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ABSTRACT

We consider L-directional associative memories, composed of L Hopfield net-
works, displaying imitative Hebbian intra-network interactions and anti-imitative
Hebbian inter-network interactions, where couplings are built over a set of hidden
binary patterns. We evaluate the model’s performance in reconstructing the whole
set of hidden binary patterns when provided with mixtures of noisy versions of
these patterns. Our numerical results demonstrate the model’s high effectiveness
in the reconstruction task for structureless and structured datasets.

1 INTRODUCTION AND RELATED WORKS

The Hopfield model (Hopfield, [1982) is a cornerstone in the investigation of artificial neural net-
works, the main reason for such an importance lying in the crucial intuition that functionalities of
artificial neural networks can be framed, from a physical point of view, as emerging collective prop-
erties much as like the thermodynamic properties of particle systems. Since its introduction, and
especially after the solution by Amit, Gutfreund and Sompolinsky (Amit et al.,|1987), the Hopfield
model — and related models of associative memory — has attracted a continuously growing attention
and today we have a clear picture of its working principles, including issues that may impair its
pattern-reconstruction functionalities. Among these, spurious attractors have been examined in de-
tail and several modifications have been proposed in order to reduce their attractiveness, retaining the
pairwise interaction structure between the units (e.g., Dotsenko et al.|(1991); |Fachechi et al.| (2019))
or extending the interaction order as in the dense associative memories (e.g., Krotov & Hopfield:
(2016)).

Remarkably, in recent years, pattern reconstruction and variations on the theme of the Hopfield
model have gained broad significance and found applications in various fields. For instance, from a
purely numerical perspective, they have been employed in matrix (and possibly tensor) factorization
through decimation schemes (see, for example, (Camilli & Mézard, [2023) and references therein).
Further, autonomous pattern reconstruction has today become one of the key aspects in modern
Machine Learning theory, as it allows to shed light on the ability of neural networks to extract
patterns from set of data and enable feature learning (Bengio et al., 2012} |Aiudi et al.,[2025)), as well
as investigating generalization in simplified settings (Negri et al., 2023} [Kalaj et al., [2024; |Agliari
et al., [2024).

In this work, we explore the possibility to reconstruct binary hidden patterns by means of L-
directional associative memories, assuming that the Hebb coupling matrix built on these patterns
is given, along with additional information in terms of mixtures of corrupted versions of the same
hidden patterns. We present numerical results across various settings, demonstrating strong perfor-
mance for both structureless and structured datasets.
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2 THE MODEL: L-DIRECTIONAL ASSOCIATIVE MEMORY

The L-directional generalization of the Hopfield model proposed in |Agliari et al| (2025) is an
energy-based model made up of an assembly of L Hopfield networks, each referred to as a
layer, whose neuronal configurations are denoted as 0% € {—1,+1}" with a = 1,...,L. The
model exhibits both intra- and inter-layer interactions. Specifically, given a realization of patterns
& € {—1,+1}N, with p = 1,..., K, the energy function reads as £ = —N Zibzl ga_yg,m;jmﬁ,

where mj, = N -1 Zfil o is the overlap between the a-th layer configuration and the yi-th pat-
tern, while g, p is chosen in such a way that g, , = 1 —hence reproducing the usual Hopfield energy
function within each layer —and g,,, = —A for a # b, with A € R being a tunable hyper-parameter
— hence discouraging the retrieval of the same pattern by different layers. As shown in Agliari et al.
(2025) focusing on the case L = 3, this network is able to disentangle mixtures of patterns, like
the notorious spurious states © = sgn(Zf:1 £"), in a wide region of the parameter space, that is,
by supplying x as input configuration on each layer, the system can relax to the target configuration
(ot 0%, 03) = (£, €2, €3), or any suitable permutation that ensures the retrieval of each single pat-
tern in the original mixtureﬁ However, it was also noticed that the energy function is invariant under
a global spin-flip of all layers, but it is not invariant if layer configurations are reversed individually,
namely 0% — —o® for some a = 1,...,L. As a consequence, beyond the target configuration
(o', 02, ...,al) = (£',€2%,.. ., ¢L), also configurations such as (¢1,..., —¢€Y, ... &) can exhibit
strong attractive power for the neural dynamics, thus impairing the disentangling capabilities of the
model. One way to prevent these undesired attractors and reduce their attraction basins, is to break
the quadratic nature of the energy function by considering the square of inter-layer contributions in
the energy function. Also, an external field h® (modulated by a field strength H) driving the dy-
namics during evolution can be applied on each layer. Putting all pieces together and denoting with
o the overall configuration of the composite network, the resulting energy function reads:

