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Abstract

Transformers have recently revolutionized many domains in modern machine
learning and one salient discovery is their remarkable in-context learning capability,
where models can solve an unseen task by utilizing task-specific prompts without
further parameters fine-tuning. This also inspired recent theoretical studies aiming
to understand the in-context learning mechanism of transformers, which however
focused only on linear transformers. In this work, we take the first step toward
studying the learning dynamics of a one-layer transformer with softmax attention
trained via gradient descent in order to in-context learn linear function classes. We
consider a structured data model, where each token is randomly sampled from
a set of feature vectors in either balanced or imbalanced fashion. For data with
balanced features, we establish the finite-time convergence guarantee with near-
zero prediction error by navigating our analysis over two phases of the training
dynamics of the attention map. More notably, for data with imbalanced features,
we show that the learning dynamics take a stage-wise convergence process, where
the transformer first converges to a near-zero prediction error for the query tokens
of dominant features, and then converges later to a near-zero prediction error for the
query tokens of under-represented features, respectively via one and four training
phases. Our proof features new techniques for analyzing the competing strengths
of two types of attention weights, the change of which determines different phases.

1 Introduction

Transformers [32] have emerged as the foundational architectures in various domains, including
natural language processing [12, 29], computer vision [14, 18], reinforcement learning [8, 20], and
so on. Recently, large language models (LLMs) based on transformers have exhibited remarkable
in-context learning capabilities, where the model can solve a new task solely through inference based
on prompts of the task without further fine-tuning [7].

Such striking abilities have inspired a recent line of research to understand the underlying mechanisms
of in-context learning from various aspects [15, 28, 35, 33, 37]. Among these studies, the pioneering
work of [15] empirically studied in-context learning via an interpretable framework, highlighting
the capacity of transformers to acquire in-context knowledge of linear and some more complex
function classes. Specifically, they showed that an in-context trained model over a function class
F can accurately predict the function value f (Zquery) of a new query token zquery for most f € F
by using a prompt sequence including in-context input-label pairs along with the query token

(@1, f(x1),. 2N, f(TN) s Tquery)-

Built on this theoretically amenable setting, many follow-up works explored theoretical properties
of in-context learning of transformers from different perspectives such as expressive power [3, 16],
generalization [26], internal mechanisms [33, 6], etc. Specially, a few recent studies [38, 27, 1]
made interesting progress towards understanding the training dynamics of transformers for in-context
learning'. However, those studies focused only on ‘linear’ transformers, and does not capture the

"More detailed discussions for related work can be found in Appendix B.
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crucial role of the ‘softmax’ mapping, which lies in the core design of transformers to be advantageous
over other network architectures. Therefore, the following fundamental problem still remains largely
open:

How do softmax-based transformers trained via gradient descent learn in-context?

This paper takes the first step toward addressing this problem by investigating the learning dynamics
of a single-layer transformer with softmax attention trained by gradient descent (GD) for in-context
learning. We focus on the setting with training prompts generated from linear regression models as
in [15], and with structured input data, where each token is randomly selected from a set of feature
vectors {vy, 1, with probability {px} |, respectively. We then train the transformer over the
squared loss of prediction error using GD. We study the training dynamics under both balanced and
imbalanced feature distributions, and characterize the in-context learning ability for both settings. We
highlight our contributions as follows.

* We first establish the convergence guarantee for the setting with balanced features, where p;, =
@(%) for each k € [K], and characterize the training evolution of the attention map into a two-
phase dynamic process. In the first phase, for each k € [K], the parameters of the self-attention
module undergo fast growth, aligning the query token featuring v; with input tokens featuring
vy, rapidly disregarding other feature directions. In the second phase, the loss of prediction error
converges to a near-minimum value.

* We then prove the convergence for the setting with imbalanced features, where one feature dom-
inates, say vy with p; = ©(1), while others are under-represented with p;, = @(%) fork > 1,
which serves as a remarkable showcase of the in-context learning capabilities of transformers. We
demonstrate that the learning dynamics display a stage-wise convergence process. Initially, the
transformer quickly attains near-zero prediction error for the query tokens of dominant features,
and then converges to near-zero prediction error for the query tokens of under-represented features,
irrespective of their infrequent occurrence, through one and four phases, respectively.

* Our analysis hinges on a novel proof technique that characterizes the softmax attention dynamics
via the interplay between two types of bilinear attention weights: ‘weight of query token and its
target feature’ and ‘weight of query token and off-target features’. Which weight plays a dominant
role in the attention dynamics can change over the learning process, resulting in different training
phases. Our analysis tools may be of independent interest and hold the potential to study various
other problems involving transformer architectures.

Notations. We let [K] := {1,2,..., K'}. We use capital letters for matrices (e.g., A), and lowercase
letters for vectors and scalars (e.g., a). For a general matrix A, we use A; to represent the i-th column
of A and A;.; to indicate a collection of columns spanning from i to j. We use 1{-} to denote the
indicator function. We use O(K), Q(K), and ©(K) to omit universal constants concerning the
variable K.

2 Problem Setup

In this section, we present our problem formulations, including the in-context learning framework,
one-layer transformer architecture, and the training settings we consider in this paper.

2.1 In-Context Learning Framework

We adopt the well-established in-context learning framework as given in [15]. The objective is to
enable the training of models capable of in-context learning within a specified function class 7, where
the functions and input data are sampled respectively by the distributions D x and D . Specifically,
the process is initiated by generating random training prompts as follows. For each prompt, we first
sample a random function f from the class according to the distribution Dx. We then create a set of
random inputs 21, ..., 2N and qUery Tquery , all drawn independently by D x. Finally, we compute
the value of function f on these inputs to construct the prompt P = (21,¥1,..., TN, YN, a:query),
where y; = f(z;). The goal for an in-context learner is to use the prompt to form a prediction
Y (Tquery) for the query such that i (Zquery) ~ f (Zquery)-

Task Distribution. In this work, our focus is on the task of linear functions defined as F =
{f: X >R f(z) = (w,x) withw € R, X C R?}, which is widely adopted in recent studies for
in-context learning [1, 38, 27]. For each prompt, the task-specific weight w is independently drawn
from a task distribution D¢, with zero mean and identity covariance matrix Iy 4.



Data Distribution. To specify the data distribution Dy, we consider a set of distinct features
{vp €RY k =1,..., K}, where all features are orthonormal vectors. Each data point z is sampled
from the feature set with the probability pj, for sampling vy, where py € (0,1) for k € [K] and
Dok e[k Pk = 1. Such a data model has been widely employed in the theoretical studies of deep

learning, including ensemble methods [4], multi-modal learning [19], vision transformers [25], etc.

2.2 One-Layer Transformer Architecture

To present the one-layer transformer model we consider in this work, we first introduce the self-
attention mechanism [5, 32] for the transformer model.

Definition 2.1 (Self-Attention (SA) Mechanism). A self-attention layer [5, 32] in the single-head
case with width d,, consists of the following components: a key matrix W € R * % a query matrix
Wg € R*de and a value matrix Wy € R >4, Given a prompt P of length NV, let E € R%e* 4~
be an embedding matrix of the prompt P, and the self-attention mechanism will output:

Fyp (Bs WX, WO W) =WV E - softmax (W¥E) " WOE), (1

where the softmax(-) function is applied column-wisely, i.e., for a vector input z, the i-th entry of
softmax(z) is given by e* / >~ e*.

Embeddings. For in-context learning, given a prompt P = (z1,y1,...,ZN, YN, Tquery ), @ Datural

token embedding is to stack z; € R< and 1; into the first NV columns. The final column consists of
Tquery € R and 0. Formally,

E—E(P) = ( L1 X2 - N Tquery ) c REHDX(N+1).
Y1 Y2 - YN 0

Therefore, dy = N + 1 and d. = d + 1 in the above embedding. Let us further denote the first

d rows of E as E*(P) € R™(N+1) and the last row of F as EY(P) € R™>(V+1_ Then we write

E(P) ={E*(P), EY(P)}. We omit the dependency on P for E(P), E*(P) and E*(P) when there

is no ambiguity.

We next instantiate additional operations and certain parameter settings based on the general SA mech-
anism (1) for our one-layer transformer model to mitigate unnecessary complications in theoretical
analysis while keeping the most critical component of the SA mechanism.

Masking. Let M (-) denote the masking operation, which masks (removes) the last column of the
entry matrix. In other words, for a given matrix A € RUTDXWN+1 A1 (A) yields Ap,y € REHDXN,
We will first mask the embedding matrix E before its multiplication with the key matrix W% and the
value matrix WV, which results in WX M (E) and WY M (E), in order to prevent the query token
from attending to itself. This approach has been commonly taken in previous works [31, 27, 33, 24].

Reparameterization. We consolidate the query and key matrices into one matrix denoted as
WEQ ¢ Rld+1)x(d+1) ' often taken in recent theoretical frameworks [38, 21, 31]. Furthermore, we
consider WV and W@ in the following specific forms:
v _ ( Oixa Oqg ko _ [ @ 04

v () e (6 v ) @
where v € R and Q € R%*?. The above structures of W" and WX are inspired by the recent
study [38], which showed that such structured matrices achieve the global optimum in the linear
SA model. Furthermore, we set v = 1 (where v is the only parameter in W"") and do not update it
during the training. With the aforementioned masking operations and reparameterization, the overall
transformer model consisting of a single SA layer can be recast in the parameterization of § = {1, @}
as follows:

Foa (B3 0) = M(EY) - softmax (M(Em)TQEI) . 3)

Such a reparameterization separates the label EY from the softmax operator while maintaining
simultaneous processing of both input £* and label EY information. The prediction for the token
Zquery Will be the last entry of Fgu, namely,

@\query = @\query(E; 9) = [FSA(E; 9)](N+1) .

Henceforth, we may omit the reference to £ and 6, and use Yguery if it is not ambiguous. Our specific
parameterization nearly does not lose optimality, see Appendix C.



2.3 Training Settings

Loss Function. To train the transformer model Fs over linear regression tasks, we minimize the
following squared loss of the prediction error, which has also been taken by [38, 1]:

1 ~ 2
L(0) = §Ew~DQ,{mZ}§\LIU{mquery}~D§+1 [(yquery = (W,  query )) )

where the expectation is taken with respect to the prompt P including input and query tokens

{2}, U {Zquery } and the weight vector w. In the following, we omit subscripts of the expectation
to simplify the notation.

Training Algorithm. The above learning objective in eq. (4) is minimized via GD with the learning
rate 7). Att = 0, we initialize Q(*) as zero matrix 04y 4. The parameter is updated as follows:

9D = 9 _ Ve L(6W).
3 Main Results

In this section, we characterize the convergence of in-context learning by GD for the settings with
balanced and imbalanced features, respectively.

To measure the degree to which the query token Zqury attends to the specific input token and to a
certain class of features, we define the following notions of the attention scores.

Definition 3.1 (Attention Score). Given a prompt P = (21,91, -+ , TN, YN, xquery) and its embed-
ding F, at time ¢, for Fsa with parameter (*), we define the following attention scores:

1. Given ¢ € [N], the attention score for the i-th token z; is

E%rTQ(f,)Em
attn;(0"); E) := [softmax(M(E*)TQWE")], = s € E;TQi\i;r;ﬁ,Jrl :
i€IN1 ©

2. For k € [K], denote V;(P) C [N] as the index set for input tokens, such that z:; = vy, for
i € Vj(P). Then the attention score for the k-th feature is given by

Attng (60 E) := 3 ) attn; (01); ).

1EVL (P

For simplicity, we represent attn;(0(*); E) and Attn,(0®); E) as attngt) and Attn,(f), respectively,
and denote Vy,(P) as Vj;,. We also rewrite the prediction output at time ¢ as follows:

@\t(]fl)ery = 2ie] attnl(.t) Yi = Dkelk] Attng) (w, vg). ()

3.1 In-Context Learning with Balanced Features

In this subsection, we study in-context learning with balanced features, where the probabilities of
sampling all K features are in the same order, i.e., p, = ©(+) for each k € [K]. In such a setting,
each feature appears equally likely in the prompt, ensuring their equal recognition. The following
theorem characterizes the convergence of GD.

Theorem 3.1 (In-context Learning with Balanced Features). Suppose p, = O(3) for k € [K]. For

any 0 < e < 1, suppose N > poly(K) and polylog(K) > log(%). We apply GD to train the loss
1

K log (Ke* b )

_ O(log(K)K2 +

function given in eq. (4). Then with at most T™* o

) iterations, we have
1. The loss converges: L(0T)) — L* < ¢, where L* = ©(e~P°Y ) is the global minimum of the
population loss in eq. (4).

2. Attention score concentrates: if Tquery = Vi, then with probability at least 1 — e~ Upoly(K))2 1
one-layer transformer nearly “pays all attention" to input tokens featuring vy, ie., (1 —

Attn!" )2 < O(e).

’The randomness originates from the first NV input tokens in the test prompt.



Theorem 3.1 shows that training a one-layer transformer with softmax attention can converge to
the minimum of the objective loss in the reparameterization space via GD, with polynomial time
efficiency with respect to K and % The learning dynamics for such a case with balanced features
exhibit a two-phase behavior. (i) The first term of 7 captures the duration of phase I, where the
network actively aligns the query token (Suppose Zquery = vi) With those tokens featuring vy, itself,

thus substantially increasing Attng) to a constant level. (ii) The second term captures the duration

of phase II, where the loss converges to the near-zero prediction error.

In-context Learning Ability. For the obtained model with #(T7), let us evaluate a test prompt
associated with a linear task w, which might not be drawn from the support of Dg, (i.e., w may not be
present in the training process), but has its data drawn by D . Suppose the query token is Zquery = k.-
Following from the attention score concentration principle in Theorem 3.1, eq. (5) yields that with
high probability the query prediction is given by

@\éz;ry) = Attn,(fT )(w,vk> + 2tk AttnT ) (w, v, & (w,vp,).
This implies that the in-context learned model can still well approximate the test prompt even if the

task model w does not lie in the support of the training task distribution Dg and was unseen during
training. This showcases the remarkable in-context learning capability of trained transformers.

3.2 In-Context Learning with Imbalanced Features

In real-world datasets, skewed distributions are common, where a few classes or features dominate in
data while others are under-represented. It is typically difficult to train models to perform well on
features that have limited representation in those datasets [10, 9]. In this subsection, we investigate
the setting with imbalanced features, where the dominant feature v, is sampled with the probability
p1 = O(1), and all other features are sampled with p;, = ©(%) for 2 < k < K. We will show that
somewhat remarkably, in-context learning is less sensitive to imbalanced features and can achieve a
near-zero error even when the query token takes an under-represented feature.

To investigate the performance for the imbalanced scenario, we focus on the following prediction
error for each feature vy,:

1

Lk(o) = i}E (Z/J\query - <w7xquery>)2 |zquery == Uk] . (6)

The following theorem characterizes the convergence of GD.

Theorem 3.2 (In-context Learning with Imbalanced Features). Suppose p1 = ©(1) and p, = O(5)

for2 <k < K. Forany0 < ¢ < 1, suppose N > poly(K), and polylog(K) > log(%). We apply
GD to train the loss function given in eq. (4). Then the following results hold.

1
1. The prediction error for the dominant feature converges: for vy, with at most Ty = O(lm‘g(sieﬂ)

GD iterations, £1(0™)) < L% + ¢, where LT = (e PYK)) is the global minimum of eq. (6);

2. The prediction error for the under-represented features converges: for v, with 2 < k < K,

1
N Klog( Ke 2
with at most Ty, = O(log(I;)K2 + g(en )) GD iterations, Li(0(T")) < L} + ¢, where

Ly = O (e PoY(E)) s the global minimum of eq. (6);

3. Attention score concentrates: for each k € [K|, if the query token is vy, then after T}, iterations,
with probability at least 1 — e =YK the one-layer transformer nearly “pays all attention”
to input tokens featuring vi,: (1 — Attnchk))2 < O(e).

Theorem 3.2 shows that the GD dynamics of the in-context training exhibit ‘stage-wise’ convergence.
The trained transformer rapidly (within 7% ) converges to a model that achieves a near-zero prediction
error £1 for the dominant feature; and then takes a much longer time (up to T}, > T7) to converge to
a model that attains a near-zero prediction error £, for the under-represented features. Our analysis
captures the later learning dynamics associated with the under-represented features into a four-phase
behavior as further described in Appendix D. Despite the longer convergence time it takes, in-context
learning still achieves the same accurate prediction for under-represented features as that for the
dominant feature.
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A Experiments

In this section, we present numerical results to demonstrate that our theoretical results are consistent
with the actual dynamics during the in-context training of transformers. In particular, our results
verify: (1) stage-wise convergence we characterize for the training process; (2) the concentration
of the attention scores; and (3) the multi-phase transition during the training process, which we
characterize in our proof of convergence.

A.1 Experimental Settings

Task and Data Generations. We follow the task and data distributions introduced in Section 2.1.
For each task, we sample the task weight w from A (0, I;x4). Each data point is drawn from the
given feature set {v, € R% k = 1,--- , K} with probability pj for sampling v, where all features
are orthonormal vectors, and p;, € (0, 1) satisfies Zle pr. = 1. The prompt consists of /N random
inputs {z;}Y; with their task values given by {y;}¥; = {w'z;}}¥,, and a query Tquery- We
consider the setting with d = 16, N = 60 and K = 3.

