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Abstract

Block coordinate descent is a powerful algorith-
mic template suitable for big data optimization.
This template admits a lot of variants including
block gradient descent (BGD), which performs
gradient descent on a selected block of variables,
while keeping other variables fixed. For a very
long time, the stepsize for each block has tacitly
been set to one divided by the block-wise Lips-
chitz smoothness constant, imitating the vanilla
stepsize rule for gradient descent (GD). However,
such a choice for BGD has not yet been able to the-
oretically justify its empirical superiority over GD,
as existing convergence rates for BGD have worse
constants than GD in the deterministic cases.

To discover such theoretical justification, we set
up a simple environment where we consider BGD
applied to least-squares with two blocks of vari-
ables. Assuming the data matrix corresponding
to each block is orthogonal, we find optimal step-
sizes of BGD in closed form, which provably lead
to asymptotic convergence rates twice as fast as
GD with Polyak’s momentum; this means, under
that orthogonality assumption, one can accelerate
BGD by just tuning stepsizes and without adding
any momentum. An application that satisfies this
assumption is generalized alternating projection
between two subspaces, and applying our step-
sizes to it improves the prior convergence rate
that was once claimed, slightly inaccurately, to be
optimal. The main proof idea is to minimize, in
stepsize variables, the spectral radius of a matrix
that controls convergence rates.
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1. Introduction

Block coordinate descent refers to a family of algorithms
selecting and updating one block of variables at a time. In
the span of more than six decades since its early appear-
ance (Hildreth, 1957), many variants of block coordinate
descent have been proposed, analyzed, and recently tested
on big data scenarios (Nesterov, 2012; Xu & Yin, 2013;
Wright, 2015; Shi et al., 2016; Lin et al., 2023). Despite
the abundance of these exciting developments, one might
ponder when one should prefer block coordinate descent to
vanilla gradient descent (GD). Intuitively, block coordinate
descent might be advantageous if the optimization variables
admit a natural partition into blocks, which is the case in
many applications (Peng & Vidal, 2023); or if the variable
dimension is too high to fit the memory, in which case one is
forced to optimize in a block-wise manner (Nesterov, 2012);
or if the given optimization problem is coordinate-friendly
(Peng et al., 2016), meaning that minimizing over one block
of coordinates while fixing others is computationally easy.

Developing convergence theory to support the above intu-
ition, however, is challenging. For example, consider block
gradient descent (BGD), a method that runs GD at every
iteration on a selected block of variables. Nesterov was
concerned that, if selecting blocks in a greedy fashion (e.g.,
using the famous Gauss—Southwell rule), then, following
standard reasoning, one obtains a bound on convergence
rates that might have a worse constant than that of GD
(Nesterov, 2012). This concern led him to a BGD variant
that randomly selects blocks, whose convergence rate is
proved to be better than GD. While theoretically appealing
and having attracted a sequence of follow-up works, such
a randomized variant ensures convergence only in expec-
tation; this is perhaps why it is empirically slower' for the
least-squares problem than cyclic BGD, a BGD variant that
selects blocks in a cyclic fashion, see Tables 3.1 & 3.2 of
Beck & Tetruashvili (2013). We focus on the cyclic rule,
and for short, we write BGD for cyclic BGD in the sequel.

In the deterministic setting, the BGD versus GD dilemma
persists: BGD is empirically faster, but its current bound on

'Tt is also shown that this randomized variant is in many cases
empirically slower than the greedy version (Nutini et al., 2015).
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(deterministic) convergence rates has, in general, a worse
constant than GD; see Remark 3.3 of Beck & Tetruashvili
(2013). Furthermore, this bittersweet dilemma manifests
itself again if one extends, in a direct way, BGD and GD
into their proximal versions (e.g., compare Theorems 10.15
and 11.18 of Beck (2017)), or into their accelerated versions
(e.g., compare Theorem 4.2 of Beck & Tetruashvili (2013)
and Theorem 2.2.2 of Nesterov (2018a)).

How does one even reconcile these? It is now the case that
there is some sub-optimality in the existing analysis of BGD
methods, but it might also be the case that, after decades of
development, making improvements is difficult.

Our approach to making progress features a return to the
very basic setting, where we minimize the arguably simplest,
very well-studied objective, least-squares,

min F(x),

1 2
Inin F(x) := 5 l1Az — yl|5. (1)

Here we assume the m X n matrix A is of full column
rank n (necessarily, m > n). Instead of with multiple, we
consider BGD with only two blocks. Specifically, we write
x = [x1;x2], A ;= [A; As], and write F  and (1) into

1
mi —.||A A _ 2. 2
il!]ER”l,l:l)nQER"2 2 ” 11 + A2®s yH2 2

We run GD on each block in an alternating fashion with
constant stepsizes y; and <2 to minimize the least-squares
objective F' and search for the global minimizer *:
T=x1—m Vg F
] =1 — 7 Vg, F(z)

=z — - A] (A2 + Aszs — y)

" (BGD)
xy = a2 — 72 Va, F([2];22])
=y — 72 Ay (Arzf + Ayzy — y).
We denote by zt := [z} ;25| and & := [x1; x2] the two

consecutive iterates of BGD. It is clear that the conver-
gence (rate) of BGD depends on stepsizes 71,2 and that
the fastest convergence of BGD is attained only if we set the
stepsizes to be “optimal”. Let the word “optimal” be vague
for the moment, and we report the following result:

Theorem 1 (Informal). Suppose Assumption I below holds.
Run GD with Polyak’s momentum (i.e., the heavy ball
method) and BGD, respectively, with their “optimal” step-
sizes. BGD is twice as fast as the heavy ball method (HB).

Assumption 1. A] A; and A, A, are identity matrices,
and A A} # 0.

The rest of the paper is organized as follows. In Section 2
we establish notations and quantify optimal stepsizes. In
Section 3 we elaborate on Assumption 1 and argue that As-
sumption 1 is valid and reasonable. In Section 4 we present

optimal stepsizes for BGD in comparison to the heavy ball
method, from which Theorem 1 follows. In Section 5 we
make connections to prior works, and in particular in Sec-
tion 5.5 we connect BGD to alternating projection. Then, in
Section 6, we apply our results to the problem of alternat-
ing projection, resulting in improvements over prior works.
In Section 7, we perform basic experiments to verify our
theory, and in Section 8 we conclude the paper.

2. Quantifying Optimality

In Section 2.1 we review gradient descent (GD) and the
heavy ball method (HB), and clarify what “optimal” step-
sizes mean for them. In Section 2.2 we characterize optimal
stepsizes for BGD and state Theorem 1 formally.

2.1. Gradient Descent and Heavy Ball: A Review

Recall that vanilla gradient descent applied to least-squares

(1) comes with a stepsize v > 0 and updates x via
xt=x—~ - VF(x)=2 -7 AT (Az —y).

The two consecutive iterates 1 and x of GD satisfy

xt —x* =T -vATA) (x —x*),
so the rate of convergence to x* is dictated by the spectrum
of I—yAT A. Thus we wish to find a stepsize y to minimize

the spectral radius p(I — vAT A), where p(-) denotes the
maximum magnitude of eigenvalues of a matrix. Explicitly:

pap(7) = p(I —7ATA) = max |\ (I —yATA).

(GD)

Here we used A;(-) to mean the i-th largest eigenvalue of
a matrix. A folklore fact in optimization is that pgp(7y) is
minimized at v = y* : that is

= Al(ATA)-iQ-An(ATA)’
P6p = pap(7*) = min pep(7)

~v>0
CM(ATA) -\, (AT A)
 M(ATA)+ ), (ATA)

We say v* is the optimal (constant) stepsize of GD applied
to least-squares as it minimizes the spectral radius pgp (7).

In a similar style we review the heavy ball method (Polyak,
1964). This method calculates the current iterate = using
two previous points 1 and x, that is

"t =xt —a -VF(z")+ 3 (z7 —x), (HB)

where VF(x™) is the gradient at ™, i.e., VF(zt) =
AT(Az™ — y). Compare this with GD. Note that HB has
two parameters: stepsize a > 0 and momentum coefficient
B > 0. It is known that the iterates of HB satisfy

+ * _ *
[;++ _a;*} =N(x,5) - [;r —mw*] , where
0 I
N(a,B) := [_51 (14 8)I — aATA} '
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Similarly, we call a stepsize («, §) optimal if it minimizes
p(N(a, B)) =: pus(a, B). Let pjis be the minimum of

ag}glzopm(a,ﬂ),

attained at (a*, 8*). One can then prove (Polyak, 1964):

. VAM(ATA) — /), (ATA)
PIB = (AT A) + /(AT A)

5o (YAATA) - V3, (AT4) ’
\WVM(ATA) + /2, (AT 4)

2.2. Block Gradient Descent

The phrase “optimal stepsizes” of BGD bears a similar
meaning to that of HB. To concretize this, we first rewrite
the updates of BGD (let I be the n x n identity matrix):

Lemma 1. The iterates of BGD satisfy *© — x* =
M (y1,72) - (x — x*), with M (v1,72) defined as

0 0 Al A Al A
. _ |71Aq 1 Y149 2
(I [’Y2A2TA1 WzA;Az] > <I [ 0 0 :

We call (71, 72) optimal if it minimizes p(M (1, 72)) =:
86D (71, 72). Our contribution consists of, under Assump-
tion 1, discovering stepsizes 7, 75 that satisfy

peap(V1,72) = min_ peep(71,72)- 3)

¥1>0,72>0

With pfip = peop (71,73 ), we restate Theorem 1 below:

Theorem 1. Assumption 1 implies pyon < (pip)?-

Vaguely put, a smaller spectral radius implies faster conver-
gence. And the comparison is fair: All stepsizes are chosen
to be optimal, minimizing their respective spectral radii; and
all methods, namely BGD, GD, and HB, have comparable
costs at each iteration. Moreover, piop < (pip)? implies
that, with optimal stepsizes, BGD is asymptotically at least
twice as fast as HB. Finally, we emphasize it is the presence
of Assumption 1 that remains to be interrogated.

3. On Assumption 1

In Section 3.1 We argue Assumption 1 is reasonable, as it
relates BGD to (generalized) alternating projection between
two linear subspaces in such a way that our results under
Assumption 1 directly applies and improves existing bounds
of Filt & Giselsson (2017) on convergence rates of general-
ized alternating projection. Then, in Section 3.2, we argue
Assumption 1 is also essential as it makes analysis possible.

3.1. Justifying Assumption 1

Here we discuss why Assumption 1 is reasonable. Note
that it requires the orthogonality of A; (j = 1,2), that
is AJ A; = I, where I is the n; x n; identity matrix.
First of all, one can always realize this assumption by or-
thogonalizing A, A, respectively (even though it entails
some computational costs). Secondly, and more importantly,
this block-wise orthogonality assumption bridges BGD and
the classic method of alternating projection between two
subspaces. To see this, let us consider the following lemma:

Lemma 2. The iterates x™,x of BGD satisfy A(x™ —
x*) = T(71,72)A(x — &), with T(71,72) defined as

T(y1,72) = (I — 72A42A] ) (I — A 1A]).

Lemma 2 implies BGD can be viewed as an algorithm that
operates on the iterates 27 := A(xzT—z*) and z := A(z—
x*). Since A is assumed to be full column rank, updating
27" is equivalent to updating ™. If Assumption 1 holds,
then I — AjAjT (y = 1,2) is an orthogonal projection, the
update 2T = T'(1, 1)z is precisely the vanilla alternating
projection method between two subspaces (von Neumann,
1951), and the update 2+ = T'(1,72)z can be viewed as
generalized alternating projection (Filt & Giselsson, 2017).

With the above reasoning, we can intuitively conclude that
studying the convergence of BGD under Assumption 1
would also yield convergence guarantees for generalized
alternating projection. A more detailed treatment from the
perspective of alternating projection can be found in Sec-
tion 5.5, where we rectify the slightly misleading claim of
Filt & Giselsson (2017) that their bound was optimal.

Finally, Assumption 1 requires A; A; # 0; this is to
sidestep the trivial case where BGD, GD, and HB all con-
verge to * in just 1 iteration with appropriate stepsizes
under the block-wise orthogonality assumption.

3.2. The Technical Role of Assumption 1

Note that M (1, 72) has a sophisticated expression, and so
Assumption 1 plays the role of simplifying, at least making
analyzing (3) possible. In particular, Assumption 1 immedi-
ately simplifies the expression of M (y1,72):

Lemma 3. Define C := A] A,. Recall the definition of
M (v1,2) in Lemma 1. Assumption 1 implies

,chT
(1—7)I +717CCT "

(I-=m)L

M(le’YQ) = _72(1 _ ’YI)C

We note that Assumption 1 does not clean all obstacles, as
M (7y1,72) in Lemma 3 is still complicated, e.g., it depends
on 1, 2 quadratically; to compare, the corresponding ma-
trix N (v, ) of HB has a linear dependency on «, 3.
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After a simplification through Assumption 1, M (y1,72)
still maintains an interesting structure that will ultimately fa-
cilitate our understanding of BGD. For example, M (71, 72)
depends on C, and C is precisely the matrix that encodes
the information about the relationship between the two
blocks of variables x1 and x. It is by leveraging the spec-
trum of C, and therefore of M (71,72 ), that we will be able
to show BGD enjoys faster convergence than its competitors
GD and HB. To get prepared for the competition, we use
Assumption 1 and express the minimum spectral radii prg
and pgp in terms of the spectrum of C":

Lemma 4. Recall A = [A;, Ay] € R™x(mtn2) 4
is full rank, and C = AJ A; € R"™*™. Suppose
rank(C) = r and Assumption 1 holds. Then \;(CC' ") #
1 and the maximum and minimum eigenvalues of AT A are

144/ A (CCT)and 1— /A (CCT), respectively. Hence,

the minimum spectral radii of GD and HB are given as

1— /1= (CCT)

&5 =4/ M (CCT), pig =
PGD 1( )s PHB )q(CCT)

- @)

Example 1. With Lemma 4 and Assumption 1, we have

p(M(1,1)) = M (CCT) < W = Pp:

meaning BEM converges asymptotically faster than GD.