L K L K L N
Eng(o)=-N>_ > (m&)>+Nx > (O mimb)>—H> Y hict. (1)

a=1p=1 a#b=1 p=1 a=11i=1

This energy function results in a larger portion of the parameter space where the system successfully
disentangle spurious states (Agliari et al.;|2025)). In the present paper, we show that this model can be
employed even for more challenging tasks, as detailed in the following section. Before proceeding,
we explicit the neuronal dynamics applied to the system: allowing for the presence of stochastic
noise, tuned by the thermal parameter 5 € R, the neuronal configuration is synchronously updated
as

o?(t + 1) = sgn[tanh(Bh*(t)) + u®(t)], 2)

with ¢ being the discrete time, u®(t) ~ U([—1,+1]") i.i.d. providing the source of noise, and h¢
being the net field acting on the spin ¢ in the a-th layer. This can be expressed as

h(t) = R (t) + > h7(t) + Hh". 3)
b#a

where, denoting with J = N~1£¢£7 the Hebbian matrix, h(¢*=)(t) = J - ¢%(t) and h(*7%) =
— MR8 (1) (a(t) - h(e9)(t)) are, respectively, the intra- and inter-layer internal fields at time ¢,
acting on the layer a.

3 TASKS AND RESULTS: MULTI-CHANNEL PATTERN RECONSTRUCTION

Given the ability of the model (1) to disentangle spurious states, it is worth investigating whether it
can reconstruct patterns also from more general combinations. Specifically, we provide the model

with a fixed number m of inputs of the form =7 = sgn(Zle cygt), with ¢} for p = 1,..., K

'The scheme here adopted can be interpreted as a parametric algorithm to achieve Independent Component
Analysis (ICA) where data are available in a random feature setting (Negri et al.| 2023} |Kalaj et al.l 2024).
Notice, however, that the proposed scheme only gives the source vectors (the hidden patterns) involved in the
mixture combinations but not the associated coefficients, whose determination requires additional procedures.
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and v = 1,...,m to be particularized according to the setting ﬂ Next, we run the dynamics
and check whether the final conﬁguratiorﬁ = {&',...,a"} has reached the target configuration
(€1, ..., &%), or any proper permutation. We emphasize that, in fact, there is no guarantee that
the system relaxes to a disentangled representation of the inputs; thus, we should include specific
quality checks for candidate reconstructed patterns. Remarkably, since the patterns {£} fle are not
available, a direct comparison between o and £ is not feasible and, as explained in the following,
these checks leverage the algebraic properties of a suitable transformation of J.

Let us start with the following setting: assume that the ground patterns are Rademacher, namely
each entry is extracted as P(¢! = +1) =1/2foralli =1,..., N and 4 = 1,..., K, and hidden,
while we have access to the mixtures 7, v = 1, ..., m as defined above with ¢, ~ N(0,1) i.i.d. for
w=1,..,K and v = 1,...,m. For each combination -, we set h®* = " foralla = 1,..., L and
let the system evolve under neural dynamics (2), whence we collect the L - m final configurations
{&l}l’::"{ as candidate reconstructed pattern; clearly, if we want to recover the whole set of hidden
patterns we need Lm > K. At this point, we notice that: 7) there could be duplicate candidates, i.e.
configurations in {&!}2™ with high mutual overlap, and ii) configurations stacked in some spurious

state. To address point i), we compute the mutual overlap g, = N1 Zil 656{-", and discard
duplicates if ¢, > 0.5 (a sufficiently high threshold for the random pattern setting). Regarding the
point i7), we recall that the true patterns £* are eigenvectors (with a degenerate eigenvalue 1) of the
pseudo-inverse coupling matrix .J§ = N~ Zivj Z,LW:1 e e, with )y, = N1 Zf\; glrey
being the pattern correlation matrix (Kohonen & Ruohonen, [1973; |Personnaz et al.| |1985; [Kanter
& Sompolinsky, (1987). We can obtain the latter coupling matrix as fixed point of the iterative
algorithm (Fachechi et al.,[2019)