We consider the following two types of data distributions with (py, - - -, px ) given by
* Balanced feature: p; = 3 for i € [3];

* Imbalanced feature: v is the dominant feature with p; = 0.8 and {v, v3} are under-represented
features with ps = p3 = 0.1.

Transformer Architecture. We consider a simplified transformer network. The model consists of
one block with a single-head self-attention layer, followed by a feedforward neural network, which
incorporates layer normalization and ReLU activation, and finally concludes with a linear layer for
output processing.

Training Setup. We collect M = 300 randomly generated prompts and then train the model based
on the empirical version of the training objective eq. (4) for 400 epochs using Adam [23] with full
batch and the learning rate of 0.002. Notice that Adam is a preferred choice for its stability in training
transformers, which is also consistent with recent studies [15, 38] to tackle the in-context learning
ability of transformers over linear function classes.

Evaluations. We focus on two performance metrics. 1). Prediction error: As defined in eq. (6), the
prediction error £, measures the loss conditioned on the event that the query token is v;. We evaluate
L by averaging the squared loss on the prompts whose query token is vy. 2). Attention score: We
also evaluate the attention score Attn, for each feature, where Attn, is defined in Definition 3.1 as
the average attention score for the k-th feature over the prompts with query token featuring vg.

A.2 Numerical Results

Prediction Error vs Epochs Prediction Error vs Epochs

175 £1:p1=0.80 £1:p1=0.33
£7:p2=0.10 — L:p2=0.33
1.50 — £3:p3=0.10 0.8 —— L3:p3=0.33
5125 5
= = 0.6
w w
5 1.00 5
3 3
3 0.75 -03 0.4
o i
0.50
0.2
0.25
0.00 0.0
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Epoch Epoch
(a) Imbalanced Case (b) Balanced Case

Figure 1: The prediction error for each feature versus the training epochs

Stage-Wise Convergence. In Figure 1, we plot the evolution of prediction errors for each feature
throughout the training process. In the imbalanced case (Figure 1a), the transformer quickly converges
to a model with nearly vanishing prediction error £; for the dominant feature. However, the errors £
and L3 for under-represented features initially fluctuate and then converge to zero after a considerably
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longer period. This behavior aligns with the stage-wise convergence process characterized in our
Theorem 3.2. On the other hand, in the balanced scenario (Figure 1b), the prediction errors for
all features decrease in a similar manner throughout the training, which validates our theory on
convergence in the balanced case in Theorem 3.1.

Epoch 10 Epoch 100 Epoch 150 Epoch 400

003 003 001 001

Vi

V2

V3

(a) Imbalanced Case

Epoch 10 Epoch 100 Epoch 150 Epoch 400

007 010 003 004

Vi
8

Vi
Vi

V2
3
V2
V2

V3
V3

(b) Balanced Case

Figure 2: The attention heatmap during the training. For each heatmap, the i-th column represents
the average attention scores of the query token attending to each feature when zguery = ;.

Attention Score Concentration. In Figure 2, we present the dynamic evolution of attention scores
throughout the training process for both balanced and imbalanced scenarios. For each k € [3], and
when Zquery = Uk, it is observed that Attn; progressively increases to be close to 1 while other
Attn;, diminishes at the end of training. These results support the principle of attention score
concentration as elaborated in Theorems 3.1 and 3.2, and demonstrate that the attention are allocated
towards those tokens with the same feature as the query token.

Multi-Phase Transition during Training Process. Figure 2 further illustrates the multi-phase con-
vergence process of under-represented features, which verifies those multiple phases we characterize
in our proof of convergence as discussed in Appendix D.1. We elaborate this by taking the case with
Tquery = V2 as an example. In Figure 2a and focusing on the row of Zquery = v2, from epochs 10 and
100, Attn; decreases and Attns increases. This change suggests that the decrease in By ; is the
main factor in the initial phase (phase I)*. Then moving to epoch 150, the simultaneous increase in
Attn, and decreases in Attn; and Attngs indicate a shift in the dominant effect, with the rise of Ao
taking over (phases II and III). Finally, the concentration of attention scores at epoch 400 corresponds
to the last phase of convergence.

31f the increase in A, were the driving factor, we would expect a decrease in all off-diagonal attention scores
including Attns similar to Figure 2b for the balanced case, which contradicts our observation.
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B Additional Related Work

In-Context Learning. Recent studies explored theoretical properties of transformers for in-context
learning from various perspectives. Focusing on expressive capacity, [3] studied linear regression
tasks and showed that trained in-context learners can represent GD of ridge regression and exact
least-squares regression. [16] proved the existence of a looped transformer that can emulate in-context
learning algorithms. [33, 11] also showed that transformer trained in-context implements the GD. [6]
further provided comprehensive results of transformers including the expressive power, in-context
prediction power, and sample complexity of pretraining, and then constructed two general mecha-
nisms for algorithm selection.[26] analyzed the generalization error of trained in-context learning
transformers. Another line of work considered in-context learning from a different perspective within
the Bayesian framework [37, 39, 34, 22, 17, 36, 2].

Closely related to our work is the line of research by [38, 27, 1], which investigated the training
dynamics of in-context learning. Specifically, [27] considered linear regression tasks and showed
that the one-layer transformer that minimizes the pre-training loss implements one step of GD. [38]
investigated in-context learning of transformers with a single linear self-attention layer trained by
gradient flow on linear regression tasks, and showed that gradient flow finds a global minimum. [1]
investigated the landscape of the loss function for linear transformers trained over random instances
of linear regression. However, all those works considered only transformers with linear self-attention
layers and do not capture the crucial role of the softmax mapping, which lies in the core design of
transformers to be advantageous over other network architectures. Our work focuses on nonlinear
transformers with softmax attention and characterizes their training dynamics for in-context learning.

Training Dynamics of Transformers. [21] proposed a simplified Vision Transformers (ViT) model
in which the attention matrix solely depends on the positional embeddings and showed that the trained
model by GD can learn spatial structure. [25] studied the training of shallow ViT for a classification
task and characterized the sample complexity to achieve a desirable generalization performance.
However, their analysis relied on a good initialization near the target pattern, which may not be
feasible in practice. [31] analyzed the SGD training dynamics for a one-layer transformer with one
self-attention plus one decoder layer and showed how the self-attention layer combines input tokens
during the training, but this work did not provide the convergence guarantee for SGD. Recently, [30]
established an equivalence between the optimization geometry of self-attention and a hard-margin
SVM problem that separates optimal input tokens from non-optimal tokens using linear constraints
on the outer-products of token pairs. While the mathematical setup of these problems is different
from in-context learning, some of our analysis techniques may be useful for studying the training
dynamics of these problems.

C Discussion on Specific Parameterization

The reason for setting v = 1 is twofold: 1) this aligns with the common practice in theoretical studies
of deep learning, where the last linear layer is often kept fixed to focus on the analysis of hidden
layers. Our objective remains highly nonconvex and challenging even with a fixed v; and 2) the form
of the global optimum outlined in recent work [38] suggests that for linear SA, the optimal solution
for v serves as a scaling factor to normalize the output of linear attention. In our case, the output of
softmax attention is already inherently normalized.

Remark 1 (Nealy no loss of optimality). Despite the specific form of {WW" W@} that we take,
the minimum of the loss function L* = ©(e P°Y(X)) (as shown in Theorem 3.1) implies that

such a specific form at most incurs an error of ©(e~P°Y(X)) that vanishes exponentially with K,
compared to the minimum loss over the general parameter space {WW", WX W®}. Therefore, for
our nonlinear softmax SA, such specific parameterization does not lose optimality.
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D Overview of Training Phases

In this section, we explain our key ideas for analyzing the in-context learning capabilities of trans-
formers. We will first characterize the training process of the setting with imbalanced features for
under-represented features in Appendix D.1, which comprehensively exhibits four phases. Other
scenarios take only one or two of those phases, which we will briefly describe in Appendix D.2. The
complete proofs of all the results are provided in the appendix.

In this section and the following appendix, given h(z) < 0 and g(z) > 0, we denote h(z) =
—Q(g(z)) if there exists some constant C; > 0 and a1, s.t. |h(z)| > Cig(z) for all z > aq;
h(z) = —O(g(z)) if there exists some constant C; > 0 and ag, s.t. |h(z)| < Cog(x) for all z > as.

We will first provide the general training dynamics for the bilinear attention weights (defined in

Definition D.1 below), which is useful for analyzing all learning phases. These quantities are the key

®

elements in the attention scores attn,;” for 1 < ¢ < N, which play an important role in determining

the prediction @(lfl)ery. Hence, our analysis mainly tracks the training dynamics of those bilinear
attention weights.

Definition D.1. (Bilinear Attention Weights) Given k,n € [K], where k # n, for t > 0, we define
the bilinear attention weights as follows:

A(t) = vy Q(t ks B](fzI = v; (t)vk.
By our initialization, we have A k =B ,(COT)L =0.

To further interpret these weights, suppose the query token corresponds to the feature vy,. Then A
serves as the (un-normalized) weight for the input token featuring vy, while P e captures the weight
for the input token featuring a different vector v,, with n # k. Having a larger Agf) compared to other
B,(le indicates a better capture of the target feature v. As shown in eq. (5), this condition implies a

higher ‘attention’ towards input tokens featuring vy, resulting in @\éﬁ?ﬂy ~ oy attngt)

1€V

Y = <U}, Uk:>7
where the prediction well approximates the ground truth.

The following lemma provides the GD updates of the bilinear attention weights Ag) and B,(ctzl

Lemma D.1. Lett > 0. For k,n € [K], where k # n, A,(f) and B](fzI satisfy:

ASH) ZA(t)Jr?IOé;(f), B(t+1) B(t +7751m’

ol = [1{xqmy = v} Attn?) - (Z e Attn()” + (1 - Attng))‘l)} :

0 = [1{%,@,y = v} Attn®) . (Zm i Attn()” — Aten(® — Aten (1 Attng)))} .

Lemma D.1 shows that Ag) is monotonically increasing at any time since aff) > 0, whereas the

(t (t)

monotonicity does not always hold for B, ) - Therefore, we need to analyze whether B, decreases

and determine its rate of change compared to A(t) Such a comparison between B, ® k. and A(t)
determines which bilinear weight plays a dommant role in the attention dynamics, and the change of

the leading weight over the learning process results in different training phases.
D.1 Learning Process for Under-represented Features
We consider the setting with imbalanced features and focus on the under-represented features.

Given a prompt P = (z1,y1, -+ , TN, YN, Tquery), denote Py to be the collection of input tokes,

i.e., {z;} . Recall that | V| is the number of input tokens featuring v. Based on our data generation
setup, we can show that for imbalanced data, with high probability, P,y belongs to

Ena = { Popu V1] = O(N), V| = ©(§) for2 <k < K}
In the following, we focus on the event that P, € &y, unless otherwise specified. We next
characterize the learning process for under-represented features vy, with £ > 1 by four phases. An
illustration of these four phases is provided in Figure 3.

13
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Figure 3: Overview of the dynamics of attention scores and bilinear attention weights for under-
represented features. Assume the query token is vy with 2 < k < K. The top row depicts the trend of

the attention score AttnEf) for each feature v,,, where a darker color corresponds to a higher score.
The bottom row shows the interplay and leading effect among bilinear attention weights A,(f), B,(:’)l,

and B,(:L (where n # 1, k) in different training phases.

D.1.1 Phase I: Decrease of Dominant Feature.
Consider the query token featuring vy for some k£ > 1. Att = 0, A;CO) = B,(C?T)L = 0, and hence

© _

attn; % for i € [N] which implies that the transformer equally attends each input token.
However, due to the imbalanced occurrence of features in &,

o bal» the number of tokens featuring v;

is much larger than others. Hence, Attngo) = % > (1) while Attngi) = O(4) form > 1.
Therefore, by Lemma D.1, we obtain

) s — ) s
: (Zm#’l Attn®” — Attn(”(1 — Attn®) — Attn® (1 - Attn,(f))ﬂ < —Q%);

whereas a}(€0)7 \ﬁ,(COBJ ~ O(3) for n # k, 1. Therefore, B,(:)l enjoys a much larger decreasing rate

initially. It can be shown that the decrease of B,(:)l will dominate for a certain time period that defines
phase I. The following lemma summarizes our main result in this phase.

Lemma D.2 (Informal). Under the same conditions as Theorem 3.2, given k > 1, there exists
1.98
T g = OBy such that for all 0 < t < T

)

NOMMPIO
B < -0 (giw) . o =0(&), 1B<O0 < il ) foralln # k1.

B,i?f’kﬂ) < —0.491og(K), while AI(CT”“H) and Bgi’kﬂ)for n # k, 1 remain close to zero.

During phase I, B,(f)l significantly decreases, leading to a reduction in Attngt), whereas other

Attn!? with n > 1 remain at the level of O(+). By the end of this phase, (Attngt))2 drops to
O( s ), resulting in a decrease in \6,(:)1\ as it approaches al(f). Phase II then begins.

D.1.2 Phase II: Switching of Leading Influence

Soon after entering this phase, the dominance role of B,(:)l diminishes as | ,B,Et)1| reaches the same
order of magnitude as Oc,(f). The following result captures the shift of the leading influence, where the
growth of A,(:) takes dominance.

Lemma D.3 (Informal). Under the same conditions as Theorem 3.2, given k > 1, there exists

Tor =Tk + O(W), such that at iteration t = T5 , + 1, we have
A = 051og(K), Bl € [~0.51log (), ~0.49 log(K)]

B

and Sforn # k, 1 remain close to zero.
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Lemma D.3 shows that by the end of phase II, A(t) matches the magnitude of B,(ct)l, and during

phase II B,(C )1 changes only slightly from the end of phase I. This suggests that, at certain moments

in this phase, A,(C) significantly increases and its growth becomes the dominant factor. We next

provide some insights into the reasons behind this transition. Once B ,(:)1 decreases to —0.5 log(K),

)

we observe that \Bl(:)1| ~ ag) = O(3=). After this point, it becomes challenging for B,(cfl to decrease

significantly compared to the increase in A(t). To illustrate, let us suppose a minimal decrease of B ,(f)l
by an amount of 0.01 log(K). ThlS would yield that Attn( ) < O(%w —orsor ) and 51(:)1 < O( T ot )
while Attng) > Q(+) and ak > (4 ), establishing a situation where oz,(C > Bk,l' Such a
discrepancy leads to the switching of the domlnant effect.

D.1.3 Phase III: Growth of Target Feature

After a transition phase, we observe that A,(;’) enjoys a larger gradient a,(:) ~ O K11_5 ) compared to
|ﬂ,(:)1 < O(%tvs) and \B,(fm < O(4%) with n # k, 1. This gap between o\ and ,BSL remains over
(t) t)

the period, and the gradient oy;,” continues to grow, driving the rapid growth of A,(:) with B,g’n
relatively unchanged. The following lemma summarizes our main results in this phase.

being

Lemma D.4 (Informal). Under the same conditions as Theorem 3.2, given k > 1, there exists
1.5
T3 r = O(M), such that for all To j, <t < T3,

)

oy’ 18 .
(t)>Q(K10) Bkle |:_ (K&48)7_Q<K21.01):|alB]E;t’f)nISO( Kl ) Wlﬂ’ln#k‘,l.

At time t = T3 1, + 1, we have A;CTS"“—H) > log(K).

Lemma D.4 follows because the continuous growth of a,(:) is mainly driven by Attnff), where

- Attn,(:) remains at the constant order. However, as A;ct) reaches log(K), Attng) is above Q(1),
necessitating a more detailed analysis to control a( )

D.1.4 Phase IV: Convergence

After learning the target feature vy, at a certain level, the prediction error converges. We characterize

this in the following lemma, where we establish a connection between a,(:)

, which starts the final phase.

and the prediction error

via analyzing the change of 1 — Attng) that diminishes during this phase.

Lemma D.5 (Informal). Under the same conditions as Theorem 3.2, given 0 < € < 1, for each

%@), such that for all Ts ), <t < Ty,
(t) (t)

(o} « .
o) 0 B, € [FO(5), 0 withn # k. 1.

k > 1, there exists Ty, = T5 1 + O(

t € t
o) 2 (%), B € [0

Attime t =Ty 1, + 1, we have Ek(H(T‘*’k‘*‘l)) — L} <eand (1 — Attngf))2 < O(€), if Tguery = Vi
and Py, € &},

imbal*

The convergence result for k£ > 1 stated in Theorem 3.2 directly follows by choosing T}’ = T}, + 1.

D.2 Training Dynamics of Other Settings

We next describe the training dynamics of other settings, which take the phases similar to those
discussed in Appendix D.1.

Imbalanced Setting for the Dominant Feature. For the dominant feature v; in the imbalanced

setting, since the overall attention Attngo) to the target feature already reaches €2(1) due to the

abundance of tokens featuring vy in &, ., the training directly enters the convergence stage, as
summarized in the following lemma.