Is it possible that v; = 72 = 1 actually minimizes
p(M (71,72))? After all, BEM already ensures the largest
possible decrease of the objective for the present block,
while all other stepsizes guarantee less! If that were true,
then p(M (1,1)) would not necessarily be smaller than pjg.,
let alone our promise pip < (piip)?. The sole hope is that
other stepsizes, though sub-optimal for the moment, might
be more beneficial in the long run—and if so, we simply
need to work harder to find them.

4. Optimal Stepsizes and Spectral Radius

The inequality pjsp, < (pjig)? and hence Theorem 1 are
proved under Assumption 1 by deriving a closed-form ex-
pression of the minimum value pgqp, of (3) and the corre-
sponding stepsizes. The derivation is summarized below:

Theorem 2. Recall pisn = peap(Vi,75) in (3) and C :=
AJ Ay. Assumption I implies the following.

o If C has full rank (i.e., rank(C') = min{ni,ns}), then

V1I=X(CCT)—/1-)\(CCT)
PBGD = = )
\/1— (cc +\/1—A100)
e If C is rank-deficient, then

1-/I-n(CCT)

1++/1-X\(CCT)

(6)

* —
PBGD =

and the corresponding stepsizes (V7,75 are given as

T1=72 It Vion©o @)
Remark 1. If r = 1, then we have \;(CC ") = \.(CCT)
and Theorem 2 suggests the minimum spectral radius is
0. When C has full rank, the minimizers of p(M (v1,72))
have complicated forms, so we do not show them here; they
can be found in the proof of Appendix C.1.
Remark 2. The full rank case exhibits a smaller minimum
spectral radius than the rank-deficient case, and the mini-
mum spectral radius in the rank-deficient case is precisely
(pig)?, where pjip is defined in (4). Explicitly, we have

(5) = V1=X.(CCT)—/1—- X (CCT)
V1I=X(CCT)+/1-X\(CCT)

1—y1-X\(CCT) =
< -\ (CCT) = (6) = (puB)"-

This consolidates Theorem 1, and implies, under Assump-
tion 1, BGD is eventually twice as fast as HB.

Remark 3. Interestingly, the optimal stepsizes (7,4 ) de-
rived in (7) are the same as the optimal stepsize a* of HB.
Indeed, with Assumption 1 and Lemma 4, we have

L A NN S W (e7od)

2
2 *
- <\/)\1(ATA)+ \/An(ATA)> -

This offers some intuition as to why BGD is twice as fast
under Assumption 1: BGD and HB take the same stepsize,
but BGD takes rwo descent steps—with partial gradients
and without momentum—in a single iteration, entailing a
cost barely comparable to one descent step of HB.

5. Related Work
5.1. BGD Versus GD and HB

Theorem 1 shows that BGD can be faster than the heavy ball
method (HB), and the latter has thus far been one of the theo-
retically fastest variants of accelerated GD for least-squares.
Interestingly, though, BGD has no momentum at all! In
hindsight, our justification is that BGD is a two-step method
in the sense of Polyak (1987): It has two stepsizes 1, 72,
comparable to the stepsize and momentum coefficient in HB,
so, similarly to HB, choosing the stepsizes 71, y2 in an “opti-
mal” way results in acceleration. While several methods that
accelerate without momentum exist (e.g., Young’s method
(Young, 1953), GD with cyclic stepsizes, see Section 5.2),
our approach is unique in the sense that it achieves accelera-
tion by operating on partial gradients without momentum
in a cyclic, block-wise manner.
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5.2. BGD Versus GD with Cyclic Stepsizes

There has been some recent interest in using GD with step-
sizes selected in a cyclic fashion from a sequence of M
positive numbers (Smith, 2017; Oymak, 2021; Goujaud
et al., 2022; Grimmer, 2023); see also fractal stepsizes of
Agarwal et al. (2021) and silver stepsizes of Altschuler &
Parrilo (2023a;b). While Grimmer (2023) and Altschuler &
Parrilo (2023a;b) considered GD in the more general setting
of (strongly-)convex smooth optimization, more relevant to
ours is the work of Oymak (2021); Goujaud et al. (2022).
Oymak (2021) analyzed GD with cyclic stepsizes in the
least-squares context and Goujaud et al. (2022) analyzed
HB with cyclic stepsizes. Both Oymak (2021) and Gou-
jaud et al. (2022) assume the spectrum of AT A is clustered
into two or more disjoint intervals; this is different from
Assumption 1, so the results of Oymak (2021); Goujaud
et al. (2022) are not directly comparable to ours. It should
be noted that the use of cyclic stepsizes is inherent in BGD.
In fact, BGD not only cycles between stepsizes, but also
between blocks. One more difference is this: BGD cycles
more frequently, meaning that it leverages two stepsizes in
a single iteration with a cost comparable to one GD step,
while GD with cyclic stepsizes needs M iterations to make
full use of M stepsizes.

5.3. BGD Versus Lower Bounds

As shown in Assumption 2.1.4 & Theorem 2.1.13 of Nes-
terov (2018b), for constants L > p > 0, there is a u-
strongly convex and L-smooth function F'(x), globally min-
imized at z*, so that the iterates =’ of any first-order method
created from linear combinations of any initialization x°
and previous gradient evaluations VF(z?),... , VF(z!™!)
satisfy the lower bound

N
g 1) Nlz®—a* |2, k= L/p. (8)

See also Theorem 3.1 of Sun & Ye (2021), which proves
a similar lower bound for the multi-block version of BGD
with block sizes 1 and canonical stepsizes 1/L applied to
least-squares. While HB asymptotically attains lower bound
(8), our Theorem 1 suggests that, under Assumption 1, the
iterates ' of BGD with optimal stepsizes would satisfy

t * \/E_l 2 *
o —ale < (V) e =2l

asymptotically (as ¢ — 00). Is this a contradiction or does
that mean BGD breaches lower bound (8)? The answer
is no and the reason is two-fold. First, BGD is not a first-
order method in the precise sense of Assumption 2.1.4 of
Nesterov (2018b), e.g., its new iterates do not arise as linear
combinations of previous ones or their gradients. Second,
the objective function we optimize is least-squares with

e~ > (

Assumption 1, which does not necessarily belong to the
class of worst-case functions in Theorem 2.1.13 of Nesterov
(2018b) or in Theorem 3.1 of Sun & Ye (2021). One more
subtlety is that the lower bound of Sun & Ye (2021) is
derived for canonical, rather than optimal, stepsizes.

5.4. BGD Versus Block Exact Minimization

Under Assumption 1, one verifies BGD with stepsizes y; =
1,2 = 1 is equivalent? to block exact minimization (BEM),

x] € argmin F([z1; z2]),
seR (BEM)
x3 € argmin F([z]; x2)),
xo ER™2

where I is the least-squares objective in (2), so BGD under
Assumption 1 generalizes BEM by allowing for different
stepsizes. While BEM ensures the largest possible decrease
of F when updating either ] or =}, we have seen the
optimal stepsizes of BGD are not as simple as y; = 1,72 =

1; BGD can do better than BEM under Assumption 1.

5.5. BGD and Generalized Alternating Projection

As shown in Lemma 2, BGD is highly related to alternating
projection between two subspaces, to which our results, say
Theorem 2, apply. Hence, in this subsection, we review
existing theoretical results on alternating projection and
its variants, and then later in Section 6 we show how our
Theorem 2 applies and improves prior work.

Given two linear subspaces H;, Hs of R™ of dimension
m —ny, m—ng respectively, we are interested in projecting
some point 20 € R™ onto the intersection Hy N Hs. To
avoid trivial cases, we assume H1 does not contain Ho (and
vice versa), and none of the two subspaces is {0}.

We consider iterative algorithms of the form
2 =120 9)

where T' € R™*™ is some matrix that transforms the cur-
rent iterate z(Y) into the next, z(!*1). The choice of T
typically depends on the two subspaces H1, Hz. We next
review several algorithms that differ in how 7" is chosen and
that converge at different rates (see Table 1 for a summary).

5.5.1. PROJECT VERSUS REFLECT

Let us first review two classic methods to project a point
onto H; NHo: alternating projection and Douglas-Rachford.

Alternating Projection. Let Py, , Py, be matrices rep-
resenting orthogonal projections onto H1, Ho respectively.

2Under Assumption 1, the Lipschitz smoothness constant L;
(or L) of (2) in variable &1 (or x2) is 1, so stepsizes (vy1,v2) =
(1, 1) also correspond to the commonly used choice (1/L1,1/L2).
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The alternating projection algorithm sets T' to be

T .= PHQPHl' (AP)
It follows immediately that for every ¢ we have
129 = Pryra, 2 Ollz < T = Py [l2 - 1292

As Kayalar & Weinert (1988) reviewed, Von Neumann estab-
lished that AP converges to PHmHQz(O) in the early 1930s
and his result was not in print until almost two decades after;
see, e.g., Theorem 13.7 of von Neumann (1951). Around
the same time, Aronszajn (1950) showed T" of AP satisfies

IT* — Pyl < cos® 710y, (10)

where 0; € [0, 7/2] is defined to be the minimum nonzero
principal angle between H1 and Hs, also widely known
as the Friedrichs angle (Friedrichs, 1937).> While Deutsch
(1984); Franchetti & Light (1986) announced bounds that
are looser than (10), Theorem 2 of Kayalar & Weinert (1988)
proved that (10) always holds with equality, which implies
this linear rate cos? 6, is actually optimal for AP.

Douglas-Rachford. Another classic iterative scheme pro-
posed (implicitly) by Douglas & Rachford (1956) is this:

T.:P’H2<2PH1 _I)+I_PH1

(DR)

= fI + = (QPH2 2Py, — I).

In words, DR consists of applying in cascade two reflections,
2Py, — I and then 2Py, — I, to the current iterate z(*) and
then taking an average. Hesse et al. (2014) showed in their
Theorem IV.6 that DR converges linearly without providing
any explicit rate, while Bauschke et al. (2014) later made

the rate precise: Their Theorem 4.3 proves T' of DR satisfies
[P, T =Pty s |2 = || Prs T —Pry ey, |12 = cos™ 61

We can then say that DR converges linearly with rate cos 6,
and this is optimal for DR. Note though that since cos? §; <
cos 01, DR is provably slower than AP.

5.5.2. FOUR GENERALIZED METHODS

With two positive numbers 71, v2 and the m x m identity
matrix I, define the relaxed projections P}}' and Py as

Pyl = (1 =)l +7Py,,

(11
P,;;zz = (1 — 72)[ + ’ylp’HQ.

3 Alternating projection is also related to a popular line of re-
search called continual learning (Peng et al., 2023; Elenter et al.,
2023; Cai & Diakonikolas, 2024). There, convergence results simi-
lar to (10) can be found; see, e.g., Theorem 8 of Evron et al. (2022).
Our stepsizes and theory can be applied there to improve the rate

cos?(61) in Theorem 8 of Evron et al. (2022) to %.

Here, 6, and 6 denote the largest and nonzero smallest principal
angles between H1 and H2, respectively. See also Table 1.

Note that P, represents the projection Py, and P2 the
. Ha . ! Ha
reflection, so P;Ylll generalizes the operators in AP and DR.
For clarity, we will always write P;_’[ll to mean definitions in
(11) and it never means the matrix Py, raised to the power
of 71; if ever needed, we will write (Pj;, )" for the latter.

With the relaxed projections P}}' and P}, we can now
proceed to review methods that generalize AP and DR.

Relaxed Alternating Projection. For some v € (0, 1], the
method we review now has the iterates z(**1) = T'(y)z(®),
where T'(y) is a matrix function of v, defined as

Clearly, T'(1) corresponds to AP. How to choose 7 to obtain
a faster rate than AP? The optimal choice of v would be 1 if
Py, Py, were symmetric, while it is precisely the asymme-
try of Py, Py, that brings difficulty. Bauschke et al. (2016)
showed in their Theorem 3.6 that the choice v = HTZ(&)
is optimal, with which RAP converges asymptotically at a

linear rate %2813 faster than AP.

Partial Relaxed Alternating Projection. The method we
present now relaxes AP partially by setting

T(y1) := Py, P} (PRAP)

Theorem 3.7 of Bauschke et al. (2016) proves the optimal
choice of v, for PRAP is ICL , giving the asymp-

sin 2(9 )+sm
sin?(6,.)—sin?(6;)
totic linear rate (0 T (01 Moreover, one verifies this

rate is faster than or the same as those of AP, DR, and RAP.