€

Jp — J?
1+ek( k i)

Jpt1=Jp +

with ¢ < (|[C|| — 1)~! being the unlearning strength and the initial condition being Hebb’s matrix:
Jo = J. Thus, in order to solve 4i) and discard spurious states, we require ' J ¥ &' /N > 0.8.

Out of the mL collected final configurations, we now select those that fulfill the last inequality and
are distinct as prescribed in point 7). The items of this subset are denoted as &5, £ = 1,..., K to
emphasize that they provide a reconstruction of the hidden patterns; the cardinality K represents
the number of the reconstructed hidden patterns. We stress that this outcome is reached by simply
exploiting the knowledge of the Hebbian matrix and the set of m mixtures. Finally, to assess the
quality of the reconstruction achieved by Ef% we compute the quantity m, = max, [N ’1£é - E].
Based on this procedure, we performed extensive Monte Carlo simulations and evaluated the expec-
tation of K and the quality of reconstruction N~ '€g - €. The results of the algorithm described
here are presented in Fig. In the left plot, we report the average number K of reconstructed
patterns as a function of the number of channels L for various values of K; clearly, the higher the
complexity of the machine, the more effective the pattern extraction. In particular, as the number
of patterns K to be extracted increases, the complexity required to successfully accomplish the task
also rises. This is evident from the inset of the same plot, reporting the fractions of reconstructed
patterns as a function of K for L = 3,10. In any case, the individual quality of the reconstructed
patterns is high and slightly improves by increasing L, as shown by the histograms on the right.

In the second setting we address a more realistic situation, where the accessible mixtures of hidden
patterns are replaced by mixtures of noisy versions of the hidden patterns, referred to as examples.
These are denoted as {f“’A}f_ﬁl, with 4 labeling the class and A distinguishing different items
associated to the same pattern. Moreover, in the unsupervised scenario there is no a priori distinc-
tion of the examples in classes, that is, the label y is unknown. To mimic this setting, we produce a
synthetic dataset in the following way: first, extract the (hidden) patterns £* as before, then we gen-
erate the examples by applying a multiplicative Bernoulli noise with quality parameter r € (0, 1),

The application ¢ — 2] = sgn(foz1 c&l) can be interpreted as a (non-linear) random mapping of
the K -dimensional vectors &; onto a space with dimension m, or, equivalently, as the response of a perceptron
with K inputs and m outputs, with the spin index ¢ labeling data points.

3This is reached after a time ¢ long enough to ensure the stationarity of the temporal average of the overlaps
my, over a sufficiently wide time window.
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Figure 1: Summary of results for pattern reconstruction by general combinations sgn(c”€). In
the left plot, we present the average number of reconstructed patterns as a function of L for var-
ious values of K. For K = 10,20, we reported the results starting with m = 10, 20, 30, 40, 50
combinations shown by different symbols (as they lead to the same values of Kz symbols are col-
lapsed), while for K > 30 only the results for m = 50 are shown. In the inset of the same plot,
we reported the fraction of reconstructed patterns as a function of K for L = 3 (low-complexity
machine) and L = 10 (high-complexity scenario). The dashed lines represents a fit of the form
Kr = K/[1+ exp(:(Kgr — K.))]. In particular, for L = 3 we have K, ~ 50, while for L = 10
the critical number of patterns is K. ~ 65. The numerical results are averaged over 10 different
realizations of the patterns £* and the matrix c. In the right plots, we present the aggregated results
for the overlap between reconstructed patterns and the hidden ones: the histograms are realized by
collecting all the results with fixed L = 3 and L = 10 (that is, for all the values of K and m). The
network size is fixed to N = 2000, while 5 =2, A = 0.2, H = 0.1.