Lemma D.6 (Informal). Under the same conditions as Theorem 3.2, given k > 1, there exists

_1
T = O(lmg(iiﬁz)), such that for all t < Ty

ol > Q(e), B € [~O(%),0] withn > 1.
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Further £1(0(T+1)) — L% < ¢ and (1 — Attn(lTIH))2 < O(€) if Tguery = v1 and Pypys € &}

imbal*
Balanced Scenarios. Similarly to imbalanced settings, we can show that for balanced data, with
high probability, Py belongs to & == {Pinpm V| = @(%) forall k € [K ]} . At initialization,
the transformer uniformly assigns attention to each token, i.e., attngo) = + fori € [N]. Unlike the
imbalanced case, here, due to Pypu € &, we have that Attn!? = ©(%) for m € [K], indicating
nearly equal attention to each feature. Consequently, as Lemma D.1, we observe a significantly
larger gradient in Ag’) at the outset, with a,io) ~ O(4=), compared to | ﬁ]iOBL| ~ O(45) forn # k.
This behavior mirrors the observations from phase III for under-represented features, allowing us to
directly generalize the analysis.
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E Preliminaries

In this section, we will introduce warm-up gradient computations and probabilistic lemmas that
establish essential properties of the data and loss, which are pivotal for the technical proofs in the
upcoming sections. Towards the conclusion of this section, we will also provide a summary of the
key notations introduced in both the main content and these preliminary sections. These notations
will be frequently utilized in our subsequent analyses.

E.1 Gradient Computations

We first calculate the gradient for ) (note that we do not update the parameter v during the training).
We omit the superscript (¢) and write L(6) as L here for simplicity.

Lemma E.1. The gradient of Q) for the population risk is given by

VoL =B | (Guery — (0, Tgueny)) Y, attm; attn;(Ef — BBy, 'y
i,5€[N]

Proof. We obtain:

. OYquer . O attn;
VoL = E[(faery — (w0, Tquery)) —55] = E | (Tguery — (0, Tquery)) D —55— ¥i
oQ . oQ
1E€[N]
By product rules for matrix functions, we have
Jattn; - o w T
0 attn; E attn;(E] — E)Ex,, -

JE[N]
Thus

VoL =E | (Ugery — (Wr, Tquery)) >, attn;attn;(Ef — Ef)Ef,, ' y;
i,5€[N]
O
Recall that the quantities Ay and By, ,, are defined in Definition D.1. These quantities are associated

with the attention weights for each token, and they play a crucial role in our analysis of learning
dynamics. We will restate their definitions here for clarity.

Definition E.1. For k,n € [K] and n # k, define the following quantities for ¢ > 0:
A,(f) = v QW a,(f) = —U,;FVQL(Q(t))vk.
Bl =vi QW Bl =~ VoLQW)u
By GD update, we have
A}(€t+1) — AI(:) + 77(15:)
By =By, + 8,
Moreover, by our initialization, since Q(O) = 04x4, We have A,(CO) = B,(C?T)L = 0 for any k,n € [K]
with n # k.

Next, we utilize the expression in Lemma E.1 to compute the gradient projected onto the feature

directions, i.e. a,(:) and B,(:ZL

Lemma E.2. For k, k' € [K], where k # k', we have

ol = E | H{aguen = ve} Attn - [ 37 Aten()” + (1 - Attn()?
m#k

B, = E | 1{zgun = vi} Attnl - [ 3 Attn®” — Attnl? — Attn” (1 — Attn(")
m#k
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Proof. For any k, k' € [K], from the previous gradient computation, and note that only when
E% {1 = Tquery = Uk, We have EJ”{,HTvk = 0. Thus,

’U];r/ VQka

=B | {query = 0k} (onery — (0, query)) Y abtny attn; ol (BF — E7)
L i,5€[N]

=E | 1{zquery = Vi } (Uquery — (W, Zquery)) Z Z Z attn; attn; y;v,, (vm —Up)
m,n€[K]i€Vm jEVn

=E | 1{zquery = V& } (Uquery — (W, Zquery)) Z Z Z attn; attn; y;v;, (vk/ — vp)
ne[K] i€V, jEV,

+E | 1H{zquery = Uk} (Yquery — (W, Tquery)) Z Z Z attn; attn; ylvk,( — V)
mE[K] i€ Vim jEV;

=E ll{xquery = vk} (Tquery — (W, Tquery)) Attng (w,v) Y Attn,
n€e[K)

-E ll{xqw = 0k} (Touery — (W, Tquery)) Attng > Attng, (w, vy,)
me[K]

=EK |:1{xquery = Uk} (gquery - <w7 xquery>) Attng, Z Attn,, <w7 Vg — Um>
me[K]

Note that Yquery = Zie[N] attn; y; = Zme[K] Attn,, (w, v,,). Thus when Zquery = vk, We have

f/y\query - <wa xquery> = - Z Attnm<w7vk - Um>o
me[K]

Plugging this into the above equation, we have

U];r/ VQLUk

= —E | H{aqey = v} Attng [ > Attn, (w, v — vp) > Attng, (w, v — vp)
n€[K] me|[K]

= —E [1{zqery = v} Attny, Z Z Attn,, Attn, (w, vy — v,) (W, Vg — V)
n€[K]| me[K)

= —E [ 1{zquery = vi} Attny, Z Z Attn,, Attn, (vy — v,) ' ww' (Ve — V)
n€[K]| me[K)

= —E | H{aqey = ve} Attng [ > )" Attng, Attn, (vp — vn) "E[ww " | Papu U {Zquery } (V2 — vm)
n€[K| me[K)

= —E | H{aqey = ve} Attng [ > )" Attn,, Attn, (vp — vn) " (0n — vpn)
n€[K]| me[K)

= —E [1{zqery = vi} Attny | (vp — Z Attn, v,) " (v — Z Attn,, v.,)
n€[K] me[K]
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When k' = k, we can obtain
ap = —v;—VQka =E | 1{zqery = vi} Attny ||v, — ZAttnn un||2
n

=E | 1{aqery = v} Attny | (1 - Attng)® + ) Attn},
m#k
When k' # k, we have
Brr = —v, VgL
=E [1{Zquery = vk} Attng Z Attn?, — Attng (1 — Attng) — Attng (1 — Attng)
m#k,k’

=E [1{Zquery = vk} Attng Z Attn?, — Attng (1 — Attng) — Attng

L m#k
O
E.2 Useful Probabilistic Lemmas for Prompt
Recall that given a prompt P = (z1,41,...,ZN, YN, xquery), we denote Py as the collection of

input tokens, i.e., {zl}fil It’s worth noting that, based on our data distribution, the occurrence count
of the k-th feature in the first N input tokens from P, denoted as | V|, follows a multinomial
distribution. Leveraging the concentration property inherent to multinomial distributions, we can
identify a set of high-probability events that P, aligns with. This set constitutes the crux of our
subsequent analysis.

We first introduce the following tail bound for multinomial distributions.

Lemma E.3 (Tail bound of multinomial distribution [13]). Let (X1, - , Xk ) be a multinomial
(N,p1,- -+ ,px) random vector. For all € € (0,1) and all K satisfying K/N < &% /20, we have

P (Z |X; —E(X;)| > Ne) < 3exp (—Ne?/25).

Now we present our characterization of high-probability events for Piypy.

Lemma E.4 (High-probability event for balanced data). Suppose that p, = ©(3) for any k € [K]

and K3 < N. For some constant cpg > 2%( ° let us define
CchalN cpalN
gb*al = {Pinpur : |Vk| € |:pkN_ b[év DN + bl :| f}”k € [K]}
Then , we have
* C2{l N
P(Ppu € Epy) > 1 — 3exp (— 2?)%2) .

Let us denote LZ“’ = pi K — cpgand U l’j"l = pi K + cpy. Note that LZ”’ U ,?“l are constant level since

bal bal
Vil € BN TNy — O(%). Note that we can

PE = @(%) Then for any event belonging to &, b, —h

properly choose cp to guarantee Li‘” > 0 fork € [K].

Proof. Denote |Vi| = Xj. Then (Xi,---,Xk) ~ multinomial (N,pq,---,pr). Noting that
2

28‘}}‘2 > % by our choice of ¢y, then letting € = %, we have €2 /20 > % By multinomial tail

bound in Lemma E.3, we obtain

K
N 2 N
P (; |X; —E(X;)| > CbalK> < 3exp (— Q;KQ) .
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Then, since E (X;) = p; N, we have

coaN - N
bal
p <miK=1 {|Xz _piN| > K}) <P (Z |X7 —E(XZ)| > Cba1K>

i=1

O

Lemma E.5 (High-probability event for imbalanced data). Suppose that p; = O(1), pr, = O(%)

for k € [K]\ {1}, and K3 < N. Then for some constant cy, > 1/ %, there exist constants

Ujm > L > 0 for any k € [K], such that letting

LinN U™N
K ' K

€t = {P Vi € (LN, UI"N] and [V € [ ] fork € [K]\ {1}}

we have

* 2
IP)(Pinput S gimbal) Z 1- 3eXp (_ 25K2> ’

Proof. Similarly to the proof for Lemma E.4, we have

K cimIN 2 N
; = < - )
P (01_1 {|Xl pilN| > % }) < 3exp < 25K2)

For k£ > 1, let us denote Likm = pr K — ¢y and U,igm = pr K + ¢im. Since py = @(%), we can easily
conclude that Likm, U, ,ifm for k > 1 are constant level. Furthermore, for k = 1, let Lilm =p1 — 0.01lciy
and U™ = p; + 0.01¢ip. Since p; = ©(1), we have

Cj N Cj N Ci Cj i i
[p1N — m7,;01N+ HII( J=1[pm - ?m)Nv (p1+ fm)plN] C [LY"N,U"N]
for sufficiently large K. O

E.3 Properties of Loss Function and Prediction Error
Recall the population loss we consider:

1 ~
L(e) = §E [(yquery - <w7xquery >>2 . @)

In this part, we will present several important lemmas for such training objectives. We first introduce
the following lemma, which connects the loss form with the attention score when the query token is a
certain feature.

Lemma E.6 (Loss calculation). The population loss L(0) can be decomposed in the following form.:

K
1
L(0) = 5 > E | Hzguery = vk} | Y Attnl, +(1 — Attny)’
k=1 m#k

Proof. Following the similar calculations as in Lemma E.2, we have

[N

L() E [1{query = Ui} (Faery — (10, Ty’

M 11>

E |1{zqey = vi} Z Attn, (w, v, — vy) Z Attn,, (w, v — vpy,)
n€[K] me[K]

DN =

x>~
Il
—
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K

1
=3 D E | Mgy = vi}vk — > Attn, v, |
k=1 n
1 K
=3 D E | 1{zquery = vk} | (1— Attng)® + > Attnl,
k=1 m#k
O
Then we introduce some additional crucial notations for the loss objectives.
Notations for the balanced case.
* . 1 .
LT = H%ln L(@) = mgln iE |:(yquery - <'LU, fquuery >)2:| y (8)
1 1=
low
L :5(1+ﬁ);ﬂv(:¢quﬂy:vkmm:0). )

From now on, we’ll denote the minimum as # in the form {1, Q}, with our attention solely on
the variation of . Here, L* denotes the minimum value of the population loss in eq. (7), and
L'V represents the sum of unavoidable errors for each k € [K], given that the query token is the
k-th feature but has not been seen in the first N training samples. We will show L'°V serves as a
lower bound for L*, and demonstrate that the network trained with GD will attain nearly zero error
compared to L'°%, which naturally leads to convergence to L*. We further denote

K
L) = > Lu(0),
k=1

1 ~
where Ly (0) = §E [1{xquery = Uk} (Yquery — <w733query>)2} .
1 1
LII;)W = 5(1 + H)P (xquery = Vg n IVk| = 0) 5
~ 1 e )
Li(6) = 3E [H{qury = v N Papus € &} (Fiery = (0, 2quey))?] -

Notations for the imbalanced case. In the unbalanced case, we should be interested in the
prediction error for the query corresponding to the given feature k € [K]. Thus we consider the
following conditional prediction error for each k € [K]:

1 ~
[flc(e) = §]E {(yquery - <wzxquery>)2 | Tquery = 'Uk} . (10)
Similarly, we define the minimum and the unavoidable values for such conditional prediction error:
X 1 ~
‘Ck = m@ln §E |:(yquery - <w7xquery>)2 | Lquery = 'Ulc:| 5 (11)
= L1+ P (Vi =0) (12
2 K-1 ’

- 1 . N
Ly(0) = §E [1{Pinput € Eimbar} (Yauery — <w7mquery>)2 | Zquery = ”k} :
E.3.1 Loss Characterization for the Balanced Case

Lemma E.7. For L* and L'" defined in eq. (8) and eq. (9), respectively, then we have L' < L*
and they are both © (e~ P°YK)) for the balanced data.

Proof. We first prove L'°% < L*:

K
* .1 ~ 2
L* = meln 5 ZE |:1{xquery - Uk} (yquery - <w7 xquery>) i|
k=1
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K
1 ~ 2
Zmin; 3 E [ery = 61 Vil = 0} (lery — (1, query))

K
= mln ZE {zquery = v N |Vi| = 0} Z Attn?, (1 — Attny,)?
m#k

Notice that when the query token is the k-th feature but has not been seen in the first N training

samples, Attn; = 0. Moreover, K < > Attn? - by Cauchy—Schwarz inequality. Thus

m#k
1 K
low
L 514_7];El{xQUery:vkﬂ|Vk|:O}]:Lo'

Furthermore, since Zquery and Pypy are independently sampled,

I = K- 6() (1- ()"

Since N >> K3, then (1 — O(£))Y = © (e PoV(E)),

Now we turn to L*, we only need to show L* = O(e~P°¥(K)) We have

* . 2 2
L* =min | kzlE 1{Zquery = v N [Vi| > 0} ;Attnm +(1 — Attny)
= m

K
L 2
+ 5 ;E 1{$query = v, N |Vk| = 0} %Attnm +1

Consider @ = oIy q, when Zquery = v N [Vi| > 0 holds,

> Attn}, +(1 — Attng)* < (1 — Attny) max Attn,, +(1 — Attny)?
m#k m

N — Vil N
<2(1—A 2 = 2 < 2
< 2( ttng)” = 2(—— Vit |VW,) 2(N+ec,)

Taking o = poly(XV), then we have

L* < O(e—poly(N)) + O(e—P(Jl}’(K)) — O(e—POW(K)).

Lemma E.8. For the balanced data, given k € [K], for any 0, we have

2
7 low o~ T parlN
Li(0) < L(6) — L™ < Ly(6) + 3pr exp <_25K2) .

Proof.

~ ]_ .
Li(6) = Lx(0) = 5E [W{zery = 06 1 P € &5} (Finery — (0, quey))’
1
2

{Zquery = v N Popu € E3°} | D Attn}, +(1 — Attny)?
m#k
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2 N
= 3pg exp ( 2'%}(2> .

where (a) follows the fact that

> Attn}, +(1 — Attng)® < (1 — Attn,) max Attn,, +(1 — Attng)® < 2,
ik m#k

and (b) holds by Lemma E.4.

On the other hand,

Li(0) — Li(6)

Y

1

B | Hoquery = v5 0 [Vi| = 0} > Attn?, +(1 — Attn,)
m#k

1

K
iﬁE [1{xquew = v N |Vk| — 0}] _ Ll];)w.

Y

O

Consequently, for each k € [K], L;(6) closely tracks the deviation between Ly, (0) and LYY, which
is the aspect we will primarily focus on bounding in the subsequent analysis.
E.3.2 Loss Characterization for the Imbalanced Case

Lemma E.9. Given k € [K], for L} and EZ’W defined in eq. (11) and eq. (12), respectively, then we
have L < L} and they are both © (e~ P°Y X)) for the imbalanced data.

Proof. The analysis is similar as Lemma E.7, we only show LIV = ©(e~Pol(K))

£ = (4 )P (Vi =0)
=oem)a —pk)
Fork =1, (1 — p1)V = O(exp(—N)) = O (e P°VK)). For k > 1, since N > K3, then
(1—p)N = (1 —6(£)N = © (e P°¥(X)), which completes the proof. O

Lemma E.10. For the imbalanced data, given k € [K|, for any 0, we have

~ ow ~ C[2mN
Ly (0) < Li(0) — L < L1,(6) + 3exp < 25K2> '

Proof. The proof of the first inequality is similar to Lemma E.S8.

ow ~ 1
Ly (0) — le < Li(0) + iE [1{Pinpul € 51mbal } (yquery (w, xquery>)2 | Lquery = Uk}

~ 1 N c
L(0) + SE { Poput € Epa} | Y Attn), +(1 — Attng)? | | Zguery = vk
m#k

< Zk(g) + P (Pioput € Emupar”)

~ 2 N
< Li(0) + 3exp < 2?}(2) .

E.4 Notations and Parameters

In this part, we consolidate the notations introduced throughout the main content and in the preliminary
section, summarized in Table 1. Throughout our proofs, we consider N = poly(K) > K 3and K is
sufficiently large.
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Table 1: Summary of Notations

Notations Descriptions

attngt), Attn,(f) The attention scores for the i-token and k-th feature, where

i€ [N]and k € [K].