Generalized Douglas-Rachford. In their Section 1.4, De-
manet & Zhang (2016) considered the following operator
T(7y) with iterate update z*+1 = T'(~)2":

11
T(y)=1-NI+ 7(21 + 2P¢2¢2P72{1>- (GDR)

GDR can be viewed as taking a convex combination of I
and the operator of DR, similarly to RAP and AP. However,
choosing v € [0, 1] for GDR does not improve the rate:
Theorem 3.10 of Bauschke et al. (2016) shows v = 1 is
optimal for GDR, giving the same linear rate cos(6;) as DR.

Generalized Alternating Projection. The generalized al-
ternating projection algorithm is with the operator
NI+ Py Py

T(v,7,72) = (1 (GAP)

where  is assumed to lie in (0, 1]. If v and 2 were taken
to be 1, then GAP recovers PRAP. Filt & Giselsson (2017)

proposed the stepsizes vy = 1,7, = 75 = #1(91), with
which GAP converges asymptotically at linear rate %ﬁggg.

Moreover, Filt & Giselsson (2017) shows this choice of
stepsizes is optimal as long as the largest principal angle 6,.
between the two subspace H1, H is equal to 7/2. Indeed,
if 6, were equal to 7/2, then the rate %ﬁggig of Filt &
Giselsson (2017) is the smallest among prior methods.
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Table 1: Comparison of GAP++ (Section 6) with existing rates. A smaller linear rate means better, and 6, and 6, denote
the largest and nonzero smallest principal angles between #; and Hs, respectively. We find novel stepsizes (GAP++) that
guarantee faster convergence. (The stepsizes 77, v5 of GAP++ are shown in Remark 12 of the appendix.)

Method | Linear Rate Factor Stepsizes Asymptotic? Reference
AP cos?(61) N.A. No Theorem 2 (Kayalar & Weinert, 1988)
DR cos(61) N.A. No Theorem 4.3 (Bauschke et al., 2014)
—sin?

RAP | 2#2535 Y= s Yes Theorem 3.6 (Bauschke et al., 2016)
PRAP | S,0A-sh00  y = copyamen Yes Theorem 3.7 (Bauschke et al., 2016)
GDR cos(61) y=1 No Theorem 3.10 (Bauschke et al., 2016)
GAP T T=1lm=7= ey Yes Theorem 3, Remark 3 (Filt & Giselsson, 2017)
GAP++ % y=1Lv=7,72="7 Yes This Paper, Corollary 1

5.5.3. THE GAP relaxed projections P;”, P, in (11) as

In light of the review in Section 5.5.2, a major gap to be
bridged is as follows. The assumption 6,. = 7 /2 of Filt &
Giselsson (2017) on the largest principal angle 6,. is violated
with probability 1 by any two subspaces of fixed dimensions
randomly sampled from their respective Grassmannian man-
ifolds; this means their stepsizes are sub-optimal with prob-
ability 1. This sub-optimality manifests itself in comparison
to PRAP: The stepsizes of Félt & Giselsson (2017) do not
necessarily yield a smaller rate than PRAP of Bauschke

et al. (2016). More specifically, the rate sin?(0r)—sin”(61) f
. . P Y, sin?(0,.)+sin2(01)

PRAP could be larger or smaller than the rate %ﬁgzg f
Filt & Giselsson (2017), depending on problem configura-

tions (e.g., the precise values of 6,.).

6. GAP++: Bridge the GAP

A major contribution of this section is closing the gap dis-
cussed in Section 5.5.3. This is achieved by invoking our
theoretical results developed so far. Specifically, with the
stepsizes that we propose, the (GAP) operator converges
asymptotically at rate %. This rate is alway bet-
ter than if not the same as the rates of Bauschke et al. (2016)
and Filt & Giselsson (2017), for all possible choices of 6,
and 6,.. On the conceptual level, our result can be viewed as
a generalization of Filt & Giselsson (2017) which dispenses
with their assumption 6, = 7/2. Therefore we call the
proposed stepsizes GAP++.

In Section 6.1 we build preliminary notations. In Section 6.2
we provide stepsizes that achieve the fastest rate in Table 1.
6.1. Preliminaries

Matrix Representations. For j = 1,2,let A; € R™*" be
an orthonormal basis matrix of the orthogonal complement
Hi of H;. Then we can write Py, := I — A;A] and the

Note that, here, we write the symbols A;, A, without bold-
face to distinguish them from the notations A;, A5 of the
main paper. However, the choices of the same letter A, A
should remind the reader that they will eventually be con-
nected somehow.

The GAP operator can be expressed in terms of Ay, As:
T(v,71,72) = (1= I +7(I =72 A245 ) (I - ALA]).

We will set v = 1 and analyze T(1,71,72) = (I —
2 A2 AJ ) (I — y1 A1 A]), as doing so is sufficient to de-
rive a faster rate than that of Filt & Giselsson (2017).

Principal Angles. We recall the following definition of
nonzero principal angles.

Definition 1. For subspaces H;1, Ho of R™, define r :=
min{dim(?—ll), dim(Hg)}—dim(H1ﬂH2) and S := H1N
(H1 NHo)t and Z; := Ha N (H1 N Ha)t. The nonzero
principal angles 61, ... ,60, between H1 and H are then
defined recursively for ¢ = 1, ..., r such that

argmax §' z, Hi:arccos(s;-rzi), (13)
SES;,z€EZ;
lIsll2=]lz]l2=1

(Si7 Zi) S

where S; := S;_; Nspan(s;)*, Z; ;== Z;_1 Nspan(z;)™ .
It is not hard to show the principal angles 61, . . . , 6, between
‘H, and H, are indeed nonzero and satisfy 6; < --- < 6,.
Moreover, these principal angles between H;, Ho corre-
spond exactly to nonzero principal angles between the or-
thogonal complements H;- and H3-; see Property 2.1 of Zhu
& Knyazev (2013) or Theorem 2.7 of Knyazev & Argentati
(2007). More formally, we have the following statements:

Lemma 5. Recall that A; € R™*™ is an orthonormal
basis matrix of the orthogonal complement Hj‘ of Hj (j =
1,2), and that v := min{dim(H, ), dim(Hz)} —dim(#H; N
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Hz). Define C := Aj Ay. Then we have rank(C) = r.
Denote by o1 > - -+ > o, the r nonzero singular values of
C. Then o; = cos(0;) foreveryi=1,...,r.

6.2. Asymptotic Convergence Rates

Here we give stepsize choices v;,72 and the associ-
ated asymptotic convergence rates for the iterates zT =
T(1,71,72)z, where we recall T'(1,v1,72) is defined as
T(1,71,72) = (I — 724245 ) (T — 11 A1 A]).

Write A := [A; Ay] € R™*("1+72) and assume A has
full column rank (necessarily, we assume m > nj + ng =:
n). Let Q be an orthonormal basis matrix for H; N Ho.
Then Q" Q is the identity matrix, and we have Q" A = 0.
Furthermore, we can write z as z = Acy + Qc» and then

T(1,71,72)z = T(1,71,7%)(Ac1 + Qcz)
= (I — 724245 )(I — 14141 )(Acy + Qcy)
= (I — ’}/QAQA;)(I — ’ylAlAI)ACl + QCQ.

Since the columns of @ span 71 N Hs and the goal is to
reach a point in H1 N Hso, we could assume co = 0 without
loss of generality, and analyze the update equation

d:.= T(l,yl,wg)Acl = (I—’yQAQAzT)(I—’ylAlAlT)Acl.

Moreover, since A has full column rank and QTd =
QT(I — ’)/QAQA;—)(I — ’ylAlA;r)ACl =0, the new it-
erate d always lies in the range space of A, meaning that we
can uniquely write d as d = Ac] for some c;". Then the
update equation that we need to analyze become

ACT = (I — ’)/QAQA;)(I — ’ylAlAir)ACl (14)
e cf = (ATA)TTAT(T — 12 ArA] )T - A1A] ) Acy.

We need the following lemma to proceed.

Lemma 6. If A € R"™*("1+72) hag full column rank, then
the matrix (AT A) " AT (I — 2 A AJ ) (I — 1 A1 A] ) Ais
equal to M (y1,72), where M (y1,72) is defined to be

10 AJ A1 Yol 0 0

With (14) and Lemma 6, we conclude that we need to ana-
lyze the convergence rate of the iterate update

cf = M(y1,72)er, (15)

where M (7y1,72) is defined in Lemma 6. Note that the
definition of M (71, 72) here corresponds precisely to the
definition of M (v1,72) in Lemma 1 if A;, A, satisfy the
block-wise orthogonality assumption. Moreover, A; and
A already satisfy this assumption, therefore we can now
make the following conclusion by invoking Theorem 2.

Corollary 1. Assume A has full column rank and the no Xny
matrix C' := AJ Ay is nonzero. The following hold.

o If C has full rank (i.e., rank(C') = min{ny, no}), then

sin(6,.) — sin(6)

min_ p(M(71,72)) = sin(6,) + sin(6;)

v1>0,72>0
e If C is rank-deficient, then
1 —sin(6;)

min_p(M(y1,72)) = T+ sim(0y)

71>0,72>0
Note that for two generic subspaces H1, Ha, with probabil-
ity 1 the following hold: The matricx A = [A;, As] has
full column rank if ny 4+ ny < m; and A2TA1 has full rank.

7. Numerical Experiments

In this section, we perform a simple experiment in order
to validate our theory. The full MATLAB code for the
experiment can be found in Appendix F.1.

Setup. We generate the linear regression data A = [A; Aj)]
and y randomly, via the function gen_data (Appendix F),
such that Assumption 1 is fulfilled and the condition number
of A can be specified as an input of the function. We imple-
ment BGD with stepsizes in (7), and we implement GD and
HB with their optimal stepsizes. Note that Assumption 1
puts no restrictions on the spectrum of A, hence, even under
Assumption 1, the optimal stepsizes of GD and HB remain
to be the same as reviewed in Section 2.1.

Results. In Figure la, we plot under Assumption 1 the
numerical values of p&p, pfip, and pjgp- In Figures 1b
to 1d, we plot the distances ||z —x*||5 of the iterates {z'};
of GD, HB, and BGD for different condition numbers x :=
%. Observe that the numerical convergence rates of
HB and BGD are following our theory and especially the

inequality pjgp < (pip)? (Remark 2).

Discussion. Can the proposed stepsizes for BGD be applied
to general least-squares problems where A = [A; As] do
not satisfy Assumption 1? As already indicated in Sec-
tion 3.1, the answer is affirmative, and the idea is that one
could always orthogonalize A; and As, respectively, e.g.,
via QR decomposition A; = Q1 Ry and Ay = Q2 R5. In-
deed, one could then consider minimizing ||[Q1 Q2]z—y||2
in variable z via BGD with the proposed stepsizes as the
matrix [@Q; Q3] now satisfies Assumption 1. After such
minimization, we obtain minimizer z and just need to solve
the upper triangular systems z; = R;x; for z; (j = 1,2)
by efficient back substitution. But how does this algorithm
compare to HB applied directly to the data A, y? Note that
[Q1 Q-] is, in general, much better conditioned than A
and its block-wise orthogonality structure allows for faster
matrix-vector multiplications [Q; Q2] "[Q1 Q2]z (e.g., al-
ready we have Q Q2z; = z;) than calculating AT Azx.
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Figure 1: Under Assumption 1, Figure 1a shows the numerical values of the minimum spectral radii, pp, prig» and pPiap»
and Figures 1b to 1d shows the errors of the three methods at every iteration ¢.

For these two reasons, we observe that combining block-
wise QR orthogonalization with BGD takes much fewer
iterations than HB to converge and uses less computation at
each iteration; and eventually this method runs faster than
HB when A is highly ill-conditioned (so that HB converges
slowly) and for medium problem sizes (so that block-wise
QR decompositions are affordable). The code and experi-
ments comparing the two approaches are in Appendix F.2.

8. Conclusion and Future Work

In this paper, we analyzed a basic algorithm, block gradi-
ent descent (BGD), applied to a basic setting, least-squares.
Under a block-wise orthogonality assumption, we discover
optimal stepsizes, with which BGD accelerates without any
momentum and is provably twice as fast as the heavy ball
method (HB). Moreover, our results apply to (generalized)
alternating projection; Doing so not only leads to improve-
ments over the bounds of Filt & Giselsson (2017), but also
allows us to revise their inaccurate claim that an optimal con-
vergence rate for (generalized) alternating projection was
discovered. Among many interesting questions that might
follow from our developments in this paper, we would like
to elaborate on the following three points:

* Does adding some momentum term to BGD give faster
rates? Goujaud et al. (2022) showed that GD with cyclic
stepsizes and HB momentum is faster than HB if the spec-

trum of AT A is clustered, so the answer might lie in com-
bining the contributions of Goujaud et al. (2022) and ours.

* Can we generalize our analysis from two blocks to multi-
ple blocks? If BGD with two blocks can run twice as fast as
HB, would it be natural—or bold—to guess that BGD with
n blocks can be n times faster? Moreover, in the case of n
blocks, our block-wise orthogonality assumption (Assump-
tion 1) would generalize to the less restrictive requirement
that the columns of A are normalized; concerns regarding
Assumption 1 would automatically disappear.