specifically /' A = Xf’A #, with P(x* A= 41) = %ﬂﬂ Taking a mini-batch of size n at random
from the dataset, we can construct combinations of the form x; = sgn(zzzl ff pf ) mixing exam-
ples in different classes (thus, in this setting, the coefficients cv’ 4 are 1 if the corresponding item lies
in the mini-batch, O otherwise). For large enough n, we would also have a large number of examples

belonging to the same class, so that (denoting with n,, the multinomial random variable representing
the number of examples belonging to the class p in a specific mini-batch) by virtue of the central

limit theorem Y70, £Ar = gl 3700 Al Ao p2eh(1 4 V0,7 ), with z{' normally distributed

and p, = (1 —7?)/(n,r?). Thus, in this regime, we get sgn(>_"_, gf’“A”) ~ sgn(>on_; &),
resulting again in a spurious combination of patterns. We use configurations of the form 7 (where
now +y labels the m different realizations of the mini-batch) as input configurations for the model in
(I) and reconstruct patterns with the same procedure as before. Our findings are reported in Fig. [2]
Again, high-complexity machines have better extraction capabilities. Notably, in all situations the
extraction procedure appears to be very robust w.r.t. to intrinsic noise in the dataset (even for high
values of the mini-batch entropy p), as clearly shown by the weak dependence on r of the fraction
Kgr/K. In fact, as explained above, employing combinations of data points filters out the intrinsic
noise, with these states being — at finite r — almost indistinguishable from usual spurious configura-
tions of patterns. Therefore, the machine is expected to work nicely for the task under consideration.

As a last experiment, we test the procedure on a structured (but still simple) dataset. We take as
patterns a synthetic realizations of the first 4 digits, we realize the dataset again with multiplicative

. . A . .. .
noise, and consider vectors x] = sgn(zzz1 ¢7°?) built by m mini-batches of size n. Then,
we perform the pattern extraction procedureﬂ As we have shown in the previous experiment, the

“The role of the parameter  as the quality of the dataset is clear since, for r = 1, the examples are perfect
copies of the hidden pattern, while for » = 0 examples are just random vectors carrying no information about
the hidden patterns.

3Since, in the structured dataset, intrinsic features would have a higher mutual correlation w.r.t. the random
case, we relax the eligibility condition of final configurations by considering duplicates two states with mutual
overlap q;x > 0.9. The “almost eigenvectors” criterion for the Kohonen kernel is left unchanged.
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Figure 2: Summary of the results for pattern reconstruction with unsupervised combinations of
examples. The left plot shows the dependence on the dataset quality  of the fraction of reconstructed
patterns (here, K = 50) for different complexity of the machines: L = 3,6,10. The horizontal
dashed lines stand for the asymptotic values of Kr/K at r = 1. The results are averaged over
10 different realizations of the patterns and the associated dataset. On the right side, we reported
the histograms of the overlap of reconstructed patterns with the true ones. The combinatinations of
examples are m = 50, the number of training examples (the mini-batches used to generate them) is
fixed to n = 25, the number of examples per class is M = 500. The network size is N = 2000,
while 6 =2, A =0.2, H =0.1.

pattern reconstruction procedure is robust against data noise. In the case under consideration, the
dataset is indeed generated with very poor quality (» = 0.2). The final results are reported in Fig.
Bl Even starting with visually unrecognizable samples, taking spurious combinations of examples
filters out the noise, so that the system is able to effectively reconstruct the hidden patterns. The
averalge quality of overlap between the reconstructed patterns and the true ones is very high, that is
(N~€R - &) ~0.98.

Patterns Examples Inputs Reconstructed

Figure 3: Summary of results for the pattern reconstruction by unsupervised structured examples.
In the left block, we report the hidden patterns we want to reconstruct, starting from a very noisy
dataset (r = 0.2) a sample of which is presented in the second block from the left. The number of
examples per class is M = 5000, from which we generate m = 50 different mini-batches of size
n = 10, which are used to generate the input configurations. In the right column, we reported the
results of the pattern reconstruction. The network size is N = 3016 (images have size 58 x 52), the
parameters are § = 4, A\ = 0.2, H = 0.05 and L = 4.