The feature learning quantities when Tguery = Vg: AE:) =

A](:) B](Ct)
evr Qv Bl(sz = evn @ for # k.

Corresponding gradient updates for A,(:) and B,(:L.

() pt)

Qs P

Pinput The input tokens in the prompt, i.e. {z;} ;.

Exis Eimpal The high-probability sets that P;n,y belongs to for the balanced
and imbalanced data.

L*, LoV The minimum value and lower bound of population loss L(6)
().

L (6), Zk(e), Liov The loss functions on the event {Zquery = Vi }, {Zquery = v} N
{Pinput € &y} and the lower bound for L.

L5, L% (Imbalanced) The minimum value and lower bound of prediction error condi-
tioning on Tquery = Vg, i.€., Li(8) (10).

Ek(é') (Imbalanced) The conditional prediction error on the event { Pipu € Eipa }-

F Analysis for the Balanced Case
In this section, we present the analysis for the balanced case, we first discuss the outline of our proof.

F.1 Roadmap of the Proof

At the beginning of each phase, we will establish an induction hypothesis, which we expect to remain
valid throughout that phase. Subsequently, we will analyze the dynamics under such a hypothesis
within the phase, aiming to provide proof of the hypothesis by the phase’s end.

The main idea of the proof consists of analyzing the GD dynamics of Aff) and B,(:)n. From Defini-
tion E.1 and lemma E.2, we have

AECHU :Al(ct)+nal(ct)7

1
T R

and

ol = E [1{zquey = v} Attnl” - | 3 Aten(D” + (1 - Attnl")? | |,
m#k

O — B | Hzgey = vr} Attnl - | 3 Attn()” — Attn® — Attn” (1 — Attn”)
m#k

We divide the learning process of any feature & in the balanced case as follows.

* Phase I (¢ € [0, 71 1], Appendix F.2): At initialization, A,(f) keeps growing at a rate at least of 2%,
while B,(:ZL oscillates with a smaller rate of £L;. Therefore, the increase in Aét) will dominate for a
while which defines phase 1.

» PhaseII (¢t € (T x, 15 «)» Appendices F.3 and F.4): After rapid growth of self-attention module
parameters in phase I, the query token featuring vy, is aligned with the feature vy, itself effectively and
disregard other features. Then the process proceeds to convergence phase, where A,(f) monotonically
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)

., monotonically decreases, which finally contributes to the convergence of loss.

(t)

k,n’

. t
increases and B,(C

Based on the variation rates of A,(f) and B
follows.

the convergence phase further has two sub-stages as

- Stage I (t € (T4, fik}, Appendix F.3): the increase of Agp remains the rate at least ()
)

n

is slim, and the gap A,(Ct) — MaXy, £k B,(:) stays within O(log(£-)).

. (t
while the decrease of B, m 3

— StageII (¢ (fze)k, T35 ], Appendix F.4): the increase of AS) and the decrease of B ](ﬁb both are
slim and the attention is nearly focused on the target feature, leading to the convergence of loss.

F.2 Phase I: Growth of Target Feature

In this section, we shall discuss the initial phase of learning the correlation between the query tokens
and its corresponding feature. Firstly, we present the induction hypothesis in this phase. For k-th
feature vy, we define the Phase I as all iterations 0 < ¢ < T i, where

Ty £ max {t : Al(ct) < log(K)} )

We state the following induction hypothesis, which will hold throughout Phase I. This hypothesis is
ultimately proved in

Induction Hypothesis F.1. For each 0 < ¢ < T7 j, the following holds:
a. Ag) is monotonically increasing and A](:) € [0,log(K)];

®
b. |B,(€tzl| = O(%) for any n # k.

F.2.1 Technical Lemmas
We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis F.1.

Lemma F.1. Suppose Induction Hypothesis F.1 holds at iteration 0 <t < Ty, 1. If gyery = Vi, and
Pipur € Eypy the following holds

1. Attnl) = Q(L);
2. 1—Attnl” > Q(1).
Proof. Since Zquery = vk, then we have

[Vileor Q0

) _
Attn,” = BT O® 0
jen ¢
_ (V| exp(A,(:))
t t
S gk Vil exp(BL),) + Vi exp(A}”)
B 1
Vin t t :
>tk ||vk |‘ eXP(Bzi,Zn - A§€ )) +1
By Induction Hypothesis F.1, e_(log(K)+O(logf(<K) ) < exp(B,(:’)m — Ag)) < eo(logfgm), thus
1 1 1
Attn)) > — > — = (),
O (DL — 1) +1 R (K /Ly — 1) +1 K
where the second inequality follows since the fact that Py € &y
On the other hand,
1 1
Attn” < - < :
¢~ (sUOTOCSRED) (N 9y 11— e Hgm — %) +1
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Consider U = ©(1), we have

— Attnl) >

O

Lemma F.2. Suppose Induction Hypothesis F.1 holds at iteration 0 <t < T .. If Tgyery = Vi, and
Pipur € Eypy for n # k, the following holds

I Attn() = © (“*;mfi))

2. Combining with the Lemma F.1, we immediately have Attn'?) = O(%).

Proof. Since Zquery = vk, then we have

oy

|Vn|eU"TQ(
eE;TQ(tM;k

Attnl) =
JE[N]

Valexp(BL)
S i Vil exp(B,) + Wil exp(AY)

log(K)
K

By Induction Hypothesis F.1, e 0%~ < exp(B,Sle - B,(le) < 9 ), combining with the

fact that % = O(1) when Pypu € &y, thus

Attn®  [Valexp(B{')) 1 1

- - =0(—=).
1-Attnl) S Valexp(BY)) 2, petexp(Bl), - BY)) K

F.2.2 Controlling the Gradient Updates in Phase I

Lemma F.3. Given any fixed k € [K|, if Induction Hypothesis F.1 holds at iteration 0 < t < T,
then a,(ct) > 0 and satisfies

1
oy > Q(ﬁ)~

Proof. By gradient computation from Lemma E.2,

o) = E | H{aquey = vi} Attn” - [ 37 Attn®” + (1 - Attn{)?
L m#k
=E | 1{Zquery = Vi N Prpue € Ei} At - | Y Attn®” 4+ (1 Attn())?
L m#k

+E | 1aquery = vk N Proput € &} Attnl” - | 37 Aten®” + (1 - Attnl!))?

m#£k
(@ .
2 Pk - P(-Pinput S gbal)x
E |Attn) - | 3 Attn{)” + (1 — Attn{”)? | | {query = v} N { Propu € i}

m#k

> P - P(Paput € E)E [Attn;” (1= Attn(™)? | {2guery = vi} N { Proput € 5,;;1}} (13)
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(b) 1
> Q(ﬁ),

where (a) follows from the fact that Zquery 1 independent with P, and the second term is non-

negative, (b) follows from Lemma E.4, Lemma F.1 and the fact that p;, = ©() in balanced case

and N > K3. O

Lemma F4. Given any fixed k € [K), if Induction Hypothesis F.1 holds at iteration 0 < t < T} j,
then for any n # k, ﬂ satisfies
(t) 1) al(ct)
< JE.,
‘ﬁk,n| < O( K )

Proof. By gradient computation from Lemma E.2, we have

ﬂ]if) <E 1{117query = Uk} Attl’l Z Attn (14)
m#k
Bl < B [ Mgy = v} Atenl) - (Aten() + Aten (1= Atenl))| - (5)

For eq. (14),

B < E | 1{query = vk N Proput € En} At - | 7 Attn(®)?
m#k

+E | 1{zguery = V& N Pinput € Epat” }Attn(t Z Attn(t)
m#k

(a)
< i PP € 620 [ Attn) - (s Attn) ) | (e = 00} 0 (P € 21

+ Pk 'P( input € gbal )
©] (t) (®) Ctzy'lN
< pxE | Attn), m;aé)k( Attn, | | {zquery = vk} N { Pinput € Egu} | + 3prexp [ —22

25K2

(0) 1

< O(ﬁ), (16)

where (a) follows the fact that zquery is independent with Py, Attngf ) < 1and Zm 2k Attng,’?2 <
MaXy, £k Attng) Dom 2k Attngfl) < maX, £k Attngfl), (b) holds by Lemma E.4, and (c) follows
from Lemma F.2 and the fact that p;, = ©(5) and N > K3.

For eq. (15), similar to the derivation above, we have

(t)
k.n

< pE [Attngp : (Attn;’f) +Attn(” (1 - Attn;”)) | {Zquery = vk} N 5{;1} + pi - P(Pooput € E54°)

@ - P(Puapu € E51°) + P - P(Popur € Ei) X

1— Attnl? 1— Attnl?
E [0~ | O + Attn(” (1 = Aten) | | {2gue = vi} 01E5
®) § Attn!” (1 — Attn)2 § 2N
< pi ']P(-Pinput c Sbal)IE [O( k K ) | {‘TQuery = vk} N gbal + 6py, exp <_ 2?}(2)
© (aP 1 2. N
< et - _ “bal
O(K TR p( 25K2> an
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where (a) holds by Lemma F.2 and (b) follows from Lemma F.1 and Lemma E.4, and and (c¢) follows
from Equation (13).

From Lemma F.3 and the choice of N > K3, we have

1 & N
ol > Q(775) > Gexp ( 2%}(2) (18)
Thus, combine Equations (16) to (18), we have
(t) (t)
t Q. 1 e}
ik < max{O(=). O(5z5)} = O(f=)

F.2.3 At the end of Phase I
Lemma F.5. Given any fixed k € [K], Induction Hypothesis F.1 holds for all iterations 0 < t < Ty j,

log(K)K? )
n

where T} i, is at most O( , and at iteration t = T j, + 1, we have

a. A,(CTI”"H) > log(K);
b. Attn;chlkJrl) - Q(l) lf‘rquery = Vi and Bnpul S gl;kal'

Proof. If Induction Hypothesis F.1 holds, the existence of T} j, = O(M)

by Lemma F.3.

is directly implied

We move to prove Induction Hypothesis F.1. It is easy to verify Induction Hypothesis F.1 holds at
t = 0. Now we suppose Induction Hypothesis F.1 holds for all iterations < ¢ — 1, and prove it holds
att.

By Lemma F.3, we have ag_l) > 0. Thus Aff) = Aff_l) +77a,(f_1) > 0. Moreover, by the definition
of Ty 1, we immediately obtain Ag) < log(K).

(t-1)
By Lemma F.4, we have \5,(:;1” < O(%5—). Thus,

(t=1)

— (0%
B < 1B 4+ n0(Fh)
A=D) Q=D
< k k
< O(“E—) +70(*E—)
A(t)
< O(=E).

Moreover, Attn,(ch”“H) = (1) can be derived from Lemma F.6.

O

After rapid growth of self-attention module parameters in phase I, the query token featuring vy, is
aligned with the feature vy, itself effectively and disregards other features. Then the process proceeds

to the convergence phase, where A](f) monotonically increases and Bl(le monotonically decreases,
)

n

which finally contributes to the convergence of loss. Based on the variation rates of Aff) and B,(:
the convergence phase further has two sub-stages as follows.

F.3 Phase II: Convergence: Stage I
Given any 0 < € < 1 for k € [K], define

Te t t K 3 1
T ), := max {t > Ty AP — %B,g,; < log ((Lb,;l ~D(()F 1)) ¢

Induction Hypothesis F.2. For 77 , < t < T;ﬁk, suppose polylog(K) > log(1), the following
holds
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a. Ag) is monotonically increasing and A](f) € [log(K), O(log(K/e€)));
b B® ; - - ) | — (AL
. By, is monotonically decreasing and |B, ;| = O(—-) for any n # k.

F.3.1 Technical Lemmas
We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis F.2.

Lemma F.6. Suppose Induction Hypothesis F.2 holds at iteration T j;, < t < Tik, if Tguery = Uk
and Py € &, the following holds

al’

1. Attnl” = Q(1);

2. (1- Attn,(:))2 > Q(e) = Q(exp (— polylog(K))).

Proof. Since Zquery = Vi, then we have

Vi exp(AL)
S sr Vel exp(BY)) + Vil exp(AL))
1

> el exp(BY), — AD) +

By Induction Hypothesis F.2, we obtain

Attn!) =

eXp(B() A(t)) <e O(log(K/)) log(K) <e O(M) log(K) <O( )
K
Therefore,

Attn"” >

> >
O —D+1 "~ Olgw — %) +1

On the other hand, by the definition of T; » We have

S eXp( B(t) ~ A(t))
Sk it p(BL, — A7) +
exp(ming, -« B( ) - A(t )( —1)
~ exp(ming, 4 B,if) A(t))(vi| -1)+1
) )

exp(min, £ Bl(ctzn — A(t ( K

1— Attnl”) =

= ¢ ¢
exp(ming, £ B( ) - A( ))(

Ub.ll - ]-) + 1
exp(max, £ B A(t AB t))(Ubd -1)
B exp(max £k Bl(:)m — A( ) AB(t))(qu, -1)+1
pol log(K)
> ( t)ll - 1)71(67% - 1)71 —O(= )(Ubll - 1)
( l;cl - 1)71(6_% - 1)716 O(polylog(K))(Uba] - 1) +1
> Qe?),
where AB,(C ) — MaXy, £k B( ) — miNgy, £ B = O( ) and the first and second inequalities
follow from the fact that monotomcally 1ncreases W. rt x > 0, and the third inequality follows
from the definition of T; ;. and Induction Hypothesis F.2. O
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Lemma E.7. Suppose Induction Hypothesis F.2 holds at iteration Th j, < t < T; o I Tquery = Vi
and Py € Epy for n # k, the following holds

1— Attn!?
Attn) = © (nk :

K
Proof. By definition,

Vol exp(B)

Attn®) = @ O
Zm;ﬁk Vil eXp(Bk,m) + [Vi| exp(A7)

By Induction Hypothesis F.2, ¢ ~O(* 7)< exp(B,(jZ71 - B;(:ZL) < O 6 mbining
the fact that —log(e) < polylog(K) thus

Attn? [Val exp(B{)) 1 1

_ (—).
t t Vin t t
1 - Attngc) Zm;ﬁk |Vm| eXp(Bl(c,zn) Zm,;ék' ||Vn |‘ eXp(B]E:,Zn - BIE:,?rL) K

F.3.2 Controlling the Gradient Updates in Stage I of Phase 11

Lemma F.8. At each iteration T j, <t < er » if Induction Hypothesis F.2 holds then a](:) > 0and
satisfies
€

off) > ().

Proof. The analysis is similar as Lemma F.3, but we need to be more careful about the lower bound
of 1 — Attng). By gradient computation from Lemma E.2,

a,(:) =E | 1H{zqey = Ui} Attng) . Z Attngl)2 +(1- Attn,(f))2
m#k

2
> pic - P(Popu € E)E | At - | 37 Attn()” + (1 - Ateni))” | | {zquery = 02} NE
m#k
> pi - P(Papu € Ega)E [Attnf (1= Attn")? | {query = v} 0 &
€
> Q(—=
> (),

where the last inequality follows from Lemmas E.4 and F.6 and the fact that p;, = 6(%) in balanced
case. 0

LemmaF.9. At each iterationT' j, <t < T; w if Induction Hypothesis F.2 holds then given k € [K],
for any n # k, ﬁ,(le satisfies

Proof. Note that conditioning on the event {Zquery = vk} N { Pinpuc € Egy 1> by Lemmas F.6 and F.7,
we have Attn,(:) = Q(1), max,, 2, Attn,, = O(%), thus

S Attn®), — Attnl) — Attn{ (1 — Attn”) < max Attn 3 Attn) — Aten( (1 — Attn?)

——yt m#k ik

— —(1— Attn{")(Attn{" — max Attn?)
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< —Q(1 - Attnl"). (19)

Therefore, combine with Lemma E.2

B <E | Hguery = vi N Exy} AttnD) - | S Attn®” — Attn® — Attn(” (1 — Attn?)
m#k

+E | H{zquey = vi N &gy} Attn) - [ Y- Attn(®’
m#k
(1— Attn{")2
K

(b) € 2. N
< . _ . _ bal
< Dk ( Q(K)) + 3pr exp ( 25K2>

<0

(@)

< Pk 'P(Pinput € 51;11) E | = ) | {xquery =vEf N gt:kal + Pk 'P(fﬁalc)

b

where (a) follows from Equation (19), Lemma F.7, (b) follows from Lemmas E.4 and F.6, and the
last inequality holds since
€ . exp(—polylog(K))

K>> K >>exp<

_ CgalN
25K2 )"

Moreover, following the similar analysis from Lemma F.4, we have

B, < i [Attn) - (Attn!) + Attn(” (1 - Aten)) | {zquery = v} 0] + PP(ER)

1— Attn'"

< pE l@(K“’“) .0 (Attnff)(l - Attn,(f))) | {@query = vk} N &Ly
2 N
-+ 6pr, exp (—2?}(2)

Attn!? (1 — Attn))? 2 N

— ok OB AN | o, — iy | + o (g )
(1)
0%

< O(—£-).
<0(%)

F.3.3 At the end of Stage I of Phase II

Lemma F.10. Given k € [K], and 0 < e < 1, suppose polylog(K) > log(2), then Induction
~ _1

Hypothesis I2 holds for at least all Ty j, < t < Tik =T+ O(%), and at iteration

t= Tfk + 1, we have A,(CTS”"H) > Q(log(£)).