* To what extent can we dispense with Assumption 1? Re-
call that, without this assumption, we need to analyze the
spectral radius of the sophisticated matrix M (y1,y2) de-
fined in Lemma 1. While in this general case it is signifi-
cantly more challenging to find a closed-form solution to
the minimum spectral radius of M (~;,72), it is perhaps
possible to compute a numerical or approximate solution to
(3), e.g., via semidefinite relaxation techniques. Pushing this
idea to its extreme constitutes an entirely different chapter,
and is therefore left as a future endeavor.

Impact Statement

This paper presents work intending to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Elementary Lemmas

Here we first give proofs to Lemmas 1 to 4:

Proof of Lemma 1. Note that the global minimizer «* of (2) satisfies the normal equation AT Az* = ATy, which means
Al Az* = A]yand A] Ax* = AJy, so we can write the first equation | = x1 — 1 - A] A(x — z*) of BGD as

+ T T
Tr| _ or — _mAL AL A Ay o
L@] Tt = <I { 0 0 (x—x").

We finish by re-writing the second equation of BGD similarly and combining. O

Proof of Lemma 2. Left multiplying the first equation of BGD by A; and the second equation by A5 gives
Alib'f =Aix1— 7 'A1A1T(A1$1 + Asxs — vy),
AQ.’B;_ = AQ.’BQ — 72 AQAQT(AlmT + AQ.’BQ — y)
Substitute the expression of Ala:f into the second, and sum them up, and we obtain
Azt = Az — 1 A1 A] (Az —y) — o - AsA] (A1 — 71 - A1A] (Az — y) + Aszs — y)
= Az — 11 A1A{ (Az —y) — 12 - AzA) (Az —y — 1 - A1A] (Az — y))
= Az — ’ylAlAI(A.’B — y) — Y2 AQAQT (I -7 AlAir)(AZC — y)

As shown in the proof of Lemma 1 we have A Az* = Ay and Aj Az* = A, y. Subtracting Azx* the above equation
yields

Azt —2*) = A(x —z*) — AI1A] (Az — Az™) — 72 - AsA] (I — 1 - A1 A] ) (Az — Az™).
The proof is finished by simplifying the above equation. O

Proof of Lemma 3. Under Assumption 1 and with C := AJ A, we have

_ 0 0 NAl AL Al A,

(-1 20 )

. 0 0 o ’}/111 ’leT 0 0 ’)/111 71CT
’}/QC ’)’QIQ 0 0 ’VQC ’)/QIQ 0 0
{ (1-m)i —-mCT } [ 0 0 }
—1C  (1—)l 7172C  7172CCT
_ [ (1—m)L -nCT }
Y2 (l=7)C (1 =)l +717%CCT
and the proof is complete. O

Proof of Lemma 4. By Assumption 1 we write AT A as

L, Cc’

T —
A A{C L

|=rep. p= [l G

c 0

We will first find the eigenvalues of the (n; + ng) X (n1 + no) matrix D. Since C has rank r, D has eigenvalue 0 of
geometric multiplicity 71 + ng — 2r, and so the algebraic multiplicity of eigenvalue 0 is at least n; + ng — 2r. With a
variable A # 0 we now look at the characteristic polynomial det(A\I — D). By Lemma 7 we have

det(M — D) = det(\I) - det (AI2 - %CCT).

12
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Therefore, det(AI — D) = 0 if and only if det (A?I; — CC") = 0. Since A # 0, we have det (A2l — CC") = 0 if
and only if A\? is a positive eigenvalue of CC'T. Since CC'T has r such eigenvalues A\;(CCT), ..., \.(CCT), we have
2r such choices for A, namely ++/A\;(CCT), ..., ++1/\.(CCT). Eigenvalues of AT A are eigenvalues of D plus 1. We
finish by recalling Section 2 and simple calculation. O

Lemmas 7 to 12 below are elementary, so their proofs are omitted.

Lemma 7 (Block Matrix Determinant). We have

det [g; gﬂ — det(Q1) - det(Qu — Q5@ Qa),

where Q1 and Q4 are square matrices with Q1 invertible.
Lemma$8. Let & > & > -+ > & > 0. Then we have

&1-&r .
r>1
i 1— A&yl — ): e ’
rvn>151(maxﬂ 8l31 o ’Yfr‘} {1 r—
&1
Here the minimum is attained at v = ﬁ ifr>1loraty= S% ifr=1
Lemma 9. For functions f; : S — R (Vi =1,...,r), we have

4 € argmin f;(y),Vi =1,...,r = 4 € argmin ( “max fz('y))
vES ~eS i=1,...,r

Lemma 10. With ¢ € (0,1), v1 € (0,1), and 42 := ;L:i?; the quadratic equation

22— (27 —F+ 1920z + (L—71)(1 —F2) =0
in variable z has two real roots, z =v1 — land z = o — 1 with s — 1 > 1 — 1.

Lemma 11. For functions f; : S - R (Vi =0,1,...,7), if

4 € argmin (max{fo(’y), N1 (’Y)})

YyES

and f;(%) < max{fo(%), f1(§)} foreveryi=1,...,r, then

4 € argmin ( max fi(’y))
~eS 1=0,..., s

Lemma 12. Consider the two (perhaps complex) roots z1 and z5 to the quadratic equation
22 4+bz4+c=0
in variable z with ¢ > 0 and b € R. We have

|z1] < Ve and |z| < Ve e |z1] = |22 = Ve e b —4e < 0.

B. Proof of The Main Result (Theorem 2)
B.1. A Spectrum Lemma

The first step towards solving (3) is to analyze the spectrum of M (+1,~2). We do so in the lemma below.

Lemma 13 (Spectrum of M (1, 72)). Suppose Assumption 1 holds and C = A] Ay € R™"**™ has rank r. Then, besides
the eigenvalues 1 — ~v1 and 1 — ~y5 shown in Table 2, the remaining eigenvalues of M (v1,2) are given as follows:

* (Case 1: vy, = 1) The remaining r eigenvalues of M (y1,7y2) are 1 — 3 + X\ (CC ), Vi =1,...,7;
s (Case 2: ~y3 = 1) The remaining r eigenvalues of M (y1,7v2) are 1 — 1 +y1 A (CC ), Vi =1,...,7;

13
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Table 2: Algebraic multiplicities of eigenvalues 1 — 7 and 1 — 2 of M (71, 72). The rank of C'is denoted by r. The table
accompanies Lemma 13.

Eigenvalues

=y 1-—m

2 7 =1 nq Nno — 7T
5 v =1 ny—r N9

Mm#ELYR#FL ni—r ng—r

* (Case 3: v1 # 1,72 # 1) The remaining 2r eigenvalues of M (y1,72) arise as the roots of the following quadratic
equation in variable z (Vi =1,...,r):

2= (27— +172MNCCT))z+ (1 —y)(1—72) =0. (16)

Remark 4. The proof of Lemma 13 is lengthy, and the difficulty lies in the fact that stepsizes -1,y could change the
eigenvalues of M (7y1,2) in a “discontinuous” way (cf. Table 2). And we need to handle all such discontinuities.

Remark 5. Lemma 13, in conjunction with Table 2, characterizes the spectrum of M (71, 72) in different cases. Case 1
(71 = 1) and Case 2 (2 = 1) turn out to be symmetric, and they coincide if 73 = o = 1. In either case, the eigenvalues of
M (71, 2) are given explicitly, in terms of 1, Yo, A;(CC ). In Case 3 (1 # 1,72 # 1), we have 2r eigenvalues implicitly
defined by quadratic equations (16).

Proof of Lemma 13. Under Assumption 1, M (1, 72) is of the form in Lemma 3. We approach the proof by considering
the three cases corresponding to Table 2 separately.

Case 1: 7; = 1. In this case, 1 —y; = 0 and M (71, y2) is given as

ML) - | S ol
’ 0 (1-m)l+7rCCT

The eigenvalues of (1 — 72) Iy + 72 CC'T give ny eigenvalues to M (1,72); they are 1 — 5 and (1 — 72) + 2\ (CCT),
i=1,...,r. Note that 1 —~5 has geometric multiplicity n, —r matching the dimension of the nullspace of CC'". Finally, 0
is an eigenvalue of M (1,~2) with geometric multiplicity n;. Since all ny + ny eigenvalues are counted. the abovementioned
geometric multiplicity coincides with algebraic multiplicity. Similarly, in the rest of the proof, the eigenvalues will be
counted using either geometric or algebraic ways, but by finding all eigenvalues (counting geometric or algebraic multiplicity)
we will eventually reveal that in our case the geometric multiplicity turns out to coincide with algebraic multiplicity. Hence,
in what follows we will just write multiplicity for simplicity.

Case 2: v, = 1. In this case, 1 — 2 = 0 and M (71, y2) is given as

1-y); —-mCT

M('7171): _(1_,}/1)0 ’leCT .

If v; = 1, by Case 1 we know that 0 = 1 — vy = 1 — =y, is an eigenvalue of M (v, 1) with multiplicity ny 4+ ny — r, and
the remaining r eigenvalues are given as \;(CC' "), i = 1,...,; Table 2 is correct. So in the remaining proof of Case 2 we
assume y; # 1.

Case 2.1: Eigenvalue 1 — ~;. Let us now test whether M (71, 1) has eigenvalue 1 — 7;. With an (n; + ng)-dimensional
vector v := [v7; V2] we have

(I =y)v1 =1CTvz = (1 —y)wn

—(1=7)Cv; +1CC vy = (1 —m)vy
{CT’UQ =0

~

C’Ul = —V2

My, )v=(1-mv & {

14
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and this implies C"Cv; = —C Tvy = 0. Hence v, = Cv; = 0. On the other hand, if Cv; = vy = 0 then the above is
satisfied. We now conclude that M (71, 1)v = (1 — 1) if and only if Cvy = v2 = 0. The nullspace of C is of dimension
ny —r, so (1 — 1) is an eigenvalue of M (71, 1) of multiplicity ny — 7.

Case 2.2: Eigenvalue 0. Following a similar proof of Case 2.1, we have

(1 — ’}/1)'1)1 — 'YlCT'UQ = 0

My, ) v=0&
(’Yl ) {—(1 — ’yl)C’Ul + 'ylcCTvg =0
=4 (1 — ’)/1)’01 — 71CT'02 =0.

Since 1 # 1, for any vy € R™2 we can set v; to be v; C T vy /(1 — ;) so that the equality M (y;, 1)v = 0 holds. Therefore
0 is an eigenvalue of M (1, 1) of multiplicity ns.

Case 2.3: The Remaining r Eigenvalues. Consider the characteristic polynomial det (zI — M (1, 1)) in variable z, with
z #1— and z # 0. Lemma 7 implies

det (ZI — M(’yl, 1)) = det (ZIl — (1 — 71)11)'(1613 (ZI2 — ’YlCCT

1
-1-m)C  ——- C’T).
( ’yl) Z_(l_'Yl) Y1
With z # 1 — 7 and z # 0, the above implies
det (2I — M(y1,1)) = 0 < det (212 — (1 =) — vlCCT> =0. (17)
We now see that for each i = 1,...,7, (1 — ;) + 11 X;(CCT) is a solution to (17), and is therefore an eigenvalue of

M(’Yh 1)
Case 3: 7 # 1,72 # 1. Suppose for the sake of contradiction that M (1, 72)v = 0 for some v = [vy;v5] € RM 72,
Then, using the formula of M (1, y2) in Lemma 3 we can write

(1 —71)v; —1CTvy =0

—72(1 = 71)Cv1 + (1 — y2)v2 + 7172CC vy =0

(1—=7)v1 —=1C v, =0

—72(1 = 71)Cv1 + (1 = 72)v2 + 72C(1 = y1)v1 =0

N (1 —y)v +71C vy =0

(1 — ’)/2)'02 = 0

and since 1 # 1 and 75 # 1, it is now clear that v; = vo = 0. So M (71, ¥2) is full rank.

We will show there are 2r eigenvalues different than 1 — «; and 1 — v, and given by the roots of (16). Consider the
characteristic polynomial det (zI — M (1, 72)) in variable z, with z # 1 — 1, 2 # 1 — 79, and z # 0. By Lemma 7 we
have

det (ZI — M(’yl,vg)) = det (le -(1- 71)I1) -det (zI2 — (1 =)y — 1172CCT
1

—72(1 - 71)Cm

-71CT).

Simplifying the above equation yields

((z—(l—’h))'(Z—(l—%))

det (2I — M(71,72)) = 0 < det -~

I2 — ’yl’)/QCCT) =0.

The characteristic polynomial det(z'I, — v;%CCT) in variable 2’ has r nonzero roots, namely

117221 (CCT), ..., 7172\ (CCT). Moreover, for each root 2, the equation

(z=(1=m) (2—(1—-m))

z

= el -2-n—r+)z+(1-m)(1—72)=0

15
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always has two nonzero (potentially complex) solutions, and there are 2r such solutions in total; none of these solutions is
equal to 1 — 71 or 1 — 9. In particular, by construction, these 2r solutions must be eigenvalues of M (71, ¥2).

