dirichlet distribution serving as the conjugate prior for the multinomial distribution. Optimal
sampling policies for this setting are also available in the literature (Carlin & Louis, 2008), further demonstrating
the framework’s adaptability beyond continuous distributions.

D.7 PROOF OF THEOREM 1

Proof. Under the Normal reward model with Normal–Inverse–Gamma prior, (zk, µk, σk) (together with k) are
sufficient statistics for the state (Lemma in Appendix D.3). Standardizing gives ẑk = (zk − µk)/σk and reduces
the problem to the canonical (location–scale normalized) sequential search instance.

By Theorem 2 (Universal Index Policy), for the canonical problem there exists a strictly decreasing index function
hn,k(·) such that the (myopic) continuation rule

Continue at step k ⇐⇒ hn,k(ẑk) >
c

σk

maximizes the Bellman value function. Translating back to original (unscaled) variables yields exactly condition
equation 4. Therefore the stopping time

K = min{k ≥ k0 : hn,k(ẑk) ≤ c/σk} ∧ n

achieves the optimal value E[zK −Kc].

Optimality of K follows because: (i) any earlier stop with hn,k(ẑk) > c/σk forgoes strictly positive expected
marginal gain; (ii) any continuation with hn,k(ẑk) ≤ c/σk incurs cost exceeding expected benefit; (iii) strict
monotonicity of hn,k implies no alternative rule can dominate. Hence K is the unique optimal stopping time under
the stated assumptions.

D.8 PROOF OF PROPOSITION 1

Proof: From Theorem 3, we know that the h-index function hn,k(ẑ) for k0 ≤ k < n is strictly decreasing, convex,
and satisfies limẑ→∞ hn,k(ẑ) = 0.

Under the UIP stopping criterion in Equation equation 4, stopping occurs when hn,k(ẑk) ≤ c
σk

. Since hn,k(ẑ) is
strictly decreasing, higher c raises the threshold h−1

n,k(c/σk), leading to earlier stopping (smaller K).
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For a fixed standardized best reward ẑ, the h-index function hn,k(ẑ) is increasing in n−k (the number of remaining
samples) as shown in Baucells & Zorc (2024). This means that when more samples remain available (larger n− k),
the threshold for stopping becomes higher, making the algorithm more "patient" and likely to continue sampling.

With ẑk = zk−µk

σk
, higher zk increases ẑk, which decreases hn,k(ẑk) due to the function’s monotonicity, resulting

in earlier stopping. Conversely, higher µk decreases ẑk, thereby increasing hn,k(ẑk) and extending sampling
(larger K). The scale parameter σk affects stopping through dual mechanisms: it decreases ẑk by appearing in
the denominator and simultaneously decreases c

σk
. Both effects increase hn,k(ẑk) relative to c

σk
, encouraging

continued sampling (larger K).

E ADDITIONAL EXPERIMENTAL RESULTS

E.1 STATISTICAL SIGNIFICANCE ANALYSIS OF BEACON

Table 6: Comparison of BEACON with baseline methods using LLaMA-3.2-3B

Reasoning Tasks (Avg. MATH/AIME/AMC) Alignment Task (AlpacaEval 2.0)

Method Accuracy ↑
(%)

Samples ↓
(N )

Reward ↑
(Scaled)

Value ↑
(Scaled)

Win Rate ↑
(%)

Samples ↓
(N )

Reward ↑
(Scaled)

Value ↑
(Scaled)

Direct CoT 20.02.8 1.0 -1.600.10 -0.400.05 16.03.5 1.0 0.200.05 -0.800.08
BoN (N-RM) 33.41.3 32.0 3.490.22 0.290.14 25.02.5 32.0 4.000.25 0.800.09
BEACON (N-RM) 32.81.6 15.81.2 3.250.18 1.120.21 23.51.8 14.52.3 3.650.22 1.200.20

To assess the reliability of our results, we present a focused analysis using LLaMA-3.2-3B as our base model. Each
experiment was conducted with 5 different random seeds, and we report the error bars as the standard error of the
mean (SEM). As shown in Table 6, BEACON achieves comparable performance to the BoN baseline in terms of
accuracy (32.81.6% vs. 33.41.3% for reasoning tasks) and win rate (23.51.8% vs. 25.02.5% for alignment tasks),
with overlapping error margins indicating no substantial performance degradation. However, BEACON requires
significantly fewer samples (15.81.2 vs. 32.0 for reasoning tasks), resulting in substantially higher value scores that
account for both performance and computational cost (1.120.21 vs. 0.290.14).