Proof. We first prove the existence of fg - Recall that

~ K
T5 ). := max {t >T g A,(f) — maxB,(fzn < log (( o 1)((§)% - 1)> } .
s ) mAk s Lkd €

When ¢ € (T4 x, T;k], consider

t+1 t+1 t t
(Ai ' gg},gB;i,m )> - (Aé) - lgnlg},gBé,L)
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(1) (1+1) (1)
=nay,’ = (mgﬁgB ham —gngk,m>

> oy — max (B} - B{)) )

t t t ne
= oy — max (03]}, ) = na’ = (%)),

where the last inequality follows from Lemma F.9 and the last equation follows from Lemma F.8.
K1og (A5 -1((2)2-1)
ne

needed before A( ) MAXm £k B( ) exceeds log ((% — 1)((%)% - 1))
k

_ _1
Therefore, at most 75, — Th x = O( = O(Kbg(n#

) ) iterations are

It is easy to verify Induction Hypothesis F.2 holds at ¢t = T} ; + 1. Now we suppose Induction
Hypothesis F.2 holds for all iterations in [T7 x + 1,¢ — 1], and prove it holds at ¢.

By Lemma F.8, we have a,(f_l) > 0. Thus A,(:) > A,(f_l) > log(K). By Lemma F.9, we have
—1)
—O(a‘ ) < ﬂ(t Y < 0. Thus,

. PG
1B < BV 4+ no(FE—)

K
5:—1) a](:—n
<
< OB ) 470 Y
A(t)
< O(=E),
<ok

Moreover, by the definition of T; woforany T <t < ﬁ; x we immediately have

IIWA0) (t) (t) K 3.1
—0(= < — < - D)z — )
(1 =04 < Ay gg},gBkm_log (Lza‘ D)2 =1)

Therefore, Aff) < O(log(£)) forany Ty, < t < TQE,,C.

T
At iteration t = Tgk + 1, we have A( 24t

thus A( > Q(log(£)).
When {Zquery = vk} N { Pinput € Epy }» We obtain

Vin t t
(T2 p D) Zm;ék ‘\vul eXP(B( - A( )>

TS +1 1
— MKy £k B,(ﬁ,m’k ' log ((L%a1 — 1)((%)5 — 1)),
T5 ,+1)

1— Attn S |‘1‘;},:‘| ox p(B(t A(t)) +1
exp(maxp, £k B A(t))( [Vl -1
 exp(max,x B(t) A(t g — 1 +1
exp(max,, 4k B A(t)) - b
: exp(maxy,«i B, t) - A(t )( B 1) 1

(& - -n) " (L -1
IR (F R (CO L IT) I E I
= (¢/3)%,

where the first inequality follows from the fact that £ monotonically increases w.r.t. z > 0.
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F.4 Phase II: Convergence: Stage 11
Given k € [K], define

K log (Ke—%)

15 =15, + O( en

).

Induction Hypothesis F.3. Suppose polylog(K) > log(%), for t € (Tg k> L5 1, the following
holds:

a. Ag) is monotonically increasing but cannot exceed O(log(K/¢));

)
b. B,(:Zn is monotonically decreasing and |B,(€t2n| = O(%) for any m # k;

F4.1 Technical Lemmas
We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis F.3.

Lemma F.11. Suppose Induction Hypothesis F.3 holds at iteration t € (T;Ek, Tik], if Tyuery = Uk
and Py € &y, the following holds

al’

1. Attnl” = Q(1);

2. (1- Attn,(:))2 € [Q(exp(— polylog(K))), €), where ¢ > 0 is some constant.

Proof. Since Zquery = vk, then we have

[V | exp(A(t))

Attn!) = e
S gk Vil exp(BL),) + Vi exp(A})
_ 1
Vin t)
Zm;&k ||v |‘ exp( A( )+
By Induction Hypothesis F.3,
og e og polylog . 1
A(t) (1 (I?/))—log(K) < O(M)—log(ff) < Y
exp( ) < <e S O(K)
Therefore,
1 1
Attn!” > > > Q(1)
F T OGN T Ol — )+ 1

We first upper bound 1 — Attng),

) Vi ‘eXp(B() _Al(ct))

m#k V| k,m
1— Attnl) =
Vi t 7
m#k ‘|vk|‘ eXp(B( = Ai)) +1

exp(max, £, B( ) — Ag))(% -1)
~ exp(max,, 4k B(t) — A](f))(vl -1H+1

|
( 2k+1 A(Tz k+1))(L _ 1)

(i) eXp(maX'm;ﬁk B

- exp(max,, £ B( 2 k+1) A,(C 2”"“5(% 1)+1
(b) 1
2
(3) I

(t)

where (a) holds since max,,.; By, ,,, — Aff) is non-increasing by Induction Hypothesis F.3, and (b)

follows from the definition of Tf -
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Then we lower bound 1 — Attn,(:) following the similar analysis from Lemma F.6:
D etk ||vk|‘ ex P( — 4y, )
Vi t
Zm#k \lvkll exp(B( ) _ A( N 41

1— Attn” =

exp(ming,« B(t) —A 25)) W — 1)

‘—1)+1
-1
—1)+1

exp(ming, £ B - A(t))(

|
) (7

exp(ming, « B(t) —

v

A

Ay,
exp(ming, £ B(t A(t )(
cotmroy (g — 1)

i K
eoaog(K/e))’(fUzal -1)+1

v

1 K
2O (polylog(K)) (sz -1)

>
= 1 K
<O (polylog(K)) (UT?’ —-1)+1

> Q(exp(— polylog(K))),
where the first three inequalities follow from the fact that
and — A" > O(log(K /). O

Lemma F.12. Suppose Induction Hypothesis F.3 holds at iteration t € (fg k> T;) ob I Tquery = Uk
and Py € Eyy for n # k, the following holds

1— Attn!?
Attnl) = © (nk .

al’

K

Proof. By definition,

Vilexp(B By

St [Vanl exp(BL),) + [Vel exp(A()

By Induction Hypothesis F.3, -0 5) < exp(B,E:Zn — B,(le) < O 6 mbining
the fact that —log(e) < polylog(K) thus

Attn®) =

Attn)  lexp(B)) 1 1

- - =0(—).
1-Attnl) 3 Vnlexp(BY)) Y, betepB), B K

F.4.2 Controlling the Gradient Updates in Stage II of Phase 11

Lemma F.13. At each iteration t € (f 5 1> s 1], if Induction Hypothesis F.3 holds for t, then a,(:) >0
and satisfies

all < 0(%).

Proof. By gradient computation from Lemma E.2,

a,(c) E |1{zqery = vk} Attnk . Z Attn(t) - Attng))2
m#k
< pifE Attnkt) Z Attn (1- Attnl(c )) | {zquery = vk} N Exy
m#k
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2
B Cour IV
+ 6py, exp < 25K2>
2
oV
< pi - O(€) + 6py exp ( 25K2)
€
< O(=
<0,
where the second inequality follows from Lemmas F.11 and F.12, and the last inequality follows from
2
the fact that p;, = ©(%) and € = Q(exp(— polylog(K))) > 6 exp (f Zc‘g’g ) O

Lemma F.14. At each iteration t € (f; ko 15, ) if Induction Hypothesis F.3 holds for t, for any
n#k, B,(:ZL satisfies

Proof. Note that conditioning on the event {Zquery = i} N { Pinput € Eg‘al},Attn,(f) = Q(1), and
1

max, -z Attn,, = O(%) thus

> " Attn?, — Attn, — Attng(1 — Attny) < max Attn, »  Attn,, — Attn,(1 — Attny)
mtk m#k mk
= —(1 — Attng)(Attn, — Ini)k( Attn,,)

< —Q(1 — Attny) < —Q(exp(—polylog(K))).

Therefore, by gradient computation from Lemma E.2 and N > K3,

2 N
x(fl < Gexp (_ 2';)}@) — Q(exp(— polylog(K))) < 0.

Moreover, following the similar analysis from Lemma F.9, we have

8, < piE [Aten) - (Attn) + Aten]” (1= Attn)) | (g = vi} N &) +PLPEL)
< pE -9(11?;“1’(;)) -0 (Attn,(:)(l - Attn,(f))) | {zquery = v} N 5*]
_ + 6p exp ( ;%}?;)
_E o Attng)(lKAttn;ﬂ)z) | (ouay = 06} ME° | + 6o xp (_;55}?; )
<o),

where the last inequality holds since the gradient computation of 045:) from Lemma E.2 and a,(f) >
2
6 exp (— ;g“}?;) O

F.4.3 Controlling the Loss in Stage II of Phase 11

Lemma F.15. Given k € [K], and 0 < € < 1, suppose polylog(K) > log(1). At each iteration
te (T26,k= T5 1), if Induction Hypothesis F.3 holds for t, then we have Lp(00) < e,

Proof. By gradient computation from Lemma E.2,

~ 1 o
Ly, (e(t)) = i]E 1{mquery = Uk N Pinput € Eval ¥ (yquery — (w, xquery>)2}
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1 2
= 2E | 1{Zquery = v N Poput € Ei} | D Attnl)” + (1 — Attn)?

2
m#k
1 . 1 ()2 *
< ipkp (Pinput € &) - E (O(g) + (1 = Attng")” | Zguery = vk N Pinput € gy
1 1
<-pr-(1+0(=)) -
< 5Pk (14+0( K)) €
N kae’
- 3
where the first inequality follows from Lemma F.12, and the second inequality follows from
Lemma F.11. O

F.4.4 At the end of Stage II of Phase II

Lemma F.16. Given k € [K], and 0 < ¢ < 1, suppose polylog(K) > log(), then Induction
K log<K67%) )

Hypothesis F.3 holds for at least all T;k <t<T5, = f;k + O( p

Proof. 1tis easy to verify Induction Hypothesis F.3 holds at t = fzé  + 1. Now we suppose Induction
Hypothesis F.3 holds for all iterations T; x <t —1,and prove it holds at £.

For the first claim, we can upper bound the update of A,(f) by Lemma F.13 as follows:

A <AL 4005

< A e~ T, - 1) O(52)
Klog (Ke_%) €
< O(log(K/€)) + nO( )-O(+)

K
— O(log(K/e)).

The second claim is concluded by Lemma F.14 and similar analysis from Lemma F.10.

F.5 Putting all together: Proof of Main Theorem for Balanced Feature

Theorem F.1 (Restate of Theorem 3.1 for balanced feature). Suppose p, = O(+) for each k € [K].
Forany 0 < € < 1, suppose N > poly(K) and polylog(K) > log(%). We apply GD to train the

log(K) K2 Klog(Ke_%)
O( n + €en

loss function given in eq. (4). Then with at most T* =
have

1. The loss converges: L(6T)) — L* < ¢, where L* = ©(e™P°Y)) is the global minimum of the
population loss in eq. (4).

) iterations, we

2. Attention score concentrates: if Tguery = Vi, With probability at least 1 — e~ Py (K))4 the ope-
layer transformer nearly “pays all attention” to input tokens featuring vy, i.e., (1 — Attn,(cT ))2 <

O(e).

1
2  Klog(Ke 2 . i
log(f)K + <€n ) ). Thus for any , at iteration

Proof. Denote T = maxj¢[x] Tvik—i—l = O(

T, it is in stage II of the convergence phase, i.e. T* € (Tik, T;k] Then by Lemmas F.15 and F.16,
for any k € [K], we obtain:

*The randomness originates from the first NV input tokens in the test prompt.
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Therefore
K
L)) = Do = 3 (Ly(07)) — L)
k=1

Ko/ . 2 N
SN (ACHRTA )
1

IA
M= T

2pie€ N
6 _ al
g TP ( 25 K2
k=1
2e 2. N
< == __ “bal
=73 +68Xp< 251(2)
<e

where the first inequality follows from Lemma E.8.

Finally, by Lemma E.7,
LOT))y —L* < LOT)) — L'V < e,
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G Analysis for the Imbalanced Case: Under-represented Features

In this section, we present the analysis for the under-represented feature vy with & > 1 in the
imbalanced case, we first discuss the outline of our proof.
G.1 Roadmap of the Proof

At the beginning of each phase, we will establish an induction hypothesis, which we expect to remain
valid throughout that phase. Subsequently, we will analyze the dynamics under such a hypothesis
within the phase, aiming to provide proof of the hypothesis by the phase’s end.

The main idea of the proof consists of analyzing the GD dynamics of A,(:) and B,(:L. From Defini-
tion E.1 and lemma E.2, we have

f+1 ¢ ¢
A,(CH' ) — A,(;) + na,(;),

B](:+1) — B](C?L + nﬁ(t)

n k,n’

and

o) = E | H{aguey = v} Attn - [ 37 Attn{)” + (1 — Aten(")? | | ,
m#k

) =E | H{oquy = vr} Attnl) - [ S Attn®” — Attn® — Attn(? (1 — Attn?)
m#k

We divide the under-represented feature vy, with k& > 1 learning process as follows.

 Phase I (¢t € [0,T7 x], Appendix G.2): At initialization, B,(:)l enjoys a much larger reduction rate,
i.e. Bx1 < 0and |8y, 1| is large. Therefore, the decrease in B,(f)l
defines phase I.

will dominate for a while which

« Phase I1 (¢ € (T} 4, T» 1], Appendix G.3): At time Ty 1, + 1, the reduction in the value of B\")
causes a corresponding decrease in |ﬂ,(f)1 |, bringing it closer to a,(:). This marks the inception of

phase II. Shortly after entering this phase, the previous assurance of B,(:)1 reduction dominance

wanes, as |3 ,(:)1 approaches a comparable order of magnitude to oz,(f). At this juncture, there is a
shift in the leading influence, with the prominence of A,(f) growth taking over.

* Phase III (¢t € (T, 75 ], Appendix G.4): Following the transitional phase, a,(f) grows at

approximately O (=), whereas | B,(ct)1| and | B,(:ZJ for n # k, 1 stay at much lower values (<

O(4tss) and < O(5) respectively). This consistent gap in magnitude between oz,(;) and B,(:Zl
leads to the continued rapid growth of Al(f), while B,gtzl remains relatively stable.

* Phase IV (t € (T3, Ty i), Appendix G.5): Att = T3 + 1, we achieve the desired attention
structures for query tokens linked to the under-represented feature vj,. We proceed to demonstrate
that the dominant growth rate of A;ct) will gradually slow down and become governed by the loss,
leading to the subsequent proof of convergence.

G.2 Phase I: Decrease of Dominant Feature

In this section, we will delve into the initial phase of learning dynamics, aimed at mitigating the high
occurrence bias of the dominant feature v;. Specifically, for £ > 1, By ; will undergo significant
reduction during this phase. Let’s begin by defining phase I.

For the k-th feature vy, with k > 1, we define the phase I as all iterations ¢ < T7 ;, where
A . S
Ty =maxqt: B} > —0.49log(K) ¢ .

We state the following induction hypothesis, which will hold throughout phase I:
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Induction Hypothesis G.1. Given k > 1, for each 0 < ¢ < T3 j, the following holds:

a. A,(f) is monotonically increasing and A,(C € 10,0( I‘I)fo(f,? B
b. B,(f)l is monotonically decreasing and B,(f)l € [-0.491og(K),0];

AW _p®

c. |B](:31| = O(——5"*) and B](fzI > B,(:)I for any n # k, 1.

G.2.1 Technical Lemmas
We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis G.1.