It remains to show 1 — ; and 1 — 5 are eigenvalues of M (1, v2) with mulpliticity nq — r and ny — r, respectively; cf.
Table 2. We consider two cases, 7; = 2 and 1 # 9.

Case 3.1: 1 # . With some vector v := [v1; v2] € R™"1+"2 we have
—71CTvy =0
—72(1 = 71)Cv1 + (71 — 72)v2 + 1172CC vy =0

CTv, =0;
—72(1 = 71)Cv1 + (71 — 72)v2 = 0.

My, y2)v=(1-m)v & {

Left multiplying the last equation by C' yields 72(1 — v1)C T Cv; = 0. Since 1 # 1 and 5 > 0, we obtain Cv; = 0.
Substituting it back gives (1 — y2)v2 = 0, but 71 # 72, so it must be that vo = 0. Therefore, for M (1, v2)v = (1 —71)v
to hold, it is necessary that v = 0 and C'v; = 0; one verifies this is also sufficient, and thus

M(’yl,fy2)v = (1 — ’}/1)’0 = C’l)1 = 071}2 =0.

Since the nullspace of C' has dimension ny —r, so 1—+ is an eigenvalue of M (71, y2) of multiplicity nq —r. Proving 1 —~9
is an eigenvalue of M (y1,72) of multiplicity ny — r follows a similar route, detailed next. With v := [v1; vo] € R™1172
we have

—71CTvy = (11 —72)v1

M , = 1 — =
(y1,72)v = (1 = 72)v {_(1 —71)Cv1 +1CC vy =0

*’YlCT’Uz = (’Yl - 72)171
—(1=7)Cv1 —C - (71 —2)v1 =0

71 C T vy = (11 — Y2)v1;
(1 — ’)/Q)C’Ul =0.

Since v, # 1, the last equation implies Cv; = 0. Left multiply the equality v;C vy = (71 — 72)v; by C and use
Cv; = 0, and we obtain CC Tvs = 0, that is C T vy = 0. Substitute this back and we get (y1 — y2)vy = 0. But 41 # 79,
so vy = 0. Thus, M (71,72)v = (1 — 42)v implies v; = 0 and C " vy = 0, and one verifies that the converse is also true.
Therefore, 1 — 75 is an eigenvalue of M (71, ¥ ) with multiplicity ny — r, that is the dimension of the nullspace of C'T.

Case 3.2: y; = 7. In this case, we consider the linear equations M (v1,v1)v = (1 — 41 )v in variable v := [v1;v9] €
R™1*t"2 And we have

My, m)v=(1—-y)v e Clv, =0
e n ’Yl(l — ’yl)C’Ul + ’V%CCT’UQ =0
cC 0
& Cov =0, where Cy .= [0 CT] .

The nullspace of C5 is of dimension 1y + ny — 27, so 1 — 7 is an eigenvalue of M (1, v2) of multiplicity ny + ny — 2r.
The proof is now complete. O

Lemma 13 is important as it allows us to proceed for studying the spectral radius p(M (71, ’)/2)). That is not to say analyzing
p(M (71, "}/2)) is made into a trivial task. In fact, Table 2 already suggests an obstacle: If n; = r and v # 1, then 1 — 7y is
not an eigenvalue of M (1, 7v2) and should not be taken into account when studying p(M (71, "}’2)); similarly for 1 — 5. In
other words, this suggests we have to further break our analysis into subcases that classify the relations between the rank r
and block size np (or ng). Performing such analysis carefully is our main duty in Appendices B.2 and B.3.

16
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B.2. Simplified Cases

In this section we make some basic calculations of the spectral radius in simplified cases. The purpose is to build some
intuition and preliminary results for the sequel. The first easy case we consider is where y; = 1 or 72 = 1. In this case,
Lemma 13 reveals the whole spectrum of M (71, 72), so we can minimize p(M (y1,72)) with relative ease:

Proposition 1. Recall C := Aj A, and r = rank(C). Under Assumption 1, p(M(y1,1)) is minimized at ; =
W ifr <niaty, = 5 Al(CCT) 3 (CCT) if r =nq1 > 1, and its minimum values are given as

_neceh)
_ ) 2=x(CcCT)
{{1111>np(M(’Yla1)) = Al(lccT)fz\v-(CCT) ifr =
2-M(CCh-A(ccny BT =

if r < ngq;

Remark 6. Similarly, we can solve min,,~o p(M (1,72)).
Remark 7. If r =ny = 1, then \;(CC") = A,(CC'"), in which case the minimum of p(M (71,1)) is 0.

Proof of Proposition 1. Lemma 13 implies

Inax{\lf’yl\,maxi:L All=m(1=-x(CCT) )|}} ifr < ng;

p(M(’Vlvl)) = { i {‘1 —’71<1 . z(CCT))|} if r =nj.

=1,...,

The proof finishes with a basic and standard argument; see, e.g., Lemma 8. O

Another easy case is where ;1 = 7. In this case, we need to minimize p(M (71, ’}/2)) only in a single variable ~; :

2

PI‘OpOSition 2. Deﬁne ’}/T = m
— Al

. Under Assumption 1, we have v; — 1 < p(M(1,1)) and
min p(M(y1,m)) = p(M(7,77)) =77 — 1 (18)
Remark 8. While in Proposition 1 the minima can vary with the rank 7, the minimum of (18) is attained at ;" for any r.

Proof of Proposition 2. Under Assumption 1, 7] is real-valued, and with some calculation, one further verifies 0 <
Yi—1<\(CCT) = p(M(l7 1)); the last equality is due to Example 1. We proceed in two steps. In Step 1 we prove

p(M(v;,77)) =71 — 1. In Step 2 we prove 7 — 1 = miny, 0 p(M (y1,71))-

Step 1. First observe that for every ¢ = 1,...,r we have

(229 + GDPACCT)) — a3 —1)* <0
& (1PA(CCT) - (1= 491 + (1)A(CCT)) <0
4= 4y +()*N(CCT) <0.
But as one can verify, the definition of ~; implies 7 is the smaller root of the equation 4 — 4¢ + ¢2)\(CCT) = 0 in

variable &, that is 4 — 4v; + (77)2A1(CCT) = 0. As a consequence, for every i = 1,...,r, the roots of the quadratic
equation

— (2-291 + (2M(ECCT)) 2 + (E — 12 =0

in variable z have magnitudes equal to y; — 1. Invoking Lemma 13, we see that these roots are precisely 2r eigenvalues
M (~3,775), while Lemma 13 further suggests that M (5, v7) might have eigenvalue 5 — 1 with multiplicity ny 4+ ng — 2r
(if n1 + na — 2r # 0). We can now conclude Step 1 with p(M (71,77)) =1 — 1.

Step 2. To prove 7; — 1 = miny, o p(M (71,71)), we consider two cases.

Case 2.1: v; > 77. In this case, 73 > 7] > 1. Note that for every « = 1,...,r the equation (16) must has a root whose
magnitude is larger than or equal to /(1 — 71)(v2 — 1) = y1 — 1. Therefore p(M (71,71)) =71 — 1>~ — 1.

17
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Case 2.2: 0 < 1 < 7. The choice of 77 indicates 4 — 471 +v#A (CC") > 0. We then prove 2 —27y; +7Z\ (CCT) > 0:
This is true if v, € (0, 1]; otherwise, if 1 > 1, this is implied by 4 — 4v; + 42X (CCT) > 0. As a result, the quadratic
equation 22 — (2 — 271 +7#A1 (CCT))z + (11 — 1)? = 0 has two different non-negative real roots and they are eigenvalues
of M (1, v1). The larger root, denoted by z(~1), is given as

) 2 — 2y + 93\ (CCT) + \/(2 — 271 + v%)\l(CCT)f —4(y —1)2
M) =
2

2
(1 VM(CCT) + VA=t + 97 (CCT))

1 .
We need to prove z(y1) > 1 — 1 forevery 1 € (0,~7]. Since z(v7) = 75 — 1, it suffices to show that the function
1(6) =&/ M(CCT) + /1 - 46 + e2x(CCT)

is non-increasing in [0,7}], i.e., its derivative is non-positive. Noting that, with ¢ € [0,7;] we have 2 — ¢\ (CCT) >
2 —viA1(CCT) > 0. We can then verify

, eor . EM(CCT) 2
fO<0eyaeeh)+ VA—AE+ ) (CCT) =0
s n(CcCT)- <4f4§+§2)\1(CCT)) < (275/\1(CC’T))2
e xnceT) <.

We have thus completed the proof. O

From Propositions 1 and 2, we see that, under Assumption 1, stepsizes better than y; = 2 = 1 do exist, suggesting that it is
possible for BGD to converge faster than BEM.

Note that the minima in Propositions 1 and 2 are both attained at some stepsize larger than 1, behind which the intuition
is as follows. Suppose Assumption 1 holds, then the maximum eigenvalue of CC'" is smaller than or equal to 1. If
0 =

0 (1 — ’)/Q)IQ + ’YQCCT
lie in (0, 1], then there would be no doubt that the convex combination (1 —~2) I + 2 CC T would be minimized at 7, = 1
under Assumption 1. However, inspect that setting v, to be appropriately larger than 1 would actually further reduce the
magnitudes of (1 — ¥o)I + 2 CC'" and therefore of its eigenvalues. Optimal stepsizes that we show in Appendix B.3 are
in fact all larger than 1.

furthermore v, = 1, then M (1, 72) can be written as M (1,~2) = . If o were restricted to

B.3. General Cases

The limitation of Propositions 1 and 2 is that, there, we search stepsizes on two rays, namely {(y1,1) : 71 > 0} and
{(y1,71) : 71 > 0}, while a better choice might lie on the quadrant {(~1,v2) : 71 > 0,72 > 0} yet on neither of the two
rays. To address this point, we divide the quadrant into four regions, Sog, So1, S10, 511 as shown in Figure 2, and we search
for stepsizes that leading to smaller spectral radii over each region. Combining yields a solution to (3).

To proceed, we develop a technical lemma, shown below, which will be used as a common sub-routine to prove our main
results in Appendices B.3.1 and B.3.2.

Lemma 14. Fix ¢ € (0,1). Consider the following quadratic equation in variable z and its discriminant:
Z—2-m—rn+tnnrd)z+(1-mn)1-72)=0,
A(y,72) == (2= — 72 +1N720)’ (19)
=41 = 71)(1 = 2).
Assume A(v1,7v2) > 0. Then
2/ A0, 72) - e — 1] <[220 | if gy > 1
2/ A0, 72) - g — 1] > [225822) | if g € (0,1).

18
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72
00
501 = (0, 1] X [1,00) S()l 511 Sll = [1,00) X [].,OO)
1
Soo == (0,1] x (0,1] Soo | Sto S1o = [1,00) x (0,1]
0 1 o0 M

Figure 2: We divide the quadrant {(vy1,72) : 71 > 0,72 > 0} of all possible stepsizes into 4 regions, Soo, So1, S10, and S11.
We minimize the spectral radius p(M (71, ’)/2)) over each region separately, which will give a solution to (3).

Remark 9. In words, Lemma 14 analyzes a single quadratic equation (19) which is of the form (16), highlighting some
properties useful for analyzing the eigenvalues as roots of (16) in the sequel.

Proof of Lemma 14. We only write down the proof for the case v; > 1; the case for v, € (0, 1) is similar. First note that
71772 A (71,72)\?
2 A(1,72) - Ime — 1] < ‘ | & 4A(y1,72) - (o — 1) < ((872) .

Canceling a common additive term yields the following equivalent inequality:

~(m =D = Dme—1)?<(m =1 = 2—mn =12 +71720)(né —1)(n - 1).

If v1 = 1, we are done. If 73 > 1, we can divide both sides of the above by v; — 1 to get an equivalent inequality:

—(e-DMmée-1*<(m-1)-2-mn—r2+mnd)(né-1)
S me—1)-(2—m—r2+71720) — (2= 1)(mo—1)) < (1)
SMme-1)-1-m+m¢)<(m—-1)
S ie(¢—1) <0.

But ¢ € (0,1), so v?¢(¢ — 1) < 0, and we finished the proof. O

B.3.1. OPTIMAL STEPSIZES ON Syo U Sp1 U S1o

Let us first acquire a better understanding of how the roots of a single quadratic equation in (19) behave:

Lemma 15. Fix ¢ € (0,1). Consider the quadratic equation in (19) and let z1 (1, V2), z2(71,72) be its two roots. Define

J(r1,72) := max {|z1(y1,72)], [22(71,72)}-

With Soo, So1, S1o defined in Figure 2, the following hold:
* Part 1: Spo. With v, € (0,1] fixed, v2 — f(v1,72) is non-increasing in (0, 1]. With vy, € (0, 1] fixed, v1 — f(71,72) is

non-increasing in (0, 1]. Therefore

min  f(y,7) = f(1,1).
[V137v2]€So0

* Part 2: Sp1 U Syo. With y5 € [1,00) fixed, y1 — f(y1,72) is non-increasing in (0,1]. With v1 € [1,00) fixed,
Y2 = f(71,72) is non-increasing in (0, 1]. Hence we have

min  f(y1,72) = min f(1,72),
Y221

[V1572]€S01
min , = min ,1).
byl eS10 F(v,72) lef(% )

Proof of Lemma 15. Recall A(y1,72) := (2 —71 — Y2 +71720)% — 4(1 — 1) (1 — 72) (Lemma 14). We present the proofs
below for Part 1 and Part 2, one after another.
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Part 1: Spg. Assume 71,2 € (0, 1], and we derive the monotonicity of f. In this case we have 1 —~; > 0and 1 — 2 > 0,
and therefore we can write

A(71,72) <<\/1 - =1 —’Yz>2 +7172¢) <<\/1 -7 +4/1 —’Yz>2 +W1V2¢),

which implies A(v1,72) > 0. Furthermore, since 2 — 1 — 2 + Y1720 > 0, we have

Of(y1,72)  —1+72¢ 1 COA(71,72)

om 2 4/ A(y1,72) oM

AA(71,72)

Since v, € (0,1), applying Lemma 14 with ~; and 2 swapped yields 24/ A(v1,72) - [71¢ — 1 o | Since

=
—1+ v2¢ < 0, this further implies %;172) < 0. Similarly, using Lemma 14 we can show of (g; 12) < 0. This proves Part
1.