4 CONCLUSIONS

We presented a procedure to reconstruct hidden patterns starting from partial information, namely
Hebb’s coupling matrix and additional information in terms of spurious combinations of the pat-
terns. We extensively used the L-direction associative memories, allowing for a parallel retrieval
of the patterns by disentangling such spurious states. We analyze the procedure in three settings,
namely random patterns, synthetic and structured noisy datasets, always leading to high-quality re-
construction of the hidden features. We intend to deepen the results here reported in order to extend
the possibility to known higher-order spatial moments of the patterns by suitably modifying the
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energy function (for instance, adding dense contributions) as well as hyper-parameter fine-tuning
(possibly by means of a statistical-mechanical approach), and applying the procedure to realistic
datasets.
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A DETAILS ON NUMERICAL COMPUTATIONS

Experiments are conducted by initializing each layer with a generic spurious observation x”, and
then evolving the system according to the dynamics described in Eq. [2] using a parallel update
scheme (i.e., all neurons across the entire network are updated simultaneously). The dynamics are
run for a sufficiently long time to ensure thermalization toward a fixed point. Unless otherwise
specified, the total number of parallel updates is set to 5000. Numerical simulations were performed
using TensorFlow 2.11 with CUDA Toolkit 11.7 and cuDNN 8.5, on an NVIDIA GeForce RTX
4070 Ti GPU.

B  SENSITIVITY TO HYPERPARAMETERS ON RECONSTRUCTION
PERFORMANCES

In this appendix, we explore how the model’s reconstruction capabilities depend on the control
parameters. We take a numerical approach, as a full theoretical understanding of the reconstruction
regimes across the hyperparameter space would require a statistical mechanical analysis—this lies
beyond the scope of the present work. For simplicity, we focus on the first setting, where the
available information consists of spurious combinations of patterns, and the control parameters are
B, A, and H. To reduce the computational cost of exploring a three-dimensional hyperparameter
space, we analyze two-dimensional sections by fixing one hyperparameter and varying the other
two over a range of reasonable values. The results of this analysis are presented in Fig. [d] First,
note that successful disentanglement of spurious pattern combinations requires the temperature to
be not too high — thus avoiding an ergodic behavior —but still sufficiently high to allow the model to
explore the energy minima landscape. We start by fixing 5 = 2 and vary A and H. In the left plot,
we see that, for the given level of thermal noise, the behavior of the reconstruction capabilities in A
is crucially dependent on H. In particular, for a low external field (/ = 0.1), good reconstruction
is achieved across a broad range of A values (A = 0.05 + 0.4). This suggests that at 8 = 2 and
H = 0.1 the model is relatively robust to variations in A\. A similar analysis can be carried out by
fixing A = 0.2 and varying H across different values of 3. As  increases, the range of H values
that yield good reconstruction performance becomes narrower and shifts toward lower values. This
observation further supports the choice of 3 = 2 as a balanced setting for effective reconstruction.
Finally, in the right plot, we perform a consistency check on the choice of temperature by fixing
A = 0.2 and varying both H and §. In all cases, the highest reconstruction performance is observed
at § = 2. Our chosen setting — $ = 2, A = 0.2, and H = 0.1 — lies well within this favorable
region. Naturally, a similar type of analysis can be carried out in the case of noisy realizations of
structured patterns, which motivates the different parameter choices adopted in the third experiment.