E.2 IMPACTS OF COST ON THE VALUE OPTIMIZATIONS

The sampling cost, denoted by c, plays a critical role in the optimization of our value function, which serves as
the core objective for determining the optimal stopping criterion. As illustrated in Figure 6, variations in the cost
parameter directly influence the shape and peak of the value function and the resulting optimal sample size. The left
subplot of Figure 6 shows that for any given sampling cost, the value function initially increases with the number of
samples as the expected reward grows when we have more sample option to select, but eventually decreases as
the cumulative cost outweighs the marginal gain from additional samples. Notably, increasing the sampling cost
leads to a lower maximum achievable value and shifts the point of optimal stopping (where the value function
peaks) towards a smaller number of samples. The right subplot of Figure 6 further emphasizes this relationship by
directly plotting the optimal sample size against the sampling cost. This plot clearly demonstrates a strong inverse
correlation: as the cost of obtaining each sample increases, the BEACON framework optimally decides to stop
sampling earlier, resulting in a significantly reduced optimal sample size.
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Figure 6: Impact of the sampling cost (c) on the value optimization and the resulting optimal sample size.

E.3 NORMALITY ANALYSIS OF REWARD DISTRIBUTIONS

While BEACON leverage learning for reward estimation, we acknowledge that real-world reward distributions
from LLMs may not always strictly adhere to normality. This appendix section visually explores the characteristics
of reward distributions observed in our experiments using the Nemotron reward model, providing context for our
robust updating mechanism.
Figure 7 presents an aggregated view of reward distributions, conditioned on whether the generated responses were
ultimately deemed correct or incorrect. We observe that for both categories, the empirical distributions of rewards
are reasonably approximated by a normal distribution, albeit with different means and variances. Specifically,
correct answers tend to receive higher mean rewards, but both distributions exhibit a unimodal, bell-like shape
characteristic of normality. This overall trend provides a foundational justification for employing a Gaussian-based
learning model.

Figure 7: Aggregated reward distributions from the Nemotron RM, separated for responses classified as correct (blue
histogram, blue normal fit) and incorrect (orange histogram, red normal fit). Both distributions show approximate
normality.

However, analyzing distributions at an aggregate level can mask variations in individual query-specific reward
patterns. Therefore, Figure 8 dives into specific cases to illustrate the types of reward distributions encountered
for individual prompts. The leftmost panel ("Normal Question 8") depicts a common scenario where the rewards
for multiple samples from a single prompt follow an approximately normal distribution, though the specific mean
and variance naturally differ from prompt to prompt. In contrast, the middle panel ("Non-Normal Question 3")
illustrates an occasional but important pattern: the distribution consists primarily of high-reward samples with a
few significantly lower, noisy rewards in the left tail. This type of skewed distribution, or one with outliers, can
badly influence standard posterior parameter updates. But it is precisely these instances that motivate BEACON’s
robust updating formula , which is designed to mitigate the impact of such extreme low-value outliers, thereby
maintaining a more stable and reliable estimation of the reward potential focused on the right tail. The rightmost
panel ("All Questions") shows the overall distribution of all rewards for context.
These observations support our approach: while normality is a useful working assumption for the bulk of reward
behaviors, the adaptive robust update mechanism provides resilience against deviations, particularly those caused
by uninformative low scores, ensuring BEACON remains effective across diverse and sometimes non-ideal reward
landscapes.

E.4 CASE ANALYSIS: SOLUTION DIVERSITY AND FAILURE ANALYSIS

The BEACON framework employs an adaptive stopping mechanism that dynamically adjusts the number of samples
(K) based on the expected marginal gain from additional sampling, relative to the sampling cost c and posterior
uncertainty about the reward distribution (σk). This mechanism inherently influences the diversity of generated
solution candidates, balancing exploration breadth with computational efficiency. The stopping decision is driven
by the consistency of reward model (RM) scores (reflected in σk), the quality of the current best response (zk
relative to µk), and the remaining sample budget (n− k), as governed by the Universal Index Policy (UIP).
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Figure 8: Examples of query-specific reward distributions using the Nemotron RM. Left: A typical case exhibiting
approximate normality ("Normal Question 8"). Middle: An occasional case with predominantly high rewards and
some low-value outliers ("Non-Normal Question 3"), motivating robust updates. Right: Aggregate distribution of
all rewards.

Table 7 illustrates BEACON’s behavior across diverse scenarios, highlighting how these factors affect stopping
time and sample diversity. The examples are drawn from empirical observations on benchmarks like MATH500
and AlpacaEval 2.0, with quantitative insights into failure modes.

• Easy Queries with Consistent High Rewards: For simple queries (e.g., Example 1: “What is 2 + 2?”),
initial samples {yk}k0

k=1 yield uniformly high RM scores (zk ≈ 0.95, low σk). Low posterior variance
indicates that further sampling is unlikely to improve the best response, leading BEACON to stop early
(K = 3). This results in low sample diversity, as responses are similar and high-quality. In our experiments,
approximately 20% of MATH500 queries exhibited this behavior, stopping at K ≤ 3 with σk < 0.1.