Part 2: Sp; U Spg. Since (1 — v1)(1 — v2) < 0, the two roots of (19) are real-valued. It suffices to fix v, € [1,00) and

prove o — f(71,72) is non-increasing in (0, 1]. To do so, we first calculate M,;m and verify M < 0 for every
Y2 € (0, 1].
OA(,
g:%) <0&2mo—1)%0m—2(nmo+1-20)yn <0
2

=Mmo—1)7%—(rop+1-2¢)n <0
Syip(¢p—1)+1—v <0.

This indeed holds as ¢ € (0,1) and v, > 1. Then, by definition we can write

—147¢ 1 . OA(y1,72) if 9 _ > 0:

Af(m,72) . VNG DA 072 ) M=t ned )
) _ ) 1-n¢ 1 COA(1,72 o B )

872 2 + 4\/A(717,‘{2) D2 1 71 Y2 + ’71’72¢ < 07
(1 =11 =) if 2—vy —7y2+717%2¢=0.

Here, 2 — (71 — 1)(1 — 72) is clearly a decreasing function. For the other two cases, we can also prove %j&m) < 0 by
using Lemma 14 and the fact %7‘2’72) <0. O

Having studied a single quadratic equation in Lemma 15, we can now analyze r such equations (16). Specifically, armed
with Lemmas 14 and 15, we reach the following result:

Theorem 3. Under Assumption 1, the following hold.

e (Part 1: Spo) On Spo, we have

min p(M(’Yu’h)) p(M(l 1))
[v1572]€S00

* (Part 2: Sp1 U S19) We have

min  p(M(y1,72)) = min p(M(1,72)),

[v1572]€S01
min M (v, = min p(M(v1,1)).
[y1572]€S10 p< (71 ’72)) 7121p< (71 ))

Remark 10. The situation on Sy is now clear (Part 1): The minimum spectral radius is attained at (1, 1). The situation on
So1 U S1g is clearly only partially (Part 2), and it seems that one still needs to minimize over a single stepsize o (resp. 1)
to find the minimum spectral radius on Sp; (resp. S1¢), with the other stepsize set to 1. This is in fact an easier task and has
been addressed already in Proposition 1.

Proof of Theorem 3. The proof of Theorem 3 relies on two technical lemmas, Lemmas 14 and 15.

Let 21 (71, 7y2) and z;2(71, 2) be the two roots of (16). Define
fi(71,72) = max {|zi1(71,72)|, |zi2(71,72)| }- (20)
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If r < min{n,no}, then, by Lemma 13, 1 — 41 and 1 — 7 are eigenvalues of M (71,72), and Lemmas 9 and 15 further
imply

min_ p(M(y1,72)) = min (maX{l—71,1—72,ma><fi(%,72)})
[Y1572]€So00 [v1572]€S00 Ty
= p(M(1,1)).
The case where » = nj or r = no is similar, and this finishes the proof of Part 1. Part 2 follows similarly from Lemma 9
and Part 2 of Lemma 15. O]

B.3.2. OPTIMAL STEPSIZES ON S11

Solving (3) on S1; is harder than on Syg U Sp1 U S1g, as on S; it is more challenging to quantify the change of the roots
(eigenvalues) defined in (16) with respect to stepsize y; or v2. We tackle this challenge by further dividing our analysis into
two separate cases: C' has full rank and C is rank-deficient.

The proofs for the two cases are much more sophisticated. Hence we only state the theorems below. The proofs are presented
separately in Appendix C.

The Full Rank Case. If C is full rank (i.e., 7 = min{ny, na}), we have:

Theorem 4. Suppose r = min{ny,ns} and Assumption 1 holds. Let S11 be defined in Figure 2. Then the minimum value
ming,, .,]es,, 2(M(71,72)) is equal to

V1I=XA(CCT) - /1-)\(CCT)

VI=X\(CCT)++/1-XN(CCT) @D

Remark 11. If r = 1, then we have \;(CCT) = )\,.(CC") and Theorem 4 suggests the minimum spectral radius is 0,
coinciding with Proposition 1 and Remark 7.

The Rank-Deficient Case. It remains to address the case where C'is rank-deficient (i.e., r < min{n,ns}). We do this in
Theorem 5:

Theorem 5. Suppose r < min{ni,na} and Assumption 1 holds. With Sy, defined in Figure 2 and ~; defined in
Proposition 2, we have p(M (v;,77)) =~ — 1 and

' M(v1,79)) =~ — 1
[W%relsnp( (71:72)) =i
1-y/T-\(CCT) (22)

S 1+/1-x(CCTY

There is a basic connection between (21) and (22): They would be identical if A,.(CC T) were equal to 0. Despite this direct
connection, their proofs are very different.

C. Proofs of Theorems 4 and 5
C.1. Proof of Theorem 4

For the proof of Theorem 4, we need the following lemma.

Lemma 16. Assume s > land (1 > -+ > (, > 0. Fori = 1,...,s, let z;1(«, B), zia(a, B) be the two roots of the
following quadratic equation in variable z:

2 —(B+1—-ag)z+B=0. (23)

Define g;(av, B) := max{|zi1(a, B)|, |zi2(c, B)[}. Then

min ( max g;(« 5)) _ VG- VG
a>0,8>0 \i=1,..,s7' " VG +VE
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where the minimum is attained at

2 2 Vi — VC\ 2
(o) - ae)

Proof of Lemma 16. By the definition of (23) we have
|zi1 (@, B)| - |zi2 (e, B)| = B.

Without loss of generality, we assume |z;1 (o, 8)| > |zi2(c, 8)] If z;1 (e, 8) and z;1 (v, 5) are two complex roots, then their
magnitudes are equal to /3. If they are real roots, then we must have |2;1 (v, )| > v/, where the equality is attained if and
only if the two real roots are equal. Therefore g;(cv, 3) > +/B. As a consequence, for any 3 > 0 the optimization problem

min (imax gi(a, 5)) (24)

a>0 =1,..., s

is lower bounded by /3. Clearly, the lower bound +/f3 of (24) is attained at « if and only if « satisfies the following for all
1=1,...,s:

(B+1—ag)’ =48 <0
& (B+1-a+2VB)(B+1-ad —2y/B) <0

S (VB+1)? —aG)((VB-1)?—ag) <0 @)
& 1-VaG| < VB <1+ Vag.
Next, for 3 to be as small as possible while satisfying (25), we need to choose « to be the global minimizer of
mig {2, 1= Vadly = i {ma {1 = VoG L= Vadl}
A simple geometric argument shows that the minimum of the above problem is attained at o = ﬁ, with the
associated minimum value being %\/‘/g To summarize, with a* = m and g* = %, we have

max;—1, s gi(a*, B*) equal to \/B*.

To prove optimality, we need to show that for any «, 3 that satisfies /3 < |1 —vag; | for some 7, the corresponding
objective is larger than y/8*. To do so, it suffices to consider the following cases:

s If a > o*, then |1 — a(,| < |1 — v/a(y|. Assume /B < |1 — v/a(1|. The equation 2% — (B+1—a(1)z+ B8 =0

has two real roots, and the larger one is

B+1—al|++/(B+1—al)?—48
5 .

The derivative of this root with respect to 3 is

1 5—0[41—1
:l:f )
N IS

which is negative regardless of the sign on 1/2 (use the assumption /3 < |1 — v/a(;| to verify). Hence the root is
minimized when /3 = |1 — \/a(;|, at which point this root can be written as

[\

(1- Va41)22+1*04<1 _ |17\/017<1|.

Since a > o, one verifies |1 — \/a(y| is larger than |1 — /a*(1| = V/B*.

* The case o < * can be proved similarly. Specifically, in this case we have |1 — va(i| < |1 — Va(,|, so we can
assume /B < |1 — v/a(,| and proceed with a similar argument.
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O
We are then ready to prove Theorem 4.
Proof of Theorem 4. We can easily verify from Lemma 13 that
(M 1)) =0 ==t
P 1—)\1(CCT)’ - — 1 =4
1
97 (I T
”( 1-n(CCT) e
Next we assume 7 > 1. To proceed, we consider the function 7 : S1; — R? defined as
T(71,72) = [nyes (n = (2 = 1] (26)
Then we can write the image 7(S11) as
7(S11) = {Imv2; (11 — D2 = D] € R? : [y1572] € Su1}-
Note that we have o > 0 and 8 > 0 for every [«, 5] € 7(S11).
On the other hand, observe that (16) can be written as
2% — ((71 (e —1)+1—m7(l- )\i(CCT)))Z + (71 —=1)(y2—1)=0. (27)

By inspecting (23) of Lemma 16 and (27), we find we can invoke Lemma 16 with s =rand (; = 1 — )\TH,Z'(CCT) and
obtain

min max  fi(v, = min max g;(a,
[v1372]€811 (i:l ~~~~~ Tf (’Yl 72)) la,B]eT(S11) ( Tg ( 6))

> i, (e (e 9)
= max_gi(a”, f7) o
V1= X(CCT) — \/T— X (CCT)
V1= M(CCT)+ /1= (CCT)

where the last two steps follow from Lemma 16 with o™ and 5* defined as

. 2 2_ 2 ?
“ _(m+¢<7) a <\/1—A7-(CCT)+\/1—/\1(CCT)> ’

fyu(M)l VI-A(CCT) - - neeh )
WG HVG V1I=-M(CCT)+/1-xn(CCT) )

We will show [a*; 8*] € 7(S11), as this will prove the inequality in (28) is in fact an equality. Indeed, we can always solve
the equations

Nnye=a", (m—1)(p—-1) =4

for y; and -, and obtain two solutions [y;; 5] € S11 and [y5; 5] € S11 (as the reader could verify), where 4§ and ~y; are
defined as

o <¢<1+¢<7><1+¢<T>+\/<1—¢<7><1—@>2

VG VG
o (VIO - VIV TV |
? Va+ VG '
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Of course (7§ — 1)(y5 — 1) = 8* by construction, so we have proved

min (imax fi(’Yla'YQ)) = max fi(vi‘ﬁé‘)z max f;(v3,7}) = /B

[v1572]€S11 =1,...,r i=1,...,7 =1,...,7

We can now finish the proof by inspecting Lemma 13 and the values of «} and 5. Specifically, we have the following three
cases.

* If r = ny = no, then neither 1 — 7 nor 1 — ~3 is an eigenvalue of M (7, 72), therefore both [v];~v3] and [v5; 7]
minimize p(M(”yl,'yg) on Si1.

o If r = ny < ng, then M (77,3 ) has one extra eigenvalue 1 — 3. Since v > 5 > land 5* = (7§ — 1)(75 — 1) >
(75 — 1), we have

min (imax fi(71772)) = max fi(vi,72) = VB =2 —1,

[v1572]€S11 \i=1,...,r

and therefore p(M (71, 72)) is minimized at [v{;~3] on Si;.

o If r = ny < ny, similarly, p(M (71, 72)) is minimized at [y3; 7] on S1;.

C.2. Proof of Theorem 5

Here we prove Theorem 5. This is achieved by extending Lemma 14 into an analysis of the monotonicity of the determinant
A(71,72) in (19). We begin with stating and proving Lemmas 17 and 18.

Lemma 17. Let ¢ € (0,1) and vy, € [1,2) be fixed with y1¢ # 1. Consider

Ar)=2—m =7 +m720)° —4(n1 — 1)(12 — 1).

Let & and &5 be the two roots of A(y2) = 0 with |&1] < |€2|. Then 1 < &;. Moreover, we have:
o A'(v2) < 0forevery vz € [1,71].

o Ify1 €11, ﬁ] then A(7y) > 0 for every v, € [1, 7).

*Ifm e [#72)’ then & < vy and

07 V’Y? € [1751]7
0, V2 €[,

Proof. Since y1¢ # 1, we know A(7s) is a quadratic function in ~y2, and we can simplify its expression and calculate its
derivative as follows:

Aly) = (mo —1)% + 22—1)mo— 1)y —4n — 1)+ 2—m)*+4(n - 1)
= (Mo —1)%*3 —2mo+1-20)mr2 + i,
Al(y2) = 2(2 Y1 =72 +11720)(nd— 1) —4(n1 — 1)
=2(m¢ —1)*y —2(mo+1—-20)m.