C THE ACCEPTANCE CRITERION

As previously mentioned in the main text, the acceptance criterion for a reconstructed pattern in-
volves a two-step verification process. First, we ensure that the final configurations of each layer
exhibit low mutual overlap. This step eliminates potential duplicates in the final sample. Second,
we verify that ' J%&!/N > 0.8, where J¥ denotes the pseudo-inverse coupling matrix. This
condition serves to filter out failed reconstructions resulting from relaxation towards spurious states.
In this appendix, we further elaborate the effectiveness of the second step. Indeed, for any pattern
&", we have that

N N

K K K
SIS =Y § B e = Y 60 = Y e = &
v=1

j=1 j=1"" vp=1 v,p=1

Thus, the eigenspace associated with the eigenvalue 1 of the pseudo-inverse coupling matrix is K-
dimensional and consists solely of linear combinations of the true patterns. Spurious states are
thus excluded from this eigenspace due to the non-linearity of the sign function. Furthermore, by
multiplying both sides of the equation by £!" and summing over the index 7, we have

N N
Yol =3 (e’ =N
i,j=1 i=1
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Figure 4: Sensitivity of the model’s reconstruction capabilities to hyperparameters. In the three
plots, we explore sections of the hyperparameter space by computing the fraction of reconstructed
patterns, K r/K, while fixing one hyperparameter and varying the other two. In the left plot, we fix
£ = 2 and analyze the dependence of K'r/K on A for various values of H. In the center plot, we fix
A = 0.2 and examine how the reconstruction performance varies with H for different values of 5.
Finally, in the right plot, we report the dependence of Kr/K on (3, fixing A = 0.2 and varying the
external field H. The shaded regions represent intervals of width two standard deviations centered
around the mean. Results are averaged over 20 independent realizations of the patterns. The network
size is N = 1000, the number of patterns is KX = 10, and the number of layers is L = 3.

Therefore, the condition &'J%¥&!/N = 1 would ideally fulfill the desired acceptance criterion.
However, in practice, this is rarely achieved due to two main reasons: i) the candidate configurations
&' are, at best, stochastic realizations of the underlying patterns, meaning that a finite fraction of
bits may be misaligned with the corresponding true pattern; and ii) the pseudo-inverse matrix J*
is itself obtained through an iterative algorithm, which may introduce numerical approximations or
deviations from the exact theoretical construction. Thus, we need to relax the acceptance criterion
allowing for states with &'.JX &' /N above a sufficiently high threshold. Here, this threshold is fixed
to 0.8. In Fig. [5|we give numerical results supporting the validity of our criterion.

In the left column, we display histograms of the overlap %EJ - € between the candidate configu-
rations and the hidden patterns. Specifically, the blue histogram corresponds to configurations that
satisfy the acceptance criterion, while the yellow histogram represents those that violate the condi-
tion 7' JK&! /N > 0.8. Asis clear, this criterion generally succeeds in filtering out states that result
from the system thermalizing into spurious combinations of the patterns. For sufficiently low values
of K, a fraction of the configurations &' satisfy the acceptance criterion, and all of these exhibit
a high overlap with the hidden patterns. In contrast, the rejected configurations typically show an
overlap %6’l - € < 0.5, consistently with the expectation that they correspond to spurious pattern
combinations. In the inset, we also report a normalized confusion matrix supporting the validity of
the criterion. The structure of this matrix is the following:

TP FP
_ TP+FP TP+FP
r—( SFP T )
TN+FN TN+FN

where true positives (TP) refer to configurations &' that satisfy the acceptance criterion and exhibit
a high overlap with the patterns (e.g., %6’1 - & > 0.8). False positives (FP) are those configura-
tions that are accepted by the criterion but have low correlation with the ground-truth patterns (i.e.,
1 ,l . . . . .
~0' - & < 0.8). Conversely, true negatives (TN) are configurations rejected by the criterion that
indeed show low overlap, while false negatives (FN) are those that are incorrectly rejected despite
exhibiting high overlap with the patterns. Although these FN cases are discarded, they do not sig-
nificantly affect the overall reconstruction performance of the model. Since the fraction of true
positive and true negative states is close to 1, we conclude that the acceptance criterion effectively
distinguishes between accurate reconstructions and spurious combinations of the hidden patterns.
As expected, increasing K leads to a larger fraction of states failing the sanity check: in this regime,
pattern retrieval becomes significantly more challenging, and the reconstruction process tends to
break down. This behavior is illustrated in the right-hand plot, where we show the fraction of re-
jected configurations as a function of « = K/N for L = 3,5, 10, along with the corresponding
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Figure 5: Effectiveness of the acceptance criterion. In the left column, we compare the fractions of
the accepted final configurations (blue histogram) w.r.t. the discarded ones (yellow histogram) as a
function of their overlap with the hidden patterns. For L = 3 and low K = 30 (upper left plot), the
acceptance criterion is able to distinguish between reconstructed truths and their spurious combina-
tions, and the effectiveness is high (see the confusion matrix in the inset plot). For higher values of
K (upper right), the thermalization of the systems more likely ends up in spurious configurations,
which are rejected in bulk, resulting in a loss of reconstruction power. In the right plot, we report
the fraction of rejected configurations as a function of « for L = 3 (blue), 5 (yellow) and 10 (green).
For the sake of completeness, in dashed lines we also reported the associated results for the average
fraction of reconstructed patterns. The size of the network is NV = 1000, the parameters are 8 = 2,
A = 0.2 and H = 0.1, the number of spurious observation is m = 50. Results are averaged over 20
different realizations of the hidden patterns.