Lemma G.1. If Induction Hypothesis G.1 holds at iteration 0 < t < T 1, for the prompt satisfies
Tquery = Vi and Py € E the following holds

imbal’

1. Attn{” = O(L);

2. Attn{" = Q(kw);
_ () _ (t) .
3. 1— Attn; Attn;’ > Q(1);

Proof. Since Zquery = vk, and notice that [Vk| > 0 for Popu € & we have

imbal ®

T A )
Aten® = Vale™ @
®

E?TQMyy
. J
jeIN] €

A eXp<A<f>)
Sz [Vl exp(BL),) + [Vl exp(AY)
1

Vi t t
S Bl exp(BY), — A) +1

By Induction Hypothesis G.1, we have

o form # 1,k, 6_0(11()(%('{)(;) < exp(B(t) — A(t)) < 05,

k,m

e form — 1’e(—O.4910g(K)—O(7l;g0(_§2))) < exp(B,(:)l fA,(f)) < el

Combining with the fact that 3, Ile‘ = O(K)) for Pyput € &b thus
1
Attnl? > Q(—).
n, = (K)
On the other hand, since N‘;L“}ll is still ©(K), we have
1 1
Attn!) < : <O(=).
k 6—0(%)(% 1) +e(_o.491og(z<>_0(11<%§§2> )\w 11 K

[Vi]|
Then we turn to Attngt). Similarly,

V1| exp(B{)

Sz Vil exp(Bi ) + [Vi| exp(A}”)
1
Vi V
S it exp(B, — BIY) + Ve exp(al? - BYY) +1

Attn) =

By Induction Hypothesis G.1,
o form # 1, k, we have e < exp(B(f) — B,(J)l) < el 4910%(K)+O(1°g(K))’

e el < eXp(A( ) B(t)) e0- 49 log(K)+0 (et
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Hence,

(t) > ]. ].
Attn, = 049 log (K)+0 (155 )(% S+l (K0-49 )-
where the last inequality holds since % = O(1) for Pupu € Efpar-
For the last statement,
(LD —1
1— Attnl) > I(V“’l‘ ) > Q(1)
eo(lvi -1+1
1

Combining the fact that Attn'"” = ©(%), we have

1 - Attnl” — Attnl” > Q(1).
0

Lemma G.2. If Induction Hypothesis G.1 holds at iteration 0 < t < T i, for the prompt satisfies

Tquery = Vi and Py € E5, 10 the following holds

(1) (t)
Attnl — 0 (1 - AttnkK— Attn| ) |

Proof. Since Tqyery = vj;, we have

Wn|6vnTQ(t)vk

t
Attn) = WeALeCT
J

JE[N]
[Vnl eXp(Bl(ct})n)
S sk Vil exp(B ) + Vil exp(AL”)

By Induction Hypothesis G.1, for m,n # 1, e~ O < exp(B,(fzn — B,(f)n) < eo(%),

combining with the fact that [} = ©(1) for Pupu € &y thus
Attn() C alexn(B)))
1-Attnl” — Attnl” S, [Vin| exp(B}),)
B 1
Vi t t
Em;ﬁk,l M eXp(Bl(c,')m - B;E:,L)

<0(z).

G.2.2 Controlling the Gradient Updates in Phase I

Lemma G.3. Given k > 1, if Induction Hypothesis G.I holds at iteration 0 < t < Ty, then
a,(:) > 0 and satisfies

1

0‘1(:) = @(ﬁ)-

Proof. By gradient computation from Lemma E.2, we have

ol = E | H{zgey = v} Attnl” - | 37 Attn®)” + (1 — Attn())?
m#k
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— E | Haquery = v N Eppart Attn” - | 37 Attn)” + (1 - Attn))?
m#k

+E | H{quy = 06 N Ea’} Attn - [ 37 Attn()” + (1 — Attn()?
m#k

(a) 2
< Pk IP>(1{:)mpul € 1mbal)E Attn](:) ’ Z Attngrtt) + (1 - Attngct))Q | {xquery = Uk} n gix;nbal
m#k

+ 2pg ']P)( input € g]mbal )
®) ®) 1 ’ (t)y2
< pi-E |Attn;’ - O(E) + Attn;’ + (1 — Attn; ') | | {Zquery = vk} N Eppal

+ 2py; P( input € gmbal )
(c) 1
< O(ﬁ)

(@) is derived from the fact that 2query and Py are independently sampled. Here, we straight-
forwardly bound Attng) (D mazk Attngfl)2 +(1— Attng))Q) by 2 for Pupue € Eipa”- (b) is

established by applying Lemma G.2 to Attnsfl) for m # 1,k. (c) is based on Lemma G.1, our
selected px, Lemma E.5, and the evident relation:

Similarly, we can show that a,(f) > Q(%) O

Lemma G.4. Given k > 1, if Induction Hypothesis G.1 holds at iteration 0 < t < T}, 1, then
(t) < 0 satisfies

1
IBkl = <K1‘98)'

Proof. Note that
3 Attn®” — Attn(? — Attn(” (1 — Attn?)

m#k
3 Attn(” — Attnl” (1 — Attn") — Aten(” (1 — Attn()
m#1,k
< max, Attn® (1 — Attn{” — Attn("”) — Attn(” (1 — Attn”) — Attnl” (1 — Attn")
< —(1— Attn” — Attn!”)(Attn!” + Attn'” — max Attnl)) (20)

m#1,k

Therefore, by gradient computation from Lemma E.2, we have

B <E | 1{Zquery = 0k N Ppur € Epa } Attn” - [ 37 Attn®” — Attn(? — Attn(V (1 — Attn")
m#k

+ E l{xquery = Uk N -Pmput € 1mbal }Attn(t) Z Attn%)Q
m#k

(a)

< pr - P(P input € g]mbal )+ ok - P(P, input € g]mba])

(Attn” + Attn!"” — max,, 41 ; Attn())

049 ) | {xquefy - Uk} N gitnbal

E |-
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1
K1.98)'

where (a) follows from eq. (20) and Lemma G.1 The last equality holds since

1 A N
Kow > P " o5

O
Lemma G.5. If Induction Hypothesis G.1 holds at iteration 0 < t < Ty, 1, for any n # 1, k, 6,(:21
satisfies
(t) (t)
() < Q" = Pr1
B0 < O(FE—5),

Proof. By gradient computation from Lemma E.2, we have

ﬁl(:; < E 1{xquery = ’Uk} Attng) . Z Attngi)2 (21)
m#k
B < B [Haquy = v} Aten(? - (Attn?) + Aten(” (1 - Attn”))] (22)

For eq. (21),

2
B,(:L <E | 1{Zquery = V& N Pinput € Eimpat } Attn® . Z Attn(t)
m#k

2
+E 1{xquery =v, N Pinput € i?nbalc} Attngf) ’ Z Attngvtz)
m#k

. 2 1
Spk . P(-Pinput € gimbal) E |:Attn£zt) : <Attngt) + O(K)) ‘ {xQUery - vk} Nné mbal

+ Pk - P(Pinput € Enpat)

(@) 18 2 N

< 1m

_0(K3)+0( i )+3pkexp( 25K2>
By

<

0(K3)+0( % o).

From Lemma G.2, we observe:
(t) * ()2
181l = Pr - P(Pinput € Eipppat) - E [Q (Attn1 ) | {Zquery = v} N mbal]

Consequently, (a) is established based on this observation, and it is further noted from Lemma G.2,
Attnl) < O(%).

For eq. (22), we have
- 51(:,21 < pkE {Attngf) . (Attng) + Attnl(ct)(l - Attl’lg))) | {xquery = Uk} N 1mbal} + Pk - IP)(‘E’lmbal )

(a)
< Pr - P(glmbdl)E

O—% K

1— Attn” 1— Attn'?
By of )+ Attnf” (1 — Attn”) | | {query = 00} N Efopa

+ Dk - ]P)(Pinput € 5iT11balc)
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X Attn!” (1 — Attn!”)2 i} 2 N
<pr - P&rpa)E [O( k K . ) | {xQuery = U} N Eupar | + 3Pk €XP <_ 25mf(2>
(t)
a
<0 Zk

where (a) holds by Lemma G.2. The last inequality follows the analysis in Lemma G.3, and the fact
that

2
) 1 c: N
ay’ > Q(ﬁ) > 3exp (— 215mK2> .

Thus,
(t) (t)

NOl
Bl < O(=——).

G.2.3 At the end of Phase I

Lemma G.6. Given k € [K]|, Induction Hypothesis G.I holds for at least all t < Tyj =
1.98
O(%), and at iteration t =T} , + 1, we have

a. B < —0.491og(K);

b. Attn; = O(ﬁ) if Tquery = Vi and Piypy € E,

imbal*

Proof. The existence of T} , =

O( M) is directly implied by Lemma G.3.

It is easy to verify Induction Hypothesis G.1 holds at ¢ = 0. Now we suppose Induction Hypothe-
sis G.1 holds for all iterations < ¢t — 1, and prove it holds at ¢.

By Lemma G.3, we have oz,(:_l) > 0. Thus A,(:) = A,(f_l) + noz,(f_l) > 0. Morover, combining Lem-

(1) _ 4(0) 1B}~ B (t)
mas G.3 and G.4, A, — A} < O(—5551 ) we immediately obtain A;” < O(log(K)/K%%?).

A _ A0 ) _p0)
For m # 1, k, by Lemma G.5, we have |B,(:3n| <O(—=—= J;'(B’“’l B’””l‘) < O(log(K)/K).
The proof for the second statement is deferred to the next phase. (Lemma G.7) O

G.3 Phase II: Switching of Leading Influence

During phase I, B,(f)l significantly decreases, resulting in a reduction in Attngt), while other Attnﬁf)

with n > 1 remain approximately at ©(7). By the end of this phase, (Attngt))2 decreases to

O(4oss ), leading to a decrease in | ﬁ,(:)1| as it converges towards a,(f). At this point, phase II begins.

Shortly after entering this phase, the prior guarantee of B,(f)l reduction dominance diminishes as
(t)

|6,(:)1| reaches the same order of magnitude as .
For k > 1, define
Ty 2 max{t > T1 . : A — B} < 1.011og(K)}.

We will be based on the following induction hypothesis during phase II.
Induction Hypothesis G.2. For T ;, <t < T5 j, the following holds
a. Ag) is monotonically increasing and A,(:) € [0,0.52log(K)];
b. B,(f)l is monotonically decreasing and B,(f)l € [-0.511og(K), —0.49 log(K)];

AP 41BO

c. |B,(:2L| = O(?’”‘) forany n # 1, k.
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G.3.1 Technical Lemmas
We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis G.2.

Lemma G.7. If Induction Hypothesis G.2 holds at iteration T\ j, < t < T, if Tguery = Vi, and
Pipur € E}pap the following holds

imbal’
1. Attnl” € [Q(%), O(wtm)];

2. Attngt) € [Q(ﬁ%O(ﬁ)L
3. 1— Attn!” — Attnl? > Q(1);

Proof. Since Tquery = U, and notice that |Vi| > 0 for Py € &> We have

imbal®
[Viler @0
B TQW vk

Attnl) =
Je[N]

|vk|exp<A<“>
S sk Vil exp(BL ) + [Vl exp(AL”)
1

D mtk ||1\})2L|‘ eXP( A(t))

By Induction Hypothesis G.2

* for m # 1, k, we have e~ O ) ~0.5210g(K) < exp(B,(fzn — Ag)) < O,

e form =1, e~ 101log(K) < exp(B )1 A(t))
Combining with the fact that } -, |V |‘ O(K) for Pupu € Eipar» thus
1
Attnl”) > Q(=).
g = (K)
Moreover, since Nl;‘ljfl‘ is still ©(K), we have
() < 1 <ot
Attn, " < e— 0255y —0.52 log(K)(N‘;hl}ﬂ 1) + 101 log(K) ‘Vl“ +1 O(K0-48)'
k k
Then we turn to Attngt).
(t)
) V1] eXP( 1)
Attn;’ = e
m#k k
5 g [Vinl exp(By )+|V|6Xp( )
_ 1
Vi t t V t t
DomAlk ‘\vk|| eXp(Bl(c,zn - Bl(c)l) ‘\vk‘ exp(A( ) Bl(@)l) +1

By Induction Hypothesis G.2,

e form # 1, k, we have

(0-4910g(F)—O(55)) exp(BY) B(t)) < 051 log(K)+O( 2550

km ’

e form = 1, e0-4910s(K) < exp(Agf) B(t)) o101 log(K)

Thus
1 1

>0
051log(K)+O(10g(K))(NIVDTk‘ )+€1.o1log(K)+O(%)% +1 <K0-51)
1 1

Attngt)
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For the last statement,

£0-49 1og(K)—o(%)(L —1)

V1]
> Q(1).
60.49log(K)—0(%)(WL —1)+1 M
1]

1— Attnl" >
Thus,
1 - Attnl” — Attnl” > Q(1).
O

Lemma G.8. If Induction Hypothesis G.2 holds at iteration T j; < t < T 1, if Tgyery = Vi, and
Pipur € Eppap for n # 1, k, the following holds

1— Attn” — Attn{” )

Attnl) =
n, O ( I7a

Proof. Since Zquery = Vi, then we have

‘VVL|EU"TQU)UIC

Attn) = g
jen €7
Vol exp(B{))

S st Vil exp(Bi) + [Vl exp(AL)

By Induction Hypothesis G.2, for m,n # 1, e O < exp(B(t) - B,(f)n) < O(E),

k,m
combining with the fact that Y2l = ©(1) for Pypu € £y thus

[Vl
Attn® _ [Valexp(B{)
_ (t) _ ) (1)
1— Attn,’ — Attn,; Yomz1 g [Vmlexp(By 7,)
_ 1
Vi t t
Zm;ﬁk,l I‘an\ eXp<Bl(c,')m - Bl(c,zz)
1
<O(=).
<0()

G.3.2 Controlling the Gradient Updates in Phase I1

Lemma G.9. Given k > 1, if Induction Hypothesis G.2 holds at iteration Ty j, < t < Ty i, then
o > 0 and satisfies
=
(t) 1
a,’ > Q( 702 ).

Proof. By gradient computation in Lemma E.2, we have

o) = E | H{aguy = v} Attn” - | 37 Attnl)” + (1 — Attn())?
m#k

2
=E | H{zquery = v N Eppa} Attng) ) E Attnf)” + (1 - Attng))2
m#k
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+E | Haquery = 05 N Epr”} At - [ S Attn®” 4 (1 - Attn())?
m#k

> Pk P(P € 1mbal)E Attn,(: Z Attn(t) + ( - Attngct))Q | {xquery = Uk} né 1mbal

m#k
1
> Q(ﬁ)-
where the last inequality follows from Lemma E.5, Lemma G.7 and our choice of py. O

Lemma G.10. Given k > 1, if Induction Hypothesis G.2 holds at iteration T}, 1 <t < T}, o, ,(:)1 <0
and satisfies

1B € 9 ), O )

Proof. Following the similar computations as Lemma G.4, we have
2
3 Attnl)” - Attn{” — Attn)” (1 - Attn]")
m#k

—(1— Attn!” — Attn(")(Attn!” + Attn) — max, Attn())

Therefore,

B < E | Hzquery = vk N Epa} Attn” - [ 37 Attn®” — Attn'? — Attn(” (1 — Attn?)
m#k

+E | H{zquery = vk N Eppar” }Attn Z Attn(f)
m#k
(Attn(t) 1+ Attn!) — MaX,,£1 k Attn(t))
1 k #1, m
K051

(a)
< pg- P( input € g1mbal)

_Q( ) | {xquery = 'Uk} N 8isrﬁnbal

+ Dk - ]P( input € glmbal )
(®) 1 2 N
< Pk <Q(K1~02)> + 3pr exp ( 25K2)

1
Kz.oz)

= -

where (a) follows from Lemma G.7, (b) is obtained by Lemma G.7 and Lemma E.5. The last
inequality holds since

1 2 N
Ko > P g5

Moreover,

-8 <E [1{mquery = vy N &Ly} Attn!? - (Attngt) +AttnlD (1 — Attn;‘f)))}

+E [1{xquery = v Nyt Attn” - (Attn(lt) +Attn{? (1 — Attngp))}

(a)
< Pk - P( input € 5mbal) {Attngt) 'O(Attnlt) + Attn(t)) | {x(]uery - Uk} N mbal}

+ 2py; - ]P)(Pinput € 5imbal )
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b 1 2 N
< Pk - <O(K0~97)) + 6py, exp ( 25K2)

1
- O(K1.97)'

Here, (a) arises from straightforwardly upper bounding Attn® 1 + Attn® k(1 — Attng)) to 2
when Py € Erpar”- (b) is established based on Lemma G.7. O

1mbal

Lemma G.11. If Induction Hypothesis G.2 holds at iteration Ty j, < t < T i, for any n # 1,k,

( ) ,, satisfies

< ol Al
®1 <0 1.
Iﬁk | (-~ )

Proof. By gradient computation from Lemma E.2, we have

ﬁl(ﬂsz <E 1{xquery =} Attngf) . Z AAttn%)2 (23)
m#k
B < B [Hoquy = v} Aten(? - (Attn?) + Aten(” (1 - Attn”))] 24)
For eq. (23),

ﬂkt) <E l{xquery = v N Pinput € 1mbal} Attn Z Attn
m#k

+E | 1{Zquery = vk N Prnpur € Eppa "} Attn - | S Attn(®)’
m#k

2 1
<pk - P(Poput € Eppar) - E [Attnﬁ) : (Attngt) + O(K)) | {Zquery = vk} N Epal

+pk . ]P(Pinput € g:nbalc)

& L) 4 3ppe N
. X —
Pk €Xp 25 K2

<O(— )+O(

K3

IBk,l

<O(==) + O(

el
For eq. (24), we have

- ﬁl(ct,Z“L < pkE {Attl’lg) : (Attng) + Attnl(ct)(l - Attl’lg))) | {xquery = Uk} n 1mba1} + Pk - P(glmbal )

=Pk - P(glmbdl)E O(

1- Attn,gt)) oL Attn”
K K

) + Attn,(:)(l — Attng))> | {l'query = 'Uk} n gitnbal‘|

+2pk P(glmbal )

Attn!" (1 — Attn(”)2 . 2 N
<Pk - P(g1mbal)E O( k K ) | {xquery = Uk} N Eimpal | + 6Pk exp < 25K2>
(t)
«
< O(=k—

From the analysis in Lemma G.9, we have

2N
)>Q( 5) > Gexp (—;g“K2>
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Thus,
&) At
Q. — Pri
B < O(—E——kL),

G.3.3 At the end of Phase I1

Lemma G.12. Given k € [K], Induction Hypothesis G.2 holds for at least all Ty j, <t < Ty ), =
2
T\ + O(%), and at iteration t = Ty j, + 1, we have

a. A,(fT“H) > 0.51log(K);

b. B+ > _0.5110g(K).