Since v1¢ # 1, the minimum of A(y2) is attained at v := (16 + 1 — 2¢)y1/(71¢ — 1)%. Next we verify A(y3) < 0 and
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v1 < v5: We have

(716 + 1 — 26)242
(1o —1)2

& (1o —1)2 < (mip+1—2¢)?

S (1-9)(mo—9¢)>0

S (1=¢)(m—1)=0,

(mio+1—2¢)m
(716 — 1)2

& (1o —1)2 < (no+1-29)

&9 —371+2<0,

A)<0e — +91 <0

<y emn <

and (1 — ¢)(y1 — 1) > 0 because ¢ € (0,1) and y; € [1,2), while 77¢ — 371 + 2 < 0 holds because 72¢ — 3v; + 2 <
(m—1D(n—2)<0.

With the above calculations, we immediately obtain A’(y2) < 0 for every 75 € [1,71]. And withv; > 1 and A(1) > 0, we
see &7 is real-valued, & > 1, and
M <& e Al >0
& Mo —1)°7% =2(nd+1-20)77 +77 >0
& me—1°-2mo+1-29)+1>0
Sid—dn+420
& 2-m)°2H1-9)

S2-m>2mvl-9¢

2
& < —-.
TV =y
We now draw the other two statements. If v; € [1, ﬁﬂ] then ; < &, and therefore A(~2) > 0 for every v € [1,71].
On the other hand, assume v, € [#, 2). Then &; <1 <3 and A(vy1) < 0,50 A(y2) > 0 for each 2 € [1,&;] and
A(v2) < 0 for each y5 € [§1,71]- O

Lemma 18. Let ¢ € (0,1) and vy € [1,2) be fixed with v1¢ # 1. Consider the following quadratic equation in variable z
and its discriminant A(yz):

2= 2=m—r+md)z+(n -1 -1)=0,

A() = (2—m — 12 +71720)° —4(n — (32 — 1).

Let z1(72), 22(y2) be the two roots of the above quadratic equation, and let £1,&o be the two roots of A(vye) = 0 with
&1 < |&|. Then 1 < &1. Moreover, with f(v2) == {|z1(72)], |22(72)| }, we have:

o Ifyi €1, ﬁ], then f(~2) is non-increasing in [1,71].

e Ify1 € [#, 2), then & < v1, f(72) is non-increasing in [1,&], and

fr)=vVmn—-10O2-1), VY e€ll,m]

Proof of Lemma 18. The case with 5 € [£1, 1] follows directly from Lemma 17. It remains to consider the case vo €
[1, min{&;,~1}], where by Lemma 17 we know A(72) > 0 and 21 (72), 22(72) are real-valued. Moreover, in this case we

have
2= =2 11729 + VA7)
f(’y2) - 2 )
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and therefore the derivative of f(v2) is given as

—14+v¢ + A'(v2)
CORE PR
1-m1¢ "(v2 PV
p /NES) 2=y —72+m72¢ <0.

2= =72+ 71720 > 0;

Furthermore, since A’(y2) < 0 for every 2 € [1,71] (Lemma 17), to prove f(72) is non-increasing in y2 € [1, min{&;, y1 }|

it suffices to show
2V A(M2) - e — 1] <A (v2)],

but by Lemma 14 this indeed holds. The proof is complete. [
We are in a position to begin proving Theorem 5:

Proof of Theorem 5. We use the notations in the proof of Theorem 3, recalled here for convenience: z;1(71,72) and
zi2(71, ¥2) denote the two roots of (16) and

Jitm,72) = max { |z (0, 32))s 22 (2, 792)| -

Define A(71,72) to be the discriminant of (16), that is

2
A(y1,72) = (2 -7 =2+ ’Yl’YzM(CCT)) 4 =D —1).

In light of the symmetry in the spectrum of M (71, v2) (Lemma 13), we will assume 2 < 7 without loss of generality. We

proceed by considering two cases, 71 A1 (CCT) # 1 and 1A, (CC ") = 1.

Case 1: 7, A\ (CCT) # 1. For this case, we roughly follow the proof logic in Part 2 of Theorem 3 with non-trivial
modifications to handle the extra difficulty brought by optimization over S1;. First observe A(~1,2) is quadratic in 72, and
solving A(v1,72) = 0 for vy, gives two roots, &1 (1) and &2 (71 ). Without loss of generality we assume |&1| < |£3]. We fix
1 € [1,2) and proceed by addressing two sub-cases, v1 € [1,~5] and 11 € [7],2).

Case 1.1: v; € [1,~7]. In this case, Lemma 18 suggests that vo — f1(71,y2) is non-increasing in [1,~;]. Furthermore, we
have |z11(v1,71)| - |212(71,71)| = (71 — 1)?, and therefore

filmm) > —1l=v%—-1,

from which it follows that +; is a global minimizer of

min (max {72 — 1,f1('yl,’yg)}). (29)
Y2€[1,m]
‘We next prove
fi(’yluﬁ/Q)Smax{ﬁ?_lvfl(’yhﬁ)g)}a Vizlv"'ara (30)
where 45 is a global minimizer of (29), that is 42 = 7. In other words, we will prove f;(y1,71) < 71 — 1 for every
i =1,...,7. Note that f;(y1,~1) is associated with the quadratic equation
22— (2=271 +¥N(CCT))z+ (v —1)2 = 0. (31)

If its two roots z;1(v1,71) and z;2(y1,71) are complex, then f;(y1,7v1) = 1/(71 — 1)2 =1 — 1, so (30) holds. Then we
consider the case where (31) admits real-valued roots, which means

(2= 29 + VN (CCT))’ —d(y1 = 1)> > 02 2N(CCT) - (4 — 4y +20(CCT)) >0
&4 —4v +’)/12)\1(CCT> >0
=2 -2y +2\(CCT) >0.
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Here the last step follows from the fact v; > 1. But then 2 — 2y; + 72 \;(CC ") < 2 — 291 + 42X (CCT), it must be the
case that f;(v1,71) < f1(y1,71), and we have proved (30). As a result, we have obtained (see, e.g., Lemma 11)

Y1 € argmin (max {72 —1, max fi(%’W)})’
Y2€[1,7] i=1,...,m

which, by the definition of p(M (71, ’}/2)), leads to

min M (vq, = min max{ — 1, min (max —1, max f;(71, )}
’716[[1771*]] p< (71 72>) Y1 €[1,77] n Y2€[1,71] {’72 izlv---yrf (71 FY2)}
Y2€[L,m

= min max{’yl—l, max fi(fyl,fyl)}
Y1€[1,77] i=1,...,r

= min M (1, .
vle[l,mp( )

We can now finish the proof for Case 1.1 by invoking Proposition 2.

Case 1.2: v; € [v},2). Similarly to Case 1.1, from Lemma 18, we obtain 1 < & (y1) < 71 and v2 — f1(71,72) is

non-increasing in [1,&;(71)]. In particular, we have A(v1,& (v1)) = 0, which means 211 (v1,&1(71)) = z12(11,&(n))
and therefore

fi(mn,&(n)) = \/(’Yl —1(&(n)—1) > &(n) -1

Lemma 18 implies A(7y1,72) < 0 for every v € [£1(71),71). 50 f(71,72) = /(71 — 1) (72 — 1) . We can now conclude
&1(71) is a global minimizer of (29), and moreover, we have

min  max {’71 - Ly - 17f1(71772)} = min max {’Yl -1, \/(’71 - 1)(&(m) - 1)}
7€T2) 7€hi:2)
Y2€[1,m]
= ,Yik - 17
where the last equality follows from the fact £(~]) < ~7, proved in Lemma 18. We have thus obtained a lower bound of
p(M (71,72), that is

p(M(vf,77)) =7 — 1

= min max {'yl — 1,y — 1,f1(’)’17’}/2)}
71 E[T,2),72€[1,71]

< min max {’)’1 — 1,72 — 1, max fi(’Yla’Y2)}
T E[MT,2),72€[1,71] i=1,...r

min M (7, .
716['\/1*,2),726[1,%]p( (m ’72))

We need to prove the above inequality is actually an equality. To do so, we can show f;(77,77) < 77 — 1 for every
i=1,...,r. Note that f;(+7,77) is associated with the equation

2= 2=+ () M(CC))z+ (4 —1)> =0,
but the definition of 7} implies 4 — 47} + (v§)?A;(CC ) = 0 and therefore
4—d7i+ ()°’(CCT) <0, Vi=1,...,7

This means f;(v5,v;) =75 — 1 foreveryi = 1,...,r. We finished Case 1.

Case 2: 71\ (CC") = 1. We will show that the minimum of p(M (v1,72)) in this case is larger than or equal to its
minimum ; — 1 in Case I, that is,

min M (v, > — 1. 32
’Yl/\l(CCT):l;"/ze[lﬂ’l]p( (71:72)) =7 (32)
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We consider two subcases, y; > 4/3 and 7 < 4/3.

2
14++/1-X1 (CCT)

Case 2.1: v > 4/3. First, recall 7§ = and note that

Q| W~

e M(CCT) <

& 2/1-x(CCT)>1

@122<1_ 1—A1(CCT))

- 1 S 2
M(CCT) T 1+ /1= X(CCT)

Sy —12 ’yf — 1.

e~

Y >

But we know from Lemma 13 that ; — 1 is an eigenvalue of M (1, 72), therefore (32) holds.
Case 2.2: 71 < 4/3. Note that 1 < v5 < 7 < 2, so we can write
4
n<z=2-m >2(y1 —1)

= (2-m)*>4(n -1)°

= (2-m)">4(n 1) - 1.
This means the quadratic equation

Z=2-m)z+(m-1he-1)=0

always has two different roots. Moreover, since y;A;(CCT) = 1, Lemma 13 implies these two roots are eigenvalues
of M (v1,72), and this quadratic equation coincides with (16), whose roots were denoted previously by z11 (71, 7v2) and
z12(71,72). We can then write

fl(%,’h) = maX{Zu(’YLW), 212(’71772)}

_2-m . VE2-—m)?—4(n -1z -1)
2 2

Therefore vy — f1(71,72) is decreasing in [1, 1], and we have thus obtained

fn,m) = m}H fi(y1,72)-

Y2 €[1,71]

We finish the proof by observing

min  p(M(y1,72)) = max {y — 1, fi(y1,71)} =1 — L,
726[1771]

where the last ineequality follows from Proposition 2 with the special case r = 1. O

D. Extra Discussions on Gauss—Seidel

The classic Gauss-Seidel method applied to normal equations AT Az = ATy is precisely a BGD method applied to
(1) with n blocks, each of size 1, and block 4 is with stepsize 1/a;;, where a;; is the i-th diagonal entry of AT A. This
stepsize rule also corresponds to block exact minimization. Again, this choice of stepsizes is sub-optimal. To see this,
consider a simple case where A has only two columns a; and as (n = 2). By Lemma 1, the iterates of BGD satisfy
xt —x* = M(71,7%) - (x — x*) with M (1, 72) defined as

1-— ’ylalTal _’Ylairaﬂ
M (1, =
(71,72) —72(1—mafa)ag ar (e az)? +1—ya; a
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The Gauss-Seidel method takes stepsizes y; = 1/(a{ a1),72 = 1/(ag az), and one verifies that

(Mo o)) = (@l @/ (@] @) (af ).

ala;’ ajay

On the other hand, it follows from Remark 7 that the minimum spectral radius in this case is zero; indeed, with stepsizes
T
— _1 — a, a1
7 alar 27 (alan-(a] az)—(a] a2)’

we have

0 —aiasy/(aja
M(’}/lv’}/Q): |:O ! 26( ! 1) )

whose eigenvalues are zero. Note that this reasoning only provides a counter-example showing the stepsize sub-optimality
of the Gauss-Seidel method, and we are none the wiser: Finding closed-form optimal stepsizes of BGD in its full generality
has remained non-trivial for n > 2.

E. Proof for Theorems Related to Generalized Alternating Projection

Proof of Lemma 5. 1t follows directly from Exercise 2.8 of Vidal et al. (2016), and either Property 2.1 of Zhu & Knyazev
(2013) or Theorem 2.7 of Knyazev & Argentati (2007). O

Proof of Lemma 6. With C := AJ A;, we have

T, [ CT
ama=g Gl
AjA=[C D],

we need to prove

—— — o, [T, [o o _[nLi mCT
A (I ’YQAQAQ )(I ’YlAlAl )A— |:C I2 I 726, 721.2 I 0 0 .