average reconstruction performance Kr/K (shown as dashed lines). As the information load «
increases, the likelihood that the system thermalizes into spurious states also grows, compromising
the model’s reconstruction accuracy. However, increasing the number of layers L improves the ac-
ceptance rate, thereby enhancing the ability to retrieve patterns even under higher storage demands.
Investigating the optimal scaling relations between the hyperparameters, the number of layers, and
the storage capacity is a crucial aspect of this framework. However, a thorough analysis of this
problem within a statistical mechanical perspective is beyond the scope of the present work and will
be addressed in future studies.

D FINITE-SIZE SCALING

As a final point, we examine the robustness of the model’s reconstruction capabilities with respect
to the individual layer size N. To ensure a fair comparison, networks of different sizes must operate
under equivalent conditions. First, the number of stored patterns should scale with IV, i.e., K = aN.
However, increasing K while keeping m fixed significantly reduces the probability of successfully
reconstructing all patterns; in other words, also m should scale with N. To estimate this scaling, we
considered a related problem. Suppose we have a collection of K objects, from which we uniformly
sample a subset of L elements in each experiment (i.e., each object is selected with probability
1/K). We repeat this experiment m times, replacing the extracted elements after each trial. Our
goal is to compute the probability that all K patterns are observed at least once across the m trials.
Consider a fixed element, say i = 1. The probability that it is not selected in a single trial is
approximately (1 — 1/K)* ~ 1 — L/K, assuming K is large. Therefore, the probability that this
element is never observed over m independent repetitions is (1 — L/K)™. From this, we can say
that, for K large enough, the probability that at least one of the K elements is never observed across
all trials is approximately ~ K (1 — L/K)™. Since this is the complementary event to the one we
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Figure 6: Finite-size scaling w.r.t. the layer size. The plot show the results of reconstruction capa-
bilities for varying layer size N and L = 3, 10. Results are averaged over 20 different realizations
of the patterns. The model parameters are S = 2, A = 0.2, H = 0.1. The number of observation is
fixed to m = 2myin (K). The number of dynamics updates of each network is fixed to 5 - V.

are interested in, we can conclude that the probability of extracting all of the patterns at least once
is approximately
L\m

P&, ... €5 observed) = 1 — K(l - ?) .
This represents an ideal scenario for our setting, in which each layer extracts exactly L distinct pat-
terns at each step, without generating duplicates or failing to reconstruct any ground-truth. To ensure
a high probability of observing all K patterns, we impose the condition P(¢&1, ..., &¥ observed) =
1—e with € being the tolerance against failed experiments. Thus, we can thus set K(1 — L/K)™ = ¢
so that, expanding at the leading contribution in K, we get

In our experiments, we fix &« = 0.01, ¢ = 0.01 and m = 2, (K). The results of the finite-
size scaling analysis are reported in Fig. [f]for 5 = 2, A = 0.2 and H = 0.1, with L = 3,10. As
evident from the plot, apart from the lower performance observed at small NV — which lies outside the
regime where the scaling approximation holds — the reconstruction capabilities remain consistently
high. Moreover, they are robust with respect to both the layer size N and the number of layers L.
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