Proof. The existence of T, = T} + O(

M) is directly implied by Lemmas G.9 and G.10.

It is easy to verify Induction Hypothesis G.2 holds at T} ; 4+ 1. Now we suppose Induction Hypothe-
sis G.2 holds for all iterations < ¢t — 1, and prove it holds at ¢.

For m # 1,k, by Lemma G.I, we hae [B" | < |B,(€7T,1n”“+1)| +
(T2 1) (T ) +1) (T3 k) (T1,+1)
AN AT B Y =By T

O(—* . e bl ) < O(log(K)/K).

Now suppose A,(CT2”“+1) < 0.5log(K), then B,i?f’”n < —0.511og(K). Consider the first time
that B,(f)l reaches —0.501 log(K), denoted as T. Note that T < Tétg since the change of B,(:,)l, ie.

| ﬂ,(:)1| < log(K). Then for ¢t > T, we have the following fact: if Zquery = Vi and Piyput € Ejppas the
following holds:

1. Attnl” € [Q(L), O(745)l;
2. Attn!" < O(kor);
Therefore, following the similar analysis as Lemma G.10, we have
89| <E [1{xquery = vy N &yt Attn? - (Attngt> +Attn) (1 — Attnﬁj)))}
+E [1{xquery = v N &t Attn ) - (Attngt) +AttnY (1 — Attn,(f)))]

mbal

+ 2pk - P(Empar”)

<pi - P(P € &Epar) - E {Attngt) O(Attn” + Attn”) | {Zquery = e} N 51‘Tnbal}

(t) 2
1 oy, N
<pr - (0([(1,02)> +O(550.501) + 6pw exp ( 25K2>
(1)
QX
< O(Kom )-

where the last inequality follows Lemma G.9.

since |B2*+Y = BT)| > Q(log(K)), we have AU+ > [B{T++D _ g1 q(k001) 4

Ag) > QK%' log(K)), which contradicts the assumption that A;TMH) < 0.5log(K). There-
fore, A;CTQ"“H) > 0.5log(K). Noting that once B,(:)l passes —0.501 log(K), it will changes will be

largely smaller compared to the increase of Agf). Thus, B,(CTf‘kH) > —0.51log(K).

O
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G.4 Phase III: Growth of Target Feature

After the transition phase, Ag) will experience a larger gradient, with the growth of Agf) becoming

the dominant effect in this phase. For k-th feature vy, we define the phase III as all iterations
To <t < T3, where

T3 = max {t >Thy e A,(f) < log(K)} .
We state the following induction hypothesis, which will hold throughout phase III:
Induction Hypothesis G.3. For each T3, <t < T3 j, the following holds:

a. A,(f) is monotonically increasing and A(t) € [0.51og(K), log(K)];

b. B,(:)l is monotonically decreasing and B,g )1 € [-0.511og(K) — O(l})fo(ﬁ) ), —0.49log(K)]

)_H (’f)‘

c. |B,(ctzl| = ) forany n # 1, k.

G.4.1 Technical Lemmas
We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis G.3.

Lemma G.13. If Induction Hypothesis G.3 holds at iteration T}, o < t < Ty, 3, if Tguery = Vi and
Pipur € Epur the following holds

1. Attn(” = Q(+h5);
2. Attngt) € [Q(ﬁ),O(ﬁ”
31— Attnl? > (1)

Proof. Since Zquery = vk, and notice that [Vk| > 0 for Piput € Ejppar» We have

[Vilevr @ v

(t) _
Attnk- - 6E;TQ(t),Uk

JE[N]
|vk|exp<A“>>
S st Vil exp(B ) + Vil exp(AL”)
1

D mtk ||]\j; |‘ eXP( A(t )+

By Induction Hypothesis G.3,

. form #1,e —(log(K)+0(*58))) < eXp< () A(t)) < 60(%)—0.51%(1();

. 67(1.5110g(1<)+0(%)) < exp( A(t ) < o—1.011og(K)
thus
1 1
Attn) > >
M = 60(%)70‘51%(K)(N—\V1\ 1) 4 e—101log(K) Vil 4 1 K0~5)
Vi Vil
where the second inequality follows from the fact that Pppu € & par-
On the other hand,
1 1
Attn!") < < '
P e (os(R)TOCHEN) (Nl gy T e Mg — ) + 1
Vil k
Thus,

ef(log(KHO(%))(NfIVll — 1) 4 e~ 101log(K) I\Vl\

1 - Attn{” > [Vs] Vel S o).
ko= e—(log(K)-ﬁ-O(%))(Nl;\k‘Tl\ _ 1) +€_1'0110g(K)||57]1€|| +1 o ( )
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Then we turn to Attngt).

Vilexp(B{))

Attn = @ ®
Yz Vmlexp(By ;) + [Vi| exp(AL7)
. 1
DomALk ‘\}1}; I eXP(B(t) - Bz(ct)1) + ij\‘ eXP(Az(:) - Bl(ct)l) +1

By Induction Hypothesis G.3,
o form # 1, k, we have

049 log(K)— O(tesi)) < exp(B() _ B(t)) < eO.5110g(K)+O(71°gI((K));

o form=1, el .011og(K) < exp(A(t) Bl(gt)l) < 61.5110g(K)+O(%)

thus
1 1
Att (t) < .
n° = 6044910g(K)_O(%)(N7WH 1)+ o101 log(K) Vel 4 1 ™ O(K0-49)
Vil Vil
(1) < ! > Ot
Attn;”’ > eO(Nﬁ,HT"" 4 61‘5110g(K)+O(10gI((K))% T1c Q(Ko_m).

O

Lemma G.14. If Induction Hypothesis G.3 holds at iteration T5 j, <t < T3 1, if Tguery = Vi and
Pipur € E ppu for n # 1, k, the following holds

(1) ®)
Attn® — 0 (1 — Attn!” — Attn| > |

K

Proof. By Induction Hypothesis G.3, e-C(%) < exp(B(t) B(t)) < O | combining
with the fact that R}; || = O(1) when Py € Epy» thus
Attn) Valexp(B{)) 1 |
@ ® ® [Vl ® < O
1 - Attnk - Attnl Zm;él,k |Vm| eXp(Bk,m) Zm#l k \V | eXp(Bk,m - Bk,n)
O

G.4.2 Controlling the Gradient Updates in Phase II1

Lemma G.15. At each iteration T j, <t < T3y, if Induction Hypothesis G.3 holds then oz,(:) >0
and satisfies

1

(t)
>Q(K15)

Proof. By gradient computation from Lemma E.2, we have

o) = E | Haquey = vn} Attn” - [ 37 Attn()” + (1 - Attn")?
m#k

=E | Hoquey = vk N Epar} Attn” - [ S Attn % (1 - Attn")?

m#k
+E | Haquery = 0k N Ept”} At - | S Attn®” 4+ (1 — Attn())?
m#k
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> P+ P(Pinpu € Epat)E | At Z Attnm 1= Attng”)? | | {Zguery = 06} N Epa
m#k
2 Pk - ]P( input € <C/‘1mbdl) {Attn,(f) ( Attn(t))Q | {xquery - vk} N Slmbal

1
> 0(-5)

where the last inequality follows from Lemma E.5, Lemma G.13 and our choice of py.

O

Lemma G.16. Given k > 1, if Induction Hypothesis G.3 holds at iteration T}, o < t < Ty, 3, 6,(:)1 <0

satisfies
(1)
1 «
‘B(t) [ (KQ'OI)’ (ﬁ)]

Proof. Following the similar computations as Lemma G.4, we have

3 Attn)” — Attn” — Attn” (1 — Attn(")
m#k
< —(1— Attn{” — Attn(")(Attn{” + Attn"” — max Attn?)

Therefore,

BY) < E | Haguery = vk N Eppa} Attnl” - | 37 Attn()” — Attn(” — Attn” (1 — Attn”)
m#k

+E | Haquery = 05 0 Epu} Attn - [ 3 Attn)”

mk
e B Pau € G- B |- AL F AU g p AU, (e
+ Pk - P(Paput € Epar”)
< (9t ) +3me (0
_ _Q(ﬁ).

where (a) and (b) both follow from Lemma G.13. The last inequality holds since

1 2 N
Lot > exp 25K2

Moreover,

B <E [1{xquery = 01 N Poput € Ep} Attn'? - (Attn, + Attny, (1 — Attnk))}

+E {1{xquery — 0 N Poput € Efpa’} At - (Attn; + Attn, (1 — Attnk))}
<Pk - P(Phnpuc € Eppar) * E [Attny -O(Attny + Attng) | {zguery = vk} N Eppal

C

+ 2py, - ]P(-Pmput € 1mbal )
(t)

1 @ il
<pr - (O(Ko_gs)> JrO(Ko49) +6pkexp< 25K2)

o

< O( KO- 7008
where the last inequality follows from Lemma G.15.
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Lemma G.17. If Induction Hypothesis G.3 holds at iteration T5 j, < t < T3 1, for any n # 1,k,
( )

,, satisfies

(t) o) — B
I3 <O(————).

Proof. By gradient computation from Lemma E.2, we have

5,;5) <E | 1{Zquery = vi} Attn{ - | Y Attnl) (25)
m#k
—8") < E [1{zquery = v} Attn{) - (Attn;?> +AttnY (1 — Attn,(:))ﬂ (26)
For eq. (25),
2
B <E | H{query = vk N Proput € Enpar} Attnl) - | 37 Attnl!)
m#k
+E [ 1{zquery = vk N Pipuc € Eimpar }Attn Z Attn(t)
m#£k

2 1
Spk 'P(Pinput € iTnbal) -E |:Attn£Lt) ’ (Attngt) + O(K)> | {'r(]uery = Uk:} N Pinput € gitnbal

+ Pk - P(Pinput € Empar”)
(t)
1 1B A N
—_— 0] . 6
K3>+ () + b (g )

ﬁ(t)
| ),

<0(

<O( +O(

K3 )
For eq. (26), we have

B, < meE [Aten) - (Aten(? + Aten(” (1 - Aten(”)) | {zquey = 04} N P € Einpal

+ i - ]P)( input € glmbal )

=Pk * IP( input € g1mbal) O( ) + Attn(t)( - Attn;?)) | {xquery = Uk} N Sitnbal‘|

1- Attn,(f)) e Attn”
K K

+ Dk - P(Pmpm € 1mbalc)
Attn'" (1 — Attn(”)2
K

) | {xquery = Uk} N gi;bal

<pk P(glmbal )E O(

6 CoV
T OPE P\ o5

Thus,
0 )
) )
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G.4.3 At the end of Phase I1I

Lemma G.18. Given k > 1, Induction Hypothesis G.3 holds for at least all T}, <t < T3} =
1o + O(%) and at iteration t = T3, + 1, we have

a. A,(CTS"“H) > log(K);
b. Attn, = Q(1) if Tguery = Vi and Py € E,

imbal*

Proof. The existence of T3 j, = T3 1, + O(%) is directly implied by Lemma G.15.

It is easy to verify Induction Hypothesis G.3 holds at ¢ = 75 4+ 1. Now we suppose Induction
Hypothesis G.3 holds for all iterations < ¢ — 1, and prove it holds at £.

By Lemma G.15, we have oz,(f_l) > 0. Thus A(t) A(t D +n (t b > 0.5log(K). Morover,

(Ty k+1)

®
by Lemma G.16, we have |B,(f)1 - B,(C’Tf’kJrl | < O(%) we immediately obtain B,(:)l >
—O(log(K)/K"8) — 0.51 log(K).

(t) (T +1) ) p(T2,k+1)
For m # 1,k, by Lemma G.17, we have |Bl(f)m| < O(A —A J;‘(Bkal Bre ‘) <
O(log(K)/K).
The proof for the second statement is deferred to the next phase. (Lemma G.19) O

G.5 Phase IV: Convergence

When we reach ¢t = T3, 4 1, we have already achieved the desired attention structure for the query
token associated with feature vy. In this final phase, we establish that these structures, encompassing
each under-represented feature, represent the solutions toward which the algorithm converges. This
provides a more robust guarantee than merely stumbling upon these solutions at intermediate steps.

Given any 0 < € < 1 for k € [K], define

. 6(1 _Lim)K+UimK0.51 3 N
Ty g £ max{t > Ts : Al(f) < log (( L Lié“ L — 1)((2)2 -1) )L

Induction Hypothesis G.4. For T3, <t < Tj,, suppose polylog(K) > log(1), the following
holds

a. A,(f) is monotonically increasing and Aff) € [log(K), O(log(K/e€))];

b. B,(:)l is monotonically decreasing and

BY) € [-0.511og(K) — O

c. B( ) is monotonically decreasing and |B(t) | = (log(f((/e)) forany n # 1, k.

G.5.1 Technical Lemmas
We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis G.4.

Lemma G.19. If Induction Hypothesis G.4 holds at iteration T5 j, < t < Ty b If Tquery = vk and
Piput € E}pap the following holds

imbal®
1. Attnl" = Q(1);
2. (1- Attn,(:))2 > Q(e) = Q(exp (— polylog(K))).

Proof. Since Tquery = vk, then we have

A eXp<A<f>)

(t) _
A S Texp(BY,) + [V exp (A
m#k m p km k exp( )
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1

an t
D mtk ||v,€|‘ eXP( A( )+
By Induction Hypothesis G.4,we have
o form # 1,k:
eXp(B,(:Zn . AE:)) < eo(log(;((/‘»))flog(l() < eo(log(K)-F};é)lylog(K))710g(K) < O(%)
o form =1, exp(B, () A(t ) < O(3t19)-
Therefore,
1
Attnl” > S > Q(1).
- — V1 V1|
O(£) (A — 1) + O(tm) B +1
On the other hand, we have
Vin t t
© Zm;&k ||Vk|‘ exp(BY B! ) _ A( ))
L= Attn,* = Vo] @ _ 40
Dok v €XP(By g, — A7) +1
t t)y, N—|V t
(@ exp(mingg ¢ B< b= A — 1) 4 exp(BY) — A7) B
= t) t)y  N—|V t) )\ V1]
exp(mlnm¢1kB,S 7n_A( ))(W_l)—’_e p(Blgl A( )) V1| +1
exp(ming, £ B(tzn — A1(< ))((1_{]]# -1+ exp(B(t) ) g,:
2 im’c im
exp(minen By, — AL (S — 1) + exp(BY) - AE?) oE +1
1-UMK Lim 049 t
(R 1 M ep(-4Y)
- 1—Um) K [im [£0.49 t
(O — 14+ ) ep(—4])) +1
> Q(e?).
follows from the fact that - increases w.r.t. x. O
( ) 1+x

Lemma G.20. If Induction Hypothesis G.4 holds at iteration T3, <t < T467 o I Tquery = Ui and
Pipur € Eypap the following holds

1. Attngf) =0 <1Atm’“> forn # 1k,
(t) (t)
2. Attnl) € [(1Avn ) O (%)]

Proof.

Attn®  [Vulexp(BY)

L= Aty 5, Vil exp(B]),)
If n # 1, by Induction Hypothesis G.4,

form £ 1k O < oy, — Bl < O

e form = 1, e~0-51log(K)~O(EGLD) < exp(B,(:)1 - Bz(:)n) <0.

combining with the fact that when Ppu € Efpas |lel = 0(1), ||11;;1| = O(K) , and — log(e) <
polylog(K), thus

Attngf) _ [Vl CXp(B](;:Zl) _ 1 =0 1 )
1= Attng) Zm;ﬁk V| eXp(Bl(ct,Zn) Zm;ﬁk ||\1}; |‘ eXP(B( - BJE:ZL) K
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For n = 1, by Induction Hypothesis G.4, %49 log(K)—O(*5GE) - < exp(B,(Cth —
B(t)) <0.51log(K)+O(FEGD) o, # 1, combining with the fact that ||1\))";|‘ = O(4) when
Poput € Epar» and — log(e) < polylog(K'), we have

Attn!" 1 1
y O V| (t) (t) = O( 1 . ,0.49log(K)—O(lesl/e)y )= O(K0-49)
1 — Attn,, Zmik Vo exp(Bk’m — Bk’n) K- 5%-e" K +1
Attn{" 1 1
= > O( = log (K /<) ) = 0.51 )-
1-Attn) 5, Melep(Bl) —BI) = K- L. 05 lost0r0(EGEED) T KD
O

G.5.2 Controlling the Gradient Updates in Phase IV

Lemma G.21. At each iteration T}, < t <T} ,, if Induction Hypothesis G.4 holds then oz,(:) >0
and satisfies

Proof. The analysis is similar to Lemma G.15, but we need to be more careful about the lower bound
of 1 — Attn( ) By gradient computation

o) = E | 1zquery = v} Attnf - [ 3 Attn®” 4 (1 — Attn())?
m#k

> pp - P(P e EE |Attny - | Y Attn®” + (1 — Attn()? | | {zquery = v} N E*
m#k

>p-P(Pe&E [Attn,(: (1— Attn )2 | {Zquery = v} NE”

€
> Q(—=

> 0(5)
where the last inequality follows from Lemma G.19 and our choice of py. O
Lemma G.22. At each iteration Ts ), < t < T, if Induction Hypothesis G.4 holds then given
k € [K], 51(:)1 satisfies

t)

o )
K049

< B <.

kn —

—O(

Proof. Following the similar computations as Lemma G.4, we have
2
3 Attnl)” — Attn{” — Attn” (1 - Attn]”)
m#k

—(1— Attnl” — Attn(")(Attn'” + Attn) — max, Attn)).