We do so by first simplifying the two terms separately. The left-hand side can be written as

AT(I — ")/QAQA;)(I — ’71A1AI)A = ATA — ’}/QATAQA;A — ’ylATAlAIA + ’}/1’}/2ATAQCA1TA

n c’ cTe T n o’ cT
o GI B A B e R P L

and the right-hand side can be written as

L CTl IlcTooiIlcTIlcT+ L CcT][o o0
c L| "l Ll|l|lc LI "¢ Lllo ol "T"?c n|lc ccT|

Then, by inspection, it suffices to prove the following three matrix equations:

ctc ¢l [ c¢™lfo o
C IL| |C L||C L]’
L ¢l [, CcT[nL COT
c co’ ¢ L0 0]
cT m_ [ ¢Tl[o o
[12}0[11 “l=lc¢ nllc cc
These can be easily verified, therefore the proof is complete. O
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Proof of Corollary 1. By Theorem 2 we have

V1-2-(CCT)—/1-x(CCT)
. —Ar T _ T
min p(M(m,vz)) _ ) V/1-X(CCT)+4/1-x1(CCT)

r = min{ny,na};

/Ioncon) r < min{ni,na}.
By Lemma 5 we have /1 — \.(CCT) = sin(f,) and /1 — A1 (CCT) = sin(6; ). The proof is then complete. O

Remark 12. Here we describe the corresponding stepsizes v, y; that attain the above minimum. This is derived from
Theorem 5 and the proof of Theorem 4.

o If r = min{ny, no}, then we have

2

. \/(1 + sin(61))(1 + sin(4,.)) + \/ 1 —sin(61))(1 — sin(6,))
! sln(HT) + sin(6q)

. (\/(1+sin(91))(1+sin( ) — /(1 —sin(6;))(1 — sin(6,))

ki sin(6,.) + sin(6)

or

2

N—— N~

. <\/(1 +sin(61))(1 + sin(0,.)) — /(1 — sin(61))(1 — sin(d,.))
sin(6,.) + sin(6,)

. <\/<1 T sin(00) (1 sin(0,)) + /(T —sin(0) (L = sian)))Q
) .

"= sin(6,.) + sin(6)

In other words, in this case there are two sets of optimal parameters and they are symmetric. These stepsizes would
coincide with the stepsize rule of Filt & Giselsson (2017) if 6, were equal to 7/2. As justified, for generic subspaces
we have 6,. = 7 /2 with probability 0.

¢ if r < min{ny,na}, then
2

T 1+ sin(6)’
which coincides with the stepsize rule of Filt & Giselsson (2017); see Table 1.

F. Code

F.1. Experiments on Least-Squares With Assumption 1 (Figure 1)

clc; clear all; format longG

cond_num = leb;
n_iter = 5000;

num_trials = 1;
m = 1000;
1 = 300;
n2 = 500;
n = nl + n2;
noise_level = 0.01;
errorsBGD = zeros (num_trials, n_iter+l);
errorsGD zeros (num_trials, n_iter+l);

errorsHB zeros (num_trials, n_iter+l);

times_BGD = zeros (num_trials, 1);
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o

% stepsizes of methods
global gammaGD alphaHB betaHB gammal gammaZ2;

for t=l:num_trials

% generate data
A, vy, x, lambdamaxCC, lambdaminCC] = gen_data(m, nl, n2, noise_level, cond_num);

— o

%% calculae stepsizes
minC = sqgrt (l-lambdamaxCC) ;
maxC = sqgrt (1l-lambdaminCC) ;

lambdamaxAA = 1 + sqgrt (lambdamaxCC) ;
lambdaminAA = 1 - sqgrt (lambdamaxCC) ;

lambdamaxAA/lambdaminAA

gammaGD = 2 / (lambdamaxAA + lambdaminAA);

alphalHB = 4 / ( sqgrt (lambdamaxAA) + sqgrt (lambdaminAA) ) "2;
betaHB = ( sqgrt (lambdamaxAA) - sqgrt (lambdaminAA) ) "2;

betaHB = betaHB / ( sgrt (lambdamaxAA) + sqrt (lambdaminAA) )~2;
gammal = (1l4+maxC) * (1+minC) / (maxC + minC) "2 ;

gammaz2 = gammal;

%% run algorithm
[

BGD_x, BGD_iters, BGD_time] = BGD(A, y, nl, n2, n_iter);
errorsBGD (t, :) = vecnorm(BGD_iters - x, 2, 1);
[HB_x, HB_iters, HB_time] = HB(A, y, n_iter);
errorsHB(t, :) = vecnorm(HB_iters - x, 2, 1);
[GD_x, GD_iterates, GD_time] = GD(A, y, n_iter);
errorsGD (t, :) = vecnorm(GD_iterates - x, 2, 1);

end

mean_errorsBGD = mean (errorsBGD, 1) ;

mean_errorsGD = mean (errorsGD,1);

mean_errorsHB = mean (errorsHB, 1) ;

[mean_errorsBGD; mean_errorsHB; mean_errorsGD]

function [BGD_x, BGD_iters, BGD_time] = BGD(A, y, nl, n2, n_iter)
tic;

global gammal gammaZ2;

cl = l-gammal; c2 = l-gamma?l;
Al = A(:, 1:nl);

A2 = A(:, nl+l:end);

C = A2’ xAl;

Ay = A’xy;

BGD_x = zeros(nl+n2,1);
BGD_iters = BGD_x;
for i=l:n_iter
BGD_x(1:nl) = cl*BGD_x(1:nl) - gammalx (C’*BGD_x(nl+l:end) - Ay (l:nl));
BGD_x (nl+l:end) = c2xBGD_x(nl+l:end) - gammalZ* (CxBGD_x(1l:nl) - Ay (nl+l:end));
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BGD_iters =
end
BGD_time =

end

toc;

function
tic;

[GD_x, GD_iterates,

global gammaGD;
[m,n] = size (A);

AA =
Ay =

A’ xA;
ATy

GD_x = zeros(n,1l);
GD_iterates = GD_x;
for i=1l:n_1iter

GD_x = GD_x - gammaGD *

GD_iterates =
end

GD_time =
end

toc;

function
tic;

[HB_x, HB_iters,

global alphaHB betaHB;
[m,n] = size(A);

AA
Ay =

A’ xA;
ATy

HB_x = zeros(n,1l);
HB_iters = HB_x;
HB_times = [];
for i=1:n_iter
HB_x_new =

HB_x_old

GD_time] =

HB_times] =

HB_x - alphaHB x

[BGD_iters BGD_x];

GD (A, y, n_iter)

(AAxGD_x — Ay);

[GD_iterates GD_x];

HB (A, y, n_iter)

= HB_x;

(AA*HB_x - Ay)

HB_x_new;

HB_x_old = HB_x; HB_x =
HB_iters = [HB_iters HB_x];
HB_times = [HB_times toc];
end
end
function [A, y, x, lambdamaxCC,

o

% cond_num

lambdamaxC = (cond_num - 1)

%% generate
[C, lambdamaxCC,
"] = svd(randn (m-n2,

scale =
Uu=20

vecnorm (C, 2, 1);
.x sqgrt (1- scale.”2);

( 1+sqgrt (lambdamaxC) ) /

lambdaminCC] =

lambdaminCC]= gen_data(m, nl, n2,
( 1-sgrt (lambdamaxC) )

/ (cond_num + 1);

gen_mat_random_bounded_svs (n2,

nl), ’'econ’);
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Al = [C; U]; % by construction, Al is orthogonal (Al’ %Al = identity)
A2 = [eye(n2,n2); zeros(m-n2, n2)];

(@}
=

N
?

<
?

|

= svd(randn(nl,nl)); Al
= svd(randn (n2,n2)); A2

Al = Ul;
A2 x U2;

(@)
[\
~
@
~
?
|

pd
Il

[Al A2];

randn (nl+n2, 1);

i
Il

noise = randn(m,1l); noise = noise / norm(noise);
y = Axx + noise_levelx noise;

AN\ y;

w
Il

end

function [C, lambdamaxCC, lambdaminCC] = gen_mat_random_bounded_svs (n2, nl, L)
generate a n2xnl matrix C such that
the maximum and minimum singlar value of C are U and L respectively

the rest singular values are randomly chosen in [0,L2]

o o

oe

num min (n2,nl) - 1;

svs = Lxrand(num,1l);

svs = sort([svs; L], ’'descend’);

lambdamaxCC max (svs) *max (svs) ;
lambdaminCC = min (svs)*min(svs);

C = diag(svs);

if nl > n2

C = [C zeros(n2, nl-n2)];
elseif nl < n2
C = [C; zeros(n2-nl, nl)];

end
end

F.2. Experiments on Least-Squares (Without Assumption 1)

Below is the code implementing the heavy ball method in comparison to our proposal, block-wise QR orthogonalization
followed by BGD with the optimal stepsizes. As analyzed in the main paper, the code makes the point that the proposed
method would converge faster than the heavy ball method under the current problem configuration. That being said, it
should also be noted that this is still slower than practical least-squares solvers, e.g., QR orthogonalization followed by back
substitution to solve an upper triangular system, randomized methods, (preconditioned) conjugate gradient methods, or the
MATLAB backslash solver.

clc; clear all; format longG

%% setup
cond_num = leb5;
n_iter = 5000;

num_trials = 1;
m = 1000;

nl = 300;

n2 = 500;

n = nl + n2;
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noise_level = 0.01;

%% run experiments

errorsBGD = zeros (num_trials, n_iter+l);
errorsHB = zeros (num_trials, n_iter+1);
for t=l:num_trials

%% generate data
[A, vy, x] = gen_data(m, n, cond_num, noise_level);
%% calculate stepsizes

%% run algorithm
[BGD_x, 01, Q2, R1l, R2, BGD_iters, grtime, BGD_times] = BGD(A, y, nl, n2, n_iter);
% the LS solution [x1, x2] can be found by backward substitution using R1 and R2.

errorsBGD(t,:) = Q1 % BGD_iters(l:nl, :) + Q2 % BGD_iters(nl+l:end, :) - vy
errorsBGD (t, :) = vecnorm(errorsBGD(t,:), 2, 1);

HB_x, HB_iters, HB_times] = HB(A, y, n_iter);

[

errorsHB(t, :) = vecnorm(HB_iters - x, 2, 1);
errorsHB(t,:) = vecnorm(A«HB_iters - vy, 2, 1);
end
mean_errorsBGD = mean (errorsBGD, 1) ;
mean_errorsHB = mean (errorsHB,1);

BGD_grtimes = grtime + BGD_times;

figure(1);

plot (BGD_times, ’LineWidth’, 2);

hold on;

plot (BGD_times + grtime, ’LineWidth’, 2);

plot (HB_times, ’LineWidth’, 2);
legend ("BGD", "BGD+Ortho", "HB")

set (gca, ’'FontSize’, 18)
figure (2);
plot (mean_errorsBGD, ’'LineWidth’, 2);

hold on;

plot (mean_errorsHB, ’LineWidth’, 2);
legend ("BGD+Ortho", "HB")

set (gca, ’'YScale’, ’"log’)
set (gca, 'FontSize’, 18)

function [BGD_x, Q1, Q2, R1l, R2, BGD_iters, grtime, BGD_times] = BGD(A, y, nl, n2, n_iter)

)

tic; % orthogonalize

[Q1, R1] = gr(A(:, 1l:nl), 0);
[Q2, R2] = gr(A(:, nl+tl:end), 0);
grtime = toc;

% calculate stepsizes. We don’t count the running times here.
C = Q2’'xQ1;

s = svd(C, 0);

gammal = 2/ (1 + sqgrt(l-max(s)”2)); gamma2 = gammal;
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tic; % run the algorithm

cl = l-gammal; c2 = l-gamma?z;
Qv = [Q1 Q2]' xy;

BGD_x = zeros(nl+n2,1);
BGD_iters = BGD_Xx;

BGD_times = [];

for i=1l:n_iter

BGD_x(1:nl) = cl*BGD_x(1l:nl) - gammalx (C’*BGD_x(nl+l:end) - Qy(l:nl));
BGD_x (nl+l:end) = c2xBGD_x(nl+l:end) - gammal#* (CxBGD_x(l:nl) - Qy(nl+l:end));
BGD_iters = [BGD_iters BGD_x];
BGD_times = [BGD_times toc];
end
end
function [HB_x, HB_iters, HB_times] = HB(A, y, n_iter)

o

% calculate stepsizes for HB. We don’t count the running times here.
e = eig (A’ *A);

lambdamaxAA = max(e);

lambdaminAA = min (e);

alphaHB = 4 / ( sqgrt (lambdamaxAA) + sqgrt (lambdamindAd) ) "2;
betaHB = ( sqgrt (lambdamaxAA) - sqgrt (lambdaminAA) )"2;
betaHB = betaHB / ( sqgrt (lambdamaxAZA) + sqgrt (lambdaminAA) ) "2;

tic; % run the algorithm

[m,n] = size(A);
AA = A’ xA;
Ay = A'xy;

HB_x = zeros(n,1l); HB_x_old = HB_x;
HB_iters = HB_x;

HB_times = [];

for i=l:n_iter

HB_x_new = HB_x - alphaHB % (AAxHB_x — Ay) + betaHBx (HB_x - HB_x_old);

HB_x_old = HB_x; HB_x = HB_X_new;

HB_iters = [HB_iters HB_x];
HB_times = [HB_times toc];
end
end
function [A, y, x] = gen_data(m, n, cond_num, noise_level)
A = randn (m,n);

cond_numA = sqgrt (cond_num) ;

(g, =, vl svd (A, ’econ’);
s =1 + (cond_numA - 1).*rand(n-2,1);

s = sort([s; 1; cond_numA], ’"descend’);

A = U * diag(s) » V';
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x = randn(n,1l);

noise = randn(m,1l); noise = noise / norm(noise);

y = A*xx + noise_level* noise; % just to make sure that the minimum loss 1is not zero
x =A\vy;

end
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