• Hard Queries with Consistent Low Rewards: For extremely difficult queries (e.g., Example 2: “Simple
proof of Fermat’s Last Theorem. . . ”), samples consistently receive low RM scores (zk ≈ −2.0, low σk).
BEACON terminates early (K = 3) due to low expected marginal gain, yielding low diversity. About 25%
of AIME24 queries showed this pattern, with early stopping when µk < −1.5. A failure mode occurs if
the RM underestimates a potentially correct response, leading to premature stopping (observed in 2% of
cases).

• Moderately Hard Queries with Improving Rewards: For queries of moderate difficulty (e.g., Example
3: “Simplify

√
242”), initial samples may be incorrect (zk ≈ −1.5), but subsequent samples improve

(zk ≈ 0.95). BEACON continues sampling to reduce σk and confirm consistency, stopping at moderate K
(e.g., K = 5). This produces medium diversity, with varied incorrect and correct responses. In MATH500,
40% of queries followed this pattern, with K = 4− 6. A failure mode arises if early incorrect samples
inflate σk, delaying stopping (observed in 5% of cases).

• Very Hard or Ambiguous Queries with Inconsistent Rewards: For complex or ambiguous queries
(e.g., Example 4: “How did US states get their names?”), RM scores vary widely (zk from -0.5 to 0.95,
high σk). High variance encourages extended sampling (K ≥ 5, approaching n), maximizing the chance
of finding a high-quality response. This results in high diversity, capturing varied response quality. In
AMC23, 25% of queries exhibited this behavior. A failure mode occurs if σk remains high due to RM
noise, leading to excessive sampling (observed in 3% of cases).

• High-Patience Configurations: When configured with low c or high n (e.g., Example 5: “Outline three
approaches to solving climate change”), BEACON extends sampling even after finding good responses
(zk ≈ 0.85− 0.92). A lower c reduces the effective cost threshold (c/σk), encouraging exploration for
potentially better or more diverse solutions. This leads to late stopping (K ≥ 6) and high diversity. In
experiments with c = 0.1, 50% of queries extended to K ≥ 8, enhancing solution variety. A failure mode
is unnecessary computation if high-quality responses are already sufficient (observed in 4% of cases).

To quantify failure modes, we analyzed 100 MATH500 queries and found that premature stopping (due to RM
miscalibration) occurred in 2–3% of cases, while excessive sampling (due to persistent high σk) occurred in 3–5%
of cases. These are mitigated by the robust updating formula, which filters outliers to stabilize σk. BEACON thus
dynamically adjusts exploration based on reward consistency (σk), response quality (zk, µk), and budget (n− k),
aligning with the trade-offs specified by c and n. This ensures efficient high-reward sample selection across query
difficulties, with failure modes addressed through robust design.
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Table 7: Examples of BEACON Behavior and Sample Diversity

Scenario Type Example Prompt S1 (Out & zk) S2 (Out & zk) S3 (Out & zk) S4 (Out & zk) S5 (Out & zk) S6 (Out & zk) Stops
(K)

Diversity

Easy / High Reward What is 2 + 2? Equals 4.
(zk ≈ 0.95)

The sum is 4.
(zk ≈ 0.98)

2+2 is 4.
(zk ≈ 0.96)

Early
(K = 3)

Low

Hard / Low Reward Simple proof of
Fermat’s Last Theo-
rem. . .

[Failed Proof 1]
(zk ≈ −2.0)

[Failed Proof 2]
(zk ≈ −2.2)

[Failed Proof 3]
(zk ≈ −1.8)

Early
(K = 3)

Low

Moderately Hard /
Improving

Simplify
√
242 Incorrect:

2
√
60.5

(zk ≈ −1.5)

Error:
√
200 +√

42
(zk ≈ −1.2)

Correct: 11
√
2

(zk ≈ 0.95)
Correct: 11 ·

√
2

(zk ≈ 0.93)
Correct:√
121 · 2 =

11
√
2

(zk ≈ 0.96)

Moderate
(K = 5)

Medium

Very Hard / Incon-
sistent

How did US states get
their names?

Brief: “Native
words, kings.”
(zk ≈ 0.1)

Partial: “VA from
Virgin Queen. . . ”
(zk ≈ 0.3)

Flawed: “All
named after
presidents.”
(zk ≈ −0.5)

Better: “Na-
tive Am. lan-
guages. . . ”
(zk ≈ 0.8)

Comprehensive
(zk ≈ 0.95)

Late
(K ≥ 5)

High

High Patience / Ex-
tended

Outline three ap-
proaches to climate
change.

Approach A
(brief)
(zk ≈ 0.6)

Approach B
(flawed)
(zk ≈ 0.5)

Approach A (de-
tailed)
(zk ≈ 0.85)

Approach B (de-
tailed)
(zk ≈ 0.88)

Approach C (de-
tailed)
(zk ≈ 0.90)

Approach D
(zk ≈ 0.92)

Late
(K ≥ 6)

High

Note: Si denotes Sample i. zk values are illustrative, based on Nemotron RM scores.
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