Therefore,

B <E | Hzquery = vk N Eppa} Attn” - [ 37 Attn®” — Attn'? — Attn(? (1 — Attn?)
m#k

+E | Haquery = vk N o} At - | S Attn®)?
m#k
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(a)

1— Attn'")2
S Pk - IP( input € glmbd]) —k)

_Q(( oat ) | {Zquery = vk} 0 gifnbal‘|

+pk IED(glmbal )

2 N
<pr - (_Q(W)) + 3Pk eXp( 25K2>

< 0.

where (a) follows from Lemma G.20. The last inequality holds since

€ exp(— polylog(K)) . N
051 = 051 > exp _25K2

Moreover,

B <E [1{xquery = vp N &Ly} Attn? - (Attngt) +Attn (1 — Attng)))}
+E [1{xqwy = e N E ) Attnl? - (Attnﬁt) +Attn) (1 — Attn,(j)))]
Spk . ]P( input S gmbal) [ O(Attngt)(l - Attnl(:))) | {xquery = 'Uk} n gitnbal:|

=+ 2pk P(glmbal )
Ck(t) 2 N
KO. 49) + 6py. exp 25K2
(t)
QU
= O(KO.49 )

<O(

O

Lemma G.23. Ar each iteration T3, < t < Ty, if Induction Hypothesis G.4 holds then given
k € [K], foranyn # 1,k, B,(ctzl satisfies

Proof. Note that conditioning on the event {Zquery = v} N Ejiypa» by Lemmas G.19 and G.20, we
have Attng) = Q(1), max,, 4 Attn,, = O(W)’ thus

3 Attn()” — Attn) — Attn (1 — Attn(") < max Attn) 37 Attnl) — Attn{” (1 — Attn]”)
m#k m#k
=—(1- Attng))(Attn](:) — max Attn())

—Q(1 — Attn"). Q7
Therefore,

B < B | 1{zquery = vk N E*} Attn® - Attn®? — Attn® — Aten® (1 — Attn!”
k,n query n m n k k
m#k

2
+E | 1{Zquery = vk N Efpa” } Attn?) - Z Attnt)
m#k

1 — Attn B
<Pk HD( input € glmbal) |:_Q<(I(k) ‘ {mquery = vk} NE"| +pr - H:D( input € glmbal )
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€ C;
<p, . [—Q(= im
<pk ( Q(K)) + 3pr exp < 25K2>
<0.

The last inequality holds since

€ exp(—polylog(K)) CimV
K~ K > P\ T5R2 )

Moreover, we have

I(ctiz < pxE Attnff) : (Attnff) + Attng)(l - Attnl(et))) | {Zquery = vk} N gitnbal:| + 2piP(Enpar”)

1— Attnl?

<pB |O(——) -0 (Attn,(f)(l - AttnEf’)) | {Zquery = Ok} N Epar | + 6P €xD (
Attn!” (1 — Attn)? . 2 N

= prE O( k K £ ) | {xquery = Uk} N Simbal + 6pg exp ( 25K2>

(t)
(8
< O(=F_
< O( I% )
O

G.5.3 At the end of Phase IV
Lemma G.24. Given k > 1, and 0 < € < 1, suppose polylog(K) > log(L), then Induction

1
Hypothesis G.4 holds for at least all Tz, <t < Tj, = T3} + O(M)

p , and at iteration
t =Ty, + 1, we have

1. Zk(eTiv’“—i_l) < %

2. If Zguery = Vg and Pypys € E;f o We have (1 — Attn (T4 ’”+1))2 < O(e).

imbal’

Proof. The existence of Ty, = T3, + O(M) is directly implied by Lemma G.21.

It is easy to verify Induction Hypothesis G.4 holds at ¢ = T3 ; 4+ 1. Now we suppose Induction
Hypothesis G.4 holds for all iterations < ¢ — 1, and prove it holds at £.

By Lemma G.21, we have a,(:_l) > 0. Thus A(t) = A(t_l) + 7)04](;_1) > log(K). Moreover, by
Lemma G.22, we have |B](cf;)1 - B](gi&k-i_l” < O(w) we immediately obtain Bl(cf)l >
O(AD /K049y — O(log(K)/K**%) — 0.51log(K).

() (T3, +1)
For m # 1,k, by Lemma G.23, we have |B(t) — B(T3k+1)| < O(%)

Olog(K /) K), thus [BY), | < O(log(K /) K) + O(log(K)/K) = O(log(K /e) /).

IN

At iteration t = T, + 1, we have A,(f) > log ((e(1_Lilm)IL(:n”UimKO'51 - e)((%)% - 1)), thus when
? k

{Zquery = Vi } N { Pinput € & par > We obtain
Vin t t
S ‘w‘ exp(BLY), A;(c))

1— Attnl"” =

< —- “ - A“ ><% ~ 1) +exp(BY) — A0
~ exp(maxy k Bffzn — AP (NS — 1) + exp(BY) — AL) Rjk‘ +1
exp(1 A(t))(T)K —1) + exp(—0.49 log(K) — A,(f)) UE%K

<

B exp(l — AS))(% —1) + exp(—0.491og(K) — A,(Ct)) Ug,:,f +1
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((e(kL‘{“)IE:U‘l"‘KO-“ _ e)) exp(— A(t))

<(e(1_L‘;“>IL(;U‘1‘“K0»51 B €)> exp(—A,(f)) 11
() -1
() -1t 41

= (¢/3)7.

IN

~ 1 2
Ek(e(t)) = §E { Pinpu € Eipypar } Z Attngé) +(1- Attng))Q | Tquery = vk

m#k

1 1

< §P( input € Eimnpar) * E [(O(KMQ) +1)(1 - Attng))Q | Zquery = vk N Phnput € Eipupal
1 1 €

< §<1+O(K049)) '3
€

< —.

-2

G.6 Putting all together: Proof of Main Theorem for Under-represented Feature

Theorem G.1 (Restate of Theorem 3.2 for Under-represented Feature). Suppose p1 = O(1) and
pr = O(%)for2 <k < K. Forany0 < e < 1, suppose N > poly(K), and polylog(K) > log(1).
We apply GD to train the loss function given in eq. (4). Then the following results hold.

1.

The prediction error for under-represented feature converges: for vy with 2 < k < K, with

K1 Ke_%
at most Tj, = O(log(I;)K2 + Ogin )) GD iterations, Ly (™)) < L¥ + ¢, where L} =
O (e P s the global minimum of eq. (6);

. Attention score concentrates: for each 2 < k < K, if the query token is v, then after T}, iterations,

with probability at least 1 — e~ 2P ) the one-layer transformer nearly “pays all attention”
to input tokens featuring vy, (1 — Attnfka))2 < O(e).

Proof. The first statement is obtained by letting 7, = Ty, + 1, and combining Lemma G.24,
Lemma E.9 and Lemma E.10:

2
Li(0T)) — £ < L(0TF)) — £lov < £, (8T )+3exp( 205;(\2) <e.

The second statement directly follows Lemma G.24. O
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H Analysis for the Imbalanced Case: Dominant Feature

In this section, we delve into the analysis of the dominant feature. The training dynamics for the
dominant feature v; are relatively straightforward, comprising only a single phase.

Noticing that at the beginning ¢ = 0, we already have the following lemma:

Lemma H.1. For 2gery = v1 and Pypy € &y at t = 0, we have Attn(lo) = (1), Attng)) =

imbal’
O(%) for k > 1.

Thus, we can directly enter the convergence phase, which is defined as follows. Given any 0 < € < 1
define

1 2.1
T, & max{t >0: Agt) - maxBY’zn < log (( — —1)((=)z — 1)>}
’ m#L e €

Induction Hypothesis H.1. For 0 <t < TF , suppose polylog(K) > log(%), the following holds
a. A:(Lt) is monotonically increasing and A(t) € [0,0(log(1/€))];

f
b. B( ) is monotonically decreasing and — O( ) < B(t) < 0 for any n # 1.

H.1 Technical Lemmas

We first introduce several technical lemmas that will be used for the proof of Induction Hypothesis H.1.

Lemma H.2. If Induction Hypothesis H.I holds at iteration 0 < t < Tf)*, if Tquery = v1 and
E vat € Pinpus the following holds

1. Attnl” = Q(1);
2. (1- Attngt))2 > Q(e) = Q(exp (— polylog(K))).

Proof. Since Tquery = v1, then we have

V1| exp(A)

S st [Vl exp(B{'),) + V1| exp(A})
1

Vi t
Zm;ék I‘Vk ‘l exp( A( ))

By Induction Hypothesis H.1, we have

Attnl) =

1
Attn{” >
= Vi 0 0
ik ||Vk|‘ exp(B! B! ) A( ))
1
> >Q(1).
-_ N -_

On the other hand, by the definition of Tf,*, we have

Vi t
DomA1 ‘|v || eXP(B§ Zn -A t))

t
1— Attn!" = o el ep(B, — AP) +1
(@ _ exp(ming B Bl — A (- 1)
~ exp(min, B(f) - A(t))( Vi )+1
exp(mitigs B(t A(t)) o — 1)
~ exp(min,, 2 B A(t )( w 1)+l
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exp(max, 41 B(t) A(t) AB( ))(

Unn - 1)

exp(max,£1 B A(t AB t))(U,m -1)+1

_ 1 _ _ ¢ polylog(K)
(pllLl _1) 1((%)2 _1) 1.6 o K )(Ulm_]')
= ( lim _ 1),1((%)% _ 1)—1(U‘m e O(RIoE () ) 1
> Q(e?)
) _ (t) - ) _ oA e
where AB,” = maxy, By, — minmz, By, = O(—%-), (a) follows from the fact that
increases w.r.t. x. O

Lemma H.3. If Induction Hypothesis H.I holds at iteration 0 < t < TY . if Tr query = U1 and
P € &%, forn # 1, the following holds

n K N

Proof.
[Vnl exp(B(t) )
Sz [Vl exp(B{),) + V1] exp(AL")

Attn®) =

plog( <)

pl g( )
By Induction Hypothesis H.1, e~©( ) < eXp(B( ) B(t) )) < e9C—F ), combining the fact

that — log(e) < polylog(K) thus
Attn)  [Valexp(BY)) 1 1

- - =0(—=).
1-Attnl) L Valexp(BY)) Y, betexpB), - BY) K

H.2 Controlling the Gradient Updates

Lemma H4. At each iteration 0 <t <T¥ ,, if Induction Hypothesis H.I holds then agt) > 0and
satisfies

Proof. By gradient computation

( '=E H{zquery = v1} Attnlt) Z Attn(t) +(1 Attngt))Q
m#1

= p1 - P(Pput € Eppa) E Attn Z Attn,, ®? +(1- Attn,(:))Q | {Zquery = v} N Eifupar
m#k

> p1- P( input € €1mbal) {Attng) (1 - Attngct))Z | {‘Tquew = vk} N 5*:|
> Q(e)

where the last inequality follows from Lemma H.2 and our choice of p;. [

Lemma H.5. At each iteration 0 < t < Ty , if Induction Hypothesis H.1 holds then , for any n # 1,

( ) ), satisfies



Proof. Note that conditioning on the event {Zquery = v1} N &> by Lemmas H.2 and H.3, we have
Attngt) = Q(1), max,,.1 Attn() = O(+), thus

3 Attn®” — Attn® — Attn'? (1 — Attn'?)
m#1
< max Attn O3 Attnlt) — Attn{” (1 - Attn{")
m#1
= —(1 - Attn!{”)(Attnl" — max Attn())
—Q(1 - Attn{). (28)

Therefore,

2
B <E | Haquay = 01 0 Eppa} Attnl - [ 37 Attn()” — Attnl) — Attn{” (1 — Attn{")
m#1

+E | 1{Zquery = v1 N Eps} AttnH) - Z Attnﬁ?2

m#1
(a) . (1— Attn!")? . . e
S pP1- P(Pinpm € gimbal) ‘E _Q(T) | {xquery = Ul} N gimbal +p1 : P(gimbal )
(b) € 2 N
< (=
<m ( Q(K)>+3p1exp< 25K2>

where (a) follows from eq. (28) and Lemma H.3, (b) follows from Lemma H.2. The last inequality
holds since

€ exp(—polylog(K)) 2 poN
K~ K > P TysK7 )

Moreover, we have

- B;sz S plE [Attng) ' (Attng) + Attngt)( Attnlt))) | {xquew - Ul} N 1mbal} + 2plp(glmbal )

1— Attn!" . CinlV
< plE @(Tl) -0 (Attng)(l - Attn(lt))) | {‘T%ery = Ul} n 5imbal + 6p1 eXp ( 25K2)
Attn{” (1 — Attn?)? CmP” N
=pE |O( ! K ! )| {xquef)’ =01} N Epar | + 6p1 €xp <_ ;%KQ )
(t)
o
< O(—
<o(“)

H.3 At the end of the Phase

Lemma H.6. Given 0 < ¢ < %, suppose polylog(K) > log( %) then Induction Hypothesis H.1
_1

holds for at least all 0 < t < T}, = O(lmg(sieﬂ), and at iteration t = T , + 1, we have

1 Ly(0T1-41) < e/2;

(T7.+1)

2. If guery = 1 and Pyt € E}por we have (1 — Attng )2 < O(e).

imbal’

Proof. We first prove the existence of 77 . Recall that

1 2
Tt = max{t > 0: AY) — max B, < log (( L3yt - 1>)}.
n#l LY €
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When ¢ € [0, 77 ], we can simply lower bound the update of A,(c) — MaX, £k B( )

AP —max BITY > A > (A +9()

tos (- D((2) % -1) ot by
Therefore, at most 77 , = O( — ) = O(gT) iterations are needed before

AE:) — max, £ B( ) exceeds log (( ; )(( )2 - 1))

It is easy to verify Induction Hypothesis H.1 holds at ¢ = 0. Now we suppose Induction Hypothe-
sis H.1 holds for all iterations 0 < ¢ — 1, and prove it holds at ¢.

By Lemma H.4, we have agt_l) > 0. Thus Agt) > A(lt_l) > 0. By Lemma H.5, we have
t—1)
—o )<5(t Y < 0. Thus,

-B{), < =BV +n0(=—)
gtfl) 5t 1)
<
< O(F—) +n0(—)
A(t)
< L),
<O0(55)

Therefore, A < O(log(

a =

))-

Atiteration t = T , + 1, we have Agt) — MaXm+£1 B%tzn > log (( Tm 1)((2 )z — 1)), thus when
{Zquery = v1} N { Pinput € Ejiypar }> We obtain

Snpr T exp(By), — A

1 - Attn{) = =77l ]
S il oxp(BL, — AL) +
exp(max,,£1 B(t) - A(t))(ﬁ —-1)
~ exp(maxp B, — AP (R - 1) +1
B exp(max;,£1 B(t) - Agt))(Lim —-1)

exp(max,£1 B?) A(t))(le -1)+1
(% - (2 >% 1)) 1 (L%m -1

(G0 ) T
= (¢/2)3.

Similarly,

~ 1 2
L1(00) = S E | 1 Poput € Eipa} ST AttnlD” + (1 - Attn")? | | 2quey = v
m#k

<

DN | =

1
IP( input € glmbal) |:(O(K) + 1)(1 - Attng))Q | Lquery = Uk N Pinput € glmbal
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<3 (1+0(%)-

€/2.

IN
[N e

H.4 Proof of Main Theorem for Dominant Feature

Theorem H.1 (Restate of Theorem 3.2). Suppose p1 = O(1) and pr, = O(%) for2 < k < K. For

any 0 < € < 1, suppose N > poly(K), and polylog(K) > log(%). We apply GD to train the loss
function given in eq. (4). Then the following results hold.

_1
1. The prediction error for dominant feature converges: for vy, with at most Ty = O(lmg(;ie?)) GD

iterations, L£1(0T0)) < L% + ¢, where L1 = ©(e PV H)) is the global minimum of eq. (6);

2. Attention score concentrates: k = 1, if the query token is vy, then after T}, iterations, with
probability at least 1 — e~ 2P ) the one-layer transformer nearly “pays all attention” to

input tokens featuring vy: (1 — Attn,(CT’“))2 < O(e).

Proof. The first statement is obtained by letting 77 = 77, + 1, and combining Lemma H.6,
Lemma E.9 and Lemma E.10:

2

* ow r 1 Cim N
£1(6) — L5 < £4(6)) — £} <&w””+%m<vm@)<ﬁ

The second statement directly follows Lemma H.6. O
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